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0. Conventions

All spaces considered are completely regular. We assume X is a subspace
of fX. X* is fX-X. X f: X - Y is a map, Bf: pX — BY is its Stone
extension.

If fis a function and A4 is a set, f” A and f~ A denote the image
and preimage of A under f, respectively. If f is a bijection, f ' is the inverse
function.

As usual an ordinal is the set of smaller ordinals, and a cardinal
is an initial ordinal. @ is wy.

We frequently use indexed families.and indexed sets, and if I" is the
index set (usually a cardinal), we write U.: yeI'), or {x,: yel'). We call
a family (U,: yeT) of subsets of a space

disjoint if U, nU,. = @ for distinct y,y'eT,

discrete if every point of X has a neighborhood intersecting U, for
at most one yerl
(Formally (U.: yeI) is a function with domain I' and range {U,: yeT}.)

1. Introduction

1.1. A natural question about X* = fX —X is whether all points are
the same. This is in fact two questions:

QuEsTION 1. Are all points of X* the same from the point of view of X?
In other words, if p, qe X* are arbitrary, is there a homeomorphism h_from
X onto X such that Bh(p) = q?

[Note that ph will be a homeomorphism from fX onto fX.]

QUESTION 2. Are all points of X* the same from the point of view of X*?
In other words, is X* homogeneous?

It is easy to construct X from which the answer is in the negative,
but it is not immediately clear what the answer is if X is one of the
following spaces: N, the integers, P, the irrationals, Q, the rationals, R, the
reals and S, the Sorgenfrey line.(')

(') We will use these symbols with this meaning in the sequel.



6 Remote points

An easy cardinality argument shows that for these X the answer to
Question 1 is in the negative.(?) Using a more complicated cardinality
argument, Frolik showed that the answer to Question 2 also is in the
negative, and in fact X* is not homogeneous if X is any nonpseudocompact
space, [20].

1.2. In both cases the proof is not what I would like to call effective:
the proof only shows that the answer is in the negative, and not why the
answer is in the negative, for the proof does not exhibit two points which
have diflferent topological behavior that can easily be expressed. This is
a nonmathematical concept, but an example makes clear what I mean: the
closed unit interval [0, 1] is not homogeneous because some but not all
points are cut points. Similarly, I will call a proof that two spaces are
not homeomorphic effective if it exhibits a topological property which only
one of the two spaces has.(}) [An example of a non-effective proof that
two spaces are not homeomorphic can be found in [14]: if X and Y are
disjoint stationary sets in w,, the countable ordinals, then X and Y are
nonhomeomorphic subspaces; no effective proof is known.]

1.3. We first tackle Question 1. Think of the points of X* as the
infinite points, then we will show that if X is one of P, Q, R or S,
then some infinite points of X are more infinite than others, cf. [30].
There are two ways to make this precise.

1.4. DEFINITION. A point p of fX will be called a far point of X if
pe X*, but p¢ Cl,x D for every closed (in X) discrete subset D of the space X.

A point p of X will be called a remote point of X if pe X* but
p¢Clyy A for every nowhere dense subset A4 of X.

The set of far/remote points of X will be denoted by ¢ (X)/o (X).

We use special points as a generic term for points in one of p(X),
X*—p(X), 9(X), ¢(X)—e(X) and X*—o (X).

Note that if X has no isolated points, then every remote point of X
also is a far point.

‘The basic existence theorem is the following; it should be emphasized
that the theorem is true in ZFC, ie. no additional set theoretic axioms
are needed. A more technical (and more useful) theorem will be stated
as Theorem (4.2).

1.5. THEOREM. If X is a nonpseudocompact space with countable n-weight,(*)
then X has a remote point. [See (4.3).]

() For X is separable and |X| < ¢, so there are no more than ¢ homeomorphisms
{rom X onto itsell. But |X*| = 2,

(*) There should be no confusion with the other meaning of “effective” (= without using
the axiom of choice).
) *) A space has countable n-weight if it has a countable n-base: a n-base for a space X'
is a family .4 of nonempty open sets such that every nonempty open set in X includes
a member ol 4.
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So if X is one of P, Q,R and S, then some points of X* are remote
points of X, but clearly not all points of X* are remote points of X,
for this X. This, then, is an effective answer to Question 1 (see also (1.15)).
Note that the method does not work for X = N, I do not know an
effective way to handle N in a similar way in ZFC.

1.6. In order to‘answer Question 2 we need another concept. Recall
that a space is called extremally disconnected if every two disjoint open sets
have disjoint closures, or, equivalently, if the closure of every open set is open.
We need a local version of this concept.

1.7. DeFINITION. The space X is said to be extremally disconnected at
the point p if

for every two disjoint gpen sets U and V in X, p¢ UV,
or, equivalently
for every open set U in X, if pe U then pe U°.

Moreover, X is said to be somewhere/nowhere extremally disconnected
if it is extremally disconnected at some/no point.

We will show that X is extremally disconnected at each remote point
of X, (52), and that X* is extremally disconnected at each point SX,
provided X is nowhere locally compact.(®) Hence Theorem (1.5) implies

1.8. THEOREM. Let X be a nonpseudocompact space with countable
n-weight. '

(a) BX is extremally disconnected at some point of X*. (See (5.3).)

(b) If X is nowhere locally compact,(*) then X* is somewhere extremally
disconnected. (See (6.3).)

1.9. Although this theorem is closely related to Theorem (1.5), it is much
more important; it strikes me as a fundamental fact about Cech-Stone
compactifications, even though the condition on the zn-weight is an incon-
venient limitation. I do not know if the condition of the n-weight can
be omitted in either Theorem (1.5) or (1.8).* It suffices to answer this
question for (1.5), but the question for (1.8) is more important.

QuEsTION. If X is not pseudocompact, then is BX extremally disconnected
at some point of X*?

Theorem (1.8) has several applications. First of all, it can be used to
answer Question 2 effectively, at least for P, Q and S.

1.10. THEOREM. If X is one of P, Q and S, then X* is not homogeneous
because it is extremally disconnected at some but not all points. [See (6.6).]

() A space is calied nowhere locally compact il no point has a compact neighborhood.
* Added in print: It can not.
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1.11. Another application deals with products of Cech—Stone compactifi-
cations. Recall that Glicksberg proved that if X and Y are infinite then
B(XxY)=BXxBY iff XxY is pseudocompact, [26].(°) As is shown in
[22] this does not tell us when B(X x ¥Y) ~ fX x fY:(") if X = N+BN then
B(X x X) ~ BX x BX, though clearly X x X is not pseudocompact.

1.12. THEOREM. If X and Y are spaces with countable m-weight, neither
of which has an isolated point, then the following conditions are equivalent:

(@) X xY is pseudocompact;

(b) (X xY) = BX xBY;

(© BXxY)~ BXxpY,
because if X x Y is not pseudocompact, then B(X x Y) is somewhere extremally
disconnected and BX x BY is nowhere extremally disconnected. [See (7.4).]

1.13. The condition that neither space has an isolated point is essential,
but the condition on the m-weight can be dropped, [9]; however then the
proof is not as effective. In a similar way we have

1.14. THEOREM. Q* and Q*x Q* are not homeomorphic because Q* is
somewhere extremally disconnected and Q* x Q* is nowhere extremally dis-
connected.

Other applications of Theorem (1.8) are in (5.5), (10.1), (11.1), (12.2),
(12.4), (13.1), (13.2), §§ 17, 18, and (20.2).

1.15. Tt also is worth pointing out that Theorem (1.8) also can be used
to answer Question 1, at least for P, @, R and S. Indeed, if X is one of
these spaces then BX is extremally disconnected at some ‘point of X* but
not at all points, see (6.5) or (8.2), and (1.8); note that this 'way of
distinguishing points of X* does not mention X.

We also pay some attention to remote points in their own right, see
Chapter 4, and to far points, see § 15.

NOTES TO § 1

1.16. Eberlein constructed a far -point in R*, ie. a point that is not in the closure
of any closed discrete subset of R ([18], footnote 4). This motivated Fine and Gillman,
[18], to investigate the question of whether there are points in R* that are not in the
closure of any discrete subset ol R, whether closed or not.

If X has no isolated points, then trivially a point in X* that is not in the closure
of any nowhere dense subset of X is not in the closure of any discrete subset of X. If X is
metrizable then the converse is true,(®) as is well known (the special case X = R is
mentioned explicitly in [18]). Metrizability is essential, as we show below, but even if it
were nol essential one should define a remote point to be a point that is not in the

(®) B(XxY) = BX x Y means that there is a homeomorphism from (X x Y) onto
BX x fY which leaves X x Y pointwise fixed.

(") A = B means that A and B are homeomorphic.

(%) For in a metrizable space every nowhere dense set is in the closure of a discrete set.
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closure of any nowhere dense (rather than discrete) set, simply because this is the property
which makes remote points useful.

1.17. We now describe the example mentioned *above, There is 2 countable regular
space X without isolated points in which every relatively discrete subset is closed, and X
has countable n-weight, [11]. Let pe X be arbitrary. Retopologize X x X as follows: U € X x X
is open iff

1) {ye X: {x,y>e U} is open in X for every xe X, ie. U intersects every vertical
line in an open set; and

2) {xeX: (x,pyeU} is open in X, ie. U intersccts the horizontal line X x {p} in an
open set.

Call the resulting space E, let H = X x {p}. Then E is normal and H is closed in E,
so we can identily BH with Clyp H. Since H bas countable n-weight, H has a remote point,
a say. Then a is not a remote point of E since H is nowhere dense in E. But one easily
checks that every relatively discrete subset of E is closed in E, so if D € E is relatively
discrete, then a¢ Clyy (D — H) since D—H and H are-disjoint closed sets in the normal space D,
and a¢ Clgy (D n H), since DN H is nowhere dense in H and a is a remote paint of H.
Consequently a¢ Clgy D,

1.18. The results of Sections 5, 6, 10, 12, 13 and 14 appear in [6] (which will not be
published in that form) (in [6] we had to assume MA in order to guarantee the existence
of remote points).

Some of our results about remote points have been discovered independently by
others, but the applications in Chapters 2 and 3 are new. Other papers dealing with remote
points are [18], [21], [27], [28], [32], [33], (46].

1 am indebted to Grant Woods for bringing several references to my attention.



Chapter I

Tools and the construction of special points

2. Tools. Here we collect some tools which make the study of fX
and X* easy. The facts we quote are well known, or at least easy to prove.

2.1. X is not pseudocompact iff some nonempty G;-subset of BX is
included in X* iff X has a (necessarily closed) C-embedded copy of N iff
there is a discrete countably infinite family consisting of open subsets.
In particular, if X is not pseudocompact, it is not countably compact.

2.2. X is realcompact iff every point of X* is contained in a non-
empty G,-subset of §X which is included in X*. Lindeldf spaces apparently
are realcompact, hence so are P, Q, R and S.

2.3, X is nowhere locally compact iff for every (or, equivalently, for
some) compactification bX of X, bX —X is dense in bX (and then bX —X
also is nowhere locally compact). We frequently use the evident fact that
a nowhere locally compact space has no isolated points.

24. If Y is a dense subspace of (the regular) space X, then X and
Y have the same =n-weight (= smallest cardinality of a n-base). Conse-
quently every dense subspace of fX (in particular X* if X is nowhere
locally compact) has the same =n-weight as X.

25.If X = Y < pX, then Y = BX.
2.6. If the (Hausdorff) space X is separable, |X| < 2.

27. Remark. In all our theorems “realcompact” can be weakened to
“nearly realcompact”, where a space X is called nearly realcompact if fX —vX
is dense in X*. The class of nearly realcompact is much more extensive
than the class of realcompact spaces. Indeed, the product of Q and any
space (whether nearly realcompact or not) is nearly realcompact, [4].

3. Extension of open sets. The results of this section are not needed
for the construction of remote points, but are useful when we study extremal
disconnectedness at points.

For every space X we define a function

Exy: {open sets of X} — {open sets of fX}
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by
Exy U = BX —Clgx (X —U).

By a straightforward computation one shows

3.1. LeMMmA. Let U, V be open in X, then

(@) X "Exy U = U, hence Clyy Exx U = Clyy U;

(b) Exy (Un V) = (Exy U)n(Exy V).

The following lemma is the key in the proof that BX is extremally
disconnected at all remote points, for all X.

3.2. LEMMA. For every space X, if U is open in X then

Bdyy Exy U = Clyy Bdy U.
O It suffices to prove
Ex, U = Clyy Ex, U—Cl, Bdy U
Now Exy U is open in X and is disjoint from Bd, U since, by (3.1a)
(Exy U)yn(BdyU) = (Exy U)n X n(BdyU) = UnBd, U = Q.

Hence Exy U € Cl;x Exy U—=ClgyBdy U. It remains to prove the reverse
inclusion.

Let peClgy Exy U—Cl;yBdy U be arbitrary. There is a continuous
f+ X — R such that

S =1, f(x)=0for xeClyBdy U, 0< f(x)<1 for all xepX.
Define a function g: X — R by

()_{f(X) xeU,
g = —f(x) xeX-U.

Then both g)Cly U and g} (X — U) are continuous, hence so is g. Since
g is bounded, it follows that Bg: BX — R exists. Now f(x) = |g(x)] = |Bg (x)|
for all xe X, hence f(x) = |Bg(x)] for all xeBX. It follows that either
Bgp) =1 or fg(p) = —1. But peCly U (= Clyx Exx U by (3.1a)), and
g(x) = 0 for xe U, hence Bg(p) = 1. Since

g(x) <0 for xe X—U, hence fg(x) < 0 for xe Cly, (X—U)
it follows that pe fX —Clyy (X —U) = Exy U, as required. [J

NOTES TO §3

3.3. The function Ex, is apparently due to Sanin. [37]. Lemma (3:1) is known of
course. It was known before that Lemma (3.2) holds for normal X, cf. [15], 7.1.14; it really
is something exceptional that a formula as in (3.2) can be true for all open U in a not
necessarily normal X.

Added in print: (3.2) is known already, see [51], p. 218.
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4. Construction of special points in X*. We first prove the existence
of remote points for normal spaces, from which we deduce the fundamental
existence theorem for remote points.

4.1. LEMMA. Let X be a normal space with countable n-weight which is
not pseudocompact. Then X has 2 remote points.

[0 Let — be the closure operator in X. Since X is not pseudocompact,
there is a discrete family

d,: new)
consisting of nopnempty open sets (with I, # I, if m # n of course). Let
Z = {D < X: D is nowhere dense in X}.
We will construct for each DeZ a closed F, in X in such a way that if

F = {Fp—1,: De 2, new}

then
(1) FpnD = @;
(2)' # has the finite intersection property;
B Fe | I, for Fe#. ’

Then

is nonempty by (2), and T < X* by (3). Given any De 2, it follows from
(1) and the fact that X is normal that Cl;y Fy " Clgy D = @. Consequently
all points of T are remote. We will see from the construction that |T| > 2.

Enumerate some countable n-base # for X as (B,: new). Recall
that Q¢ 4. ‘

Our plan. Because the main difficulty is how to achieve (2), we will
motivate a construction that makes sure that the following weaker con-
dition holds:

(2") {Fp: De 2} has the 2-intersection property.(°)

Each Fp is going to be the union of finitely many sets B,; each B,
which is used this way will be called a building block for F,. Suppose
we know the building blocks for Fp, then define

kp = min {new: B, is a building block for Fp}.

Let D,Ee% be arbitrary. We want FynFg # @. If ky, = kg this
inequality holds, so without loss of generality k. < kj,. Instead of F,F,

(°} A family =/ of sets has the x-intersection property if every nonmempty subfamily
with at most » members has nonempty intersection.
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# @ we require the stronger F,n B, # (. Since kg could be any integer
< kp, it is natural to require the even stronger condition that F, N B, # @
for all n < kp. Since this requirement does not impose any condition on
kp, we let k, be the first integer k for which B, can be a building block.
Technical details are given below.

A similar analysis shows what we have to do to give {F,: De%} the
n-intersection property, for a fixed integer n.

Construction of the Fp's: We know how to get the n-intersection
property for a fixed n. In order to construct the Fy's we will construct
a family

{Fp,: DEZ,new}
of closed sets satisfying
(1*) FD.nnl-) = (D:
(2%) {Fp.: DeZ} has the n-intersection property; and
(3*) Fpna < I
and then define

FD= U FD.u'

new

Each F; is closed since {I,: new) is a discrete sequence. It is clear that
(1), (2) and (3) hold.
To construct the Fp,’s, define

K(D,n) = {iew: BnD =0, B,c1,}) (De%, new);

this set lists indices of candidates for building blocks for Fp,. Since the
members of & are nowhere dense we can construct integers k(D,n,m)
De2,0 £ m< n< w) as follows:
k(D,n,0) = min K (D, n);
k(D,n,m+1) = min {iew: i > k(D,n, m), and for all sew with
B, = I,and s < k(D,n, m) thereis a te K(D, n) with t < i and B, € B,}.
Define
Fp,=U{B;: ieK(D,n), i < k(D,n,n)}.

Proof that this works. We only have to check (2¥). Let & be
a subfamily of & with 1 < |#| € n. Denote |8 by e. With recursion on j
pick E;e6—{E;: 0 <iand i <j}, for 0 <j < e in such a way that

@) k(E;,n,j) < k(E,n,j) for all Eeé—{E;: 0 < i and i < j}.
Next define s(j)ew, for 0 < j < e, by
5(0) = k(Eq, n, 0);
s(+1) = min {te K(E;+1,n): B, = By} 0 <j<e)
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this is possible since the Ejs are nowhere dense. Using the facts
that k(D,n,m) < k(D,n,m+1)(De%,0 < m < n), and that Kk(E;, n,j)
< k(Ej+1,n,Jj) for 0 <j<e—1, by (4), one can check with induction
that s(j) < k(E;,n,j), ie. that By, is a building block for ng, for
0 <j <e. It follows that

ﬂ Fﬁj,n =2 Jﬂ Bs(j) = Bs(e-l) # (D

j<e

since @ ¢ 4.

The number of remote points. For each free ultrafilter p on w the set

J, = () [Clyx( U/; 1,): Aep)

intersects T, by (2*). But J,nJ, = @ for distinct ultrafilters on w: if
Aep—gq then {I,: ne A} and {I,: ne o—A} have disjoint closures in X,
hence in BX since X is normal. Since there are 2 free ultrafilters on o
([23], 9.2), it follows that |T| > 2. But |fX| < 2 by (2.6), hence there are
precisely 2 remote points. [

It now is easy to prove the following

4.2. THEOREM, Let X be any space with countable m-weight. Then for

every nonempty Gs-subset G of BX, if G < X* then G contains 2 remote
points of X.
O Let Y=p8X—G. Then Y is an F, in BX, hence Y is normal, and
Y is not pseudocompact by (2.1). Also, Y has countable n-weight by (2.4),
hence Y has 2 remote points by Theorem (4.1). Now BY = X, by (2.5)
and hence every remote point of Y is a remote point of X, for every
nowhere dense subset of X is nowhere dense in Y. [J

4.3, Theorem (1.5) is an immediate consequence of (2.1) and (4.2).
Similarly, from (2.2) and (4.2) one easily deduces the following

44. THEOREM. Let X be a realcompact space with countable =m-weight.
Then every nonempty open set of the subspace X* contains 2° remote
points. [J

We now consider points which are not far or not remote.

4.5, THEOREM. Let X be any space. Then for every nonempty G,-subset
G of X, if G X*, then G contains (at least) 2 points which are not
Jar (hence are not remote if X has no isolated points).
0 LetY = BX~G. Then fY = X since X € Y < fX. Hence G is a G;
in BY. It follows from (2.1) that Y is not pseudocompact. Since X is dense
in Y, this enables us to construct a countably infinite D & X such that
D is discrete and C-embedded in Y. Then Cl,, D = |BN| = 2. But D is
closed in Y, and BX = BY, so |GNCl,,D| = |(ClyyD)—D| = 2. Clearly no
point of GNCl,x D is far. O
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4.6. We leave it to the reader to formulate a theorem analogous
to (4.4).

We finally turn attention to points which are far but not remote.
We need the following Lemma.

4.7. LEMMA. Let T be a first countable space without isolated points.
Then T has a countable nowhere dense subspace F which has no isolated
points.

[ Choose a decreasing neighborhood base (B(x,n): ne ) for each xe T.
With recursion on new construct finite sets F, and finite collections #,
of nonempty open sets such that

(1) Fo # (D;

(2) Fn = Fn+1s ll/n s )//n-l—l;

(3) (Fpr1={x})NnB(x,n) # @ for all xeF,;

(4) for all xe F, there is a Ue #, with U € B(x, n); and

(5) F,nU = @ for all Ue,.

Conditions (2) and (5) guarantee that the construction does not stop
prematurely. Put F = ) F,. Then F has no isolated points by (2) and (3),

nee

and F is nowhere dense by (2), (4) and (5). O

4.8. THEOREM. Let X be a first cotntable normal space without isolated
points. Then for every nonempty G,-subset G of BX, if G= X* then G
contains {at least) 2 far points which are not remote.

O Put Y =pBX—G. Then Y = fX since X € Y = X, hence G is a G,
in BY. Then Y is not pseudocompact, by (2.1), hence there is a discrete
open family <{I,: new) consisting of (nonempty) open sets in Y (with
I, # I, if m # n of course). For each ne w the subspace X1, of X has
no isolated points, hence has a countable, dense in itself, nowhere dense
(in Xn1I,) subspace K,, by Lemma (4.7). Then () K, is nowhere dense

ned)

in X since (XnI,: new) is a disjoint open family in X. It follows that

K =Cl (U K,)

nee)

is a separable nowhere dense closed subspace of X. Hence Cl;x K = K.

If we pick p,e I, n K, for each ne w, then every limit point of {p,: ne w)
in X = Y is in Y* = G, hence G K is a nonempty G; in fK which
misses K. It follows from (4.2) that G contains 2 remote points of K,
since K has countable =n-weight, being separable and first countable.
Obviously no such point is a remote point of fX. But if p is a remote
point of BK, then p is a far point of fX. Indeed, let D be a closed
discrete subset of X. Then K nD is nowhere dense in K since K has no
isolated points, hence p ¢ Cl,y K n D. But also p¢ Cl;x D—K since the disjoint
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closed subsets D—K and K of the normal space X have disjoint closures
in X, and peClyy XK. O

4.9. CoroOLLARY. If X is a noncompact metrizable space without isolated
points, then X has a far point. [J

4,10. We leave it to the reader to formulate a theorem analogous
to (4.4).

NOTES TO §4

4.11. That Theorem (4.2) is true under CH follows from a result by Fine and Gillman
([18], 2.3); in fact CH implies that X has remote points if X is separable (or even:
n(X) € ¢ and X has countable cellularity) and nonpseudocompact. Theorem (4.2) was proved
[rom Martin's Axiom (or rather P(c)) in [6]. Hechler has the existence of remote points
for R under a slightly weaker hypothesis.

Corollary (4.9) was proved in [7]. I originally used ideas from [7] to show only that
Q has remote points. I am indebted to Mary Ellen Rudin for showing me how my ideas
can be used to show that R has remote points, [34]; Theorem (4.2) is a further improvement
(and simplification of the construction).

Chapter 11

Effective proofs using remote points

We show that X is extremally disconnected at all remote points in § 5,
and use this fact in §§6, 7, 8, 9. In § 9 we also use far points.

5. Remote points and extremal disconnectedness at points. The following
lemma is the fundamental characterization of remote points, see also (14.2).

5.1. LEMMA. Let X be any space. Then the following conditions on a point
p of X* are equivalent:

(a) p is a remote point of pX;

(b) for all open U in X, if peClyy U, then peExy U;

(c) for all open V in BX, if peCl,y V, then pe Exy (X nV).
O (a)—(b): Let U be open in X and assume peCly U. From (3.1a),
Clyx U = Clyx Exy U. Since p is remote, p¢Cl,yBd, U. It follows from
(3.2) that

pECl/,XEXX U—Bdﬁx EXX U= EXX U.

(b) = (0): Clyx V = Clyy (X N V).

(¢) = (b): Exy(U) = Exyx (X nExy U) and Cl;, U = Cl;x Ex, U by (3.1a).

(b) —» (a): Let A = X be nowhere dense, and put U = X —Cl, A. Then
Cl,y U = BX; hence pe Ex, U. But

ANExyU=AnXnEx; U =AnU =0
by (3.1a). It follows that p¢Cly;y 4. [
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5.2. CorROLLARY. BX is extremally disconnected at each remote point,
for every space X.
O If p is remote, and V is open in fX, then peClyy V implies
pe€Intgy Clyy V because

Exx (X 0 V) € Intyy Clyy Exy (X N V)

The converse of (5.2) is false, as fX is extremally disconnected whenever
X is ([23], 6M.1), and there are extremally disconnected spaces X for
which BX has nonremote points, see Remark (10.3). But see (8.2).

5.3. Theorem (1.8a) is an immediaté consequence of (1.5) and (5.2).

54. We leave it to the reader to formulate stronger versions, analogous
to (4.2) and (4.4).

A space is called (weakly) zero-dimensional if the family of clopen sets
is a base. Our next result is an easy consequence of (5.1).

5.5. THEOREM. Let X be a realcompact space with countable m-weight.
Then X* has a dense zero-dimensional subspace.

[0 Let E be the set of remote points of fX. E is dense in X* by
(44). Let xeE, and let U be an open set in fX containing x. Let V be
an open set in X with xeV and ClyV < U, and define W = Ex, V.
Then xe W, and Cl;y W = U by (3.1a). Also, EnBdyy W = @ by (5.1b). O
I do not know an example of a space which does not have a dense
zero-dimensional subspace.
See Section 8 for Notes.

6. Remote points and nonhomogeneity. In this section we prove a Theorem,
(6.6), which implies Theorem (1.10) (which tells why X* is not homogeneous
for suitable X).

We need the following definition, which is not new.

6.1. DEFINITION, Let X be a space, and let y be a cardinal. Then
F € X is called a y-set if there is a pairwise disjoint open family % with
Ul =y and F = Bdy U for all Ue#. Also, peX is called a y-point if
{p} is a y-set. Finally, p is called a strict y-point if it is a y-point but
not a y*-point.

The proof of the following simple observation is omitied.

6.2. LEMMA, Let X be a space, and let y be a cardinal.

(a) Every point of a y-set is a y-point.

(b) If F is a y-set in X, so is Cly F.

() If Y is a dense subspace of X, and F = Y, then F is a y-set in
Yif Fis ay-set in X. O

6.3. Theorem (1.8b) is an immediate-gonsequence of (1.5), (2.3) and (6.2¢c).

2 - Disserlationes Mathematicae CLXXXVIII
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6.4. Again we leave it to the reader to formulate theorems analogous
to (4.2) and (4.4).

In order to apply Theorem (1.8b) (which says that X* is somewhere
extremally disconnected. for suitable X) for effective nonhomogeneity proofs,
we'll have to show that X* is not everywhere extremally disconnected for
suitable X (see Remark 6.7). The following lemma gives an easily checked
condition.

6.5. LEMMA, Let y be a cardinal, and let X be a space with a dense

set of y-points. Then for every nonempty G; G in BX, if G < X* then
G contains (at least) 2 y-points of fX.
[0 As is the proof of (4.8), put Y = X -G, and let <{I,: new) be
a countably infinite discrete family of (nonempty) open sets in Y. Choose
a y-point a,el, for new, and let 4 = {a,: new}. Since {I,: new) is
disjoint one easily checks that A is a y-set in X. Using in turn (6.2¢c),
(6.2b) and (6.2a) we see that every point of GNClyy A4 is a y-point of BX.
But GnClgy A = (Clyx A)— A, which is homeomorphic to N*, hence
IGNClyy Al = 2. O

From (1.8b), (2.3), (6.2c) and (6.5) we deduce the following effective
nonhomogeneity result, which implies Theorem (1.10).

6.6. THEOREM. Let X be a nowhere locally compact nonpseudocompact
space with countable m-weight which fails to be extremally disconnected at
a dense set of points {e.g. if X is first countable).

Then X* is not homogeneous because X* is extremally disconnected
at some but not at all points. (]

6.7. Remark. If X is extremally disconnected, so is X ([23], 6M.1).
If X is in addition nowhere locally compact, it follows from (6.2¢c) that
X* is extremally disconnected at all points. Hence the above argument does
not work for extremally disconnected spaces.

68. Remark. If X is noncompact but realcompact and locally compact,
then every nonempty G; of X* has nonempty interior in X* ([17], 3.1).
If in addition, | X*| is not Ulam-measurable, e.g. if X = R, then by a recent
result of Szymanski, [41], every point of X* is an w-point of X*. So then
the argument of (6.6) cannot be used to show that X* is nonhomogencous
although X* certainly is nonhomogeneous, [20].

1 do not know if a homeomorphism of X* onto itself can send
a nonremote point to a remote point for X = R, or, more generally, for
realcompact X. If X is not realcompact, there is a counterexample.

6.9. EXAMPLE. There is a nonpseudocompact space E (with countable
n-weight) such that some homeomorphism from E* onto E* maps a nonremote
point onto a remote point (and E* and Q* are homeomorphic).
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[0 Let p be a point in Q* that is not far. Let
H = (BQxBQ)—({p} x Q%)

then E = Q+H is as required. For Q has remote points, and H has
remote points, but E* = Q*+H*, so it suffices to show that H* and
are homeomorphic.

Indeed, since (BQ—{p})x BQ is pseudocompact, being the product
a pseudocompact factor, by (2.1), and a compact factor,

B(BQ—{p} xBQ) = B(BQ—{p})*x BQ = BLxBQ

by Glicksberg’s Theorem, [26], quoted in (1.11), and (2.5). Using (2.5) o
more, we see that H* = {p} x Q*.
(E* and Q* are homeomorphic since Q* +Q* and Q* are) [

NOTES TO §6

6.10. W. Rudin gave an effective proof that X* is not homogeneous, for nonpse
compact locally compact X, assuming CH: some but not all points of X* are P-points, (*?) |
As mentioned earlier, Frolik proved that X* is not homogeneous for all nonpseudocompar
without using additional axioms, [20], see also [19]; that proof is not effective. I gawve
effective prool that X* is not homogeneous if X is nowhere locally compact and e
metrizable or normal but not Lindeldf in [7], see also §9. In [13] I will give an effe
proof that R* is not homogeneous.

7. Cech-Stone compactifications and products

7.1. In this section we use the concept of extremal disconnected:
at a point to effectively prove that certain spaces cannot be factored
a nontrivial way. Theorems 1.12 and 1.14 are immediate consequen
An attractive feature of our proofs is that they do not explicitly men
C*-embedding, like proofs in [26], [22] or [9].

We need the following observation. (Since we need countable m-we
for showing that X is somewhere extremally disconnected, it does not mr
sense to consider nonseparable spaces.)

7.2. LEMMA. Let X and Y be separable, if x is not isolated in X
y is not isolated in Y, then X xY is not extremally disconnected at (x,
[0 There are countable dense subsets 4 of X and B of Y with x¢ A4
y¢ B. Imitating the proof that a countable regular space is normal,
can find disjoint open U and ¥V in X xY such that Ax{y} = U
{x}xB € V. Then {x,y)eUnV. O

7.3. CorROLLARY. If X and Y are separable spaces without isolated po
then X x Y is nowhere extremally disconnected.. []
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74, THEOREM. Let X be a nonpseudocompact space with countable m-weight.
If Y and Z are any two spaces without isolated points, then BX and Y xZ
are not homeomorphic, because BX is separable and somewhere extremally
disconnected, but Y x Z is either nonseparable or nowhere extremally dis-
connected (or both).

O pX is separable because X is, and if Y X Z is separable, so are Y and Z,
hence the theorem follows from (1.8a) and (7.3). O

7.5. COROLLARY. Let 1 < x < w. Let {(X,: nex) be a family of spaces
each with countable m-weight. If either two X,’s have no isolated points or
infinitely many X,’s have at least two points, then the following are equivalent:

(1) T1 X, is pseudocompact;

nex

@ B(I] X.) = [] BX.,

nex nex

@) B(I1 X,) =~ [] BX..

nex nex

O (1) = (2): This is a special case of a theorem of Glicksberg, [26].
(2) — (3): Trivial.
(3) = (1): T] BX, is homeomorphic to Y x Z, for certain subproducts

nex

Y and Z which have no isolated points. []
Our next result is an analogue of (7.4).

7.6. THEOREM. Let X be a nowhere locally compact nonpseudocompact
space with countable m-weight. If Y and Z are any two spaces without
isolated points, then X* and Y xZ are not homeomorphic because X* is
separable and somewhere extremally disconnected, but Y xZ is either non-
separable or nowhere extremally disconnected (or both).

(O X* is separable because it has cpuntable m-weight, by (2.4), hence the
theorem follows from (1.8b) and (7.3). [

7.7. CoroLLARY. (a) If X and Y are nowhere locally compact spaces
with countable n-weight, and X x Y is not pseudocompact, then (X x Y)* and
X*xY* are not homeomorphic.

(b) If n > 1, then Q* and (Q*)" are not homeomorphic. []

7.8. Unfortunately there is no analogue of (7.5), for. there is a nowhere
locally compact space K with countable m-weight, such that (K x K)* and
K* x K* are not homeomorphic (which is not surprising), see (21.1). In fact
even the following question is open.

7.9. QUESTION. Do there exist noncompact X and Y such that (X x Y)*
and X* x Y* are homeomorphic? Can X x Y be pseudocompact?

Corollary (7.7.b) suggests the following
7.10. QUESTION. Is it true that (Q*)* and (Q*)" are homeomorphic (if and)
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only if k =n? Can one at least find for each kew an mew such that
(Q*)* and (Q*)" are not homeomorphic if n > m?

A natural way to attack this question would be to show that (Q*)
contains a strict m-point for some m < w, since one can easily generalize
(7.3) to the effect that every point of (Q*)" is an n-point. Unfortunately
our next result shows that this method does not work.

7.11. PROPOSITION. Every point of Q* x Q* is an w-point.

[J Denote fQxBQ by II, and let — be the closure operator in IT.
Since Q* x Q* is dense in II, it suffices to show that every point of II
is an w-point, by (6.2c). We prove a little. bit more, see Lemma (6.2), by
showing that fQ x {y} is an w-set in II for every yefQ.

Fix ye Q. List Q as (g, new), with g, # g, if n# n'. For each
new we will construct a sequence (p,,: kew) in O@xQ, and families

(1) {Gn» )€ {Pus: kew}™;

(2) Pak€ VauX Wos

(3) every point of fQ—{q,} has a neighborhood which intersects at
most one ¥, ;;

(4) y¢ W,,; and

(5) (Vae X W) O\ (Vi X W) = @ if m s ' or k # K.
Suppose for a moment that we have constructed this. Every point of Q x Q
is an w-point in Q@ x Q, hence in IT, by (6.2). It follows from (2) that
we can find for each n,kew a disjoint open family {(U,,;: iew) in IT
such that

(6) Pux€ Upyy for all iew;

7 Upsi © Vo x W, for all iew.
Define

U = U {Unps: nkew}: icw).

Then % is a countably infinite open family, which is disjoint by (5) and
(7). And Q@ x{y} < U, hence p@x{y} = U, for every Ue%, by (1) and (6).
So % witnesses that Q@ x {y} is an w-set.

We now proceed to the construction.

Suppose we have constructed (p, ,: k€ w), {V,,: ke w) and (W, x: kew)
for n < m. It follows from (3) that there is a neighborhood 4 of g, in BQ
which intersects at most one V,, (kew), for every n < m. It then follows
from (4) and the fact that the W,,’s are clopen that there is a neighborhood
B of y in BQ such that AxB does not intersect any V,,xW,, with
n<m, kew.

Since BQ is first countable at g,,, we can choose a neighborhood: base
{A4i: ke w} of clopen sets for g, in fQ with 4 = Ay, and A4, D Ay, for
ke w, and then pick a,e Q N (A, — Ay+1) and put V, , = Ay— Ay, for ke w.
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We also can list (Q nB)—{y} as <b,: kew), and choose a clopen set
W, in BQ with be W, , = B—{y}, for ke .

Put p, . = {a, bx>. To show that this works, we only have to verify
(1), since (2), (3), (4) and (5) are evident. Let CxD be a neighborhood
of ¢g,,y>. Then D will contain infinitely many bys. But C contains all
but finitely many a.s, hence p,; = {a,, byye Cx D for some kew. [

7.12. COROLLARY. If % > 1, then every point of (Q*)* is an w-point. [

We finish by giving an effective proof that fQ %# BQ x fN. This does
not follow from (7.3), and in fact fQ x BN is, like fQ, somewhere extremally
disconnected.

7.13. THEOREM. BQ and BQ x BN are not homeomorphic because every
nonempty G; in BQ which does not contain a point with a countable
neighborhood base, has a point at which BQ is extremally disconnected, but
BQO x AN has a nonempty G; without points with a countable neighborhood
base and without points at which BQ x BN is extremally disconnected.

[0 The statement about fQ follows from (4.2) and the fact that xefQ
has a countable neighborhood base in AQ iff xe€ Q.
The G; in SO x BN is fQx (BN —N), because of (7.2). O

NOTES TO §7

7.4. 1t is a famous result of Glicksberg, [26], that X x8Y = f(X x Y) iff either one
of X and Y is finite or X x Y is pseudocompact. Gillman and Jerison, [22], give an example
of an E such that SExPE ~ f(ExE) but BExSE # B(ExE). In [9] we give an example
of spaces X and Y, with X without isolated points, such that BXxfY = (X xY) but
BX xBY # B(X xY), inspired by E.

In [9] it is shown that the restriction that X have countable m-weight can be omitted
in Theorem (7.4), hence Corollary (7.5) is true even if the conditions “x < w" and *each
with countable m-weight” are omitted. I do not kpow if the condition on the =-weight
is essential in (7.6) and (7.7a).

Other conditions untler which fX x Y ~ B(X x Y) implies that X x Y is pseudocompact
can be found in [22]. One of their conditions is that X and Y both are first countable
((7.13) is a special case), and that proof is eflective: il X xY is not pseudocompact then
B(XxY) % BX xBY since the subspace of points with a countable neighborhood base in
B(X xY) is C*-embedd®d, but the corresponding statement of fX x BY is false. (The reason
for including (7.13) is that it does not mention C*-embedding.)

8. When “extremally disconnected at’’ implies remote

8.1. We have seen that BX is extremally disconnected at remote points,
(5.2), and that under natural conditions fX is not extremally disconnected
at all points, (6.5), and that in fact some points of X* can be w-points,
e.g if X = Q. The main result of this section is that X is not extremally
disconnected at nonremote points of X* and in fact that all nonremote
points of fX in X* are w-points, for nice X like Q and R. Consequently,
il pis a point of Q* at which Q* is not extremally disconnected, then
p is an w-point of Q* by (6.2c). This is unfortunate: it would have
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been nice if for every n, 2 < n < w, there was a strict n-point in Q
(ie. an n-point that is not an (n+1)-point). The following result applies
to P, @, R, and also § (this justifies the somewhat technical condition on X).

8.2. THEOREM. Let X be a first countable space in which every closed
subspace is separable. Then the following conditions on a point p of X* are
equivalent

(@) p is a remote point;

(b) BX is extremally disconnected at p;

(c) p is not an w-point of BX.

O (a) - (b). This is (5.2).

(b) — (c). This is trivial.

(c) = (a). Suppose p is not a remote point. Then p is in the closure
of a nowhere dense subset 4 of X. Without loss of generality A is closed
in X, hence is separable. Because of (6.2) it now suffices to show that A
is an w-set in X. That we state as a separate lemma since we need
it later. [J

83. LEMMA. Let A be a nowhere dense separable subset of a first
countable space X. Then A is an w-set in X.

O Enumerate some countable dense subset of A as {a,: ne w). For each
ne w choose a decreasing neighborhood base {(B(n,k): kew) of a, in X.
With recursion on ke w choose pairwise disjoint nonempty open subsets
Un,k,1), for n < k,l < k, in such a way that

Um,k,) = B(n, k), AnCLU@mkD)=0 (@,l<HKk.
Then
<U{U(na ks l) k P !l and n € k}: IGCD>

witnesses that A4 is an w-set. [
This can also be proved for all metrizable spaces, so (8.2) is true for
metrizable X.

8.4. COROLLARY. Let X be a nowhere locally compact first countable space
in which every closed subspace is separable. Then the following conditions
on pe X* are equivalent:

(@) p is a remote point, _

(b) X* is extremally disconnected at p,

(¢) p is not an w-point of X*.

[0 Use (2.3) and Lemma (6.2c). []
Again, this also is true for metrizable X.

NOTES TO §8.

8.5. Porter and Woods ([33], 2.6), characterize, independently, the set of remote points
of a separable metrizable nowhere locally compact space X as the largest extremally
disconnected subspace X*: this is a special case of (8.4).
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9. Far points, remote points, and nonhomogeneity

9.1. The usefulness of far points is that they can be used for showing
why certain Cech—-Stone remainders are not homogeneous. The following
easy lemma summarizes the relevant information from [7], § 2.

9.2. LEMMA. Let X be a nowhere locally compact space.

(@) If pe X* is not in the closure (in BX) of a (countable) closed discrete
subset of X, then p is not in the closure (in fX*) of a (countable) closed
discrete subset of X**.

(b) If X is not countably compact, some points of X* are in the closure
(in BX*) of a countable closed discrete subset of X**.

(c) Let h be a homeomorphism of X* onto itself. If xe X* is in the
closure (in BX*) of a (countable) closed discrete subset of X**, 50 is h(x). [J

9.3. In other words, for certain X the remainder X* is not homogeneous
because some but not all points of X* are “far from X**”. In [7]
I showed that X has a far point if X is a noncompact metrizable space
without isolated points. That also follows from (4.8). I also observed that
if X is a normal nonLindeldf space, then some point of X* is not in
the closure (in fX*) of any countable closed discrete subset of X**;
this is enough for telling why X* is not homogeneous if X is in addition
nowhere locally compact and is not countably compact: some but not all
points of X* are in the closure (in fX*) of a countable closed discrete
subset of X**,

It is unknown if X must have a far point if X is a noncompact
Lindelof space without isolated points, but (4.8) shows that X has such
a point if X is in addition first countable. [A noncompact Lindelof space
is not pseudocompact of course.]

In (6.6) we showed effectively that Q* has two points with different
topological behavior. Frolik’s nonhomogeneity proof shows that there are
Z points in Q* which are topologically distinct, [20]; that proof is not
effective. We now show that we can effectively get three points in Q¥
and also in P* and S* with different topological behayvior. Recall that in
§ 8 we showed that a natural way to get countably many points does
not work.

9.4. THEOREM. Let X be a first countable, separable, normal, nowhere
locally compact, nonpseudocompact space. Define A,B = X by
A = {xe X*: x ¢ Clyy. D for every countable closed discrete subset D of X**},
B = {xe X*: X* is extremally disconnected at x},
then B< A, and B, A—B and X*— A are nonempty.

Consequently there are three points in X* such that no homeomorphism
of X* onto itself maps one of them onto another.
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[0 First we note that (9.1a) implies that A = ¢ (X). The proof of Theorem
(4.8) really shows that the subset

C = {xeX*: xeCly K for some separable nowhere dense (closed) K <= X}

of X*—g(X) intersects ¢ (X). But every point of C is an w-point by
(8.3) and (6.2). Hence

BnC = Q.

Since X*—A4 = X*—¢(X) < C, it follows that B = A4, and since 4 = ¢ (X)
intersects C, it follows that A—B # (). Furthermore, B # ¢ by (5.2) and
X-A=X-¢(X)# @ by (48).

If h is a homeomorphism from X* onto itself, then h”4 = 4 by (9.2¢),
and trivially h”B = B, hence h™” (A—B) = A—B. []

Chapter III

Other applications of remote points

One of the other applications has been given already: we used remote
points in the proof of Theorem (5.5). Another, potential, application of
remote points will be given in § 20.

Recall that ¢(X) is the set of remote points of X and ¢ (X) is the
set of far points of X.

10. Two examples on extremal disconnectedness

10.1. EXxAMPLE. A countable extremally disconnected space E without
isolated points which has countable m-weight.
[0 ©O* has countable m-weight, (2.4), hence there is a countable dense
subset E of Q* consisting of remote points. Then E is also dense in
BQ, hence

E is extremally disconnected, since it is extremally disconnected at each
of its points, by (5.2) and (6.2c);

E has no isolated points, being dense in fQ; and

E has countable n-weight, again by (24). [

10.2. Remark. BE is the absolute, [25], of SQ, hence of I, the closed
unit interval. For BE is extremally disconnected since E is ([23], 6M.1),
and there is an irreducible map from E onto SQ: since fQ is a compacti-
fication of E there even is a map f from BE onto BQ such that f}E
= idg. [f is irreducible since f ~ E* = BQ—E, by [23], 6.12, or [15], 3.5.7.]

10.3. Remark. Since E is countable but not compact, it is not pseudo-
compact. Hence SE has both remote and nonfar points, by (44) and (4.5).
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10.4. EXAMPLE. A countable space without isolated points which is extre-
mally disconnected at precisely one point.
[0 By (1.8a) there is a point g at which BQ is extremally disconnected.
Then the subspace QU {q} of BQ is extremally disconnected at g, by (6.2c),
but not at any other point of course. [J

That such an example exists answers a question of Telgarsky, [43].

11. A partition of R*. Recall that a space Y is called w-bounded
(or No-bounded) if every countable subset of Y has compact closure in Y.

11.1. THEOREM. Let X be a o-compact locally compact space without
isolated points with countable m-weight.

() {o(X), X*—o(X)} is a partition of X* into two dense w-bounded
subspaces.

(b) If X also is first countable, then {¢(X), ¢ (X)—¢(X), X*—¢ (X)} is
a partition of X* into three dense w-bounded subspaces.
0 It is clear that the families mentioned are partitions. Since X is
realcompact, being s-compact, (2.2), it follows from (4.4), (4.6) and (4.10)
that the members of the partitions are dense in X*. That they are
w-bounded follows from the lemma below. [J

The following lemma is recorded separately because we will need it
later, in § 17.

11.2. LEMMA. Let X be a Lindeldf space. Let ~ denote the closure
operator in BX. Put

Q= {Y = X*: for every countable A< Y, if A < X* then A < Y}.

Then ¢(X), ¢ (X), X*—0(X), X*—¢ (X) and ¢ (X)—o (X) belong to Q.

O oX)eQ: Let A< o(X) be countable, and assume 4 < X*. Let D be
any nowhere dense subset of X, we want to show that An D = @. Without
loss of generality D is closed in X. Let Y = XuUA. Then D is closed
in Y since DNnA = @, and A4 is closed in Y since 4 = X*; so D and 4
are disjoint closed sets in Y. But Y is normal, being Lindeldf, so 4 and D
have disjoint closures in fY. Now BY = X by (2.5), since X < Y < X.
It follows that An D = (). Since D was arbitrary, it follows that 4 < o (X).

@(X)e Q2: The same proof works.

X*—p(X)eQ: Let A< o(X) be countable, and assume A4 = X*.
Since X is Lindeldf and X n 4 = (), there is an open F,-subset U of fX
with X = U c fX - A. There is a sequence (U,: new) of open subsets
of X with Y U, = U, and U,n4 =@ and U, < U,,, for all new.

new

Enumerate 4 as {a,: new), and choose for each n a nowhere dense

subset D, of X with a,eD,. Then also a,eD,—U,, because fX—U, is
a neighborhood of a, in fX, for new. Hence if D = ) (D,—U,) then

new
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A< D, hence A< D. But D is a nowhere dense subset of X: if xeX,
then xe U, for some k, but U,n(D,—U,) = @ for n > k. Since 4 & X*,
it follows that 4 = X*—g(X).

X*—¢@(X)e2: The same proof works.

e (X)—o(X)e2: Q clearly is closed under arbitrary intersections, and
@(X) and X*—p(X) belong to Q. O

NOTES TO § 11

11.3. After proving (11.1) I discovered that Woods also proved that ¢(X) and X*—p(X)
are w-bounded il X is og-compact and locally compact, [47]. His prool argument for g(X)
is somewhat different, and his argument for X*—g(X) is similar, but not entirely correct.

Woods also shows that if X is s-compact and locally compact, and has ¢ zero-sets,
then there is.a partition of X* into 2 dense w-bounded subspaces under CH. So we have
a long way to go.

12. Extremal disconnectedness and C*-embedding. Q is not C*-embedded
in BR, so PR, which is a compactification of Q, is not Q. In fact SR
is pretty far from being BQ. In spite of this we will show that Q* N R*
# @, in a sense to be made precise in Theorem (12.2). The key to this
result is the. following lemma, which also will be useful in (13.2).

12.1. LeMMA. Let X be a dense subspace of Y. If Y is extremally dis-
connected at each point of Y—X, then X is C*-embedded in Y.
O Let I be the closed unit interval. It suffices to show how to extend
continuous functions from X to I. Let f: X — I be continuous. In order
to show that f can be extended to a continuous function f: ¥ = I it is
sufficient (and necessary) to show

(1) for any two disjoint closed F, G in I, the sets f F and f G have
disjoint closures in Y,

([42], [15], Thm. 3.2.1). So let F and G be disjoint closed sets in I.
Clearly no point of X belongs to (Clyf F)n(Clyf G). Let U and V be
disjoint open sets in I with F =< U, G < V. Then f U and f V are disjoint
open sets in X. If ye Y—X then X u {y} is extremally disconnected at y,

by (6.2c), hence y ¢ (Cly f U) n (Cly f V). Consequently y ¢ (Cly f F) n(Cly f G).
This completes the proof of (1). [

12.2. THEOREM. Let Z be a space with countable m-weight which is not
pseudocompact. Let X be a dense subspace, and let f: BX — BZ be the
(unique) map such that f}X = idy. Then there is a subset E of Z* with
|E| = 2 such that the restriction

r=fMXUSE)
is a homeomorphism.
[0 Let E be the set of points of Z* at which X is extremally disconnected.
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By (54), |E| = 2. We give two proofs that this works. Put Y = X UE,

Note that X UfE =Y.
First proof. Y is extremally disconnected at each point of E, because

of (6.2c). Hence BX = BY by (12.1), ie. there is a homeomorphism
h: BX - BY with h}Y = idy. There also is a map g: BY — BZ with
g)Y = idy. Then

BX —r pY

\1'
s .
BZ
f}X =idy = goh)X, hence f = goh. Hence f embeds f"Y = (goh)"Y
into BZ.

Second proof. Since f}f Y is a closed continuous map (because f is
closed and continuous), it suffices to show that |f {y}| =1 for yeY.
Since f (BX —X) = BZ—X ([15], 3.5.7 or [23], 6.12), it suffices to prove
this for ye Y. But this is the same as Gleason’s proof that if ¢: S— T
is an irreducible closed continuous surjection, and T is extremally discon-
nected, then ¢ is one-to-one ([25], 2.3). [J

See (184) for a similar result.

The following is an amusing corollary to (12.1) (use (2.3) and (6.2)).

12.3. PrOPOSITION. Let bX be a compactification of a nowhere locally
compact space X. If bX — X is extremally disconnected, then X = bX. (J

The same sort of argument can be used to show that Q* has an
unusual property.

12.4. ProrosiTION, Let X be a nowhere locally compact realcompact
space with countable m-weight. Then every compactification of X* is the
Cech—Stone compactification of some nowhere locally compact (in particular:
proper) subspace.

O Given a compactification bX* of X*, consider the subspace
Y = bX*-X*)u{xe X*: X* is not extremally disconnected at x}.

Y is dense in bX* since bX*—X* is, (2.3), and is nowhere locally compact
since bX*—Y is dense in X*, by (6.4), hence in bX*. [

NOTES TO § 12

125, mema (12.1) is an easy extension of [23], 6M.2, where the case that Y is
extremally disconnected (= at all points) is considered. Theorem (12.2) is vaguely related to

(independent) ideas of Woods, [46].

13. Connected compactifications. Since extremal disconnectedness and
connectedness are extreme opposites, the following example is unexpected.

13.1. EXAMPLE. There is an extremally disconnected space which has a con-
nected compactification.
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(0 Let X be any nowhere locally compact connected separable metrizable
space, e.g. RxR—Q x Q or R®. Then X is connected. Also, X has a dense
extremally disconnected subspace by (54) and (6.2¢). [

A space with an isolated point cannot have a connected compactification
of course. More generally, a space which has a nonempty proper compact
open subset cannot have a connected compactification. In view of this the
following Example gives a nontrivial example of a space without connected
compactification.

13.2. EXAMPLE. There is a nowhere locally compact space which has no
connected compactification.

0 We need the following facts about extremally disconnected spaces,
cf. [23], 6M.1:

(1) X is extremally disconnected iff SX is;

(@) if X is extremally disconnected, every dense subspace of X is
C*-embedded in X (this also follows from (12.1)).

Let E be any countable extremally disconnected space without isolated
points, e.g. Example (10.1). Then E is nowhere locally compact, hence
A = E* is dense in BE, by (2.3). It follows from (1) and (2) that

(3) BA = BE and A is extremally disconnected.

Let bX be any compactification of A4, let B = bA—A. Then B is
dense in bA since A is nowhere locally compact, and bA is extremally
disconnected at each point of A by (6.2c). It follows from (12.3) that

(4) bA = BB. ’

The (unique) map f: f4 — bA with f} A = id, maps A* onto B ([15], 3.5.7,
or [23], 6.12), hence |B| < |A* = |E| = w, by (3). It now follows from (4)
that b4 is not connected since B is not connected. (In fact bA is strongly
zero-dimensional of course.) []

13.3. Remark. A totally different proof that b4 is not connected would
use the fact that if f: fA — bA is the vnique map with f}A4 = id4, then
| {x}| > 1 for only finitely many xebAd—4, cf. [45].

If A is the space of Example (13.2), it is not to surprising that 4 has
no connected compactification: since A* is countable, we do not have
enough opportunity to manifacture a connected compactification. A very
natural class of spaces X for which X* has everywhere many points is the
class of realcompact spaces. This leads to the following

13.4. QuEsTION. Let X be a realcompact space which has no nonempty
open compact proper subset. (In particular, let X be nowhere locally compact.)
Does X have a connected compactification?

Smirnow has shown that the answer is yes il X is in addition separable
and metrizable, [39]. I believe that the answer to (13.4) is in the negative,
and offer the following candidate for a counter example:
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13.5. CoNJECTURE. The Sorgenfrey line does not have a connected
(Hausdorfi') compactification.

(Mike Starbird has observed that S can be densely embedded into a con-
nected Hausdorff space, [40], the construction is similar to the one in [3])

Chapter IV

Properties of remote points

Recall that g(X) is the set of remote points of X and ¢(X) is the
set of far points of X.

14. The structure of remote points. Remote points are defined externally:
they have to avoid the closures of certain sets. We now show that the
traces on X of the neighborhood filter of a point of X* determine whether
or not the point is remote; since a point of fX can be identified with
the family of traces on X of its neighborhood filter, this means that remote
points can be internally characterized. The following definition is recorded
for definiteness.

14.1. DEFINITION. An open ultrafilter on a space X is a centered family
of open sets of X not properly included in another such family.
Closed ultrafilters are defined similarly.

14.2. THEOREM. Let X be a space. Then the following conditions on
a point p of X* are equivalent:

(@). p is a remote’ point,

(b) the family

U = {XNV:V is an open neighborhood of p in X}

is an open ultrafilter on X,
(c) the family

H = {XnF: F is a closed neighborhood of p in pX}

is a closed ultrafilter on X.

(0 (a)— (b): Let U be an open set in X which intersects every member
of %. Then peClyy U, hence peEx,(U) by (5.1b). But Ex,(U) is open
in X and X nExy(U) = U, by (3.1a). Consequently Ue%.

(b) = (a): Let A = X be nowhere dense. Then U = X —Cly A is dense
in X, hence U intersects every member of %, so Ue%. The definition
of % then tells that some neighborhood of p misses A.

(a) » (c): Let K be a closed set of X which intersects every member
of A Then peClyy K. Let U = Inty K. Then K—U is nowhere dense,
hence pe Cl;y U since p¢ Clyy (K — U). It follows from (5.1b) that p € Ex, (U).
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But Exy (U) € Clyx U € Clyy K, hence Clpyx K is a closed neighborhood of p.
As K = X nClyy K, it follows that Ke X’

(c) = (a): Let A = X be nowhere dense in X. Since Clgy A is nowhere
dense in BX, it is not a neighborhood of p, hence Cly A = X nClyx A does
not belong to J# By maximality, there is an element of % which misses
“€ly A, hence misses A. The definition of # now implies that some neigh-
borhood of p misses 4, hence p¢ Clyxy 4. O

14.3. THEOREM. There is a filter base X', consisting of clopen subsets
of Q, such that for every open or closed set U in Q the following holds:

if U intersects every member of A, then U includes a member of X

[0 Q is strongly zero-dimensional, by [15], Thm. 6.2.7, hence so is BQ,
([15], Thm. 6.2.12). Thus each remote point has a neighborhood base con-
sisting of clopen sets. Now use (14.2). [J

The question of whether or not such a filter base X exists was my
original motivation for getting interested in remote points: in [11] I will
use 4 to construct certain unusual examples.

NOTES TO § 14

14.4. Grant Woods has pointed out that ideas closely related to (but not identical with)
Theorem (14.2) are in Mandelker’s paper [28].:(Mandelker shows that pe R* is remote iff
{p} is a round subset of BR (this we do not define) However, if w,+1 has the order
topology, then the point w, in w,+1 = f(w,) is not remote, yet {w,} is a round subset

of f(w,).)

15. Nonhomogeneity of spaces of special points

15.1. W. Rudin gave under CH an effective proof that N* is not
homogeneous by showing that under CH N* has both P-points and
non- P-points ([35], 4.4). He also showed that under CH the subspace of
P-points of N* is homogeneous ([35], 4.7). This suggests the question of
whether one of the subspaces of special points of Q* P* or $* is homo-
geneous. We show that this is not the case.

15.2. THEOREM. Let X be a nowhere locally compact, realcompact space
with countable m-weight.

(@) o (X), X*—o(X), @(X) and X*—¢(X) are not homogeneous.

(b) If X also is first countable and normal, ¢ (X)— ¢ (X) is not homogeneous
either.
(O Let T be one of the spaces considered. Then T is dense in X* and
has cardinality 2 by (4.4), (4.6) and (4.9). So T has countable n-weight
by (2.3). However, if Y is a homogeneous (Hausdorfl) space with n-weight
%, then Y| < 2* ([8], 1.1). O

This proof is noneffective since the proof of [8], 1.1, is noneffective.
For ¢(X) we can do better:
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15.3. PrROPOSITION. Let X be a first countable nowhere locally compact

realcompact normal space. Then ¢(X) is not homogeneous because it is
extremally disconnected at some but not at all points.
.0 Since ¢ (X) is dense in X* (because ¢ (X)—¢(X) is, by (4.9)), it suffices
in view of (6.2c) to show that X* is extremally disconnected at some but
not at all points of ¢ (X). Since @ # o(X) S ¢ (X) by (1.5), X* is extremally
disconnected at some point of ¢ (X) by (5.2), namely at all points of g (X).
In (4.8) we showed that ¢ (X)—g(X) is not empty by finding a point
pe ¢ (X) with peClyy K for some separable nowhere dense subset K of X.
K is an w-set in X by (8.3), hence p is an w-point of X* by (6.2) and (2.3).
In particular, X* is not extremally disconnected at p. []

154. If we would have a means to effectively prove that one of the
other spaces of special points is not homogeneous, then we could effectively
find more than three points in X* which are mutually topologically distinct.

16. Special points and Baire spaces. In this section we give an effective
proof that g(P) and g(Q) are not homeomorphic.

16.1. PrOPOSITION. Let X be a realcompact space with countable n-weight.
(@) o(X) is a Baire space iff X* is a Baire space.
(b) o(X) is meager(*') iff X* is meager.
0 Recall from (44) that g(X) intersects every nonempty G, in X* in
particular is dense in X*. This reduces the proof to a triviality. [

16.2. THEOREM. ¢(P) and ¢(Q) are not homeomorphic because g(P) is
meager, while ¢(Q) is a Baire space.
0 Pis a G, in P, being completely metrizable ([15], Thm. 4.3.26),
hence P* is an F, in BP. As P* is dense in BP, (2.3), it follows that
P* is meager, hence so is ¢(P) by (16.1).

Q is countable, hence Q* is an absolute G; (= Cech-complete). Therefore
Q* is a Baire space, hence so is ¢(Q). O

16.3. We leave it to the reader to do similar things for the other
special points in X*.

NOTES TO § 16

164. That ¢(P) and ¢(Q) are not homeomorphic was first proved, using a very long
cardinality argument, by Gates, [21].

17. Pseudocompact spaces between X and fX. We begin with an easy
observation,

17.1. THEOREM. Let X be a space. Let Y be
@) X u(X*—0p(X)); or

(*') = first category.
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(b) X u(X*—0(X)), and assume X has no isolated paints; or

(© Xup(X) or XU(p(X)—e(X)), and assume X is a first countable
normal space without isolated points; or

(d) X uea(X), and assume X has countable m-weight.

Then Y is pseudocompact.

O X< YcpX, hence BY = X by (2.5). Therefore Y intersects every
nonempty G, in BY: use (4.5) for (a) and (b), (4.8) for (c), and (4.2) for (d).
Consequently Y is pseudocompact by (2.1). [

17.2. In particular, X U ¢(X) and’ X U (X*—g (X)) are pseudocompact, if
X = Q or R. Since A x B is not pseudocompact if 4 and B are psendocompact
subspaces of fX with AnB =X if X = N (such A and B exist, see [44]
or [29]), this suggest the question of whether (X ug(X))x(X U (X*—p(X )))
also fails to be pseudocompact if X = Q or R. We will show that this
is not the case. (See also Remark (17.12).) Although the results are of
a technical nature, they are of interest since they show how abundant
each class of special points is.

There are two ways of attacking this problem. The first, which works
for all Y as in (17.1), provided X is first countable, is based on a weakening
of the concept of &-pseudocompactness, [24]. The second, which only works
for X U (X*—¢ (X)) for first countable Lindelsf spaces, is based on a weak-
ening of the notion of w-boundedness.

17.3. DerFInNITIONS. Let X be a space, and let (A4,: n€w) be a sequence
of subsets of X. Let pe X.

(@) p is called a limit point of (A4,: new) if every neighborhood of p
intersects A, for infinitely many n’s.

Let & be a free ultrafilter on w.

(b) p is called a & -limit point of {(A,: ne w) if for every neighborhood
Uofp {new: UnA, # Qle, cf. [2], [24].

17.4. DeFINITION. Let & be a free ultrafilter on w. Then the space X
is called & -pseudocompact if every sequence of nonempty open sets has
a Z-limit point, [24].

The relevant information for appreciating these notions is summarized
in the next proposition.

17.5. PROPOSITION, (a) If a sequence of nonempty sets has a limit point
then it has a &-limit point for a suitable free ultrafilter 4 on .

(b) A space is pseudocompact iff every sequence of nonempty open sets
has a limit point, [26]; hence

(c) A product is pseudocompact iff every countable subproduct is, [26].

(d) For each free ultrafilter % on w the product of any family of
& -pseudocompact spaces is 7 -pseudocompact, [24]. [

So for a fixed & the class of &-pseudocompact spaces is a well-behaved

3 — Disserlationes Mathematicae CLXXXVIII
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subclass of the class of pseudocompact spaces. Unfortunately we have the
following proposition.

17.6. ProrosITION. Let X be a space with countable m-weight. Then X
is &-pseudocompact for every free ultrafilter & on o if and only if X s
compact. []

17.7. This does not exclude the possibility that for some &% both
Xug(X) and X uU(X*—g(X)) are Z-pseudocompact, if X = Q or R.
Indeed, if & is a P-point, this is the case. Since it is unlikely that the
existence of P-points is true in ZFC, and since I do not know another
sort of ultrafilter that works and that exists in ZFC, I will follow a different
method.

17.!8. DerINITION. Let & be a free ultrafilter on . Then the space
X is called weakly %-pseudocompact if every sequence of nonempty open
sets has a &-limit point or has a limit point which has a countable
neighborhood base.

17.9. THEOREM. Let & be a free ultrafilter on w. Then any product of
weakly & -pseudocompact spaces is pseudocompact,

[0 Because of (17.5¢) it suffices to prove this for countable products.
Let X, be a weakly &-pseudocompact space, for ne w. Denote [] X,

new

by II. Let {U,: ke w) be any sequence of nonempty open sets. Since we
want to show that (U,: ke w) has a limit point, we may assume without
loss of generality that each U, is a basic open set in II, so we assume

Uy, = [] Uns Ui Open in X, for each ne w.
(We don’t need the condition that U,, = X, for all but finitely many ne .
If a sequence (A,: kew) of sets in a space Y clusters at a point which
has a countable neighborhood base, then for some infinite K S w every
neighborhood of y intersects A, for all but finitely many ke K. Hence we
can construct a sequence {K,: new) of infinite subsets of w satisfying
(1) either there is a point of X, every neighborhood of which intersects
Uy, for all but finitely many ke K,,
or no point of X, with a countiable neighborhood base, is a cluster
point of (U,,: ke K,);
(2) Kn =2 Kn+1~
Let <k(i)),.., be any sequence of integers such that
(3) k(i) < k(i+1);
4) k(e K;.
Then k(ij)e K, for all but finitely many i's, for every~-new. It follows
from (1) that for each new we can choose a p,e X, which is a &-limit
of (Uyu.n: i€ w): just observe that if every neighborhood of p,e X, intersects
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Uy for all but finitely many is, then p, is a Z-limit point of (Uy.: i€ w).
But then p =<{p,: new) is a Z-limit point of (U,,: ie w), hence is
a limit point of (U,: ke w).

It now follows from (17.5b) that II is pseudocompact. []

17.10. THEOREM. If X and Y are as in (17.1), and if X is first countable,
then Y is weakly & -pseudocompact for every free ultrafilter & on w.

O Let (U,: new) be a sequence of nonempty open sets in Y, let
I, =XnU,, for new. If {I,: new) has a limit point in X then so has
(U,: new). If not, then {I,:’'new) is a discrete sequence of nonempty
open sets in fX. The proof that this sequence has a Z-limit point is the
same as the'proof that every nonempty G; in fX which misses X contains
at least 2° points of Y- X, see (4.1), (4.2), (4.5) and (4.8). O

17.11. CoroLLARY. If X = Q or R, then (XUQ(X))X(XU(X*—Q(X)))
is pseudocompact. [

17.12. Remark. It is not true that if T is a space without isolated
points, and X and Y are pseudocompact spaces with T = X, Y < BT then
X x Y is pseudocompact. In fact one can show that for every nonpseudocom-
pact T there are (even) countably compact X and Y between T and ST such
that X x Y is not pseudocompact.

We now turn our attention to X u(X*—¢(X)). We need another
definition.

17.13. DerIiNiTION, Let X be a space.

(a) X is called w-bounded (N,-bounded) if every countable subset of
X has compact closure. '

(b) X is called weakly w-bounded (some authors: strongly w-compact)
if every infinite subset of X has an infinite subset whose closure is compact.

Since a separable space is @-bounded iff it i§ compact (cf. (17.5)), one
cannot show that X u(X*—¢(X)) is w-bounded, this is why we have to
consider weakly w-bounded spaces. The following proposition summarizes
all essential information.

17.14. PrOPOSITION. (a) Any countable product of weakly w-bounded spaces
is weakly w-bounded.

(b) Any product of at most w, weakly w-bounded spaces is countably
compact.

(¢) Any product of weakly w-bounded spaces is pseudocompact.

(d) {BN—{p}: peN*} is a family of weakly w-bounded spaces whose
product is not weakly w-bounded.
[0 (a) Same proof as for sequential compactness.

(b) [36]. '

(c) This follows from (a) and (17.4c).

(d) ([24], 44). O
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17.15. THEOREM. Let X be a first countable Lindelof space. Let Y be
Xu(X*—@ (X)), or XU (X*—o(X)) and assume X has no isolated points.
Then Y is weakly w-bounded.

[0 We give the proof for ¥ = X U(X*—¢@(X)). Let 4 be a countably
infinite subset of Y. If some point of X is a cluster point of A4, then A4
has an infinite subset whose closure is compact, since every point of X has
a countable neighborhood base in Y. So assume that no point of X is
a cluster point of A,

Case 1. An X is infinite. Now AN X is closed discrete in X, by
assumption, so Clgx(4dn X) = V.

Case 2. AnX is finite. Then A—X is infinite. But X N Clyy(4—X)
= () by assumption, so Clyjx(4—X) € Y by (11.2). O

17.16. Remark. Let & be a free ultrafilter on . A space is called
2-compact if every sequence of points has a &-limit point, [2]. A separable
space is Z-compact for every £ iff it is compact, cf. (17.5). The previous proof
can easily be modified to show that Y is weakly Z-compact (defined as
in (17.6)), for every f[ree ultrafilter 2 on . One can show that Ru
U(R*—¢(R)) is Z-compact if and only if % i¢ a P-point, but Ru
U(R*—p(R)) can be 2-compact for non-P-points &, although I do not
know if one can find such a 2 in ZFC.

NOTES TO § 17

17.17. That X up(p) and X u(X*—p(X)) are pseudocompact for X = R is due to Fine
and Giliman, who point out that their method does not work for X = Q, [18].

(17.9) peneralizes the fact that a product of 2-pseudocompact spaces, [24], or of
first countable pseudocompact spaces, [26], is pseudocompact; the proof doesn’t use any
new ideas.

Chapter V

Miscellaneous remarks

18. Zero-dimensional spaces

18.1. A space is zero-dimensional if it has a base consisting of clopen
(= closed and open) sets. Every zero-dimensional space X has a maximal
zero-dimensional compactification, (X, [2]; (X is characterized by the
property that every continuous function X — 2 (= {0, 1} with the discrete
topology) can be extended to a continuous function (X — 2, or, equiv-
alently, by the property that for every compact zero-dimensional space Y

every continuous function X — Y can be extended to a continuous function
(X ->Y.
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If X is zero-dimensional, we will denote {X—X by X A point
p of {X is called a remote point of X if pe X" but p¢Cly D for every
nowhere dense D € X.

Most of our results about remote points in X can be transformed
in a straightforward manner into results about remote points in {X. We
only give the key steps, and leave the details to the reader.

18.2. THEOREM. Let X be a zero-dimensional space with countable
n-weight which is not pseudocompact. Then X has a remote point in (X.
[0 We first show that there is a nonempty G; G in (X with G X
Let w+1 have the order topology. Since X is zero-dimensional but not
pseudocompact, one can find a partition (U,: ne w) of X into open sets
(with U, # U, if m # n of course). Then

= U U,x {I‘l}
is a continuous function from X to w+1. Let {f: {X — w+1 be its con-
tinuous extension. Then G = ({f)” {w} is a nonempty G; in (X with
Ge X

Let Y =(X—G. Then X € Y < (X, hence {Y = (X, cf (2.5). But Y is
zero-dimensional and Lindeldf, hence (Y = BY. Since Y is not pseudo-
compact, and since Y has countable n-weight, (2.4), and since every nowhere
dense subset of X is nowhere dense in Y, it follows from (1.5) that (X
has a remote point. []

18.3. One can use the same argument and (1.8a) to show that {X is
extremally disconnected at some point of X', with X as in (18.2). However,
there is another proof for this fact, similar to the onme given for fX:

If X is zero-dimensional, define a function

Ezy: {open sets of X} — {open sets of (X}
by

Then one can easily prove analogues of (3.1), (3.2), and then of (5.1)
and (5.2) (with X as in (18.2) of course).

184. One consequence of the fact that {X is extremally disconnected
at some (in fact 2°) points of X should be pointed out: X NnX* # Q,
cf. (12.2).

19. Q, Q*, Q**, O***,... Define a sequence {(Q,: new) of spaces by
Qo = 0, 0,., = (Q,)*. With induction on n one can prove the following

19.1. PrOPOSITION. (a) Q, is nowhere locally compact and has countable
n-weight, for ne .
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(b) Q,, admits a perfect map onto Q, and Q,,., admits a perfect map
onto P, for new.

(c) Q, has a dense set of w-points, and also has a dense set of points
at which Q, is extremally disconnected, for ne w—{0}. [

It follows from (19.1b) that Q,, is o-compact that Q,,+; is not, for
new, hence Q, and Q, are not homeomorphic if |n—k| is odd. I don't
know if Q, and Q, ,, can ever be homeomorphic. If not, it might be interest-
ing to define Q,’s, for & > w, using inverse limits at limit stages. One
can show that there must be an o for which the natural map from Q,.,
onto Q, is a homeomorphism.

In (8.1) we saw that every point of Q, = Q* is either an w-point
or a point at which Q, is extremally disconnected. I don’t know if the
corresponding statement for Q, is true if n > 1.

20. Retractions from fX onto X*. In this section we show how the
statement '

() If X is not pseudocompact, then BX is extremnally disconnected at
some point of X*,

can be used to give an elegant proof of a special case of the following

20.1. THEOREM. If X* is a retract of BX, then X is locally compact and
pseudocompact.

20.2. Comfort proved this theorem assuming CH, [5]. After proving
that a special case of (20.1) follows from (?) I succeeded in proving (20.1)
outright, [10]. So even il (?) is false, it is at least useful in finding
theorems.

20.3. We will prove (20.1) from (?) under the additional hypothesis that
|X| is not Ulam-measurable. We will use the following facts:

(1) I X is locally compact, then for every nonempty G, G in fX,
if G < X* then

(a) Inty. G # Q;
(b) 1G] > 1.

(2) If Y is a Hausdorfl space without isolated points in which every
nonempty G, has nonempty interior, and if the cellularity of Y is not
Ulam-measurable, then every point of Y is an w-point.

(1a) is essentially due to Fine and Gillman, [17], 3.1, (1b) is well known,
and follows e.g. from (4.5), and (2) is a recent result of Szymanski, [41].

Assume that X* is a retract of SX. Then X is locally compact since
X* is compact. Suppose X is not pseudocompact. Then there is a nonempty
G; G in fX with G € X*. Since Int,. G is a G; in X, we may assume
that G is open in X*,
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We claim that every point of G is an w-point in X* Indeed, every
Gs-subset of G, in particular every open subset of G, is a G, in X, hence
G has no isolated points, and every nonempty G, in G has nonempty
interior, by (1). Also, the cellularity of G is at most |G| < |fX]| < 22™',
hence is not Ulam-measurable ([23], 12.5). So every point of G is an
w-point of G, by (2). Since G is open in X* this proves our claim.

Since X* is a retract of fX, it follows that every point of G is an
w-point of fX. However, this is impossible: Consider Y = BX—G, then
BY = BX since X = Y < fX, hence Y is not pseudocompact. It now
follows from (?) that BX = BY is extremally disconnected at some point
of G. This contradiction completes the proof.

21. Products of remainders. Here we give the example promised in (7.7).
Recall that a space X is weakly w-bounded il every infinite subset has an
infinite subset whose closure in X is compact, (17.13), and that the product
of at most countably many weakly w-bounded spaces is weakly w-bounded,
hence pseudocompact, (17.14).

21.1. EXAMPLE. There is a nowhere locally compact weakly w-bounded
space K with countable m-weight such that (K x K)* and K*x K* are not
homeomorphic.

[J Since BQ has countable m-weight, (2.4), and Q* is dense in Q, (2.3),
there is a countable dense L in pQ with L < Q* Let K = Q—~L. Then
Q0 < K < Q, hence K = S0, (2.5). It also [ollows that K is nowhere
locally compact, (2.3), and has countable n-weight.

We first show that K is weakly w-bounded. Let 4 & K be an infinite
set. Without loss of generality 4 is countable, 4 < Q or A S Q% and A4
is relatively discrete. If some point of Q is a limit point of A then A
has an infinite subset whose closure in K is compact because every point
of Q has a countable neighborhood base in K. So assume no point of Q
is a limit point of A. We claim that 4 is C*-embedded in BQ. Indeed,
if A = Q this is clear (since 4 will be closed in Q), so assume 4 = Q*.
Then A is closed in Au Q, which is normal. Since f(Au Q) = O by
(2.5), it [ollows that A is C*-embedded in AU @, hence in Q.

Hence A (closure in BQ) and SN are homeomorphic. But N* is not
separable, hence some point p of A—A is not in the closure of AnL
=(AnL)—A. Let U be a clopen neighborhood in A4 of p which misses
L. Then An U is an infinite subset of 4 which has compact closure in K.

This completes the proof that K is weakly w-bounded.

Then K xK is pseudocompact, as observed above, so B(K xK) =
BK x BK, by a well-known result of Glicksberg, [26]. Consequently (K x K)*
= LxpOupBQxL, while K¥xK* = LxL. Hence (Kx K)* and K*xK*
are not homeomorphic because (K xK)*| =2 > w = |[K*xK*. O
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22. Questions

22.1. If X is not pseudocompact, is fX extremally disconnected at some
point of X*?
(YES if (21.2) has an affirmative answer.)

22.2. If X is not pseudocompact, does X have a remote point?
(YES if X has countable m-weight, or if X is separable and CH holds.)

The answer to (21.2) is open even for metrizable X, so the easiest open
case is D(w,)”, the product of countably many copies of the discrete space
with w; points.

An important application of remote points is the effective proof that
P*, Q* and S* are not homogeneous, (1.10). I don’t know if the points of
¢(R) can be distinguished internally in R* from the points of R*—pg(R)
(or at least from some points of R*—g(R)), whether or not in an effective
manner.

223. If X = R, or, more generally, if X is realcompact (and first countable
if you wish), is it true that h™ o(X) = o(X) for every homeomorphism of
X* onto itself ?

(YES for suitable X, see (8.2). NO without realcompact, see (6.9).)

All remote points we constructed, and in fact all special points we con-
structed, lie in fX —vX. One can easily give examples showing that vX —X
can intersect ¢ (X) or X* —¢ (X), but the following is open.

22.4. Can vX —X have a remote point of X?

22.5. Does every space have a dense zero-dimensional subspace?
(YES for metrizable spaces. See also (5.5).)

22.6. If X is nowhere locally compact and nonpseudocompact, and if
Y and Z are spaces without isolated points, is it true that X* and Y x2Z
are not homeomorphic?
(YES if X has countable n-weight, see (7.5).)

22.7. Are (Q*)" and (Q*)* homeomorphic iff n = k?
(YES if min {n, k} = 1, see (7.6).

22.8. If X is a noncompact Lindeldf space without isolated points, does
X have a far point?
(YES if X first countable, see (4.8) and also (9.3), or if answer to (22.2)
is affirmative.)

229, Is it true that the Sorgenfrey line has no connected compactifi-
cation?

22.10. Does there exists in ZFC a free ultrafilter % on w such that
for every sequence {q,: ne w) in Q (equivalently: in R) there is a De & such
that {q,: ne 7} is nowhere dense?
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This is related to § 17. The sequence (Q,: ne w) is defined by Q, = Q,
Qn+l = (Qn)*, see § 19.

22.11. Are Q, and Q, homeomorphic iff n = k?

NOTES TO § 22

22.12. After this paper has been written, the following has come to my attention,

Under CH there is a separable metrizable locally compact X such that for some
homeomorphism h of X* onto itsell, h™g(X) # g(X). Indeed, let X = wx2”, then X*
and o* are homeomorphic because of CH, [31], and there are P-points p and g in X*
with peg(X) but g¢¢(X), also because of CH, [31]. But by a theorem of Rudin there
is under CH for any two P-points s and t in w* a homeomorphism h of @* onto itsell
with (s} = ¢t and h(t) = s ([35], 4.4). This example is due to Grant Woods, [48].

Emeryk and Kulpa have*answered (22.9) aftirmatively, [16].

Shelah has shown that it is consistent with ZFC that there are no P-points in N¥,

Also, in a forthcoming paper (Prime mappings, number of factors, and binary operations,
Diss. Math., to appear) 22.6 (even without the condition that X be nowhere locally compact)
and 22.7 are answered affirmatively. The proofs are noneffective.

Added in print. The answers to 22.1 and 22.2 are no, but are yes in the special case X
is metrizable. 22.4 should have been asked for X without isolated points; the answer is no
in the special case the cellularity of X is not Ulam-measurable (see papers [49], [50], [52]).
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