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In [1] and [2] there was investigated the boundary behaviour of
real functions defined in the upper half-plane. The authors have proved
several theorems concerning the approximate limit numbers of continuous
and measurable functions at points of the boundary of the upper half-
-plane. In this paper we prove similar theorems, but for so-called quali-
tative limit numbers.

We give now some main definitions and notation. Let H denote
the open upper half-plane, and R — its boundary, i.e., the x-axis. Points
(z, 0) on the x-axis will be denoted, simply, by =.

Definition 1. If E = H, then x¢R is called a point of the second
category of E if, for every r > 0, the set K(x, r)n E is of the second cate-
gory in H (here K (x, r) denotes the circle with the centre # and the radius r).
zeR i3 called a point of the first category of E if it is not a point of the
second category of E. The set of all points of the first (second) category
of ¥ will be denoted by E; (Ey).

Definition 2. If E c H, then xR is called a directional point
of the second category of E in the direction 0 if, for every r > 0, the set
L(z, 6,r)NnE is of the second category as a linear set (here L(x, 0, )
denotes the open segment contained in H, of the length r, with the end
point z, in the direction 6). z<R is called a directional point of the first
category of F in the direction 6 if it is not a directional point of the second
category of ¥ in the direction 6. The set of all directional points of the
first (second) category of F in the direction 6 will be denoted by E;(6)
(Exx(0)).

Definition 3. If F < H, then zeR is called a sectorial point of
the second category of E with respect to the sector ¢ if, for every r > 0,
the set S(z, o, r)N E is of the second category in H (here S(x, o, r) denotes
the open part of the circle K (wx,r) contained between the segments
L(x, 0,,r) and L(x, 6,,r), where 6,, 6, determine the sector o). zeR is
called a sectorial point of the first category of E with respect to the
sector o if it is not a sectorial point of the second category oi E with
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respect to o. The set of all sectorial points of the first (second) category
with respect to the sector o will be denoted by E;(o) (Ey(0)).
Now let f be a real function defined on H.

Definition 4. A real number y is called a qualitative limit number
of f at weR if we(f‘l((y—s,y—}—e)))n for every &> 0. Moreover, -+ oo
(— oo) is called a qualitative limit number of f at weR if we(f~'((4, + o0)))u
(we( FH(— oo, A)))H) for every A. The set of all qualitative limit num-
bers of f at x is called the qualitative cluster set and will be denoted by
C,(f, ). A qualitative directional cluster set (C,(f, z, 6)) in the direction 6
and a qualitative sectorial cluster set (C,(f,x, o)) in the sector o are
defined similarly in an obvious way.

Let us introduce the following n01lsati0n:

qlimsup f(p) = supC,(f, «), qliminf f(p) = infC,(f, ),

Pz DT

glimsup f(p) = suqu(f, z, 0), qliminf f(p) = iI].qu(f, z, 0),
p—z, 0 p—z, 6

glimsup f(p) = supC,(f, @, o), gliminf f(p) = infC,(f, z, o).
p—>x, 0 p—oI, o

LEMMA 1. If the set E — H has the Baire property, then, for any two
directions 0, and 0,, the set E;(0,)N E1;(0,) is of the first category in R.

Proof. Let
B,(0) ={«: EnL(z, 0, (nsin6)"') is of the first category}.

We have
E;(6,) = U B,(6,),
n=1

and so it suffices to show that B,(0,)N E;(0,) is of the first category for
every n. Let us observe that B, (6) has the Baire property for every 6
and » (as a linear set). Indeed, ¥ = G2 P, where @G is open and P is of
the first category (both as plane sets). If

D, ={s: @nL(z, 0, (nsinf)~’) is of the second category}
and .
D, ={x: PnL(x, 6, (nsin6)~’) is of the second category},

then we have D,—D, «c R—B, (6) « D,vD,. Simultaneously, D, is open
and D, is of the first category (both as linear sets) in virtue of the Kura-
towski-Ulam theorem (see [3], p. 56). Hence R —B, (6) and B, (6) have
the Baire property. Obviously, also

Fi(6) = R— L) B, (0)

n=1



QUALITATIVE CLUSTER SETS 115

has the Baire property, and so B,(6,)n Ey(6,) = @G,2P,, where G, is
open and P, is of the first category (both as linear sets).

Suppose that B,(6,) N E;;(6,) is of the second category. Then G, # 0.
Let x,¢ G,. There exists an ¢, > 0 such that (z,— ¢y, 4+ &) < G,,. Con-
sider the open region O, contained between the x-axis, the straight line
y = n~! and the segments

L (@, — &, min(6;, 65), (nsin (min(6;, 6,)))"?)
and
L (@, + £0, max (0y, 0,), (nsin (max (6, 6,))~*).

For the set 0,n E (having, of course, the Baire property) we have
(1) {: 0,nEnL(x, 6,, (nsin6,)”") is of the first category}
is the residual set in (zy,— &y, o+ &), and
(2) {«: 0,nEn Lz, 0,, (nsinf,)"") is of the second category}

is the residual set in (zy— &g, Ty + &o)-

Hence, in virtue of the Kuratowski-Ulam inverse theorem (see [3],
p- 57), it follows from (1) that O,N E is of the first category and it follows
from (2) that O,n E is of the second category, a contradiction. So G, = @
and B,(0,)n E;;(0,) is of the first category.

THEOREM 1. If f: H — R has the Baire property, then, for any two
directions 0, and 0,, we have

qlimsup f(p) > qliminf f(p)

p—ox, 0) p—x, Oy

except for a set of the first category.
Proof. For each rational w, let

E® ={p: f(p) >w} and A, = Ey (6,0 Ef(6,).
By Lemma 1, 4, is of the first category. Simultaneously, the set
4 = U 4,,
w — rational, contains the set of all z¢ R for which

qlimsup f(p) < ¢liminf f(p),

-z, 6 , bz, 6y
and A4 is of the first category.
THEOREM 2. If f: H — R is continuous, then, for any two directions
6, and 0,, the set
A = {x: qlimsup f(p) < qliminf f(p)}
p—z, 0 -, Oy
28 at most denumerable.



116 W. WILCZYNSKI

Proof. For each rational w, let
A, = {z: qlimsup f(p) < w < qliminf f(p)}
p—z, 6; Dz, by
and let £ = {p: f(p) > w}. For every rational w and every natural =,
let
By. = {w: BN L(x, 6,,n~") is of the first category}.
Then

A=UA, and A4,<(B,, for each w,
n=1

w
whence

A = U U (Awan,n)°
w n=l

Suppose that 6, > 0,. We prove that, for any w and n, 4, B,,
has no point of the right-hand accumulation. Hence it easily follows
that 4,nB,, and A are denumerable. Let x, be a point of the
right-hand accumulation of A,NB,,. We prove that z,¢4,NB,,.
Let »,e¢d,nB,, for ¥k =1,2,... and x,Nz,. For each k, the set
E” N L(x, 6,,n"") is of the first category, and so it is empty (for E”
is open). Hence we have

flp)<w for pelJ L(x, b, n7).
k=1
It is also easy to see that
L(wy, 02y m~")n | L(wy, 0,,n') #0O
k=1

for each natural m. Hence, for every real »r > w and for every natural m,
the set {p: f(p) <r}n L(x,, 65, m™"), being open and non-empty, is of
the second category (as a linear set). Then
gliminf f(p) <w and x,¢4,NB,,.
D2, Oy
For 6, < 6,, the set A4,NB,, has no point of the left-hand
accumulation and, for 6, = 0,, the set A is empty.
Lemma 2. If E < H 148 open, then, for every direction 0, the set
By nEL(0) is of the first category.
Proof. Let B, = {#: E nL(z, 6, n") is of the first category}. Then,
for xeB,, we have EnL(z, 0,n™"') =@ (for E is open), and it is easy
to see that the set B, is closed. We have also

EynE(8) < U B,.

1
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Now, it is obvious that if xeF;;, then z¢Int B, for each n. Hence
Ey N Ey(6) =« U (B,—IntB,),
n=1

and so BN E;(0) is of the first category.

LeEMMA 3. If E < H has the Baire property, then, for every direction 0,
the set Eryn E1(0) i of the first category.

Proof. £ = P2Q, where P is open and @ is of the first category.
We have, obviously, @;; =9, whence E;; = P;;. It follows from the
Kuratowski-Ulam theorem that @;(6) is of the first category. Hence
the set

(EIInEI(B))A (PIImPI(B)) < @rr(6)

is of the first category and, in virtue of Lemma 2, E;n E;(0) is of the
first category.

LeMMA 4. If E < H is open, then E;(0) < Ey; for every direction 0.
The proof follows immediately from the definitions.

THEOREM 3. If f: H — R has the Baire property and 0 is a direc-
tion, then

Co(f, x, 0) o Cy(f, @)

except for a set of the first category; and if f is continuous, then
Co(fya, 0) = Cy(f, »)

except for a set of the first category and, for every w,
Co(fy 2, 0) = Colf, 2).

The proof is almost the same as that of Theorem 2 in [2] and follows
by applying Lemmas 2, 3 and 4 to the inverse images of rational -open
intervals.

LEMMA 5. If B < H is an arbitrary set, then, for every sector o, we
ha’ve EII(O') c EII' '

The proof follows immediately from the definitions.

LeMMA 6. If E < H is an arbitrary set, then, for every sector o, the
set BN Er(o) 18 of the first category.

Proof. Let B, = {#: En8(x,s,n"") is of the first category}. As
in the proof of Lemma 2, one can prove that B, is closed and

Eyun Ey(o) < (B,—1IntB,).

n=1
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THEOREM 4. If f: H —~ R is an arbitrary function, then, for every
sector o,

Cq(f’ z,0) = Oq(f7 x)

except for a set of the first category and, for every z,

Oq(fy z,0) c Cq(f7 x).
The proof follows in the standard way from Lemmas 5 and 6.

It is not difficult to find examples showing that the set of asymmetry
in Theorems 1, 3 and 4 need not be of measure 0.
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