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1. Introduction

One of the objectives of the theory of integral transformations is to single
out special properties of linear transformations in vector spaces of measur-
able functions, which are of the form

u—Ku, (Ku)(x)=[k(x,y)u(y)dy, xeX.
¥

The peculiarities of the situation stem from the nature of spaces of measur-
able functions as opposed to abstract vector space and from the special form
of the transformations considered, as opposed to arbitrary linear trans-
formations.

In the above paragraph (X, dx), (Y, dy) are measure spaces, k(x, y) is a
measurable function on (X x Y, dxdy) which is referred to as kernel of K.

I°(X), I°(Y) denote the spaces of -all scalar valued, measurable, finite a.e,
functions on X and respectively on Y.

The natural domain of K is defined by

Dy = {ueI2(Y): flk(x, y)lu(y)ldy < 0 ae.}.

Then K: Dy < I’(Y)» I’(X) is a linear transformation. L’(X) and
I?(Y) are topological vector spaces with the topology: of convergence in
measure. ‘

It is of interest to study properties of K in the following cases.

K considered as a transformation of Dy into I?(X).

K considered as an (unbounded) transformation from I°(Y) into I?(X).

K considered as a transformatlon from a topological subspace of I°(Y)
into a topological subspace of iy (X).

Integral transformations are among the most common ones in’ Analysis
and various aspects of their theory are by now classical. A recent renewal of
interest in more abstract parts of the theory is documented by the lecture
notes [K] and the monograph [HS].

The aim of this paper is to outline the part of the theory which can be
developed with minimal assumptions on the kernel k and on the measure
spaces X and Y. The point of view we adopt here is that of [ASz].

We did not make an attempt either to develop all topics described to
the very end or to include all possible topics. The choice of material and its
arrangement follows the courses given by the author at the University of
Nice in Fall 1979 and at the University of Warsaw in Spring 1980.
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The contents of the paper is organized as follows.

Section 2 is devoted to preliminaries and to some results about spaces of
measurable functions, needed in the sequel.

In Section 3 we discuss the proper (or natural) domain Dy of an integral
transformation with its natural topology. It is perhaps of interest that the
graph topology of K on Dg is not a suitable one, however the graph
topology of the sublinear transformation u — {|k(x, y)||u(y)|dy seems to be
appropriate to study questions of continuity.

In Section 4 we consider various aspects of K as an unbounded
transformation from I2(Y) into I?(X).

In Section 5 we deal with extensions by continuity of integral transform-
ations to topological spaces of measurable functions. An example of the
situation considered here is the Fourier transform in I?. In this context the
category of solid spaces seems to be particularly suitable — in this category
there exists for every integral transformation K with a nontrivial domain, a
maximal (in a suitable sense) solid space to which K can be extended by
continuity. It is impossible to abandon entirely the hypothesis of solidity
without imposing unreasonable restrictions on the kernel k.

In Section 6 we present some mostly known results about compactness.
of integral transformations; some effort has been made here to avoid
imposing restrictions on the absolute values of the kernel k. ‘

In Section 7 we collected in a rather sketchy form various results that
did not fit into the preceding sections yet seemed necessary to give a rounded
up description of the theory.

Section 8 is devoted to bibliographical remarks which were entirely kept
out from the text and to some comments.

One of the conclusions that could be drawn from these notes is that it is
expedient to study integral transformations in the context of spaces which
are a priori not assumed to be locally convex (for instance I°(X) is not
locally convex unless X is purely atomic). Indeed, we do not know 'if the
natural domain Dy and the extended domain Dy (see Section 5) are locally
convex in general, even though this is the case in many concrete examples.

Another conclusion is that even though the theory of integral transform-
ations is relatively painless in the category of solid spaces, it would be of
considerable interest to relax the latter hypothesis perhaps at the expense of
imposition of some reasonable restrictions on K. Very little is known about
unbounded integral transformations, (e.g., in I?) and part of the difficulties
lies in the fact that their domains are not in general solid.

Throughout this paper we have made an effort to avoid imposing the
condition of g-finiteness of the measure space, unless we could not do
without it. The reward is the possibility of including the treatment of the
Fourier transform on locally compact groups in Section 5. ‘

This paper was written at the Institutes of Mathematics. of the



1. Introduction 7

University of Nice and of the Polish Academy of Sciences in Warsaw. It is
the author’s pleasant duty to thank both institutes for their hospitality.

2. Spaces of measurable functions

2.1. Throughout this paper (X, dx), (Y, dy) are measure spaces. Without
stating this explicitly at each instance we consider only measurable subsets of
X or Y. We use the symbol yg to denote the characteristic function of E. The
measure of a subset E = X (E < Y) is noted by |E|. #(X) denotes the family
of all subsets of X of finite measure and #,(X) the family of all subsets of X
which are countable unions of sets in F#(X) (ie. are o-finite). #(Y) and
Z,(Y) are defined in the same way. The term “almost everywhere” on X
(a.e) will be understood as almost everywhere on every set in % (X) (or
equivalently on any set in % ,(X)); this convention is relevant only in the
case when X is not o-finite. ,

We use the adjective “non-atomic” to designate spaces which are not
purely atomic and the adjective “divisible” to designate spaces that contain
no atoms. ‘

We denote by I°(X) the space of all equivalence classes of real or
complex valued functions defined and finite a.e. on X, which are measurable
on any subset in & (X). The equivalence relation is of course the equality a.e.
I%(X) is a vector space with operations of pointwise addition and multipli-
cation by scalars.

The term “vector subspace of I?(X)” requires no explanation. If V is
such subspace then we say on occasions that ¥ is a vector space al-
gebraically contained in I°(X). Vector subspaces of I°(X) are also referred to
as vector spaces of measurable functions (on X).

The following comments are of significance only in the case when X is
not o-finite.

If feI°(X) and E c X then the restriction f|; of f to E belongs to I?(E).
The restrictions {f|g}ges, satisly the condition (flg)ene = (flg)eng €. for
E, E'e #(X). Conversely, any family {fg}gcsx such that fpeI’(E) and
Selgne =fple~p a.€. for any E, E'e # (X) gives rise in an obvious way to a
function feI°(X).

The sets in & (X) are partially ordered by inclusion: we write E'  E
provided |[(Eu E’)4E| =0 where 4 denotes the symmetric difference. With
this understanding we can consider L°(X) as an inductive limit of the spaces
I’(E), Ee # (X).

2.2. The topology of I°(X). The natural topology of I?(X) is that of
convergence in measure on all subsets of & (X) (it is worth noting that the
topology of convergence in measure on X need not be a vector topology).
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This topology can be defined by means of the following family of. pseudo-
metrics (or pseudonorms):

ee(N) = es(f, 0) = (| [(L+If ()~ 1/ (¥l dx, EeF(X).
E

It is easy to see using the concluding remarks of subsection 2.1 that

I°(X) is complete.
In the case when X is o-finite, X.= | X,, X,e#(X), X, < X,;, the

topology of I?(X) can be defined by the sequence of pseudometrics gy, and
hence by a single metric. For instance we can define

Q(x,,)(f) = z 2_"QX,,(j)'
n=1
Another way of writing down a metric of this kind is

ex(f) = I(l SIS () @ (x)dx

where ¢ > 0 a.e, [@dx = 1. Existence of a function ¢ with these propertles
is equivalent to o-finiteness of X.

We remark that the topology of I%(X) is locally convex if and only if X
is purely atomic, )

2.3. Topological subspaces of I°(X). Solid spaces. If V is a topological
vector space of measurable functions on X, then we write V¢ I°(X) to
indicate that the inclusion mapping is continuous.

A subset S = I?(X) is solid if the conditions ueS, ve I°(X), Jv| < |u ae.
imply that veS. A vector topology on a space of measurable functions is
solid if it has a base consisting of solid neighborhoods of the origin. From
now on by a solid topological vector space we shall mean a solid space with
a solid topology. For example the spaces I?(X), 0 < p < oo, are solid, but the
space of continuous functions on a topological space X is not solid.

23.1. THEOREM. If A is a solid metric space of measurable functions on X,
then A c I°(X). In other words the algebraic inclusion A = I°(X).implies a
continuous inclusion.

Proof. Assuming the contrary one can find a neighborhood U of the
origin in I°(X) and a sequence u, 20 with the property that u,¢U,
n=1,2,... We may assume that U is of the form U=
fue (X): |{(x€E: [u(x)) >a}| <a} for some Ec#(X) and a>0. The
condition u,¢U amounts to saying that with E = {xeE: |u,(x) >a} we

have [E,| = a. Let E, = U E,.E =(\E, E = U E,, E'" = (\E, where the

mcreasmg sequence {m, } m,, = n is so chosen that |E, ~ E/| <27" ', Then
~E" =(\E, ~ NE! < U(E,~ E’) and |E' ~ E"| < a/2, and it follows that
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|E"| 2 a/2. Denote by g, the characteristic function of E”. Then for every n,
ay(x) < Z |t (x)| a.e. and the hypothesis that A is solid implies that ye4

and that

QA(aX)SQA(Z_ Iuml)sz—n—l’ n=1a 2a

This implies that ay = O contradicting the inequality |E”| > a/2. =

23.2, If A is a solid metrizable vector space, then there is a metric o on A
with the following properties:

(i) e(u) = g(|ul) for every ueA,

(i) o(u) < g(v) whenever |u| < |v| ae.

Proof. Let o' be any metric defining the topology on A. If ue 4 and
|v]| < |u| ae., then there is a solid neighborhood of 0, U, such that U
c {weAd: ¢'(w) < ¢'(u)}. Also there is an integer m such that (1/m) {we A: o’ (w)
oW} cU. If follows that (1/mjveU and ¢'(v) <mg'(u) and that
sup {0’ (v): |v] < |ulae.}:=g(u) < oo for every ue A. We will prove that g is
a metric on A with the desired properties. Clearly, o' (1) < ¢(#) = ¢(Ju|) and
o(u) < o(w) if 4| < (w| a.e. To prove that g satisfies the triangle inequality, we
note that if [v| € g;+9,, ¢; = 0, then

p=—21 4 g2 vi=v+v, (=01if gy+g,=0)

git+g: 91t+9:

where v <gy, [v2]<g; and g(up+uy) =sup o (v): o] < |uy +uyl} <
-sup (@' (v): Io] < luy]+ugl} = sup{o' (v, +v2): log| < lugl, Joal < |usl} < 0(uy) +
+o(u,).

It remains to verify that g'(u,) -0 implies that p(u,)— 0 for any
sequence {u,} = A. Assuming the contrary we find a sequence {u,} < A and
o > 0 such that ¢'(u,) - 0 and ¢(u,) 2 «. By the definition of the metric ¢ we
then can find {v,} such that |v,| < |4, a.e. and ¢'(v,) = /2 which contradicts
the hypothesis that the topology of A is solid. =

We observe that if ¢’ is a norm, then so is g.

From now on when dealing with solid metric (or normed) spaces we
shall without loss of generality assume that given metrics (ot norms) satisfly
(i) and (ii).

233. Let AcI’(X) be a vect.or space of measurable function. A subset
E < X is an unfriendly set for A if f|z = 0 for every fe A.

ProposiTiON. Assume that X is o-finite and let A be a vector space of
measurable functions on X. Then

(i) there exists a maximal and unique up to sets of measure O unfriendly
set for A which we denote X ,;

[}
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(i) if A is a complete metric space, then there exists ve A such that
{x: v(x) =0} = X .

Proof. The proof of (i) depends on the following lemma:

If X is o-finite and if u, ve I°(X), then, except for an at most countable
set of values of ¢eR, the sets E ={x: [u(x)|+|v(x)) >0} and E, = {x:
u(x)+ év(x) # 0} differ by a set of measure 0.

This follows from the fact that the sets En(X ~ E,) are disjoint for
different values of ¢ and since X is o-finite, at most countably many of them
can have positive measure. )

Let @el(X), ¢ >0, [@pdx=1 and define u(E)= [pdx for E c X.

E

X
Denote a = sup {u({x: u(x) # 0}): ue 4} and let u,e4 be any sequence with
the property that u({x: u,(x) s 0}) »a; using the lemma we construct by
induction a sequence v,€A of the form

v, =u1+£2u2+ ‘e +¢,,u"
with the property that
Xy = {x: [ug )+ ... +lus(x)] > O} = {x: ,(x) # 0}.

Then u(X,) =a, 7a. Let X'={J X, and X, = X ~ X'. We claim that X,
has the desired property.

If ueA and {xeX,: u(x)# 0} is of positive measure, then for n
sufficiently large, using the lemma, we can find a coefficient £ R such that
i({x: u,(x)+E&u(x) # 0}) > «, contrary to the choice of a. It follows that u|y )
= ( for every ueA. .

If Xy X, is any set with the property that uly, = 0 for every ued,
then | X/, ~ X,| = 0, otherwise p({x: u(x) # 0}) < p(X)—u(X)y ~ X,) =a—
—u(X, ~ X,), which proves the maximality and uniqueness properties.

(i) With the same notations as in the proof of (i) we choose
the coefficients {£,} so as to insure that the sequence |v,} converges in A
and that its limit v does not vanish on X’. This is done by induction as
follows. Choose {M,}, {,}-sequences of positive numbers in such a way
that u({x: |u,(x)| > M,})<27", o(éu,) < 27" for all & such that & < A,
where ¢ denotes the metric of A. Assuming that &,,...,&,, fy,..., faey
are already chosen, ¢, =1, n, <1, pick #,>0, such that #, < in,_,
and u({x: |op(x)| > 7,-,})>a,~27" and use the lemma to find &,.,,
0 <&yes Smin(dyeq, (2M,4)" " 1,) such that {x: v,(X)+ &y g Upey (X) # 0}
= X, as in the proof of (i).

Let 0,41 = v,+&uy 1 Upsy. Then the sequence {v,} is convergent in 4 and

the series limv, = v =) £,u, is convergent absolutely a.e. Also, for every m
we have

PO m = 3 EaltnCN ==t S 103 41

n=m+1 n=m+1
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on
X O {X: [0 > 1) O {lx: g ) S My, I=m+1, m+2,...}.

The latter set differs from X’ by a set of u-measure not exceeding
a—a,+2"™+2"" and it follows that v(x) #0 ae. on X'. m

In most of applications we can replace X by X ~ X, and identify 4
with the space of restrictions u|X ~ X ,, ue 4, and can thus consider the case
when A has no unfriendly sets.

For a solid topological vector space A of measurable functions on X, we
denote by 4, the subspace of A of all functions ue 4 with the property g u
— 0 for every sequence E, < X such that E, \ (), the latter notation
meaning that E, is decreasing and that [ E,)NE| =0 for every Ee & (X).
In the case when |X] < o0 an equivalent requirement is lim yzu =0.

E|—0

It is easy to check that A, is a solid closed subspalcé of A. Also, if
X, 7 X is any sequence then yyx u—u for every ueA,.

If A=I?(X) and 0 < p < oo then A4, = 4, however A, ={0} if p= 0
and X is non-atomic or contains infinitely many atoms.

2.3.4. ProposiTiON. Suppose that X is o-finite and that A is a complete
solid vector metric space of measurable functions on X. Then a set C < A, is
compact in A if and only if

(i) C is compact in L°(X),

(i) for every sequence E, ~ O of subsets of X the limit lim g, (xg, u) = O is
uniform in uecC.

Proof. The necessity of the condition (i) follows from Theorem 2.3.1,
the necessity of (ii) is obvious.

If {u,} is any sequence in C then by (i) there exists ueC and a
subsequence of {u,} denoted again by {u,} such that u, ol Selecting if
necessary another subsequence (using o-finiteness of X) we can assume that
u, > u a.e. We will show now that u, »u in A.

To this effect we may assume that A has no unfriendly sets and by 2.3.2
we can find ¢peA4 such that ¢ >0 ae. Let

mzn

X = {xeX: Sup [uy, (x) —u(x)| > %qo(x)},

then for every fixed k X,  © and for ¢ > 0 we can find by condition (ii) an
index n, such that g (x4 v) < &/3 for every n > mn, and ve C, where y,, denotes
the characteristic function of X,. We can now write

0 (thy—4) < @ (Y (4 — ) + 0 (1 — i) (tn — 1))
< 0 (e Un) + 0 (e ) + 0 (1 — 2ot) (1 — 1))
1
< e(x..ku,.)+e(x..ku)+e(,—(¢)
(see 2.3.2).
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1
We now choose k so that Q(Z(p) < g/3, then for n= nmo(u,—u) <e. m

23.5. ProPOSITION (monotone convergence theorem). Let A < I°(X) be
a solid vector metric space. Then ue A, if and only if for every sequence v, > 0
such that [u(x)| = vy (X) 2 0,(x) = ... 2 v,(x) >0 a.e. we have v, 0.

Proof. If u satisfies the condition and E, ~ @ then v, = x; |u| satisfies
v, < |uf, v, > 0 a.e. and xg u > 0. Hence ue 4, and the condition is sufficient.
To prove the necessity, suppose that ue 4, and let v, be any sequence with

. 1
the indicated properties. Let E,,,,,={x: v,,(x)s;n—]u(x)l} and yx,, be the

characteristic function of E,,. Then (X ~E,,) N@ for n—> o and (1—
—~ Xm0 for n— 0. We have

o(v) < e(%xmu)w((l—xm)u) < a(%u)w((l — Xma) U).

1
For every ¢ > 0 there is m such that Q(; u) < ¢/2 and for m fixed we can

find n such that o((1—xmdu) <&/2. m

23.6 (dominated convergence theorem). With the hypotheses of 2.3.5
ueA, if and only if for every sequence {u,} = A such that [t ()] < Ju(x) a.e.
and u,(x) - u(x) ae we have u,— u.

Proof. If E, \ @ then u, = (1—yg )u has the property indicated in the
statement and it follows that the condition is sufficient. Suppose that ue 4,
and that {u,} has the indicated properties. Then v,(x) = sup {|u,,(x)—
—u(x)): m>n} satisfies |v,(x)| < 2u(x)| ae. and v, N 0. By 23.5 v,-» 0 and
the condition is necessary. m

2.4. Solid Banach spaces.
24.1. Associated spaces. Let 4 — I°(X) be a solid Banach space with the

norm || ||. The associated space A’ is defined by
A ={vel(X): [luvjdx < oo for all ueA}.
The associated norm || ||, is given by

loll" = sup {|fuvdx|: ued, |lu <1}, vea’

The norm || ||’ satisfies the properties 2.3.2 (i), (ii) and A’ with the norm || ||’
is a solid Banach space. With the pairing (u,v) = [uvdx, A’ can be

X
identified isometrically with a closed subspace of the dual space A* but in
general A’ # A*; consider for instance 4 = [*(X).
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24.2. THEOREM. (A'Y = A and the norms || || and || ||" on A are equivalent.

243. We denote by o(A, A') the weak topology of A’ on A.

THEOREM. Suppose that A = L°(X) is a solid Banach space, that X is o-
finite and that A, = A'. Then every bounded sequence in A contains a
subsequence convergent in o (A, A)-topology to an element of A.

2.5. Bounded subsets of L°(X). It is easily seen from the definition of the
topology of L°(X) that a set B = L°(X) is bounded if and only if for every
Ee % (X) and ¢ > 0 there exists N, ; > 0 such that |{xeE: |u(x)| > N, g} <e.

25.1. LEMMA. Suppose that |X| < oo and that B < I°(X) is a convex
bounded set consisting of non-negative functions. Then for every ¢ > 0 there is
a set X, c X such that |X ~ X,| <e¢ and there is a constant N, > 0 such that
[udx < N, for every ueB.

X,

Proof. For fixed L> 0, ue L°(X) define u;(x) = u(x) if |u(x) < L and
up(x) = Lsignu if |u(x)) > L and let B, = {u;: ueB}. By is convex. Let
V={vel’(X): v: X »[0, 1], fvdx > 1—4e}. Then V is a weakly compact
convex set in I*(X) and the function f(u, v)=f[uvdx. (u,V)eBxV is
continuous and convex in v for fixed u and concave in u for fixed v. By the
minimax theorem of Ky Fan

supinf f (u, v) = inf sup f(u, v).

ueByp veV veV ueBy

Let N>0 be such that |{xeX: uy(x)> N} <[|{xeX: u(x) > N}| <¢/2
for every ueB. Then choosing v=yxy €V, ¥, = {xeX: lu(x) < N} we see

that inf f(u, v) < N for every fixed ue B, and it follows that there is v eV
vel

such that f(u, v) = [uv, dx < N for every ueB;. Observe that for L < L we
have {uv dx < N for every ueBy.. Let veV be a weak limit of {v.}, then
fuvdx < N for every ue() B, and, by the monotone convergence theorem,
for every ueB. It suffices not to notice that |{x: v(x) < 4}| <¢e. m

25.2. ProBLEM. Is the conclusion of the lemma valid without the hy-
pothesis that B consists of nonnegative functions?

253, CoROLLARY. Let A be a solid Banach space, A = I°(X) and let X
be of finite measure. Then for every e > 0 there is a subset X, c X such that
|X ~ X,| <& and Aly, = INX,).

Proof. Since by Theorem 2.3.1 the inclusion A = L°(X) is continuous,
the unit sphere of A is bounded in L°(X). Let B={ucAd: u>0,|u| < 1}.
The result follows directly from Lemma 2.5.1 and the decomposition
u=u*—u", [Jut|| <, lu”]] < llull, ut, 4~ =0, valid for every uc4. =
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3. Proper domain of an integral transformation

3.1. Let X, Y be measure spaces and keI®(X xY). We consider the
linear transformation from I°(Y) into I°(X) given by

Ku = [k(x, y)u(y)dy.

We refer to k as the kernel of K and to K as the integral transformation
with the kernel k. In the case when X =Y we refer to K as an integral
operator with kernel k.

3.2. Throughout the paper we will, without explaining it in every inst-
ance, use k (possibly with subscripts) to denote kernels and K (with cor-
responding subscripts) to denote the corresponding integral transformations
or operators. The proper (natural) domain of K is defined by

Dy ={ueI?(Y): [lk(x, y)llu(¥)ldy < co ae. and suppue #,(Y)},

where suppu = {y: u(y) # 0}. The second condition guarantees that Ku is
measurable for every ueDg; obviously this condition is satisfied auto-
matically if Y is o-finite. It is clear that Dy is a solid vector subspace of
I’(Y). For ueDy we write

K ul = [lk(x, y) [u() dy.

The symbol Dy is to be distinguished from D(K) which will be used to
denote the domain of K considered as a transformation between subspaces of
I°(Y) and I°(X) (to be specified).

33. For ueDy, FeZF(Y), EcF(X) we define gxzr (4) = 0pu)+
+ee (K| |u]).

3.3.1. THeoReM. With the topology defined by the family of pseudometrics
Ox.e.r Dy is a sequentially complete solid topological subspace of I°(X) and the
linear transformation K: Dy — I°(X) is continuous.

Proof. It is clear that the functions u — gg ¢ (1) are pseudometrics.
The continuity of K follows from the inequalities |Ku| < |K]|ul a.e. and
e (IK| |u]) < ok .g.r(u) valid for every ueDy, Fe#(Y) and Ee#(X).

It is obvious that the topology of Dy defined above is solid.

It remains to verify that Dy is sequentially complete. Any Cauchy

sequence {u,} in Dy is Cauchy in I°(X) and therefore there exists ue L(Y)
such that u, oo v We will show now that ue Dy and that u, 5y, U- By the

definition of DK the set F ={Jsuppu, is in #,(Y) and (see 22) fu,) is
Cauchy with respect to any of the pseudometrics ox.er(V) = 0r(V)+ 0e (| K| 1)),
Ee#,(X). This implies existence of a subsequence {u,} = {u,} with the

property that Y gg p (1), —u}) < 0. It follows that the series Y lupe—uy
- .

n=1
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an

and ) |K|[up+y —u,| converge in I’(F) and I?(E), in particular they con-
n=1

verge a.c. on E and respectively on F. The inequality |u(x)| < |uj|+ Z Upsy —

—u,| and the monotone convergence theorem show that

@ a0
Kl lul < [KI(uil+ ¥ (e —ul) = IKlluil+ 3 [Kllupsy =yl < 00 2. on E

n=1 n=1
= o]
and the same use of the inequality |u—up,| < Y. |u}4;—u;| yields
n=m

|K||u—t| 7=5»0 ae. on E, and ggpx(u—u,) —=50.

m=—x

Since E is arbitrary ueDy and u,, gy .

3.3.2. The vector topology defined on Dy by the family of pseudometrics
in 3.3 is called the natural topology of D. This topology can also be defined
by the family of pseudometrics

oxer(y=0or ()t (K], | F.Y), Ee F a(X) (see 2.2).

We also mention the following special cases. If X is o-finite then the
natural topology of Dy is given by the family of pseudometrics

ok.r() =er(*)+eox(K||-]), FeZF(Y).
If Y is o-finite then the topology is given by the family of metrics

okr()=or(*)ter(Kl|)), EeF(X).
If X and Y are both o-finite then the topology is given by the single metric

ex (") = ey (") +ox(IK]|-D.

33.3. It should be noted that the natural topology of Dy is the graph
topology of the sublinear transformation u — |K||u|. The graph topology of
K on Dy is in general weaker than the natural topology, and in general the
graph topology need not be sequentially complete (see Th. 4.3.).

3.34. If A = Dy is a topological subspace of I?(X), then we say that K|,
(or K for brevity) is an integral transformation on A. In the case when X
=Y, A<Dy and KA < A, we say that K is an integral operator in A.

3.3.5. THEOREM. Suppose that A ¢ I°(Y) is a complete metric vector
subspace of I1°(X) and suppose that A c Dy. Then the integral transformation
K: A-I%X) is continuous.

Proof. Consider first the case when both X and Y are o-finite. Then
Dy is complete metric vector space and we can use the closed graph theorem
to prove that the inclusion mapping A = Dy is continuous. Indeed, if u, 5 u
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. o .
and u, a2 0, then u, LW u, since A< L'(X) and u, o 0 since
Dy c I°(X). 1t follows that u = 0. The claim follows now from the continuity
of K: Dy - I?(X).
In the general case we have to show that for every sequence u,e A such
that u, - 0 and for every Ee & (X) we have gg(Ku,) — 0; the convergence to

0 of gr(u,), Fe % (Y) follows from the continuity of the inclusion 4 < I°(Y).
Since u,eDy the set Y’ =()suppu, is o-finite and we can apply the
preceding result with 4 replaced by [{u,}]* — the closure in 4 of the linear
span of {u,}, with Y replaced by Y’ and with X replaced by E. =

33.6. CoroLLARY. Suppose that A satisfies the hypotheses of Theorem
3.3.5 and B ¢ I)(X) is a complete metric vector space. Suppose further that
KA cB. Then K: A— B is continuous.

Proof. We use again the closed graph theorem. If u,eA u, 20,

Ku,>v then by Theorem 335 u,—»0 and Ku, — 0. Since B c
B Dy LOx) ¢

LX), Ku,,mv and v =0.

33.7. ProrosITION. Let K be an integral transformation. Then Dy
=(DK)a-

Proof. If feDy, E,~ O then, for every Fe#(Y), FNE,~0 and

or(xe, /) — 0. Also |K] le f1—0 ae. by the dominated convergence theorem
and QE(IKIIXE fh-0 for every Ec#(X). m

338. Remark. If Y is non-atomic then there is no integral transform-
ation with the property that Dy = I*(Y).

33.9. It is not clear to what extend the hypotheses that 4, B in 3.3.5,
3.3.6 are complete metric spaces can be relaxed without changing the
conclusions.

339. We do not know whether Dy with its natural topology is
complete.

3.4. Examples.
(a) Let X = [0, 2n], with the Lebesgue measure, Y = Z with the discrete

measure |{y}| =1, y =0, +1,...,k(x, y) = ™. Then Dy = I'(Z) = I.
(b) Let X =2, Y=[0, 2n] with measure as above, k(x, y)= ln e,
Then Dy = L (0, 2n). '
(c) Let X=R=Y with the Lebesgue measure and let k(x, y)

1
= e¢” ' Then Dy = L'(RY).
J2n

(d) Let X=R=1Y, let pcC(R) be a nonvanishing function with com-
pact support and let k(x, y) = ¢(x—y). Then Dy = L. (R?).
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34.1. 3.4d) shows that Dy with its natural topology need not be a
Banach space. We do not know a kernel k with the property that Dy with its
natural topology is not locally convex.

4. Integral transformations in I°. Continuity,
and closibility

4.1. Suppose that X, Y are o-finite and let K be an integral transform-
ation with kernel k.

By 2.3.3 there exists the maximal unfriendly set Yy for Dg. K is called
nonsingular if Yy = @, K is singular if Yy =Y and K is partly singular if
[Y¢| >0, |Y~ Y| > 0.

An example of a singular kernel is the Hilbert kernel k(x, y) = 1/(x—y),
X=Y=R\

4.2, From now on in this section we assume that K is nonsingular.
All the results can be interpreted for partly singular kernel by replacing Y
by Y~ Y.

We consider K: Dy = I°(Y) — I°(X) as an unbounded linear transform-
ation and look for conditions on the kernel k in order that K be continuous,
closed or closible.

Since Y is o-finite, Y can be written in the form Y=Y’ u {b,} where Y’
is divisible (purely non-atomic) and {b,} is the set of all atoms of ¥, which is
at most countable. We consider the following conditions on the kernel k.

(A) k(x,y)=0 ae. on X xY"

(B) Let X,, = (xeX: k(x, b,) # 0}. Then

limsup X | =| ﬁ F\ X,,,| =0.

n=1m=n

(C) Let B,, =[{k(x, b,): n> m}] where ﬁ denotes the closure in I°(X)
of the linear span.

4.3. THEOREM. In order that K: I?(Y)— I°(X) be closible it is necessary
and sufficient that k satisfy (A) and (C).

4.4. THEOREM. In order that K: I?(Y) — I°(X) be continuous it is necess-
ary and sufficient that k satisfy (A) and (B). An equivalent condition is that Dy
= I°(Y).

Proof of Theorems 4.3, 4.4. Assume that (A) is satisfied. Then, with
|b,| denoting the measure of the atom b, we can write

KU(X) = Zu(bn)lbnl k(x5 bn)

If u,,LT(YaO, then for every m, u,(b,)—— 0 and outside of the set
) n—+o

imply that Dy = I°(Y).

" L
B
2 — Dissertationes Mathematicae CCXXXI \\Af

limsup X,, Ku, — 0. Thus if (B)(i}.)&t-isﬁed K is continuous. Also (A) and (B)
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If u,—0 and Ku,— v, then (still assuming (A)) there is a sequence of

ao

integers m; » oo such that Y u,(by)bs k(x, b) v and it follows that

s=my,

ve [\ By Thus, if (C) is satisfied, then K is closible.
m=1
Suppose now that K is closible, let ¥; = Y’ n {y: |{x: k(x, y) # 0}| > 0}
and suppose that |Y;| > 0. Using the hypothesis that K is nonsingular, we
can find a subset Y, = Y such that 0 <|Y;] < oo and xy,eDg. Then there

exists a subset X; = X such that

0< [ [ lk(x, y)ldydx < 0

X1 Y3

and consequently a subset C = X, x Y, such that
[[k(x, y)dydx # 0.
C

Since C can be approximated in measure by sets of the form (JE;xFj,
E;c X,, Fjc Y,, it follows that there exist E < X,, F = Y, such that

[ Jk(x, y)dydx # 0.
EF

We may assume without a loss of generality that |F| = 1. Using the fact that
F is divisible we construct a sequence of binary partitions of F

P, = {Fil.....ik: i1y 00h =0, 1}, F = U{F(i)epk}a
where Fi . =F  i.0YFi 1. |Fi..l=2""% Denote by yx; the
characteristic function of Fy) and let {I;} be the usual binary partition of
[0, 1]. Since xg €Dy, |K|xr is defined and finite a.e., we may assume that this
is the case for every xeE. For xeE define

S (L) = | k(x, y)dy;
Fip
it is easily checked that @_ can be extended to an additive and absolutely
continuous with respect to the Lebesgue measure set function on [0, 1]. If I
denotes the complement in I of the set of binary points, then for every tel’
there is a unique sequence Iy ), (i), = (iy, ..., i,), such that I o | {t}. By the
Lebesgue theorem, for every xeE the limit lim 2" &, (I ) = v,(x) exists for
a.e. tel', thus for a.e. tel. It follows that for a.e. tel the above limit exists
and is finite for a.e. xeE, and for ae. tel, v,(x)eI’(E) < I°(X). We remark

that for some tqel’, v (X)E 0; in fact, if v,(x) =0 ae. for every tel, then

&(1y) = [ v(x)dt =0 for ae. xeE
Iy
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and
[ [k(x, y)dydx =0
EF

which is a contradiction. With f, chosen so that v, (x) 3 0 we observe that
Uy = 2" Yy, 0 WO and Ku, oo o showing that if K is closible, then K

satisfies (A). If K is continuous, then K is closible and K satisfies (A).
Suppose now thaf ve(\B, and that K is closible. Then for every m

there exists v,(x)= Y clk(x,b) such that Um oo ” and k, > m. Let
I=kp
un(b)=crib|™t if k,<I<1l, and u,(b)=0 otherwise. Then u, e Dy,
u, —> 0 and Ku, ——v. Since K is closible, it follows that v =0 and
LO) LO(x)
closibility of K implies (C).
Suppose now that K is continuous and that there is a set
Fcec X, where X,={x:k(x,b,) 0}
n=1m=n

such that |[F| > 0. We can assume that |F| < co. For N =2 m let

N
vm,N(x) = k(xs bm)+ Z ém.lk(xs bl)

I=m+1

where the coefficients &, ,;eR are so chosen that

N
IF A {x: v n(x) # 0} =|{x: Y Ik(x, b > 0} nFI
I=m

(see the Lemma in 2.3.3). By the choice of F there exists for each m an index
N, such that

|F ~ {x: Dpp, (¥) # 0} <2777 1| F,
also for each m there is ¢, > 0 such that
[F ~ {x: (v, (0] > &m}| < 2771

Then the sequence v,, =&, ' v, N, does not converge to 0 in L[°(X). On
the other hand v, = Ku, where u,(b) = (e,|b))” ' &m, if m<I<N,, and
u,(b) =0 otherwise. Clearly u,,,—o;+0 and K is not continuous. This
contradiction shows that continuity of K implies (B).

If Dy = I°(Y), then by the closed graph theorem the natural topology of
Dy concides with the topology of I°(Y) (the inclusion Dy < I°(Y) being
continuous) and by Theorem 3.3.1 K: I°(Y) - I’(X) is continuous. m

4.5. Theorems 4.3, 4.4 can be extended to the situation when X is not
.assumed c¢-finite: Conditions (A), (B), (C) should be replaced by sets of
corresponding conditions with X replaced by E, Ee # (X) (or Ee #,(X)).
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It is not clear how the Theorems 4.3, 4.4 should be stated in the case
when Y is not o-finite.

4.6. We do not know a condition on the kernel k characterizing the
property that the corresponding integral transformation K is closed. There
exist integral transformations which are closed but not continuous and
integral transformations that are closible but not closed.

4.7.1. Let {r,}& denote the sequence of Rademacher functions on
[0, 1]. We recall the following inequality

N N
- [IEI-(2(E1-|E)"*] Zl o * < £| > o r (0] dt

= n=1 v
< [|EI+(2( El - |E)*?] Zl Jow)?

valid for every E < [0, 1]. The following is an immediate consequence: a
sequence of Rademacher polynomials (ie. of linear combinations of
Rademacher functions) converges in I°([0, 1]) if and only if it converges in
([o, 1.

If F is a divisible measure space, |F| =1, then by means of binary
partitions P, of F (see the proof of Theorems 4.3, 44) one can transfer the
values of r, from [0, 1] onto F and thus define the sequence of Rademacher
functions (sometime called generalized Rademacher functions) on F.

The inequality and the property stated above remain valid without
change.

472 Let X =[0,1] and Y=2Z={0, +1,...}, X with the Lebesgue
measure, Z with the point measure |[n}| =1 for n=0, +1,... Consider

k(x, n) = r,(x). Then k satisfies (A), also if ve () [{r,: n = m}], then v is the
m=l N"
limit in I%(0, 1) of a sequence of Rademacher polynomials v, = ) &, .. It

I=n

follows that v, i and ortho-normality of {r} implies that v = 0. Hence k

satisfies (B) and K is closible. It is easy to check that Dy =[I' = ! (Z) and
the domain of the closure of K is I*> = I?(Z), therefore K is not closed.

473. Let X =0, 1]x[0, 1] with the Lebesgue measure Y= 2 as in
4.2, k((t, 1), n) = t"r, (1), thus Ku(t, 1) =) t"r,(t)u(n).
Then Dy = {{u(n)}: limsuplu(n)]”"S%. If ueDg, u;—u and if Ku;
— v, then there exists a sequence of integers n; such that the sequence defined
by u;(n) = u;(n), n < ny, uj(n) = 0 otherwise, has the property uj —u and Ku;j
—v. For a suitable subsequence of u; which we denote again by uj, Kuj —v
"

ae. on [0, 1]1x[0, 1], in particular, for almost every 7, ) t"r,(f)u;(n) is

n=1
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convergent to ou(f, 7) for almost every r. The properties of Rademacher
polynomials explained in 4.7.1 imply that for almost every te[O0, 1],

J
{Y t"r,()uy(n)} is convergent in I?(0, 1); in particular {t"u;(n)} is in .
n=1 .
Since u;(n) = u(n), it follows that Y " |u(n)* < oo for ae. te[0, 1]. This

implies that lim |u(n)|!"" < 1 and we conclude that ue Dy and that v = Ku. It
follows that K is closed. On the other hand K does not satisfy the condition
(B) and K is not continuous. '

5. Extensions by continuity. Compatibility problem

5.1. Let ¥, W be topological vector spaces and K: D(K)c V=W be
a linear transformation. If 4 < V¥, then K can be extended to A by continuity
provided that

(i) AnDg? = A (ie. AnD(K) is dense in A),

(ii) K: An D(K)— W is continuous (in the A-topology on D(K)n A). If
(i), (ii) are satisfied, then we denote by K, the extension by continuity of K
to A and by %, the family of all topological vector subspaces A c V
satisfying (i) and (ii). :

If «/ is any family topological vector subspaces of V, then we say that
K has the compatibility property relative to .« provided that for any
A, Be /%y and any ue AnB we have K ,u = Kgzu. In the case when
&/ = 6y the property is referred to as the universal compatibility property.

5.2. ProposiTioN. If K is closible, then K has the universal compatibility
property.
Proof. If 4, Be%x and if ue AN B, then there exist nets u, > u, v, >4,

u,c AND(K), vyzeBn Dy and K, u=limKu,, Kgu=limKuvs. Since the
inclusions A = ¥, B < V are continuous, the net u,—v, converges to 0 in V
(with natural ordering of pairs («, f)), and X (u,—v;) 3 K,u—Kpu. Since K

is closible, K,u—Kzu=0. n

It is not known if the converse of Proposition 5.2 is valid in the general
case. The following special case includes integral transformations on o-finite
spaces; note that the condition (a) in the Proposition is the negation of
closibility of K.

5.3. ProrosITION. Suppose that V, W, D(K) are complete vector metric
spaces, that D(K) = V and that K: D(K) —~ W is continuous. Suppose further
that there exists a sequence {v,} = D(K) such that

(@) v, 50, Kv,,mw;éo.
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(b) For every formal series ), a,v, and for every sequence of its partial
n

sums S, = Z a,v, the conditions s, v, veDg imply that s, —v in V.
n=1
Then there exist two Hilbert spaces H,, H,€%y and an element ue

H, nH, such that Ky u # Ky, u. In particular K does not have the property
of universal compatibility.

Without loss of generality we can assume that the metrics gy, oy of ¥
and W satisfy the condition

olou) € g(u) for all a, |of < 1.
The proof of Proposition 5.3 depends on the following

LemMa. Let uy,...,u,eV be linearly independent. Then there is a constant
C > 0 depending only on u,,...,u, and such that

auiwm*zmsngm)
k=1 =1

k=1

for all scalars &,,...,&,.

Proof. For u= Y &u, let |lully =) |&] It is easy to see that
k=1

inf {o, () (1+full ) Ilull7 Ml =4} = Co > 0.

For 0 <|jull; <% let N =integral part of |lull;*. Then ¥ < ||Ny||; <1 and

(Ll )™ Il < Mlaelly < 2N~ (L 4][Nugl )~ | Null
S2N71Cot oy (Nu) < 2C5 ' oy (u),

and the inequality holds with C =4C,.

Proof of Proposition 5.3. By (a) {v,} contains a linearly independent
subsequence, also (b) is inherited by any subsequence of {v,}. Hence we may
assume that {v,} is linearly independent. Define now the subsequence {u,} of
(v, as follows. Let u, = v,; suppose that u,,...,u, are already chosen, /> 1,
and let ¢, be the largest constant C in the lemma. Let u,,, be the first v,
following u; in the sequence {v,!, with the property that

—-i-1
o () SU+1)710277Y  op(Kop—w) <

I+1°

Note that the sequence {c,} is non-increasing.
Let H be the Hilbert space of all sequences {£,} such that

¥ zléd? = e < oo
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and define for ¢ = {&,}eH

T,¢{= Z Selua—ugn—y), Té=&¢u+ Z, Cu(tag— 1 —Use-2).

Since |&,] <k for k sufficiently large and gy(ék(uu Uz 1)) < k{oy (uz) +
+0p (Uzx—1)) < €227 %2 it follows that the series T} £, T, are conver-
gent in V and therefore define continuous transformations of H into V. If
T, ¢ =0, then for every N

—Z Cultg —ugy—4) Z Cilugy—ugg_y)

k=N+1
and if (&) <k for k= N, we get
N

N
CZN(Z |§,J)/(1+2 2ld)<e v( Z Ei(uae—tz-1)) < 2 Z 2732
k=1 k=1 k=N+1 k=N+1
showing that £ =0.

Similarly T, ¢ = 0 implies that ¢ =0 and T;, T, are injective. It follows
that H, =T, H, H,=T,H with IIT‘T{]]H‘. =||¢|| are Hilbert spaces con-
tinuously contained in V.

By a similar argument we verify that the formal series obtained by
applying K term by term to T;&, i = 1, 2, are convergent in W and therefore
define continuous transformations K;: H; - W. We verify now that H,e %
and that K;= Ky, The vectors {up—uy- 1}z, and uy, {uy—uzy_ 1},
form orthogonal bases in H; and H, and belong to D(K), hence D(K) < H;
is dense in H,;, i = 1, 2. It remains to check that for ve D(K) N H;, K;v = Kv;
here we use the condition (b). It suffices to consider the case when i = 1, Let
v="T,¢eD(K), £eH. Then v =Y & (s —tizy—1) = Y.mu, — the series con-
verges in V. Since ve D(K), (b) implies that », u, converges in D(K). Since
K: D(K)->W is continuous, Kv=Y¢, K(uy—ty-()=K;v. For ¢
={1,1,...}eH we have

an

[+ ]
TéE+Te = Z (ugp—tz— 1)+ Z (Ugg— g —Ugy—2)+1uy ="1|1_{n Uym = 0,
k=1 k=2 w

implying that
b=T, &= T(~OeH, nH,.
On the other hand
K,v—K,v= lim (Z K(ug—uy-1)+ Z K (ug—1 —uz)+Kuy)

ML = k=2

= lim Kuy, =w#0. n

m-=o
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54. Let V=I°(Y), W=I°(X), X, Y be o-finite and K: Dy = I(Y)
— I°(X) be an integral transformation, D(K) =D

ProrosttioN. If K zs not closible, then there exists a sequence {v,} < Dy
satisfying conditions (a), (b) of Proposition 5.3.

Proof. If K is not clos1b1e then K fails to satisfy one of the conditions
(A), (C) of 4.2, If K does not satisfy (A), then as in the proof of Theorem 4.3
there exists a sequence f, = |E,/ "  Xa ¥» = Xg,» Where {E,} is a decreasing
sequence of subsets of the divisible part of Y, |E]—0, foeDy and
f ——» w# 0.

For m>n let v,,=I|E| '(Xs—xm)- By the dominated convergence
theorem we get gx(f,—v,m) 72,0 and we can define the sequence {v,} as
follows: choose an increasing sequence of indices n; such that ny =1,
ox (fa; = Ompnys o) <27, j=0,1,2,.., and let v;=0,,.,,. Then v; have
mutually disjoint supports, Kv; —»w and (b) is easily checked,

If k satisfies (A) but does not satisfy (C), then there is w # 0,

we ﬁ [{k(x, b,): n=m}]. Then there exists an increasing sequence of
m=1

indices n; and sequences of scalars {&{} such that
njtq

W= Y dkx b)lbl
l—nj+1
With v;(b) =& for nj+1 <1< nj,, and v;(b) =0 otherwise, we have Ky,
=w,, v;»0 and the functions v; have mutually disjoint supports. =
Propositions 5.3 and 54 yield the following

5.5. TueoreM. If X, Y are o-finite and if K: Dy < I°(Y) = I°(X) is an
integral transformation, then K has the universal compatibility property if and
only if K is closible.

O(X

5.6. Compatibility in the class of solid spaces.

5.6.1. Let K: Dy = I?(Y) - I°(X) be an integral transformation. We do
not assume o-finiteness of X or Y. For Fe #(Y), Ee#(X) and uelI’(Y)
define

Ox.g,r () = op (W) +sup {QE(KU)5 veDg,|v| < |y a.e.}.
ProrostTion. For every Ec F(X), Fe# (Y) 0xrr is a pseudometric on

I?(X). The family {@x g r}ec# o) Fesr) defines a complete Hausdorff topology
on L°(Xl compatible with its structure of an additive group, which we refer to
as the K-topology.

Proof. We have to show that

dy,g(u) = sup {og (Kv): veDy,[v] < |ul}
satisfies the triangle inequality and that the K-topology is complete.
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If u;, u;e 2(Y) and |v| < |u; +u,), then writing v in the form v = v, +v,
where v, = ([uy|+|ua|) ™! [u;] v it follows readily that [v]| < |u;| and that u; € Dy
if veDyg. The triangle inequality for dj E follows easily.

If {u,}eI’(Y) is a Cauchy net in K topology, then {u,} is a Cauchy
net in the I°(Y)-topology and there exists uelI®(Y) such that u, « Togy

It remains to show that u, 2 i€ dgg(u,—u) >0 for every Ee # (X). It

suffices to consider the case when {u,} is a sequence; we can also assume
that 4 =0. By the definition ‘there exists sequence {v,} = Dy such that
0 (Kv,) < dy p(u,) < 0g(Kvg)+272

Let F, = {x: v,(x) 0} and F=|JF,. Then Fe #,(Y) and

dK.E (ua) s QE (KU,,) + 27t S dK,E (XF ua) + 2—a.

Thus it suffices to show that dg g (xru,) — 0. Note that for every welI®(Y),
dy g(xrw) < dgg(w), and choose a subsequence of {u,}, denoted again by
{u,}, such that

Zl QF(XF(ua+1 _ua)) < o0, Z dK.E(XF(ua-f-l _ua)) < 0,

a=1

@
Then ) xrlug+y—u,] is convergent a.e. and
=1

a
Xr gl < Y xplugyq—ugl.
p=a

If fe Dy, |f| < xrlu,l, then the functions

o

ﬁ =f|ul+1 _ull(z lun+1—_unl)_lt [z«

(with f,=0 if Z:lu,,+l u,| = 0) satisfy the conditions Al € lwey—uy,

f=Y f and Z]fleDK By the dominated convergence theorem, Kf = Z Kf,
and gz (Kf) < dg g (w4 —uy). It follows that =

dg g (Xr u,) = sup {eg(Kf): feDy, Ifl < xr U]} < z dg, s(u1+1—ux) —"0 n

5.6.2. For uc Dy we have (see 3.3)

(i) Ox,Er (W) < k5,7 (1)
and
(ii) 0p(Ku) < 0gpru), Ee#F(X), FeF(Y).

(i) implies that the restriction to Dy of the {E’-topology is a vector
topology and (ii) implies that K is continuous in K-topology.
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It follows that the closure Dy of Dy in the K-topology is a topological
vector space continuously contained in I°(Y) and that K: Dy — I2(X) can
be extended to a continuous transformation from Dy into I?(X) which we

-~

denote by K.

5.6.3. TueoreM. (i) Dy with the K-topology is solid.

(i) If Ae% is solid, then A < Dy and K, =K|,.

Proof. It is clear that if |v| < |u| a.e., then Fy g r(t) < Ok rrW). If ueDy
and |v| < |u] a.e., then there exists a net u, € Dy s.t. Ox g r(u—u,) — 0 for every
Ee # (X), Fe #(Y). Define v, = u,v/u, v, =0 if u=0. Then

v{u—u,)

[o—v,| = <|lu—ul ae. and gxgr(v—uv,)—0.

(i) follows from the observation that if A€ %y is a solid space, then the
A-topology on Dy N A is stronger than the K-topology. Since the transform-
ation K: Dyn A = I%(X) and the inclusion A « I?(Y) are both continuous,
for every E€e #(X), Fe# (Y) and for every &> 0 there is a solid neigh-
borhood V of O in A4 such that gg(Kv)+gr(u) <& for every ueV and
veVNDg. If ue VN Dy and |v| < |u| ae., then ve VN Dy and gg (Kv)+ gp(u)
< e. It follows that ue Vn Dy implies gk g r(u) < & and the assertion follows.

5.6.4. ProposiTiON. Dy = (Dy),.

Proof. We have to show that for any sequence E, \ @, for every
ue Dy, for every Ee % (X) and for every F e #(Y), we have Ok.e.r (Xg,¥) = 0.
For any & > 0 choose veDy such that gy pr(u—v) <e. Then

Ox.er(Xg, W) < Ox.EF (XE,, (u—0))+ Gk, r (xe,v) <e+exerXs,v)

and Proposition 3.3.7 yields the conclusion. m

Theorem 5.6.3 implies that an integral transformation K has the com-
patibility property relative to the class of solid subspaces of I°(Y). Also Dy is
the maximal solid space in %y.

It is thus of some interest to determine explicitly Dy for concrete kernels
K.

5.7. Properties of D,.

5..1. If Re k(x, y), Im k(x, y) are of constant sign. e.g. Re k(x, y) = 0,
Imk(x, y) > 0 ae., then Dy = Dy.

Proof. The condition implies that for ue Dy
K [ul = J(ky (x, y)*+ky (x, p)2) 2 u(y) dy

< [fky (e, D) N dy]+[[ka (x, y) ) dy] < /2K Jul] ae.
where

k(x’ y) = kl (x, .V)'sz(x, y)
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and it follows that
dg,g(4) = dy g (lu) > e (K lul) = 7 g (K] [u])
and it follows that the closure of Dy in the K-topology is Dy.

5.7.2. ProposiTioN. Let 0el’(X), 0#0 ae and let Kk'(x,y)=
6(x)k(x, y). Then Dy = Dy. and Dy =D

5.73. CorOLLARY. Suppose that for a.e. xe X the values of k(x, y) satisfy
a(x) < argk(x, y) < B(x), for ae. yeY where «, feI?(X) and B(x)—a(x)
< n/2 a.e. Then Dy = Dy.

This is an immediate consequence of 5.7.1 and 5.7.2 with 0(x) = e~ "™,

5.74. ProrosiTion. (i) Let Yo ¥, |Yo| >0 and ky = Klxxyy where
| denotes the restriction. Then Dy, = Dily,'= (tly,: €Dy}

(i) Let Yy u...u Y, = Ybe a partition of Y, |Y| >0, j=1,...,m, and let
ki = kixxy,- Then DK = fo,'-DKI,, Dy = 7 5,(1_, Xi = Xy;» with the understand-
ing that y;u =0 outside Y,.

Proof. The statements concerning the natural domains are obvious.
Since (u—v)ly, = uly,— Ulyo, it is clear that if ve Dy is near to ueDy in the K-
topology, then the same is true for uly, and tly, in the K,-topology. Also if
ve Dy, is near to ueD,(0 in the K,-topology, then the same holds for XyoV
and yy,u in the K-topology. This remark proves the remaining parts of (i)
and (ii). =

In the next proposition we assume that K is nonsingular in the
following sense (see 4.1). For every Fe #,(Y) there exists ¢ € Dy such that
¢ >0 ae. on F.

5.7.5. ProposITION. (i) Let Xo = X, [Xo| >0 and k° = k|y,«y. Then Dy
< Do with dense inclusion and Dy < Do

(i) If X, v X,u...is an ar most denumerable partition of X, |X;| > 0,
then Dy = QDK; and Dy = 05,(,-.

Proof. (i) It is obvious that Dy < D,o. If ueD,o, then F=
[x: u(x) # 0} e %,(Y) and there exists ¢ €Dy such that ¢ > 0 on F. Define
forn=1,2,... u,=u if [u| € ne and u, = nesignu if |u} > nep. Then u, - u
in I°(Y) and ae., also u,e Dy and |u,—u| < u. By 2.3.5 and 3.3.7 u, - u in
Do

To prove the inclusion DycD (o observe that for Ee #(X) and E,
= En X, we have gz (v) < [E| IEI‘IQEO( ) if |[Eql > 0, ve [°(X), which implies
that dy g (u) = |Eql |E|"dK0_E0 (u) for ueI®(Y). Hence the K°-topology is
weaker than the K-topology and the desired inclusion follows from the first

part. . ®
(i) The first equality is obvious and the inclusion Dy = D: D, follows

J
from (i). If ueﬂD then for every E€e #(X) and Fe #(Y) and for every
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>0 we find {y}cDy such that op(uy—u)+dy ., (u—u)
< min(27/" ' ¢|E|, ¢/4) for every j with lE| >0, where E; = EnX;" Since

IE UE,, it follows that for some n, Z |E4 < Le|E|. Let v, =/, sign u if

lul <f, and v, =u otherwise, where f,, max,lull s Jual}. Then v,,eDK,
[uy—u < luy—ul, j=1,...,n and dKJE(v )<de£( —u), j=1,.
Since og(w) =|E|” ’Z]Ejl og;(w) with the understandmg that |Ej| gg;(w) = 0
if |Ej| =0, we have dyz(v) < |E|"" ) |E/d,; ,(v) and we can write”

dyg(V,—u) € IE,_l(_Z |E)| dKJ'E (v,—w)+ Y |E))

j=n+1
<IE 122 IV[Ee+he < e.

Since gp(v,—u) < gr(u;—u) <ze for j=1,2,...,n it follows that
Ox.er(Va—t) <& m

5.7.6. CoroLLARY. Suppose that X and Y are topological spaces with
Borel measures, that Y is compact and that X satisfies the Lindeltf property,
i.e. every open cover of X contains a denumerable subcover. Suppose that k is
continuous and that k(x, y) # O everywhere on X x Y. Then Dy = Dy.

Proof For every (x,y)eX xY there is an open neighborhood of
(x, ) of the form U, , x V, , in which [k(x, y)—k(x', y)| < 273 |k(x, y)|. For
fixed x the sets {V, },,y form an open cover of Y;let {V,,} be a finite
subcover and let U, = ﬂU”(,,, then {U,},.x is an open cover of X and
thus contains a subcover (U, ] ; Which is at most denumerable. We now write
X;j=Uyg ~ L() Usp ,-j=ij,,l(,j, U V,jyl(xj, Then [X;] is an (at most

denumerable) partition of X and for every j» {¥!} is a finite partition of Y. If
kf—klx xv)> then by 5.7.3 DKJ‘ ﬂDKJ Also with k/ = klx xy we have by

5.7.5 DK—HDKJ and by 5‘6.7 D~KJ ZX}’-’DK-{ ZX}’J K{—DKJ. HCnCC
{ l i 3

5K=O§KJ=ODKJ'=DK. | |
If Y is a topological space and A4 < I°(Y), then we write A,
= {u: ycued for every compact C < Y}.

3.7.7. CoroLLARY. Suppose that X has the Lindeldf property, that Y is
an arbitrary topological space, that k is continuous and that k # O everywhere
on XxY. Then Dy < Dy,,..

Proof. If C =Y is compact, then with k. = k|y.- we have by 5.7.4
Dylc = Dxc, Dlc = Dy and by 573 Dy =Dy

5.7.8. ProposITION. Suppose that ue Dy and that {y: u(y) # 0} =F is o-
finite. If F, A F, then Xr 4o u in Dy, in_particular prnu -+ Ku.
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Proof. Let Ee#(X) and &> 0. Choose veDy, |v] < |u|, such that
or (u—v)+dg p(u—v) <g/2. Then

Fxer((1l—xr)4) < Bxer((1— Xr,) U~2))+k.er((1—1F) v)
<&/2+eker((1-F,)v)
and by the dominated convergence theorem gg r ¢ (((1 - x)F") ) 0. m

)l":L
5.7.9. ProPOSITION. Suppose that ue Dy, E e % (X) and suppose that for a
sufficiently small € > 0, dg z(u) < &*. Then for any finite or infinite sequence
{Y,} of disjoint subsets Y, <Y and any sequence {u,} = Dy such -that
[ua| < xy,lul there exists E, < E such that |E ~ E,| <& and Y |Ku, (x)|* < ¢ for
every er
Proof. Since {y: u,(y) # 0} e #,(Y), we may assume that Y,e.%#,(Y),
hence F=|)Y,e#,(Y). For te[O 1] consider the series wu(y,t)=
> u,(y)ra(t) where [r,(r)} is the sequence of Rademacher functions on
[0, 1] (see 4.7.1). By Proposition 5.7.8 the series ) r,(t) Ku, is convergent in
I°(Y) for almost every te[0, 1] to a function w(x, t) and

ee(w(x, ) = E|" [lw(x, Ol(1+|w(x, 0)])"'dx < &%
E

It follows that
1

IEI™' [ flw(x, Dl(1+]w(x, 1)) ' dxdr < .

0E
Let E, = {(x, HeEx [0, 1]: |w(x, t)] = ¢}, then E, is measurable and
|[E|"Y|E)]e(1+&)~ ' <&*, which implies that |E) <¢* provided that
(148)|E|e < 1.
Let E, = {xcE: [{te[0, 1]: (x,)¢E;}| > 1—¢}. Then

e 2 |E| = [l[{t: (x,)eE}ldx> | edx=¢lE~E|
E

E~E,

implying that [E ~ E,| <e&.
For every xekE,, |{r: [w(x, 1) <e}| > 1—¢ and an application of the
inequality in 4.7.1 gives:

(1—8—\/Z)Z|Ku () < e?

showing that for xeE,, ) |Ku,(x)|* <s, provided ¢ < 1/8. u

5.7.10. COROLLARY. Suppose that ueDy and that {u,}, Y, are as in
Proposition 5.7.9. Then Y |Ku,(x)|* < o a.e.

Proof. Let F be as in the proof of 5.7.9, let E€.# (X) and let ¢ > 0. We
can find veDy such that g gr(u—v) <e* Define v, = min(Jv], |u,])sign u,.

Then |u,~v,| < |u—u|yy, and by Proposition 5.7.9
YK (=) (2)* <&
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outside of a set of measure less than & On the other hand
Y [KoJ2 < (Y (Ko < (KIp)? <0 ae.
n=1 - n=1 .

and
(Y [Ku 22 < (3 1K (u,— ) ) 2 + K] [0]. =
58. Examples.

58.1. Let G=Y be a compact group, let G'=X be its group of

characters, and denote k(x, y) = x—(y_) and let *k(y, x) = k(x, y) be the trans-
posed kernel. Thus

Ku(x) = ;muwy, "Ko(y) = Ix yo(dx =Y x(y)o(x).

xeG’

It is seen 1mmed1ately that Dy = I} (G); in fact, for any fixed x,€ G’ and
with k° = k| yxg, We have D g0 = L' (G). Also by 5.7.6 DKO—DKO, and
Dych (o implies that Dy = E(G)

Slmllarly D, = L'(G)=1'(G).5.710 implies that D, = I*(G). Since the
characters of G form an orthonormal system in I?(G) it follows that 'K can
be extended by continuity to 1*(G’) and by 5.6.3 (ii) 1*(G) < D,K.

5.8.2. Consider the set up as in 5.8.1 assuming this time that G is a
locally compact abelian group.

A paving in G is any family of mutually disjoint translates of a relatively
compact neighborhood of the identity element, i.. a family of the form

P={g+F}, @+F)n@g+F) =0 for k#l
For fixed F we consider all pavings £ consisting of translates of F and
define for 1< p, g < o0, fel4,.(G)

Wl = 59 AN e o) {91+ F) 2 paving in G}.

We denote by P(I%)(G) the (Banach) space of all functions in I, (G) with
finite norm || ||u, 9"

A particular norm || Hu,(,_q depends on the choice of the neighborhood F
of the identity element and should be denoted by || ||, (L4 It can be shown
that different choices of F give rise to equivalent norms and the definition of
P(I4) is independent of the choice of F.

Also, for 1 < p < oo, P(I) is isomorphic to I?(G), i.e. consists of the
same functions with equivalent norms.

583. THEOREM. If k(x, y) = x(), X€G', yeG, then Dy = 2(L).
Proof. It is obvious as in 581 that Dy =L(G)=D,, where k°
=kicxg where C is any compact set in G'. Corollary 5.7.7 implies that

51( < Llloc (G)
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Let F be a compact neighborhood of the identity in G and Ee (G,
|E| > 0 be such that |g'(g)—1| < 1/2 for every geE, g'eF. Let ¢ <1/8 be
such that (14+6)e|E] <1 and & < |E| (see 5.7.9). Suppose that ueDy; we can
assume that u > 0. There exists ve ' (G), 0 < v < u, such that dy(u—v) < &*,
For a paving 2 = {g,+F} we define u, = Xy,+r(4—v)eDg and we apply
Proposition 5.7.9 to get

Z| | W(u(y)—v(y))dyl2 <g for xeE,cE,|E~E]<e,

gpt+F

which after changing the variable of integration becomes
L[ x0) (y—gd—v(y—g))dyf* <e.
E

Since for any xeE and yeF we have |1—x_yﬂ <1/2
> IF(u(y)—v(y))dyI2 ZII u(y—gn)—v(y—gu)dy)?
ant

<2Y|[(1=x()) Uy —g)—v(r—gn)dy|>+2¢
<3Y| | (@) -v()dy*+2e

yn+F
and
Y| IF(u(y)—U(y))dyP < de.
Hence
(] | u()ady))?
gn+F

<(Z| o0DPPEHE] | @0 -v0)a)”

gntF
S ”U”LI(Y) + 2 \ .’B

showing that uel?(I!) (recall u > 0). We have shown that Dy < I2(L).

To prove the opposite inclusion we notice that I2(L!) is a solid Banach
space and that I! < [2(I!) with dense inclusion. Thus by Theorem 5.6.3, the
proof will be complete if we show that K: I! = I*(I}) — [°(X) is continuous.
To this effect we notice that I> 1! is dense in I! and that I is dense in
I2(}). We shall prove that for every compact E « X (= G’) and for every
symmetric compact neighborhood F of the origin in Y (= G) there exists a
constant C such that

UK SV 26y < Clfllzps, s for every fe i n 2.
Let F; be a compact neighborhood of the origin in G such that
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F,+F,; cF. Since F+F is compact there exists §y,...,JyeF +F such that
{§+F)ie1...n is a cover of F+F.

Denote by y the characteristic function of F; and let ¢ = x*x. Writing
Kg =4 (geI!) we note that $ =|§]* =0 and $(0) =|F;| > 0. Since E is
compact, E can be covered by a fixed finite number of sets of the form
x;+{x: ¢(x) > |F)/2} and it suffices to find an estimate for the integral

f@(x)|/12dx.
Using Plancherel's theorem we can write

[@017 ()12 dx = [ (F (0 f(x) dx = [ (0 /) 0) F ) dy
=1 [e—-2/@ () dzdy < I; LSO 1S (@) dydz,

where F ={(y, z2)6G xG: y—zeF}. Thus we may assume that /> 0.
The last integral can be written in the form

I=[70)ff(y+2)dzdy.
G F

Since f(y) [ S (v+z)dze L, and [' (L) and L' (G) are isomorphic (see 5.8.2), for
F
every ¢ > 0 there exists a paving {g,+F} such that
<CY | f(y)ff(y+z)dzdy+s

g'+F

where C is a constant depending only on F. Thus it is sufficient to find a
bound for the last sum. :
We observe that for yeg,+F,

[fy+2)dz< | fl2)dz
F

gyt+tF+F

and applying Cauchy-Schwartz inequality, we get

Y[ fomdy [ f@d<(S( ] roa)(EE [ rodap’?

y+F g+ F+F a+F L i g+g+F
(Z( I bAG) d}’) )”2 NUZ(Z;( ; A dy)z)”2 N”f“ﬂwl)r
a+F i a+g+F

5.8.4. CorOLLARY. Denote by * the Fourier transform in the Schwartz
space of tempered distributions &'(R"). We say that fe %" is a function,
provided that fe L, and {|fo|dx < oo for every pe; we have then {f, )

= [ fo dx. Consider the following property (P) of a function fe &

(P) Jor every gel¥, lgl <f=jel,.

Then f satisfies (P) if and only if fel?(L}).
Proof. We notice that I?(I') = {u: Y ([ |uldx)? < oo} where {I,,} is any

Im
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covering of R" with congruent rectangles. If fel?(I}), then the condition
lg| < |f| implies that gel*>(L) and by 5.8.3

§=RKgeDL,, (k(x,y)=@2m) "2e™™)

and f satisfies (P). Conversely, suppose that [ satisfies (P). We can assume
that f> 0. Define

A ={ue’(R": |ul < of ae. for some a > 0}.

Ay is a solid Banach space with the norm |lull; =inf{x > 0: |4 < af}. We
shall prove now that ": A, —>Ll,,c is continuous. Since by (P) Af < L, it
suffices to show that u, 0 il, — v imply that v =0, and then apply the

luc

closed graph theorem. To venfy the latter we observe that if u, Z}O, then by
the definition of || ||,

[<thyy @) < (Il +27 [ flpldx =0 for every ¢pe¥.
On the other hand
(i, @) 75> <v, @) for every e 2 = CZ.
But

(lhyy 0 = Uy, P =2 for ¢@e2 and v =0,
Recall that Dy = I}; it is not clear a priori that I! N4 is dense in 4;; to

overcome this inconvenience denote by A, the closure I'nA N Ay 4. Since for
uel N A; il = Ku, it follows from 5.6.3 that 4, < Dy = I*(I}). If ‘I,,,} is any
partition of R" into congruent rectangles and {a,} is any sequence, a,, — 0,
then it is easily checked that Y a,x, {eA,. Hence Y a,x, fel*(L), ie.
Yl (f fdx)> <o for every sequence a,—0, and it follows that

f(jfdliﬁ <o and fel(12). u
n I,

59. Transposed of an integral transformation.

5.9.1. Let k(x, y) be a kernel on X x Y. The transposed kernel is defined
by 'k(y, x)=k(x,y) and the corresponding transposed transformation
'K: I9(X) - I°(Y) is given by

‘Kfy) = JI{k(x, Y f(x)dx.

It is of some interest to explain the relationship between the transformation
‘K and the adjoint of K.

5.9.2. Recall (5.7.5) that K is nonsingular if for every F e % ,(Y) there is
@ eDy such that ¢ >0 ae. on F.

3 — Dissertationes Mathematicae CCXXXI
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ProprositioN. If Y is o-finite and if K is nonsingular then ‘K is
nonsingular.

Proof. If Ee#,(X) and ¢€eDg, ¢ >0 ae. on Y, then there exists
Yyel’(X) such that ¢y>9 ae on E,y=0 on X~E, and that
[y (x)[tk(x, y) @ (¥)dydx < co. By the Fubini theorem fo) [lk(x, I x
xy(x)dxdy and K|y <o ae. on Y, ie. YyeD,, . =

Remark. If X, Y are both o-finite, then K is nonsingular if and only if
‘K is nonsingular. It would be interesting to see if the result remains true
without the assumption of o-finiteness.

5.93. PrOPOSITION. Suppose that Y is o-finite, that A < I)(Y) is a solid
metric space such that A = A, and that K is a nonsingular integral transform-
ation. Then Dy N A is dense in A.

Proof. Let pe Dy, ¢ > 0 a.e. and define for ue A4, u, = u if |u| < ne and
u, = npsignu when |u| > ne. Then

lu—u,| < gy, (ul—n) where Y, = {y: [u(y)| > no}.

Also |u,| < u, |u,| < ne ae. which implies that ue A n Dy. Using the solidity
of the distance we get o,(u—u,) < 0,(xy,lul), and the hypothesis 4 = 4,
implies that g, (u—u,) ——0. »

594. Remark. The result rgmains valid without the hypothesis that Y

is o-finite provided that the functions in 4 with o-finite supports are dense in
A (this is the case when A = E(Y), p < o).

595. ProrosITION. Let A, B be solid Banach spaces, suppose that
AcDy, B<I°(X)and that A=A, B' =B, and that KA = B, where K is a
nonsingular integral transformation. Then K, = K|,: A — B is a continuous
linear transformation. If X, Y are o-finite, then there exists a subspace
S =D, NB dense in B' and in B'n D, and such that K3v ="'Kv for every
ves.

Proof. The first statement follows readily from the closed graph
theorem. Let @€ Dy, YeD, be such that ¢ >0, y >0 ae. and that

. [flk(x, Yoy () dxdy <o (see 59.2).
et

@ a
§'= U {veB: Ju<ny ae} and S= | {ued: [u<np ael}.
=1

n=1 n=

Then S=DynA, <D, B and § is dense in 4, and in AN Dy, §' is
dense in B' and in B'nD,,. For ue A, ve B’ we have [K uvdx = [uK¥vdy,
in particular for ueS§, veS’ we can write, using Fubini’s theorem,

JuK}vdy = [Kuvdx = [u'Kvdy.

Since S is dense in A the conclusion follows. m
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5.9.6. THEOREM. Suppose that X, Y are o-finite; let A < I°(Y),
B < I’(X) be solid Banach spaces and let K be a nonsingular integral
transformation such that A = Dy and KA c B. Suppose Sfurther that A = A
and B' = B,. Then

a

K{B'cA, B <D, and K¥p="Klgp="Ky.

Proof. By 59.5 we have for veS: K¥v="'Kv and by the dominated
convergence theorem the same relation prevails for veD, NB. Also for
veD, N B we have ||'Kvj|» < [|K,|| ||t]lz. The conclusion will follow from
5.6.3 provided we prove that for veD, N B', 'Kve A4', ie. |{u'Kvdy| < oo for
every ueA. With S and §’ as in 59.5 we have

|fu'Kvdy| = |[Kuvdx] < |[Klllull4llolls:  for ueS, vesS".

By the density of §" in D, n B’ the same inequality prevails for ve D, N B’
and ueS. For ue A we can assume that sgnu = sgn'Kv and find a sequence
u, 7 u such that u,eS, sgnu, =sgnu for u, 0 and |u,| # |4} ae. Then by

the monotone convergence theorem the inequality in question is established
for every ue A, veB’nD,K. n

59.7. Remark. The result of the theorem remains true if o-finiteness of
X, Y is replaced by the hypothesis on 4 and B’ as in 594.

598. Remark. In the case when A « Dy, KA < B and B' c D,,, where
A, B are solid Banach spaces, we have K*|z = ‘K|z where K* is the adjoint
of the transformation K: 4 — B.

6. Compactness of integral transformations

Throughout this section we assume that X and Y are o-finite and we
shall not repeat this hypothesis in each statement.

Various result concerning compactness of integral transformations are
consequences of the following two propositions.

6.1. ProrosITION. Let A be a solid Banach space, A < I°(Y), such that
A, =A" and let K be an integral transformation such that A < Dy,
KAcL(X), L*(X)c=D, and [K|L*(X)=A. Then K: A ~L(X) is
compact.

Proof. Assume that {u,} < 4, |lu,l, < 1. We have to show that {Ku,}
contains a subsequence -convergent in L' (X). Suppose that this is not the
case. By 2.4.3 there is a subsequence {u,} < {u,} such that u, - u in ¢ (4, A)-
topology, for some ueA. The assumptions imply that with u, replaced by
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{u,—u} we have u,—0 in (4, A)-topology and [IKu,|| ,,, >« for some
fixed & > 0. We can find then w,e L*(X), (lw,l| o =1 such that

[Kuywydx =||Ku,|| > «.

We can assume that w,—»w weakly-+ in L[*(X). The hypothesis that
L* =D, implies that k(-, y)e L' (X) for a.e. y and that '‘Kw, — ‘Kw a.e. Since
[[Kw, <|'K||w,] <|'K|1(")eA’ (1(*) denotes the function identically equal
to 1), the dominated convergence theorem 2.3.6 implies that ‘Kw, —'Kw in
A’. Hence we can write

[['Kw,u,dy| = |[(Kw,—'Kw)u,dy+ [ Kwu,dy|
S 'K wp— "KWl 4 [l 4 +|  Kwun dy| —— 0.

On the other hand, since I(l‘Kllw,,]) |ud dy < oo, we can apply the Fubini
theorem to conclude that ['Kw,u,dy = _(w,,Ku,,dea which is a contra-
diction. w

6.1.1. Remark. The conclusion of 6.1 may be false if the hypothesis
that 4’ = A, is omitted.

With X = Y=[0, 1] let {E,} be a sequence of disjoint subsets of [0, 1],
|E] >0 and {¢,} an orthonormal uniformly bounded sequence in I?(0, 1),
e.g. @,(x) =e*™"* Define

k(x,9) =Y @0.(X)1.(»), where g, =y,
n=1

Then j'lk(x, Yldx is in L®(0, 1) which implies that I!(0, 1) =« Dy and
K: L(0, 1)> L0, 1). If u,(y) = [E,| ™" 24 (»), then u,e L, |lu,lf,, = 1 and Ku,
= ¢,. But {¢,} does not contain any subsequence convergent in measure in
particular in I! and K: I! - ! is not compact.

6.2, ProPOSITION. Suppose that |X| < oo, that [*(Y) = Dy, where K is an
integral transformation. Then for every ¢ > O there is a subset X, = X, such
that |X ~ X,| <, KL*(Y)ly, = L°(X,) and K: L*(Y)— L*(X,) is compact.

Proof. The hypothesis [°(Y) < Dy implies that x — k(x,-) defines a
vector valued measurable function with values in I!(Y). There is a sequence
of simple vector valued functions

Iy
kn(xs‘) = ‘Z XIn(x)ﬁn('),

where y,, are characteristic functions of subsets of X, such that ||k,(x,")—
—k(x, ") U—M»O a.e. There exists a set X, = X such that |X ~ X}| <¢/2

such that llk(x, )l 1 € L* (X;), also, by Egorov’s theorem there is X such
that |X ~ X}| <e/2 and |k, (x,")—k(x,")|| Ey—)»o uniformly on X}.

Since “K”me.w(x) = essxupllk(x,-)HLl(Y), it follows that with X, = X n X/,
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u— xx, Ku transforms L°(Y) into L°(X,) and that Xx, K is @ uniform limit of
transformations of finite rank. m

63. We pive some examples of applications of 6.1.

63.1. TueOREM. Let K be an integral transformation and A = Dy be a
solid Banach space such that A, = A'. Then K: A — I°(X) is compact.

Proof. Suppose first that | X| < co. Denote by A4, the closed unit ball in
A. Then the set {|K||u|: ueA,} is convex, bounded in I°(X) and consists of
positive functions. By 2.5.1 we can find for every ¢ > 0 a subset X, < X, |X

. <& and a constant N, such that ||y, KullLl(x) < N, for every ueAd
and it follows that yy K: 4 — L' (X,). 6.1° implies that for every ¢ <0,
xx, KA, is relatively compact in ! (X) and a fortiori in L°(X) Since for every
vel (X), ox(v—xgv) <|X|”'|X ~ E|, it follows that KA, is relatively com-
pact in I(X). If X =UX,, |X,| <o and gy(v) =) 270y, (1), vel’(X),
then for every ¢ we find X, < X, such that y, K4, is relatively compact in

L' (X), and therefore in I?(X), and |X, ~ X,| <e. Let X,, U X.. Then

Ym KA, is relatively compact in I2(X), yxm = xx,, and |X; ~ X |<e for |
=1,...,m Also

ox(0—1mt) S Y 27X, Te+ 27 (X, T+ e

n=1
provided 2™ < ¢ and KA, is relatively compact in I°(X). =

63.2. TueorReM. Let K be an integral transformation and A < I°(Y),
B = I°(X) be solid Banach spaces such that A' = A,, A < Dy and KA = B,.
Then K: A — B is compact if and only if ||xg, Kll4-p 7= 0 for every sequence
E,| © of subsets of X.

Proof. If the image of the unit ball A; of A4 is (relatively) compact in B,
then ||xg, vl s=5 e —— 0 for every sequence E,| @ uniformly with respect to
veKA; which is equivalent to the condition in the statement. Hence the
condition is necessary. The sufficiency follows readily from 6.3 and 2.3.4
applied to KA4,. =

6.33. TueoreM. With K, A, B as in 6.3.2 suppose that |[K|A = B. Then
K: A—B is compact if and only if ||Kyr |l4~p 7= O for every sequence
F,| ® of subsets of Y.

Proof. The result follows from 5.9.8 and 6.3.2 applied to 'K and from
the theorem of Schauder (if necessary, one has to replace B by its closed
subspace B,). =

6.3.4. CorOLLARY. Suppose that A is as in 6.3.2, that KA < I/(X), that
|X| < co and that p > 1. Then for every q such that 1 < q <p, KA < I(X)
and K: A - L7 is compact.

Ty
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Proof. For vel? and Ec X we can write |[yg0l,, < [[v]l,|E|'4™ 17,
which implies that the condition in 6.3.2 is satisfied. m

63.5. CoroLLARY (Hille Tamarkin operators). Suppose that k satisfies the
condition k(x,-)eI? for ae. x and {|k(x, )|’ , dx < oo for some p, q, 1
<p<Low, 1€q<co, where 1/p'+1/p=1. Then K: I’(Y)—-D(X) is
compact.

Proof. By Hélder’s inequality we have

e Kll oo < ([ e, e d)t,
E

which implies that the condition in 6.3.2 is satisfied. m

64. We consider next some consequences of 6.2.

6.4.1. ProposiTiON. Suppose that |X|,|Y| < o and that K is a non-
singular integral transformation. Then for every ¢>0, 6 >0 there exist
X, cX, VY such that |X ~ X,| <, |[Y~ Y| <6 and u—yy K,, 0 is a
compact transformation from L' into L.

Proof. By the hypothesis that K is nonsingular we can find X, c X
such that [ |k(x, y)ldx < ae. and |[X ~ X,| <. Hence there existsY; c Y

s
and a const;nt N, such that |Y ~ Yj] < é/2 and j [k(x, ))| dx N; for ye Yy,

If follows that ‘|K|: L°°(X.) -~ I*(Y)) and by 6.2 there exists Y;c= Yy
such that ueL*(X,) —»'Kuly,e L (Y;) is compact and that |¥j ~ Y| <§/2.
Schauder’s theorem and 59.8 imply that K: L (Y,) —» L' (X,) is compact. =

6.4.2. Suppose that 4 = I°(Y) is a solid Banach space without unfrien-
dly sets. Then there exists a function fe A’ such that f> 0. Then M,: ’(Y)
— I2(Y) defined by M, u = fu is a linear isomorphism of I?(Y). Denote by A,
the image M, A with the norm ||Mfu||A = [lull .. Then (A), =(4,), and if
C c A, is a set with unilormly absolutcly continuous norms, then M, C has
the same property in A;. Also A, c L' (Y).

6.4.3. THEOREM. Let A = I%(Y) be a solid Banach space and K be a
nonsingular integral transformation. Suppose that A < Dy and let C be a
bounded subset of A of functions with uniformly absolutely continuous norms.
Then KC is relatively compact in I°(X).

Proof. Observe first that the continuity of K: A — I°(X) (5.6.1) and the
properties of C imply that for every sequence Y, /Y, |Y,| < oc, the limit
llm Q\'(K(I—yy u) =0 is uniform in ueC. Hence it is sufficient to show

cxnstence of a sequence Y, Y such that for every n the set K/y C is
relatively compact in I7(X). By 6.4.2 we can assume that 4 — [, Usmg o-
finiteness of X, Y and 6.4.1 we find sequences X, 7 X, Y, 7 Y, [X,], |Y,| <
such that for every n, xy L'(Y) < Dg and that for every m=mn, yx Kyy Cis
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relatively compact in ! (X). It follows that for every n, Kyy,C is relatively
compact in [*(X) and that for every ueC, Kyy u= ny u =

6.4.4. ProPoSITION. Suppose that |X|, |Y| < oo, that K is a nonsingular
integral transformation and that 1 < p < 0. Then for every e > Q there exists
X.cX, <Y such that | X ~X,|<e |Y~Y|<e and with k.(x, y)
= xx k(x, ) xv,(y) we have L’(Y) <Dy, K, I!(Y)c I!(X) and K,: I?(Y)
- L”(X) is compact.

Proof. As in 64.1 we find X. c X, Y/ c Y such that j[k x, y)ldx is

bounded on ¥’ and that [X ~ X!| <¢/2 and Y~ Y| <e/2. Then 1, Ky,

= K; has the property that L' (Y) c Dy, and K;: L!'(Y)—~ L'(X). We next

find X,cX., Y,cV, |X.~X, <g |Y’~ Y| <e such that [|k(x, y)dy is
¥

bounded on X, and K, = xx, Kxy,: L*(Y) > L*(X) is compact (6.2). The
result follows then from the “compact interpolation” theorem. m

6.4.5. Remark. In the case when X = Y the sets X, Y, in 64.4 can be
chosen so that X, = Y,.

The same remark is true concerning 6.4.1 with & = 4.

6.4.6. CorOLLARY. Suppose that X = Y is non-atomic and let 1 € p < .
Then there does not exist a nonsingular integral transformation K with the
property that I? < Dy and Klu' identity on IF.

Proof. For a nonsingular K with the above property we could use
6.4.1, 644 or 6.2, depending on whether p=1,1 <p<oc, p=o00, to find a
divisible subset X, « X, 0 < |X,| < o, such that the operator K, with the
kernel ky (x, y) = xx, (x) k(x, ¥) xx, (y) would have the property that I = D,
and K,: I - I is compact. It would follow then that the identity in [f(X)
is compact which is impossible. m '

6.4.7. We say that 0 is a point of Weyl of an (in general unbounded)
transformation T: D(T) = A — B, where A, B are Banach spaces, provided
there is a bounded sequence {u,} = D(T) such that {u,} contains no conver-
gent subsequence and Tu,3 0.

6.48. In the case when A =B = H is a Hilbert space 0 is a point of
Weyl of T if and only if Oea,(T) where ,(T) denotes the left essential
spectrum of T. Moreover, if 0€q,(T), then there exists an orthonormal
sequence {e,} = H such that Te, 0.

649. Oca, (T) if and only if Oec,(T*) where o, denotes the:right
essential spectrum.

6.4.10. TueorREM. If X is non-atomic, if A < I°(Y), B = I?(X) are solid
Banach spaces such that A' = A, and B has no unfriendly sets, if K is a
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nonsingular integral transformation such that A < Dy and KA = B, then O is a
point of Weyl of K*: B* —» A*. In particular, K cannot have a continuous
Inverse.

Proofl. Let X, = X be a divisible subset of X such that 0 <|X,| < oc,
Xxo€B N B and that ued — yyx, Ku is compact from 4 into L' (X,) (see 6.1
and the proof of 6.3.1). We can assume that |X,| = 1. As in 4.7.1 we consider
the sequence of generalized Rademacher functions {r,} on X, extended by 0
to X ~ X,. {r,} does not contain any subsequence convergent in I°(X); on
the other hand by theorem of Riemann-Lebesgue r, » 0 weakly-* in L*(X).
Since (yx, K)*: L — A’ is compact, (xx, K)*r, 7 0. But (xx, K)*r, = K*r,. =

6.4.11. ProrosiTION. If K is an integral transformation X =Y is non-
atomic, I*(X) = Dy and KI2(X) < IZ(X), then O€ea, (K).
Proof. The result follows readily from 6.4.7, 64.8. =

65. ExaMpPLES. A convenient way of constructing a variety of linear
transformations between spaces of measurable functions consists of choosing
two sequences f, e I°(X), g, [°(Y) and a sequence a,, of scalars, and setting
Tt =Y (U, g,,) fr Where (u, g) = fugdy. A “sufficient” condition for T to
be an integral transformation is the convergence in I°(X x Y) of the sum

Z anmj;t(x) Im (y)

65.1. Let g,eI?(0, 1) be an orthonormal complete sequence and let f,
= |E,|"'/? xg, Where |E,| is a sequence of disjoint subsets of [0, 1], |E,| > 0.
Then the sum k(x, y) =) f,(x)g,(y) contains for each x at most one
nonzero term and T= K is an integral operator in I2(0, 1). Evidently T*p
=Y (v,f,)g, and an easy calculation shows that T* Ti = u for every ue % It
follows that T= K is a right inverse of T*, that 0¢¢,(T*) and by 64.9 T* is
not an integral operator. Nevertheless T* is of the form T* —'Kl 2 (see
5.9.6) showing that 6.4.10 does not hold for extensions by cont1nu1ty of
integral transformations. The example also shows that a composition of an
extension to [? of an integral operator with an integral operator need not be
an extension to I? of an integral operator.

65.2. Let {¢,} be an orthonormal sequence in [2(0, 1) and {4,} be any
bounded sequence. Define a diagonal operator TEE(LZ) by setting Tu
=Y (U, ©) @n.

If {,} is complete one can choose {4,} in such a way that the spectrum
a(T) is any given compact subset of C. If {,} is not complete then o(7)
may be any compact set in C containing 0.

Choosing ¢, = |E,| Y2y , where E, is a disjoint sequence of subsets of
[0, 1], |E, > O, it is easily seen that T is an integral operator. We conclude
that for every compact C = C containing O there exists an integral operator
K in I? such that ¢(K)=
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65.3. Let f, = @, where {¢,} is the Haar basis in I?(0, 1), ie. {@.}
= {00, 91, 01, ©3,.... 03,...} where @o=1 ¢} =2"2 in (27"(-1),
27"(i—1/2), ¢l=-2"* in (27"(j~1/2),27"j), @} =0 otherwise, j=1,
2,...,2" and let g,(x) = ™™ Define Tu=) ,(u, g,) @, where A, =2""2%
Then Te #(I?) and A, — 0 implies that T is compact. However T is not an
integral operator. This follows from the following obvious remark.

654. If K: A =Dy —I°(X) where A o I®, then there exists a function
AeI’(X), A =0, such that VYuel®: |Ku(x)| < A ]l

The operator T in 6.5.3 does not satisfy the conclusion of 6.5.3 since
|Tyal = A, Y2 on the set where ¢, # 0. It is possible that T is maybe of the
form T = K'ILZ where K is an integral transformation.

655. Let X =Y=[0,1], f,(x) =|E| ?xg (x) and g, = e?"* where
{E,} is a sequence of disjoint subsets of [0, 1], |[E,| > 0. ) |E,|"* = co. Then
Ku=3(u, g,) f, is an integral operator with the following properties:

(i) PeDg, K: B D, K242 |KIIP eI
(i) 2 ¢ D, .
(iii) g K: 2 =L and K*yxp: I®—>I? are not compact for any
Ec<[0,1], |[El >0.
(iv) For no E ={0, 1], |E| > 0, xg K* can be extended to a bounded
transformation from If to L', 1<p<2.
(v) For every E c [0, 1], |E| > 0, there is a set S < I? of functions with

uniformly absolutely continuous norms such that the [*-norm on KygS is
not uniformly absolutely continuous.

(vi) There is a constant C > 0 such that (|yz K|| = [|[K* xgl| > C for every
v+ E such that |E| > 0.

(vii). (vi) holds true if ||z K|l = llxg K|l 2> is replaced by ||x; Kl e, 2
and ||[K*yg|| is replaced by ||K*xgll,2_,1-

6.5.6. With f, as in 6.5.5 and g, = ¢, where ¢, are Haar functions

lim ||xz Kxgll is not zero.
|E]+|F|~0

7. Miscellaneous results and comments

7.1. Method of Schur.

7.1.1. We consider conditions on a kernel k in order that I = Dy and
|K|IP = I% 1 < p, g < 0o. By 3.3.5 the last inclusion implies the continuity of
|K|: I - I7 and a fortiori of K: I — I4 The formulation of the question
implies that we can assume that k> 0.



42 Notes on integral transformations

712 If 1=gq<p<o then K: IFcDg—-I if and only if
{k(x, pydxeIZ (Y), 1/p+1/p' =L

713. If 1<gg<p=o0o then K: IFcDy—-I if and only if
[k(x, y)dye L.

714. If p=1, g =00 then K: I/ - I/ if and only if

If [k (e, yyu(y)v(x)dxdy| < Cllull 1 lIol 1.

In the case when X =R", Y= R™ this is equivalent to keL®(R"x R™).

7.1.5. Let A = I°(Y), B < I’(X) be solid Banach spaces. Then 4 = Dy
and K: A—- B if and only if

J(Jk(x, pyu(y)dy)v(x)dx < oo for every ued, veB, u, v=0 ae.

7.1.6. THEOREM. Suppose that 1 < g < p< oo and that k =k(x, y) = 0.
Then I? c Dy and KIP < I% if and only if there exist functions @eI’(Y),
Yel’(X), o, ¥ >0 ae. and there exists a constant C > 0 such that

(i) Ko < Cy7™s,

(i) 'Ky < Co®* and

(i) [[k(x, ») @)Y (x)dxdy < C.

In the case when p = q (iii) is to be omitted.

Proof. Sufficiency. If (i), (ii), (i) are satisfied then for ue I?, ve [¥ we
can write:

jkuv dx = “'kl/”lﬁ””(p' ue' yltie (pl/q’ W Yapkti- Upyytia=1lp plia=1ip gy dx

and applying Holder’s inequality with the exponents p, q', (1/g—1/p)~' we
get

o dx < (Ko™ u2 dy) ([ Koy~ 107 )W (] [ ko dx dy)ie™
< Clull ol -

The sufficiency follows from 7.1.5.
The proof of necessity is based on the following lemma.

LemMa. Let B be a Banach space and let P = B be a convex cone which
is strictly convex at the origin (i.e. au; +fu; =0, uy, u;eP,a, 20, a+p=1
imply u; =u, =0) and let S: P— P be a continuous mapping. Assume the
Jollowing conditions:

() If {u,} =P, if upyy—u,eP and if ||u)| <M for n=1,2,..., then
there exists ue P such that u, i
(i) For u, ve P, such that u—veP we have Su—SveP.

(iii) If |lull <1 and if ueP, then ||Sul| < 1.
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Then for every o >0 there exists ue P such that (1+0)u—SueP and
0 <yl <1.

Proof of the lemma. Let u;eP, 0 <|juy|| <(14+0)"'c and -let u,
=u,+(1+06)"*Su,_;; n=2,3,... Then
lall < Mgl +(1+0) ™ISy 4l S(140)" o +(1+0) " ISu,- ||

and [[u,)| <1forn=1,2,... Also u,y, —u, =(1+0)" " (Su,—Su,-,) and u, —
—u; =(1+0)"!Su, € P which implies that u,,, —u,€P for all n. It follows
from (i) that u, pueP. Since S is continuous, u =u; +(1+0)”'Su and

(1+o)u—Su=(1+0), ueP. If u=0, then (1+0)u,; +Su=0 and strict
convexity of P at 0 implies that u, = 0 contrary to the choice of u,. Hence
u#0. m

Proof of necessity of 7.1.6. Let B=1I", P = {uel’”: u>0}, and
define § by the formula

Su = (|K||"* ['Kvg+C ™ K (g +(1+0)~ L )]y

where ||K|| =[IKl},;_,q uer’(Y) lluoll ;p < ( 1+0) ‘o, ug>0 ae, voelf,
vo >0 ae, |lvoll, S(]|K||+s) ¢ where for ¢ >0 o is so chosen that
K]l (1 +0)2””‘ < ||K||+6 =

By inspection, S: P — P and S is continuous, by the monotone conver-
gence theorem P satisfies (i). Also Suz Sv if u> v and S satisfies (ii). If
llull,, < 1, then

lug+(1+0)  ull , <(1+0) " ' +(1+0) o =1,
|C™" K (uo+(1+0) " u))| o < IKI(IKI +6) 7}
and it follows that S satisfies (iii).

By the lemma we find ue?, 0 < [|u]| < 1 such that Su < (1+0c)u. Let ¢
=uy+(1+0) tuell, Yy =(vo+C 1 K@)*%. Then

pelr, loll,<1, yel, [l <1
and

Ko <y, 'Ky <|IK|I((1+0)uf <IK|[(1+0)*" @?F
and
[fk(x, o ¢ () dxdy = [Ko(x)§(x)dx < [IK]|
and (i), (i), (iii) follow with C =||K||+¢, €>0. =m

7.1.7. CoroLLARY. Suppose that k(x,y)>0, that I? < Dy, and that
K(L?) = I* where p>q=1. Then K: L? = L' is compact.

Proof. It suffices to show (see 6.3.2) that |lxg Kl ,_,,—0 for every
sequence E, = X, E, \ @. With ¢ and y as in 7.1.6 we can write
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e, Kl p_po < (['Kip~ 2" dy)'/? ([ Koy =71 dx) ' (f [ xg, koo dxdy)*ia™ 1P

and the last factor converges to 0 for every sequence E, | Q. u
It is natural to conjecture that 7.1.7 remains valid without the hy-

pothesis that k = 0.

7.2. Integral operators in 7.
7.21. Let A ¢ I°(Y), B = I°(X) be Banach spaces of measurable func-

tions and let K be an integral transformation. Define Dy ,p=
{ueAnDg: KueB) and the corresponding transformation K, p: 4N Dg
— B; we will omit the subscripts A4, B in instances when their meaning is
clear.

Similarly we can define Dy , 5 = {uc A nDg: RueB).

There are following possibilities, which we formulate in the case of K;
the formulation in the case of K is similar.

(a) A =« Dg, KA < B; this case is taken care of by 3.3.5, and in the case
of Dy by 5.6.3 provided 4 is solid.

(b) Dg,4p is closed in A. Then K: Dg ,pnA— B is an unbounded
transformation which is closed. In fact, if u,€Dg 45, 4, 3 % Ku, 5 v, then
u€Dg 4p. As in 5.6.3 the inclusion Dy 4 5 = Dy is continuous and K: Dy 4 p
- I?(X) is continuous. It follows that Ku, — Ku and Ku = v.

(¢) Neither (a) nor (b) is satisfied. In this case nothing of interest can be
said without additional assumptions about K, 4 and B.

7.2.2. We consider the case when X = Y is non-atomic and A = B = I2.
Then by 64.9 Oeo,.(K).

THEOREM. Let Te #(I?) and suppose that 0€a,(T). Then there exists a
unitary operator U: I* —» I? such that U* TU is an integral operator with a
Carleman kernel.

We recall that k(x, y) is a Carleman kernel if jlk(x, y)|*dy < oo a.e.

7.23. An operator Te #(I?) is strongly integral if for every unitary
operator U, U* TU is an integral operator as in 7.2.1(a).

THEOREM. An operator K is strongly integral if and only if K is an
integral operator with a kernel satisfying the condition of Hilbert—Schmidt
[[1k(x, p)*dxdy < co.

7.24. If K is an integral transformation with a Carleman kernel, then it
is easy to see that I?c Dy and that with Dy, = {uel?: Kuel?},
K: Dy, =2 I? is a closed operator. Indeed, by 3.3.5, K: 2~ 1I° is
continuous and if u, 3 Ku, 30 then Ku,, -2 Ku and it follows that v = Ku
and that ueDyg,.
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It is easy to construct examples of Carleman operators K such that Dy,
is not dense in IZ -

7.25. If K is an integral operator such that ‘K is a Carleman operator,
ie. [lk(x, y)*dx < oo ae. then Dy, is dense in I? however K need not be
closed.

7.2.6. An integral transformation K is bi-Carleman if both K and 'K are
Carleman operators. It follows from 7.24, 7.2.5 that if K is a bi-Carleman
transformation then K* is densely defined and (K*)* = K.

PropositioN. If K is a bi-Carleman transformation and Y is non-atomic
then 0 is a Weyl point of K: Dg, = I2(Y) - I2(X).

Proof. Since [Jk(x, y)|?dx < oo a.e. there exists F = Y, 0 < |F| < o0 and
a constant M > 0 such that F is divisible and that [|k(x, y)I?’dx< M on F.

"We may assume that |[F| = 1. It follows that

“:llk(x, y)] dy]zdx < (j(_[lk(x, y)lz dx)l/z dy)z <M

F

and that for every ue’(Y) such that |u| < yr we have ueDg; = Dy, and
|Kul < K] xe-

If {r,} is the sequence of generalized Rademacher functions on F,
extended by O outside F, then {r,} c Dy, and the hypothesis [|k(x, y)|*dy
< oo ae. implies that Kr,(x) ——= 0 a.. Since |Kr,| < |K|xreI? the domi-

n—ao

nated convergence theorems allows us to conclude that Kr, 7o 0. u

7.2.7. CoroLLArY, If X =Y is non-atomic and K is a bi-Carleman oper-
ator then Oeo (K, ;) N0 (K, ;_,2)

Proof. The statement follows directly from 6.4.7.

7.28. Remark. If K: Dy, c I?(X) » I>(X) is a bi-Carleman operator,
then K*K is a self-adjoint operator in I?(X). On the other hand, the
inequality of Cauchy-Schwartz implies that k,(x, y) = [k(z, X)k(z, y)dz is
well defined and an argument used in the proof of the proposition above can
be used to show that the integral operator K, is nonsingular.

It would be of interest to explain the relation between the operator
K* K and the operator K,. It is natural to expect that D(K*K) < 51(1 and
that K*K = K,|pxk)-

7.29. An answer to the question in 7.2.8 is likely to imply that
Oeo,. (K*K). Note that the latter property would imply Proposition 7.2.6;
indeed, if {¢,} = D(K*K) is an orthonormal sequence (see 6.4.6) such that
K* K¢"30’ then (K*Ko,, ¢,) ==z 0 and ||Ko,|| == 0.

n—w
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2.2. The topology in I°(X) considered here is weaker and the space is
larger than those introduced in [DS]. The idea of considering measure
spaces which need not be o-finite is taken from [Sz1].

2.3.1 is due to Luxemburg (lecture notes, unpublished) in the case of o-
finite spaces. The proof given here is taken from [Sz2].

2.3.3. The notion of unfriendly sets is one to Luxemburg and Zaanen in
the case of solid spaces, see [LZ 1] for references. The proposition is taken
from [ASz].

234, 23.5, 23.6 are due to Luxemburg and Zaanen [LZ2].

2.5.1 is due to Maurey [M]; the proof given here is based on an idea of
Nikifyn [N]; for the minimax theorem of Ky-Fan see [KF].

3. The material here is an elaboration of § 4 of [ASz]. The first version
of 3.3.5 appeared in [B], a similar result was obtained by Gribanov [Gr], see
also [K] and [HS]. It was observed by Mr Boukhalfa that the result of [Gr]
is a consequence of 3.3.5.

4 is taken from §5 of [ASz].

5. The material here is taken essentially from §9 of [ASz], with
modifications needed to accomodate measure spaces which need not be o-
finite. The material concerning P ([f)-spaces in 5.8.2 can be found in [BD 1],
[BD 2]. 5.8.3 was proved in [Sz3] in the case when G is compactly generated
and in [BD 2], in the general case. The proof given here is an elaboration of
[Sz1].

584 is taken from [Sz3]. Extension of integral transformations are
treated in [K] under the name of partly integral transformations.

6 is taken from [K]. 6.3.2 is due to [LZ2] where more restrictive
hypotheses on k are imposed. For 6.3.4 with p =g = 2 see [HS]. For 64.3
see [Ga2], [Sh]. 64.5 with D, replaced by Dy can be found in [K] and
[HS] which also see for information concerning the essential spectra. The
composition of two integral operators in I need be an integral operator, see
[HS]. The condition in 6.5.4 characterizes integral transformations, see [Bu],
[Sc].

7.1.6. The sufficiency of the conditions here gives rise to the so-called
method of Schur [HS]. For necessity (and the proof given here as well as for
references see [Gal] and also [Ka]. Note that by an appropriate choice of
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pel? and yel” it is possible to estimate K|l 5 ¢ as closely as desired.
However it may be impossible to compute the norm ||K]| ,_,, exactly in this
way, see [Ga 2]. The references for 7.2 are [K] and [HS]—7.2.2 and 7.2.3
are taken from there. The problem of spectral description of integral oper-
ators in I? dates back to [V]. For 7.2.6, 7.2.7 in the case of bounded
operators in I* see [K]. In connection with 7.2.9 see also Th. 1I. 4.10 in [K].

A wealth of examples of integral transformations is to be found in
[KZPS], [J], (HLP].
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