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INTRODUCTION

The theory of approximation deals with the properties of approxima-
tion of functions from a given space by functions of a more special na-
ture; the last ones form, as a rule, a linear subspace of the original space.
Introducing various metrics in our space, hence obtaining various errors
of approximation, we get different types of approximation, the uniform
one being among them.

In the clasgical approach to the theory of uniform approximation,
the space of approximated functions is the set %y of real functions of
one variable, continuous on a closed set ¥, and the subspace #°, of
approximating funections consists of polynomials of the degree not exceed-
ing ». The error of approximation of the function £¢ %5 by the polynomial
me# , 18 defined as I?Iz:x @) — w(P)].

The basic concepts of the theory of uniform approximation are:
1. the n-th best polynomial w,; for the function £ on the set F,

2. the n-th error ¢,(£; F) of the best approximation of the function
& on the set F,

3. the (n, F')-points of the function &.
The polynomial w,re # ", is defined as

max|&(t) — w,r(t)| = Inf max|&(l)— w(t).
teF weWy teF

The error ¢,(£; F) is, by definition, equal to max |£(t)— w,x(t)|, and
teF

an (n, #)-point of the funetion £ is an arbitrary point ueF for which
|E(u) — w0 (0)] = &,(&; F). A large class of theorems is proved only in
the special case when F is a closed interval I, or a finite set.

While writing this paper I had in mind mainly the applications of
the theory of uniform approximation to the computational practice.
These applications appear especially often since electronic computers
were invented. For that reason I restrict myself to the description of
problems which are more or less closely connected with applications
mentioned above. In the subtitle of the first part I called these problems
non-asymptotic, in order to distinguish them from problems which, up
to the present date, formed the main direction of the development of
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the theory of uniform approximation. This branch of the theory deals
with relations between the structural properties of function & and the
behaviour of the terms of sequences {e¢,({; F)} and {w,r} a8 m — oco.

In an effort to achieve a sort of self-sufficiency of the paper, I have
included in it the basic and at the same time classical, theorems of those
who created the theory of uniform approximation —Chebyshev, de la
Vallée Poussin, Bernstein and others. I have also used the more recent
papers of other authors and my own papers dealing with the same topic
(the list of references appears at the end of this paper). However, numerous
theorems, mainly from Chapters III and IV, are published here for the
first time. The known theorems are supplied with the bibliographic re-
ferences. Sometimes, however, it has not been possible, because it is now
difficult to establish who is the author of some of the most obvious theo-
rems, as in §§ 1 and 4.

Now we shall briefly discuss the content of the first part of the present
paper. The first chapter deals with the basic properties of the best poly-
nomials; these results are in general, classical. The only exceptions are
the theorems of Hornecker from §2.4 concerning the approximation
of certain rational functions, and theorems from § 3 concerning the pairs
of best polynomials; the last results have been published in [22].

The second chapter delas with the various estimations of the error
of approximation. The theorem of de la Vallée Poussin (§ 5) makes use
of the specific properties of the best approximation by polynomials from
the class ¥, on the (n- 2)-point sets. Some conclusions from this theorem
are taken from paper [25] (they have been proved there in a slightly
different way). § 6 contains the estimate of the error ¢,(&; I) for functions
which are differentiable many times, and § 7 contains the estimates of
the error ¢,,,(&; I) which depends upon the properties of the n-th best
polynomial; the last results are based on papers [26] and [27]. In § &
are discussed the advantages which follow from the investigation of
how the error ¢,(£; /') depends upon the set F.

In the third chapter using two different methods we investigate the
distribution of the (n, I)-points in the interval I. The results obtained
there may be of certain practical use, which will be explained in the
second part of this paper. Except for one theorem of Bernstein, all the
results of this chapter seem to be new. In § 9 we discuss in moren detail
a method which is presented without proof in [23] and which is based
upon a certain theorem from the theory of polynomials, proved in [19].
This method gives the estimate of (n, I)-points of funetion &, which
depends upon the value of the ratio e,,,(£; I)/e,(&; I). The starting
point of the second method, whose particular case has been described in
[247], is the theorem of Bernstein, previously mentioned. It gives the



Introduoction 5

estimate of (n, I)-points of functions which are differentiable many
times. This method is described in §§ 11 and 12. § 10 gives the auxil-
iary lemmas.

The fourth chapter contains the theory of selected methods of com-
puting polynomilas which approximate a given function with a suffi-
ciently small error. The most widely used method of computing the best
polynomials is so-called second algorithm of Remez (§ 15), modified and
enlarged by many authors (§ 16). Since this method is also rather compli-
cated, we often use instead (§ 13) a polynomial, which is not the best
one, but does not differ much from it. In § 14 we discuss more special
methods. One of them, published here for the first time, has allowed us
to find the numerical values of the coefficients of the Zolotarev poly-
nomials. These polynomials are the natural (and important for practice)
generalization of the well-known Chebyshev polynomials.

The second part of the paper will appear some months after the
first, under the subtitle Computational practice (of the uniform approx-
imation). For the convenience of those readers who are interested
in the theory of approximation from the practical point of view
only, we shall briefly present in the second part the theorems and
concepts from the first part. The description of the practical usage of
these notions and theorems (the numerical methods of chapter IV, in
particular) will be illustrated by many numerical examples. The second
part will also contain numerous tables for using particular theorems
or methods, as for instance, the tables of coefficients a,,, f,, and g,.
(§ 5), which allow us to compute the errors of the best approximation,
and the tables of numbers ¢,;, (§ 9) and ¢, (s) (§ 12) connected with the
estimates of (n, I)-points and the tables of coefficients of Zolotarev
polynomials (§ 14). Most of these tables have been computed on the
electronic digital computer of the Computational Centre at Moscow
University. For the possibility of performing these computations I am
greatly indebted to Professor I.S. Berezin, Director of this Centre.



CHAPTER 1

BASIC PROPERTIES OF THE BEST POLYNOMIALS

1. Existence, uniqueness and the characteristic properties of the best
polynomials. Most of the theorems presented in this paper concern the
approximation of continuous functions by polynomials in a closed in-
terval; nevertheless, in the present section we shall consider the problem
from a more general view point. We shall need the basic properties of
the approximation not only in the closed interval, but in general, in
an arbitrary closed set.

1.1. Let ¢ denote the class of all real functions of one variable,
continuous on a certain closed set F. Let the norm be defined as

(1) I€llr = max |E())] (<€) (V).
teF

Let #°,, where » is a non-negative integer, denote the class of al-
gebraic polynomials with real coefficients, when the order does not exceed
n. Finally, let

(2) & (&5 F) = inf IE—ollp.
we¥ )

The number ¢,(&; F) will be called the n-th error of approzimation
of a function £ on the set F, or, more precisely, the error of approximation
of a funection ¢ by the polynomials of the class %, on the set F. The
name is justified by the following Theorem 1:1, which states that for
the given function &, given x, and given set F, there exists a polynomial
wppeW , such that |§— w,rl|lr = &,(&; F). This polynomial, which approx-
imates the function & in the best possible way in the sense of the norm
(1) from among all polynomials of the class #°,, will be called the n-th
best polynomial for the function & on the set F.

1.2. It follows from the definition of the n-th error of the best approx-
imation, and from the definition of n-th best polymomial, that both

(*) Throughout the paper we shall denote the real numbers by small Latin
letters; sets of numbers and their systems by capital Latin letters; functions of a real
variable by small Greek letters, and the classes of functions by Latin script letters.
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of these concepts depend upon: 1. the function ¢ which is approximated;
2. the number » which gives the restriction on the degree of the approx-
imating polynomial; 3. the set F' on which the function & is approxi-
mated. Most of the theorems of the theory of approximation deal with the
concepts introduced above, and the related concepts for the case of
two parameters: the function & and the number ». In many cases this
allows us to use the symbols ¢,(£) and w, instead of ¢,(&; F) and w,z.

Concerning the relation of ¢,(¢; F) and w,r with the set F we now
restrict ourselves to the remark, that if the set F consists of at most
n-+1 points, then any real function defined on this set is identical with
a polynomial of the class #7,, which can be determined from one of the
known interpolation formulae. For such sets the problem of the best
approximation is a trivial one; the n-th error of the best approximation
of any function £¢%r is equal to zero, and the n-th best polynomial for
this funection is identically equal to this function on the set F. To exclude
thig trivial case we shall assume throughout, that the set ¥, on which
we consider our problem of approximation, contains at least »+ 2 points.

1.3. We shall start the systematic investigation of properties of the
best polynomials (the content of the first chapter) from the proof of
their existence.

THEOREM 1:1 (Borel [5], p. 84). For any closed set F, any funclion
EeCp, and any integer n, there exists the n-th best polynomial for the function
& on the set F.

Proof. For n+1 fixed and distinet points a,, a,, ..., s, of the set
F let us consider the class %, of polynomials we¥# ,, which satisfy the
inequality |w(a;)| < ||€llr+ n(&; F)+1 (E=0,1,...,7n). The class #7,
i8 non-empty, by definition (2), since it contains the set of those poly-
nomials for which || — w|lp < &,(&; F)+ 1. It follows from the last remark,
that when computing the lower bound (2) we may restriet our conside-
rations to the polynomials from the class %7, that is:

(3) £,(6; F) = inf ||§—wlF.

@ ay’;.

If we interpret the values of the polynomial at the points a,, a,, ..., a,
as the coordinates of a point in the (n 4 1)-dimensional Euclidean space,
we can consider the one-to-one correspondence between the polynomials
of the olass ¥, and the points (29, #,, ..., 2,) of an (n+ 1)-dimensional
cube such that

(4) 2] < lléllp+ea(és F)+1  (B=0,1,...,0).

Applying the lLagrange interpolation formula we can, for an arbitrary
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we ¥, represent the norm [[{— |y in the form

I — wlly = max |£(t)— (b)) = max|é()— 3 A(t)a),
tsF teF k=0 '
where

t—a,-
Ak= y mk=ﬂ)(ak) (k=0,1,...,"/).

a— G;
im0k £ %

It is easy to see that this norm is a continuous function of parameters
z, and achieves its minimum in the cube (4). Thus there exists a poly-
nomial «*e#’; such that

1€ — @*|ly = min ||§ — o||x-
waf;

In virtue of (3), it is the n-th best polynomial for the function ¢,
whose existence was to be proved.

1.4. The following theorem, which gives the characteristic properties
fo the best polynomials is the basic tool of the whole theory of the uniform
approximation. The formulation of these properties, due to Chebyshev,
gave rise to the existence of this theory.

THEOREM 1:2 (Chebyshev, [8], p.160 and Borel, [5], p. 86-88).
The polynomial we W, i3 the n-th best polynomial for the function £e¢€r on
the set F if and only if there ewist n-+2 potnis uq, Uy, ..., U, ., (where
Ug < Uy < oo < Upyyy UpeF, & =0,1,...,n+1) such that

1) E(ur)—w(um)| = [§—ollr (k=0,1,...,n+1),

(ii) the numbers (—1)*(&(u)— w(uy)) have the common sign for
k=0,1,...,n4+1 ().

Thus the form of the difference between the polynomial and a given
function determines umniquely whether the polynomial is the =n-th best
polynomial for the given function.

Proof. Let us first consider the case where the function £ is a poly-
nomial of the class #°, on the set F. Then this function is the n-th best
polynomial for itself, and this polynomial satisfies the conditions (i)
and (ii) independently of the points w,, u;,..., %y, from the set F.
On the other hand, if a polynomial we¥ , satisfies the conditions (i)
and (ii), it is identical with the function &. In fact, let us suppose the
converse, i.e. that ||{— w|z > 0. Let ¢ denote a polynomial of the class
¥, identical with the function £ on the set ¥. By (ii) the difference ¢ — w,

(" That is, they are all positive, all negative, or all equal to zero.
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which is also a polynomial from the class #°,, changes its sign at least
n-+1 times: between the points %, and u,, between the points u«, and
Uy, ..., and between the points u, and u,.,. It follows, however, that
the difference ¢ — w is identically zero, which contradicts the inequality
1§ — olly > 0.

Let us notice that in the case £e¢%#’, we have in fact proved the uni-
queness of n-th best polynomial (generally it will be done in the form
of a separate theorem). The =»-th best polynomial coincides with this
function, or, more precisely, with its polynomial extension over the
whole real axis.

Suppose now that £¢# ,. In this case for an arbitrary polynomial
weW, we have ||{— w|yr >0 and condition (ii) may be formulated in
the following way: (ii) the numbers &(u,)— w(u,), &(u,)— w(%,),...,
E(Uy 1) — w(u,,,) are positive and negative alternately.

I. First we shall prove the sufficiency of conditions (i) and (ii). Sup-
pose, conversely, that the polynomial o satisfying these conditions is
not the n-th best polynomial on the set F'; i.e. there exists a polynomial
w* e W, such that

(5) 1E— ¥l < [|E— ol
It follows from this inequality and from condition (i) that
16 (1) — 0* ()] < 16— 0l < [i§— ollr = 1&(ug) — o (uy)]
(k=0,1,...,n+1).

At the points u,, ,, ..., 4, ., the polynomial o*—w = ({—w)—({— w*)
from the class #°, has the same sign as the difference £— w and hence
is positive and negative alternately. This means that the polynomial
o*— o has at least n4 1 distinct zeros, thus it is identically zero. This,
however, contradicts the inequality (5), which arose from the assump-
tion that conditions (i) and (ii) are not sufficient.

IT. The proof of the necessity of conditions (i) and (ii) is slightly more
complicated. Let the polynomial w,r be the n-th best polynomial for the
function £ on the set F. Suppose that there exist m < » - 2 points ¥, < %,
< oo < Uy_, of the set F which satisfy conditions (i) and (ii) (at least
one such point exists; it is the point at which the function |[&— w,p|
achieves its maximum on the set F'), and there are no m+ 1 points with
these properties. We shall prove that if this assumption were true, there
would exist a polynomial w* which approximates the function & better
than the polynomial w,r, which would lead to a contradiction, in virtue
of the definition of the polynomial w,p.

The assumption expressed above implies that between the points
#; and w;,, one cannot find two points «; and %, , from the set F
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(uf < ui,,), at which the function £— w,;, would achieve the same ex-
tremal values, as at the points u;,, and «;. Similarly, on the left from
the point u, there is no point «*;; on the right from the point u,,_, there
is no point w;_,, at which the function ¢é— w,r would have the same
absolute value, and a different sign, as at the points «, and «,,_,, respec-
tively. In fact, if such points (denoted by starred #’s) do exist, we could
extend the system of points u,, %,,...,%,_,, adding these points, in
contradiction to the assumption that it is impossible. Thus we can find
the disjoint closed intervals I,,I,,...,I,_, which contain in their in-
teriors the points wgy, %y, ..., %,_,, and have the properties:

(Q,) If at the point u; the difference {— w,; achieves its maximal
value equal to ¢,(£; F), then at no point of the closed set F ~ I, does
it achieve its minimal value, equal to —¢,(&; F); if at the point w, this
difference achieves its minimal value equal to —e¢,(&; F), then at no
point of the set F ~ I, does it achieve its maximal value equal to ¢,(&; F);

m-—1
(Q,) At no point of the closed set ¥,—= F — ) Int I, does the function
k=0
|& — w,x| achieve its maximal value e,(&; F').
We assume, not restricting the generality, that the difference & — w,z
is positive at the point u,. Thus we have
(6) sign (& () — war () = (—1°  (k=10,1,...,m—1)

and the property (Q,) can be formulated in the following way:

(Q,) There exists a positive number g such that for te F ~ I, we have
the inequalities
—&u (&5 F)+9 < (1) — wpr(t) < eu(§5 F) (k even),

7
( ) '—e'll(&; F) < f(t)—wnF(t) < an(E;F)_g (k Odd)

Decreasing the number ¢ if necessary (keeping it positive, however),
we can obtain, besides two inequalities (7), also the inequality

”'5— wnF”FO < sn(E; F)—g

which follows from the property (£,).
Let o(t) = 1 if m = 1 and let

oit) =[] (e—1),
k=1

where ¢; is any point between the intervals I)_, and I, for m > 1. Let
us also denote f = g/2|jollz. We notice eagily that the polynomial ¢ be-
longs to the class %, and that its sign, which changes only at the points
€1y Cgy .-y € 1, 18 identical with the sign of the number &(u;)— (%)
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in the interval I, (k =0,1,...,m—1) (assumption (6) is believed to
hold).

Let us consider the polynomial o* = w,r+fe from the class #,.
If teF,, then

1£() — 0" ()| < 16() — @up (B)] + flo() < 16— wnrllr, + fllolir, < ea (€5 F)—1g.
If tel, and k is even, we have
E(t)— w*(t) = £()— wr(t)—Flo ()|
< 1€ — waplly, —fmin|e(2)|
tely,
< (€5 F)—fn}cinminle(t)i < e (&5 F)

'ﬁ’k
and, by (7):

E()— w*(t) = —en(é; F)+g—fllolir, = —en(&; F)+ 49;

analogous results may be obtained for odd k.
It follows from all these inequalities that

16— o*llr < e.(&; F),

which contradicts the definition of the number ¢,(&; #) and, therefore,
proves the mnecessity of conditions (i) and (ii).

1.5. We shall complete the exposition of the most important pro-
perties of best polynomials, proving their uniqueness.

THEOREM 1:3 (Borel, [5], p. 85). For any closed set F, any function
teCr and for any non-negative integer m there is ewactly one n-th best poly-
nomial for the fumolion & on the set F.

Proof ([34], p. 77-78). We have already proved this theorem for
functions & such that e,(&; F) = 0. Let us suppose that ¢,(&; F) >0
and suppose that w,r and o,y are two best polynomials for the function
&, The same property is true for their arithmetical mean since by the
triangle inequality for the norm (1) we get

16— $(war+ onp)lr = H(é— wur)+ (§— wnp)lr < ea(é; F).

From Theorem 1:2 applied to =-th best polynomial 3}(w.r+ ony)
follows the existence of points ug, %y, ..., u,., (Withu, < u, <... < U,
upel, k =0,1,...,n+1) such that

(8) 1€ (ug) — Hwnp () + onp(we))] = e,(& F) (K =0,1,...,n}1).
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To prove Theorem 1:3 it suffices to show that for k =0,1,...,n41
we have

(9)  &(ux)— wor(ug) = E(u) — opp(ug) =
= E(up) — 3 war(ux) + 0hp(ur)) = +ea(&; F),

since it would then follow that w,r = wip.
Suppose the contrary of formula (9); i.e. that we have the inequality
16 () — wpp (uy)] < €,(€; F). It leads immediately to the contradiction:

en(€; F) = 3|(&(wr) — wnp(ur))+ (& () — wnp ()
< 46 (&5 F)+ 3e, (65 F).

The inequality |&(u)— wnr(%:)| < &,(&; F) cannot hold either; we
have therefore proved that the differences £(u;)— w,r(%;) and &(u,)—
— wpp(u;) have a common absolute value, equal to e,(&; F). Now it
suffices to note that these differences have also a common sign. Other-
wigse the left-hand side of (8) would have been zero, which would
contradict the assumption ¢,(&; F) > 0.

1.6. Having proved that the n-th best polynomial for the funetion
£ on the set F exists and is uniquely determined by three parameters
(¢, » and F) we may introduce some new concepts and notations. We
shall denote the relation between the function £ and its n-th best poly-
nomial w,r by the symbol [&, n, F | w,r]-

Any point of the set F at which the function |£— w,p| achieves its
maximal value ¢,(£; F) will be called the (n, F)-point of the function &.
We shall specify this definition further, aceording to the sign of the dif-
ference at this point. If £(u) — w,r(%) = &,(&; F), we shall eall the (n, F)-
point u the (n, 4+, F)-point of function £, and if &(u) — w,p(u#) = —&,(&; F)
we shall call it the (n, —, F)-point of function ¢.

In all notations introduced we shall consequently omit the symbol F,
except the cases for which it may be misleading.

Applying the notation of (n, F)-points, we may reformulate the “ne-
cessity” part of Theorem 1:2 as follows:

THEOREM 1:4. For any closed set F, any funclion Ee€p and any non-
negative integer n there exist at least n--2 (n, F)-poinis of the function &,
such that when we arrange them according to thetr magnitude, they become
alternately the (n, +, F)-poinis and (n, —, F)-poinis.

We stress the fact that the number of (n, F)-points is restricted by
Theorem 1:4 only from below. If there are more than n+42 (n, F)-points
satisfying the assertion of the theorem, we have the following important
oconsequences concerning the n-th best polynomial of a given funection.
Namely, we have
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THEOREM 1:5. Let [&,p, F | wyr) for p =n,n+1,... The equation
Wpp = Opp 1 F = ... = Op myp Where m =1 holds if and only if there
exist n+m—+2 (n, F)-points of function & which are (after being arranged
according to their magnitude) alternately the (n, +, F)-points and (n, —, F)-
points.

Proof. The polynomial w,r belongs not only to the class #°,, but
algo to the classes # 7, .y, ..., ¥, m. If such points exist, then by Theo-
rem 1:2 it is also the (n+1)-st, ..., (n+ m)-th best polynon‘u'a.l for func-
tion £, and from Theorem 1:3 it follows that w,r = w15 =... = Wy m p-
If, conversely, the last equation holds, the n4+m-+2 (n-+m, F)-points,
which exist by Theorem 1:4 are, at the same time, the (n, F)-points
of function &, which was to be proved.

Until now we have investigated the properties of the best polymo-
mial for a fixed, though arbitrary, function. It is natural to ask how such
a polynomial changes when we change the function which determines it.
This problem has not yet been solved completely, and our knowledge
of the solution cannot be stated in one theorem. In this, introductory
chapter, we shall mention only the simplest facts concerning the case.

It is known that if we change the metric which determines our best
polynomial into the mean gquare metric #?, then the n-th best polynomial
would depend linearly upon the function approximated. In the theory
of uniform approximation this fact, important for applications, is no
longer true, and gemerally, from the relations [&,n, F | w,r] and [7,n,
F| y,r] it does not follow that [é+9,n, F | w,p+ v.r]. Nevertheless,
one can notice some particular features of the linear dependence of the
best polynomial from the function approximated in the theory considered
in here as may be seen from Theorems 1:6 and 1:7.

THEOREM 1:6. If [&,n, Flw,r] then [c&,n, Flcw,r] for any number c.

THEOREM 1:7. If [£,n, P | w,pland geW ,,then [E+ @, n, F | w,p+ ).

Both theorems follow directly from the characteristic properties of
best polynomials as presented in Theorem 1:2. Thus, for instance, Theo-
rem 1:7 follows from the fact that ({4 ¢)—(wur+9) = é— w,p, ie.
that the difference between function £+ ¢ and the polynomial w,p+ ¢
from the class %, satisfies all those conditions of Theorem 1:2 which
determine the form of the difference between the function and its n-th
best polynomial.

THEOREM 1:8. If the set F* can be transformed tnto F by formula
t = at*+ b (teF), if for some function £c€r we have [E,n, F | w,p], and
if E*(1*) = &(at*4-b) then [£*, n, F* | wnps], where wnpx(t*) = w,p(at*+b).

This theorem becomes quite obvious if we notice that &*(t*)— wyp«(t*)
= £(at*+b)— w,p(at* +b) = E()— w,p(t) and that the properties of the
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difference &— w,» on the set F which concern its extremal values hold
also for the difference £*— w)z+« on the set F*.

The importance of this theorem follows from the fact that most of
the theorems of the theory of approximation have their simplest form
for certain particular sets, for instance the interval (—1, 1).

The last theorem of § 1 will be proved only for the case of sets # which
are symmetric with respect to a certain point a (which implies that for
every t the ‘relations a-t+teF and a—teF are equivalent), hence it is
particularly so for all closed intervals and all discrete sets which have
the same distance between every pair of consecutive points.

THEOREM 1:9. If the set F 18 symmetric with respect to the point a and
if the function £e¢€r 18 an even function (or an odd function, respectively)
with respect to the point a, i.e. if

Ela+1t) = E(a—t) for a-+tteF

(or &(a+1t) = —&(a—1) for a+teF, respectively), then for an even (or
ndd, respectively) number n we have the equation ’

Wpp = Wpyy 7y where [§,n, F | opr], [, 0+ 1, F | Oy 11, F)

and the polynomial w,r i8 even (or odd, respectively) with respect to the
point a.

From Theorem 1:9 it follows, in particular, that for a = 0 and
F = (—b,b) the polynomial w,, ,p,, which is the best polynomial
for an even (or odd) function in the usual sense of this word, containg
only the even (odd) powers of the variable t.

We shall prove the theorem for the case when the function £ is even.
It follows from the definition of the best polynomial w,, » that

@+t —wnp(a+t)] <ena(&5F)  (at+ieF).
The last inequality may be also written in the form:
(@a—t)— wn p(8—1)| <&a(&5F) (a—teF).
If we replace £(a—t) by é(a+1?) in the last inequality, and then add
both inequalities, we get
E(@+0)— Hona @+ D)+ 0pn pla—t))| <enn(§F)  (a+tek).

Tt means that the polynomial } (w,,, p(a+1)+ w, ., #(6—1)) is the (1 + 1)-st
best polynomial for the function £(a+t). By Theorem 1:3 this poly-
nomial is identical with the polynomial w,,,r(a+?), i.e. w,,,r(a+1?)
= wp 41 r(6—7t) and the polynomial w,,,r is even with respect to the
point 4. If the number » is also even, the polynomial «, , r cannot con-
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tain the term with (n+ 1)-st power of ¢, hence it belongs to the class #7,, .
Thus it is also the n-th best polynomial for the function &, which was to
be proved.

2. The direct application of the theorem concerning the (%, F) - points
to computing the best polynomials. The Chebyshev polynomials.

2.1. The exact analytical expressions for the best polynomials are
known only in few cases. It is easiest to find the n-th best polynomial,
if the set F' consists of exactly n+ 2 points. In fact, let F = {t;, #,, ..., ty 11},
where t, <t <...<t,,, and let £¢¥p. By Theorem 1:4 all these
points ?, are altermately the (n, +, F)-points and (n, —, F)-points of
the approximated function &, or — according to their definition — the
difference £ — w,r (where [&, n, F' | w,r]) takes on at the points #,, ¢, ..
t,,1 the values equal to &,(é; F) and —e, (&; F) alternately.

We have

THEOREM 2:1 (Vallée Poussin, [34], p.81). If F = {l5, {1, ...y bnya})y
then the coefficients of the m-th best polynomial w,r for the function & on

the set F and the number e, with the absolute value equal to ¢,(&; F) and the
suitably chosen sign, satisfy the system of m+2 equations:

b

(1) E(te) — wnp(ty) = (—1e, (K =10,1,...,n+1).

The existence and the uniqueness of the solution of this system fol-
lows from Theorems 1:1 and 1:3, and sinece the system is linear with
respect to all n+4 2 unknowns, the effective solution can be relatively
eagy to find. Further remarks concerning the system (1) are given in
$ 5, where there the formulas are given for the n-th error of the best
approximation &,(&; F), and in the second part of the paper, where we

explain how to compute ¢,(&; F) and the coefficients of polynomial w,x
in practioce.

2.2. Let us now take as the set ¥ the closed interval (—1,1). We
believe that it will be easiest to investigate the properties of the approxi-
mation of relatively simple functions, namely the polynomials, but of
the degree higher than the approximating ones. This suggestion is, in
general, valid, but the results easily applied in practice concern only
the case when the degree of the approximated polynomial exceeds the
degree of approximating polynomials by 1. We shall investigate this
case in more detail, as we shall introduce at the same time the so-called
Chebyshev polynomials which are of great importance for the theory of
approximation.

Let us assume that we want to find the n-th best polynomial o, for
the polynomial # — a, 4 a,t4... L a,* - a, """ in the interval ©—1, 1>,
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Applying Theorems 1:6 and 1:7 we obtain
wn == ao+ a1t+...+antn+ a“_‘_lan,

where ¢, i8 the n-th best polynomial for the function ¢*** in this inverval.
Thus we have succeeded in reducing the problem to that of finding the
polynomial ¢,, which does not already depend upon the coefficients of
the polynomial #.

To find the polynomial o, let us consider for a non-negatlve integer
p the function

(2) 7, = CO8(parccost)

defined in the interval (—1,1)>. For p = 0 we have r, = 1 and for p > 0
this function is a polynomial of the degree p with the coefficient 27 '
at t?, since from the formula

Y
COBpT = 2°-'cos’z+p 2 ( it1 )(2cosm)p"'2j

_ (—l)i P—) v -2
_p 2(1) J)( )(Zcosa:) (»p >0)

([32], p. 41, formula 1.331.3) it follows, after putting x — arccost, that

[2/2] i
2oyl )er w=o.

The polynomial (2), whose definition can be extended by (3) to the
whole real axis, will be called the p-th Chebyshev polynomial (of the
first kind). ‘

It follows easily from (2) that at p+ 1 points

(3) Tp =P

km
lpp = —CO8— (k=0,1,...,p)
P
the polynomial 7, achieves its extremal values equal to +1, and -1
alternately. In fact,

Tp(lpr) = cos(parccos(—coskr/p)) = cos(p—k)m = (—1)P*

and |7,(t)| <1 for all te{—1,1). It is also easy to note that all zeros
of the polynomial r, are the numbers —cos(2k—1)=x/2pfork =1,2,...,p.
Finally, it follows from (3) that the polynomial 7, is an even function
for even p and an odd function for odd p. We shall make use of these facts
on many occasions.
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Among many interesting properties of the Chebyshev polynomials
we shall mention in this chapter only those which will be of use to us
in the sequel. The first theorem gives the solution of the problem formu-
lated at the beginning of § 2.2.

THEOREM 2:2 (Chebyshev, [8], p.173). The n-th best polynomial

a, for the function t"+' in the interval (—1,1> and the n-th error of the
approxrimation of this funclion are equal respectively to

o =127, (" (—1,1)) =2""
and the (n, (—1,1>)-points of the function t"*' are

km
n+1

tay1x = —COB k=0,1,...,n4+1).

Proof. The polynomial ¢, = t"*'—27"¢,,, belongs to the class %,
since, as we have already noticed, the coefficient of ¢**' in the poly-
nomial z,,, of the degree n+1 is equal to 2". The difference t"*'—g,
is equal to 27"z,,,, i.e. its norm in the interval (—1,1) equals
2 "lTasallk—ryy, = 27", and at n-+2 points fn,igytatray -+ tasing GhiB
difference takes on the extremal values equal alternately to 2~" and
—2~". Thus Theorem 2:2 is proved.

2.3. The following three theorems specify the relation between the
behaviour of the polynomial inside and outside a given interval.

THEOREM 2:3 (Chebyshev, [9]). An arbitrary polynomial pe ¥, sat-
i8ftes the inequality

(4) PN < llgll—1n5l7a(®)l (18] > 1).

Proof. It suffices to prove (4) for |{| > 1 since for || = 1 it follows
directly from the equality |z,(—1)| = |r,(1)| = 1. Thus, let us suppose
that

(6) lp(t*)] > H‘P”(_l,nlfn(t‘)l
for |t*| > 1 and let us consider the polynomial from the class %",
(6) = p(t") ta— 1. (1) 9.

By the definition of the Chebyshev polynomial 7, we have
o(ta) = (=1 @ (%) — 7 (") @ (tus)
and, in view of (5), we have the relations

8ign o (tux) = (—1)n-k51gn9’(t‘ 0 (k=0,1,...,n).
Rozprawy Matematyczne XXVI 2
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Thus the polynomial ¢ has at least one zero in each of » intervals (t,,, {,,),
(tn1s taz)y ---y (tnn—15s tnn). The number ¢* which does not belong to any of
these intervals is also a zero of this polynomial. It follows that the
polynomial ¢ is identically zero, that is, for all t

(7) P(1") T (t) = T (1) @(?).

This, however, contradicts (5) for ¢ = 1 since 7,(1) = cosnarccosl = |
and |p(1)| < |lgl_i1,- Thus the inequality (4) is proved.
THEOREM 2:4 (Paszkowski, [22], p. 47). If the numbers —cosm/ 2w

and co8[2n are the zeros of a polynomial @ from the class W, , then we have
the inequality

(8) p) < ligleza(®)] (18] > cosm/2n),

where C = (—co8w[2n, cO8T/2n).

To understand the meaning of this theorem it is worth-while to re-
member that the numbers —cosw/2n and cosw/2n are the zeros of the
polynomial z,. Thus the meaning of Theorems 2:3 and 2:4 is, roughly
speaking, the following: in some class of polynomials (determined by the
assumptions of the theorems), the values of the polynomial 7,, which
belongs to this class, tend to 4 co in the most immediate way. Theorem
2:5, which will be proved later, shows that the Chebyshev polynomials
may serve also for estimating the values of other polynomials from below.
It should be added that the inequality (8) is stronger than (4) (for
CC (—1,1), hence |jp|c < lpllc-1,1,) and it is valid on a larger set of
points t; it is not, however, satisfied for all polynomials from the class
# .. The estimate (8) is, in fact, interesting only for those polynomials
¢, which have no real zeros outside the interval C, since in the opposite
case this estimate could be essentially sharpened, at least for some va-
lues of t.

Proof. Let us suppose, similarly as in the preceding theorem that

(9) (") > lglle 1. (£)!

for [t*| > cosw/2n. Under this assumption the polynomial (6) has its
zeros in »—2 open intervals (t,., %), ..., (tan_2,tin_1), at the point
—co8=/2n (which lies on the left from ¢,,), at the point cos=/2n (which
lies on the right from ¢,,_,) and at the point ¢*. Thus we have the iden-
tity (7), but for ¢t = ¢,,¢C it contradicts the inequality (9).

THEOREM 2:5 (Paszkowski, [22], p.49). If the zeros z,,z,,.
of & polynomial ¢ of the degree n are real and such that

-
ARERST

—COST[2n = 2, << 2y < ... < 2, = CORT/[2n,

U
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then the inequality

lp(t)l =2 min |l s 51T (t)]  (1t] = cosm/2n)
I<kgn- 1

holds.
Proof. Suppose that

L] : ¥
(10) @ (%) <1<l::£_1 (@lceg o4 y> 1Ta (T
for |t*| > cosm/2n and consider the polynomial (6). According to the
definition of norm |j¢|, in each of n—1 intervals (2;,2;,,) there exists
a point »; such that

lp(v;)| = “‘P“(zi,ziﬂ) > min “?’“(zk,zkH‘;
1<k<gn--1

and the signs of the values ¢ (v,),@(vy),...,p(v,_,) are alternately positive
and negative. Thus
7. (") @(v;)) > min lll<pl|<zk,z,,+,>lrn(t‘)\ > |p(t*)] = lp(t") Ta(vy)i,

I<k<n-
8ign o (v;) = —signr, (t*)signe(v;)

and the polynomial ¢ = ¢(t*)7,—7,(t*)¢ has n+ 1 zeros (at the points
—co8 7 /2n, cos/2n, t* and in each of the intervals (v, v;),..., (V5_z, %0 1)),
which contradicts the inequality (10).

The theorem 2:5 will still be true, probably, for the polynomials
@ with multiple zeros, if we replace the Chebyshev polynomials by their
proper generalization. However we shall not deal with this generaliza-
tion, since it is not necessary for our purposes of approximation. Even
Theorem 2:4 will be used only for the polynomials ¢ which satisfy the
assumptions of Theorem 2:5.

2.4. The properties of Chebyshev polynomials are due to the perio-
dicity of trigonometric functions, and the relations between some trigo-
nometric and algebraic expressions. The method, by which Hornecker
in paper [15] has found the best polynomials for functions 1/(t—¢) and
1/(t*—¢), is based upon the same facts. His results (in a slightly more
general form) are given in Theorems 2:7 and 2:8. The same method
also provides the best polynomials for function ¢/(t2—¢) (Theorem 2:9).
All formulas are effective, however one usually cannot obtain exactly
the (n)-points of approximated functions from them. The situation is
still worse with the function t"**4- at®*' (a constant), if we approximate
it by the polynomials from the class #°,. The formula for n-th best poly-
nomial for this function is known (see, for example, [1], p. 265-268),
but it is complicated. It is even difficult to think of its use in numerical
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approximation. These few remarks should suffice to show the difficul-
ties which we meet when trying to solve effectively the problem of approx-
imation of seemingly simple functions. Therefore, it increases the prac-
tical importance of approximate formulas, which we shall discuss in
next chapters. ‘

Hornecker’s method, stated above, makes use of the following lemma,
which we shall presently prove.

THEOREM 2:6. If |p| < 1, m and n are positive integers, and

11 (@) = T APCORRR T DO Y
(11) Onm (T) 1— 2pcosma+p? )

then  |loamllony =1 and there exist points Ty, Ty, ..., Tp, . With
0 =z,< 2 < ... <&pym =, such that

eam(@) = (-1  (k=0,1,...,n4+m).

Proof. Let us notice at first, that the function ¢, is well defined
and continuous for every @, which is implied by the relation 1 — 2pcosma 4+
+p? = (1—|p|)* > 0. The inequality |o,,(z)| <1 follows from the fact
that

1+ cos(n+ m)® — 2p (cosnx + cosmz) + p?(1 + o8 (n — m)z)
1—2pcosma+ p?

Qnm(m) + 1=

B 21098’}:@_—% im_)a;—2pco§7§(n+m)wcosQ(n—m)m—kp’cos’t(n—m)w)
= 1—2pcosmm+p’.

2y*(x)
~ 1—2pcosma+ p3’

where y(x) = cos}(n+m)s—pcos}(n—m)s and also from

cos(n+m)z —1— 2p (coans — cosma) + p*(cos (n — m)z — 1)
1—2pcosma+p?

Onm () —1 =

_ 20%)
~ 1—2pcosma+p?’

where a(x) = 8in §(n-+m)s—psin {(n—m)z.
The fanctions y(x) and o(r) are, respectively, the real and imaginary
part of the complex function

(12) g rmTi[2 _pe(n—m):ciﬂ = gh+m)Ti)2 a ——pe‘"""‘) .

As z increases from 0 to =, the argument 4(n+ m)z of the first term
of this function inereases from 0 to }(n+ m)n. The graph of the second
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term on the complex plane is the circle with centre at the point 1 and
radius |p| < 1. The argument of this term oscillates between —arcsin|p|
and arcsin |p|, and for # = 0 and # = = it is equal to 0. Thus for z¢ (0, n)
the argument of expression (12) varies in a continuous way from 0 to
4(n+m)=, and, at some points @y, Dy, ..., Ty With 0 =0, < 2, < ...
< Bpym = 7 it takes on the values 0, ix,..., }(n+ m)n.

It is easily seen that at the points z,, &,, ..., Tyynim)z the imaginary
part of expression (12) vanishes, i.e. ¢(z) = 0 and g,,(x) = 1. On the
other hand, at the points @, s, ..., Zoynym_1z+1 the real part of expres-
sion (12) vanishes, i.e. y(z) = 0 and gyn(®) = —1. In view of the ine-
quality |g.m(2)| <1 this completes the proof of Theorem 2:6.

Now we shall approximate in the interval I = (—1,1) the three
rational functions, mentioned at the beginning of § 2.4.

THEOREM 2:7. If |e| > 1, then for every positive integer n we have

n-—1
1 | ip (T P"al(?)
13 I — (- 2 “re(t)+
(13) [t—o’n’ il T PO
and the equation
1 ipl"
(14) En(t_(”I):c,_i’

where p = ¢— (signe)V el —1.

Proof. From the formula given in [32] (p. 45, formula 1.353.3), it
follows that

n—1

(15) Z p*cosks =

k=1

—p2+ peosx— p cosnz+ p"*lcos(n—1)z
1—2pcosz+ p?

(in the quoted formula there has been a misprint: p"cosz instead of
p"cosnzr). If x = arccos?, then coskz = r,(t) (k=0,1,...) and, in
particular, cosxr = ¢ and:

n-1
1 ‘ H1—pY)— "z () + 2" Tu_s (1)
= t) = .
; +,§P (1) oot gt

Let us notice next, that 1-+p* = 1+2¢—1—2lo[Ve*—1 = 2¢X
x {c— (signo)Ve*'— 1) = 2¢p, hence
2p 1
1—2pt+p°  t—e¢
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Thus, the difference é(t) between the function 1/(t— ¢) and the polynonial,
which forms the last term in relation (13), is equal to

4
0= 1—pp’(

pntn(t)_pn-lhlrn—l(‘t) _ Pnfn(t))
1—2pt+p? 1—p?

L Ap™T (A=Y () —p(1— P Tas (1) — (L4 P Ta(t) + 2ptT, (1)
(1—p?? 1—2pt-+p?

4™ 27, (1) — 7w (1) — 2PTa (1) + P°Ta (1)
(l_pa)s 1—2pt+P’ .

Now let us come back to the variable £ = arccost. Since

2co8zcosne —cos(n—1)z = cos(n+ 1)z,
we have
4pn+2
o(cosz) = — (1 pa)t On1 (®),

where the function p,, () is defined by (11). Moreover, |p|= (|e|+ Vb —1)
< 1. It follows from Theorem 2:6, that [|8(f)l_,., = 4Ip/"**/(1—p?)
and that there exist points u, = cosz,.;, 4, = €08&,, ..., U,y = CORT,
such that —1 = u, < %; < ... < 4y, = 1 and

4( _l)ﬂ—kpn+2
It means that the difference &(t) has the characteristic properties -
according to Theorem 1:2 —of the difference between the function
and its n-th best polynomial. Hence the polynomial, which appears in

relation (13) is, in fact, the n-th best polynomial for the function 1/(¢— ¢).
At the same time we have proved that

d(uy) = (k=0,1,...,2+1).

1 i|p[*+*
wlmei1) = e =

Sinece
1—p* = 1—2¢*+1+ 20V ¢ — 1
= 2V —1(jo] —Vo*'— 1)
= 2p(signe)Ve* —1,
the formula (14) follows.
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THEOREM 2:8. If ¢ < 0 or ¢ > 1, then for every positive even integer
w we have

nf2—1
. l . 8% (1 p'”'r,.(t)
(16) ['tg':'_"(;'v " [J‘ — l—pa(E + g Pro(t)+ = —p )],
1\ ™
(]7) En(_tz———?’l)_)(o _0)

where p = 2¢— 1 — 2 (signe)Ve’ —e¢.

Proof. Let us replace » by »/2 and « by 2z in identity (15). We get

n2- 1

nj2 ni2l

A\ P cos2kn — _——p +pcosz:v P
— 1—2poos2cr + p?

COBNT+ P

cos(n —2)r

After putting x = arccost it follows that

11" ) = p" () + 9" 1 ()

,\ bty = 20 PR WOFR
T = 1= 2pr, () + p?

-‘

Since 74(t) = 22— 1 and

we have
4p o 4p _]
1—2pr,()+p*  (1+pf—dpf F—c’

If we denote by d(t) the difference between the function 1/(t—¢)
and the polynomial, which forms the last term in relation (16), we get

8p P"‘ﬂ‘rn(t) —pnlz+ltwb-2(t) p"‘ﬂ
Mt) = : B = (1)
1—p*\  1—2pr,(t)+p° 1—-p?
8 2n ()T () — ana () — 27 () + P (1)
T a=p 1— 2p7,(t) + p* '

Nince 2c¢os2zxco8nx— cos(n—2)2 = cos(n-+2)z, we have

5(t) — 8p™**P co8(n+ 2)5— 2pcosna+ p’ cos (n—2)w
~ (1—p¥ 1— 2pcos 2z -+ p?
8 nj242
= 7 p V) gn-(' ).

(1—p?)
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It follows from Theorem 2:6 that ||6(l;=8|p/"***/(1—p*)* and there
are n+ 3 points of the interval I at which the function 4(t) takes on the
values ||8]; and —||6|); alternately. Thus this polynomial is the n-th (and,
at the same time, the (n+ 1)-st) best polynomial for the function 1/(#2-— ¢).
The n-th error of best approximation is equal to

s
En tz—c’ - (1_p2)2

From the last equation and from the relation
1—p* = 1—46*+ 46— 1— 4¢*+ 40+ 4 (signe)(2c— 1) Vet —¢
= 4(signo)Ve"— (20— 1—2(signe)Vo'—c) = 4p (signeVc’ — ¢

follows formula (17).

THEOREM 2:9. If ¢ < 0 or ¢ > 1, then for every posilive odd integer
n we have

(=12
¢ | 4 p"“'l”zt,.(t)
(18) [‘m 'y My I. — i——p( ; P () + T;f—‘)]

t A\ ™ (14p)
(19) s”(?i?l)_ 4(c"— o)

where p = 20—1—2(signo)l/o’_—~o.
Proof. Let us first consider the sum

n—1 n-1 n—1

Z pFeos(2k— 1)z = coswz p*cos2kz + sinmz p*sin2kz .
k=1 k=l k=1

Applying identity (15) and an analogous identity for sine (see [32], p. 45,
formula 1.353.1) — we get, after changing z into 2z:

n-1

Z p*cos(2k— 1)z

ke=1

= [coso(—p*+ pcos2s— p™cos2nz + p" ' cos 2 (n— 1)z)+

+ 8in (psin 2z — p" sin2nz+ p™*'sin2 (n — 1))] /(1 — 2p cos 2z + p*)

n41

_ (p —p*)cosz — p”cos(2n —1)z+ p

co8(2n—3)x
1— 2pcos2x+ p? '
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let us put into the last formula * = arccost and replace » by (n+ 1)/2:

(n—1)/2

_ m2V4__ (D)2 (n+3)2
Z Py 1 (1) = (p—p)t—p Ta(l)+ P Tn2(l)
1—2pr,(t)+ p?

Let 4(t) be the difference between the function ¢/(#—¢) and the
polynomial which appears in relation (18). We check easily that

1 (p—p ipt t

T1-p 1-2pr()+p*  (Atpl—dptt P ¢

and then we can write equation

6“) _ 4 (p(n.i-l)/z tn(t)_p(n+3)/2 Tn_z(t) p(u+l)/2 T,,,(t) )
S 1-p 1—2p7, (1) + p? 1-p?
1pnt R
= — , 9 (2) .
A—pya_p,

By Theorem 2:6 the mentioned polynomial is the n-th (and, at the same
time, the (n - 1)-st) best polynomial for the funetion t/(#2—¢). We have
also derived the formula

( : ) 4[p|"+Ir 4|p|" 3" (14 p)
enl5—3 I = = .
t'—e¢’ (1-p)(1—p% (1—p%

Since, as we already know, 1—p? = 4p(signo) l/cto:, we can transform
the last formula to the form (19).

We should mention that for each of the functions 1/({—¢), 1/(t2—¢)
and ?¢/(t*—c) its =»-th best polynomial differs from the corresponding
partial sum of the expansion of this function into a series with respect
to the Chebyshev polynomials only by the coefficient with ,. In faet,
this series is the following:

1 4p (1 -
t—o 1_pp2 (5 i ,;P*fk<t)) (p = ¢—(signo)Vo'—1),
1 8p [1 w
= (p = 20— 1—2(signoo*—c).
t 4 .
t,__—o'= ‘1__;21’ ake—1(?)
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It is also worth-while to compare relations (13), (16) and (18) (the last
ones for ¢ > 1) with the more complicated Bernstein’s formulas ([4],
p. 81-83).

3. The characteristic properties of pairs of successive best polyno-
mials. In § 1 we have given the characteristic properties of the best
polynomials. It is quite obvious that an arbitrary polynomial from the
class #, is the n-th best polynomial on the set F for some function from
%r and for any arbitrarily given approximation error (to obtain this func-
tion it suffices to add to the given polynomial the auxiliary function,
which would take on at n+4 2 points of the set F' the maximal and the
minimal values alternately, with modulus equal to the given n-th approx-
imation error). Thus we can say, that the class #°, coincides with the
class of all possible n-th best polynomials. If, however, we consider two
polynomials y,e#", and v, ,¢%¥ ., then it turns out that such a fune-
tion £¢%p for which these polynomials are the n-th and the (n+ 1)-st
best polynomials on the set F does not always exist.

3.1. In this section we shall discuss the properties of pairs of succes-
sive best polynomials which correspond to a given funection, but we shall
deal only with the case when F is a closed interval. This case has im-
portant practical consequences. All theorems of §3 have been proved
in [22].

THEOREM 3:1. If the polynomials w, and w,. , are the n-th and the
(n+1)-8t best polynomials for the function &<€y where I is a closed interval
(a, by and if w, # wp,,, then all the zeros z,,2,,...,2,,, of the difference
W, — w, ., are real, single, and satisfy the inequalily

g < 2y < Uy < 2y < o < Zpyy < Upyrs

where ugy Uy, ..., Uy, are, alternately, the (n, +)-points and (n, —)-points
of the function &.

Proof. The assumption that the polynomials w, and w, , are not
identical is equivalent to the inequality

(1) 1€ —@ullr > 1§ — 0npills-

The difference &— w, is, at the points u,, positive and negative alter-
nately, and it has the absolute value equal to ||é§— w,|;. Then, it follows
from inequality (1) that the difference w,— w,,; = (§—w, 1) —(&— w,)
has, at the points u;, the sign opposite to the sign of the difference £{— w,
at these points, i.e. positive and negative alternately. It follows at once
that in each of n+ 1 intervals (uy, %,), (%3, %3), ..., (Un, %,,,) the poly-
nomial w,— w,,, has at least one zero. If we consider the fact that the
degree of this polynomial does not exceed »-+1, we conclude that all
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the mentioned zeros are single and that there are no other zeros of this
polynormial.

We shall keep the nottaion 2,, 2,, ..., %,,, for the zeros of the poly-
nomial w,— w,,, in the next theorem, and we shall, in addition, assume
(in order to have the uniformity of notations) that 2y = a, 2,,, = b.

THEOREM 3:2. If w, # w,,,, then

(2) 5n(£)+en+l(5) = llwp— o, . Wl

(3) sn(E)_en 1—1(5) < min "0),,,—(1),,, ul”l,\.’
ok<n+1

where Iy = (2, 2,0 (k=0,1,...,n+1).

Proof. Inequality (2) follows directly from the equations &, (¢)
= |E—wallr; eny1(€) = 16— @, 17, which define the polynomials o,
and o,,,, if we consider the triangle inequality for the norm | ||;. To
prove (3) let us notice that in view of the inequality

Bo S U< 2y < Uy < ovn <2y < Upyy K21,

in any interval <(2.,%.,> (k=0,1,...,724+1) we have an (n)-point
1. at which
16 (up) — wq (Ug)] = €,(6),
E('u’k)- (—un+l(uk)| < 3-n.+l(£)'
It follows that

En(f)“en-f-l(f) < lwn(uk)‘_ ww-u(uk)' < Hwn" (U1a.+lHIk$
which was to be proved.

3.2. The next theorem shows that the conditions formulated in Theo-
rems 3:1 and 3:2, satisfied by the best polynomials w, and w,.,, errors
of approximation e,(£), ¢,,,(§) and the interval I are characteristic
for these mnotions.

THEOREM 3:3. We are given: the polynomial w, of the degree mot ex-
ceeding n and w, ., of the degree n+1, such that their difference wp,— wy,
has real single zeros z, < z, < ... < 2,,, tn the open inierval (a,b). Let
the numbers e, and e,  , satisfy the inequalities 0 < e,,, < é,,

(4) bt 6nyy = lw, — wn+1”17
(5) €n— €ni1 < min “wn—wn-]-IHIAJ
o<ksn+1

where I = {a,b), I, = {2y 241Dy %o = By Zpiz = b.
If the above conditions are satisfied, then there exists a function Ee€;
such that [&,n,I| wa]y (&, n+1,1|wp1]y en(€51) = €ny a1 (E51) = 64,1,
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Proof. Let
A" = {t: tel, [wp(t)— wpor () —enl < €nor}s
A = {t: tel, |wp(t)— Wpa()+enl < €ny}-

Since e,,, < ¢,, the difference w,— w,,, must be positive in the set
A+ and negative in the set A—. It follows at once that these sets are dis-
joint. Their sum A consists of the points ¢ at which

— €y 11 +eé, < wn(t)_ Wy 1 () < €t +é€,
or

—ly 1 — €y < wp (1) — 0-’n+1(t) K €pyp1— Gy,
hence

A=A47vA" ={t: tel,ep—tnyy < |0p(H)— 0pyy (P)] < €nt On1}-

Since all zeros of the difference w,— w,,, are real and single, in each
of the intervals I,,I,,...,I,, whose end points are just these zeros,
this difference has only one extremal point. For the same reason the
difference w,— w,,, i8 monotone on the semi-axes (—oo,2,) and
{#p41y +o0) and more 8o on the intervals I, = <(a,2)> and
Ihn,1 = {(#p41, b>. From assumptions (4) and (5) it follows that the set
A has points in each of the intervals I, and, by these remarks we have

n+1
A = U J,‘.’
i=0
where
Jo = (@, by C <a, %,),
dt
Jy :— Oy b C(%y2en) (B =1,2,...,n),
Jpi1 = (Opi1y 0> C (2,1, 0.
daf
Moreover,
(6) A+=J0UJ2U¢01 alnd A————'JluJau..-
or
(7) A+=JIVJ3U--- B:Ild A._ZJOUJ’U...,

since the difference w,— w,_ , is alternately positive and negative in the
intervals Jo, Jy, ..., Jppy.

On the other hand, we know that at end points a, and b, of the in-
tervals. J, we have the equation |w,(t)— w, 1 (f) = €,—é€n 1.



Basic properties of the best polynomials 24

l.et us define the funetion & in the interval I by the equations

(8) w, (1) —e, (teA ),
(9) w,(t)+e, (ted™),
6e, .8 [Dby+a 20,+ a
(10) w‘"-l-l(t)_a +lb( 06 ! _t) (i€<bo, 03 1>)1
1— Yo :
E(t) = |
o (t)— 66"*‘8(1;— bﬁﬁ) (te¢Phot B Bot 20,
(11) n+l a,—b, 9 .3 ’ 3 ’
66,.18 [by+ 5a bo+ 2a
(12) wn 1 (8)— al':“bo (*O—E ' —t) (t€<-°Tl‘ y 61)),
w1 (1) — 2118 (bk+“k+1 —t) (te Cbiey Biy,
13) " 1 — b 2 Ek=1,2,...,n),

where s = sign (w, (a) — w, .1 (a)).
Since the interval I is the sum of the intervals

Jo = <a) bo); <b05 al)! Jl = <a'17 b1>1 veey <bn7 a’n+1>7 Jn+l = <a'n+la b>1

the above equations define the function ¢ in the whole interval I. To
check whether the function ¢ is continuous in this interval it suffices to
find out if, at the points

2b,+a, by+2a

boy @y, by,y ..., by, a‘n+la"—o3—11 ’ 3 !

the particular parts of the definition do not contradict each other, for
each of them separately defines the function £ in a continuous way. For
the last two points the consistency follows at once from (10)-(12). In the
case of (6) (the case (7) is analogous):

wﬂ(ak)'_wn-pl(ak) = wn(bk)_wn+l(bk) = (_1)k(6n‘en+l)

(we remember that in the sets A+, A~ the difference w,— w,,, is posi-
tive and negative, respectively). In this case, since aeJ;C A+— we have
% = 1 and from definitions (8) and (13) it follows that if % is even, then

E(ak) = mu(ak)—en = wn+1(ak)—en+l

and the last equation holds. In a similar way we check that definitions
(8), (10) and (13) are identical for b,e A+, definitions (9), (12) and (13)
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are identical for a, e A—; finally that definitions (9) and (13) are identical
for byeA—.

We have already proved that £¢%;. Now we shall show that the
function & has all the properties mentioned in Theorem 3:3. We start
from the proof of the inequalities

“E* "’n”l < € “E_ )y, , l“l < €.
The inequality
(14) !é(t)_ w'u(t)! \<\ €,

is obvious in the set A (see (8) and (9)). In the set ] —A we have the
inequality

(Iﬁ) jé(t)_wnl(t)‘ <€‘n-s—l!

since in each of the subintervals of which this set consists, the difference
é— w, ., i8 linear, and takes on the values e, , or —e, ; at the end
points of these intervals. At the same time, on the set 1 —A we have
the inequality |w,(t)— w,..(t)] < e,—e,,, which, added to (15), gives
the required inequality (14). It remains to show that the inequality (15)
is valid also for teA. It is so by the definitions (8) and (9) and the defi-
nition of sets A+ and A-, since for example, for te A+ we have &(t) ==
- (D"(t)— én and |wn(t)— €n— wn+l(t)l < Cnir-

Now it remains only to show that: 1. at n+ 2 points a, a,, as, ..., @,
the difference £ — w, takes on the values equal to e, and —e, alternately,
2. at n+ 3 points by, (2b,+ a,)/3, (bo+ 2a,)/3, a,, a,, ..., a, the difference
{—w,,, takes on the values equal to e,,, and —e, , alternately.
The first part of this assertion follows from definition (8) and (9) and
from the remark that the peints a,a,,a,,...,a,. , belong to the sets
A+ and A- alternately. The second part follows from definitions (10)-(13).

Thus Theorem 3:3 is completely proved. In connection with this
it is worthy of mention that if we change in the suitable way the defini-
tion of the function £ in the interval (by, a,> we can—for any fixed
integer m — achieve the polynomial w, ., is for £ not only the (»4-1)-st,
but also the (n-+m)-th best polynomial. In fact, to do this it suffices to
separate <(b,, a,> into the number of subintervals greater than before
and change definitions (10)-(12) in such a way, that the difference &£— o, ,
would change linearly in each of these intervals. It follows that between
two successive (n)-points we may have many (n- 1)-points (in fact, not
only in the case when the last ones are at the same time (n-+ m)-points
with m > 1). In generdl, if we know about the function { only that
en(&) > £,,.1(&), then it is difficult to say anything which could have
any practical importance about the (»)-points and (» - 1)-points.
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THEOREM 3:4. Let [&,n | w,]), [&,n+1, w,,,] and ©, # w,,,. If
Moy Uyy <oy Upnyy (Where ug < uy < ... < Uu,,,) are, alternately, the (n, +)-
points and (n, —)-points of the function &, and vy, vy, ...,V s (Where
Vo <V < ... < Vpyp) are, alternately, the (n+1, +)-points and (n+41, —)-
points of the function &, then we have at least one of the inequalities

(16) Vg 2= Ny Upy1 22 Vpyg-

Proof. Suppose, on the contrary, that we have the inequalities
g << Mgy Uy, < ¥, .,. We shall prove that if v, < u, then

(17) 8ign (£ (uy) — 0, (%o)) = —8ign(£(v,) — @, 1(V,)).
Let‘r e.g., E(“o) - w,,,(uo)= sn(E)' Since Wp— Wy | == (E— Uy 1) — (‘E —m,),
we have
On (Ug) — Wp (Ug) < £y 1 (E)—£,(8) < 0.

We know that all the zeros of the difference w, — w,,, are real, and
the smallest among them lies on the right from %, (Theorem 3:1). Since
ny < Ug, We have

W, (0g) — Wy, 1(v9) < @, (%g) — o, Ll (ug) < €n+l(£) — & (€).

From two equations

5('00)— Wp 1("’0) = €n+l(§)’ 'E(’Uo) - wnJ,-l('DO) = — & |-1(£) ’

which define the (n+ 1)-point v, the first one contradicting the above
inequality (it would follows, that &(vy)— w,(v,) > &,(£)), hence the second
one must hold, which proves (17).

In a similar way (assuming that v, ., >, ,,) we show that

(18) Sign (E(unH) - wn(“n-p—l)) = «sign(f(v,,“) — wm-l('vn 1-2)) .

Since, however, the values of the difference £ — w, at the points u,, »,,
...y Uy, aTe alternately positive and negative, and the values of the dif-
ference &— w,  , at the points v, v,...,",., are also alternately po-
sitive and negative, we have

Sign(f(unw)“' wn(“n+l)) = ( —1).’LIHSign(‘§(u0) - wn(uo))?
Sign(f(.vn yz) — Wy (V0. 2)) = (=" 291311 “5(770) — Wy (”o))

and equations (17) and (18), which follow from the negation of the theo-
rem’s assertion, are contradictory.

It follows in particular from Theorem 3:4, that the systems of (u)-
points and (n+ 1)-points never have the “separating property”:

To < My < 0y < Uy <ol Ty <My < 0y .
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The “separating property” is the feature, for instance, of the zeros of
orthogonal polynomials. Under rather severe restrictions on the func-
tion & (see § 11), we have, however, the inequality which is not much
weaker than the preceding one.

3.3. In § 3 we have investigated the characteristic properties of pairs
of successive best polynomials. The properties of longer sequences (of
three, four, ...) successive best polynomials are not known. Theorems
3:1 and 3:2 give only the necessary conditions under which some po-
lynomials w,, w, 1, ...y Wy pn are the n-th, (n+1)-s8t, ..., (n+ m)-th best
polynomial for the function £. It is not obvious how to generalize Theo-
rem 3:3 for the case of an arbitrary closed set F. In any case, the con-
gtruction of the function & given in the proof of the mentioned theorem
cannot be carried out in the general case.



CHAPTER 1I

ESTIMATION OF ERROR OF THE BEST APPROXIMATION

4. Basic theorems. In this section we shall give the most elementary
and the most frequently applied estimations concerning the error of the
best approximation &,(&; ), which we shall denote by ¢,(£), unless it
may lead to misunderstanding. We remember that

(1) () = minllf—wllp = ||I§ — wallr,

where %7, is the class of algebraic polynomials of the degree not exceed-
ing », F i8 a closed set on which the function £ is defined and continuous,
and finally, w, is the n-th best polynomial for the function & on the set F'.

4.1. Without the basic theorem 4:1 the whole theory of uniform
approximation would be of no praetical application. Hence we have

THEOREM 4:1 (Weierstrass, [37]). For any closed set F, and any func-
tion Ee€p, the sequence {e,(&)} i8 non-increasing and tends to 0.

The practical meaning of this theorem is the following: any funection
¢ continuous on the closed set ¥ can be approximated with an arbitrary
degree of accuracy in the sense of norm | || by algebraic polynomials.

The proof presented here is due to Lebesgue [16]. The proof based
upon the properties of Bernstein polynomials (see Bernstein, [3]) is more
frequently used.

The inequality e,(&) > e,,,(&) follows directly from detinition (1)
and from the fact that the class #7,,, in which we take the minimum
in the formula for ¢,,,(&) contains the class #7,. It remains to show that
for a given continuous function ¢ and for an arbitrary positive number
d there exists a polymomial y,; such that ||§— w4z < d. It would then
follow, that if ng is the degree of the polynomial y4, then ¢,,(§) < d and
lim ¢,(&) = 0.
n—>00

Let us extend the function & in & continuous way to the whole closed
interval I = <a, b), which contains the set F, and put

(b—a)¢ :
ti = 6+  —- (¢=0,1,...,m).
m

Rozpruwy Matematyczne XXVI 3
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In the interval I we define the function 1,, which satisfies the interpola-
tion conditions

(2) Am(tmi) = &(tmi) (1=20,1,...,m).

Its graph is a polygonal line which vertices have the ordinates t,;. Thus
the function 4,, is of the form

"

j‘m = 2 Crmi It — t‘mv'i, ’

i=0
where the coefficients ¢,,; are defined by (2).
In each of the subintervals (t,;,?%,;.;> the function 4, is linear:

E(tﬂl,i-}-l) - E(tm‘i) i

tm_o‘+| - tmi

)'m(t) = E”m?) +

(t_tmi);

thus for tetn;, tn;,1> we have

-

tmiu-l _‘ tmi
1A (1) = E@)] < 1E(tmi) — E(D) 1+ (E i) Sl

m,i.;l—'tmi
S NE (i) — E@ + 16t i41) — E(ma)l -

Since the function £ is continuous in the interval I, there exists a num-
ber m such that if ¢, uel, {t—u| < (b—a)/m, then |£(t)— &(u)| < d/4.
For this m we have the inequality |1, (t)— &(2)! < d/2 for telt,, t,i1>,
t=0,1,..., m—1, i.e. the inequality
(3) lAm — &llr < @/2.

Now we shall use the well-known expansion

(f _"‘mi)

N 1 1-3
Vi—us = 1— dul— —— - —— .
2-4 2:4-6
valid for |u| < 1. Introducing the new variable it = }'1—u? we write
this expansion in the form

1 1-3 .
t=1—31—1)— —— A=) —  —— (1) —...
. it 3 ) 2‘4( ) 2-4-6( )
for 1| < 1. From the last equation, and by a suitable linear transforma-
tion of the variable ¢, we can put the expansion of the function |t—1,;
into a polynomial series, uniformly convergent in the interval I. Thux

there exists a.polynomial y,; equal to a sufficiently large sum of thix
series, and such that

d .
.lt— tnn" - Wfﬁl < ‘_3(—7;31_1;(_|0m1|_+—1) (t‘[; 1= 0! 1 gty '”")~
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It follows that for tel

ni

m
| \ L\
i }*m - cmi'pdi { S ‘c‘lnl'| ¢ “t - t-mil. — ¥Ya
' i=-0 I =0

m

d |Cmil d
< < - .
2(m+1) & loml +1 2

n

Thus, for y, =.20mi'l’di we have the inequality |4, — wall; < d/2, which

combined with (3), gives the inequality ||&— yq|l; < d, hence also the re-
quired inequality ||&— ysllr < d.

In connection with the last theorem we shall make two remarks:

l. We have proved that ¢,(£) > ¢,,,(£). The equation ¢,(§) = &,,,(§)
= ... = &,,m(§) is equivalent to the fact that the n-th best polynomial
for the function ¢ is, at the same time, the (n-+1)-8t, ..., (n+ m)-th
best polynomial for the same function. For that reason Theorem 1:5
determines when such an equation holds.

IT. If the set F is a closed interval, then the sequence {e,(&; F)} is
completely determined by the properties mentioned in Theorem 4:1.
More precisely, for any sequence {¢,} of numbers, satisfying the condi-
tion ¢, > e, > €, > ..., im ¢, =0 and for every closed interval I with

N—>00

positive length there exists a function &é¢%; for which ¢,(&;1) =,
(n =0,1,...). This has been proved by Bernstein, [2]. The assumption
that F is an interval is not very essential however, the fact mentioned
is no longer valid if F is a finite set.

4.2. Now we shall present a theorem which follows directly from
Theorems 1:6-1:9.

THEOREM 4:2. For any function £e%, and any number ¢ we have
the relation

&, (¢&) = |c|eq(§).

THEOREM +4:3. For any function te€p and any polynomial ¢e ¥,
we have the relation

Fll(E—i’ ‘P) = su(&)'

THEOREM 4:4. If the set F* can be transformed into the set F by the
formula t = at*+ b (teF) and if E*(t*) = &(at* +b), where Ee€yp, then
we hare

EM(E‘; F") = En(é; F)'
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THEOREM 4:5. If the set F' i3 symmetrio with respedt to the point a and
if the function Ee€y is even (or odd, respecitvely) with respect to the point
a, then for any even (odd, respectively) number n we have the relation

en (&) = en+1(£)'

These theorems will be used mainly in the case when F ig a closed in-
terval. Theorem 4:5 may be slightly generalized by using Theorem 4:3;
namely it is valid also in the case when there exists a polynomialgpe¥ ,
such that the function £+ ¢ is even (or odd) with respect to the point a.

THEOREM 4:6. For any funotions &, ne€yr we have the inegualily
(4) lea(€) —en(n)| < en(E+ 1) < £4(€)+&n(n).

Proof. Suppose we are given (&,n, F | w,], (7,7, F |y,]. From
the definition of the n-th approximation error it follows that

enlé+n) = mm||(£+n)—v||F (& +5) — (@n+¥a)llx

ik < 16— wallpt 11— Valle = en(8) + enln).
If in the last inequality we replace the functions &, » and £+ 7 by —y,
é+n and (—n)+ (§+7n) = £ respectively, we get
en(€) < &n(—m)+ea(é+7) = &a(n)+ n(é+ 1),
en(&)—en(n) < ea(é+1).

In the same way &,(n) — &,(£) < &,(&+ n), which completes the proof
of Theorem 4:6.

If we consider arbitrary linearly dependent functions £ and 7, we easily
see that Theorem 4:6 cannot be improved. More exactly, this problem
is explained by the following

THEOREM 4:7. The equation e,(£+7) = en(£)+eq(n) holds if and
only tf, in the set F there exist points uy < Uy < ... < Uy, Such ihat

(5) E(u) — on(we) = (—1)een(£),  n(ux)— pole) = (—1) 0eq(n)
(k=0,1,...,n+1),
where [y n, F | w,], (9,7, F |yl l¢|] = 1.
Proof. If equation (5) are satisfied, then
(6) (E(we) + 7 () — (0 () + v () = (— 1) 0(e0 (&) + £ (n))
(k=0,1,...,n+1)

and in the whole set F, as we have observed in the preceding theorem,
we have

I(&+ ")-(wn""f"n)‘ e, (&) + &a(n).
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[t follows that the points w,, u,,..., %, ,, are the (n)-points of the
function £-+#, and the n-th error of the best approximation of this fune-
tion is the number &,(&)+ ¢,(7n).

Suppose now that &,(&+ ) = &,(£)+ &,(n). In Theorem 4:6 we have
proved that the error of approximation of the sum £+ by the polyno-
mial w,+ y, does not exceed e,(&)+e¢,(n), i.e., in view of the above
assumption, the number ¢,(&+ 7). Thus the polynomial w,+ vy, is the
n-th best polynomial for the function £+ » and there exist the (n)-points
of this function wu,, u,, ..., 4,,, satisfying equations (6).

‘Suppose that one of the equations of group (5) is not satisfied, i.e.
that &(u;)— wn(u) = (—1)%c(e,(£)—d) for some % and a positive d.
Then 7(ux)— ya(%) = (—1)%¢(eq(7)+d), which is not consistent with
the definition of the polynomial y, and number &, (7). Thus the first group
of equations (5) holds, and in view of (6) the second group must also hold.

It follows easily from Theorem 4:7 that the second limiting case in
inequality (4): e,(&+7n) = [e,(&)—&,(n)| holds if and only if there exist
points %, < %, < ... < #,,, such that

E(ur) — () = (—1)foen(£),  7(we)—ypalue) = —(—1)"ceq(n)
(k=0,1,...,n+1).
4.3. The next theorem shows for which functions £ and n we may
sharpen the left-hand side of inequality (4).
THEOREM 4:8. If the set F 18 symmetric with respect to the point a and

if the functions &, ne€p are even and odd, respectively, with respect to the
point a, then

(7 en(E+ 1) > max{e,(£), en(n)}-

Proof. By the assumptions of the functions ¢ and » we have the re-
lations é(a—t) = &E(a+1t), n(a—1t) = —n(a+t) for a+teF. Let now
(¢+7n,n, F|v,]. Then

f(at+ty+n(a+t)y—v,(a+1) <e(E47m) (attel),
hence also

E(a—t)+n(a—t)—vu(a—1) < e (E+7n) (a—teF).
Adding these inequalities we get
Eatt)+Ea—t)+n@a+t)+nla—t)—r(at+t)—w(a—1) < 2e(é+n),
which can be reduced to
E@+)—n(a+t)+r(a—0) <en(é+m) (a+teF)

by the use of assumptions concerning functions & and #.
It follows that there exists a polynomial from the class %', which ap-
proximates the funetion & with the error not exceeding e,(&+ %),
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1.6. &,(&) < e,(é+n). Similarly we prove that ¢,(n) < e&,(£+ %), which
completes the proof of (7).

Theorem 4:8 may be sharpened in a similar way a8 was Theorem
4:5; inequality (7) holds in the case when polynomials ¢, y ¢ %", exist such
that the funetion £+ ¢ is even, and the function 74y is odd with

respect to the point a, for in this case:

enlE+n) = en((E+ @)+ (n+ 1) = max{e,(6+¢), & (n+ 2)}
= ma‘x{en(f)r Gn(ﬂ)}-

5. Vallée Poussin type estimations.

5.1. By this title we mean the group of estimations based upon the
exact expression existing for the n-th error of the best approximation
on the set consisting of n+ 2 points. Basic estimations of this kind have
been given by Vallée Poussin.

THEOREM 5:1 (Vallée Poussin, [34], p.81). If F* = {tg, t, ..., 1, \},
where t, < t, < ... <t,,, then

Bl

|2 (— 16t

e (85 F7) = SR —
> 1w,
k=0
whera nal
Wy = I_I It — il
i=0,izk

Proof. Theorem 2:1 states that the coefficients of the n-th best
polynomial w,y. for the function £ on an (n-+2)-point set F*, and the
number e, with the absolute value equal to ¢,(&; F*), satisfy the system
of n+ 2 linear equations

(1) wppe(te)+(—1) e, = E() (k=0,1,...,n+1).

Thus, by the Cramer formulas we have for the last unknown the equation
1t ...ty E(ly) ‘
11, ..t Et)

R S S no-l

.
Lts ot S| 271 REW

T . 1 T ’
1 tl t"l‘ — 1 k=0
1 tu 1 :Jl (*1)‘"‘11
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where d, is the Vandermonde determinant of the form

T 4 .
] tl\'w] t”l“’i 1
i ] tﬂ«l 1 t;: 1

[t follows from the well-known formula that

N R USA

i _Jemd L jrk
(i —1t) [l (-1
— O t<ign i1 _egi<isnsl o
S N T w
[l @—t) [ (-1t
f iy
hence
n ."] .
X (= 1FE) ey
1] k=0
(2) 8" —= - IETI_— '
> 1w,
oo

which was to be proved.

If F* C F where F is a closed set, and if £e %y, then &, (&; F*) < &,(&; F),
since for an arbitrary polynomial  we have ||é— w|y. < ||é— o|p. On
the other hand, if we consider the n+2 points u, < #, < ... < Up,,
which are alternately the (n, +, F)- and (n, —, F)-points of the func-
tion &, then the n-th best polynomial for the function & on the set F' sa-
tisfies, by definition, the equations (1) for t, = u, and |e,| = e,(&; F).
Thus we get

THEOREM 5:2 (Vallée Poussin, [34], p.86). For any function £c¥y
we have

(3) e, (&; F) =  max Enl&; {oy try ovvs bn 1))
(U Sy i@

where the mazimum is taken for all systems of points t,cF such that t, <1,
< <y

Theorem 5:2 may serve for estimating from below the n-th error
of the best approximation on the closed set which contains more than
n+2 points by the means of such errors which correspond to (n+ 2)-
points subset. Tf we succeed in selecting the proper subset, this estima-
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tion may be quite satisfactory. Usually, however, we apply this theorem
in a slightly modified form. We can replace the function & on both sides

of equation (3) by the function ¢ — w where w is a suitably chosen polyno-
mial from the class #,, and then, applying Theorem 4:3, it follows that

tn(§— @) = &n(£)-
THEOREM 5:3 (Vallée Poussin, [34], p. 85). If, for the function &%,
the polynomial weW , has the property that the numbers

(4) E(ty) — w(ty), £(t) — w(ty), ..., 5(tn+1)—w(tn+1)
Fo<t < ... <Bpyyy ;e for 1=0,1,...,0+1)

are alternately mon-negative and mon-positive, then

n+1
"2 1§ () — @ (t)| [ ntl
En(f;F) = =0 il —y where W, = ” |tk_r’i‘|'
Z l/wk F=0,8k
k=0

This inequality follows directly from Theorems 5:1, 5:2, equation
en(€é— w) = €,(£&) and the assumption concerning the sign of the differ-
ence £— w, which allows us to eliminate the factor (—1)* in the sum on
the right-hand side of this inequality.

5.2. If the degree n of the approximating polynomial is large, the
computation of the expressions w, may be cumbersome. We may apply
a theorem of Remez (see [31], p. 37), which is somewhat weaker than
the preceding one.

THEOREM 5:4. If for the function Ee¥€p the polynomial we W, has
the property that the numbers (4) are allernately non-negative and non-po-
sitive, then

ex(&; F) = dmin (J&(t) — 0 (t)| + 16, 1) — o (b))
ock<sn

Proof. In equation (2) we get

n+1 n+l1
Wy, = n lte— 4| = (—1)"+'-* n (t—t) = (=12’ (t),
10l k 1=0i4k

where n(t) = (1—1,)(t—%,) ... ({—1t,4,). Thus, replacing in (2) the func-
tion £ by the function § = é— w (the equation (2) is still valid, as stated
by Theorem 4:3), we obtain

n+41l

2 (t) 7 (t)
_ k=0

e, =

n41

,E, (—1)*/a" (t)
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We know from the theory of finite differences that the numerator
of this expression is equal to the (n+ 1)-st divided difference of the func-
tion 4, computed for points i,,1?,, ..., ., ([18], p. 9). Let us denot.e:this
difference by 6[to,?;,..., % 1]- If we introduce the auxiliary funetion
v defined at the points t, by equations a() = (—1)* (k=0,1,...,n+1)
then the denominator of the above expression for e, will become the
(n+41)-8t divided difference o[t,,t,,...,%,,,] and

_ 0o, bay - vylnyl

B o[ty 1, ---,tn+l].

"

Now we remember that the (n—+ 1)-st divided difference is defined
by n-th differences with equations

Moy tyy ooy bnja] = Oty by -oos bl 0Lk, "'l_t"_t'.:,l.

tn+l - to

([18], p. 1). Applying the analogous formulas for the differences of lower
nd lower orders, we finally get the equations

6[‘0) tla ety tn+l]

. ] ) .__(_ j‘”é&n biy ooy tn—l]‘f‘ ts[tlv 29 tre tn]
to tn._to

_é[.tvl_’__t“z’” ceey tn]+ 5[t2, ts; ;_#1_9_-1-1_])
thl_'tl

= . | | 79 PUNUUA Wy
(1t 1) [tos 2yy ooty 4]

1 1 1
- - Sl N1 [P 7Y A RS

tn—T'l_to tn_to t‘n-;-l_tl

: e gyt eyt ) = o
(tasr —to) (b1 — 1) [tar tay oo b

% - n ) St ) — 8(t)
- }(—1) %o 8 [ty teyr] = E(—l) gy —t
k=0 k=0

hepr—h

where the coefficients ¢, are positive. The same equation holds for the
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function o, hence

= w ok, Ol 1) — 0(t) 200 O{bes,) - 0 (t)

—1)" e V(-1 2R
k2=:)( ) k tkﬁl—t{fm I(A‘(I( tk+l'_tk ) 2

(=1F ' — (=1 no 2

fein— U Ko te 1

¢, =

2 ( _1)" .kcl;
=0

Considering equation 6 — £é— m and the assumption about the sign
of the difference &— » we can say that

G 2a (G ) — ol )| 16 (6) — ot
o — k=0 tkﬂrl—'tk 2
il — ”‘. 20[{

A

Thus the number j¢,| is the weighted mean, with the weights 2¢;/(t, ., — ),
of numbers § ([&(t; ) — ot )i+ 1&(t) — w(f)l), hence the assertion
follows.

9.3. The applications of the Vallée Poussin type estimations can be
simplified by another method, if we fix in advance a certain special way
of selecting the points ?,,¢,,...,1,,,. Now we assume that the set ¥
is the interval I = (—1,1)>. From the theorems which will be presented
in Chapter III it follows that for functions which are sufficiently regular
in thig interval, their (n, I)-points lie close to the points

kr
l 1k — —COB y;, _+: ]’

(k=0,1,...,0+1).

Thus we may suppose that the n-th error of the best approximation
en(€; F*)  gives for F* = {tp 10y tai1as oo tay1ay} @  sufficiently
exact estimation of ¢,(&; I). This supposition is supported by many nu-
merical examples. Now we shall consider in some detail the conclusions
which may be drawn from Theorems 5:1 and 5:2 in the case when
be = tayr- |

THEOREM 5:5 (Paszkowski, [25]). For any function Ee6, ,,, we have
the imequality

1

('-)) En(g; <_ 1 ] 1 /) \7' n ] = if(tn . 1.0) - £(tn <—l,l)+ +(_l)”E(t7' - |.")'1

( __1)"-5-1

| _2 5(")4‘_1,1111) .
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Proof. We shall show that the number (2) for 1, = ¢, ,, is equal to

] (] E t 5 ; 1 uE . (_l)u»i-l
wt1\2 (t) = E(t) + o+ (— 1" E)+ - —

’ E(tn _Ll))

(here and in the sequel we shall write for simplicity #, instead of ¢, ., ).
Then inequality (5) will follow from Theorem 5:1 for F* = {t,,t,, ..., %}
and from Theorem 5:2 for FF = (—1, 1).

First we shall compute the numbers w, . To do this consider the (» + 1)-st
(‘hebyshev polynomial 7, , = cos((n+ 1)arccost) defined in §2.2. We
already know that it is a polynomial of the degree »+ 1 with the coeffi-
cient 2" of t"''. Thus the coefficient of " in its derivative

(6) T, = -8in ((n + 1)arccost)

;/_

is equal to 2"(»-+1). All the zeros of the polynomial z,,, are numbers
tiy oy ooy ty, for

. ) (n+1— Ic)
sin((n + 1)arccosty) = sin|(n+ 1)arccos |cos T n T
=sinn+1—k)n =
and 1—1# # 0, hence

1
t—1 A sin ((» 4+ 1)arccost).
n( )= z"( ) T ey g (ot Dareeos)
We have t, = —co80 = —1,¢,., = —cosn = 1, thus
ol
”(t——f, = g by sin((n + 1)arccost) — V(]—t’)(] )

Now we can compute the expression

we = [(Bo— ) (To— 1) ... (8o — o)l = (=1—t)(—1—1)...(—1—1, ).

In view of the last equation we have

w41

w41 | n(t——t

°_‘”(_1—“‘ ¢-..1' 41|

_ L lim /(1—t2)(1—7‘n+l) ]_"‘/2 lim 1___1"12!,_-}1 .
2% (1—+—t) 2 (-1 141




44 The theory of uniform approximation

From the definition of polynomial <,., it follows that «,,,(—1)
= (—1)"*!, and identity (8), derived in the proof, gives for + = —1 the

equation 7,,,(—1) = (—1)"(n+1)’. Thus, applying the de 1'Hospital
rule to the last limit in the sequence of equations (7) we obtain
1 o - o+ 1

o == o '/2,1?‘} (=27, 110hy) = on L
In a similar way we get
w41
'2_n_T
The remaining numbers w;, for 0 < k < n+ 1, we compute in the follow-
ing way:

/'Uﬂ«l-l =

n-1

wr = [(Ge—to) - (le—te 1) e — 1) - o (h—tny1)i = Lim 27—

i T ST
Y a- tk)hm e Y a—dm

1
= ]/(1—tk)(— -+ 2 = V1=t ()] -

oy t—1

It follows from formula (6) that (1—#*)r,%, = (n+1)*(1—7;,,). Differ-
entiating this equation and dividing the obtained equation by 2t,,, we get

(8) (1—t2)"1’;+1—t7;z+1 = —(n+ 1)2Tn+1~

This polynomial-type identity holds also in the case when 7,,,(f) = 0.
Since 7,.,(%) = 0 for 0 < k¥ < n+1, we have

), n+ 1) n+1
O I

0<k<n+1).

From the formulas for w,, w,, ..., w,., it follows that

n—-1 " 7 YR

2 n+1__._“

2%-—1 + 21!. + 27;_—_1_' )
- n S,
n+1 n+1 n+1

41
-—m( E(%HZ “vfEw+ ' D e ))

which was to be proved.

(9) €, =
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When applying estimation (5) we should compute the values of the
function & at the points ?,,,; with great accuracy, so that the right-
hand side of (5) will have least two or three significant digits. Theorems
5:6, 5:8 and 5:9 which are conclusions from the preceding theorem,
are free of this disadvantage. We may use them for function & in a partie-
ular form.

5.4. For our further investigation it is essential that the Chebyshev
polynomials z,, 7,, ... are orthogonal in the interval (—1,1% with the
weight function (1—#)"'2. This follows from the equation

) 0 (4 # k),
| AR a = {n G=Fk=0),
| /2 (3 =%k #0).

For every funection £e¢%. ,,, we may construect an orthogonal series

(10) D mléln,

where 1 =
= J E@)(1—1)Mdt (I =v),
TT

(1) m[€] =

-1
2 1
= [ewama—eyma @ >o0).
T -1

If the function ¢ has a bounded first derivative in the interval (—1, 1},
then this series is uniformly convergent to the function £ in this interval
([20], p. 245).

In the next theorem we shall use the method proposed by Hornecker
in [14].

THEOREM 5:6. If

§=Dam  (te(—1,1)),
1=0
then

(12) eal&5 <=1, 1) = | D 6gisnmin|-
i=0

Prooi. First, let us compute the values of an arbitrary Chebyshev
polynomial at the points ¢, (p positive integer, 0 < k < p). Since

k —k
Lo = —ODS-—R =008(P P )ﬂa
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then if | = ip+j (i—non-negative integer, 0 <j <p— 1) we get

71 (tpr) = cOB (larccos (cos(p ]Q’f))

p
— CO8 (_(_:ip +])_(P_ k_) )_ €08 (1(;0 k)= Hp - k)rr)
p ¥4
= 0055(P—k)ncosg(i;—)- (1) Oy g,).

Now we can compute the value of the function & for t = t,,:

o ox p-1
Etw) = Y amltn) = 3 3 (=17 Py, 75k
i=e i=0 f=0

let p =n+1,q = 4fork=0and k =p, ¢ =1 for 0 < k < p. Using
these notations we write (9) in the form

1
1 R :
e, = 1—)- Z ( —1 )qu E(tpk)

k-0

and we compute that

1 ¥z

o p
- %22 a,',,_;,-Z(—-l)"' Wbt (o) -

im0 i=0 k=0

If ¢« is even (odd, respectively), then the exponent k- i(p —k) can
be replaced by the exponent k (or p, respectively). Thus we split the above
sum into two parts as follows with respect to the index i:

oo 1 "
1 \ !
— y § @iy 1 j } (—l)kaTi(’pk)‘f"
73 3 fry
oo -1

l)p
22“(2: - ia qktl(tpk

The expression
”

1\ '
M NEAACY

k=0

is analogous as is ¢,, but instead of function £ we have here the polyno-
mial v;. Thus for j = 0,1, ..., p—1 the absolute value of this expression
equals the n-th error of the best approximation of a certain polynomial
from the class %, on the set {t,o, 1, ..., tpp}, and this error is obviously 0.



Extimation of error of the hesl approximation 47

Thus
(—1) o\ Q
€, = - p— ‘_\‘ LI TERY 2{ qx tj(tpk)'
i -0 j-0 k-0

Now we notice that

T, j(tpr) = COR ———"-—=———— = €08 ((p~ kyn— —ru" —

(p—iNp— k)= j@—kM)
j4 P

= co8(p— k)= cos A = (—1)" P (1)

It follows that

Iz ¥
Y p .
z G Ti(tpe) = (—l)pZ(— D qe, j(to)
k=0 k=0
and by the reasons given above this sum is equal to zero for p—j = 0, 1,
...,p—1; that is, for j = 1,2, ..., p. On the other hand, for j = 0 we
have 7; = 1 and

I

It
Eqkti(tnk) = Z 4 = P-
Y] k=0

Il
Thus, finally

~N ~N

. 3 w1 O
(Id) €y = (_l)nz a(2i§l)vp.=(—l) lz a(2i S 1)y

i i 0
Since Ienl = En(f; {tu 10y tu L1y *-< tu . 1}), inequa‘lit'y (|2) fO"()“"N
from Theorem 5:2.
Now we shall prove an auxiliary theorem which expresses the coeffi-

cients of the series (10) by the coefficients of the expansion of the func-
tion into power series.

THEOREM 5H:7 (Linskiy, [17]). If

then

mlE] =
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Proof. For { =0,1,... we have

u(£] = ) wa[t],

k=0

thus we should compute a;[t*]. First we shall do it for ! = 0. From defini-
tion (11) it follows that

a,[t*] = i ft"(]-t’-) 2y
e |

For an odd k the function #*(1—#*)"'* is odd and this integral equals
zero. Thus we put k¥ = 2§ and ¢ = cosu, which leads to the equatmn

ao[£] = Z Tyiag [ = R-Zw”fcos”udu.
=0 J=0 0

Since

i1
NS S Ay Zjl
CO8u = 02]{22( )(,osz —d)u + (’)l

i=0

(vee [32], p. 39, formula 1.320.5), and

f cosmudn = 0

o

for m = 1,2, ..., we have

ao{&] = 2‘ .'l:z,J ~2——21 )du

j=0

which was to be proved.
Now we assume that [ > 0. Then

[t = [ o) (1— 1) "2t
T

The polynomial 7; is orthogonal with the weight function (1—¢*)~'#
to the polynomials z,, 7;, ..., 7;_,. The functions 1,¢,...,# ' are linear
combinations of these polynomials, thus the polynomial z; is orthogonal
to these functions, i.e. a;[**] = 0 for k < I. The same equation holds
also for ¥ > I, if the difference ¥ —1 is odd. It follows from fact that by
(3) from § 2, the polynomial 7; is an even function for an even ! and an
odd funection for an odd I. Thus we may restrict our considerations to
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the values of indices k, equal to 2j4-I for non-negative integer j. Putting

t = cosu we get

2 T
a[tf] = — f cos*ucosludu.
7
0

For k > 2 we transform this integral, integrating twice by parts as follows:

kL)

k T
f cos‘ucosluduy = N f sinu cos® ‘usinludu
1] 0

k T
=7 f (cos® s — (k— 1)sin’*u cos**u) cos lu du
0

Ko k(k—1)
= chos"ucosludu— ( 7 )fcos"“’ucosludu.
0 0
“Thus if k # | we get
k(k—1
alt] = —— g

k—D)(k+1)

Applying this equation for k¥ = 2j+1,2)+1—2,...,14+2 we get

oty GED@AIZD

al 2(2i + 20)

_ (2 +D(2j+1—1)...2+ D)1+ o
T (2(2—2)...-2)((2j+ 2N (2 +21—2)...(21+2)

" 1
1 2j+l)J‘ 1 1 2j+1 1 2\—1/2
= - . costucosluduy = ——— ( . ) ftr,(t)(l—t) Ray.
27 —1 2f—1
2 ﬂ( J 0 29 '\ 2 -

The function t' is the sum of the term 2~**'r, and of the linear combination

of the Chebyshev polynomials 7; _,, v;_4, ... Which follows from formula
(3), §2. Thus

[Pawy1—2)"""dt = 27'x,

alt™) = s (9.

221+l—1 J

Rozprawy Matematyczne XXVI
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We have already established that the coefficients a,[t*] for k= 0,
l—l 141,143, ... are equal to 0, thus for 7 > 0

oo oo
3 L (2541
o] = 2 By (17 H) = Zw( ];- )a;zi.lv
7=0 7=0 '

which completes the proof of Theorem 5:7.
THEOREM 5:8 (Paszkowski, [25]). If

£ = Zw,tl (te{—1, 1>),

1=0
then
x
sm-(£;<—'17 ]>) = amnwn-i.21n+l H
m=0
where.
1 [mj(n+1)) temtl
n m
an.m=W-. {Zo (m—i(n—l—l)) (m=0,1,...).

Proof. We can apply Theorem 5:6 to the function £, changing in
inequality (12) the coefficients a; by the expressions, obtained from
Theorem 5:7:

o0 ® 0o
— 2j+(2i+1)(n+1)
Qir)nil) = 221+(2i+1)(n+1) 1 j Taj (@i = 1)(n+1)
i=0 j=0

o0
'n+2m+1
2n+2m )$n+2m+l ?

i=0 §=0

o

T

;8

where m = j+i(n+ 1). Instead of adding with respect to j we add with
respect to m, also from 0 to co. Then—since 2 >0 and m > i(n+1)—
the index ¢ will change from 0 to m/(n+ 1), or, more precisely, to the
greatest integer not exceeding this number, and

) 0 [m/(n+1)] 1
PN § ' § 1 2 ! n+2m+1
(14) a(21‘+1)(ﬂ 1) = W (fm—i('n+l)) m'v.l'-t-?'ma.]
i=0 m=0 1=0

= -]
= § Gpmn om 41 -
M=l

Combining the last result with (12) we get the assertion of Theorem 5:8.
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r—1

THEOREM 5:9 (Paszkowski, [25]). Let £ = 2 zt+ £, where r > n+t 1
and E,.e‘{f(__l;m and let
L E ) ()T E (- <P (0 <t <),
1 r
fnr = nt1 ( Z n+ln-2i41 ’})’

0<f<(n+1)/4

1
T at1

tr
n+ln-27
I<i<(n—-1)/4

min __ ,min pmeX
Qpy .’D,. fnr r  Ines
min
a;l;_&x = m;n&xfm'_a7r Gnr-

If the numbers

Ttr—n);2)-1 [(r—n)/2] -1
gm.ln i max
nr Z Gpm&r om0 + a:l}n ' Crr = Cum Prom i) + ag&x
Me=0 m=0

have a common sign, then

en(£5 <—1, 1)) > min{|ef™}, |ex*1} .

Proof. Let &* = Za:, !, where &7 = 4, for | <r—1, o} = 0 for the
]

remaining !. Let us denote by e the expression analogous to (9) which
corresponds to the function &*. Applying formulas (13) and (14) to this
funetion we get

aQ
\ 1
0.; = (_l)’"—rl anmw;-}.zm 1-
By the definition of coefficients 2} we may restrict the summation to the
non-negative values of m, such that n+2m+1 <r—1, ie. 0 <m
< (r—mn)/2—1. Hence
ftr—m)2)--1

ntl w
( "]) bp = Ry T, L2m o1
m=0

Let £** = ¢&,t7. Let us denote by e, the expression analogous to (9)
which . corresponds to the function &**. Thus we have

( 1)ﬂ,+l L1
B 1 ((—l)l:—i-l : (t . 1 uE " E.(t i E(t r )
—r¢+1 2 r 0)" (—. ) "( 1) 14— f(") 71_}'% r(:ul) na1)y
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where t, =1,,,,. We shall evaluate this expression. If ¢, < 0, then
tn+1 r= — >0 and

(_1)n+l_k6r(tk)t7c+(—l)ker(th-l k)t’;t+l k
_( 1) (Er(tn-il k)+( 1)n+r+15r(—tn+l k)’tn+1 k-

For an even value of k this expression may be estimated from below and
from above by &™), ., , and zP*%;., ,, respectively. For an odd &
it is estimated by —aPe*#, ., , and —azP"f],, ;, Trespectively. It
follows that the number (—1)"*'¢}* may be estimated from below and
from above by numbers:

mmPin(‘l‘t;+1 i ) —

D+t _a L),

n+1

o (Ml ) — Al (S APE SR

1
_|_ 1 n+1
where only the powers of positive numbers {, are added, i.e. the numbers
with the indices I > (n-+1)/2. Since ¢,,, = 1, the sums of powers of
these numbers may be written in the form

Mottt = D faya—3% fHAh.t.= D f.

0<f<(n+1)14 0<j<(n—1)/4
Thus we have proved that
i min n+1 u
0?3-” = :D,. fnr—-’ﬂ?“gm < (-1 ) nxfm Ty mgnr = a:;-“-

Since & = £*4 £**, and expression (9) is linear with respect to the func-
tion &, then ¢, = €+ ¢2*. From the formula for (—1)"*'¢} and from
the estimate for (—1)"*'es* obtained above, it follows that

+1
e < (—1)"e, < .

If the numbers ¢=™® and ¢2** have common signs, then this inequality
gives us a non-trivial estimation from below for |e,| by min{|eZ™|, |eZ®*|}
and such an estimation from below for the error ¢,(&; (—1,1)).

Theorems 5:5, 5:6, 5:8 and 5:9 give the estimation of the n-th
error of the best approximation of the function £ in the interval (—1, 1).
Using Theorem 4:4 it is easy to obtain the analogous results for the
functions £e%,;,. In fact, if we take F = (a,b), F* = (—1,1) and
we consider the fact that the interval F* may be transformed into F
by the formula t = }((b—a)t*+a+b) (" <F*), we get

(b—a)t+a+ b) (-1, 1)),

5 R

311(5 (a, b>) = sn(E‘ (—=1,1)) = ¢, ( (
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thus reducing the problem of estimating the error of the best approxima-
tion to the “standard” case of the interval (—1, 1).

6. Estimation of the error of the best approximation for functions
which are differentiable several times.

6.1. In this section we shall estimate the n-th error of the best approxi-
mation of the function in the interval I = (a, b), assuming that the func-
tion is defined and differentiable n+ 1 times in this interval.

THEOREM 6:1 (Bernstein, [4], p. 46). If the functions & and n have
the (n+1)-st derivatives in the interval I, and if

M) = i@ (tel)  or =) = @) (te),
then we have the inequality

(1) £ (&) = €nln).

Proof. We notice easily that we may restrict our eonsideration to
the case when £"*V(t) > |y™"*V(¢)|. Otherwise, if the function §£™+"
were not positive, we could have considered the funection — £ instead
of & and use the equation &,(— &) = ¢,(&), which follows from Theo-
rem 4:2.

It is also easy to notice that it suffices to prove inequality (1) in the
case when EHD(3) > |q®FV(8)]. In fact, if E”+D(E) > [y"+D(f)| then
£ (8)+ b > |n™+)(1)| for an arbitrary h >0 and it would follow
from the assertion which we are being to prove, that

(®) . (E+ e )> en(n)
-~ . n (?’l+1)! = nﬂ'

However, by Theorems 4:6 and 4:2 we have

(E ht":) < e (£)+ A"+ )_ £) 4 h gl
&n , ml)! < ep(8) En(m = £,(&)- 7(;l+1—)' &n ’

thus, passing to the limit as » — 0 in inequality (2), we get the inequality
(1), assuming the condition £**V(#) > |y (1)|.

Let us assume, then, that &**+V(f) > |5®*+V(t)] for te I, and let us
suppose further, that e,(£) < &,(n). Let [&,n | @,], [7,7n | y,], ie. let
the polynomials w, and y, be the n-th best polynomials for the functions
¢ and 7, respectively. By the definition of these polynomials we have

”E_mnlll = E‘n(‘f)a Hﬂ-%”: = a’n(ﬂ)-



54 The theory of uniform approximation

Let us denote by vy, v,,...,7,., (Where a <v,<7v, <...<w,,,
< b) the points which are alternately the (n, +)-points and (», —)-
points of the function %, i.e. such points that

1(0) = ¥a(v6) = (—1)'cea(n) (K =0,1,...,0+1),

where |o| = 1. Further let _ = (p—y,) —(§—w,), 6, = (—v,)+ (§— w,).
The functions é_ and 8, have, for ¢,(£) < ¢,(n), the same sign-in each
of the points v, as the difference n— y,:

(3) signé_(vy) = signd, (v) = (—1)% (b =0,1, ...,24+1).

It follows that each of the functions é_, 4, has one zero in each of the
n+1 intervals (v,, v)), (v1, v2), ..., (Vn, ¥5,,). On the other hand, we
know that &0+) = y*+h__ gDl 40D — O +) 4 (04D gnd in  view
of the assumption £**V(¢) > |y™+V ()| the function 6"*V is negative,
and the function 8§*" is positive in the interval I. From Rolle’s theorem
applied to the functions é_ and 4, and their derivatives, it follows that
4_ and ¢, have exactly one zero in each of the intervlas mentioned, and
have no zeros outside.

Let us denote the greatest zero of the function 6 by 2® and the
greatest zero of its k-th derivative by z®(k = 1, 2, ..., n). The derivative
6‘1"_ has only »n+1—Fk zeros, which separate the zeros of the derivative
of the lower order. The existence of these zeros follows from Rolle’s theo-
rem, i. e. from the existence of n-- 1 single zeros of the function 4. Thus
&M <. <2 <2 <0,,. In the interval (z¥,d) the function é_,
together with its first » + 1 derivatives is negative. Indeed, since &"*"(?)
< 0, the function 6™ decreases in the interval I. It has the single zero
#™ and must be negative to the right of it. The function 6"~ decreases
in this domain, thus it is negative to the right of its greatest zero.

By arguments similar to those used previously in this section, the sta-
tements in the preceding paragraph may be proved. In the same way,
starting from the inequality 87*V(f) >0, we prove that the funection
6, is positive in the interval which contains the point v, ,. However,
it follows from (3) that the functions §_ and &, have the same sign at
the point v,,,. The contradiction obtained shows that the assumption
eq(€) < &,(n) is false.

In practice, we apply Theorem 6:1 to one of the functions &, » only
when is easy to compute the n-th error of the best approximation for the
other one, and when the (n- 1)-st derivative of this function has a rela-
tively simple form. As an example, let us consider the function
! =pt"*'/(n+1)! in the interval I = <(a,b). Putting ¥ =1, F*
= (—1,1) and considering the fact that the interval F* may be trans-
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formed into F by the formula ¢t = }((b—a)t*+a+b), we get from Theo-

rem 4:4:

9"7,,,(:; l) == 5,.(:; ﬂ‘) 5

I

(b—a)t+a+b\"i :
SR I SR B RO y<—1,1>].
N (n+1)! 2 ’ b )

The function

P ( (b—a)t+a+b )"""
' 2
18 a sum of the expression
p(b_a)rt. ltu il
2"+ (n4-1)!
and some polynomial ¢ of the degree n, thus it follows from Theorems
4:3, 4:2 and 2:2, applied successively, that:

b_a n-i,-ltn+l
sn.(C; I) - sn( p;n_u(”),_‘_l)‘ 3 <_11 1))
— p(b—ay n4l, — L(b__a)nj_l_,
= Wm%(t i <—1,1)) = o (1)1

Since the (n+ 1)-st derivative of the function ¢ is constant, equal
to p, and we have succeeded in computing its »-th error of the best approxi-
mation we may use the functions of this type in Theorem 6:1 for esti- -
mating the errors of approximation for other functions. Thus we get:

THEOREM 6:2 (Bernstein, [4], p. 47). If the (n+1)-st derivativé of
the function & satisfies in the interval I = (a,b) the imequality

0<p <& <qg o 0<p< -0 <y,
where p and q are constants, then

p(b—a)"t! q(b—a)""
s < enl(€) < S

(4) 22n+1(n+1)! < En(f) 22n+1(n_|_ 1)!

The left-hand side of the inequality (4) follows from Theorem 6:1
for n = pt"*'/(n+1)!, and the right-hand side follows from the same
theorem, after changing & and 7%, for 4y = ¢"*'/(n+1)!.

6.2. If the (n-+1)-st derivative of the function & equals zero even
at one point the interval I, then the estimate from below of the number
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&, (&) which follow from Theorem 6:2 gives only the obvious inequality
£,(£) > 0. In this case it is sometimes possible to use the fact that ¢, (&; I)
> e,(&; J) (see (1), § 8) for such an interval J C I in which the function
£+ does not vanish, and apply Theorem 6:2 to the interval J. How-
ever, in this manner we usually obtain rather weak estimations. Some-
times we can use the following generalization of Theorem 6:1:
THEOREM 6:3. Let the functions & and n have the (n-+ 1)-8t dertvatives
in the interval I. Let m be a positive integer, and let ¢, ¢, ..., Cpn, &, d,
s @my D1y P2y -+ -y Pm be the numbers such thal

(5) cit+diel (tel, 1=1,2,...,m),
(6) Y lpd = 1.

If one of the following two inequalities

Z P ot &) = ™) (ted),
(7) .
S ot d) > ) (tel)

i=1

18 satisfied, then &,(&) = e,(n).
The proof is similar to that of Theorem 6:1. It is reduced to showing
that if

m
(8) D piap P (ot dy) > ") (te),
=1

then the assumption ¢, (&) < ¢,(n) leads to a contradiction.
Let [&,n | w,]. It follows from the definition of the polynomial w,
that |£(f)— w,(t)] < &,(&) for tel. According to (5) we have also:

E(eit+d;) —wu(et+dy)| < e,(8) (tel, 1 =1,2,...,m).

If we multiply both sides of the ¢-th of these inequalities by |p;| and add
all these inequalities using (6), we get

(9) \21:,5(0t+d)—2p@wﬂ<ott+d>t eal£).
i=] i=1
Let
= Y pib(et+d), oh = pio(ot+di),
i=1 i=1

where, of course, w)e % ,. Then it would follow from (9) that ||&*— wpli;
< ea(§) < £4(n). Now we use inequality (8), whose left-hand side equals



Estimation of error of the best approximation 57

the (n+ 1)-st derivative of the function &* — w) for considering the funec-
tions 6_ = (71— ) — (& —wy), 0. = (71— ya)+(§" — wy), where [7, 7 | p,].
The contradiction at which we were to arrive consists of the fact that
the functions é_ and &, would have, at the last (n)-point v,., of the func-
tion 7, the same and different signs, simultaneously.

Now we present one of the particular cases of Theorem 6:3. Let
¢c,=1, d, =0, ¢, = —1, d, =a+b, p, = p, = 4. Then the left-hand
side of the first of inequalities (7) is the (»+ 1)-st derivative of the fune-
tion

Eeven(t) = ‘Hf(t)+ E(a_i'b_t))a
i.e. of the even (with respect to the centre of the interval I = <a, b))
part of the function &. If, however, p, = —$, then, with the remaining
parameters being the same as above, the left-hand side of inequality (7)
is the (n -+ 1)-st derivative of the function

£oaa(t) = 3(E(1)— E(a+b—1)),
i.e. the odd part of the function & with respect to the centre of the
interval I. Thus the estimation e,(&) > ¢,(n) may be applied to the
function £ not only in the case when its (n41)-st derivative has the
constant sign in the interval I, but under a weaker assumption: if it
has a constant sign for the even or odd part of the considered function.

7. Estimation of the (n-1)-st error of the best approximation based
upon the knowledge of the n-th best polynomial.

7.1. Now we shall show how the knowledge of the n-th best polynomial
of the funcfion £ in the interval I, hence the knowledge of the n-th error
of approximation e,(£), permits, in certain special cases, an estimation
from below the ratio ¢,.,(&)/e,(£); i.e., estimate the number e,.,(&)
from below. The corresponding results, which incidentally are of more
theoretical than practical interest, are given in [27]; here we shall present
them in slightly simplified form. They are based on the estimation of
the measure of the set

Ap = {t: tel, |E(@)—w,()] = ke, () (0 <R <1),
which can be computed, provided we know the n-th best polynomial
w, for the function & in the interval I. In § 7 we shall assume
throughout that ¢,(¢) > 0, for otherwise we would have e,,,(§) =0

also, and the estimation would not have been necessary.
THEOREM 7:1. If m is the smallest integer such that e, (&) < e (&), then

1—h+24,
(1) 4, < (h—w}/ 1+:(5“’ (h > 8,(8),

where :5,,(5) = €n+m(6)/£n('=t)'
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The existence of the number #, mentioned in the theorem follows
from the assumption ¢,(£) >0 and from Theorem 4:1 of Weierstrass.

Proof. By the definition, the (n-+ m)-th best polynomial w, ., for
the funetion ¢ satisfies the inequality |£(f) — @, (8)] < &, m(&) for tel.
Thus, it follows that:

En—Hn(E) 2 |E(t)_ wn(t)| - iwu(t) — W, 4 m.(t)i (tel) .

If we replaced the expression |£(#) — w,(t)| by the sum |w, (¢) — @, .(t)| -
+ €p4m (&) in the definition of the set A;, the set so obtained would con-
tain the set 4,, i.e.

iAhI < l{t: t€[1 lwn(t)'— wn+m(t). = hen(e)-eﬂ-p—m(e)} .

We assume that &,(£) = ¢,,,(£) = ... = &,,m_1(£&). This means that
the polynomials w,, w1, ..., Wy, m., that is, the best polynomials for
the function & are identical; hence in particular w,— w, m = @y m_1—
— w,,m- The properties of the difference of pairs of successive best poly-
nomials have been investigated in § 3.1. We know from these investiga-
tions that the polynomial w, ,_,— ®,,, of the (n+4 m)-th degree has
only the real and single zeros 2, < 2, < ...<%,,, Which lie inside the
interval I = {(a,b> (Theorem 3:1 with n changed to n+ m—1). It has
also been shown in § 3.1 that

(2) Eu(&)— £'n-|-m.('5) g ”wn_ wn-}—m.”(zk,zk+1) < en(f) + 5n+m(£)
(k=10,1,...,n+m),

where 7z, = @, 2,1 = b (Theorem 3:2). The left-hand side of the above
inequality follows from (3), § 3, and the right-hand side—in view of the
relation (2, 2,,..> CI — from (2), § 3.

Considering the mentioned conclusions from §3 we may write that

n4m

[Anl < D) {8 teams 2inds |0n(t) — Onym (D)) 2 hen(€) — enpn(£)}
k=0
ni+m ‘
< {t: t‘<zk’zk+1>1
k=0
‘ hen(E)_ £ﬂ+1n(§) :
|wn(t) - ww:.i,-‘lu(t)‘ = e (E)+ En.+m(‘5) ”wn - wrl.+1r'.||<8k.zk+l) ;
n4+m

h— 6,(£) ' |
1+6n(5lw‘n—— Uy, 1Il“(¢k,¢k+l) ;'

{w'n (t) - (Un-;—m(tn =
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This equation is interesting only in the case when k > §,(£), since other-
wise the sum on the right-hand side equals b—a, and the estimation
Al < b—a 18 valid for every h.

In paper [13] Erdos has proved (see also [26]) that any polynomial
z with only real zeros satisfies the inequality

(3)  {t: te<e, @, O = hliglea) <(@—e)W1—k (0 <h<1),

where ¢ and d are arbitrary successive zeros of this polynomial. The same
inequality is also true when ¢ is the greatest zero of the polynomial y
and 4 is an arbitrary number greater than ¢. In fact, the function |y(?)|
is convex for t > ¢, i.e. the straight line which passes through points
(¢, 0) and (d, |x(d)]) lies above the graph of this funetion in the interval
‘¢, d>. Thus, if we replace in (3) the symbol y by the symbol 4 of a linear
function, with the graph passing through the mentioned points, then the
measure of the set which appears in (3) will increase. This new measure,
connected with the funetion A equals simply (d—c)(1— k), i.e. it does
not exceed (d—¢)Y1—h. We notice similarly that inequality (3) is valid
also in the case when d is the smallest zero of the polynomial y and ¢
is an arbitrary number smaller than d.

All these remarks show that we can apply inequality (3) to the poly-
nomial y = w,—w,,, and to the intervals (c¢,d) = <(2,2.,> for
k=0,1,...,n+m. Thus we get

P te2iy 25,0y (0u(8)— w, . (F) = h_ on(f-—)-- llew,, — 0y, ez 1
] R N WA L) 2 H— 1+ 6,,(5) i npall¢sg 2 )
o o h—8,(8) 1= h+28,()
(51— 2) l I — T (21— 2k) l RN
(h = 8,(8); k=0,1,...,n+m),
W L
S 1—-h+26,(8)
< D @ ) e > a),

k=0

which was to be proved.

In Theorem 7:1 we estimated the measure of the set A, from above.
The estimation of this measure from below is more complicated; we
shall deal with it in the next theorem. The symbol x,(k) for h > 0 will
denote the greatest root of the equation |r,(t)] = h, where 7, is the p-th
Chebyshev polynomial. The greatest zero of this polynomial equals
co8 = [2p, hence x,(h) > cosn/2p. In addition, let

to(h) = [{t: 1eC0, 15, t" '"(A—1t) = h(p—1)"'p ¥}| (0 <h <1).
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Since (p—1)""'p 7 = [’~'(1 =)0, the function u, is a measure
similar to the measure of the set A4,, except that it is connected with
a different function and a different interval. The function u, decreases
from 1 to 0 as k increases from 0 to 1.

THEOREM 7:2. If 0,(€) < } then we have the inequality

h+- 6,,(5))

———— cos_. RN

. (h+ 6 (£)
"\1—8,(8)

where the symbols 6,(&) and m have the same meaning as tn Theorem 7:1.
Proof. From the inequality |£(f)— wp im(t)l < €p.m(£) it follows that
svn-pm('s) > Iwn(t)— wn+m(t)| - |E(t)— wn(t)r (teI) .

Thus, if we replace |£(!)— w,(t)] by the difference |w,(t)— w, m(t)]--
— &,,m(£) in the definition of the set A4,, the set obtained would be con-
tained in 4,, ie.:

(Apl = [{t: tel, |w0p(t)— wny ()] = heg(E)+ en. ()}

,un+m(

(4) |dn = (b—a) (h = 1=29,(§)),

n4+m

= 2 I{t: t€<zk’ zk—l—l>7 ]wn(t)_wnn:-m(t)‘ =2 heﬂ(5)+ En~,—1n('s)}l'

k=0
If we use now the left-hand side of inequality (2), we can write that
(5) |44l

n4+m—1

= 2 l{t: te <zk7 zk+l>7 |, (1) — wn.;-m(tn = g"wn_ (Un-+-1nn(zk,z,|.+,>}‘ l
k=1

+ |{t te <0;, z1>a lwn (t) - ‘Un+m.(t)| 2 g min “wn_ wn+m“(zk,zk+]>}! -
I<k<sngm-—1

+ Ht: tenims 0Dy () — 0pim(®)) =g min o, — wn+m”<zk,ak+‘)}ia
I<kgnym—1

where

_ hen(O)tenim() _ bt 0a(8)
an(E)_£n+m(§) 1— 617/(5) .

It has been proved in [26] that

[{t: te<o, &, 12 > Blxlea} > @—)pp(h) (0 <h<Y),

where y is an arbitrary polynomial of the degree p with only real zeros,
and ¢ and d are its arbitrary succesive zeros. We can apply this theorem
to the polynomial y = w,— w,,, of the degree p = n+m and to the



Kstimation of error of the best approximation 61

intervals (¢, d) = (&, %> (k=1,2,...,2-+m—1). Adding all these
inequalities with respect to & we get

n4+m-—1

(6) Z t: tedzy 5 2ep1D,y |@0n(t)— wpm(?)) >g||wn*wu+m"(¢k,zk+l)}|
k=1

2 (Znem—21) nim(9) -

To estimate two other terms of the right-hand side of inequality (5)
we shall use a different method. Let us for simplicity denote y = o, — w, .,
and let us introduce a new polynomial

zn+m—z1 z1+zn.+m
p(t) = 2|l=——7—- t -1.
2co8 /2 (n+ m) 2

Since all the zeros of the polyromial y = w,— w,,», are real numbers
2y < 23 < ... < 2p,.m, all zeros of the polynomial ¢ are also real numbers
wy, such that —ecosm/2(n+m) = w, < Wy < ... < Wpypm = COBT/2(n+ M),
and we may apply Theorem 2:5 to the polynomial ¢, after changing
the number n into n+m. Thus we get the inequality

lp@)) = = min (@l w5 Taem (D] ([t > c087/2(n+m)),
1<k<n4m -1

which, in view of the definition of the polynomial ¢, may be written in
the form

(1Y 2@ = min gl Tn-;-m(

20— 2 —Zpym 7 )f
1gkntm.-1 '

8
Zpim— 21 2(n+m)

(t < Ry t 2 z—n-;—m)-
Let us consider the set

{t: tepim, 0>, I2() =g min

lill }
1<k<n+m—1 CroPh+12)?

the measure of which equals the last term of the right-hand side of in-
equality (5). This set will not increase if we replace in its definition the
function |y(¢)] by the right-hand side of inequality (7). It means that
(8) i{t: teZnim, by, [x(t)) > g min llx”<zk,zk+l)}

I<k<n+m—
e 202, — 25 3

=\t teZpimy B>y Tpim|- ¢cos8 -~—1 = g¢..
’{ € LMy > Tny ( Zmym— 2 2(W:+M))| g}l

The number cosw/2(n-+m) is the greatest zero of the polynomial
Tnym, @0nd this polynomial, which has only the real zeros, increases from
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0 to +oco for 1 > cosn/2(n+m). Thus the polynomial

: 20—2,—2, .
(9) Toim (' : —_ "

Znim— 2 2(n+ m)
increases for ¢t > z,,,, from 0 to +oo and according to the definition

of the funetion x,,,, it achieves the value g at the point ¢, such that

20— 23— &pom

e OB — = X, m(g),
Zpam — %) 2('”-}- m)

i.e. such that

_ __(zn+m —21) %nim(9) 2+ zn+»m

‘ 200872 (n+ m) 2

If ty < b, i.e. if the polynomial (9) achieves the value g in the interval
{#pnymy b>, then the set, whose measure appears on the right-hand side
of (8), equals the interval (t,, b>. If, however, ¢, > b, then the set is
empty. Thus

(10) I{t: t€<zﬂ+m’ b>1 1X(t)l >g m'in ”Z“(zk,sk_H>}

Ik<n+m -]
> max {O bh— .,(.‘z""""“_ zl) Knrm (9) _ 2. ifn.;. m l
~ ’ 2¢087t /2 (n + m) 5 |

In a similar way we prove that

(1) {t: teda, 20, g =g min ez, )

1<k<nt+m -1

= max {0, —— M’iﬂ"ﬂ) 2+ Zntm } .
2cos8 /2 (n+m) 2

If we consider inequalities (5), (6), (10) and (11) in which the notation
X = ©,— ®,,, i8 used, we get the following estimate for |4,|:

lJ-4h| > (z'n. | m._zl)ﬂn 'm(g)+

(,zﬂ+m_ zl) x-:a-}.m(ﬂ) 2+ Znim }

: 0,b— B e |
4 nmx{ ’ 20087 /2 (1 +m) 2 4
+ max {0, —a— (z.!‘+"‘—zl)”n+m(.g) n z,+z,,+m}'.

2co87/2(n -+ m) 2

For arbitrary numbers # and y we have the inequality max{0, z} |-
4-max{0, y} > max {0, z+ y}, hence

(zn+-m - zl) "nﬁ.m@}

‘A4 = mm - m 0, b—a—
Anl > (2 Z1) o (9) + a,x{ yO—a co8 /(2 (n + m)
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To obtain the desired ultimate estimation for {4,| from the last result
we shall treat the right-hand side of the obtained inequality as a function
of the difference 2, , —# and we compute the minimum of this function.
It changes linearly on the left and on the right from the point

cosn/2(n+m)
(12) ————— (b—a),
xy ;.m(g)
and on the left from this point the coefficient of z, , — 2, equals
, %n4m(9)
(13) Buemlg)— T

cosm/2(nt-m)’
and on the right it equals

(14) nu*n+m(g)'

From the definition of the functions u,.,, and x,_, it follows that
the first of them is non-negative and does not exceed 1, the other one
is no smaller than cos=w/2(n+ m). Thus coefficient (13) is non-positive,
and (14)—non-negative and the right-hand side of the considered in-
equality achieves its minimum at the point (12). Thus inequality (4),
which we were to prove, follows at once. Moreover, since the function
fn.m 18 defined only for arguments from the interval (0, 1), and the
function x,,, only for non-negative arguments, we must have

h+ 6,(£) :
T <1, ie  h<1-26,(8).

Thus the values of the parameter h for which inequality (4) is satisfied
exist only in the case when 4,(£) < 3.

{.2. Now we shall apply the estimations of the measure of the set
A, from below and from above, obtained in Theorems 7:1 and 7:2
to the estimation of the ratio 6,(&) = &n,m(&)/en(£).

THEOREM 7:3. If m 18 the smallest integer such that e, ,,(&) < e.(£),
and if 8,(&) = £,.m(&)/ea(E), then for all he<0,1> we have the inequality

{15) 9, (&) =

Proof. For h > §,(f) we may transform inequality (1) to the forn
(16). Inequality (15) is also true, however, for 6,(&) ~ h. It follows from
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the inequality

|4
h—f—(l 1l 1
b—a
h > YRECEE
2~ (142
b—a

which i8 equivalent to the evident inequality

(1 |4 \? 14k
-{5 +h) > 0.

—a

THEOREM 7:4. If the symbols 6,(&) and m have the same meaning as
wn. Theorem 7:3, then for all he{0,1)> we have

Lyaim (—l—jﬁl—) —h

(16) dn(€) = b—a
e L (lAh| )+1 ’
" \b—a

where the function i, i8 the function imverse to the function of variable h:

an tinm(B) COBT/2 (n+-m)

Hnim (h)

Proof. Since the function u,,,, decreases from 1 to 0, and x,,, in-
creases from cosw/2(n+m) to 1 a8 h increases from 0 to 1, the function
(17) decreases from 1 to 0 and the inverse function exists. The latter is
defined in the interval <0, 1) and decreases from 1 to 0 in this interval.
Thus, inequality (4) for 4,(&) < % and A <1—26,(£) may be written
in the form

| A h+6,(8)
by +m < ’
b—a) S 1—6,(f)

i.e. we have inequality (16) under the above restrictions. The same in-
equality is also true for h >1—26,(¢), ie. for 4,(£&) > $(1—h), since

) (IAM)_“h
1 e b—a IAhl )
(1 — ie — — ) =0
S 0—h > e (1+h)(1 z,.+m(b_a) >
tnyim b—a +1

and, the more it is true for 4,(&) > 4.
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Theorems 7:3 and 7:4 give the positive estimates from below for
the ratio 4,(&) only if the inequalities

A 2
h >1— (—‘—"l-) and k<, ., (—'f—i—b—()
a "\b—a

respectively, are satisfied. In the opposite case, i.e. if for all he<0, 1>

|4l LAY
‘zn-%m(b':% <h<1-—- b—’a)’

ie. /‘1_;+1(c_(_"f)c'_(_)ﬂ!g ('”+m) < Jilhl < V1—h

"n-g-m(h) b—a
nothing follows from Theorems 7:3 and 7:4 except the fact that é,(&)
is non-negative. Probably the effective application of these theorems
might be considerably extended through the sharpening of the estima-
tions for the measures of the type

(18) {t: tel, 2(0)i = hixlis}!,

where y is a polynomial with real zeros. These estimations were obtained
by finding analogous estimations for subintervals of I such that their
end points are the successive zeros of the polynomial y. The latter esti-
mates cannot be sharpened, but one can sharpen their conclusions which
concern measure (18).

7.3. We shall add the remark that by investigating the difference
&— w,, where £ is a funection continuous in the interval I, and w, is its
n-th best polynomial on this interval, we may obtain estimates for the
ratio 6,(&) = &,.m(8)/e,(&) by a different method; this will be shown
in § 9.5. In this way we shall obtain estimates from below for 4,(§) by
@ positive number, except in the improbable case when the (n)-points
My < Uy < ... < Uy, of the function £ are identical with the points
3(a+b)— 4(b—a)coskn/(n+m) for k = 0,1,..., n+ m, Tespectively.

8. The relation between the error of the best approximation and
the interval of approximation. The error ¢,(&; I) of the best approxima-
tion depends upon the approximated function £, the degree n of approxi-
mating polynomial, and the interval I over which we perform our approx-
imation. The remarks given in § 8.1 concerning the last relation charac-
terize this relation rather weakly. Nevertheless, they seem to show the
direction in which we should proceed in order to get the interesting
results. We shall show in § 8.2 that these results might be useful for the
estimation of the error e,(&; I). '

Rozprawy Matematyczne XXVI 5
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8.1. We shall start from the most obvious inegualities. If .J C [,
where I and J are closed intervals, then

the more general inequality e,(§;G) < ¢&,(&; F), where ¢ and F are
closed sets, is also true; we have used this inequality several times in
proofs of previous theorems. If the function ¢ satisfies some additional
assumptions in the interval I (for instance, if its (n-41)-st derivative
exists and is of a constant sign) and if I # J, then we can replace the
symbol < by the symbol < in inequality (1).

It is also obvious that if the interval J is not contained in the interval
K, neither K is contained in J, then the errors of approximation ¢,(&; J)
»nd ¢,(£; K) are independent in the sense that for arbitrary non-negative
numbers ¢;, ¢x there exists a function £¢%¢;_x which satisfies the equa-
tions ¢,(&;J) = ey, €,(&; K) = ex. The function & may be, for instance,
the function such that: 1. it is identically 0 in the interval J ~ K (prov-
ided this set is not empty); 2. in the interval J —K its graph is a poly-
gonal line with n+4 vertices with ordinates successively equal to 0,
€53—€ry ...y (—1)"*'e;, 0; 3. in the interval K—J its graph is a poly-
gonal line with n4 4 vertices with ordinates successively equal to 0, ex,
—e€gy .-y (—1)"*'eg, 0. From this description, and from the fundamen-
tal Theorem 1 : 2 it follows that the n-th best polynomial for this funetion
in the interval J as well as in the interval K is identically zero.

If the numbers ¢,(¢; J) and ¢,(&; K) are known, then the n-th error
of the best approximation of the function £ in the set J « K is no longer
arbitrary. From inequality (1) generalized to the case arbitrary closed
sets, we get the following estimation of this error from below:

sn(si Jv K)> max{e,,(f; J), ea(&; K)}y

and in the case when the intervals J and K have a common part with
positive length, we can also give an estimation from above; this will be
done in the next theorem. If, however, the set J ~ K consists of a single
point, or is an empty set, then the number ¢,(£; J v K) may be arbitrar-
ily large.

THEOREM 8:1. For any function & continuous in the interval I = {a, b
any numbers ¢ and d such that a < ¢ < d <b and any non-negative in-
teger n we have the inequality
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Proof. If w,; and w,x are the n-th best polynomials for the function
¢ in the intervals J and K, respectively, then

() — wag(B)] < ealé;d)  (ted),
[6(t) — wag (2)] < en(&5 K)  (LeK).

Both of these inequalities are satisfied for teJ ~ K = (¢, d), hence it
follows that

(0ng (1) — 0nx (V)] < &a(85J)+£:(45 K)  (ted ~K).

Thus, if we transform linearly the variable ¢, we see that the norm of the
polynomial

((d—c)u+c+d) ((d—c)u+c+d)
Dpg | == 9 | 7 Wyg 9

in the interval (—1,1) of the variable 4 does not exceed &,(&;J)+
+¢&,(&; K). Applying Theorem 2:3 to this polynomial we can write the
inequality

((d—o)u+c+d)

(d—c)u+o+d )I
— g [~

< fen(5 I+ enl(§5 K))I7alw)l (Ju] > 1),

i.e., after coming back to the variable {—the inequality

2W—c—d
ns (0)— g ()] < (en(E5 J)+ en(£5 ) | 70 (’—if

y )l (t<e,t >=d).

Let us now consider the polynomial
© = hoy s+ (1—R)o,x = 0pg—(1—h)(@py— Wpg) = Opg+ h(wpy — wug),

where, at this moment, A is an arbitrary number from the interval (0, 1>.
For te(c,d) we have

EM)— ()] <h|E(E)— wu(t)+(1—h)[E() — wur(t)]
< heg (&5 J) 4+ (1 —h)en (€5 K).
For teda,¢> we have the inequality

18(t)— @ (t)] < 1£(1)— wpg ()[4 (1 —h) |wny (t) — ong (t)]

2t—c—d :
Tp\——F— 1

< eal§5 )+ (1= h)(en(&5 J) + enlé; K)) P

and since the Chebyshev polynomial 7, (which has only the real zeros
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in the interval (—1, 1)) is monotone outside this interval and satisfies
the equation |z,(—1t)| = 7,(t) for t > 1, we get

— 9
@) — 0 ()] < en(&; T)+ (1 — k) [en(&; I)+ £al &5 K)) 1, (M)

d—c

(tela, c)).
Finally, for te{d, b> we have the inequality

16(t)— o(t)] < 1£(t)— oag (D) + h|wns (1) — 0pg (2)]

2b—c—d
< enl 3 K)+ hlen(€5 )+ en(£; K))r,,(--.v&-f(;._),

Thus
8)  elé D) < |€— wlisur < max |he, (&5 J)+ (1 —h)e, (&; K),
‘En(e;J)+(1_h)(£n(£;'7)+£n(§;K)“K~ Bn(e;K)"‘h(en(g;J)+£n(£;'K))tJ'-

Since the numbers ¢; and t; are the values of the Chebyshev polynomial
for the values of argument greater than 1, we have t; > 1 and tz > 1.
It is easy to see that the first of the three numbers which appear on the
right-hand side of (3) is smaller than the remaining ones for an arbitrary
he{0,1). The second of these three numbers is a decreasing function
of h, and the third one is an increasing function of h. Thus the number
which estimates from above the n-th error of approximation e,(&; I)
in inequality (3) will be smallest for » such that

en(E5 )+ (1—h)(ea (€5 I) + £a (&5 Ktk
= &, (&5 K)+ hlen (&5 J) + en(&5 KL,
i.e. for
el d) — el K)+ (eal(§5 ) 4 £al(§; K))ta

h —
(en(E, J)_* En(s; K))(tJ+tK)

For such a value of &, which, as it may be seen, belongs to the interval
{0, 1>, inequality (3) becomes inequality (2) which was to be proved.

8.2. Theorem 8:1, despite all its generality, is very weak, as may
be seen from the following remark. If the numbers a and b are fixed,
¢ tends to a and d tends to b, then from (2) we obtain in the limit the
estimate ¢,(&; I) < ¢,(&; J)+ &,(&; K), in spite of the fact that the approx-
imation errors ¢,(&; J) and ¢,(&; K) tend to the common limit &,(&; 1).
It seems to be difficult to obtain sharper estimations, but it may be worth-
while to indicate the advantages, which could follow from such estimate.
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Suppose that the function & has in the interval I the (n4 1)-st deri-
vative, which is near to zero in the whole interval, except a neighbour-
hood of the end point b, where it can assume large values. The error
£,(£€; I) may be estimated from above by using Theorem 6:2, and the
result to this estimation will be a large number, since the maximum of
|E™+D ()| in the interval I is large. If, however, we know sufficiently
exact estimates of the type

(4) 6,.(5;[) ggJen(E;J)+3K£n(§; K)

(at least for sufficiently regular continuous functions), where s;, 85 are
positive numbers independent of &, we could have represented the in-
terval I as a sum of intersecting intervals J = <(a,d) and K = (¢, b)
such that: 1. in the interval J the maximum of |£®+)(¢)| would be con-
siderably smaller than in the interval I; 2. the interval K would be con-
siderably shorter than [. Then applying inequality (4), and estimating
the approximation errors ¢,(§; J), &,(&; K) by Theorem 6:2, we should
obtain the results better than before, since the value of the (n -+ 1)-8t
derivative of the function & and the length of interval I have a very
strong influence on the upper bound in the estimate of the error of the
best approximation (see (4), § 6).



CHAPTER 111

THE DISTRIBUTION OF (»)-POINTS IN THE INTERVAL OF APPROXIMATION

9. The estimates dependent upon the value of the ratio ¢, (&) /e, (£) [23].

9.1. In the whole section we shall assume that the interval of approxi-
mation is the interval (—1, 1>, and that we have the inequality

(1) en(§) > eny1(£).

The results obtained for the case of interval (—1, 1) can easily be gene-
ralized for the case of any other interval by means of Theorem 1:8.

It follows from inequality (1) that w, # w,,,, where, as usual, o,
and w,,, are the n-th and the (n+ 1)-8t best polynomials for the function
£ in the interval (—1, 1). It also follows from this inequality that we can
find only #n-+2 points w, 4y, ..., %,,; (Where —1 <u<u <...
< U441 < 1), which are, alternately, the (n, +)-poinfs and (», —)-points
of the funection &.

In Theorem 3:1 we have proved under the assumption (1) that the
difference w,— w,,, is a polynomial of the degree n+ 1 with real single
zeros which lie in the interval (—1, 1). These zeros, arranged in increasing
order, will be denoted by the symbols 2,,2,,...,2,,,; in addition, we
denote 2y = —1, 2,,, = 1.

THEOREM 9:1. If £€¢¥ _y 1y, then the (n)-point u, (k =0,1,...,n+1)
of the function & belongs to the set

|wn(t)—wn+l(t)[ en(‘f)_sn+l(£)}
< ) 17 N t'. - } .
Br Ber1) l 0n— ommallerns = enlE)F emsa(E)

Proof. The fact that «, belongs to the interval (2, #;,,> has already
been proved in Theorem 3:1. If we subtract the inequalities

| & () — Wy 11 (U] < £n+l(5)’

which follow from the definition of the polynomial w,,,, from the cor-
responding equations

[ (ug) — wp(ue)| = €p(£),
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which follow from the definition of the (n)-points, we get
|y, (%) — Wy, (ue)| = E,,‘(G)—Sn_u(f) (k=0,1,...,n+1).

Since “wn—wn-l-l“(—l,l) é&n(f)—ke,u_l(f) (inequality (2) from §3 for
I = (-~1,1)) we have

1wn(“k)_wn+l(u_k_)i 5n(£)“'£u+l(£)
lwn— @nialle-1ns ~ €n(€)+ enia(&)

(2) (k=0,1,...,n+1)

and. the assertion of Theorem 9:1 follows.

Let = be an arbitrary polynomial of the degree n+ 1, with real zeros
Z1y %3y 100y ¥y and such that —1 < 2] <% < ... <2,,; <1. For every
such polynomial we shall also denote 2; = —1, 2;,,, = 1. For any number
ge(0,1) we shall denote by ¥#7,,,, the class of polynomials ¢ which
satisfy the condition
3 min jirj| , . = gliTl 11
(3) 0gj<n+1" H%’mﬁ glizl_ays

THEOREM 9:2. If £e¥._,,, then for an arbitrary system of points
Ugy Upy oeey Upyy arranged according to thetr magnitude, and which are
alternately the (n, +)-points and (n, —)-points of the function &, we have

—1 <%y < sup 3,
¥ 41,0
(4) inf rp <u, < sup s (k=1,2,...,n),
¥ ntl,0 ¥ n+l0
inf r,, <wu,,, <1,
ME LTSN
where
8,,,(5)—8",,,_1(5)
(5) = -

NGRS
(6) Py 81> = %y Zr ~ {E lT(t)] > glh’il(_l,n)} (k=0,1,...,n+1).

Proof. Let us notice first that obviously the set on thearight-hand
side of equation (6) is an interval. For k = 1, 2, ..., n this set consists
of points which lie between the successive zeros of the polynomial t,
and for which the absolute value of this polynomial is not smaller than
gllzlc_1,,- In intervals (—1,2z> = (2, 2> and {2h,1, 1> = (hiry Znea
the polynomial 7 is a monotone function, hence formulas (6) are meaning-
ful also for ¥ = 0 and ¥ = n+1; we have here 7, — 2f = —1,8},, = 2.,
=1 for an arbitrary polynomial ze% ,,,,.

The polynomial w,— w,,, belongs to the class #°,.,,, since inequal-
ity (3) follows from (2) and from wye {2y, 2x,,> for this polynomial. In
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view of Theorem 9:1 the (n)-point u, of the function ¢ belongs to inter-
val (6), which corresponds to the polynomial * = w,— @, ,. Thus we
have the inequalities

—1 <u < 8'0.1 e <w <8 (k=1,2, ceey M), 7‘::4-1 S Upyy <1
and, in addition, inequalities (4).

9.2. Theorem 9:2 gives the estimation of the (n)-points of the fune-
tion £, which depends only upon the value of the ratio (5); i. e., it depends
only upon the ratio value of the successive errors of the best approxima-
tion:

_?u_+l(§)_ _ 1—9

e8) 144
In § 9.3 we shall find infr}, sups;, which will allow us to apply inequality

(4). But first we shall prove an auxiliary theorem in which we establish
the conditions for the existence of a solution of a certain system of linear
inequalities.

THEOREM 9:3. Suppose we are given 2n-+ 3 distinct numbers y,, y,,
vory Ynaly R1y By o uny Bpyy aGnd the numbers s, 8y, ..., 8,,, different from 0.
The system of linear inequalities

n41

8;;
(7) N 5T o (=01, 0 1)
~ Yi—%

does not have a solution if and only if the numbers

n+1

” (% — v:)

(8) ELI. (G =0,1,...,n+1)

3 ” (¥ —vs)

7=07#1

have a common gign.
Proof. System (7) does not have a solution if and only if the system

n+1

8, T; .
(9) 2 y : <¢qg (@=0,1,...,n+1)

= iR

does not have a solution for any system of negative numbers g,, ¢,
«vvy @uy1- Now we shall deal briefly with a more general system of linear
inequalities:

/AN

[ |
(10) Moo <a (6=0,1,...,041).
=
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Let
@y, Qg2 Bg 541
@11 ”'L_l,z a’i--l,u+l |
d; = (F=0,1,...,n+1).
@ip1n Bigap - Ripanqn

an.-',-l,l a"ﬂ-~}—l,2 e a-lu a1

It is well known that if system (10) has a matrix of the order »- 1, then
a necessary and sufficient condition for the existence of a solution for this
system is the existence of a determinant d;, different from zero, and such
that

A1 Gy LTINS ay
1 @i 1y @ g2 e G g1 G
("l_'ai+l,1 a’i-|l,2 a’i+l,-n41 @, | = 07
i
Qpo1) Opprz -+ Duping1 Bpyp
@i U LR a’i,n-{-l a;
or
a Uy @y 1
i i 1
(—1) a, &3 al,"!.+l (—l) j
- = N (1yed >0
d,’ .............. di .
=0
a'n+l a’n+],1 e a’n-\ 1n+1

(see [10], p.27). In other words, system (10) does not have a solution
if and only if: (i) the numbers (—1)’d; different from zero have a common
sign; (ii) this sign is different than the sign of the non-vanishing expression

N1

2 (-—l )ja,-dj.

=0

~.

We may apply this theorem for the investigation of system (9), since
it will soon turn out that the matrix of this system is of the order n--1.
In this case the absolute terms ay, = q,, @, = @y, ..., @y 1 = Qo Aare
negative, and we may omit condition (ii) in the ecriterion formulated
above, since it follows from condition (i).
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Let us introduce the symbols

1 ! 1
a—b a—b " a—b,
1 1 1
cau(a,, a,, ceey By blab21"‘!bp) = -42—31 ag—bg 02_-—-_51,
. 1 1 1
a—b, a,—b, " a,—b,

(a; #by for j =1,2,...,p and k =1,2,...,p) for the Cauchy deter-
minant, and

. 2 —1
‘ ¢, O .o 1
| 2 D--1
'1 02 62 02
van (e, ¢, ---ycp) =
L, . 1
4 =1
1 ¢, ¢ .

for the Vandermonde determinant. _
The determinant d; for system (9) is of the form

8o 8 8o
Yo— 2 Yo— 2, Yo—2p 11
_81.—1 31 L 8 i
VYo% Y% Yi 1y —%pga !
d;, =
8it1 8,1 81
Yis1— %5 Yiy1— % Yir1— %pan
. 8nia 801 8 :
| — _
"In+l'_'zl "/n-}-l % yn+l zn+l
n4l
= .'g“‘ CAM(Yoy o ovs Yiyy Yii1y ooy Yni15 %1y 22y -- vy 2n Y ’ I 8;
1 I=0

and, in view of the well-known formula
cau(ay, @z, ..., ay; by, by, ..., by)

va.n(al,q_,', ceey a,,)va.n(bll, by, .._.__,_2,_,)»
P ?

D
[1 1] (a;—b;)

(1)@
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we can write that

n+l
A = (1o VAR (Yoy ooy Yioty Yirry oo 9 Yn1) VALL(Z1, 2oy ooy 2 yy)
(e (— ) ’ v ‘”M_ﬂ:l—m—‘n—-{:l—“—_ . j
8; ” ” (¥,— =) 7=0

§=0,5 24 k=1
Since
VAN(061y0gy ...y Cp) = (2 —€1)(63—€1) ... (Cp— 1) (63— C) .. .(Cp—C3) ... (Cp —Cp. ),
we have

Va‘n('ym ey Yy yi+|9 vy ynvil)

_ Va‘n(?lo, yly---yyn+l) z‘van(y.,, '!/1;---; yu+l)
i—Yo) - (Wi —Yi ) Yi1— Y- (Y1 — ¥ (—1) ﬁl (¥5— 92) ’
N 7 g1
j=0,]z7

( —1)td.,' — (_l)llr(‘rl+l)[2)<

n-l
van (Yo, Y1y -« yn-{-l)va‘n(zlr Zgy oney zn-q-l)jl_]l (¥i—2) no
x T o n4+l n4l n41 B s-’
s; [T 1] wi—z) [] (wi—w) 7=0
f=0 k=l 7’=0J‘¢1‘,
n4l
”1' (7 —¥s)
j= .
n4l d’
8; ” (¥5—v:)
’.=ol"#i
where
ntl
d — (—1)n+Dem-27 van (Yo, 41, --’;J:ly::ll)van(zu By ovey Bnit) 8.
[1 I1 (y—2) j=0

j=0 k=1

Now, the assertion of the theorem follows directly from the formula
for (—1)'d; and from condition (i), which is equivalent to the impossi-
bility of the solution of systems (9) and (7).

9.3. Let the numbers o], v;,..., v, (Where 2] < v} <& < 03 < ...
< 2, < v, < 2,,,) be the zeros of the derivative of the polynomial
and let vy = —1, v;,, = 1. Then v, %], ...,v,,, are all the points at
which the polynomial = achieves its extremal values in the interval (—1, 1).
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We shall denote by the symbol 7,,, the polynomial v, which satisfies
the conditions formulated earlier, and such that for some ge¢(0, 1> and
some integer ¥ (1 <k < n-+1) we have

(—1y"t'ig  (j=0,1,...,k—1),
(=17 =k, k+1,...,n+1)

(we remember that n -+ 1 is the degree of this polynomial). The existence
and uniqueness of polynomials z,,, for arbitrary values of parameters
n, k, and g have been proved in paper [19]. We easily see that for any
k the polynomial r,,, is identical with the (n-+ 1)-st Chebyshev poly-
nomial z,,,.

By definition (6) the numbers »; and s; (where 7} < 8;) are the roots
of the equation |t(t)] = glizll ., ,, Which belong to the interval (zj, z;,.>;
the end points of this interval are the successive zeros of the polynomial
7 or numbers —1, 1. The points 7} and s; are separated by the point vy,
at which the polynomial 7 achieves its extremal value. As ¢ <1, we have
ITakgllc—1,1y =1 and the point 7k is the only root of the equation
[Takg(t)) = g which lies in the interval (z*%s, vi*k0), where the function
|Tnky| increases from 0 to 1. We shall use the symbol {t,,, = .

THEOREM 9:4. If ge(0, 1), then

(11) mn 7, =t (k=1,2,...,2+1),
TEW‘”'PI;”

(12) max 8 = —lyn ke (K=0,1,...,n).
re'#",,,+1_”

Proof. If g = 1, then the class #°,,, consists of only one polynomial
Takl = Tny (UP to a constant), since this is the only polynomial which
satisfies the conditions

”T”@j’.,z;“) = ”7”(-1,1> (.7 =0,1,...,n+1)

which follow from (3). Thus, in this case, equation (11) is a consequence
of the definition of the point ?,,,. For the polynomial v = 1, , the inter-
val <{ry, 8;.> reduces to the single point v at which the polynomial achieves
its extremal value. According to formulas given in §2.2 we have

Tt = gntl = gt = —ecoskn/(n+1) (k=0,1,...,n+1)
and equation (12) follows from the fact that
g+l = —coskn/(n+1) = — PR = — b1k

Let us now assume that 0 < g < 1. We have to verify that for every
polynomial 7 satisfying conditions (3) we have 1} > 1w = 1,,. It
suffices to consider the polynomials 7, for which |lz||, ,,, = 1 and z(¢) > 0
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for ¢t > 1, as the multiplication of a polynomial z by a number different
from zero does not change the points r; and s;. Thus we may assume that

n+l

T = 0” (t—zi)a

=1

where —1 < 2, < 2, < ... <<%, <1. The upper indices in the symbols
2, 17, v; will be omitted from now on. Here the coefficient ¢ is a positive
number such that at some point v, (where 0 < m <%+ 1) we have the
equation

(13) lt(om)l =1,
and at all points »; we have the inequalities
(14) g<ltm) <1 (E=0,1,...,0+1).

The polynomial r is a function of parameters ¢, 2,, 2,, ..., 2,., Which
determine it. We shall change these parameters in such a way that con-
dition (13) for a fixed m and condition (14) will not be disturbed.

Let

n+41

un:rWch[hm—%) (3=0,1,...,n41).

FES)

Taking the logarithms of both sides of this equtaion we compute the
complete differential at the extremal value w; (divided by w;):

n+1 n+1 n--1

dw, _do | NN dv—de _ do _deizv_l,,__z_._%_ _
w; ¢ L v—7 ¢ V;—% e V3

F=1 j=1 )=

From the formula for the logarithmic derivative of the polynomial z:

(15) -

and from the definition of the points v; it follows that

n4l

1
—_— = 0 ?: == 1 2 veeg N,
’[J'. _ z, ( b ? b )

Besides, »y = —1, »,.; = 1 for any polynomial , i.e., dvy = dv,., = 0.
Thus "

[ |

dw;
(16) .4=__§’ |
w0 T 'vt - z’




78 The theory of uniform approximation

The value w,, = t(v,,) is constant by condition (13), hence its complete
differential is equal to zero and

n+l

dz
(1) —_20 ——jz_

Putting this value to equation (16) we get

nyl
i

(18) “T=""’“Z(vl—z,)(v,,,__z,) (6= 0,1,...,n4 1),

Liet us now compute the complete differential of the root r, of the equation
7(t)] = g. Since the value r(r;) is constant, we have dr(r;) = 0 and

B4+l n+1

dc
IV I A
'rk—z] 'r,,—z;

[n view of (15) and (17) we have the equation

(r) dz,

T (M) & (1= %) (U — %) ’

(19) Ary = (Vp — %)

provided that z’(ry) # 0. The case 7'(r;) = 0 will be discussed later.
Let us split the system of mumbers v,, v,,..., ?,,; into three sub-
sets F, G, and H as follows:

F, if jr(v) =1 (in particular if ¢ = m),
Vi€ G’ if lz(w)| = g,
H, i g<ir(vy)<]1.

We want to prove that if the polynomials r and v,,, are not identical,
then there exists a polynomial ¢ such that r§ < r, = 7. It follows from
the previous considerations that such a polynomial may be obtained
from r by changing the parameters defining it, if: (i) there exist incre-
ments de, dz,, dz,, ..., dz, , such that dr, < 0; i.e.,

1) O dz;

(Tk) (e —2) (Vi —2)

(20) (”M '_ ) < 0)

(ii) these increments determine the polynomial r(t)+ dr(t) which satisfies
the conditions analogous to (13) and (14).
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According to the definition of the sets F, @ and H and formula (18),
condition (ii) will be satisfied if

n+1 l ) ?l-' m
:2; < 0 ('UiGF, ? )’
21 i~ Ym 2 —
(2 ) (’U, (% )1 - (,Ul__z’.)(’l}m z,)‘ > 0 (*UieG).

Here we do not have the inequalities which would correspond to the
points of the subset H, since for sufficiently small increments the inequal-
ity g < lt(v;)] <1 implies the inequality ¢ < |v(v;)+dr(v;)] <1. Nor
do we have the condition which would correspond to the point v,,, since
the equation |z (v,)+ dr(v,)] = 1 has already been considered in the deri-
vation of formulas (18) and (19).

Let us also notice that in inequality (20) we can omit the factor
7(ry) /7' (). Indeed, if 7(r;) > 0, then z’'(r,) > 0, since the polynomial
r increases in the interval (z;, v;) (which contains the point r;) from 0
to 7(vy). Similarly, if t(r,) < 0, then 7'(r;) < 0. If we introduce the no-
tations:

dz;
£ = j=1,2,...,n+1
H Vm— 2 (j y < ’ + )1
—1 (vieFy 1 <m and v;e@, ¢ >m),
(22) 8 = l 1 (e Fy, 4+ >m and v;¢@, i < m),

8ign (v, — 7)) (¢ = m),
v; (1 # m),
Yy =

T (1 =m),

we can write the system of inequalities (20) and (21) in the form:

n

+
-

8, %; ’
Yi—2%;

(23)

<0 (vje Fu@).

L~

=1

-~

One of the inequalities of this system, the one which concerns the
point ¥, = r,, guarantees the condition dr, < 0. We have derived it
under the assumption z’'(r,) # 0. Now we shall show that if t'(r;) = 0,
then the condition dr, < 0 is implied by another inequality from system
(23); i. e., that in this case the system contains one inequality less.

If ¢’ (rx) = 0, then r, = v;, since the points r, and v, lie in the interval
(%ky Zx41), in which the derivative of the polynomial r has only one zero.
At the point r, = v, we have |t(r,)| = ¢, hence this point belongs to the
subset G. In system (21), introduced to (23), we have the inequality which
corresponds to this point:
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A+l

(0 — 2
m (‘Uk _ z’)(vm

If we compare this inequality with the formula for the complete differ-
ential of the polynomial 7 at the fixed point #:

n+1
dx (t) de dz; Q dz;
= = —— = (t—, Y BN
T(t) ¢ ; t—zi ( ) é (t_zf)(’vm.—zi)

we see that dr(t)/z(t) > 0 for ¢t = r,. This means, for instance, if r(v;) > 0,
then at the point 7, the polynomial 7(t)+ dr(t) has the value greater than
7(vx) = g. Thus the point 7.+ dr,, at which this polynomial achieves
the value g lies on the left from the point », and dr, < 0.

System (23) has as many inequalities, as many points vy, v,, ..., Uy,
contain the subsets F' and G. We already know that in the case 7’ (7.) = 0,
system (23) has one inequality less, and hence consists of at most n+ 1
inequalities. The determinants of matrices of this reduced system with
n+ 1 unknowns z,, #,, ..., ,,, are different from zero (they were com-
puted in the proof of Theorem 9:3), thus the system has a solution.
For the same reasons system (23) has a solution, if 7'(r;) # 0, and, at
the same time, not all the points v,, v,, ..., v,,, belong either to F or to G.

Let us now assume that 1'(r;) # 0 and F v G = {vg, vy, ..., 7,1},
i.e., that system (23) may be written in the form

npl
‘1 8;&;
Vv
=N

<0 (i=0,1,...,n+1).

Theorem 9:3 states that the system obtained does not have a solution
if and puly if the numbers (8) have a common sign. Let us now investigate
the signs of these numbers, considering the notations in (22) and the in-
equality vy <z, <o, < .00 <2 <1 < U < hh < 2y < Uy

If + = m, then

n+1 n4-1
sign [] (27— ys) = sign n (5—m) = (—1),
7=
nl n+1 [T |
Signsi n (?/7— '/1 = 8 ('” —Tk - Slgn” ('” _7k = ( _1) ’
F=07#1 F=04=m
hence
w41
” (z:i‘ 'I'm)
(24) =0
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On the other hand, if ¢ % m, then

n41 w41
sign” (% —y) = sign” (#5—v) = (—1),
i=1 j=1
n+1 n+1
signs, (y;—u;) = s;sign(n—v;)sign  [[ (v, —)
§=0,751i 7=0,F71i,m
a1
= 8;8ign (7, — v;) (v, — v;) 8ign (v;— )
=071

= ( ‘_'l)isi Slgn (rk - ’D,;) ('vm— 'Ui')

(—1)*'sign(r—v;) (v F),
(—1)'sign (ry,— ;) (r€@),

n4-1

. fgl (=) —sign(ry,—m;) (e F),
B . o
8i 0” (W= ) sign(r,—v;)  (v;e@).
J=0 10

By (24) the numbers (8) have a common gign if and only if r,—v; < 0
for v;e F and r,—v; >0 for »;¢@; i.e.— according to the definition of
the sets F and G—if

[7(0e)] = [7(0)] = ... = [7(0pi)l = ¢,

O] = [T (W)l = .. = [r(0a )] = 1,

and the last equations are just the ones that define the polynomial 7,,.
Thus the root 7; of the equation |r(f)] = gllzll-, , achieves its minimal
value for r = 7,;,. Thus we have proved equation (11).

To prove equation (12) let us consider the polynomial o(t) = z(—1),

whose zeros are 2] = —z2, , <2 = —2, < ... < 2Z,,, = —2; . The zeros
of the derivative of the polynomial ¢ are v] = — v, < v; = —v,_; < ...
< v, = —v;" The number s; has been defined as the root of the equa-

tion |z(f)! = glitll(_1,1,, which belongs to the interval (v, z;,,>. At the
same time —g¢; is the root of the equation |o(t)] = gllall, ,,,, Which
belongs to the interval (—zj, ., —v;> = {2h,1_ k) Uns1_x», hence it
follows that sy = —7,,, . Since the polynomials z(—¢) run over the
same class #7,,,, a8 the polynomials z(t), we obtain, aecording to
equation (11) proved above, that

T 3 T —_
max g, = -— M 7,y ;= — tn»,n+l—k,o'
€% n11.g a€¥ ns1.g
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