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Introduction

As is well known, Godel first observed the existence of infinitely
many logics between classical logic and intuitionistic logic (IL). Umezawa
was the first to study these logics systematically and he called them
intermediate logics. One of the examples of the intermediate logics is
a logic which is obtained by adding formula DIS as a new axiom fo the
schema of axioms of IL. This formula is of the form

Vz(p(z)Uy) = (Vap(z)uy),

where z does not appear in y. The new logic is called DI-logic.

It turns out that DIL is a fragment of a certain extension of IL
which is not an intermediate logic. More precisely, let L be a first order
language of IL. We extend this language by adding two new propositional
connectives to L, namely the so called Brouwerian negation, denoted
by [, and Brouwerian implication, denoted by —. We call this logic
Heyting-Brouwer logic (briefly H-B logic). It is obvious that H-B logic
is not an intermediate one. DIL is a fragment of H-B logic in the sense
that if a formula a does not contain = and [~ then a is a predicate taut-
ology of H-B logic iff a is a predicate tautology of DIL.

However, the study of DIL has not been the immediate reason for
the introduction of H-B logic. The propositional calculus of H-B logic,
and the connection between this logic and semi-Boolean algebras (which
play an analogous role for H-B logic to that played by Boolean algebras
for classical logic), have been investigated in [16]. From those investi-
gations it appeared that an intuitionistic logic with two negations and
two implications, dual to itself, would have a more elegant algebraic
and model-theoretic theory than an ordinary intuitionistic logie.

The purpose of this paper is to develop that theory. Two model-
theoretic approaches are particularly important in the semantic study
of non-classical calculi: algebraic and relational models. For first order
calculi, algebraic modelling was introduced by Mostowski [14] and further
developed by Henkin, Rasiowa and others. Relational models were first
mentioned by Beth [1], then extended by Dyson and Kreisler [3] and
further developed by Kripke [12] and independently by Beth and De Jongh
[11] and Grzegorezyk [9], [10].



6 Introduction

The purpose of the present paper is to use algebraic and relational
models to investigate H-B logic.
The paper consists of three chapters.

Chapter I is devoted to the semi-Boolean algebras with infinite
joins and meets. These algebras can be used for an algebraic interpret-
ation of H-B logic. We also consider algebras called .D-pseudo-Boolean
algebras (DPBA), which were examined in another way by Gérnemann [8].
The main results of this chapter are the constructions of Q-filters and
¢)-ideals and the special kind of the representation theorem for these
algebras.

This theorem states:

For every semi-Boolean algebra (or for DPBA) W there exist an order
topology O, and a monomorphism h from U to D preserving at most
enumerable joins and meets in U.

In the proof of this theorem the Rasiowa—Sikorski lemma is used.
The main difficulty of the proof of the Rasiowa—Sikorski lemma is to
find enough @-filters in the sense that the function assigning to every
a € A the set of all Q-filters containing a is injective and preserves the
semi-Boolean operations =, —. This is reduced to the following con-
ditions:

(a) if c,de A, VeO_, and o = d ¢V, then there exists a V' e D
such that V = V', ee V' and d ¢ V', where O_ is the set of all Q-filters;

(b)if e,ded, VeO,and c-d¢V then, for every V' €D, such
that V' <V, if oeV' then deV’, where D_ is' the set of all
Q-filters.

The results of this chapter are used in the treatment of algebraic
and semantic (Kripke) models for H-B logic, which is done in Chapter II
(and for DI logic, which is done in § 3 of Chapter III). In this chapter, H-B
logic is described. First we introduce some basic notions dealing with alge-
braic models and prove the basic theorems, such as the deduction theorem,
the reduction theorem for consistency, completeness (first and second
form). Then we examine saturated H-B theories. We prove that every
H-B theory can be extended — in an inessential way — to a saturated
H-B theory. This fact is used to prove the Craig interpolation lemma and
the Robinson consistency theorem. The last part of this section is devoted
to Kripke models for H-B logic. It is seen that models of this type for
H-B logic are with constant domains. This fact allows us to show an equiv-
alence between algebraic models and Kripke models for this logic. This
result is not true for IL.

The third chapter is devoted to model theory for H-B logic. A large
number of basic theorems for classical logic are proved for this logic,
eg. Log’s theorem, an analogue of a result of Frayne and Scott on elemen-
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tary equivalence and ultrafilter, Keisler’s model extension theorem,
etic. To prove this theorems we use methods which are connected with Kri-
pke style models [2].

When this paper was in print I found some gaps in the proof of the
theorems in §9 II. Professor H. Ono had informed me that these gaps
could be removed easly using similar methods to that used to prove the
Rasiowa—Sikorski lemma for semi-Boolean algebras.

We will use the following abbreviations:

Va — there exists an a,

Aa — for every a,

& — and,

iff — if and only if,

te — a is provable in J and I-,a — a i8 a theorem of 7,
m — end of the proof.

I am deeply obliged to Professor H. Rasiowa for her guidance. I would
also like to express my gratitude to Professor 8. K. Thomason and Pro-
fessor T. Traczyk for their suggestions to improve the clarity of the received
results and for pointing out several ambiguities.



Chapter 1
Semi-Boolean algebras

1. Semi-Boolean algebras.

DEeFINITION. We shall say that an abstract algebra U = (4, u, N,
=, ) i8 a semi-Boolean algebra provided that

(i) (4, v, N, =) is a relatively pseudo-complemented lattice,
(ii) = is a binary operation which satisfies the following condition:

a-b<e if and only if a<buw for any a,b,zc A.

The operation = will be called the pseudo-difference. This operation is
dual to the relative pseudo-complement =.

We observe that in every semi-Boolean algebra there exist the great-
est element V and the least element A, namely

V=a=a
and
A = a->a.

Thus every element @ € A has the Nn-complement, namely
Tla=a=A
and every element a € A has the U-complement, namely
Fa=V =-a.

In [16] it was proved that the definition of a semi-Boolean algebra
given aboveis equivalent to the following one: An abstract algebra (4, U, N,
=,=, 71, ") will be called a semi-Boolean algebra provided that (4, v, N,
=, 1) is a pseudo-Boolean algebra [15] and (4, v, N, =, ) is a Brou-
werian :algebm [13]. A more detailed exposition of the properties of semi-
Boolean algebras is given in [16].

Some examples of semi-Boolean algebras have been given in [16].
Now we shall construct a new example of a semi-Boolean algebra, which
will be very useful in our consideration.

DEFINITION. By a quasi-ordered set we mean an ordered pair
% = (@, <), where G is a non-empty set and < is a transitive and reflexive
relation in G. Now, let B < G. We call B open if whenever # € B and = < y,
then y € B,
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For 0(¥) we take the collection of all open subsets of ¥ and for the
ordering relation < we take set inclusion. We note that the algebra (0(¥),
U, N), where the operations U and N are just the ordinary union and
intersection, respectively, is a distributive lattice with the unit element G
and the zero element & (@ — the empty set). Now, let =, = be two
new operations in 0(¥) defined by the formulas: for every B, C € 0(%)

(1) B=>C={re@:ANyec@ if <y &yecB then yeCl},
(2) B-C={re@:Vye@,y<az&yecB&y¢C}.

By an easy verification we can prove the following:

1.1. The algebra O(9) = (0(9), U, 0, =, =), where 0O(%) is the
family of all open sels of a quasi-ordered set 4, the operations U and N are
the set-theoretioal union and intersection, respectively, the operations = and
= are defined by (1) and (2), respectively, is a complele semi-Boolean al-
gebra. m

1.1 yields an important example of a semi-Boolean algebra. In the
sequel, this algebra will be called an order topology. This example of a semi-
Boolean algebra is typical because we have the following representation
theorem:

1.2. For every semi-Boolean algebra U there exvists an order topology
O(¥%) and a monomorphism k from U to O(¥).

Proof. Let us denote by G the set of all prime filters of a semi-
Boolean algebra A and let & be defined as usual, namely
hia) ={Ve@: acV}, for every acA.

It is obvious that the system (@, <) — where <is set-theoretical in-
clusion — is a quasi-ordered set, and %(a) is open for every a € A. We de-
note by @(¥) the class of all open sets of (&, <). It is well known that
preserves the join U and the meet N and for every V €@, a,b € A,

(3) a=beVl iff for every V, €@ such that if V < I, and a eV, then
bel,.

The proof of this condition may be found in [4] and it shows that

(4)  h(a=b) = h(a)=h(d),

where the sign = on the right side of (4) is defined by (1). To show that A
is the required monomorphism it is sufficient to prove that 4 preserves —.

For this purpose we denote by @ the class of all prime ideals of the
semi-Boolean algebra 9. It is obvious that

(8) Ve@Giff Ae@, where 4 = A—V.
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We can prove by using the same method [22]a8 in proving (3) that for every
de é,

(6) a—=be A iff for every Aleé if A< A, and b e 4, then a € 4, for
any a,b e A.

On account of (6) and (6) we infer that for any V' € @ and for every a,b € A,

(7) a=beV iff there exists a V, €@ such that V,< V, a e V; and
b¢v,.

Condition (7) proves that
(8) h(a=-b) = h(a)=-k(d),

where the sign - on the right side of (8) is defined by (2). This completes
the proof of 1.1. =

The following statement follows from 1.1 and [4].

1.3. For every pseudo-Boolean algebra U there exist a complete semi-
Boolean algebra N and a monomorphism g from % to A'. m

1.4. For every Brouwerian algebra U there exist a complete semi-Boolean
algebra A’ and a monomorphism h from A to A

The proof of 1.4 is similar to the proof of 1.3. In this case the notion
of prime filters is replaced by the notion of prime ideals. m

It has been proved in [16] that

1.5. Let A = (4, y, n, =, =) be a semi-Boolean algebra. If the

infinite join ) a, exists in N, then for every a,b e A the joins | (4N a),
ter teT

U (4=a) and U ((bna)=a) erist and the meets () (¢, >a) and

teT teT teT

N ((bna)=a) also ewist and

teT

® enl)a=Ul(gna),

tel teT
(10) (U at)*“ =) (4 >a),
teT leT
1) (Ua)=-a=U (a-+a)
teT teT
(12) (BN U a)=>a = ((bna)=a),
te? teT

(13) (PpnUa)=~a=U ((bna)=a).
teT

teT

If the infinite meet (M) b, exists in U, then for every a,be A the

joins () (b~a)and | (b ffa,Ua)) exist and the meets () (auUd,), M (a=b))
i T T teT



1. Bemi-Boolean algebras 11

and (N (@=(b,Ud)) also exist and
teT

(14) au N b = ) (aVby),

fteT teT

(18) a= (b =) (a=b),
teT teT

(16) a= N b =U (b=a),
teT teT

(17) a:(Q b,Ub) = Q- (@ = (b,UD)),
(18) a=(Nyud) =U (a=(@®ud). =
teT teT

DEFINITION. We say that a pseudo-Boolean algebras is a D-pseudo-
Boolean algebra (briefly DPBA) if condition (14) is satisfied and by DBA
we denote a Brouwerian algebra such that condition (9) is fulfilled.

By 1.6 we have

1.6. Every semi-Boolean algebra is a DPBA. m
1.7. Every semi-Boolean algebra is a DBA. m

2. Q-filters in semi-Boolean algebras. Let A= (4, u, N, =, =, 7, M)
be a semi-Boolean algebra and let (Q) be a set of infinite joins and meets
in A

(Q) o, =Ua, se€8, b =N>b, se¥.
beB,

acd,

DEerINITION. A prime filter V is said to be a (")-filter provided that
(f,) for every se 8 if B, = V then b, e V.

A prime filter V is said to be a | -filter provided that
(f,) for every se S if a, € V then A,NnV #@.

A prime filter V is called a Q-filter provided that (f,) and (f,) are
satisfied.

Sometimes we say that V preserves joins and meets in (Q) if V is
a Q-filter.

DEFINITION. A prime ideal A4 is called a | -ideal provided that
(i) for every 8e S if 4, < 4 then a, € 4.

A prime 4 ideal is said to be a () -ideal provided that
(i;) for every se S if b,e A4 then B,n4 #@.

A prime 4 ideal is said to be a Q-ideal provided that (i,) and (i,)
are satisfied.
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Sometimes we say that A preserves joins and meets in (Q) if 4 is
a @-ideal.

Now, we denote by (x] the class of all elements ¥y € 4 such that
Yy < @, where A is the set of all elements of a semi-Boolean algebra .

DEFINITION. A non-void subset 4, of A is said to be dense in (4, <),
the relation < being the lattice ordering in 4, if for every p € A there
exists an a € 4, such that a < p.

This definition can be formulated as follows:

A, is dense in A if for every pe A

4,n(p] #0.

Let M be a class of dense subsets of A.

DEFINITION. A filter V is said to be M-generic if it has the following
property:

if D is dense in A and D €Mt then DNV # .

2.1, Let A = (4, y, N, >, =, 7], [") be a semi-Boolean algebra and
let the set S in the definition of (Q) be at most enumerable. Then for every
x € A—{A} there exist a class M of dense subsets of A and a ) -filter V
such that V ig M-generic and z e V.

Proof. Let A = (4, v, N, =, =, 71,[") be a semi-Boolean algebra
and, for all n e w, 4, < 4, let a, = ag“ a exist. Denote by S, the set

(Tla,]u 9 (a].

We prove that, for every n € , 8, i8 dense in (4 — {A}, <). For this
purpose it is sufficient to show that for any n e w and p € A —{ A},

8,n(p] #9.

Let p e A—{A)}: then either p €(Ta,] or p ¢ (7la,]. In the first
case p € 8, and 8,N(p] # . Suppose that p ¢ (Tla,], i.e. the relation
p < Tla, does not hold. Thus pna, # A and we infer that | J (pna)#A.

aed

The last inequality implies that there exists an a, € 4, such tha,l": pNay, #A

and this proves that (p]n (a,] # @. Thus there exists a p, # A such

that p, e (p1N(a,]. So poe U (a] and 8,N(p] # 9. This proves that,
aed

for all » € w, 8, is dense in (Z—{A}, <).
Now, denote by M the class of all 8,. Let (8,),.. be a sequence of
elements of A — {A} constructed in the following way:
Bo = =,
Br € 8.0 (Bo),
B2 € 820 (B4],

Bn € 8,0 (Bp-1]-
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Let V be a filter generated by (f,),¢.- It i8 obvious that I is M-generic
and z € V. We can assume that V is 9 maximal filter. If not, then we can
extend it to a maximal I’ which is also It-generic and z € V''. Now we
prove that I satisfies the condition (f,). Let » be an arbitrary but fixed.
By our assumption V is IMM-generic. Thus Vn§, = D; i.e. there exists
p € V such that p € 8,. This implies that

either p € (Ta,] or p € U (a]; hence

aed

either p < Tla, or there exists an a, € A, such that p < a,; hence
either Tla, € ¥ or there exists an a, € 4, such that a, € V; hence
either a, ¢ VV or there exists an a, € A, such that a, e V; hence

if a, e V then A, NV #@,
which proves that V is the required (J-filter. m

The next lemma we can prove in a similar way to 2.1.

2.2, Let W = (4, v, n, =, =, "1, [) be a semi-Boolean algebra and let
the set 8 be at most enumerable. Then for every ® € A—{V} there exisis
a class M of dense subsets of W and a ()-ideal A such that A is M-generic
and zed. m

Now we prove theorem which is analogous to the Rasiowa—Sikorski
lemma.

23. Let A =(4, 9y, n,=>, =) be a semi-Boolean algebra and lel
the set (Q) be a set of joins and meets of the following form

Aoy, = U G, N € w;
Man

by = N b, neow.
beByn +1

Let 2,y be the elements of A such that the relation @ < y does not hold.
Then there exists a Q-filter (a Q-ideal) such that xe€V and y¢ V (v ¢ 4
and y € 4).

Proof. The proof of this theorem is preceded by the following remark:
(R) In every semi-Boolean algebra W = (4, U, N, =, =), for any a,be A

a < b iff there exists a ¢ € A such that a—b € (¢] and a=b € [o), where

[e) ={rxed: ¢ <)

The proof of (R) is by an easy verification.

Now, we define two sequences, (a,),co aDd (f,)nc0y Of the elements
of 4 such that

(1) @ =y, fo = ;
(ii) a,_, < a, and §,_,> B, for n> 0;

(iii) either f,,,, < bs,,, OT there exists a b € B,,,, such that b < a,,,,
for every n € w, and either there exists an a € 4,, such that §,,<a
or a,, < a, for every n € w;

(iv) the relation g, < a, does not hold for any = € w.
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Suppose that, for k € o, ay,..., a,; and B, ..., B, are constructed
such that (i)-(iv) are fulfilled. On account of (iv) the relation f,, < a,,
does not hold. By (R) we infer that for every ce A

either fy,--a, ¢ (€] or fy, = ay ¢ [0).

either B, ay ¢ (byry1] OF fop =y ¢ [Dags)-

Suppose that f,,— ay; & (b4, ]. The condition f,, = ay; € (by,,] i8 equiv-
alent to the following one: for every b € B,,, ,, B, a,; € (b]. Thus, by our
assumption there exists a b € B,,,, such that 8,,—a,, ¢ (b]. In this case
we put f,.., = B and ayy, = a;,Ub. It is not difficult to check that
Pory, and a,;,, defined in this way satisfy (ii)-(iv).

Now, suppose that pB,,= a,, ¢ [b;r4,). In this case we put f,,,,
= by 1N P, a0d @y, = ay. Then (ii)—(iv) clearly hold for » = 2k 4-1.

We construet f,.,, and a,,., in & similar way. By condition (iv)
the relation f,,,, < a5, does not hold. Using (R), we can assume that
for every ce A

either ﬁzk+l'.— Dok 1 ¢ (¢] or ﬂ2k+1 = Okt ¢ [0)'

Assume ¢ = a,,,, and let the first case be trume, ie. let B,,,,—ay,,
¢ (Gp42]- Then foys = Bopyr aDA gy = @y Uly,, Batisfy (ii)~(iv).

Now, we observe that the condition f,,,, = a,,,, € [8;,,) I8 equiv-
alent to the following one: for every ae A, ., PBui1= %y, €[a).
Thus the condition fB,;,,=ay.,; ¢ [ay,,) ylelds that there exists an
acAd,, , such that B, ,=>a,,, ¢[a). Putting f,;,, =anf,,, and
Upppg = Ggyqy Wo find that (ii)-(iv) hold for n = 2k+2. Thus e, and
B, are defined for all n € w.

Let I be the ideal generated by the sequence (a,),., 8nd let F be
the filter generated by (8,).co. Then by (iv), I and F are disjoint and

(v) either b,,,, € F or there exists a beB,, , such that bel,
for » € ,

(vi) either there exists an a € A,, such that « € F or a,, € I, for any
7 € w.

It is well known that in a distributive lattice every filter can be
separated from an ideal which is disjoint from it by a prime filter, and every
ideal can be separated from a filter disjoint from it by a prime ideal.
Let V be a prime filter containing # and such that V is digjoint from I.
Similarly, let 4 be a prime ideal such that A4 contains I and 4 is disjoint
from V. It is obvious that e V,y ¢ VV as well a8 2 ¢ 4 and y € A. By (v)
and (vi) V is the required Q-filter and A4 is the required @-ideal, which
completes the proof of 2.3. m
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3. Extensions of semi-Boolean algebras. In the sequel we assume
that the sets 8 and 8’ in the definition of (Q) will be at most enumerable.
Now, we observe that by the definition of (Q) if, for every n € w, a,,

= U aand b, = () b exist in U, then they belong to (Q). Thus

aedyn beBzn+1 ..
and from Lemma 1.6 we infer that the joins

U (a0, U ((dna)‘.'(’)’
aedyy, aedyy

U (e=D), U (o=(bud),

beByp ) beBgp 11

(%)

exist for every n € w and ¢, d € A but they need not be in (Q). Similarly,
the meets

N (a=e), N ((and)=o),

(**) acdqyp, aedy,
N (e=d), N (0=>(bud)),
beByp 41 beByp 4

exist for every n € w and ¢,d € A but they need not be in (Q).

We will impose some properties on the sets A,,, B,,,, such that
if a prime filter V (a prime ideal A4) preserves a,,, b,,,, then, for any
¢, d € A, it preserves the infinite joins and meets given in (%) ((**)).

First we note that the following two statements follow from ([18]
and 1.2.

3.1. Let A = (4, y,n, =, 1) bée a DPBA, Suppose that for every
new, 4y,,B,,., < A and let

(i) @y, = Ua and b,,,, = () b exisi;
dEAzn b€B2n+l

(ii) for any c € A and an arbitrary but fized n

{a=>c: acA,}e{By,,: keo},
{o=b: beB,,, } €{By.,: kew);

(iii) for any o,d € A and an arbitrary but fized n
{(and)=>0: a€ d,,} €{B,,,,: k € v},
{c=>(bud): beB,,,,} € {By,: ke w}.
Then there exists a complete semi-Boolean algebra W' and a monomorph-

tem h from A to N preserving all infinite joins a,, and meets b,, ., for
new. B

32, Let W =(4,99,n, =, ) a DBA, and suppose that, for every
B Ew Ayyy Bypyy < A and
(i) @y, = ay a and by, = () b ewist,

an beBy, 1
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(iv) for any ¢ € A and an arbitrary but fized n,
{a—c: acAd,,}e{d,: ke w},
{c=b: beB,,, } €{d,: ke o},
(v) for any o,d € A and an arbitrary but fized n
{(dna)=c: ac d,,} € {4,,: k € v},
{e—(bud): beB,, } e {4, k€ w}.

Then there exists a complete semi-Boolean algebra W' and a monomor-
phism h from A to W preserving all infinite joins and meets in (Q). w

3.3. Let A = (4, v, n, >, =) be a semi-Boolean algebra. For every
n € w suppose that A,,, B,, ., = A are suoh that conditions (i)~(v) of 3.1
and 3.2 are satisfied.

Then for every Q-filter V in U such that a =b ¢ V there exisis a Q-filter V'’
such that ac V', b¢ V' and V< V',

Proof, Let ¥ = (4, v, n, =, =~) be a semi-Boolean algebra and
let V be a Q-filter such that a=>b ¢ V. We take the quotient algebra A/V.
On account of 2.7 [16] the algebra %A /V need not be a semi-Boolean algebra
but it is a DPBA [18]. By 3.1 this algebra can be extended to a semi-
Boolean algebra %U'. More precisely: there exists a semi-Boolean algebra %’
and a monomorphism A from %/V to A’ preserving all at most enumerable
joins and meets in A/V.

Now, we note that the relation %(|a|) < A(|b]) does not hold. This
follows from the fact that a = b ¢ V. By theorem 2.3 there exists a @-filter %
such that k(lal) € ¥ and h([b|) ¢ V. Let us set

V'={veA: h(|2]) € 7}.
It is obvious that V' is a filter. Moreover, V'’ is a Q-filter as Visa Q-filter
and h preserves all infinite joins and meets in A/V. We observe that a € P’
and b ¢ V'. Now, let 2 e V; then |»| = Vg, and k([z]) = Vg . Thus
k(|z]) € P and this gives # € V', which proves that V < V’, i.e. V' is the
required Q-filter. m

In the sequel we assume that A,,, B,,., always satisty (i)-(v) of
3.1 and 3.2.

We denote by G the set of all Q-filters of a semi-Boolean algebra .
We take V €@.

3.4. a=>be Viff forevery V' e @ such that V.< V'ifaec V' then be V',

Proof. If a=b € V then the lemma is obvious. On fthe other hand,
suppose a=b ¢ V. On account of 3.3 we can construct a @-filter V'’ such
that ae P and b¢ V' and V< V'. m

Using analogous methods to the proof of 3.4, we can prove the fol-
lowing lemma:

3.6. Let A be a semi-Boolean algebra and let A be a Q-ideal such that
a=b ¢ A. Then there exists a Q-ideal A’ such that a ¢ 4, be A4 and A< 4'.
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The proof of 3.5 is analogous to the proof of 3.3 but, in this case

the quotient algebra /4 is a DBA. On account of 3.2 the algebra % /4
can be extended to a semi-Boolean algebra A'. We take for the required

Q-ideal A’ the set
{xeA: h(|x)) € A~},

where 4 is a @)-ideal such that h(|a|) ¢ A and h(]b]) € 4 and h is a function
embedding A /A4 to A’ preserving all at most enumerable joins and meets
in A/A. m

Let us denote by G the set of all Q-ideals of a semi-Boolean algebra o
and let 4 e@. It follows from 3.5 that

3.6. a—be A iff for every A, €@ such that A< A, if be A, then
acd,. m

We observe that if I is a Q-filter in a semi-Boolean algebra U then
A—V is a Q-ideal and

(1) Ve@ iff A—V =A4¢€dq.

Let V €@.

3.7. a—b eV iff there exists a V, @ such that V,< V,aeV, and
b¢v,.

Proof. Indeed, suppose that a—~b e V. By (1), a=b ¢ A. Using 3.5,

we have that there exists a 4, € @ such that 4 < 4,, be 4, and a ¢ 4,.
On account of (1) we infer that there exists V; = A — A4, such that V,
clV=A-Aandb¢V,and aeV,.Ontheother hand, the proof is obvious. m

3.8. Let N be a semi-Boolean algebra and let the set (Q) be defined as
usual and assume that A,, and B,,, , satisfy (i)—(v) of 3.1 and 3.2. Then
there exists a monomorphism h from W to an order topology preserving all
infinite joins and meets in (Q).

This theorem follows from 1.1, 2.3, 3.4 and 3.7. m

Chapter II
Algebraic and semantic models for Heyting-Brouwer logic

1. Preliminaries. In this section we shall deal with a fixed formalized
language % of the Heyting—Brouwer predicate calculus (briefly the H-B
predicate calculus or simply H-B PC) & U

2 — Dissertationes Mathematicae CLXVII W



18

II. Algebraio and semantic models for H-B logio

DEFINITION. A language & of H-B P(C has as symbols the following:

(In)
(Lia)
(L)
(L)

(L)

the free variables «, y, 2, 1, ¥1, %1y +--}
the bounded variables &, %, &, &3, ...;
the symbols 71, , U, N, =, —, V¥V, 3;

for each n, the m-ary function symbols f, f,,... and the n-ary
predicate symbols p, p,, ...;

auxiliary sings (and).

We shall always assume that the language £ is enumerable.

We also assume that the binary predicate symbols must include the
equality symbol =. A 0-ary function symbol is called a constant and
we denote the set of constants by ec.

The classes of all formulas F' and terms T we define in usual way.

Let A, be the set containing all formulas of the forms:

(A)
(A,)
(A,)
(Ay)
(4;)
(A)
(A7)
(Ag)
(4,)
(As0)

(An)
(As2)
(As5)
(As)
(Ass)
(Ay)
(Ay)
(As)

((a=B)=((B=7)=(a=7))),
(a=(aup),

(B=(aup),
((@=9)=((B=7)>({(auh)=4)),
(@np)=a),

((enB)=8),

(7> a) = ((r=B8) =y =(anp)))),
((@=(B=7) = ((anp)=7)),
(@ By =)= (a=(B8=7),
((@=B)=>(T1B="Ta)),
(a=(8U(a=B)),
((a=B) =T (a=B),
(= B) =) = (a=(BUY))),
(a=p)=(a=p),
(@=(=) =),

(M= (a=(r=7),
((y=)=a)=d),
(Fa=((r=y)~ad)),

where a, 8,y are any formulas in %.
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The formulas from A4, are called axioms of H-B PC.
By a consequence operation in % we shall understand a mapping O
of 2F to 2¥ such that, for every F', ¢ F, C(F,) is the smallest set containing

A,, F, and closed under the rules of inference of the intuitionistic predi-
cate calculus [15] strengthened by the schema (r)

a

1la

(r)
where a i8 any formula in Z.
We shall examine a deductive system
s =(%,0),

called the H-B predicale calculus based on the language .Z, and a formalized
H-B predicate theory based on ¥

7 =(£,0,4),
where A is any set of formulas. Formulas in C(A) are called theorems
of the theory . Theorems in (%, C,Q) are called derivable formulas.
If a formula a is derivable, then we shall write Fa. The theory J is con-
sistent if there exists a formula which is not a theorem of 7.

Let (#, v, N, =, =, 7], ") be the algebra of formulas and let ~ be
a relation defined as follows:

(1) a =~ p iff the formulas (a=p) and (f=a) are theorems in 7.

It is well known that the relation ~ is the congruence in the algebra of
formulas. More precisely, denote by |la|| the equivalence class containing a.
Then we can prove in the usual way the following theorem:

1.1. The algebra N(T) = (F|~, Y, N, =, ~, " |,[) of an H-B
theory I is a semi-Boolean algebra. For any formulas a, §
lall VBl = eV B,  llalnlBl = li(anB)l,
(2) lal =118l = l(a=pB)ll, lal-=1Bl = l(a—=A),
“llall = Iall, [lall = "eall.
Moreover,
(3) el < Bl if and only if (a=p) 8 a theorem in 7.

For every formula a,

(4) lall =V if and only if a is a theorem in 7.

Thus the semi-Boolean algebra W(T) is non-degenerate if and only if
the theory I i8 consistent.
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For every formula f(x),
13¢ B(&)I= L% I8 (=)l

@ IVEB(&)I= q 1B(z)l. m

It is obvious that every intuitionistic theorem is a theorem of H-B PC.

The next theorem shows the form of some theorems of H-B PC.
We have chosen only those which are useful in the further parts of this
paper.

1.2. In every H—B predicate theory I the following formulas are the-
orems:

6) (M a=a),

(6) (1a=>|_a),

(7) (I-[—a:>a),

(8) (T (aup)=(anB)),
9) (T (anf)=(Taul h),
(10)  ((Tavr p)=I"(anp)),
(11) (aUl"a),
(12) (V& (p(§uy) = (VE@(E)Uy), (& does not appear in y),
(13) (T 3e9(8)=VEre(8),
(14) (TV Ep(&) =3I p(8)),
(18) (AEe(&) =T VEp(8),
(16) (IVE@(&) =TEp(£)),

(17) (V& TIp(&) =T p(8)).

The proof follows from 1.1 and the appropriate properties of semi-
Boolean algebras. m

1.3. An H-B theory 7 is consistent iff for any formula a, a and ["a
are not both theorems.

Proof. Suppose that a and [ a are theorems of . Then by (r) 7" a
and ["a are also theorems. The formula (7] aN["a) = f) is a theorem
because it is of the form ((Tlyny)=1) and every intuitionistic theorem
is a theorem of H-B PC.

Thus every formula is a theorem of  and Z is inconsistent. In the
other direction the proof is obvious. m

On account of this lemma we infer that 7 is consistent if for no fore
mula a, both formulas a and “la are theorems in 7.
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2. Algebraic structures. Let R be a realization of the language %
described in §1 in a non-void set D and in a complete semi-Boolean al-
gebra A = (4, u, N, =, —, 71, ). It is well known that for a given
realization R of £ in a gset D # O and in a complete semi-Boolean algebra Y
every formula a can be considered as a mapping

aR: .I)V‘l —PA,

where V, is the finite set of all free individual variables appearing in a.
For this purpese it suffices

(a) to interpret all free or bound individual variables in a as variables
ranging over the set D;

(b) to interpret every functor f in a as the mapping fp: D X... XD
- Dj;

(e) to interpret every predicate p in a as the mapping p,: D X

XD —> A;

(d) to interpret the logical connectives U, N, =, —, 7], as the
gigns of corresponding operations v, N, =, —, 71, in A;

(e) to interpret the quantifiers & V£ as the signs of the ocorre-

sponding infinite operations (), M) in A.(Y)
¢eD ¢eD

We observe that if « is a closed formula, i.e. if ¥V, is empty, then ap
is a constant element in A.

Now if v = {v(u)},.p 18 any valuation in D, then ap can be formu-
lated as follows:

(a) U¥Br(®%) and (\¥Bg(v%) exist, where the valuation v* is defined
ceD ceD

as follows:
v(u) if u#Eu,
ve(u') =
¢ if »=u,
(@)  P(Tay .oy T)R(0) = PR(ER("’); EY) "kR('U)); 7 is a term,
(as) if, for every 7, 1 <7 < » and »,(%;) = v,(%;) then az(v,) = ar(v,),
where v,, v, € DV, and u,, ..., u, are all free variables in g,
(a;))  (BUP)R(V) = Br(v)Vyg(v),
(2,) (BNY)r(v) = Br(¥)Nygr(v),
()  (B=»)r(v) = Br(v) =>yg(v),
(a) (B=7)r(v) = Br(v)=yg(v),
(a;))  (T1B)r(v) = T1BR(v),

(!) According to condition (e) we need not to assume that U is a complete semi-
Boolean algebra. We must only require the infinite joins and meets mentioned in (e)
to exist in 9.
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(ag) (T BA)r(®) =T Br(v)
(a))  3EB(u/&)p(v) = "Br(vY),

ceD

(a0)  YEPu/[E)g(v) = QuﬂR('vlc‘)-
CE.
DEFINITION. By an algebraic structure I, (briefly a-structure) we
shall understand a triple (¥, D, R) where U, D, R satisfy the above con-
ditions and D is a countable set.

DEeFINITION. We shall say that M, is an algebraic model (briefly
a-model) for a formula aeF if agp(v) =V for v e DV Sometimes we
gay that a is valid in MM,. M, is an algebraic model for a set A of formulas
in Z provided M, is an algebraic model for every formula a in A. In this
case we say also that I, is an algebraic model for the H-B theory I
= (%, 0, A). A formula a i8 called algebraically valid (a-valid) if for every
realization R in any non-void set D and in any semi-Boolean algebra % the
a-structure (A, D, R) is an a-model for a.

We observe that no restriction was made on the set D, in which
a realization R of & is given, except that D is countable and non-void set.

In particular, we can take as D the set of all terms 7' in #. It is ob-
vious that 7' is never empty since 7' contains the infinite set V of all free
variables.

DEFINITION. A realization R of . is said to be a canonical realization
of terms provided R is a realization in the set T of all terms (and in any
semi-Boolean algebra) and if for every m-argument functor f in &

1) Tr(tiy eeey Tm) = f(71 .00 T0),

where 7y, ..., 7,, are any terms (on the left side of this equality f is an
m-argument functor in % and on the right side f is an m-argument oper-
ation in T).

DEFINITION. By the identity valuation we shall understand the identi-
ty mapping from V into T, ¢ = {#},p-

Let R° be the mapping defined on the set of all functors in & and
on the set of all predicates in .# such that

(i) RO restricted to the set of all functors in % is the canonical re-
alization of terms in .2, i.e.

fRO: 1"" b T
is defined by (1) where R = R

(ii) for every m-argument predicate p in & and for arbitrary terms
Tiyeeey Ty ID Z

(2) Pro(Tay ooey Tw) = B(lp (71 ... TR},
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where h i8 2 homomorphism preserving all the infinite joins and meets in

(Q) (cf. p. 17 — we call it a Q-homomorphism) from N(J") into a non-
degenerate semi-Boolean algebra .

2.1. If R 48 the canonical realization determined by a Q-homomorphism
h from U(T) into a semi-Boolean algebra, i.e. if conditions (1) and (2) are
satisfied, then for every valuation v: V — T and for every formula a in &

apo(v) = R([lv’al),

where v'a denotes the result of substitution v in a.
In particular, for the identity valuation © we have

apo(t) = h(al)).

This lemma follows immediately from the above definitions and
11. m

From this lemma and 1.1 we obtain
2.2. If 7 = (%, 0, A) i3 a consistent H-B theory, then M, = <A, T, R*)
is an a-model for T, where R® is any canonical realization determined by

a Q-homomorphism h from N(T) into a non-degenerate semi-Boolean
algebra .

If b i3 a Q-isomorphism, then for any formula a in &

a 18 a theorem if and only if ape(t) = V,

where © 18 the identity valualion. m

3. Completeness theorems.

CoMPLETENESS THEOREM (second form). An H-B theory is consisient
if and only if it has an a-model.

This theorem is part of the following theorem:

3.1. For any H-B theory 7 = (%,C,A) the following conditions
are equivalent:

(i) I 18 consistent,

(ii) there exists an a-model for T,

(iii) there exists an a-model M, = (W, D, R) for 7 where A i8 a complete
semi-Boolean algebra,

(iv) there exists an a-model M, = (N, D, R) for T where A is an order
topology.

Proof. (i) = (ii): Suppose that J is consistent. Then the algebraic
structure (¥, T, R*> defined in 2.2 is an a-model for .

(ii) = (i): Suppose that J is inconsistent and M, = <A, D, R) is an
a-model for 4. Then both a and ~Ja are theorems of 7, i.e. azr(v) = V
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and ( a)z(v) = V where v e D¥ and V is the greatest element of 9.
By condtition (a,) we infer that V = (Tla)z(v) = T(ar(v)) = 71V = A,
a contradiction.

The remaining parts of this theorem follow from I, 1.3, 1.2 and 3.8. m

The following theorem is an immediate consequence of I, 1.2, 1.3, 3.8
and 1.1, and 2.2.

3.2. For any consistent H-B theory I = (%,0,A) and formula
a €% the following conditions are equivalent:

(i) a i8 a theorem of 7,

(ii) a 28 valid in every a-model for T,

(iii) a 48 valid in every a-model M, = (A, D, R) for T where A is a
complete semi-Boolean algebra,

(iv) a is valid in every a-model M, = (A, D, R) for I where N is an
order topology.

(v) a is valid in MY = A, T, R*), where M., is defined as in 2.2. m

If we assnume in 3.2 the set A to be empty, then we obtain

CoMPLETENESS THEOREM (first form, Godel). For any H-B predicate
calznlus & = (&, C) and formula a € & the following conditions are equiv-
alent:

(i) a is a derivable formula,

(i1) a 28 a-valid in every a-model for &,

(iii) for every realization R in any non-void set D and any complete
semi-Boolean algebra the structure (N, D, R) 18 an a-model for a,

(iv) for every realization R in any non-void set D and any order top-
ology A the structure (W, D, R) is an a-model for a,

(v) ago(t) =V for the canonical realization R° in () and the
identity valuation 7. m

4. Deduction theorems.

DEDUCTION THEOREM. Let a be a closed formula in &. A formula B
8 a theorem in the H-B theory 7' = (£, C, AU [a])iff for some n the formula
(Na=p) is a theorem of I = (%,C, A), where N means n times ~|[ .

Proof. If for some n (Na=p8) e C(A) then (Na=f) is a theorem
of 7’ and by modus ponens and (r) 8 is a theorem of J.

Now let for some n (Na=p8) ¢ C(4). Then (a=p) ¢ C(4) and by
the second part of 2.2 we have that (a=pf)ge (i) # V, ie. by 38.2(v),
(e=p) is not wvalid in M = (N, T, R°). We recall that R°is a ca-
nonical realization determined by a @-homomorphism g from A(J) to
A. Hence

apo() = Bro(d) # V
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and, since a is a closed formula, a; is a constant function. By 2.1 we have

apo(t) = g(lell) and  B0(3) = g(lIBI).

As the relation g(llalf) < g(l|8ll) does not hold in A, hence by I,2.3
there exists a @-filter V' such that

g(llel) eV and  g(lIBl) ¢ V.

We consider the quotient algebra W/V and a natural homomorphism %
from A to AV, i.e.

h(a) = llall.

Let y e A. Then y_(¢) = g(llyl) = V. Thus h(yy,(3) = klg(lyl) =V,
i.e. U, T, hR®) is an a-model for 7. Moreover, it is an a-model for a since
a, oo 18 identically equal to V (the unit element in %A/V). Thus <A, T, hR®)
is an a-model for J’. We observe that the formula § is not valid in this
model since f, (i) = h(Bo(?)) = hg(Ipl) # V. So B is not a theorem
inJ'. m

Let 7 = (%, C, A) be a H-B theory and let F, be a set of formulas
of . By 7 [F,] we denote an H~B theory of the form (%, C, AUF,).

REDUCTION THEOREM. Let F, be a non-empty set of formulas of £.
A formula a is a theorem of I [F,] iff there ewist n and a theorem of T
of the form (N(a;n ... N a,) = a) where each o, is the closure of a formula
in Fy and N means n times ~|[ .

Proof. Suppose that a e C(AUF,). We may assume that a ¢ C(4).
Let aj,...,a, be formulas from F, such that their closures a,,..., a,
are used in the proof of a. Thus a is a theorem of 7 [{a,, ..., a,}], and
by the deduction theorem we infer that the formula (N(a,n ... Na,)=a)
is a theorem of .7. On the other hand, the proof is obvious. m

From this theorem we obtain

4.1. A formula B is a theorem in an H-B theory I = (&, C, A) with
a non-empty set A of axioms iff there exists a conjunction a of closures of

a finite numbers of axioms in A such that the implication (Na =) i8 de-
rivable. m

REDUCTION THEOREM FOR CONSISTENCY. Let F, be a mon-emply
set of formulas of L. The theory I [F,] is inconsistent iff there is a theorem
of 7 which is a disjunction [~ N-negation of closures of distinct formulas
n F,.

Proof. Suppose that such a theorem exists, i.c., for some aj, ..., a,
e ¥y, if a;,..., a, are their closures then

Fs(TNay U ... U Na,).



26 II. Algebraic and semantic models for H-B logio

Of course this formula is a theorem of 7 [F,]. Thus
F,[F‘J]([—.Nal v...VU r-.NGn) and F,[Fo](al N...N an)

which proves that every formula is a theorem of 7 [F,].

Now suppose that 7 [F] is inconsistent. Then there exists a formula g
such that g and |8 have the proofs in 7 [F,]. By the reduction theorem
there are a, ..., @, in F, such that, if a,, ..., ¢, are their closures then

Fr(N(a, N ..o N a,) = (BNTIB)).
Thus and by (A;) we have
Fs"1N(a, n... N ay,)
which proves that

F# N(ey N... Na,),
i.e.
b4 Ny V...V [ Na,). m

Sometimes we shall say that a set A is consistent (inconsistent)
instead of saying that 7 = (%, 0, A) is consistent (inconsistent).
For any set A of formulas in % let the symbol V,, denote the set
of all |a|| e A (S) where a is in A and let
leleV, if aeC(4).

The next lemma follows immediately from the above definitions.

4.3. The set V, is a () -filter in A(SF). The set V,, [ )-generates the
(-filter V4. m

4.4, (i) An H-B theory T = (&, 0, A) i8 consistent if and only if the
filter v 4 18 proper, where v 4 denotes the set of all ||al| such that a i8 a closed
formula which i8 a theorem in 7.

(ii) A closed formula a i8 irrefutable in 7, i.e. ["a i8 not a theorem
of 7, iff the theory H-B (¥, C, AU[a]) i8 consistent.

Proof. The first part follows from the definition F 4+ The second
follows from (i) and from the fact that the filter generated by v 4 and
flall is proper iff [lal ¢ V. m

5. Saturated H-B theories. Let A be a set of closed formulas of 2.

DEFINITION. An H-B theory J = (&, C, A) is said to be saturated
provided it has the following properties:

(i) 7 is consistent,
(ii) for all a e P, if a € C(A), then a€ 4,
(iii) for all a, e F, if (aUB) e A, then ae 4 or fe A,
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(iv) for all 2 eV and B(x)eF, if IEp(£)e A, then there exists
a v eT such that 8(z) € A.

Sometimes we shall also say that A is a saturated set or a saturated
get of the first kind (s.f.k.) instead of saying that 7 is saturated.

We observe that a “consistent theory Z is saturated” means that
it is prime (iii), rich (iv) and C(4) = 4 (ii).

Let .# and &’ be two languages of the first order.

DEeriNITION. Language &£’ is said to be an extension of & if and
only if the set of free variables in .2, the set of all bound variables in 2,
the sets of all m-argument functors in ¥ (m = 0,1,...), and the sets
of all m-argument predicates in % are all subsets of the corresponding
gets of signs in Z’.

Let #’ be an extension of &.

DEFINITION. An H-B theory ' =(%',(’, A’) is said to be an
extension of an H-B theory J = (%, C, A) provided that, for every for-
mula a in 7, if a is a theorem of 7, then « is a theorem of 7.

DEFINITION. An H-B theory ' = (¥', (', A’) is said to be an ines-
sential extension of an H-B theory 7 = (%, C, A) provided that, for
every formula a in .%, a is a theorem in 7 if and only if a is a theorem
in 7.

The aim of the first part of this section is to prove that every consis-
tent H-B theory 7 = (%, C, A) has a saturated inessential extension
g =(¥,0,A).

5.1. Let A be a set of closed formulas and let 7 = (&, C, A) be a con-
sistent H-B theory. If a ¢ C(4), then there exists a saturated H-B theory
T = (&, 0, A") such that A< A’ and a¢ A’'.

Proof. Let the assumptions of 5.1 be satisfied. First we shall construct
the language #’. For this purpose we define by induction a sequence
{L,}peny 0f formalized languages &, = {4,,T,, F,}, where 4, is the
set of all signs in &%,, T, and F, are the sets of all terms and formulas

in &, , respectively, and we define a sequence of functions ™ (n =0, 1, ...),
such that

(1) £, is identical with 2,

(2) Z,.,1s an extension of £, obtained by adding a set ¥, of functors,
where ¥, is disjoint with the set 4,,

(3) ¥" is a one-to-one mapping from the set E, onto ¥,, where K,
is the set of all existential formulas in %, which do not occur in
&.—1, such that if a is an existential formula in F, with m free
individual variables, then the image ¥7 of a is an m-argument
functor in ¥,.
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Now, we take ¥’ = | %,. More exactly, the language %’ = {4’,
n
T’, F'} is obtained by adding the union ¥ of the sets

Yo, ¥y, Yy -0

to the set @ of all functors in 2.

Denote by E’ the set of all existential formulas in %', i.e. let B’ be
the union of disjoint sets E,. Now, by (3) we have that all mappings
¥" determine together a one-to-one mapping y from E' onto ¥ such that

(4) v maps E, onto ¥,,

() if e is an existential formula in %’ with m free individual variables,
i.e. if a is of the form

EB(E, Uy vnny U,

then the image y, of a is an m-argument functor in ¥ which does
not oceur in a.

Thus the language .#’ described above is an extension of 2.

Now, we must find the required set A’. Since a ¢ C(4) then by 1.1
la]l # V. On account of I, 2.3 there exists a @-filter V in A(Z") such
that |la|| ¢ V. Let

A’ ={BeL’: |BleV and g is a closed formula}.

It is obvious that a¢ A’ and 4 < A'.

We shall show that the theory ' = (&', C’, A’) is the required satu-
rated H-B theory.

(i) J is consistent. Indeed, we observe that a ¢ C'(4’). If a e C'(4’)
then by 4.1 thereexistsann (= 5, N ... N ., n; € A') such that + (N7 = a).
Since n e A’, we have N|n| € VV, which proves that (e V, a con-
tradietion.

(ii) If yeC'(A’), then ][ ye0'(4’). By 4.1 there exist », 5’,n
such that N|n| <|yl and (¥ +1)]5'| < 711 [lyll. Because of this we
have that ||yl e V and ~1[ |yl € ¥, which proves that y € 4'.

As V is a | filter, we infer that 7 is prime and rich, which comp-
letes the proof that J’ is saturated. m

We observe that

52. If 7 = (%, C, A) is a saturated H-B theory, then V , i3 a Q-filter. m

DEeFINITION. An H-B predicate theory I = (%, C, 4) is said to
be complete if, for every closed formula a, exactly one of the formulas a
and [ a is a theorem.

8.3. Let 7 = (&, C, A) be a saturated H-B theory. Then I is complete.
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Proof. It follows by appropriate definitions. m

DEFINITION. Let 7, and 9, be H-B theories. The union of J, and
T 4, designated by J,U7,, is a theory whose nonlogical symbols are
the nonlogical symbols of J, and the nonlogical symbols of Z,, and
whose nonlogical axioms are the nonlogical axioms of 4, and nonlogical
axioms of 7,.

5.4, Let 7, =(%,0, A,) and T, = (¥4, 0, A,) be two consistent H-B
theories and let 7 = (&, C, A) be a complete H-B theory such that A < A,
and A < A,. Then the theory I,V , 18 consistent.

Proof. Suppose that 7,U7, is not consistent. Then we infer by 4.1
that there must exist two formulas o’ and 8’ such that a’ € A, and 8’ € 4,
and

F 1N (anp),

where a is the closure of a’ and g is the closure of §.
Thus, by the appropriate axioms and 1.2 (6) we obtain

F(Na="1Np).
On account of 1.2 (11) we infer that
F(™ NaUNa).

Now, we observe that the formula [~ Na cannot be a theorem of
because 7, is consistent. By our assumptions J is complete, and so we
conclude that Na is a theorem of . Hence N f is a theorem of 4 and
J g i8 not consistent, a contradiction. m

6. Craig interpolation lemma. In this section, using the lemmas
from § 5, we prove a modification of the Craig interpolation lemma. We
show that this lemma is equivalent to the so-called Robinson consistency
theorem.

First we formulate both theorems.

ORAIG INTERPOLATION LEMMA (OIL). Let (L, O) be a consisient H-B
predicate calculus and let a, f be two sentences such that It (a=f). Then
there exist a sentence y and n such that

F(Na=yp), F(Ny=>"1(N-1)T1§

and every relation and function or constant symbol which occurs in y occurs
both in a and in B. (The identity symbol is allowed to occur in y.)

ROBINSON CONSISTENCY THEOREM. Let 9, = (¥, 0, 4,) and T,
= (&,, C;, A,) be two consistent H-B theories. Let I = (%,C, A) be a
complete H-B theory such that ¥ =L N¥, and A< A, and A < A,.
Then the theory I,V , i8 consistent.
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Using the Robinson consistency theorem, we prove CIL.

Proof of CIL. Let.#, be a language containing only those relation,
constant or function symbols of & which occur in a. Define &, similarly.
We assume that £,Nn%,; # @ (otherwise the proof of CIL is obvious)
and g ¢%,, a¢Z,; (otherwise the proof of COIL is obvious). Let us put

(%) A, = {yeZL,Nn%;: y is a sentence and | (Na=y)}.

If there are & y € A, and » such that  (Ny="](N—1)7]p), then this
theorem is proved. Thus, suppose for every y € 4, and for every =

non F (Ny="1(¥—1)718).

Denote #,N%; by £,.,and observe that T = (Longy Cy 4oU{B})
is a consistent H-B theory. Otherwise, there exists a y € 4, such that
F1(NynNnN [ ). Hence we have F(Ny="|1N[ f) and by 1.2 (7)
F (Ny =71 (N —1)718), a contradiction. On account of 5.1 we can extend
7 - to a saturated H-B theory 7' = (¥’,0’, 4A’), where &%, , < ¥’
and 4,U{["f} = A’. We take the theory J"' = (Z,n~5, 0"’y A""), where
A" = A'lg, - We observe that 7" is complete (a8 J' i3 saturated).
Now, we consider the theory 7, = (%,,C, A”U{ae}). This theory is
consistent. Otherwise, there is a y e A’ such that F (Na="] Ny).
Hence "| Ny e A, < A” and " is not consistent, a confradiction.

In this way we have two theories 7 and . both consistent such
that J'ng, is complete. Using the Robinson consistency theorem,
we find that 7'UZ" is consistent. We observe that g and [~8 are theorems
of 7'ug ", which proves that this theory is not consistent, a contradiction.
Thus there must exist a y € 4, and »n such that F (Ny="1(N—-1)71f).

Now, we assume the OIL and prove the Robinson consistency theorem.

Proof of the Robinson consistency theorem. Suppose
that ,U7, is not consistent. Then there are a, # and n such that a i8 a
conjunction of closures of finite numbers of formulas a,,...,q, € A4,
and g =8, Nn...Np,, where B;c 4; and g, is closure of f;, and

F " H(NanXNp).

Thus we infer that } (N¥a="] Nf). By the Craig interpolation lemma,
there are a sentence y and n' such that

F(N'Na=y) and F(N'p=>"1(N'—1) T NB)

and every relation, function or constant symbol occurring in y ocecurs
both a and f. Consequently, y is a sentence of Z,N%Z,. Because of this we
infer that either ye0(A4)or["yeC(A). I yeC(4) then | (N'—1)"|Npe(0(4)
and (N’ —1)T1NBeC(4,) and F, is not consistent. Now, suppose that [y
€ 0(4) then because the condition I (N'Na=y) implies F ("y=>["N'Na)
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we infer that [~ N'Na € C(4). So J, is not consistent. Hence we obtain
that J,U9, must be consistent. m

As a corollary we obtain
6.1. The Robinson consistency theorem ts equivalent to the Craig inter-
polation lemma. =

7. Theory of falsity. In this part we want to present another line
of approach to the H-B logic.
By the completeness theorem for H-B PC we have

7.1. A formula a is derivable if and only if a i3 a-valid. m

DEFINITION. A formulsa a is said to be a-false if for every realization R
in any non-void set D and any semi-Boolean algebra U, az(v) = A,
where v € DV

Important Observation (I1.O.). If for any q, f € F the formula
(a = p) i8 derivable, then for every valuation » and any a-structure I,
= (U, D, B), ag(v) < fr(?). The last inequality says that the element
ag(v) = Br(v) is equal to the least element in every semi-Boolean algebra,
i.e. ag(v)=Pr(v) = A. This means that the formula (a—=p) is a-false.
Thus we have

7.2. A formula (a=f) is a-valid iff the formula (a—pB) is a-false. m
7.3. The formulas of the following forms are a-false

1) (((B=»)=(a=)=((B=a)=7),
@) ((r+a)=(y=p)=(8=a),
3)  ((enp)=ad),

(4)  ((anp)=-p),

®)  ((r=(anB)=(r=p)=(r=a)),
(6) (a;(auﬁ)),

(M) (8= (auh)),

) ((((auB)=9)=(B=)=(a=p),
@ ((r=(aup)=((r=B)=a)),
(10)  ((r=B=a)=(y=(rup)),
(11)  (((B=a)np)=-a),

12) ((TCe=rA=~(f-a),

(13)  (((Bny)=a)=(y=(8=7))
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14) (Up-a)=(B=>0)),
(18)  ((a=p)=["(B=a)),
(16) (Ta=((y=7»)~-a)),

a7 (((y=»)=a)-"a),

(18) (Ta=(e=(y=a)),
(19)  ((@=(y=y)="a).

where a, f, y € Z.

We show how to prove that a formula of form (1) is a-false. The
proofs in the case of the remaining formulas are similar. By definition,
to prove that the formula of form (1) is false it suffices to show that,
for every valuation v and every a-structure M, = (U, D, R),

(Br(v) = yr(v)) = (ag(v) =~ y&(?)) < (Br(v) — ag(v)) = yx(v).

Let U be a semi-Boolean algebra and v a valuation. We denote ag(v) = a,
Br(v) = b, yz(v) = ¢. On account of the appropriate properties of a semi-
Boolean algebra [16], we find that

b<aubuc implies b<Kav(b-a)ue.
The last inequality implies that
b < eu(a—=e)U((b—a)=¢).
But this inequality is equivalent to
(b—c¢)=(a-c) < (b-a)=-c,

which proves that the formula of form (1) is a-false. m

It is not difficult to see that if the formulas (e f) and g are a-false,
then so is the formula a, and if the formula [~ Tla is a-false then so is
the formula a. We can write this assertion in the form of the following

rules:

o ) LI N LY

a a

These rules we understand in the following way: if the top formulas
are a-false, so is the bottom one.
Now we extend the set of rules by the special rules for the quantifiers

symbols, namely:

s a(z)-p S B a(z)
*Aea()-p Y p-VeEa(s)
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where f contains no occurrence of x and a(x) contains no quantifier bind-
ing £
. d6a(§)-B . a=VEB()
Tyt ———————3 Tt ——————.
a(z)—p a-—- p(x)
Let A be a set of formulas. We shall treat the formulas of A as false
formulas.

DEFINITION. We say that a formula a is formally rejected from a set A
of formulas if there exists a finite sequence a,, ..., a, of formulas such
that the following conditions are satisfied:

(i) a, = a,

(ii) a,is one of the formulas of the form (1)-(19) from 7.3, or it is a for-
mula in A,

(iii) for every 1 < j < w either g is one of the formulas of form (1)~(19),
or g; is in A, or q; is obtained from a; and from a, = (a;~ a;), where 1 <1
< j and 1<k < j by the application of rules r}-r;.

If a formula o is formally rejected from a set A, we shall write 4 4 a.
If A =0, then we shall write -a and read: ‘“a is formally rejected”.
Sometimes in such a case we say that a is an antitheorem.

Let (F, v, n, =, =, 7], [) be the algebra of formulas of the langu-
age Z. It is not difficult to check that the relation ~ defined as follows:

a~p if and only if the formulas (a—f) and (8—a) are both formally
rejected

is a congruence relation in the algebra (¥, v, N, =, —, 71, ).

Now we consider the quotient algebra (F/~, U, n, =, =, 71,[7).
Elements in this algebra will be denoted by |a| for a € F. The relation <
defined as follows: for any fomulas g, 8 € F |a| < || if and only if the
formula (a—pf) is formally rejected is an ordering relation in F/~.

7.4. The algebra (F|~, U, 0, =, =, [, 1) is a semi-Boolean algebra.
Moreover, for any formulas a, f € F,

la]UIBl = [@UB), lalnIBl = lanpl,
lal =Bl = (a=pB)l, la]l=|Bl = l(a—=B)I,
“lal ="lal, [Tlal =al.
For every formula aq,

lal = A if and only if a is an antitheorem.

The semi-Boolean algebra (F|~, vy, N, =, =, "1,[") is non-degenerate
if and only if there exists a formula a such that a is not an antitheorem.

3 — Disserlationes Mathematicae CLXVII
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For every formula f(z),

U 1B(2)I=13&B(&),

ter

Q 1B(z)1= | V& B(E).

The proof of this theorem is dual to the proof of 2.1 and we leave
it out. m

By 7.4 and the appropriate definitions we have
7.56. For every formula a, a is a-false if and only if it is an antitheorem. m

On account of 7.5 we can write the above mentioned rules in the
following forms:

rI:M; Tyt -”—ja;...etc.
4a 4a

We can formulate some theorems which are parallel to the deduction
theorems for H-B PC and 5.1. The proofs of these theorems are analogous
to those mentioned above and will be omitted.

7.6. A closed formula B i8 formally rejected from the set AU {a}, i.e.
Au{a} 48, if and only if the formula (B a) is formally rejected from A,
te. A4 (f—a) m

7.7. Let A be a nonempty set of formulas. A 4 B if and only if there
exists a formula a of the form 3e,...a, V... U3e,...a,, where a;€ A,
such that the formula (f— a) is formally rejected, i.e. -1 (f—a). ®

DEFINITION. Let 4 be a set of closed formulas of .. We say that 4
is & saturated set of the second kind (8.8.k) if

(s,) for some e F, A |+ a,
(s,) for all ae¥, if A4a, then a€ 4,
(s) for all a,BeP, if (anf)eA then ac 4 or fe A,

(s,) for all () e F,if V&PB(&) e A then there exists a constant ¢ such
that B(c) € 4.

7.8. Let A be a nonempty set of closed formulas of & and let A’ +| a.
Then there exist a language &' and an 8.8.k. set A' of formulas of &' such
that Ac A" and a¢ A'. m

8. Kripke-style models.
DEFINITION. A frame(?) o for % consists of:

(¢,) a non-empty set |o/|, called the universe of .

(?) frames in the sense admitted in this paper are often called interpretations
or olassical struotures by other authors.
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The elements of |.«/| are called the individuals of o

(c;) for each m-ary function symbol f of &, an n-ary function f, from
|&|" to |&|. In particular, for each constant ¢ of %, ¢, is an indi-
vidual of «.

(¢;) for each m-ary predicate symbol p of # other than =, an n-ary
predicate p, in |#|.

Sometimes, we shall denote by F_,, V,, ... etc. the sets of all formulas
and variables ..., respectively, of the language .

DEFINITION. By the Kripke structure for & (k-structure) we under-
stand a triple

Sml.: = (, 13} T’ R>
in which
(k,) R is a reflexive and a transitive relation on T,

(ky) for every teT, &, is a frame such that if tRs, for ¢, 8 €T, then
| t,| = | #,|. For every teT, |, is said to be a domain. In
equality is interpreted by a congruence relation =,. If p and f
are n-ary predicate and function symbols, respectively, a,,...
...y, € & and tRs, then

Py (@yy ...y @,) implies py (ay,...,a,)

and
Ja(@yy ooy @) = fo (@yy .00y @),

DEFINITION. By a valuation (assigment) v in a structure I, we under-

stand a map from the set of all individual variables to | «,. Let teT, =
teT

be a term and let v be a valuation in I,. We define z[v];, by recursion
on the length as follows

z;[v]) = v(x),
fd,(‘fl [0k ooy Talvd) i 7(0) e o,
for i =1,...,n;

7;{v]);  where j is the least ¢ such that z;[v], € #;
otherwise.

f(zy ooy T) [0 =

DEFINITION. The truth value of a formula a in MM, at a point ¢ under »
is defined below by induction on the length of a. It is denoted by [a(v)];.
According to former denotations we ought to write [a[v]],. However,
to facilitate our denotations we will write [a(v)], (even sometimes we will
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omit v) instead of writing that [a[v])],.

1) @y ..,z)@)], =T iff play,..., a)e L],
where a; = v(z;) € | #,l;

(2) [avuP)l =T i [a]=
[(auP)l= L it [a], =

3) [enP)l=T i [a]= and  [f), =T,
(anpl, = L i [a] = or [l = L;

(4) [(a=p)], =T ifforallssuchthattRs, [, = T if [a], =T,
[(e=p)]; = | if there exists an s such that tR s,
[e); = T and [f], = L;

(5) [(a=48)), = T if there exists an s such that sR ¢,
[a]s = T and [B), = 1,
[(e=pB)], = L if for all s such that sR¢, [a]l, = | if [8], = 1;

(6) [Tle), = T if for all 8 such that tRs, [a], = |,
[Tle), = L if there exists an s such that tRs and [a], = T;

or (8, =T,
and  [B8), = I;

- -

(7) [Cal], = T if there exists an s such that sR¢ and [a], = |,
[Cal], = L if for all s such that sR ¢, [a], = T;

(8) [3¢& p(&)), = T if there exists a ¢ e |« such that [B(c)}, = T,
[3€ B(£)]) = L otherwise;

(9) [VER(HL =T if for all ce |y, [Bl0)), =T,
[VEB(&)], = L otherwise.

Sometimes we shall write [a(v)]} = T if we want to underline that
this equality is satisfied in a k-structure 2 at the valuation v.

The intuitive motivation of those conditions is the following. Let T
be interpreted as a collection of states of our knowledge. Thus ¢ € T may
be considered as a collection of physical facts known at a particular time.
If we have enough information to prove a formula a at the point of time ¢,
we say that “t forces a” and write [a], = T . If we lack such information,
we say: “t rejects a” and write [a], = 1. If [a]; = T, we can say that a
has been verified at the point ¢; if [a], = | then a has not been verified
at ¢, but it might be verified later.

So, the first part of condition (5) says: to assert (e f) at a point
of time ¢ we need only to know that there exists an earlier time 8 such
that our information or state of knowledge at that time is sufficient to
verify a and is not sufficient to verify B.

In the same way we interpret the first part of (7). To assert ["a at
a point of time ¢ we need to know that there exists an earlier point of time s
such that our information about a is not suificient to verify a at the point s.
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Similarly, if (a—p) was not verified at the point {, then (a—pg) could
be verified at no point ecarlier than ¢. Thus to reject (e g) at a point ¢
we need to know that at any carlier time s if the stale of our knowledge

is not sufficient to verify § then the state of our knowledge is not sufficient
to verify a.

DEerINITION. We shall say that Wi, is a Kripke-style model (briefly
k-model) for a formula a iff [a]™* = T, for every t € T. Sometimes we say
that a is k-valid in 9,. A structure M, is a Kripke-style model for a set A
of formulas in % provided I, is a k-model for every formula a € 4. In this
case we say also that I, is a k-model for an H-B theory 7 = (¥, C, A).
A formula a is said to be k-valid provided a is valid in every k-structure.

DEFINITION. We shall say that a k-structure has constant domains
if all frames «/,, t € T have the same universe.

We observe that if M, is a k-structure with constant domains then
for every formula

If [a)™ = T and tRs, then [a)? = T,

R
() If [a]™ = | and sR¢, then [a]™ = |.

The simple proof of this fact is omitted.

Now, we give an example of such a structure. Let T be the set of
sequence of formulas of the form (e, ¢;,...,,), Where ¢ = (a=>a) and
Fgir1=@;), 1<i<<n We recall that F means here being derivable
in H-B PC. We assume that (e¢) € T. We define quasi-ordering relation <
on T as follows: (e, ¢,y ..., @) < (€ @1y ..., @,) holds either if ¥ < n, then
(éy @1y -++5 @) 18 an initial segment of (e, ¢y, ...,¢,) or if & = n, then
(ey @1y «evy @p_;) is an initial segment of (e, ¢y, ...,9,) and F(p,=@,).
For every (e, ..., ¢) € T we put &/, _, = set of all terms of the language
&Z. It may easily verify that this construction yields a well defined k-
structure with base point (e).

Now, let us set

[p(a'lr M an)](c....,w) = T if and Only if lﬂ(‘p :p(al) e a’n))
and
[P(81) ey @)],...p = L if and only if  d(p(ay, ..., a,)=9),

for every predicate symbol p of the language %, where 4 means “formally
rejected”.
It has been proved in [6] that

8.1. For any formula y without U, 3, =, [ we have

Wevww = T if and only if  Fe=y). =
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Now we prove that

8.2. For any y without N, V, =, 7] we have

Xe,ow = L if and only if  A(y=9).

Proof. The proof is by induction on the length of . For atomic y
this holds by the definition. Suppose that this theorem is true for a and 8
and we shall prove it for y = (aUp), ¥y = (a=8), y =" a, y = & a(é).

Case 1. Suppose that 4((avpf)—¢). By 7.5,1.0., and the complete-
ness theorem we have F} ((auﬁ):-q;), which is equal to the following
conditions: F(a=¢) and F(8=¢). Thus these conditions are equivalent
to 4(a—¢) and 4(B-¢), which gives [a],,. g, = L and [B,,...n = L,
ie. by (2) [(eVUB)]e,... = L.

Case 2. We want to prove that

[a=B)le,...p = L if and only if  d((a+p§)—¢|.

Suppose that [(e-B)],..» = L and this lemma is true for e and B.
By the definition of the truth value of (a—f) we have that, for every
sequence (e,...,¢’) such that (¢, ...,¢') < (& ..., ¢), if H(f—¢) then
{(a=@). We observe that (e, ..., (pUp)) < (¢, ..., ¢). Indeed, the formula
(p = (puB)) is provable in H-B PC. Thus and by (2), ri § 7 we conclude
that 4(p—(pup)) and +(f—(pup)), which proves that 4(a—(pup)).
On account of 7.3 and r} from § 7 we infer that +{(a~p)—=¢).

Now let d{(a—~p)-—¢) and, for every sequence (e, ..., ¢') such that
(6 ...,¢")Y< (& ..., ¢), let Ad(f—¢'). Then, we have d(p—¢’). Thus,
by 7.3 (2) and r} from § 7 we infer that - ((a— )~ ¢') and by condition (1)
of the same lemma and r; we conclude that 4(a—=-¢’).

Case 3. The proof for y = [Ta is similar.

Case 4. Let y = 3£ a(&). Suppose [I&a(é)]e,.., = L. By defi-
nition, for every ¢, [a(¢)],....,) = 1. This implies, by the induction hy-
pothesis, that i(a(¢)—¢). Let d4(F&a(£)~-¢). Since d(a(c)~ F&a(£))
(for every ¢), we infer that, for every ¢, 4(a(c¢)-¢), which proves case
4. m

8.3. Let ¢ be a formula from &. For every formula y which is not equiv-
alent to @ such that either F (p=>v) or F(y=>¢),

[Y)e...oy = T o and only if +(p=1y).

Proof. The proof by induction on the length of y. On account of
8.1, to prove this lemma it suffices to check only the cases where y is

(aUB), (a=B), [a and Téa(é).
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For the proof, we may suppose that if F(p=y) then |+ (y=¢).
Indeed, suppose that F(p=9y) and F(y=>¢) then y is equivalent to ¢,
contrary to our assumption.

Now let y be one of the formulas of the above mentioned forms.

Case 1. y = (aVf). If [(aYP)]e,..,» = T then it is obvious that
Heg = (aup)). Suppose that H(p=(auUp)). Then we infer [~((au B) =g).
On account of 1.0. we have 4| ((auﬂ);gv), but this implies by 8.2 that
[ale,...qp L OF [Ble,...p # L, 1€ [a)e,...p = T OF [Ble,.... = T

Case 2. y = (a=f). Let F(p=(a—p)). Then we have |+((a—p)=9)
and A ((aéﬂ)+:p). Using 8.2, we obtain that there exists
a sequence (e, ..., ¢') such that (¢, ..., 9') < (¢, ..., ¢) and [a],, ., # L
and {Ble,...» = 1, le. there exists a sequence (e, ...,¢’) such that
(6y..cy @) < (6...,9) and [ede,...on = T and [ﬂ](e,....cp’) = 1, which
proves that [(a=f)],,..p = T

Suppose that [(a=f)],,...,,) = T,i.e. there exists a sequence (e, ..., ¢’)
such that (e, ...,¢") < (e ..., p) and [al,, . . = T and [Bl,. .. = L.
The condition [a],, . = T implies 4(¢p’~(aUp)) and this gives -I(qo';
—‘-(ﬂu(a;ﬂ))). On account of case 1 we have d(p’~(a—p)) or H(p’=p).
We observe that the truth of the second condition means that [f],,.. 4
= T but this is a contradiction of our assumption. Thus we have 4 ((p';
~(a-=-f)) and moreover d(p—-¢’). By 7.3 (2) and rj from § 7 we obtain

1(p~(a=p)), i.e. F(p=(a—=p)), which completes the proof of case 2.

The proofs of the remaining cases are similar. m

8.4. Let a be a nmonderivable sentence of H-B PC. Then there exists
a k-structure with constant domains in which a is not k-valid.

Suppose that |~ a but a is k-valid in every k-structure with constant
domains. Thus, a is k-valid in the k-structure defined above. By the
definitions and 8.3 we infer that

[ely =T if and only if F (e=a),

which proves that Fla, a contradiction. m
The converse theorem 8.4 is also true and it will be proved in § 10.

9. Canonical structures. Now we give another example of a k-strue-
ture with constant domains which shows a certain kind of duality of
the H-B logic.

Let o/ be a frame for . Let F, be a set of all formulas of 2.

DEFINITION. By an «f-saturated set of the first kind (/-s.f.k) we
mean any Subset A of F, which is s.f.k. (cf. the definition from § b).

DEFINITION. By an o/-saturated set of the second kind (sf-s.8.k.) we
mean any subset A of F_, which is 3.8.k. (cf. the definition from § 7).

Wo denote by T the class of all sets which are «-s.fk. and by T
the class of all sets which are .«/-s.s.k.
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9.1. Forany A< F,,, AT if and only of F,—A € 1.
Proof. Lot 4 be an «-3.fk. and denote F,—A by 41-. We shall
prove that 4 is «/-s.s.k. Suppose that for every neF,, A4y Let 5

= (y=7y). By 7.7 we have +((y=y)—f) where § =, U... UB,, B, e 4.
On account of 7.4 we infer that |(y=y)| <|Bl, ie. |[(r=>»)=f)|=V

and this proves Fj. So by our assumption that 4 is «-s.f.k. we obtain
B; € A for 7, a contradiction, which gives (s,). On the other direction we
proceed in the same way. The remaining cases we prove by an easy veri-
fication. m

Let o, be a frame for the language Z,. Let C,, C,, ... be a sequence
of pairwise disjoint countable sets of constants. Define %, , = %,+C,,,,
where # + C is the language obtained from % by adding all the constants
of C. Let ;,, be a frame for &,,,. Now let us denote by 7 the class
of all B such that, for some %, B is «;-8.8.k.

9.2. For all BeT, (a=pB) e B if and only if for all B’ e T such that
B c B if BeB then ac B’

Proof. Suppose that B is «;-s.s.k. and (a—f) ¢ B. Then by 7.6
we have BU {8} +| a. On account of 7.8 there exists a B’ which is ;-
$.5.k. and such that fe B and B < B’ and B’ -#| a. On the other hand
the proof is obvious. m

Now, we consider T as the class of all B which are «/;-s.f.k. for some <.

9.3. T has the following properties:
(1) for all BeT, (aupB)eB if and only if ae B or § € B,
(2) for all BeT, (anf) e B if and only if a € B and f € B,

(8) for all B €T, (a = p) € B if and only if, for all B’ € T such that Bc B,
ifac B then f e B,

(4) for all BeT, la € B if and only if, for all B’ €T such that B < B,
a¢ B,

(5) for all BeT, (a—=p) € B if and only if there exists a B' € T such that
B ' < B and ac B and B¢ B,

(6) for all BeT, ["a€ B if and only if there exists a B' € T such that
B' < B and a ¢ B,

(?)  for all BeT, VE£B(&) e B if and only if, for all ceC,,, f(c)eB
(B is o;-8.f.k.),

(8) for all BeT, A£8(&) € B if and only if there exists a ¢ € C&,,i such
that B(c) e B (B is o;-8.f.k.).

Proof. Conditions (1) and (2) are obvious. The proofs of (3) and (4)
are given in [7]. (5) and (6) follow from 9.2 and 9.1. We prove (7).
If V&B(&) eB then for all ¢ e C.;;» B(c) € B. Suppose that V& B(&) ¢ B.
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Then V&B(&) e B, where B = F, —B and B is an «/,s.s.k. Thus there
exists a ¢ € C,,, such that g(c) € B. By 9.1 we infer that for some ¢ e C,, ,
B(c) ¢ B. The proof of (8) is similar. m ’

Now let R be the set-theoretical inclusion on T. Put &/, = U (VoL

U0y,), for every B eT. It is clear that M, = {5, T, R), thus defined,
is a k-structure.

DErINITION. By a canonical structure we understand the structure
(A, T, R> defined above.

Now we define:
for every 0-ary predicate symbol p,

[ple =T i pebB,
[plg = L i pé¢B;

for every n-ary predicate symbol p (n>1),
p(zyy..y2,)(0) g =T i play,...,a)eB,

where a;, = v(x;), a; € /5 for every ¢ =1,...,n.

94. Let 7 = (%,C, A) be a saturated H—-B theory. Then there exists
a k-structure M, = (A,, T, R> and a truth value of a € £ in M, under v
such that for a certain t,eT

acA iff [a®l, =T

Proof. Let M, = («,, T,R) be a canonical structure. We recall
that T is the set of all saturated sets. So A € T. We prove that

ae A iff [aly, =T

We shall present only the case where a has one of the forms T8,
(B—y) and V¢ a(é).

Case 1. ¢ is 718 and 9.4 holds for . By 9.3 (4) "1f € 4 if and only
if for all A" €T such that 4 < A’, ¢ A’. By the induction hypothesis
this takes place if and only if [8], = |, for all 4 €T such that 4 < 4'.
On account of the definition we have [T18], = T.

Case 2. a is (f-=y) and 9.4 holds for g and y. By 9.3 (5) (B—y)€e A
if and only if there exists an A’ € T such that A'< 4, fe A’ and y ¢ 4.
By the hypothesis of induction this holds if and only if [(f=y)], = T.

Case 3. a i3 VEB(£). By 9.3 (7) VEB(E) e A if and only if for all
cedy Ble)ed, le [VEA(Hl, =T. u

9.5. Let 7 =(%,C, A) be a consistent H-B theory such that A 1is
a closed set of formulas. Then there exists a k-structure of & and a truth
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value of a €% in M, under v such that for a certain t,e T
[e), = T  Jfor every aeC(4).

Proof. By 5.1 there exists a saturated H-B theory ' = (&', C, 4’)
such that A = A’ and C(4) = C(4’). Using 9.4 we obtain that the required
k-structure is the canonical structure and the required ¢, is A'. m

10. Connections between a-models and %-models.

10.1. Let 7 = (¥, 0, A) be a consistent H-B theory. Let M, = { o,
T, R) be a k-structure for £ with constant, enumerable domains. Let a truth
value of a formula a in M, be defined. Then the structure (O (T), D, R) where
O(T) is the semi-Boolean algebra described in 1,1.1, D = of, and R 1i8
defined as follows: for anmy formula a, v e DV

ag(v) = {teT: [a(v)], = T}

t8 an a-model for T if and only if M, is a k-model for 7.

Proof. First we must show that M, = (O(T), D, R) is an a-structure.
For the purpose we must check that the conditions (a,)—(a,,) of § 2 are
fulfilled. The conditions (a,) follows from the fact that O (T) is a complete
semi-Boolean algebra.

We recall that in O(T) the operations U, N are the set theoretical
union and intersection and the operations =, =, 7],[ are given by
the formulas:

A=>B = {teT: for every 4 €T such that tR « if v € A, then » € B},
A-B = {t €T: there exists an s € T such that sR ¢, s ¢ A and s ¢ B},
14 = {teT: for every u €T such that tRu, u ¢ 4},
A = {teT: there exists an s €T such that sR¢t, s ¢ A},

where A, B are open subsets of T.

Now, we demonstrate only case (a;). In the remaining cases we pro-
ceed in a similar way.

We must show that

(e~ B)r(v) = ar(v) = Pr(v).
By the appropriate definitions we have
(a=P)g(v) = (teT: [(a=p)(v)}* = T) o
= {t € T: there exists an 8 ¢ T such that sR¢, [a(»)],* = T
and [B(v) :m" = ]} ={teT: there exists an g¢eT such
that sRt, s € ag(v) and s ¢ fr(v)} = ag(v)—=Br(v).
We observe that if a € A and MM, is a k-model for a, then for every
teT, ve o, [a('o)];m" = T. This is equivalent to agr(v) =T — the
greatest element of the semi-Boolean algebra O(T). m
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10.2. Let I = (%, C, A) be a consistent H-B theory. Let M,= (U, D, R)
be an a-structure for £.MM, is an a-model for T if and only if the M,, = <D, T,
R, where T is the set of all Q-filters in W and R is the set inclusion relation T
is a k-model for 7.

Proof. By our assumption we have that the nodes of the tree T
are Q-filters. So, for every valuation v» € D¥ and a formula a we define
a truth value of a in M, as follows

[a(®)], =T if ag(v)el,
[a(v)], = 1L if ag(v)¢ V.

Now, we must check that conditions (1)-(9) of § 8 are satisfied. We only
show the cases (5) and (9). In the remaining cases we proceed in a similar
way.

Case (5). Les us suppose that for @« and # 10.2 is proved. By the
definition we have [(a—p)(v)]7* = T is equivalent to (a—pB)z(v) e V.
On account of (a;) § 2 and I,3.7, we have that ap(v)=—fg(v) e V if and
only if there exists a V' € T such that V' = V, ag(v) € V' and fg(v) ¢ V',
i.e. there exists a '’ € Tsuch that ¥’ = ¥, [a(v)]7* = T and [B(v))7% = L.

Case (9). Let us suppose that

(V& a() (o)™ = T, ie. N"a(oh).

ceD

We remember that V7 is a Q-filter. So the last condition is equivalent
to the one: for every ¢ € D, ag(vy) € V, i.e. for every ¢ € D, [aR(v',_f)]f,“’c =T.

Now, let a € 4 and let M, be an a-model for a. Then for every » € DY,
arp(v) = V. Hence az(v) belongs to every @-filter, which proves that
for every V €T, [a(v)])* = T if and only if ag(v) = V. m

10.3. Let T = (¥, C, A) be a consistent H-B theory. For any formula a
the following conditions are equivalent:

(i) a 78 a theorem of 7,
(i) a 28 k-valid in every k-model for I with constant domains.

Proof. (i)=(ii): If a is a theorem of 7, then by 3.2 a is a-valid
in every a-model M, = (A, D, R) for J, where ¥ is a complete semi-
Boolean algebra. Suppose that there exists a k-structure M, = {#,;, T, R)
with constant domains such that for a certain ¢, €T and a valuation
ve DV, D = o, for every teT,

[a(®)], = L,

i.e. M, is not k-model for a.
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By 10.1 there exists an a-structure M, = (O(T), D, R) such that
O(T) is a complete semi-Boolean algebra and for e F, v € DV

Br(v) = {teT: [B(v)], = T}

Moreover, we have that

ap(v) # Vom)

i.e. M, is not a-model for a. A contradiction which proves that (i) = (ii).

(ii) > (i). Suppose that a is not a theorem of 7 Because of 3.2 we
infer that there exists an a-model M, = A, D, R> for T such that for
ve DV

ag(v) # Vu.

By the definition of 9, we have that D is a countable set and the infinite
joins and meets

() U¥Br(vs) and " Br())

ceD ceD

exist. Using I, 2.3, and 10.2 we have that for M, = (D, T, R>, where T
is the set of all @-filters in A and for a certain Q-filter Ve T

[a(0)],, = L

which proves that 9, is not k-model for a. m
If we assume in 10.3 the set A to be empty then we obtain

10.4 (strong completeness). For any formula a the following two
conditions are equivalent:

(i) a t8 a derivable formula,

(ii) every k-structure with constant domains is a k-model for a. m

Let  =(¥%,C, A) be an H-B theory and a ¢ 4.

DErFINITION. We shall say that A implies a and write 4 F a if every
k-model for 7 is a k-model for a.

10.5 (compactness). Let I = (&, 0, A) be a consistent H-B theory
and let a € A. If A F a, then for some finite subset A’ of A, A" F a.

Proof. If 4 F @, then by 10.3, a € C(4). Thus there exists a finite
subset A’ of A such that a € C(4’), 50 A'Fa. =

In a standard way we obtain

10.6 (Lowenheim-Skolem Theorem). For a consistent H-B theory
T =(%,0,4), Ak a iff every enumerable k-model for T is a k-model
for a. m
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Chapter I

Model theory for Heyting-Brouwer logic

1. Ultraproducts. In the sequel we shall denote k-structures by
A, B instead of M,,. We assume that T has the base point 0, i.e. for every
teT, O Rt This assumption is made only because of technical reason.

Let I be a nonempty set, and let D be an ultrafilter on I. Let {U.}.;
be a family of k-structures for &, where %A, = (&, T, R}, 0%>.

DEFINITION. We call the structure (4#,L,S, P) an ultraproduct
of UA; and denote it by [] U;/D, if
iel

(1) L= ]] TD, ie. L ={f,: fe [] T}, where f, is an equiv-
vel tel
alence class of the relation =, on []T’ which is defined in
i€l

a normal way;
(2) S = ]'I] R'/D, i.e. f,Sgp ift f(§) R g(3), i € I;

(3) P =(0:iely,=|{ge [] T:{iel: g(i) = 0% e D};
iel
4) %, = [! ;| D, for feL.

The ultraproduct [] A;/D is a k-structure for %, namely
vel
(6) let » be an n-ary predicate symbol of #. The interpretation of p
in [JU;/D is a predicate P such that
tel
P(fb; <y fp) iff {'I, el: pd}(_)(fl('i)a 1fn("'))} e D;

(6) let » be an wu-ary function symbol of &#. Then h is inter-

preted in [] W;/D by the function H given by

iel

H(fhy oo f3) =Chys (P, oo S"(0); § € D
(7)  let cbea constant of #. Then cis interpreted by the elementbe [ | U, /D,

where b = {a;; ¢t € I); and a, is an interpretation of ¢ in fl;i.
If, for every i € I, A* = U then H A /D is said to be the ultrapower
and it is designated by L. “
$.08’s THEOREM. Let I # @ and let D be an ulirafilter on I. Let us
denote a family of k-structures for & by {W;};.; and the ultraproduct g U; /D

by B. Let v map V into [] o). Then
el
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(1) for any term (x4, ..., x,) of & and elements v(x,)p, ..., v(z,)p € B
7 (0(@1)p) 20y 0(@a)p) = (o (0(@2)(0)y -0y 0(2,) (9)5 5 € Dps

(ii) for a given formula y(z,,...,2,) of & and elements v(z,)p, ...
vey V(2,)p €B we have

[y(o@)p, ..cro(@))[f, = T iff liel: [y(o(@)),..., o(=)0) /%

= T}eD;
(iii) for any sentence a of ¥

[a)f, =T #f f{iel: [aiffy = T}eD.

Proof. Condition (iii) is an immediate consequence of (i) and (ii).
The proofs of (i) and (ii) are by induction on the terms and formulas,
respectively.

We prove (ii) only for the case where y(x,,...,2,) is one of the forms
Ca(@yy ooy )y {@(@y, ..., 2,)=B(&y, ..., 2,). To simplify our notation
we shall leave out the free variables occurring in y.

Case 1. y = [ a. Suppose that (ii) holds for a. Then the following
four statements are equivalent:

[I—a(%)];,, T, where v, = ('”(-%)D, 1v(xn)D)’

there exists a g, such that g, S f,, and [a(vD)]a = |;

there exists a ge [] T such that {iel: g(i)R*'f(i)} e D and

fiel: [a('o(@)) o _I_] eD

fiel [’—"'(7’(z iy = Tl € D.

Case 2 y = (a—B). Suppose that (ii) holds for a and A. Then the
following four statements are equivalent:

[(a— ﬂ)(”D)]fD =T;
there exists a g, such that g, S f, and [a('vD)]gD = T and [ﬁ(vD)]

= |;

there exists a ge ” T¢ such that {eI: g@)R*f(i)} e D and
[ieI: |afv(®)i = T} eD and {ieI: [Blv(d)|) = 1) € D;

(i< 1: (s (o8 = T} €. m

DEFINITION. Let U = (&, T,R,0)> and B ={(%4,,L,S,P) be k-

structures for &. A map m: &,UT —» .@,UL is said to be a monomorphism
if the following conditions hold:

(m,) for teT, m(t)eL, m(0) =P

(m,) for every {,8€T, if tR s then m(t) S m(s),

(m,)  ae|o iff m(a) € |Byyl and a=,a’ iff m(a)=,,m(a’),
() m(fd,(fu very 7n)) =fym(¢,(m("71)’ vy m("n))a

(ms)  Payy(Tryeeey 7,) iff Pam(,)(m(fl); cery 'm'(fn))-
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DEFINITION. A k-structure B is said to be an elementary extension
of an A, or a structure A is elementarily embedded in B, iff

(e,) there exists a monomorphism m: A->B,

(e,) for every t €T and all valuations v in U

[a(@)]' =T iff [a(mov)lny=T.

In this case we shall use the notion m: % 5B and the map m will be called
an elementary extension.

1.1. For every k-structure W and for every ultrafilier D on I, I # @,
there exists a monomorphism m from U to AL such that m is an elementary
extension.

Proof. We define m in the usual way, namely m is given by the
formula m(a) = {a;: ieI)pforac || andm(t) = {;,ieD,forteT. m

The monomorphism m defined above will be called a canonical em-
bedding.

2. Model extension theorem. Let % be a k-structure for #. We expand
the language # to a new language %’ by adding a new constant symbol ¢,,
a € |sfy|. Now, we may expand U to the k-structure

A = (4, a')aeldol = <d;1 T,R, O0)

for £ by interpreting each new constant ¢, by the element a. & is the
clagsical expansion of o, to the language #’.

THEOREM ON CONSTANTS. Let 9 be an H-B theory in a language &£
and let W be a k-structure for £. If T' 18 obtained from I by adding new
constants ¢, (but no new nonlogical axioms), then for every formula a of 7

and every sequence Cayy +v+y Ca, of new constants

tra  dff teoag, o (60 6),

where x,, ..., z, are all free variables in a and ...z, (Cays =+ 09 Ca,) MEANS
that x; is replaced by c, in a.

The simple proof of this theorem is omitted. m

Let 2 be a function such that dom (k) = T, O € dom (k) and, for
every ¢t e dom(h), let h(t) = (h,(t), h,(t)> where
1) h@)eld? ¢<o;
(2)  h(?) is a finite set of sentences of the form a,, . (a,,...,a,) where

a; is the name of a; = h,(¢)(¢) for ¢ =1,..., 0, n < q.

DEFINITION. If ¢ is a formula of &, then by an A-instance of a we

shall understand every formula a’ belonging to h,(?).
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2.1. For every formula a, a is k-valid in A iff (' = T for every
UA-instance a’ of a and every teT.

The proof, by induction on the length of a, is omitted.

Let I" be a set of formulas of .#. Denote by I'(W) the set of all -
instances of the formulas from I.

DEFINITION. The I' diagram of U, denoted by D, (%), is the set of
all formulas a € I'(A) such that e is k-valid in A.

DEFINITION. We say that a k-structure A = { «,, T, R, 0) is associ-
ated with a k-structure B = (%, L, S, P) if there exists a pair of func-
tions (f, g> such that:

(a,) dom(f)< T, rng(f) <L, O edom(f) and f(0) =P,

(a,) if tR s then f(t) S f(s),

(a,) dom(g) = dom(f), if ¢ edom(g) then g(¢) maps a subset of ||
onto a subset of %l

Sometimes we say that such a pair associates the k-structures 2 and ‘B.

D1aGrAM THEOREM. Let W = (¥, T,R,0> and B = (%,,L,S,P)
be k-structures for £, and let | gl < |Bp| and I' be a set of formulas in &
such that if a is an atomic formula or the negation of an atomic formula then
ae I If B* = (B, b)ye g 18 @ k-model of Dy (U), then there exist a set I +# O,
an ultrafilier D on I and a monomorphism h such that h: A—->B,.

Let I be a set of all pairs associating A and B such that f and
g(t) are finite for each ¢ € dom(g). Let a € D (A). We recall that a is deter-
mined by the function h = (h,, h,).

Now let T, = I be the set of all pairs <{f, g)> € I such that

(i) dom(k) = dom(f) = dom(g),

(ii) if ¢ e dom(h) then rng (k,(?) = dom(g(t)),

(iii) if ¢edom(h), a, .z, (1...y@,) €hot) and if v is valuation
such that v(z;) = g(t)(a;) for ¢ =1,...,n, then [a(»)]f, = T.

We first show that 7', is a non-empty set. We define {f, g> as follows.
As B* is a k-model of D.(U) we infer that for a € D, ()

[z (@17 o9 )T = T

Put dom (f) = dom (k), f(0) =P and for every ¢ e dom (k)
[3 Y1y ooey A Yp @' (Y1y .., yn)]?:) =T,

where a’'(yy,...,¥,) i8 the result of replacing all distinet names a; in
Qeynnnzy) (@15« oy @) DY distinet free variables which did not occur pre-
viously in a, . .,(a;,...,a,). Thus, we have defined the function f
Now let us set dom (g) = dom (f) and for ¢ € dom (f) let dom (g(?))
= rng (h,(¢)). Suppose that rng (h,(t)) = {ay,...,a}, n <¢< w. Then
there exist b, ..., b, € [By,| such that if v is a valuation and v(y;) = b,
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then
[a’"(byy -eey bn)]ﬁt) =T.

Putting g(t)(a;) = b,for< =1, ..., n, we have that the pair {f, g, where f
and g are the functions defined above, belongs to T,.
Now let

N = {T,: ae T(W).

We shall show that N has the finite intersection property. Suppose that
ayy...ya, €I'(A). Then we have functions h,,...,h, such that B,
= (b 1y h;,> Where b, h;, satisfy (1) and (2). We want to find 7', such
that T, #0 and

T,eT,n...nT

ap*

n n
Let dom (k) = | J dom (&;) and let B, = () rng (h;,(t)). Fora,, ..., ¢, E,

t=1 t=1

n
we define h,(2)(j) = a;. Let hy(t) = (Uh;,(t). We take a € h,(t) and form
=1
T, as before. It is not difficult to check that, for every k =1, ..., 2,
T, c T,,k. Thus, N has the finite intersection property and it can be
extended to an ultrafilter D on I.
Now, let B], be an ultrapower of B. We define a map m in the
following way:
for every t € T, m(t) = m(t)p, where m: T—L! is given by the formula

if tedom (f),
otherwige,

_ | f@)
m(t) {fy 9> = [P
and for every a ||, m(a) = m(a)p Where m: || —>|BL,| iz given
by the formula
g(t)(a) ifaecdom g(t),

b otherwise,

m(a)({f, P) =

where b is an arbitrary but fixed element of |%,|.

To complete the proof we must show that m satisfies conditions
(m;)—(m;). We prove the case (m,) when a,a’ € |#, and e #,a’. The
proofs of the remaining cases are similar. By our assumption, a formula «
of the form # + y belongs to I'. Thus, let 2 = (&,, h,> be a function such
that for ¢ e dom (h), h,(?)(1) = a, h,(t)(2) = a’ and a # a’ € hy(t). Pub

Z = ((f, 9> e I: tedom () & (o, 0’} < dom (g(t)) & [g(t)(a)
#* g(t)(al)]zt) = T}o

4 — Dissertationes Mathematicae CLXVII
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We observe that T, = Z and thus Z € D, Since

Z s Kf @ eI: m(a)(KS, ) ZFm(a')({f, )} e D,

we infer by the definition of = in B}, that m(a) % ,,ym(a’).
Now we prove the last part of the diagram theorem. For this purpose
let el ay,...,a, €|, and suppose that

[aa:l,...,xn(ali K an)]tg =T.

Thus e € D, (A). We recall that a is determined by the function k= <{,, k,).
Let T, be defined as before and let

Z ={(f,g)eI: tedom (f) &ay,..., a, e dom (g(2)) & [(g(t)(ay), ...

ceey g(t)(an))]?(t) = T}.
Then T, < Z and so Z € D. By the Lo§ theorem we infer that

al )
le(m(a,), ..., m(a))|.0y =T iff ZeD.
Thus

I
[a@)]f =T iff [a(mov)LB) = T

which completes the proof of the diagram theorem. m

DEFINITION. Let U = (&, T, R, 0) and B = (%,,L,S,P)> be two
k-structures for . We say that U and B are elementarily equivalent pro-
vided that for every sentence a, [a]y = T iff [a]} = T. We express
this relationship between k-structures by =.

2.2. For every two k-structures W and B, A =B iff there exist I + O
an ultrafilter D on I and a map m such that m: A = BL.

Proof. The proof is similar to the proof of the diagram theorem. m

DEFINITION. A class K of k-structures is said to be an EC, class
iff K is closed with respect to ultraproducts nad elementary equivalence.

In the classical case the EC, class is equivalent to the class of all
models of a certain theory 7.

In the case of intuitionistic logic this theorem is not true, namely
we can prove that there exists a class K € EC, such that K is not the

class of all models of any intuitionistic theory [7].
Now we prove

2.3. Let K be a class of k-structures for &. Ke EC, iff K is the class
of all k-models of a certain H-B theory I = (¥, C, A).

Proof. It is obvious that if K is the class of all k-models of a certain
H-B theory then K € EC,.

Let K be the class of all k-structures and let K € EC,. Denote by I"
the set of all sentences y which are k-valid in every k-structure belonging
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to K, ie.
I'={y: YUeK[ylo = T}

Let M, be a k-model for I. We want to show that M, € K.

Let I'y = {a,,...,a,} be a finite set of sentences such that M, is
a k-model of I',. We first show that there exists a k-model B of I', such
that B e K.

We observe that the sentence

a=("Nau...U[ Na,)

where a,, ..., a, are all elements of I', is false in IMN,.. So « is false in every
k-structure belonging to K. Let B € K be a structure such that

[alf = L

Thus for every ¢ we have [o,]f = T. Hence we found a k-model for
I'y such that this model is in K.
Now let I be a set of all finite I'; such that IR, is a k-model for I, i.e.

I = {I';: T; is finite and M, is a k-model for I'}.

We have I'ye I, and so I is a non-empty set. Moreover, for every
T’; e I we can construct a k-model belonging to K. So let B, be a k-model
for I eI such that B, e K.

We put

J r; = {I": Bp, i8 a k-model for I"}
and
.N ={JI'I': FiEI}.

We observe that I is closed under union and J,NdJ r = Jrur;.
Thus N has the finite intersection property, and so it can be extended
to an ultrafilter D. By an easy computation we have

My = n ﬁBz‘i/,z)

I"-EI

and by the definition of K we infer that M, € K, which proves 2.3. m

DEFINITION. Let % and B be two k-structures for &, let I" be a set
of formulas of &£ and let m be a monomorphism from A to B. We say
that B is a I'extension of A (and m is a I'-embedding of A in B) if, for
all a e I" and all assigments v in %, [a(v)]y = T implies [a(mov)]} = T.

DEFINITION. A set I' of formulas is said to be regular if every formula

of the form «# = y or # # ¥ is in I, and if for every formula e in I" every
formula of the form a(z,,...,,) is in I.
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MoDEL EXTENSION THEOREM. Let U be a k-structure for £, T a theory
with language £, and I" a regular set of formulas in &. Then W possesses
a I'-extension which is a k-model of 7 iff every theorem of I which is a dis-
junction of [~ N-negations of formulas in I' is valid in .

Suppose that such a I-extension B exists. We must show that if

b# (" Na, U...U[ Na,),

where each q; i3 in I'(A), then ¢ = ([ Na, V... U[ Na,)is k-valid in 9,
i.e., for every valuation » in %, [a(v)]§ = T . Otherwise, there i§ a valuation
v' of a such that [(["Na,(v') U...U[ Na,(v'))]¢ = L. Thus, for
every i =1,...,n we have [a;(v')]d = T. By our assumption we infer
that [a,(mov’)]§ = T for every ¢ =1, ..., n, i.e. there exists a valuation
mov’ such that [e(mov’)]§ = . This is impossible since a is a theorem
of 7 and B is a k-model for 7.

Now, suppose that, for all » and all a,, ..., a, € I(N), if F, ([ Na, U
v V[~ Na,) then ([T Ne, v U~ Na,) is k-valid in %A. We
expand the language & to ¥ =%+{a: ac|sly|} and let I’ be
a theory with the language #’. Let ' be a theory which is obtained
from 7’ by adding to the set of specific axioms of 7 the set of all a € I'(N)
such that [a]g = T where A’ = (U, a),.4,,- Now, we shall show that 7
is a consistent theory. If not, then by the reduction theorem for consist-
ency there would be a, ..., a, € I'(A) such that the formula ([~ Na; U
U...U[ Na,) is a theorem of 7'. Since every a; is of the form
iy, .z, (@ .0y @), (af? € | #y|), we infer by the theorem on constants
that formula ([Neg, v...U[ Na,) is a theorem of 7, where,
for every ¢ =1,...,n, a; i obtained from a; by replacing all names
a?, j =1,...,n, by new variables, e.g. ¥,...,%,. Thus by the
regularity of I" each a; is in I. Moreover, by our assumption ([~ Na,u
U...U[ Naga,) is k-valid in %, i.e. for every valuation »

(T Nay(v) ... U Na, ()3 = T.

This proves that, for ¢ =1, ..., % and every valuation », [a;(v)]% = L.
But for a valuation v’ such that v’ (y;) = a;,j =1, ..., m, we have [a;(v")]§
= T, a contradiction. Hence .7 is consistent and by the completeness
theorem 7" has a k-model € = (%, M, W, Q>. We may assume that
Gq = @ for a € |y|. On account of the diagram theorem, there are an
ultrapower G and a monomorphism m: % - €. By lemma 1.1 the
canonical embedding d: @ — Cf, is an elementary embedding and
I <= J". Thus, € is a k-model for . Let € = G5 #; then € is a
model for 7.
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Now we shall show that € is the required Iextension of .

Let a = a(x,,...,x,) € I', where x,,...,z, are all the free variables
of a and let » be a valuation in U such that v(z;) = a;,a, € | ol =1, ...
...;n. Suppose that [a(»)]§ = T and o’ =a,,. ,,(8;,...,8,), ie. o

is an A-instance of a. By our assumption a’ is an axiom of 7", As ¢ is

a model of 7" we infer that [a]§ = T and [a’]ff’ = T, where P is the
base point of the tree of €. It follows from the proof of the diagram
theorem that a map m such that m(a) = f,, where fe ¢! and f(i) = a,
is a monomorphism from U to € and [a(mowv)]f = T, which completes
the proof of this theorem. m

COROLLARY. Let W and B be k-structures for &. Let I" be a regular
set of formulas in & and let A be a set of formulas containing every formula
of the form V¢, ...,V%,a, where a i a disjunction of [ N-negations
of formulas in I'. If B is a A-extension of W then there exists a I'-extemsion
of B which is an elementary extension of U.

Proof. Suppose that all the assumptions are satisfied. Let I"" be
the set of all sentences of % which are k-valid in %. We show that there
exists a I'-extension of B which is a model of I. By the model extension
theorem, we only need to show that if a,,..., a, are in I” and ([ Na, U
U... U[ Na,) is a theorem of I then ([“Na, U... U[ Na,) is k-valid
in B.

Let a;, ..., a,€I” and let (" Na, U ... U[ Na,). The uni-
versal closure g of (T Na VU ... U[ Na,) is a theorem of I and
o [A]2 = T. By our assumption fis in 4 and [l = T . Thus the formula
(CNa, v ... U[Na,) is k-valid in B. By the model extension
theorem, there exist a k-structure D and a monomorphism m, from B
to D such that m, is a embedding of B in D and D is a k-model of I"'. We ob-
serve that W =D and so by 2.2 there exist a non-empty set I, an ultra-
filter D on I and a monomorphism 4 from U to D}, which is an elementary
embedding. Now we want to show that there exists a I-embedding of B
in D%,. Let m be a canonical embedding of D in D5. Then the map &,
= mom, is the required I-embedding of B in DL. m

Let (€, <) be a directed set and, for o € 0, let A, = (¥}, T¢, R®, 0°)
be a k-structure for .#.

DEFINITION. A sequence (.),.c of k-structures is said to be a chain
if, for every ¢, d € C such that o0 < d, %; is an extension of 9.

DEFINITION. Let us assume that, for a chain (,).g of %-structures,
f. is a function such that

(i) f; = id,

(il) for e< d, f3: A, ~»Y; and f¢ is a monomorphism,

(iii) for o< d < ¢, fi0 2 =Jft.
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DEFINITION. The union of the chain is the k-structure
A* = <d?°7 Tw; Rw; Om)
defined as follows:
Let 8 = (U {T°x {¢}: ¢ € 0}. Putting

Eye)~(s,dy iff Ve(ca d<e&f(t) =f§(3))

we define the equivalence relation ~ on §. Denote (i, ¢d/~ by [t ¢]
and set T® = {[t,¢]): (¢ c)e 8}, O0® =[0°c¢c] for an arbitrary ¢ eC.
Now we define R® on T*® as follows:

[t, 0]R[3,¢] iff Velo,d<e&Sf()RfE(S)).

It is obvious that R* is a quasi-ordering relation on T®, 0® € T® and 0%
is the base point of (T®, R®).

Put Z = U{| | x {t} x {c}: te T, 0eC} and let ~ be the relation
on Z defined by the formula

(a,t,0) m(bya,dy i Vele,d<e &fi(a) = f5(b) &F(2) = f5(s).

This relation is an equivalence relation on Z.
Let us assume [a,t, ¢] = {a,?, ¢/~ and set

|l = {(by 8, d]: belog &[s,d] = [¢, c]}.
Let p and f be the n-ary predicate and the function symbol, respect-
ively, and let ¢, = [a;,%;,¢;] € | H ) for ¢ =1,...,7.
We define
Py (1y.e0y ) iff \/9(01011-'-10n<9&Pm/‘;(fcel(aﬂ’---:fgn(a'n)))

t,cl
where | = fi(f) and

fﬂu‘c](ql, very Qn) =f"'7( o (@1), ...,f:n(a,n)) where e = f(1).

It is not difficult to check that A* = (A7, T R®, 0%), where 7,
T, R®, 0® are defined above, is a k-structure for %.

Finally, we define f°: A, —~UA* as follows: for ¢ e T° f (1) = [, c]
and if a € | of| then f’(a) = [a,?, c].

We observe that

(%) for all e<d, fPoft=f>.

DEFINITION. An elementary chain is a chain (%), such that, for
each ¢, d, ¢ < d,W; is an elementary extension of ¥,.

We may assume that the function f¢ fixes this extensionm, i.e.
conditions (e,), (e,) from page 47 are fulfilled by f9.
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TARSKI LEMMA. Let {0, <) be a directed set and let (U, )..c be an el-
ementary chain, i.e. f&: W ,—~W, for every ¢, & such that ¢ < d. Then, for each
ceC, f: A S A~

Proof. Let A™ = (°, T®, R®, 0°) be constructed as above. It can
easily be checked that the function f° satisfies conditions (m,)}(mj;).
Now we prove the following assertion by induction on the length of for-
mula y:

[yl =T if [p(flov)}™ = T where t = f(s).

We limit our proof to the case where y is of the form (a— §) and the above
assertion is true for a and .

Let us suppose that for any valuation » in %, [(a— ) (v)]* = T.
By the definition of the satisfaction and the induction hypothbsis we
infer that there exists a u, u R®s,

[a(0)] = and  [B(v)]ie =
Then, by the appropriate definitions, we have

R f2(s), [a(ffo0)™ =T and [B(flo0)!” =
where t' = f3(u).
Thus, on account of the satisfaction we obtain

[a=p)(fon)" = T, where ¢ =f>(s).

Conversely suppose [(a—= ) (fo0)]" = T, t = f°(s) for some s € T
Then there exists a ¢’ € T such that ¢’ R®¢ and

[e(ffon)lf” =T and [B(ffov)]” =

We can assume that ¢’ = f*(u) for ¢’ € C and u e T°. Since ' R*{, we
have [u, ¢']R™[s, ¢]. Thus, there exists a d € C such that ¢/, e< d and
F%(u) R® f3(s). We observe that by ()

fEov = fPoflow.
Thus,

[a(ffofion)F™ = T and [B(ffoflon)” =
where &' = f(f2(u)). Hence, by the induction hypothesis we infer

[a(flov))% = T and [B(flow)]d =

where o’ = fé(u). Now, if o = f3(s) then o’ R? w, and so [(a= B)(flov)]J¢
= T. Now, if we use the fact that %, is an elementary extension of %,,
and moreover f2: %,5 A, then [(a=B) (W) = T. =
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3. Connections between H-B logic and DI logic. This section deals
with an investigation of some logic stronger than intuitionism.

The first-order language %, of this logic is the same as the first-order
language of intuitionistic logic (IL). We observe that %, is obtained from
the language ¥ which was described in II, § 1 by cancelling = and .

Ag the axioms of DI logic we assume all schemas of the axioms of
IL and

(Dis) Vé (p(&)uy) = (VEp(§uy)

where ¢ does not appear in .

The rules of inference are the same as for IL. It is well known that
the formula (Dis) is not a theorem of IL but this formula is a theorem
of H-B logic.

Wae recall that a D-pseudo-Boolean algebra (DPBA) (I, § 1) is a pseudo-
Boolean algebra such that

avMb, = (aub)
teT teT
provided all the infinite meets in question exist.

We observe that the order topology described in I, § 1 is an example
of DPBA. Moreover

3.1. The algebra O, = (O, Y, N, =, 7|)— where O is the family
of all open sets of a quasi-ordered set (C, <), the operations U and N are
the set-theoretical umion and intersection, respectively, and the operations =
and | are defined by

B=>C ={rel0: VyeC if c<y &y B then yeC},
1B={&xel: Vyel if <y then y ¢ B},

respectively — i8 a complete DPBA. m

3.2. For every DPBA U there exist an order topology O, and a mono-
morphism h from U to O.

The proofs of these lemmas is by an easy verification. m

Using the same methods as in I, § 2, we can prove

33. Let N = (4, U, N, =, 7|) be a DPBA and let the set (Q) be defined
asin 1, § 2. Let x, y be elements of A such that the relation z < y does not hold.
Then there emists a Q-filter V such that x 6 V and y ¢ V. m

Finally we can ;prove

3.4. Let A be a DPBA and let A,,, B,,,, satisfy (i)-(iii) from I, 3.1.
Then there exist an order topology O and a monomorphism kh from W to O
preserving all infinite joins a,, and meeis by, ., for every ne w. m

D-pseudo-Boolean algebras are characteristic for DI logic in the
sense that we have the following lemma.



3. Connections between H~B logic and DI logie 57

Let (#, U, N, =, 7]) be the algebra of formulas of #, and let ~ be
defined as usual.

3.5. Let T =(&,C, A) be a theory based on £,. The Lindenbaum
algebra W(T) = (F|~, U, N, =, ") of the theory 7 is a DPBA. For
any formula a,

laU )l = llalVIBl,  l(anB) = llaliNliBll,
(a=A0 = llall =18, I all = "llal,
lel <8I iff (a=p)eC(4).

For every formula a
el =V #f aecC(4).

Ior every formula B(z)

13& BN = U 18 ()l
IVEB(&I = ﬂ 1B ()l

el’

T is consistent iff W(T") is non-degenerate. m

The notions of an algebraic structure, a-validity, and a-models are
introduced in the same way as in II, § 2.
In a standard way we can prove

CoMPLETENESS TUEOREM. For any D-predicate calculus (¥, Cp) and
any formula a € £y the following conditions are equivalent:

(i) a 78 a derivable formula, i.e. a € Cp(D),

(i) a 48 a-valid,

(iii) a 78 valid in every algebraic model M, = (W, D, R) for (£p, Cp)
where W is a complete DPBA,

(iv) a is valid in every algebraic model M, = (A, D, R) for (£p, Cp)
where A is an order topology. m

The next lemma shows the connection between DI logic and H-B
logic.

3.6. Let a be a formula from & (language of H-B logic). If a does
not contain — and [, then a € C(D) iff a e Cp(D).

Proof. It is obvious that if a is in Cj, (D) then a € C(9).

Suppose that a is not in Cp(9@). By the completeness theorem for DI
logic and appropriate definitions, there exists a D-pseudo-Boolean algebra
A such that a,(v) # V where V is the greatest element of UA. Let & be
a natural monomorphism from U to A(S). Then we have h{az(v))
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= |lag(?)| # V. On account of I, 3.1, A(F) can be extended to a semi-
Boolean algebra B. Let ¢ be a monomorphism from (%) to B. Then
goh(ag(v)) # V, V being the greatest element of B. By the completeness
theorem for H-B logic we infer that is not in C(9). =

We add that the propositional fragment of H-B logic is equal to
the propositional calculus of IL, i.e. if V,3, -, do not appear in «
then a is a propositional tautology of H-B logic iff a is a propositional
tautology of IL.

Now we observe that Kripke models for D-logic are of the same
type as for H-B logic, i.e. the domains must be constant. Of course we
must leave out conditions which characterize the operations — and [.

It is not difficult to see that we can adapt the methods and the re-
sults from the preceding parts and apply them to the examination of
DI logic. Moreover, many proofs are easier for this case because we need
not introduce “dual” notions, such as, for example, “formally rejected”,
ete.

So we have

3.7. Let I be a D-theory and let N, be a k-structure with constant do-
mains. Then there exists an algebraic structure W, such that M, i8 an a-model
for T if M, s a k-model for 7. m

3.8. Let T be a D-theory and let M, be an algebraic structure for T .
Then there ewists a k-structure M, for T such that M, is a k-model for T
if M, i8 a model for 7.

We can prove these lemmas in the same way as in the case of H-B
theory. m
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