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Preface

60 years ago, in 1932, there appeared both the famous book on functional analysis
by S. Banach, Théorie des opérations linéaires, and the article on spaces, later called
Orlicz spaces, by W. Orlicz, Uber eine gewisse Klasse von Rdumen vom Typus B in Bull.
Internat. Acad. Polon. Sci. Sér. A. The latter notion was an important extension of the
notion of L, and I, spaces, introduced by F. Riesz in 1910 and 1913, respectively. The
investigations of geometric properties of Banach spaces, i.e., properties which are invariant
with respect to linear isometries, date back to 1936, when J. A. Clarkson introduced the
notion of uniformly rotund spaces in the paper Uniformly convex spaces in Trans. Amer.
Math. Soc. 40, and it was shown that L, with 1 < p < oo are examples of such spaces.
Between the two notions of uniform rotundity and rotundity of a Banach space, a number
of intermediate geometric properties have recently been investigated. Applications were
found in such seemingly distant branches of mathematics as approximation theory and
probability theory. Now, the scale of L, spaces seems to be too narrow in order to provide
a good model for distinguishing subtleties connected with various geometric properties
of Banach spaces. A much richer field of examples is obtained by considering Orlicz
spaces Ljs of functions and [y; of sequences, where M is an Orlicz function. Also, one
distinguishes in Orlicz spaces two norms, the Orlicz norm || - ||” and the Luxemburg norm
|| - ||, which are equivalent, but the identity operator from (Lys, || - ||?) to (Las, || - |) is
not a linear isometry, which implies that from the point of view of geometric properties,
these spaces differ essentially.

The importance of this book lies in the fact that it is the first book in English devoted
to the problem of geometric properties of Orlicz spaces, and that it provides complete,
up-to-date information in this domain. In most cases the theorems concern necessary and
sufficient conditions for a given geometric property expressed by properties of the func-
tion M which generates the space Ljs; or I;;. Some applications to best approximation,
predictors and optimal control problems are also discussed.

This book shows the great role played recently by the Harbin School of Functional
Analysis in problems of geometric properties of Orlicz spaces. There are many results in
this book which have so far been published only in Chinese.

Anyone interested in the domain of geometric properties of Banach spaces will cer-
tainly find the present book indispensable.

Poznan, September 1992 Julian Musielak



Introduction

Although the concept of Orlicz space was introduced by W. Orlicz early in 1932 and
the book Convexr Functions and Orlicz Spaces by M. A. Krasnosel’skii and Ya. B. Rutitskii
appeared 30 years ago, it was not until the last ten years that the theory of geometry
of Orlicz spaces was developed extensively. In 1986, the author, in collaboration with
C. Wu, T. Wang and Y. Wang, published a book, Theory of Geometry of Orlicz Spaces
(in Chinese), which collected the main results on geometry of Orlicz spaces as well as
some applications obtained by that time. The author is pleased that the subject has made
great advances in the very short time since the book was published. The fundamental
theory, such as weak topology and isomorphic subspaces, has been perfected, and, at
the same time, many geometric properties have been discussed more precisely, to the
local behavior, to the pointwiseness. For instance, criteria for smooth points, uniformly
rotund points, H points and uniformly non-I! or nonsquare points have all been obtained
recently. Moreover, it is impressive that many open problems have been solved; for exam-
ple, sufficient and necessary conditions for normal structure, uniformly normal structure,
uniform rotundity in every direction have been found.

It is the aim of this book to collect those important results and to introduce the
basic techniques as well as some special techniques to solve problems in Orlicz spaces.
This book also includes most background material so that the reader can comprehend
classical Orlicz spaces. This material is basically selected from the two books mentioned
above and the book Orlicz Spaces and their Applications (in Chinese) by C. Wu and
T. Wang, published in 1983.

This book can be used as a one-semester course for graduates. Mathematicians who
are working on Banach space theory may also find this book useful.

The author would like to express his thanks to all mathematicians who have made
contributions to this text. Particular thanks are due to C. Wu, T. Wang, Y. Wang, Z. Ren,
H. Sun, J. Musielak, A. Kaminska, M. Wisla and R. Ptuciennik who communicated their
ample works with the author. The author feels deeply in debt to H. Hudzik who checked
this whole book carefully and made numerous improvements.

Harbin, August 1992 Shutao Chen



1. Orlicz spaces

1.1. Orlicz functions
DEFINITION 1.1. A continuous function M : R — R is called convex if

(1.1) M(u—;—v)gM(u)—;—M(v)

for all u,v € R. If, in addition, the two sides of (1.1) are not equal for all u # v, then we
call M strictly convex.

DEFINITION 1.2. A continuous function M : R — R is said to be uniformly convex if
for any € > 0 and any ug > 0, there exists some § > 0 such that

(1.2) M(”;”) §(1—5)w

for all u,v € R satisfying |u — v| > e max{|ul|, |v|} > euo.
PRrROPOSITION 1.3. Let M : R — R be a continuous function.

(1) The following are equivalent:
(a) M is convex.
(b) There ezist affine functions L, (u) = apu + by, such that M (u) = sup,, Ly (u).
(c) For any u,v € R and o € [0, 1],

(1.3) M(au+ (1 —a)v) < aM(u)+ (1 — a)M(v).

(d) For any ui,...,u, € R and a; > 0 with Y, a; = 1,

M(ialul) < ialM(ul)

(2) M is strictly convez iff for any u # v and « € (0, 1), inequality (1.3) holds but the
two sides are not equal.

(3) M is uniformly convez iff for any € > 0 and |a,b] contained in (0,1), there exists
0 > 0 such that
(1.4) M(ou+ (1 —a)v) < (1 =08)[aM(u)+ (1 —a)M(v)]
for all a € [a,b] and all u,v € R satisfying |u — v| > e max{|ul, |v|} > euo.

Proof. Exercise. m

PROPOSITION 1.4. Suppose that M is strictly convez.

(1) M s uniformly conver on any bounded interval.
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(2) For any k > 0, € > 0, there exists 6 > 0 such that (1.2) holds for all u,v € R
satisfying |ul, |v] < K and |u —v| > €.

(3) For any k >0, ¢ >0 and [a,b] C (0,1), there exists 6 > 0 such that (1.4) holds
for all o € [a,b] and u,v € R satisfying |ul, |v| < K and |u—v| > e.

Proof. An easy exercise. m

DEFINITION 1.5. M : R — R is called an Orlicz function if it has the following
properties:

(1) M is even, continuous, convex and M (0) = 0.

(2) M(u) >0 for all u # 0.

(3) limy—o M (u)/u =0 and lim,_,oo M (u)/u = cc.

Ju

o b(t)dt, where the right

PROPOSITION 1.6. M is an Orlicz function iff M(u) = \
derivative p of M satisfies:

(1) p is right-continuous and nondecreasing.
(2) p(t) > 0 whenever t > 0.
(3) p(0) =0 and lim;_o p(t) = co.

Proof. Exercise. m

From Proposition 1.6, we derive a useful inequality

(15) ;p@ <MW <) wso)

By the convexity of M and M (0) = 0, we find

(1.6) M(au) <aM(u) (0<a<1),
which yields
(1.7 Msv) < Miu) (0 <v<u).

Let p satisfy (1)—(3) of Proposition 1.6. Then we call
q(s) = sup{t: p(t) < s} =inf{t: p(t) > s}

the right-inverse function of p. Clearly, g also satisfies (1)—(3) of Proposition 1.6.

DEFINITION 1.7. Let M be an Orlicz function, p be the right derivative of M, and ¢
be the right-inverse function of p. Then we call

[v|

the complementary function of M.

The relation between M, N, p, q is described as in the following graph.
From Graph 1.1, we see that

(1) M is strictly convex iff p is strictly increasing, i.e., ¢ is continuous.
(2) (Young Inequality)
(1.8) uwv < M(u) + N(v).
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Plu)p=m == I
N(v) = E
M(u) |
Graph 1.1
(3)
(1.9) wv = M(u)+ N(v) & u=q(|Jv])signv or v = p(|ul) sign u.

(4) M and N are complementary to each other.

ExaMPLE 1.8. Let M be an Orlicz function. Consider the complementary function
Ny of My(u) = aM(bu) (a,b > 0). Let p be the right derivative of M. Then the right
derivative of M is p;(t) = abp(bt), and so its right-inverse function is

@ (s) = %Q($S>,

where ¢ is the right derivative of N. Hence

[v] [v|/(ab)
_ _ _ |v]
Ny(v) = § q1(s)ds = § q(s)ds = aN(E .
ExaMPLE 1.9. Let Ny, Na be the complementary functions of M; and M, respectively.
Suppose that
Mi(u) < Ma(u)  (u>ug > 0).

Consider the relation between N7 and Na. By (1.8) and (1.9),
Ma(g2(v)) + N2(v) = g2(v)v < Mi(ga(v)) + Ni(v) (v =0).

Hence by
M(q2(v)) = Mi(g2(v))  (g2(v) = o),

we obtain
Na(v) < Ni(v)  (g2(v) > o).
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If there exist a,b > 0 and ug > 0 such that
Mi(u) < aMa(bu)  (u > ug),

then we write My < Ms. If M; < My and My < M;, then we say that M; and M, are
equivalent (written My ~ My).
By Examples 1.8 and 1.9, M1 < Ms = N5 < Ny, whence My ~ My = Ny ~ Ns.

ExampPLE 1.10. Let M;(u) = o~ tu|® (o > 1). Then p1(t) =t~ ! and ¢ (s) = s”1
(1/a+1/8=1), and so Ni(v) = B~ 1|v|’.

EXAMPLE 1.11. Let My(u) = e/*l — |u| — 1. Then py(t) = ¢! — 1 and g2(s) = In(s + 1),
whence No(v) = (1 + |v]) In(1 + |v]) — |v].

DEFINITION 1.12. We say that an Orlicz function M satisfies condition As if there
exist K > 2 and ug > 0 such that

(1.10) MQ2u) < KM(u) (u > up).

In this case, we write M € Ay or N € Vao. If M € Ay and N € Ay, then we write
M e AQ N V.

Since condition Ay plays a very important role in the theory of Orlicz spaces, we
introduce some criteria of the condition for later application.

THEOREM 1.13. The following are equivalent:

(1) M € As.
(2) There exist 1 > 1,u9 > 0, and K > 1 such that

(1.11) M(lu) < KM(u)  (u> up).

(3) For any Iy > 1 and uy > 0, there exists K' > 0 such that (1.11) holds for 1 =14,
ug =uy and K = K'.

(4) For any la > 1 and uz > 0 there exists € in (0,1) such that
(1.12) M((1+e)u) <lbM(u) (u> usg).

(5) For any l3 > 1, there exist vg > 0 and § > 0 such that
(1.13) N(lsv) > (Is+d)N(v) (v > o).

(6) There exist l3 > 1, vg > 0, and 6 > 0 such that (1.13) holds.

Proof. (1)=(2). Trivial.
(2)=(3). Given l; > 1, choose an integer a such that [* > [;. Then by (1.11),

M(lu) < M%) < KM (u)  (u > ug).

Hence, if u; > ug, then K’ = K is a candidate. If u; < ug, then we choose K’ =
max{K“, Ky}, where

Ko = max{M (lqu)/M (u) : u € [uy,up]}-
(3)=(4). For ly > [ and uy > 0, by (3), there exists K’ > Iy such that
M@2u) < K'M(u) (u > us).
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Take e = (I3 — 1)/(K’' —1). Then 0 < e < 1 and by the convexity of M,

M((1+e)u) = M((1 —e)u+2eu) < (1 —e)M(u) + eM(2u)
<(1—e)Mu)+eK'M(u)=1Mu) (u>us).

(4)=(5). For any I3 > 1 and vy > 0, choose uz € (0, ¢(vp)]. Then (1.12) and Exam-

ples 1.8 and 1.9 imply
I3

1+¢

N(v) < %N( v) (v > vp).

It follows that l
3

I3N(v) < N(l v) < ! N(lzv) (v > ).

1+e
Setting ¢ = l3e, we obtain (1.13).
(5)=(6). Trivial.
(6)=(1). Let 8 = (I3 + 9)/l3. Then (1.13) becomes
1

EN(lg’U) >Nw) (v>w).

Select an integer n such that 5" > 2 and let K = 3"1§. Then by Examples 1.8 and 1.9,
M2u) < M(B"u) < BMEM(u) = KM(u) (u>ugp). m

REMARK. Set v = 0 in (1.2). Condition (6) in Theorem 1.13 shows that uniformly
convex Orlicz functions satisfy condition V.

In the geometrical theory of Orlicz spaces, the rotundity of Orlicz spaces relates to
the convexity of generating Orlicz functions. In general, an Orlicz function may not be
strictly convex, and even if it is, it may fail to be uniformly convex. However, we still
have the following;:

LEMMA 1.14. For any Orlicz function M and € > 0, there exists a strictly convex
Orlicz function My such that

Mu) < Myj(u) < (14+e)M(u) (u€R).

Proof. If M is affine on an interval [a,b] and it is not affine on either [a — §,b] or
[a,b+0] for each § > 0, then we call [a, b] a structural affine interval of M. Let {[a, bx]}x
be all structural affine intervals of M. Then p is a constant on each [ag,br). Now, we
define a strictly increasing function p; (t) with p(¢) < p1(t) < (1+¢)p(t). Consider [ay, b1].
If p(b1) > p(a1), then we let by = b} and

B1 = min{p(b1), (1 +&)p(a1)}

If p(b1) = p(a1), then we choose by > by such that p(b}) < (1 + €)p(ai). Since p is
continuous at by in this case, such a b} does exist. On the interval [a1,b}), we define
pi(t) to be affine and pi(a1) = p(a1), limy_p — p1(t) = B1. Next, we choose the first
interval [ag(1), br)] in {[ar, br]}x such that [agy, b)) \ [a1, 0] # 0 and define p;(t) on
[ak(1)s b;(l)) in the same way but by(1) < b;c(l) < ap if b, < a;. And so on, by induction,
p1(t) is defined on | J, [ax,b)). Finally, we set pi(t) = p(t) elsewhere. Then p;(t) is a
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candidate. We complete the proof by setting

|l

Mi(u)= | pi(t)dt. m
0
LEMMA 1.15. For any Orlicz function M and any € >0, there exists an Orlicz function
M such that
M(u) < My(u) < (14 ¢e)M(u)

and that its right derivative p1 is continuous. Moreover, if M is strictly convez, then so
1S Ml.

Proof. Take €, > 0 such that 220:1 en < €. Since p is monotone, its discontinuity
points (b,,) are countable. Observing that p is defined only on [0, 00), p is right-continuous
and p(0) = 0, we see that each b,, is positive.

Let b} = b1. Choose a1 € (0,b}) such that

(b} — ax)p(b}) < e1M(by)
and define p; on [ag, V] to be affine and
pi(a1) =p(ar),  pi(by) = p(by).
Find the first point b, € {b,} \ (a1, ] and choose az € (0,b2) \ a1, V)] such that
(b — az)p(by) < e2M (by).
Then define p; on [az, bS] to be affine and
pi(az2) = plaz),  p1(by) = p(b).

And so on, we have defined p; on (J,[ax,b}] by induction. For other ¢ > 0, we set
p1(t) = p(t). Then clearly, p1(¢) > p(t) is continuous and is strictly increasing if so is p.
Moreover,

|l bl
0< Mi(u) — M(u) = \[pa(t) = p(t)]dt = > {Ipa(t) — p(t)] dt
0 by, <|u| ag
<N b —ap () < Y eM(by) < eM(u). =
b, <lul b, <|ul

Summing up Lemmas 1.14 and 1.15, we obtain

THEOREM 1.16. For any Orlicz function M and € > 0, there exists an Orlicz function
My such that
Mu) < Myj(u) <(1—e)M(u) (ueR)

and both My and its complementary function are strictly convez.
Now, we consider the case where M € Ay NVs.
LEMMA 1.17. If for each € > 0, there exists K > 1 such that

p((L+e)t) = Kp(t) (¢t =0),

then M is uniformly convez.
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Proof. Given ¢ € (0,1), take K > 1 such that

p((1+¢€/2)t) > Kp(t) (t>0).
For any u,v € R satisfying |u — v| > e max{|ul,|v|}, we shall show that (1.2) holds for
d=¢e(1-1/K)/4 > 0. Without loss of generality, we may assume that u—v > eu> ev> 0,
ie, (1 —¢&)u > v > 0. Define

u+t

cp(t):M(u)—l—M(t)—QM( ) (t >0).

Then for almost all ¢ € [0, u],

¢ 0 =) -p(*5) <0,

Hence, ¢(t) is nonincreasing on [0, u]. It follows that

u (1—e/2)u
p(v) > M(u)+ M((1=c)u) —2M((1—/2u) = | p@ydt— | pt)dt
(1—e/2)u (1—e)u
= | o -pt—ecuidt> | [pt) - p((1—/2)t) dt
(1—e/2)u (1—e/2)u

u

> | a-yEpd = (- 1/K)M@) - (1 - e/2)M(u)]

(1-/2)u
>< (1 _ %) [M(u) + M(v)],

ie., (1.2) holds for § = (¢/4)(1—1/K) > 0. m
THEOREM 1.18. If M € Ay N Vo, then there exists My ~ M such that both My and
its complementary function are uniformly convex.

Proof. Choose ug > 0, K > 2 and § > 0 such that
24+ 0)M(u) < M(2u) < KM(u) (u > ug).

Since changing the value of M on [0, ug] does not affect the equivalence, we may assume
that the above inequalities hold for all u € R. Let

Jul Jul

Moy (u) = S M—(t)dt, M (u) = S Mo(t) dt.
o ! o !
We claim that My ~ M7 ~ M. Indeed, by (1.5),
M(u) - M(2u) _ 1
> —l>—" > — .
pu) 2 ——= 2 —== 2> 2pu)  (u>0)

Integrating each term in the inequalities from zero to u, we get KM (u) > KMy(u) >
M(u), i.e., M ~ My. Similarly, we have My ~ M.
Next, we show that M; is uniformly convex. Since
|ul/2 |l
_ u M(u/2) M (¢)
K *Mu)<M( =)= dt < —2dt < M,
wen(z) =V 55 = ) S
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ul/2 |l

M(t M(t
= | —t()dt—i— | M) 4
0 |ul/2
u M (u) 1 1 1
< - < e — = —
_M<2)+ 5 _(2+5+2>M(u) LM(u),
WhereL:‘lj—ff>1, we obtain

M()  My(t)
LS00 T

Dividing each term by ¢ > 0 and integrating each term in ¢ from u to fu, we have
0L My (u) < Mo(Au) < 05 Mo(u) (0 > 1,u € R).
Set p1(t) = M{(t) = Mo(t)/t. It follows for any £ > 0 that

< K.

~ Mo((1+e)u) _ (1+¢e)" Mo(u)
(1 +e)u) = O(l—l—s)u = (1+5)2
=(1+e)" "Mo(u)/u=(1+e)" "pi(w),

which means that M; is uniformly convex by Lemma 1.17.

Finally, we verify that the complementary function Ny of M is also uniformly convex.
Let N{(u) = ¢1(u) and

@ ((L+e)v) = a@aqv) (v=0).
Then «(v) > 1 (v > 0). Replacing v by p1(u), we get
Mo(a(vyu) _ o (v)Mo(u)

(14 )pa(u) = pr(afo)u) = 2 < E D0 — aF ) ().

Hence, a(v) > (1 +&)"/E=D and so ¢1((1 + )v) > (1 + &)/ E Vg (v), ie., Ny is
uniformly convex. m
REMARK. When we deal with Orlicz sequence spaces, instead of condition Ay, we

need the following condition. We say an Orlicz function M satisfies condition Az near
zero if there exist ug > 0 and K > 2 such that

MQ2u) < KM(u)  (Ju|] < ugp).

Whenever we mention Orlicz sequence spaces, M € Ay means that M satisfies condition
A5 near zero.

In this case, we also need the following condition. An Orlicz function M is said to be
uniformly convexr on [0, ug] if for any € > 0, there exists § > 0 such that

M(u;v)§(1_5>M(u>+M(m

2

for all u,v € [0, up| satisfying |u — v| > e max{|ul, |v|}.

1.2. Orlicz spaces. From now on, we always denote by (G, X, u) the Lebesgue
measure space in a FEuclidean space with 0 < uG < oo, and by M, N a pair of Orlicz
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functions complementary to each other. Moreover, for a measurable function v on G, we
introduce its modular by
onr(u) = | M(u(t)) dt.
G
Then the Orlicz space Ljs and its subspace Fjs are defined as follows:

Ly = {u: om(Au) < oo for some A > 0},
En = {u: om(Au) < oo for all A > 0}.

REMARK. If we change the set G to be N = {1,2,...} and regard u as the counting
measure on 2N, then we get an Orlicz sequence space in the same way. In this case, we
write I; and hys instead of Ljs and Ejy, respectively.

EXAMPLE 1.19. Suppose M ¢ As. By (2) of Theorem 1.13, there exist ay T 0o such
that M (o) > ¢/puF and

M((1+1/k)ay) > 2M(ar) (k €N),

where € > 0, F € X with uF > 0 are given previously. Select a sequence {F} of disjoint
subsets of F' such that
M(ap)uFy =2"% (keN)

and define

oo

un(t) = Z M(ag)uF, =27 "e < oo.
k=n-+1

Then w,, € Lys. But for any I > 1, let ng € N satisfy [ > 14 1/ng. Then for all n > ny,

om(lun) > > M((A+1/k)ap)pFy > > 2"M(ap)uFr= Y &=oo,
k=n-+1 k=n+1 k=n+1

which shows that u,, & En (n € N).
REMARK. From Example 1.19, it is easily deduced that Ey; = Ly < M € As.
THEOREM 1.20 (Jensen Inequality). If op(u) < oo, then

1 1
a a
Proof. By Proposition 1.3 (1), there are ky, b, € R such that M (t) = sup,, {knt+b,}.
Hence

M(u% éu(t) dt) - supn{knu% é[knu(t) + by dt}

S sup,, {knu(t) + b, } dt =
G

1
e éM(u(t)) dt.

For each u € Lyy, let

el = lfully = sup { §uyoe) dt : on(v) < 1}.
G
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Then it is easily verified that (Las, || - ||°) and (Ear, | - ||°) are Banach spaces. We call
(L, || - 1|°) the Orlicz space generated by the Orlicz function M, and || - ||° the Orlicz
norm.

THEOREM 1.21. Suppose u € L.

(1) [[ull® <1 = on(p(|ul)) < 1.
@) flull® < 1= on(u) < [|ull°.

Proof. (1) For each n € N, set
(1.14) Gn) ={teG:u®)] <n},  un(t) =ult)xcm/(t)-
Then |uy,(¢)| T |u(t)| implies ||uy,||° T ||u||°. If (1) is not true, then for all large n,
1 < on(p(lunl)) < oo.
It follows from (1.6) that

QN( L) )< (o) = 1

on(p(lunl)) ) on(p(lunl
Consequently, by (1.9), we find a contradiction:

Pl (®))
on p(un))

U= [ful]® > un]® > | fun(2)]
G

1
= onlptlay ey (n) + en (p(funl)] > 1

(2) It follows immediately from (1) and (1.9) that

onr(w) < | [u()[p(|u(t)]) dt < [|u]°. u
€]
EXAMPLE 1.22 (The norm of characteristic functions). Let E € ¥ and puE > 0. For
each v € Ly and on(v) < 1, by the Jensen Inequality,

Therefore,

=

N(;LLE Sv(t) dt) < ILLLEQN(U) < ILLLE
E

E
1
“H— uE.
(uE ) g
On the other hand, observing that

ON (N_l (MLEXE)> = #LE SXE(t) dt =1,

G

Ixell” = SUP{ Votydt - on(v) < 1} <

we obtain ) )
o> \NY —=yg(t dt = N~ — |uE
el > § (pee®) et ()

Thus,
1

el = 5 (5 )b
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Theorem 1.21 suggests that ||z,]|°® — 0 = oa(x,) — 0. Now, we consider the inverse
implication.

THEOREM 1.23. Convergences in norm and in modular are equivalent iff M € As.

Proof. Necessity. If M & Ay, then by Example 1.19, there exists u, in Lj; such
that oar(urn) — 0 and gar(2uy,) = co. It follows from Theorem 1.21 that ||2u,||° > 1.
Sufficiency. Let M € Ay and € > 0. Choose ug > 0 and K > 1 such that

M(ug/e)pG < e, M(ufe) < KM(u) (u> ugp).

Suppose x,, € Ly and gpr(2,,) — 0. Then

om(xn/e) < M(ug/e)pG + K S M(zn(t))dt < e+ Kop(zn) — €
G

and thus, by the Young Inequality,

et l° = sup{ [ e tanbu(t)dt : on () < 1}
G
<sup{on(v) + om(@n/e) ton(v) <1} <1+e+ Kou(zn) — 1+e.

Since e > 0 is arbitrary, we deduce that ||2,||° — 0. =

Now, we turn to the subspace Fj;. Let D be the set of all bounded measurable
functions on G. We shall show that Ea = D.

LEMMA 1.24. If onm(u) < oo, then the distance d(u, D) from w to D is no more
than 1.

Proof. For any € > 0, choose n € N such that gpr(un) > onm(u) — €, where w, is
defined as in (1.14). Since u, € D, the Young Inequality implies

d(u, D) < |lu —unll® <14 op(u—up) =1+ opr(u) — ons(upn) < 1+e.

Therefore, d(u, D) < 1 since € > 0 is arbitrary. m
THEOREM 1.25. Ey; = D.

Proof. For any u € Ej and k > 1, we have ku € Ej;. Therefore, by Lemma 1.24,
d(ku, D) <1 or d(u, D) < 1/k. Since k is arbitrary, we find that u € D.

On the other hand, observing that D is contained in Fj; and that Ejs is a closed
subspace of L, we find that D is contained in Ey;. m

DEFINITION 1.26. If v € Lj; and

lim ||uxg =0
pnE—0 H X || ’
then w is called norm absolutely continuous.

THEOREM 1.27. The following are equivalent:

(1) u € Ey.
(2) Jlu — un)|® = 0 as n — oo, where u, is defined as in (1.14).
(3) u is norm absolutely continuous.
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Proof. (1)=(2). Given € > 0, we have ops(u/e) < oo since u € Ej. It follows that
om((u — up)/e) <1 when n is large enough. Hence, by the Young Inequality,

le™ (w = un) |” < 1+ onr(e™ (u = un)) < 2

for such n € N. This yields ||u — u,||° — 0 as n — oo since ¢ is arbitrary.
(2)=(3). For any given £ > 0, choose n € N such that ||u — u,||° < e. Since u,, € D,
we can find § > 0 such that uFE < § implies |Jupxe||° < . Hence, when pE < 4,
luxell” < (v —un)xel® + llunxe|® < 2.

(3)=(1). Under the notation in (1.14), we have u(G \ G(n)) — 0. Therefore,
lu = un||” = [luxe\aml” = 0 (n — o).

Since up € D, u €D =FEp.

REMARKS. 1. By Theorems 1.25, 1.27 and the Lusin Theorem, it is easy to check
that the set of all bounded continuous functions is dense in Ej;. Thus, E)y is a separable
Banach space. The reader will see in §1.8 that Ly, is not separable if M ¢ As.

2. All the results in this section and the following six sections can be deduced for
Orlicz sequence spaces.

1.3. Orlicz norm. Since the Orlicz norm does not rely on the generating function
directly, we have to derive some formulae for the norm for later use. We begin with a
lemma.

LEMMA 1.28. Suppose that two Orlicz functions M and My satisfy
blM(alu) < M, (u) < bQM(CLQU) (u S R),
where ay, as, by, and bs are positive constants and by < 1 < by. Then

abi||zl|fy < ll=llfs, < agba|lzlly, (v € L)

Proof. Let N7 be the complementary function of M;. Then by Examples 1.8 and

1.9,
N20) s 0N (o) = M) = N[ o) > N

v v v v v ).
atby ) = 7 \agby )T T gy ) T asboy

o 1
el < sup { §attyucoyar: QN(MQU) <1)

G

Hence,

- sup{ [ asbae(t)o(t) de - ox(v) < 1} = asbolle3s.

Similarly, we have ||z]|$; > a1b1]|z]|$;. =
THEOREM 1.29. If there exists k > 0 such that

| Np(ku))) de =1,

G
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then )
ul]* =\ [u(®)p(klu(t)]) dt = 7L+ onr(ku)].
G
Proof. The second equality follows immediately from (1.9). Now, we show the first
one. By the assumption and the definition of || - ||, we immediately have

] > Ju(®)|p(klu(t)]) dt.
G

Conversely, by the Young Inequality and (1.9),

] = %sup{ VRuo(t) dt : on(v) <1} < %[1 + on ()]
G
= ~lon (p(kful)) + one ()] = § [u(t)lp(Klu(0)) . m

G

REMARK. If u € Ej; and p is continuous, a k as in Theorem 1.29 does exist. In
general, we have

THEOREM 1.30. For any u € Lyy,
1
1.15 °=inf —[1 ku)].
(1.15) Jull* = nf 2 (1 + on(ku)]
Proof. For any k > 0, by the Young Inequality, we always have

u]° = %sup { éku(t)v(t) dt: on(v) <1} < %[1 + onr (ku)].

Hence,
1
o < - _ .
lull® < nf {1+ onr (ku)]
Conversely, for any ¢ > 0, by Theorem 1.16, we can find an Orlicz function M; such that
M(a) < Mi(a) < (1+e)M(a) (a€R)

and that the complementary function Ny of M; is strictly convex, i.e., its right derivative
p1 is continuous. Define u,, as in (1.14). Without loss of generality, we may assume that
un # 0. It follows that there exist k, > 0 such that on, (p1(kn|un])) = 1 and thus, by
Theorem 1.29,

o o 1 1
HUHMl > ”un”Ml = k_[l + o, (knun)] > k_[l + QM(ann)]-

Since ky, is decreasing and k,, > (||u||ﬁ/h)71, it converges to some ko > 0. Letting n — oo
and applying the Fatou Lemma and Lemma 1.28, we have

1 . _
(L4 )ull” > llullfy, = - [1+ onr(kou)] = inf k™M1 + oar (k)]
0 k>0

Letting € — 0, we complete the proof. m

An important question is the attainability of the “inf” in (1.15). The answer is posi-
tive. To show this, we introduce some notations first. Let

kE* = k*(u) = inf{k > 0: on(p(k|u])) > 1},
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E** = £ (u) = sup{k > 0 aw (p(klul)) < 1}.
Clearly, for any u € Ly, u # 0, we have k* < k**, whence,
K(u) = Ky (u) = [k, k7] # 0.

THEOREM 1.31. k € K(u) (u #0) iff
(1.16) [ul|” =k~ 1 + onr (ku)].

Proof. Let
(1.17)  L(k) =k "1+ om(kw)], 0 =0(u) =inf{\ > 0: opr(u/\) < c0}.
Then L(k) is continuous on (0, 0~1). First, we show that ops(k**u) < 0o, i.e., L(k**) < oo.
In fact, for any k € (0, k**), by the definition of £**, on (p(k|u|)) < 1. Hence, by (1.9),

L(k) < k7 1+ § k() lp(klu(e)]) de] <5+ )l
G

Let k — k**. The Fatou Lemma implies that L(k**) < 1/k** + |Jul]° < co.

To complete the proof, we shall show that L(ko) = infy~o L(k) < ko € K(u) accord-
ing to Theorem 1.30. For any k1, ks € (0,071) (k1 > k2), take u,, as in (1.14). Then by
(1.8) and (1.9),

ke |un () [p(R2|un (2)]) dt — on (p(k2|un])),

kol un () [p(k2|un (t)]) dt — on (p(k2|unl))-
It follows that

{1+ o (kzu)

kl 1+ onr(k1un)] — T

1

_ ki — ko ko

> P — kz{ -1+ k2 S(kl — ko) lun(t)[p(k2|un (t)]) dt — QM(kQU”)}

k1 ko k1 — ko p
k1 — ko
= koluy|)) — 1}.
2 (o (p(kalun)) 1)
Letting n — oo, we obtain
k1 — ko
(1.18) L) = (k) = 5= {on (pliaful) ~ 1.
Similarly, if 0 < k; < ks < 871, we can deduce that
ki —k
L(k1) — L(kz) > =———={on(p(k1|u])) — 1}.
kiks

It follows from the definition of k* and k** that k** < ko < k1 <0 lork* > ko >k, >0
implies L(k1) > L(ks). This means that L(k) is strictly increasing on (k**,671] and that
it is strictly decreasing on (0, k*).

If ko € (k*,k*), then the definition of k* and k** indicates that on(p(ko|u|)) = 1.
Therefore, by Theorems 1.29 and 1.30, L(ko) = ||u||® = inf{L(k) : k > 0}. Moreover, by
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the Fatou Lemma, we derive

L) = lim (k) = inf{L(k) : k > 0},

L(k*) = i hg*l-i-L(k) = inf{L(k): k > 0}.
If k* = k**, then by the monotonicity of L(k) and Fatou’s Lemma, we also have L(k*) =
inf{L(k):k>0}. m

REMARKS 1. Inequality (1.18) implies 6(u) < 1 = on(p(Jul)) < oo.

2. From Theorem 1.31, we also have 0(u) < 1/k**(u) (u € Lp).

For the moment, we turn to the set-valued mapping K (u).

A set-valued mapping F : X — 2V is upper semicontinuous if for any x € X and
open set U containing F'(x), there exists a neighborhood V' of x such that for all y € V|
we have F(y) C U. F is lower semicontinuous if for any x € X, x, — x and y € F(x),
there exist y,, € F(x,) such that y,, — y. If F'is both upper and lower semicontinuous,
then we say that F'is continuous.

PROPOSITION 1.32. K : Ly \ {0} — 2R is upper semicontinuous.

Proof. Let 2, — u # 0, k, € K(z,,) and ko = lim, k,. We have to show that
ko € K(u). First, we show that 0 < ky < oco. Indeed, since ||z,]® > 1/k,, we have
0> ||ul|° > 1/ko. If ko = lim,, k,, = 0o, then from Definition 1.5 (3) and

limsup b onr (knn) < lim || || = [|ull,
n n

we derive that z,(t) & 0. But x,, — u implies that ,(t) % u(t) # 0, a contradiction.
Now, applying Fatou’s Lemma, we obtain

ko 'L+ oar (kow)] = [Jull® = lim ||z, | = lim k. [1+ ear (knan)) = Ko [L+ on (ko))

Generally, K (u) is not continuous. But by Proposition 1.32, if K (u) is a single-valued
mapping, then it is continuous.

PROPOSITION 1.33. K (u) is a single-valued mapping iff

(1) M is strictly convex on [w,00) and
(2) for all u € (0,7),p(u) < N~1(1/uG), where m = ¢(N~1(1/uG)).

Proof. Suppose that (1) and (2) hold but k*(u) < k**(u) for some u # 0. Arbitrarily
pick k € int K (u). Then on (p(klul)) = 1. Since by (1), p is strictly increasing on [, 00),
we find klu(t)] < 7 p-a.e. on G, and so, by (2), for p-a.e. t € G,

p(klu(®)l) < N1 (ﬂ%)

which implies a contradiction: oy (p(k|u(t)])) < 1.

Conversely, if (1) is not true, then p is a constant on some interval [a,b] C [7, c0).
Since p is nondecreasing, we have p(a) > p(r) > N~1(1/uG), hence, N(p(a))uG > 1.
Pick F' € ¥ such that N(p(a))uF = 1. Then K(xr) contains [a, b], which shows that K
is not single-valued at xp.



1.3. Orlicz norm 21

If (2) does not hold, then there exists a € (0,7) such that p(a) > N~*(1/uG). Since
for any g8 € (o, 7),

s () e (2)

p(B) < N7! (u%) < p(a) < p(B).

This means that p is a constant on (a, 7). With the same method as in case (1), we
can show that K is not single-valued. m

we infer that

COROLLARY 1.34. K is a single-valued mapping if M 1is strictly convex.
Now, we consider the boundedness of K.

THEOREM 1.35. (1) inf{k: k € K(z),||z||]°=1} > 1 iff M € A,.
(2) The set Q =J{K(z) : a < ||z|° < b} is bounded for each b>a >0 iff M € Vs.

Proof. (1) If M ¢ Ag, then by taking u, as in Example 1.19, we have g (un) — 0
(n — o0) and 0(u,) = 1. Hence, by Theorem 1.30,

[unll® <1+ onr(un) — 1.
But for any k,, € K (un/|un||®), since
kn =14 op(knun/||unll®) < oo,
from 6(u,) = 1, we deduce that
ko < lunll® <1+ om(un) — 1.

If M € Ag, then by Theorem 1.23, there exists § > 0 such that ||z]|° = 1 implies
om(x) > 6. Therefore, for any = € S(Ly) and any k € K(z), we have k > 1, and so,

k=14 opm(kz) > 14 opm(z) >1+4.

(2) Suppose M € Va. Let up = M~*(1/(2uG)). By Theorem 1.13 (5), there exists
0 > 0 satisfying
M(2u) = (2+6)M(u)  (u = uo).

Set 3 =1+ §/2 > 1. The inequality becomes
M2u) > 26M(u)  (u > ug).

For given b > a > 0, we claim that 122*1°%s 86/ is an upper bound of Q. Indeed, if
a < ||z||° < b, then by Theorem 1.30,
2
oG]
a

2 2 1
oM <_33XH) > oM <—$) — M(uo)pG > =,
a a 2

a < |z]|” <

N2

which yields oas(2a~1x) > 1. Hence,

where H = {t € G : 2az(t)| > uo}-
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For any k € K(z), if k > 4/a, then there exists an integer i > 1 such that 2! <
27 lak < 271, To complete the “if” part, it suffices to show 3° < 8b/a. Since
M(2%u) > 28" M(u)  (u> ug),
we have
b> flall° = kM 1+ onr(ka)] > | k7 M(27 k20 a(t)) dt
H
> kg2 M (20 (t)) dt > k1 F12Y > 87 e,
H
ie., B <8b/a.
Next, we assume M ¢ Va. By Theorem 1.13 (6), there exist I,, T oo and u,, T co such
that i1 > 2% u,, > M~1(1/(2uG)) and that
M(lpun) < (1 +1/n)l,M(u,) (ne€N).
For each n € N, pick G,, € ¥ such that M (u,)uG, = 1/2 and define z,,(t) = unxa,, (t).
Then by Theorems 1.21 and 1.30,
271 = onr(@n) < lznll® < lgl[l + om(lnwn)] = lﬁl + lglM(lnun).UGn
<L+ Y M (u)pGy =0+ 27 (14t — 27
If k, € K(x,), then since ||z,||° <1 (n > 2), we have k,, > 1 (thanks to Theorem 1.31).
Hence,
1 1 1 1 1
' —(1 — n 0= — T kn n Gn
E3(143) > bl = i+ MOl
> 1/kn + M(un)uGp = 1/kn, +1/2  (n > 2).
Letting n — oo, we obtain k, — co. =
REMARK. By Theorem 1.31, it is easy to verify
(1.19) K(aw)=a 'K(u) (a>0,u#0) and k*(u)>1/||ul|°—= o0 (u—0).
Furthermore, (1.19) implies k**(au) — 0 as @« — oco. But in general, u,, — co does not
imply k*(u,) — 0.
THEOREM 1.36. If (and only if) M € V2, we have
||un]|® — 00 = E**(u,) — 0.

Proof. If M € V5 and u, — oo, then |J,, K(un/||us||®) is bounded by Theorem
1.35, and so, by (1.19),

1 n
K (uy) € K( - O)_>o
[unflo \llual

If M ¢ Vs, then by taking x,, as in the proof of Theorem 1.35, we have ||z,||° — 1/2
and ky, = k*(x,) — oo. Hence, by (1.19),

E* (kY 2x,) = kY2 k (2,) = kY2 — o0

and ||k,11/2:vn||° — 0. m
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REMARK. Let

Ky =sup{k € K(z) : ||=||° =1}, knm =inf{k e K(z):|=z|° =1}
T. Wang & Q. Wang [256] proved that

KMzsup{imiuip(ui):i i )=1 neN}
i=1 i=1 i=1
1nf{ZmlulpuZ :i i )=1 nEN}

=1

Applying these formulas, we can prove an interesting result that M is a power function
iff Ky = kp. In fact, if M is a power function, then

o= w) _ M)+ Np) . Npw)

(*) M (u) M) M ()

for some C' > 1. For any u; > 0 and m; > 0 with >_m; < uG and >, m;N(p(u;)) = 1,
by (%) and (1.9),

Z miuip(u;) = CZ miM (u;) = OZ mup(u;) — OZ m; N
= CZ miuip(ui) —
This shows Y m,;u;p(u;) = C/(C — 1), and hence, Kj; = kp = C/(C —1).
Next, we assume Kj; = kyr = h. For any 0 < € < 1, pick ug > 0 such that
N(p(uo))nG > 2(1 —¢)

and let mo < uG/2 satisfy moN (p(ug)) =1 — e. Then for each u with N(p(u))uG > 2¢,
we can choose m < uG/2 such that mN (p(u)) = e. Therefore,

h = mup(u) + mouop(uo) = mM (u) + moM (uo) + 1,

and hence,

up(u) _ mup(u) __h- mouop(uop)

M(u) mM) h—moM(ug)—1
This means that M (u) is a power function for u satisfying N (p(u))uG > 2. Since € > 0
is arbitrary, M (u) is a power function for all u > 0.

1.4. Luxemburg norm

DEFINITION 1.37. For an Orlicz space Lj;, we call the functional
lull = |lu|lar = inf{A > 0: opr(u/N) <1} (u € L)
the Luzemburg norm.
We leave the verification that || - || is a norm on Ly, to the reader.
THEOREM 1.38. Let u € Ly; and v € Ly.

(1) fJull <1 = onr(u) < |lu].
(2) llull > 1 = enr(u) > |ull.
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(3) (Hélder Inequality)

(u,v) = {u(t)o(t) dt < [[ul|3]lv]|n
G
(4) flull < [lufl® < 2flull (u#0).
Proof. (1) For any w € Ly, we may assume u # 0. By the definition of | - ||,

there exist A, | |lu|| such that opr(u/A,) < 1, and so Levy’s Theorem ensures that
om (u/||ul]) < 1. Therefore, by (1.6),

1> ont (L) 5 our(u)
[l
(2) If |jul| > 1, then for all small € > 0,

u onm (u)
<1—@w4)§<1—ammr

1<QM<

Letting ¢ — 0, we obtain (2).
(3) From (1), we infer that ||u||$, > (u,v/||v||n) (v # 0). This is (3).
(4) By Theorem 1.30 and (1), we immediately have
<trou(fh) <2 o

Ie
[[ul [l
ie., Jull® < 2||lul]| (u € Las). On the other hand, Theorem 1.21(2) shows that oar(u/||u]|®)
<1, ie., ul < ull°.

Finally, if ||u]| = |lul|° = 1 for some u € Ly, then for any fixed k € K (u), we have
k > 1. Hence, for any ¢ € (0,1 —1/k), we have k(1 —¢) > 1 and op(u/(1 —€)) > 1, and

thus,
1 (1—-e)ku
1 = R—— 1 _—
e |

2%[1“1—5)1@\4(1—:)] >%[1+(1—s)k]:%+1—5.

u

This is impossible if e < 1/k. m
THEOREM 1.39. Suppose M € Ay and uyn,u € Ly;.

(1) on(un) — 00 = [[un| — oo.
(2) [Jull =1 = on(u) = 1.
(3) For any € > 0, there exists § > 0 such that

l[ull > & = onr(u) > 0.
(4) For any € € (0,1), there exists § € (0,1) such that
om(u) <l—e=|ull <1-24
(5) For any € € (0,1), there exists § € (0,1) such that
om(u)>14¢e=|ul| >1+0.
Proof. (1) Suppose that M € Ay and L > 0. Choose ug > 0 and K > 1 such that
M(Lu) < KM(u)  (u > ugp).
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Then ||u|| < L implies gpr(u/L) <1 and so,

om(u) = om(uxm) + om(uxa/m)
< M(uo)pG + Kom (L™ uxenm) < M(uo)pG + K,

where H = {t € G : |u(t)] < uo}.

(2) follows from the fact that pps(u/k) is a continuous function of k£ on (0, c0) since
u€ Ly = FEy.

(3) is an immediate consequence of Theorems 1.23 and 1.38 (4).

If (4) does not hold, then there exist e > 0 and u,, € Las such that gpr(u,) <1—¢
and 1/2 < |lun|| T 1. Since 1 > 1/||upl| —1 = a, | 0 and L = sup,,{om(2u,)} < oo by
(1), we have

1= om(un/|lunl) = om(2anuy + (1 — an)un)
< anQM(2un) + (1 - an)QM(un) <apLl + (1 - 5) —1-—g,
a contradiction.
(5) is verified similarly to (4). m
Now, we present a very useful lemma.

LEMMA 1.40. Assume M € Ag. Then for any L > 0, and € > 0, there exists § > 0
such that

(1.20) om(u) < L, op(v) <6 = |om(u+v) —om(u)] <e.
Proof. Let

h = sup{om (2u + 2v) : op(u) < L, on(v) < 1}

Then L < h < oo since M € Ay. Without loss of generality, we may assume L > 1 and
e < 1. Set 8 = ¢/h. By Theorem 1.39, there exists 6 > 0 such that ops(v) < § implies
[lv|l < min{3/2,e/2}. Hence, if opr(u) < L and on(v) < 4, then
orr(w+0) = oa((1— B+ Blu+0/8)) < (1— Bonr () + Borr(u + v/9)
< (1= B)om(u) + 27 Bloar (2u) + on(20/5)]
< om(u) + Bh/2+ |jv|| < om(u) +e.

Replacing u, v by u + v, —v respectively in the above inequalities, we also have
om(u) = em(u+v) + (—v)) < on((u+v)) +¢. =

The following theorem shows that under the condition M € Aj, the convergences in
norm and in measure coincide on the unit sphere of (Laz, || - ||)-

THEOREM 1.41. Assume u,,u € Ly;. Then

onr(un) — onr(u) and un,(t) 2 u(t) = om (un2— u) — 0.
Hence, if in addition, M € Ay, then by Theorem 1.39, ||Ju, — ul| — 0.

Proof. Suppose that ons(un) — onr(u) and u,(t) 2 u(t). Since every subsequence

of {u,} has a subsequence convergent to u p-a.e., without loss of generality, we may
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assume u, (t) — u(t) p-a.e. on G. By the convexity of M, we have

M (u(t)) + M(un(t) _ M(u<t> - un<t>) >0
. >

2
for all ¢t € G. Therefore, by the Fatou Lemma,

owto)= i [t Mt (10 a0
< limninfCS; [M(u(t) +2M(un(t)) B M(u(t) —2un(t)>} i@t

. U — Un
= onm(u) — limsup QM( 5 ),
which implies oar((u — uy)/2) — 0. =
The following proposition corresponds to Lemma 1.28.
PROPOSITION 1.42. Under the condition of Lemma 1.28, we have
braflullar < llullas, < baasg|ful|ar
Proof. An easy exercise. m

Before ending this section, we discuss the relation between the distance from u € Ly,
to Ejs and the functional

0 = 6(u) =1inf{\ > 0: oar(u/N) < oo}.
THEOREM 1.43. For any u € Ly,
lim ||u — up|| = lim ||u — u,||® = 6(w),
where uy, is defined as in (1.14).

Proof. If u € Ejy, then each term in the theorem is zero. Now, let u € Ly \ Eu,
ie., O(u) > 0. Since ||u — uy,|| and ||u — u,||° are monotone as n 1 oo, the two limits in
the theorem exist. For any ¢ € (0, 0), we have

u . U — Unp o
QM<9—E)_OO, 1e., QM<9_€)_OO (TLGN),

and hence, ||u — uy|| > 6 — . This implies

tm =, timn [ = | > Ou).
It remains to show that lim,, ||u — u,||® < 6. For this purpose, let € > 0 be arbitrary.
Then
U . . U — Un
QM<9—+€> < o0, Ie., 111rlngM( 1o ) =0
It follows from Theorem 1.30 that

[ — un||® < (0 +¢) [1 + QM<“9;“€”>} — O+

Thus, lim, ||u — uy,|° < 6(u). =
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THEOREM 1.44. For any u € Ly, d(u) = d°(u) = 0(u), where
du) =inf{|lu—w| :w € En},  d°(u) =inf{|lu—w|’:we Exm}.
Proof. We only need to consider the case u € Ly \ Epr. Since by Theorem 1.43,
O(u) = lim [[u = ua | = d°(u) > d(w),

it suffices to show d(u) > 0(u). Let 0 < e < 8/2 and w € D. Set h = sup{|w(t)| < oo :

t € G}, find a > 0 such that
1—-a 1

h_2: 6_¢
and define F,, = {t € G : |u(t)| > n}. Then

[u(t) —w(®)] > (1 —a)|lu(®)| (t€F,, n>h/a).
It follows that

u—w N u—w S 1—a
oM 0_2- s 9_2EXFn Z OM 0—2auXF"

ZQM(—U XFn> =o00>1,
0—e

which means |[u —w|| > 6 —2¢. Since D = Ej; and w € D, € > 0 are arbitrary, the proof
is complete. m

1.5. Bounded linear functionals. For convenience, from now on, we write

i = Lo 11, Laa = (Lo - 1) ERr = (B |- 11°), - Eae = (Eags |- 1))
THEOREM 1.45. (Ef;)* = Ly and E}; = LY, in the sense that for any f € (E3;)*
(resp. f € (Ea)*), there is a unique v € Ly such that

(1.21) Fw) = (w,u) = {uo)dt  (ue€ Ba)
G

and the mapping [ — v is isometric from (E$;)* onto Ly (resp. from (Ea)* onto Ly).

Proof. For each v € Ly, (1.21) clearly defines a linear functional on Ej, and the
Holder Inequality gives
(v, )| < lul®l|v]l -
Conversely, let f € (E$,)*. For each E € X, define F(E) = f(xg). Then F is an
additive set function. We claim that it is absolutely continuous. Indeed, for any ¢ > 0,
set § = M(1/e)~1. Then

uE < 6= QM<§XE) zM(é)uE < (5M(§) =1,
ie, |Ixell < e. It follows that |F(E)| = |f(xe)| < | f]] - Ixell° < 2] f]|, which shows that
F' is absolutely continuous.
By the Radon—Nikodym Theorem, there exists a measurable function v(¢) on G such
that
F(E)=\v(t)ydt (Eex).
E
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Hence, for every simple function u € Fjy,

(1.22) F(w) = \u(tyo(t) dt.

G

Since the set of simple functions is dense in Ejps, (1.22) holds true for all u € E), and
moreover, the Holder Inequality shows ||f|| < ||v||n~-
We need to show || f|| > ||v||n. Let

F, = {t e€G: () <n}, v (t)=v{)xr, () (neN).
Then by (1.22), (1.9) and Theorem 1.30,

H (Ilfll) = (yrain)) = i) )
< <||f||>)+ “’N(ufn)
ZHq(n_m ()

ie, on(vn/|IfIl) < 1. Letting n — oo, we have on (v/||f|I) < 1, or ||v||x < ||f||- Similarly,
we can prove By, = L. =

COROLLARY 1.46. Ly is reflexive iff M € Ay N Vs.

Proof. The condition is sufficient by Theorem 1.45. On the other hand, if Ly is
reflexive, then so is Ej;. Hence from

Ly =Ly D Ejf = (LY)" D (ER)" = Lar,
we deduce Ly = Eyy, i,e., M € Ay. Analogously,we have M € V. m

We say that ¢ € L}, is a singular functional, or simply, ¢ € F, if ¢(Ey) = {0}.

THEOREM 1.47. Any f € L}, has a unique decomposition
(1.23) f=v+¢ (ve€Ln, peF).

Proof. Since E}; = L3, /F, wehave L}, =L, G F. m

For each f € L}, we define

1% = I1F1° = sup{f(w) : Jull =1}, [[fllx = [If]| = sup{f(u) : [|u]® = 1}.
THEOREM 1.48. Let f be as in (1.23). Then
117 = lloll% + el

Proof. It suffices to check that ||f||° > ||v||% + |l¢]|°. For any € > 0, choose z,y €

S(Lar) = {u € Ly : ||u|| = 1} such that

li% —e < fa@u@)dt, el - < (p,v).
G
Without loss of generality, we may assume x € Fjs. Select 6 > 0 such that
pE < 8= \|e@u()dt <e,
E
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then pick k& > 0 such that pH < § and that
Vly@oydt <=, | M) dt <e,
H H
where H = {t € G : |y(t)| > k}, and define
_J=@), teG\H,
u(t) = {y(t), ted.

Then
on(u) < on(w) + | M(y(t))dt < 1+,
H

whence

u
oM 1 =1 oM = 4

ie, ||lu|| <1+e. It follows from the singularity of ¢ that
A+)F1° = fw) = flaxa\m) + flyxm) = (v, 2xe\u) + (0, yxm) + (@,9)
2 (v,z) —e—e+(p,y) > llully + [[l|” —4c. =
Next, we consider the Luxemburg norm of f. We begin with a lemma.
LEMMA 1.49. For any ¢ € F,
el = llell” = sup{p(u) : orr(u) < oo} = sup{p(u)/0(u) : u € Lnr/En}.
Proof. Given uw € Ly \ Eum, let uy, be as in (1.14). Then p(u) = o(u — uy,) <

Il - |l — wy||- Hence, @(u) < 6(u)||¢]|. Moreover, if gpr(u) < oo, then gpr(u — up) — 0
as n — oo. This implies O(u) = lim,, ||u — u,|| < 1. It follows that

[l = supp(u)/[lull® < sup o(u)/|[ull = llel|”
<sup{p(u) :u € Ly \ En, onmr(u) < oo}
< sup{¢(u)/0(u) :uw € Ly \ Enm, om(u) < oo}
< sup{p(u)/0(u) s we Ly \ Enm} <[]
Applying Theorem 1.48, Lemma 1.49 and Theorem 1.38 (4), we obtain
COROLLARY 1.50. f € F< ||f|| = |f]°
THEOREM 1.51. If f has the form (1.23), then
1l = if (A > 0 o (o/3) + A~ l] < 1},
Proof. Without loss of generality, we may assume | f|| = 1. For any v € S(L%,),

k € K(u) and v > 0 satisfying on(v/7) + 77 el < 1, since gar(ku) < oo, by Lemma
1.49, we have

Y f(ku) =y (ku, v) + v M o(ku) < oar(ku) + on(v/7) + 77 gl
< om(ku) +1=Kk|u|° =k,

i.e., f(u) <~. Since u and v are arbitrary, we deduce that

I£1l < inf{X > 0+ on (/) + A7 gl <1}
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If the two sides of the inequality are not equal, then there exists § > 0 such that
on(v) + el > 1+6.
It follows from Lemma 1.49 that there exists u1 € Lys such that gpr(u;) < 1 and that
on(v) +o(u1) > 144.
Without loss of generality, we may assume that v is a bounded function. Since by (1.9),

on(v) = {la(l®) Do) = M(g(|v(t))))] d,

G

there exists us € Ejs such that

on(v) —d/2 < S[uz(t)v(t) — M (u2(t))] dt.
G

Hence, as in the proof of Theorem 1.48, we can construct u € Lj; such that
(u,v) + @(u) — on(u) > (u2,v) + p(u1) — om(u2) — 6/2.

It follows that
(u,v) + @(u) — opr(u) > on(v) + p(ur) —§ > 1.

Combining this with Theorem 1.30, we deduce a contradiction:

=12 (i) = i) () > e 2

Now, we investigate singular functionals. Let L}, = {u € Ly : u(t) > 0 p-a.e.}. If
¢ € F and ¢(u) > 0 for all u € L}, then we say ¢ is positive, or simply, ¢ € F'T.

THEOREM 1.52. If @1 € F* then || + ¢| = || + |¥].

Proof. For any z,y € Ly, om () < 00, om(y) < oo, let w(t) = max{|xz(t)|, |y(t)]}.
Then gpr(w) < o () + oar(y) < 0o, whence by Lemma 1.49 and ¢, € Ft,

o+l = e(w) +¥(w) 2 (x) + P (y).
It follows again by Lemma 1.49 that
o+l = sup{p(z) + ¥(y) : om (@) + om(y) < oot = llol| + ] =
For each p € F,x € LL, we define
¢ () =sup{p(y) 1 0 <y(t) <z(t)}, ¢ () = —inf{p(y) : 0 < y(t) < z(t)}
and extend them to Lj;. Then pt,9~ € F* and ¢ = o7 — ¢

THEOREM 1.53. For any ¢ € F, ||¢| = |loT || + |l¢~ |-

Proof. For any € > 0, by the definition of pT, ¢, there exist z,y € L}, such that
om(x) < 00, om(y) < oo and that

[Tl —e<p@), lell—e<p(=y).
Since op(z —y) < om(z) + om (y) < 00,
lell > e —y) > [T+ 17| —2¢. =
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For convenience, we define

ulp(t) =u(l)xet), fle(u) = f(ulr),

where w € Ly, f € Ly, and E € X
THEOREM 1.54. If o € F,A,B € ¥ and AN B =0, then ||¢|aus| = ll¢lall + 1@l 5l

Proof. Itis easily verified that @[} 5 = | +¢|5 and |45 = ¢4 +¢|5- Therefore,
by Theorems 1.52 and 1.53,

lelavsll = lelkusll + llelausll = el + el + lelxl + lelsl
= llelall + ezl =

THEOREM 1.55. If ¢ € F and € > 0, then there exists E € ¥ such that [T |c\gll < €
and [lo~|ell <e.

Proof. Find u € S(Lar) such that p(u) > ||¢|| —e. Let E = {t € G : u(t) > 0}.
Then

eIl + lle™ | — e = llell — & < p(u) = ™ (u) — ¢~ (u)
<@ (ulp) + ¢ (mule\e) < leTIell + 7 le\ell
and thus, by Theorem 1.52,
leTlaell = el = lleTlel <& llelel =lle7 I =l |loel <e

THEOREM 1.56. The decomposition ¢ = ot — ¢~ € F is unique in the sense that if
o= =g [,g€F" and [fl+ gl = el then f =" and g =~

Proof. For any u € L;\r/[, we have
(1.24)  ¢"(u) =sup{p(w) : 0 < w < u} = sup{f(w) — g(w) : 0 < w < u}

<sup{f(w):0<w<u} = f(u).

By the same reason, we have ¢~ (u) < g(u). This shows ||¢™|| < ||f|| and [[¢~ || < ||lg|l- Tt

follows from [ f]| + [lgll = ll¢ll = "l + ll¢~|I that [* ] = [If]| and ||~ = llg]-
For any given € > 0, pick £ € X' as in Theorem 1.55. Then
le™ el = lle™ I = leTlevell > g™l —e = lIf] —e.

It follows from Theorem 1.54 and (1.24) that

Iflavell = I1£1 = If1ell < I = lle™ el <e.
Similarly, we have ||g|g| < e.
Now, for any u € L}, with opr(u) < oo,
¢t (u) = ot |e(u) + ¢Tles(u) > ¢F|p(u) — e =sup{f(w|p) — g(wlp) : 0 Sw <u} —¢
>sup{f(wlg) —e:0<w<u} —e= f(ulp) - 2= f(u) - f(ula\p) - 2¢
> f(u) — 3e.
Combine this with (1.24) to obtain
0<(f—¢M)(u) <3¢ (ue Ly, om(u) < oo).
Taking “sup” over such u and letting ¢ — 0, we deduce ||f — 7| =0,andso g = p— f =
p-pt=¢ . m
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1.6. Weak topology. Let H be a subset of L},. If u,,u € Ly and f(u,) — f(uw)

for each f € H, then we say that {u,}52 is H-weakly convergent to u, written wy, Ao
If f(up —um) — 0 for all f € H as n,m — oo, then we say that w, is an H-weakly
Cauchy sequence. We say that Lys is H-weakly sequentially complete if every H-weakly
Cauchy sequence is H-weakly convergent. A subset of Ly, is called H-weakly compact if
each subsequence of it has an H-weakly convergent subsequence.

By the general theory of functional analysis, Ly is w* sequentially complete, i.e., Ly
is Fn-weakly sequentially complete. Moreover, we have

THEOREM 1.57. Ly is Ly-weakly sequentially complete.

Proof. Any Ly-weakly Cauchy sequence {u,} has an Ey-weak limit u € Lyy.
Without loss of generality, we may assume u = 0. If u, is not Ly-weakly convergent,
then by passing to a subsequence, we may assume that there exists v € L such that

lim(v, u,) = lim S Up (t)v(t) dt = a > 0.
G

Let G(m) = {t € G : |v(t)] < m}. Then pu(G \ G(m)) — 0 and v|g(m) € En. Hence,
there exist ni, m; € N such that

(v, U, ) > 4a/5, | Jun o) dt < a/5.
G\G(m1)
Therefore,
S Un, (E)0(t) dt > 3ar/5.
G(ma1)

Since (V]G (m, ), Un) — 0 as n — oo, there exist ng > ny and mg > my such that (v, un,) >
4 /5, and

] | un2(t)v(t)dt’ <afs, | luns (o) dt < af5.
G(m1) G\G(mz2)

It follows that
S Uny (E)v(t) dt > 3a /5 — /b = 2a/5.

G(m2)\G(m1)
And so on, by induction, we can find n; < ns < ..., and m; < mg < ..., such that
| lun @) dt < /s, | U, (D0(t) dt > 20/5 (i =2,3,...).
G\G(m;) G(mi)\G(m;—1)

Since for each E € X,
S[uni+1 (t) — Un, (t)]’l}(t) dt = <um+1 - uﬂi7U|E> —0
E

as i — oo, thanks to the Lebesgue Theorem, (uy,,, — uy,), has equi-continuous integrals,
i.e., for any € > 0, there exists § > 0 such that pFE < § implies

Vllni () = un, (D]0(t)|dt <& (i € N).
E
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But this is impossible since u(G(m;)) — 0 and

Voo () = (D]0(0)] dt
G(mi)\G(mi—1)
> wa@emdi— | (o) de
G(mi)\G(m;—1) G\G(mi_1)

>2a/b—a/b=a/5. =
THEOREM 1.58. Ly is weakly sequentially complete iff M € As.

Proof. If M € Ay, then L}, = E}; = L%, hence, by Theorem 1.57, Ly, is weakly
sequentially complete.

If M ¢ Ay, then there exists uw € Ly \ Epr. Let {uy,} be defined as in (1.14). Then
up € Eyr and for each f € L}, we have f = v 4 ¢, where v € Ly and ¢ € F. Hence,

|f(un = tutp)| = [(Un — tusp, V)| < S [[un(t) — u(t)]o(t)| dt
G
| @) dt —o0.
G\G(n)

This means that u,, is a weak Cauchy sequence, and that wu,, By . 1 {u,} converges
weakly, then u, — u. But by the Hahn-Banach Theorem, we can find ¢ € F such that
o(u) = d(u, Ear) > 0, which yields a contradiction: ¢(u — up) = p(u) > 0. =

Next, we turn to Ly-weak compactness and Ly-weak convergence.

THEOREM 1.59. Let H = Ly or En. Then a subset A of Ly is H-weakly compact
iff
limsup{ S lu(t)v(t)| dt : u e A} =0 foreachve H.
pnE—0 B

Proof. If the condition is not necessary, then

S lun()v(t)|dt >a>0 (neN)

for some v € H, {uy} contained in A and uE(n) — 0. Since A is H-weakly compact, we

may assume U, Lo, T herefore, in the same way as in the proof of Theorem 1.57, we
have

lim sup | [un (£)v(t)| dt =0,
HwE—0 pn =

a contradiction.

Sufficiency. By the assumption, we know that A is Fn-weakly bounded. Hence, for
each u,, contained in A, by passing to a subsequence, we may assume u,, EX 0. We claim
that u, . Indeed, for any v € H,e > 0, by the assumption, there exists § > 0 such
that

nE <§ = \|u(tot)]dt < (neN).
E
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Choose m € N such that u(G \ G(m)) < 6, where G(m) = {t € G : |v(t)| < m}. Then
v|G(m) € En, whence there exists n’ € N such that

‘ S un (t)v(t) X6 (m) (1) dt‘ <e (n>n),
G

and so, for all n > n/,
‘ S un (t)v(t) dt‘ < ‘ S un () (t) dt‘ + S lun()v(t)|dt <e+e=2c. m
G G(m) G\G(m)
THEOREM 1.60. A subset A of Lys is Ly-weakly compact iff

limsup{\tonr(Mu) s u € A} = 0.
A—0

Proof. Sufficiency. For any v € Ly, v # 0, let v = ||v||y'. Then on(yv) < 1. Given
£ > 0, by the assumption, we can find A\ > 0 such that A~!ops(A\u) < ~e for all u € A.
Choose 0 > 0 such that
pE <6 = | N(yo(t) dt < Aye.
E
Then, by the Young Inequality, uE < § implies

 lu(®o(t)]dt <ve/v+ Xye/ () = 2¢.
E

It follows from Theorem 1.59 that A is Ly-weakly compact.
Necessity. Since A is En-weakly compact, without loss of generality, we may assume
[lul|” <1 for all u € A. If the condition is not necessary, then

om(Arur) > 3\ (k €N)

for some @ > 0, {ug} in Aand 0 < A\g | 0,72, A < 1/2and M (kXg)puG < Ao (k € N).
Recalling that

N(p(w) < M(w) + N(p(w) = up(u) < M(2u)  (u>0),
we have
on (P(Aklukl)) < om(2Ak]uk]) < 2Xk0n (ur) < 2A.
Hence, if we define v(t) = supy, p(Ax|ur(t)]), then by the Fatou Lemma,

on () <3 on(pAelux]) <2 A < 1.
k=1 k=1

Set E(k) = {t € G : |ug(t)] > k}. Then from M(k)uE(k) < om(ur) < 1, we have
uE(k) — 0. Hence by Theorem 1.59, there exists k' > 0 such that
 luspo@ldt <o (k> k).
E(k)
This leads to a contradiction:
Bhea < o) = | MOwu@®)dt + | MOwun(®)) dt
G\E(k) E(k)
< A+ Apa =2« (k> k/). [ ]
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THEOREM 1.61. Let H = Ly or En. Then u, — 0 H-weakly iff
(1) lim,, SE u,(t)dt =0 (E € X), and
(it) lim,g—osup, |, [un(t)v(t)|dt =0 (v € H).
Proof. Necessity. (i) follows from xg € H (E € X) and (ii) follows immediately
from Theorem 1.59.

Sufficiency. For any v € H, if v is a simple function, i.e., v(t) = Y., aixg)(t)
(a; € R), then by (i),

(up,v) = Zai S un(t) dt — 0.
=1 B
If v € D, then for any € > 0, there exists a simple function w such that |v(t) — w(t)| <e
(t € G). Choose n' € N such that |(un,w)| <e (n >n'). Then

{1ty 0)] < [ty v = w)] + [t )] <& | Jun(D)]dt +2 (0> n),
G

Since by (ii), {{ [un(t)] dt}, is bounded, by letting n — oo and € — 0, we have (uy,v)
— 0.

Finally, we consider the general case v € H. For any € > 0, by (ii), there exists 6 > 0
such that

nE <§ = \|utot)]dt < (neN).
E

Let G(m) = {t € G : |v(t)] < m}. Then there exists m > 0 such that u(G \ G(m)) < 4.
Since v|g(m) € D, there exists n' such that [(un,v|gm))| <& (n > n'). It follows that

|<’UJn,’U>| < |<unvv|G(m)>| + |<unav|G\G(m)>| <2. =

From Theorems 1.59-1.61, we obtain

THEOREM 1.62. u, =% 0 iff {un} is bounded and SE up(t)dt — 0 as n — oo for all
Eel.

THEOREM 1.63. u,, Iy iff

(1) lim, SE u,(t)dt =0 (E € X), and
(ii) limy_osup,, A~ oar(Auy,) = 0.

We now turn to F-weak convergence and F-weak compactness. Since by the Rainwater
Theorem, a sequence x,, in a Banach space X is weakly convergent iff (f, z,) — 0 for all
f € Ext(B(X™*)), where B(X*) = {p € X* : ||¢| <1} and f € Ext(B(X™*)) means that
f is an extreme point of B(X™*), we start by investigating the extreme points of B(L%,)
in F.

LEMMA 1.64. Let p € F, x,y € B(Lpy) and A€ X. Then

(i) z(t)y(t) = 0 on A= ¢(yla) = o(x) — ¢, and
(i) 2()y(t) <0 on A= o(yla) < [loll — ().
Proof. Since (i) and (ii) are obviously equivalent, we only prove (i). As op(z—yla) <
om () + om(y) <2 < o0, in light of Lemma 1.49, p(z —yla) < ||| =
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THEOREM 1.65. ¢ € S(F) is an extreme point of B(Ly,) iff |lelell =0 or [[¢la\ell
=0 for every £ € X.

Proof. If the necessity does not hold, then there exists E € X' such that o = ||¢|g||
> 0and 3 = [|¢|g\gll > 0. In view of Theorem 1.54, o+ = 1. Define ¢’ = a~'¢|p and
" = B ¢lg\g- Then ¢, " € B(Ly,), ¢ # ¢ and ¢ = oy’ + B¢”, contradicting the
condition ¢ € Ext(B(L%,)).

Sufficiency. From the assumption and Theorem 1.55, we deduce that [T = 0 or
lp~ | = 0. Without loss of generality, we may assume ¢~ =0, i.e., o = ¢T. Let fi, fo €
B(L%,) be such that ¢ = 271(f; + f2). We have to prove fi = fo. Write f; = v; + @i,
where v; € Ly and ¢; € F, i =1,2. Then by Theorem 1.48,

(1.25) 2 = A1+ Wf2ll” = lloall + llp2ll + lvrllF + lo2ll%
2 |[fr + foll = 2llell = 2,
ie,vp=ve=0,0r fy=¢p;, € F,i=1,2.
Now, we show ¢ = f;, or equivalently, ©° is contained in f,i = 1,2, where f =
{u € Ly : f(u) =0}. Let e > 0,]y|| <1 and ¢(y) = 0. Find x € S(Lp) such that
o(x) >1—c. Set E={te G:z(t)y(t) <0}. Then, by the assumption, we may assume

¢leye = 0. Asin (1.25), we deduce fi|\g = 0,7 = 1,2. Since f;(x) < 1and fi+ fo = 2¢p,
we find f;(z) > 1—2¢,i=1,2. Hence, Lemma 1.64 yields

fily) = filyle) < [Ifil = fi(x) <2 (1=1,2).

Letting € — 0, we obtain f;(y) < 0. Observing that y € ¢ is arbitrary and that ¢ is a
linear space, we deduce f;(y) =0,i=1,2. m

From Theorems 1.55 and 1.65, we obtain

COROLLARY 1.66. If ¢ € FNExt(B(L%,)), then |[¢t| -|l¢~ || = 0.

LEMMA 1.67. For any x € Ly and any measurable partition {E(i)}, of G,

0(x) = max{0(e )}

Proof. It is obvious that 0(z|g)) < 0(x) for all i < m. If a = maxi{0(z|gy))} <
6(z), then for all 5 € (o, 0(x)),

m

QM(x/ﬁ) = Z QM(671I|E(1‘)) < Q.

=1

This means 3 > 6(z), contradicting the choice of 5. m
THEOREM 1.68. z,, Lo iff
tim O(min {[y:]}) = 0

for each subsequence {y;} of {xn}.

Proof. If the condition is not sufficient, then by the Rainwater Theorem, there exist
e >0, f € F, an extreme point of B(L},) and {y;}, a subsequence of {z,}, such that
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f(yx) > € for all k € N. Choose m € N such that §(ming<,{|yx|}) < ¢ and let
E(k) ={t € G:lyx(t)] = min |yx(t)[}  (k <m).

Then, by Theorem 1.65, there exists k' < m such that

frlean) = flee) W) = flyw) > €

But this is not true since by Lemma 1.49,
Fwleen) < 0w lee))If] < O(min{ly[}) <e

Now, we suppose that the condition is not necessary, i.e., there exist € > 0 and {y},
a subsequence of {z,}, such that

Omin{ll}) > (meN).

Let Gl ={t € G:y1(t) > O} and G} = G'\ G}. Suppose that {G*} have been found for
s=1,2,...,2% k=1,2,...,m. Then we define

GEAl =t €G™ :ymia(t) > 0}, GEFl =G\ Gptl (s=1,2,...,2™"h),

By induction, for each k € N, we construct a partition {G’;}Sgk of G in ¥ such that
for any m > k,yx(t) is nonnegative or nonpositive on G7",s = 1,2,...,2™. In light of
Lemma 1.67, there exists s = s, < 2™ such that

0(zm) = 9(%ig{|yk|}) > e

where z,, = (ming<m, [yx|)|gm. Therefore, Theorem 1.44 yields an f,, € F such that
[ fmll =1 and
fm(zm) =0(zm) > (m €N).

Notice that B(L},) is w* compact, and the sequence f,, has a w*-cluster point f € F.
It follows that for each k € N, there exists m > k such that

|f(yr) = fnlyn)| < /2.

mlapl = 52 — 1 1)

we know || fiu|g\gm || = 0 thanks to Theorem 1.54. Hence,
|fe)l = [ fm ()| = [f (i) = fin(yr)| = [ fin(
Recalling that

0(zm) = fm(zm) = f$(2m) — frn(2m) < fnt(zm) < 9(2m>||f$|| < 0(zm),

we find that f,, € F*. Therefore, observing that 0 < z,,,(t) < |yx(¢)| and that y(¢) is
either nonpositive or nonnegative on G%*, we deduce |f(yi)| > fm(zm) —€/2 > /2. This

contradicts the hypothesis that f(x,,) 0. u
Thanks to Theorems 1.63 and 1.68, we obtain
THEOREM 1.69. z,, — 0 weakly iff

(i) lim,, SE n(t)dt =0 for all E € X,

In view of

ng)l —8/2
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(ii) limy—osup,, A" orr(A\zy) = 0, and

(iii) limy, O(supg<,, [yr]) = 0 for every subsequence {yx} of {wn}.

THEOREM 1.70. A subset A of Las is weakly compact iff

(i) limy—gsupyeq A Lo (Ax) = 0, and

(ii) limy, O(supg<,, |2r — x|) = 0 for every subsequence {xy} in A that satisfies
limy, SE[xk(t) —z(t)]dt =0 for all E € X.

Proof. = (i) is a direct consequence of Theorem 1.60.

(ii) Let {z,} be contained in A and

lim Vlon() —z@)]dt =0 (B € ),
E

Since A is weakly compact, {x} has a subsequence {y,} converging to z’ weakly. It
follows from Theorem 1.69 that

lim §(sup |z — 2'|) < lim6(sup |y, — 2'|) = 0.

m k<m n<m

Observe that y, — 2’ Exn-weakly, and so, by Theorem 1.62, ' = z.

< For any {x} in A, by (i), we may asssume that z; — x Ly-weakly. Hence, for any
subsequence {yn} of {z1}, by condition (ii) and Theorem 1.62, lim,, 6(sup,,<,, |Yn — z|)
=0, i.e., xx — = F-weakly. m -

1.7. Norm attainable functionals. Let x,x* be elements in a Banach space and
its dual respectively. If (z*,z) = ||z*|| - [|z|| > 0, then we say that z* is norm attainable
at x/||z||, and */||x*|| a supporting functional of x.

THEOREM 1.71. ¢ € F'\ {0} is not norm attainable on S(LS,).
Proof. For any u € S(Lg,), we have o(u) < |[l@] - [[ull < [l - lull® = ll¢[]. =
THEOREM 1.72. Fach ¢ € FT is norm attainable on S(Lyy).

Proof. For any €, | 0, choose u, € S(Lps) such that ¢(u,) > ||¢| — &n. Since
om(un) <1 < oo and ¢(Ey) = {0}, we may assume that opr(u,) < 27™. Define
u(t) = sup|un(t)|. Then oar(u) < 307, om(u,) < 1, i, u € S(Lar), and @(u) >
sup,, ¢(|un|) = ||| since p € F'*.

THEOREM 1.73. ¢ € F\ {0} is norm attainable on S(Lpy) iff there exists E€ X such
that ™ = ¢|p and ¢~ = ¢le\E-

Proof. <= By Theorem 1.72, there exist z,y € S(L},) such that ¢|g(z) = p*(z) =
et || and ¢|e\e(y) = ¢~ (y) = l¢~||. Without loss of generality, we assume ops(z|g) <

1/2 and on(y|le\e) < 1/2. Hence, o (25 — ylove) < om(x) + om(y) < 1, ie., z|p —
ylg\E S B(LM), and

p(zle = ylove) = eIl + o7 I = llell.-

= Let z € S(Ly) satisfy p(x) = ||l¢||. Define E = {t € G : (t) > 0}. Then by
Theorems 1.54 and 1.56, it suffices to show that ¢|g, —¢lg\p € F'1.
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If p|p & F*, then there exists y € L, such that ¢|g(y) < 0. The singularity of ¢
allows us to assume opr(y) < 1/2 and gar(z) < 1/2. Therefore, u = x|g\g—y|r € B(Lu)
and so,

™Il = o™ (—u) = —¢™ () + ¢(u) > p(u) = p(@la\r) — ¢lBY) > V(2]e\5)-

This leads to a contradiction:

lell = eIl + el > (@) + ¢(@lar) = ¢(@) = Il
Similarly, we can show —¢|g\g € FT. m

THEOREM 1.74. If ¢ € F\{0} is norm attainable at © € S(Lar), then o(z|a) = |l¢|all
forall Ae X.

Proof. This follows from

lell = llelall + llelenall = ela(z) + elavalz) = o(z) = [l¢l|. =
THEOREM 1.75. The set of all norm attainable singular functionals is dense in F.

Proof. Forany ¢ € F and € > 0, Theorem 1.55 yields an E € X such that ||¢™|c\ gl
<eand ||¢7|gl| <e. Let ¢ = ¢T|p — ¢ |e\g. Then by Theorems 1.54, 1.56 and 1.73,
1) is norm attainable, and we also have

le =2l < lle™ = 2lell + lle™ = dlasll = leTlasl + le7|el < 2¢. =
THEOREM 1.76. f =v+¢ (0# v € Ly, ¢ € F) is norm attainable at x € S(Lar) iff
(i) om(x) =1,

(i) p(z) = [l¢ll, and
(iit) §, kv(t)z(t) dt = o (z) + on (kv),

where k € Ky(v) = {k: k71 + on(kv)] = ||v]|%}-

Proof. The conclusion follows from

I£11° = f(z) =k~ kv, 2) + (x) < k™ om(x) + on (kv)] + ¢(x)
<E ML+ on (ko) + el = vl + el = [1£]1°- =
REMARK. By Theorem 1.44, Theorem 1.76 (ii) and the fact that p(z) < 0(x)||¢||, we
find that §(z) < ||z|| iff all supporting functionals of « belong to L%;.

THEOREM 1.77. 0# f=v+¢ (v € Ly, ¢ € F) is norm attainable at x € S(LY,) iff

(1) en (/ILF1) + llell /11 = 1,
(ii) [[oll = ¢ (kx), and

(ii) §, k() (()/IIf1) dt = err (k) + on (v/IIf1),
where k € K(x).

Proof. Since by Theorem 1.51 and the Levy Theorem, we always have on (v/|| f||) +
lell /11 f1l < 1, the conclusion follows from

== )

<! {m(ﬁ) + onr(ka) + %]
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<KL+ oar(ka)] = |lz)|° =1,

where p(kz) < ||¢|| holds by Lemma 1.49 and ppr(kz) =k —1 < oc0. m

REMARK. From Theorem 1.77, Theorem 1.44 and (1.9), we know that all supporting
functionals of a point x € LY, are in Ly iff for any k € [k*(x), &**(z)], either 0(z) < 1/k
or on(p—(k|z|)) = 1, where p_(0) = 0 and p_(t) = sup{p(s) : 0 < s < ¢} for t > 0.

Now, we turn to the case f = v € Ly. First we observe, by Theorem 1.76 (i), that «
has no supporting functional in S(L) if oar = (z/||z]]) < 1.

THEOREM 1.78. Let oar(z/||z||) = 1. Then v € S(LY;) is a supporting functional of x
iff v=(w/||w||%)signz for some w satisfying

p—([z@®[/l=]]) < w(t) < p(z@l/llx])  (u-ae t€q).
Proof. Suppose (v,z) = ||v]|% ||zl = |z|. Then v(t)x(t) > 0 p-a.e. Given ke Ky (v),
by Theorem 1.76 (iii) and (1.9),

p—(z@/l<]) < klo@)] < p(z@/ll«])  (w-ae. teq).

Hence, w = k|v| is as required.
Now, let
w
[wll%y

Then by (1.9) and Theorem 1.30,

= (o i) = g (= o)~ T v+ v ()

1 o o
= Tolw len(lwlFv) +1] > [l = 1. =
N

COROLLARY 1.79. If om(z/||z|) = 1, then © has a supporting functional in S(L%;)
iff p—(|=[/||=[l) € L.

The following theorem is proved analogously.

signz,  p(le®)]/[lz])) < w(t) < p(lz@)]/[l=])-

v =

THEOREM 1.80. v € S(Ln) is a supporting functional of x € LY, iff on(v) =1 and

p—(klz(t)]) < v(t) signa(t) < p(klz(t)])

p-a.e. on G, where k € K(z).

COROLLARY 1.81. If K(x) contains more than one point, then x has the unique
supporting functional v = p(k|z|) signz, where k € int K(z).

Proof. Let f =v+¢ (v € Ly, ¢ € F) be a supporting functional of z. Then by
Theorem 1.77 (ii), ¢ = 0. Since on(p(k|z])) = 1 for all k € int K(x) by the proof of
Theorem 1.31, we deduce that for p-a.e. t € G, p(k|z(t)|) is a constant on int K (z), and
so p(k|z(t)]) = p—(k|z(t)|) for such t € G and k € int K (z). The conclusion follows from
Theorem 1.80. m

COROLLARY 1.82. If K(x) has only one point k, then x has a supporting functional
in Ly iff on(p(klz[)) = 1.
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To end this section, we deal with the special case where x has only countably many
values.

PROPOSITION 1.83. If x has only countably many values, i.e., T = Y po | UkXGys
where {ur} C R and {Gy} is a partition of G in X, and = has a supporting functional
v € S(Ln), then x has a supporting functional w having the form w = Y 7 | wiXG,,
where {wy} C R.

Proof. Without loss of generality, we may assume pGy > 0,k € N. Let

1 o0
Wy = —— S v(t)dt, w= ZkaGk-
pGx G —
Then -
lol° = (v,) = > up | w(t) dt = (2, w)
k=1 G,
and by the Jensen Inequality,
o0 1 o0
on(w) = ZN(T | o) dt) nGr <> | N(u(t))dt = on(v) = 1.
k=1 MRS k=1C
k k

Hence, w is a supporting functional of z. =

PROPOSITION 1.84. Let x have the form as in Proposition 1.83 and v € S(L%) be a
supporting functional of . Then x has a supporting functional w having the form as in
Proposition 1.83.

Proof. Let
1 o0
= — t)dt = .
Wk MGk S ’U() ) w ZkaGk
Gr k=1
Then (w,z) = ||z||. It remains to show |Jw||% < 1.

For any u* € Ly, op(u*) <1, let
o0
uj = — S w (t)dt, u' = ZU%XG‘W
k=1

Then by the Jensen Inequality, we can prove oy (u') < opr(u*) < 1. Hence, (w,u*) =
(v,u') <|v||% = 1. Since u* is arbitrary, we get [|[w||% < 1. m

1.8. Isomorphic subspaces. In this section, we seek for the criteria so that Ljy; has
(complemented) subspaces isomorphic to I°°, ¢g or I*.

LEMMA 1.85. If M ¢ Ao, then for each € € (0,1), there exists x,, = upxa, € L,
where u, > 0, uGp >0 and G;NG; =0 (i # j),n =1,2,..., such that oar (3 ;i xn) <€
and

<1+¢,

1 oo
i < <
(i) Tre = lznll < Hg_lxn

1 o0
<1, —< "O<H "
S L D3
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(ii) for every a = (ay,) € 1°°,

1 oo
m|a||oo§H;anxn < llaflc, 1+2 ||00_H2anxn (1+ &)l

Proof. By Theorem 1.13 (2), there exist u,, T co and disjoint {G,} in X such that
M((1+&)up) > e 12" M (u,),  M(un)uG, =2 ".

Let xp, = unxq,,. Then

oM <9M(i ) i M (up)puGp =e < 1

and
m((L+e)wy,) > e 2" M (u, ) uGp = 2 > 1.

Hence,

Tn

and by Theorem 1.30,

< flaall < 1zl < | an

1
14e

<1+QM(Z,T") <1+e.

For (ii), let & = (o) € [*°. By (i), we immediately have

o oo oo
|35 anta < | 3 Nl = el S
n=1
Hzanxn <|\a||muzxn (1+ )l

On the other hand, if we choose m € N such that (1 + 2¢)|am| > (1 + €)oo, then

< [lefloo,

H(l + 2¢) i Qn Ty, ’ > H(l + 2¢) i Qn Ty,

n=1 n=1
2 1+ 28)amamll = (1 + &)lleflcllzmll = oo =

DEFINITION 1.86. Let X, Y be Banach spaces. If for each ¢ >0, X has a complemented
subspace isomorphic to Y and the isomorphism 7T satisfies

max{[|T[|, [T7H|} < 1 +e,

then we say that Y is an almost isometric complemented copy of X.
THEOREM 1.87. If M & Ay, then

(1) 1°° is an almost isometric complemented copy of La (LY,), and
(ii) o is an almost isometric complemented copy of En (E$;).

Proof. We only prove the theorem for the spaces Ly, and Fyy;.



1.8. Isomorphic subspaces 43

Given ¢ € (0,1). Construct x,, as in Lemma 1.85 and define

T(an) =Y anin  ((an) €1%),

X = {nianxn an) € 100}, Xy = {nianxn an) € CO}.

Then by Lemma 1.85, T is an isomorphism from [*° to X, ||T|| <1 and [|T71|| <1 + 2e.
It remains to show that

(a) X is a complemented subspace of Ly, and
(b) Xo is a complemented subspace of Ejy.

Define P : LM — L]w by

Pz = i [uén | =) dt] XG, -

n=1 Gp

Then clearly, P is a linear operator and P2 = P. Hence, to verify (a), it suffices to show
that P is bounded and that PLy; = X. Let x € Ljs and a > 0. By the Jensen Inequality,

(1.26) or(aPz) = iM(M% 0 dt)
n=1 n

n

<> | M(ax(t)) dt = ou(ax).
n=1@G,

This means || P]| < 1.
Now, we show PLy; = X. Given x € X, it is trivial to check that Px = z, so X is
contained in PLy;. Conversely, for any x € Ly, let

1

Q= e S x(t) dt.
Gn
Then
oo 1 oo
Px = Z (E S x(t) dt> XG, = Z OnTyn € L.
n=1 G n=1
Hence,

> [|anan| 2 |an .

1
1+4¢

00 > H Z QnTn
n=1
This shows () € {°°, therefore, Px € X.

To prove (b), we need to show that Xy is contained in Ejs and that PE); is contained
in Xo. For any z = > 77 | apx, € Xo, Le., oy — 0,

o0 oo
H E OnTn E Tn
n=m m

It follows from Theorem 1.27 that x € Ej;.

< sup |ap| < sup |lap| =0 (m — o0).
n>m n>m
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Finally, for any « € Ej, by (1.26), Px = Y | anz, € Ep. Hence, Theorem 1.27
implies

ol < (L4 9)lJannl) < (149)|| Y awan|| = 0
k=n

as n — oo. This means (au,) € ¢, so that Pz € Xo. =
COROLLARY 1.88. Ly is separable iff M € As.
THEOREM 1.89. If M & Ao, then Ly has a subspace isometric to 1°°.

Proof. Choose €, > 0 such that Y &, < 1 and pairwise disjoint {G,} in X such
that uG, > 0,n € N. For each n € N, as in Example 1.19, we can construct a point
Zn, € Ly such that op(2,) < &p, ||2n|| = 1 and the support of z,, is in G,,. Since

n=1 n=1 n=1

it follows that 1 = [|@,|| < || Y02 || < 1. Let

X = {i Ty : (ap) € loo}, T(an) = i Qp T,
n=1 n=1

Then for each (ay,) € I°,

o0 o0
IT (@)l = || D ana| < @) loc]| D2 | = @) oo
n=1 n=1
and
o0 o]
HTﬁl(Zanxn) ’ = ||(an)]|oo = sup |an| = sup ||anz,| < H Zanxn .
n=1 o " " n=1
This means ||T|| = [T~ =1, i.e., T : [*° — X is an isometry. =

REMARK. Consulting Theorem 3.26, one will find that L{, has no subspace isometric
to 1.

THEOREM 1.90. The following are equivalent:
(i) M & As.

(ii) Las has a subspace isometric to 1.
(iii) I is an almost isometric complemented copy of L (LY,).
(iv) co is an almost isometric complemented copy of En (E$).

(v) Ls has a subspace isomorphic to cg.

Proof. We only need to prove (v)=(i). If M € Ay, then by Theorem 1.58, Ly is
weakly sequentially complete. Since ¢y is not weakly sequentially complete, it cannot be
isomorphic to a subspace of Ly;. m

THEOREM 1.91. If M & Vs, then I' is an almost isometric complemented copy of
EM, EX/[, LM and L(])W

Proof. Once more, we only deal with Ly; and Ej;. For given ¢ € (0,1), by Lemma
1.85, there exist y, = vnXx¢,, where v, > 0,uG,, > 0 and {G,} are pairwise disjoint,
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such that on (3,2 yn) < € and

<l+e.
N

1 oo
Tz < Il < |

Since y,, € EY;, by Proposition 1.83, there exist z,, = unXxa,, (un > 0) such that ||z,|| =1
and [|yn||% = (Tn, Yn) = UnVppGp. Set X = {307 | anxy : (o) € I'}. We claim that X
is contained in Ej;. Indeed, for any z = Zfzozl apx, € X,

oo oo oo
lim H g anZy| < lim g lan] - |z ] = lim g lan| — 0
m m m
n=m n=m n=m

as m — oo. In light of Theorem 1.27, we deduce x € Ejy.
Define T : I — X by T(a,) = Yoo any. Then

o0
<3 ! loall = llonlls,

1Tl = | Y an
n=1

ie., ||T|| < 1. On the other hand, we have
> < i Tn, L i Yn Signan>
n=1 l+e n=1

1 «— 1
=7, - ni " n A > —— |||y,
1+€n¥1|0‘ | Hy ”N (1_'_5)2”(1 Hl

Qe Tl = || S

ie., |T7Y < (1+¢)2
It remains to show that X is a complemented subspace of both Ej; and Ljys. Define

Pz = i (Nén GS x(t) dt> xa, (z € La).

n=1

By the proof of Theorem 1.87, P is a projection from Ljs; to Ly; and X is contained in
PE);. Thus, to complete the proof, we only need to show that PLj; is contained in X.
For any @ € Ly, Px has the form Pz = Y7 | a, 2. Therefore, by (1.26) and (1.27),

1 o0
2 A+e2 Z |an|.

oo
00 > |la = |IPa]l = || 3 awan
n=1 =1

This ensures (a,) € 1!, and so Pz € X. m
Now, we turn to the case where M € V5. We start by introducing a general lemma.

LEmMMA 1.92. If X =Y 4+ Z contains a subspace isomorphic to cg, then so does either
Y or Z.

Proof. Let P: X — Y be an isomorphism and Te,, = y,, + z,, where y, € Y, z, € Z
and e, is the natural basis of ¢o. For any (g,,) € {—1,1}N and m € N,

H ignyn = H iEnPTen
n=1 n=1

< |P|l- 11T
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and

<= Pl -7

m
I>enzn
n=1

Hence, by the Kwapieri Theorem (see Diestel [69], p. 254), if neither Y nor Z contains a
subspace isomorphic to ¢y, then y, — 0 and z,, — 0. This cannot be true since

- H Zm: en(I — P)Te,,

L= Jlenll = 177 (g + 20| < 1T lynll + llznl)- »

Since a Banach space X has a complemented subspace isomorphic to I' iff X* has a
subspace isomorphic to cg, due to Lemma 1.92 and the fact that L}, = LY © F', we shall
focus our attention on F'.

THEOREM 1.93. F' has no subspace isomorphic to cg.

Proof. Suppose that T': ¢g — Fy C F is an isomorphism and Te,, = f,, n € N. We
will find a contradiction. First, by Theorem 1.75, we may assume that each f, is norm
attainable.

Set GY = G. Then by Theorem 1.73, there exist GI,G4 € X such that G1 UGS =
GY,GiNGy = 0 and flae = filar, —fi et = filgs. Assume that {G5}30,, m =
1,...,n, are found satisfying

(128) |J Gr=G, GrnGr=0 (,j<2mi#j), Gy UGH=GP"

k<2m
and
(1.29) fmlag,_, = falar-1, fmlag = —funlgr—
(k=1,2,...,2",m=1,2,...,n). Then for each k< 2", since f,11|gp is norm attainable

by Theorem 1.74, Theorem 1.73 allows us to find Gg,jfl, Ggljl € X such that

+1 +1 _ +1 +1 _
Gyl UGy =G G NGy =0
and
_ ot e
Frtilapn, = fualey,  fanilepn = —fuialey

By induction, we can construct {G} : k=1,2,...,2", n=1,2,...} satisfying (1.28) and
(1.29).
Let €} = 1 when fm|GZ € Ft, and = —1 when fm|GZ € —F*, and set

QZLZE;cn"fm'GZ” (neN, m<n, k<2"),
o = (o', 0y, .., a0.,0,0,...,)  (m=1,...,n).
Then by Theorem 1.54,

1

le™[[x = llfm T
171

= 1T~ fnlloo =
IIT i

Since ! has cotype 2, we can find C' > 0 such that

2™ Z HZG(M

0;=+1 =1

/2

>e[t]” > g
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This enables us to find 7; = £1 (i < n) such that

n ) Cnl/Q
vl > === (neN).
|2 = 7y
Set
IkZ{iS’rL:%f”GQ €F+}, Jk:{ign:—%mgz €F+}.
Then

2" n
= ZHZ%’filGQ
k=1 i=1

70> (30 e)
i=1

=[5
=1

on
2 H > vifilar| - H > vifilar
k=1 i€l i€y
2" n 2" n
>SS el = 3 Wilepl| = D2 [ S ekl filey |
k=1 i€l i€y k=1 i=1
2m n . n . O?’Ll/2
= ap| = || > ——— — oo.
ZFYZ k’ H Z’Y’L 1= HT_1||
k=1 =1 =1

This contradiction completes the proof. m
Summing up the above results, we get
THEOREM 1.94. The following are equivalent:

(i) M & V.
(ii) 1! is a complemented copy of L (Enr)-

(iii) ! is an almost isometric complemented copy of L (LS, Enm, ES;).

COROLLARY 1.95. Ly has a subspace isomorphic to I* iff it is not reflexive.
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Proof. The necessity is a general result of Banach space theory, and the sufficiency
follows from Corollary 1.46, Theorem 1.90, 1.94 and the fact that [°° has a subspace

isometric to ['. m
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THEOREM 1.96. (i) The natural basis {e;} is an unconditional symmetric basis of hps.
(ii) The natural basis {e;} is a bounded complete basis of Iar iff M € As.

Proof. (i) For any x = > ase; € hp, as in the proof of Theorem 1.27, we have

lim,, || Y52, ase;|| = 0. This shows that {e;} is a basis of has, and it is obvious that {e;}

is an unconditional symmetric basis of hy;.

(ii) If {5 has a basis, then it has no copy isometric to {*°. This is equivalent to the

condition M € Ay according to the proof of Theorem 1.89.

On the other hand, if M € Ay, then by (i), {e;} is a symmetric basis of 5. Assume

that sup || >, ase;|| < 1. Thensup Y. | M(a;) < 1,50y oo, M(a;) < 1. It follows that

{a;} € Iy, and hence, {e;} is a bounded complete basis of [5;. =
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Next, we discuss the existence of a basisin Ly and Fjs. Since Ly (G) and L ([0, uG])
are linearly isometric, without loss of generality, we may assume that G = [0, 1].

THEOREM 1.97. The Haar system {h;} is a basis of Ep.
Proof. Recall that the Haar system {h;} consists of the functions z(¢) = 0 and

1, 0<t<1/2

o) =< —1, 1/2<t<1,

0, t=1/2,

on/2 27Tl (2k — 2) <t < 272k — 1),
ah(t) =4 —27/2 27n=1(2k — 1) < t < 27""1(2k),

0, otherwise,

for n € N and k < 2™. For each integrable function u(t) on [0, 1], we define

1

ci = \ul®)hi(t) dt, Spu(t)=> cihi(t) (i,m € N).
0 =1

For fixed m € N, let a,b € [0,1] be two discontinuity points of some h;(t) (i < m) but
each h;(t) (i < m) is continuous on (a,b). Then it is directly calculated that for any
integrable function u(t) on [a, b],

b
Sm (t):biaSu(s)ds (a <t<b).

Hence, by the Jensen Inequality, M (S,,u(t)) < M(u(t)) except for finitely many
points at which h; is discontinuous for some i < m. This shows that the norm of the
operator S,, : Lys — Ljps is no more than one. Since for every x € C|0,1], S,z is
uniformly convergent to x, it follows from Theorem 1.25 that for every u € Eys, {Snu}
converges to u in Lys. This proves that {h;} is a basis of Ep;. =

THEOREM 1.98. The Haar system {h;} is an unconditional basis of Ly iff Ly is
reflexive, i.e., M € Ay N V3.

To prove the theorem, we introduce the following two lemmas.

We say that a Banach space X of measurable functions on [0,1] is symmetric if
(i) 2,y € X and |z(t)| < |y(¢)] imply [[z[| < [ly[|, and (ii) if 2 € X and |y(#)], [x(t)| are
equi-measurable, then y € X and |ly|| = =]

LEMMA 1.99. The Haar system {h;} is an unconditional basis of a separable symmet-
ric Banach space X of functions on [0,a] containing xo,s for all s € [0, a] iff

.. F(2s) F(2s)
. <
(1.30) 1< 1IISIL}g)1f Fo) = llIzlj(l)lp 7o) < 2,

where F(s) = ||x[0,s /-
Proof. See E. M. Semenov [207]. =
Let
M~ (u) M=)

(131) ) =1 3y LTy
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Then ap(1) < Ba(1) <1 for all I > 1. Moreover, set ag(u) = M~ (u)/M~1(lu). Then
from

u = M(oq(u)M ™ (lu)) < ag(u)M (M~ (lu) = lucy(u)
we deduce that a;(u) > 1/1 (I > 1), whence

LEMMA 1.100. The following are equivalent:
(1) M e As.
(2) For any vo > 0 and | > 1, there exists k > 1 such that
k
(1.33) N(v) > lN(7v> (v > o).
(3) There exist vo > 0,1 > 1 and k > 1 such that (1.33) holds.
(4) an(l) > 1/1 for all 1 > 1.
(5) an(l) > 1/l for somel > 1.
(6) Ba(l) <1 foralll > 1.
(7) Ba (1) < 1 for somel > 1.

Proof. (1)=(2). Given vy > 0 and ! > 1, pick ug > 0 such that q(vo/l) > ug. By
(1.12), we can find k > 1 such that M (ku) < IM(u) for all u > ug. Then it follows from
Examples 1.8 and 1.9 that

N(/k) = IN(/l)  (a(v/1) > uo).
Replace v by kv to get (1.33).
(2)=(3) is trivial.
(3)=(1) is a direct consequence of Examples 1.8, 1.9 and Theorem 1.13.
(2)=(4). For any vg > 0 and [ > 1, pick k£ > 1 satisfying (1.33). Define 3;(v) =
~(v)/N~1(Iv). Then by (1.33),

Nl(v)) <kN1(v)>

lv=N >IN|( -

< Biv) )~ I Bi(v)

for all large v. Since N is increasing, we must have §;(v) > k/I for all large v, and hence,
m() = Ek/l>1/1.

(4)=(5). Trivial.
(5)=(3). If (3) fails, then for any I > 1 and 1 < k,, | 1, there exist v,, — oo such that

N(vn) < ZN(kl—nUn>.

Set N(v,) = lw,. Then the above inequality is nothing but

kn o . _ n
wn<N<TN 1(lwn)>, ie, N 1(wn)<7N Lwy,).

This yields 1/I < ay(l) <limk,/l = 1/1.
(1)=(6). Again, define ay(u) = M~*(u)/M~'(lu). Then by (1.12), for any | > 1,
there exists k > 1 such that M (ku) <M (u) for all large u. Therefore, for all large u,

w = (1/DIM (cq(u) M~ (Iu)) > (1/1) M (koy(u) M~ (lu))
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and hence, from the fact that M is increasing, we deduce that ka;(u) < 1. This yields
Bu(l) <1/k <1.

(6)=(7) is obvious.

(7)=(1). If (1) does not hold, then by (1.11), for any [ > 1 and 1 < k,, | 1, there exist
Uy, — 00 such that M (k,u,) > IM(up),n € N. Set M (u,) = w,. Then the inequality
becomes M (k, M~ (wy,)) > lwy, ie.,

koM™ (wy,) > M~ (lw,).
Letting n — oo, we find 1 > By (1) > lim, 1/k, =1. m

Proof of Theorem 1.98. Since for any E € X with positive measure, ||xz||
= [M~'(1/uE)]~!, we can easily deduce that (1.30) is equivalent to 1/2 < aps(2) <
Br(2) < 1. Therefore, the conclusion of Theorem 1.98 follows from Lemmas 1.99 and
1.100. m

Notes and remarks. Most of the material in the first four sections is selected from
C. Wu, T. Wang, S. Chen & Y. Wang [295], C. Wu & T. Wang [291], and M. A. Kras-
nosel’skii & Ya. B. Rutickii [154] while Propositions 1.32 and 1.33 are from S. Chen &
M. Wista [50]. It is worth mentioning that Theorem 1.31 obtained by C. Wu, S. Zhao &
J. Chen [296] plays a big role in the geometry of Orlicz spaces. Furthermore, the author
[12] gives Theorem 1.35 which is also quite useful. The powerful Lemma 1.40 was first
obtained by A. Kamiriska [136], and from it, S. Chen & Y. Wang [47] obtained Theorem
1.41 (the short proof in this book is due to the author).

In §1.5, Theorems 1.45-1.51 are taken from T. Ando [4], Theorems 1.52-1.54 can be
found in S. Chen, H. Hudzik & H. Sun [33] while Theorems 1.55 and 1.56 are due to the
author.

In §1.6, Theorem 1.57 comes from Y. Wang [264], Theorem 1.59 was first obtained
by C. Wu, Theorems 1.61-1.63 were chosen from T. Ando [5] and Y. Wu [297]. Recently,
S. Chen & H. Sun [40] and S. Chen, H. Hudzik & H. Sun [33] investigated the general weak
convergence and weak compactness, and obtained Theorems 1.65-1.75 which complete
the discussion of this topic.

Many mathematicians including T. Wang, Y. Wang, Y. Ye, H. Hudzik, S. Chen con-
sidered the norm attainability for different purposes. Here, Theorem 1.76—Corollary 1.82
were proved by S. Chen, A. Kamiriska & H. Hudzik [32], and Propositions 1.83 and 1.84
were given by H. W. Milnes [181] and S. Chen [13].

S. Chen, H. Hudzik & H. Sun [33] deals with the problem of isomorphic subspaces
and finds all the results of §1.8.

The theory of bases is of course a very important topic. Here, in §1.9, we only give a
brief investigation about the existence of bases in Orlicz spaces, and all the material in
this section is due to Z. Ren except Lemma 1.100 which is revised by the author while
preparing the book.



2. Convexity and smoothness

2.1. Extreme points and rotundity. Let us recall some geometrical concepts first.
Consider a convex subset A of a Banach space X. A point x € A is called an extreme
point of A if 2x = y + z and y,z € A imply y = z. Moreover, if z € Ay, + 2z, = 2z
and d(yn, A) — 0,d(zn,A) — 0 imply ||y, — zn]| — 0 as n — oo, then z is called a
strongly extreme point of A. The set of all extreme points of A is denoted by Ext A. If
Ext B(X) = S(X), then X is called a rotund (R) space. If the set of all strongly extreme
points of B(X) is equal to S(X), then X is called a mid-point locally uniformly rotund
(MLUR) space.

Let M be an Orlicz function. An interval [a,b] is called a structural affine interval of
M, or simply, SAT of M, provided that M is affine on [a,b] and it is not affine on either
[a—e,b] or [a,b+ €] for any € > 0. Let {[a;, b;]}; be all the SAIs of M. We call

Su =R\ [ U@, b))

2

the set of strictly convex points of M. Clearly, if u,v € R, a € (0,1) and cu+ (1 —a)v €
S, then
(2.1) M(ou+ (1 — a)v) < aM(u) + (1 — a)M(v).

Furthermore, 0 € Sy since M(u) > 0 iff w # 0. If we recall Definition 1.5 (3), we find
that Sjs contains infinitely many points near origin and infinity.
THEOREM 2.1. x € Ext B(Ly) iff (1) om(x) =1 and (i) pf{t € G: z(t) € Sm} = 0.

Proof. Sufficiency. Suppose y,z € B(Ly) and y + z = 22. We have to show y = z.
Since the convexity of M implies

1=om(z) = SM(f

= ~lom(y) + om(2)] <1,

again by the convexity of M,

Male) =0 (M50

But p{t € G:z(t) & Sm} =0, and so by (2.1), z(t) = y(t) = 2(t) p-a.e., ie, z =y = 2.
Necessity. Let v € Ext B(Lys). If e = 1 — par(2) > 0, then we can choose E € X such
that

M(y(t)) + M(=(1))]  p-ae.

0< | M) dt <e.
E
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Define
(y(t), 2(t)) = { (w(t),x(lg)), teG\E,

, teE.
Then y # z,y + z = 2x and

om(y) < om(z) <eom(r) +e=1,

a contradiction to « € Ext B(Lyy).
Next, we assume p{t € G : z(t) ¢ Sy} > 0. Since R\ Sy is the union of at most
countably many open intervals, there exists an interval (a,b) such that

pl{te G zt)€e(a+e,b—e)} >0 (¢>0)

and that M is affine on [a,b]: M (u) = ku+ 3 for u € [a,b]. Divide the set {t € G : z(t) €
(a+¢e,b—¢)} into two sets A and B with yA = uB and let

(@(t), x(t)), teG\(AUB),
(y(t),2(t) =  (x(t) —e,2(t) +¢), te€A,
(x(t) +¢e,z(t) —e), te B.

Then y # z, y + z = 22 and through an easy calculation, we find oy (y) = om(2) =
om(z) =1, also a contradiction. m

THEOREM 2.2. Ly is rotund iff (1) M € Ay and (ii) M is strictly convez.

Proof. < For any = € S(La), by (i) and Theorem 1.39, gy (z) = 1. Moreover,
since (ii) means Sy = R, it follows by Theorem 2.1 that « € Ext B(Lyy).

= The necessity of (i) follows from Example 1.19 and Theorem 2.1. If (ii) does not
hold, there exists a € R\ Sps. Choose E € X such that M(a)uE <1 and 0 < uE < uG,
and let b satisfy M (b)u(G\ E) = 1—M (a)uE. Then the point = axg+bxe\g € S(Ln)
and z € Ext B(Lys) by Theorem 2.1. =

THEOREM 2.3. = € S(LY,) is an extreme point of B(LS,;) iff u{t € G : kz(t) €
R\ Sy} =0 for any k € K(z). Consequently, K(x) is a singleton in this case by its
definition.

Proof. = Suppose p{t € G : kz(t) € R\ Sy} > 0 for some k € K(z). Then in the
same way as in the proof of Theorem 2.1, we can construct y,z € Ly, y # 2z, such that
Y+ z = 2z and

\ M(ky())dt = \ M(kz(t)) dt = | M(ka(t)) dt.
a a a

Hence,
Iyll° < &L+ om(ky)] = kL + onr (k)] = [|z]° = 1

and similarly, ||z]|® < 1. This shows x € Ext B(L§,).
< Let y, z € B(L,) satisfy y + z = 2x. We should show y = z. Take k¥’ € K(y),k" €
K(z) and define k = k'k” /(k' + k). Then by the convexity of M and Theorem 1.30,
k/ + k// k// k:/

2=yl + 207 = S |1+ e en (K9) + o en(K72)

1 1
> 2 [0+ on(ky + k2)] = 21+ o1 (2h)] = 2]a]” =2
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This implies
1
c=1=-]1 2k
e = 1= S-[1 + o (2he)]
(i.e., 2k € K(z)) and
k// k/
e M EVO) +
Hence, pu{t € G : 2kx(t) € R\ Sy} =0, and so k'y(t) = k" z(t) = 2kx(t) p-a.e. It follows
that k' = ||K'y||° = [|[K"z||]°=k". Thus, z=y=12. m
THEOREM 2.4. L, is rotund iff M is strictly convex.

Proof. <« Trivial by Theorem 2.3.

= If M is not strictly convex, then there exists a € R\ Sps (@ > 0). Choose A € ¥
such that 0 < pA < pG and that N(p(a))pA < 1. Let b > 0 satisfy N(p(b))u(G\ A) > 1.
Then there exists B C G\ A such that

N(p(a)pA + N(po)uB = 1.
Define x = axa + bxp. Then on(p(x)) =1 and so ||z||° € K(x/||z]/°). But

o Xt
srecter g

hence we deduce by Theorem 2.3 that z/||z||® ¢ Ext B(L,). m

COROLLARY 2.5. For any € > 0, L, has a rotund Orlicz norm || - ||, satisfying

lellae < llzllfr, < (X +e)llzllfy (2 € L)

M(K"2(t)) = M(2kz(t))  p-ace.

GR\SM}Z,MA>O,

Moreover, if M € Ay, then Ly has a rotund Luzemburg norm || - ||ar, such that
[zllar < llzllar, < (L+e)llellar (€ L)
and such that its dual is also rotund.

Proof. Direct consequences of Theorem 1.16, Lemma 1.28, Proposition 1.42 and
Theorems 2.2 and 2.4. u

Now, we turn to Orlicz sequence spaces. We also write Iar = (Ins, ||11), 19, = (g, |1-1°),
har = (har, || - (1) and b, = (hars | - (1)
THEOREM 2.6. = = (2(7)); € ExtB(lpr) iff (1) om(z) = 1 and (ii) p{i : z(i) €
R\ Su} <1
Proof. < Let y+z =2z, y,z € B(lp). Since
y+z 1
-)

1= onm(r) = QM<

we have (0 (0 )
y(e) + 22 ) .
O R E)
for all ¢ € N. By (ii), there exists at most one j € N such that z(j) € R\ Sy. Hence,
(2.1) implies z(i) = y(i) = z(i) for all i # j. Since Y, M(y(i)) = 1 = >, M(2(i)), we
deduce |y(j)| = |2(4)]. But y(4), 2(j), () are in the same SAI of M and 0 € Sy, so we
must have y(j) = z(j) = z(j). Hence, y = z = x.
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= om(z) = 1 can be proved as in the proof of Theorem 2.1. If (ii) is not true,
then we may assume x(1),z(2) € R\ Sy, i.e., z(1), 2(2) belong to some affine intervals
(a1,b1), (az, ba) of M respectively.

Let M (u) = kju+0;, u € (a;,b;) (i = 1,2). Then by the definition of Orlicz functions,
k; > 0,4 = 1,2. Select €1,e2 > 0 such that kje; = koeo and that x(i) +¢; € (ai,b;)
(1=1,2). Define y = (y()), z = (2(4)); by y(1) = z(1) +e1, y(2) = 2(2) —e2, y(i) = (4)
(i > 3), 2(3) = 20(i) — y(i) (i € N). Then y # > and oar(y) = onr(2) = oar(z) < 1. This
contradicts the hypothesis € Ext B(lps).

THEOREM 2.7. Ip is rotund iff (i) M € Aq and (ii) M is strictly conver on
[0, M~H(1/2)].

Proof. < For any « € S(lpr), by (i), om(z) =1. Let I = {i e N: z(i) € R\ Sm}.
Then by (ii), for any i € I, |x(i)] > M ~1(1/2). Hence, I contains at most a single point.
This yields that « € Ext B(I5r) by Theorem 2.6.

= If M & Ay, then as in Example 1.19, we can construct = € I such that ||z|| =1
and oa(z) < 1, whence, z & Ext B(l).

If (ii) does not hold, then M is affine on some interval [a,b] in [0, M ~1(1/2)]. Since
2M(b) < 1, we can find ¢ € (a,b) and d > 0 such that 2M(c) + M(d) = 1. Define
z = (¢ d,0,0,...). Then gp(x) = 1 and by Theorem 2.6, x & Ext B(lp). =

THEOREM 2.8. z = (x(4)); € S(I$,) is an extreme point of B(IS,) iff (i) I ={i e N:
x(i) # 0} is a singleton or (ii) for any k € K(z) and any i € N, kz(i) € Sn.

Proof. < If (ii) is true, then with the same method as in the proof of Theorem 2.3,
we can show z € Ext B(I$,).

Now we assume z = (0,0,...,2(¢),0,0,...). Then for any y,z € B(I$,) with y + z =
2z, as in the proof of Theorem 2.3, we find that for each i € N, k'y(i), k" 2(i) and 2kz(4)
are in the same SAI of M, where k' € K(y),k"” € K(z) and k = k'k"/(k' + k). Since
0 € Sum, we find y(j) = 2(j) = 0 for all j # 4. It follows from ||y||° = ||z||° = ||z|° =1
that [y(i) = [2(3)| = |2(3)], and 50 y(5) = 2(3) = 2(3).

= Suppose that both (i) and (ii) are false. Without loss of generality, we may assume
that z(1) > 0,2(2) > 0 and that there exists k € K(x) such that M(u) = au + b on
[(k —e)x(1), (k + €)x(1)] for some € > 0. By the definition of K (-),

12 3 Np((k = )la@)) > Np((k - 2)[2(D)]) = Na)

ie, a < N71(1). Let {e;}; be the natural basis of I'. Then by Example 1.22, ||e;||° =
N~1(1). Therefore,

1= el = || 2 a(ie

This implies az(1) < 1. Therefore, since

">zl = 2(1)N7L(D).

1=|z]|° = k~'[1 + ons(kz)] = k™2 [1 + 37 M(ka(i)) + aka(1) + b],

i>2
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we have i b 2122 (o)
B 1 —az(1)
Define
a(w) = 1+b+ZizzM(kw(i))7 o) — 14+ b+ Y0y M(ka(i))

1—au 1—2azx(1) + au

Then ki (u), ka(u) — k as u — x(1). This allows us to find y(1) > (1) close enough to
2(1) such that

(2.2) Fa(y(1)y(1), ka2 (y(1)[22(1) —y(1)] € [(k —e/2)x(1), (k +/2)x(1)].

Now, we define

ki =ki(y(1)), k2 =ka(y(1)), =2(1)=2z(1)—y(1),

Then y = (y(7)): # z = (2(i)); since y(1) — z(1) = 2[y(1) —x(1)] > 0. Moreover, observing

that
11 2[1 — az(1)] 2

— 4= : ,
ki ke 14b+ 35, M(kx(i) kK

M - §<kil + k—t)x(i) =z(i) (i>2),

ie., 2z =y + z. We finish the proof by showing ||y||° < 1 and ||z]|]° < 1. In fact, by the
definition of ki,

we find

ky —akiy(1) =1+ b+ > M(ka(i)).

i>2
Hence, by (2.2),
1
L=t ou(by)] =yl

Similarly, we have ||z||]° < 1. m

THEOREM 2.9. I$; is rotund iff M is strictly convex on [0,mar(1)], where

mav(a) =inf{t > 0: N(p(t)) > a}.
Proof. < For any = = (2(4)); € S(I§,), if = has only one nonzero coordinate, then
x € Ext B(13;) by Theorem 2.8. Otherwise, for any i € N, k € K(z) and ¢ € (0,k), we
have N(p((k — ¢€)|z(2)])) < 1. Therefore, (k — e)|z(i)| < mar(1), and thus, kz(i) € S
Consequently, by Theorem 2.8, z € Ext B(l$,).
= If M is not strictly convex on [0,7as(1)], then there exists a € (0,mp(1)) and
a € R\ Sy. Clearly, N(p(a)) < 1, and so,

b =sup{u: N(p(a)) + N(p(u)) <1} > 0.

Define
k=1+M(a)+M®), x=k"(a,b,0,0,...).
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Then by the definition of b, k € K (z) and hence,
lz||° =k 1+ M(a) + M(b)] = 1.
By applying Theorem 2.8, we find « ¢ Ext B(1$,). m
REMARK. From the proof of Theorems 2.2 and 2.7, it is easy to see that:

(i) Eas is rotund iff M is strictly convex.

(ii) has is rotund iff M is strictly convex on [0, M ~1(1/2)].

(iil) EY; (or hg,) is rotund iff Lg, (or 19,) is rotund.

Y. Cui & T. Wang [59] investigated the strongly extreme points of Orlicz spaces. We
mention the results below without proofs.

THEOREM 2.10. Let B = B(La), B(LY,), B(La) or B(13;).

(i) If M & Ao, then B has no strongly extreme points.

(il) If M € Ay, then x € B with norm one is a strongly extreme point of B iff it is
an extreme point of B.

A Banach space X is called a k-rotund (k > 1) (k-R) space provided that ||z;|]| = 1
(t=1,...,k+1) and ||y + ... + zx+1|| = k + 1 implies that {z;}i<p+1 are linearly
dependent.

THEOREM 2.11. (i) Las (or LY;) is k-rotund iff it is rotund.

(ii) lps is k-rotund iff M € Ag and M is strictly convex on [0, M~1(1/(k + 1))].

(iii) 19, is k-rotund iff M is strictly convex on [0, mp(1/k)].

Proof. We only prove (ii), the most difficult one, and leave the others to the reader.

Suppose that M is not strictly convex on [0, war(1/k)], i.e., there exists [a, b] contained
in (0, mar(1/k)) such that M(u) = au + B on [a,b]. Arbitrarily pick ¢ € (a,b). Then
0 < ¢ < mp(1/k) implies N (o) = N(p(c)) < 1/k. Hence,

(2.3) t =sup{s: kN(a) + N(p(s)) <1} > 0.

Let h = 1+ kM (c)+ M (¢t) and define x = (x(3)); by z(i) = ¢/h (1 <i < k), z(k+1) =t/h
and z(i) = 0 for ¢ > k + 1. By (2.3), we have h € K(z), and thus,
)

[2]|° = B~ [1 + oar(ha)] = 1.
Therefore, M (¢) = ac + § implies
h =1+ kac+ kB + M(t).
Moreover, from Example 1.22 and the inequality N(«) < 1/k, we deduce that

° ke ake

c _
1—||$||O>HE(€1++€]€) = hN 1(1/k>>T

This allows us to write

b 1+ kB4 M(t)
1 —oack/h
Consider the continuous functions
1+k Mt 1+k& Mt
K(s) = + kB + M(t) K'(s) = + kB + M(t)

1—kas 11— (k—1Dac/h—as’
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Clearly, k'(s), k" (s) — h, and so sk/(s), sk”(s) — ¢ as s — ¢/h. Hence, there exists § > 0
such that

(¢/h—0)K' (¢/h —0) € (a,b),  (¢/h+ )K" (c/h+d) € (a,b).
Let k' = K'(¢/h —0), k" = k" (c/h + §) and define
21 = (c/h—308)(e1+...+ex)+ (t/K)eri1,
2= (c/h+0)ei1+(c/h) Y ej+ (/K ersn  (i=2,....k+1).

1<j<k
i1
Clearly, {x;}i<k+1 are linearly independent, k' € K(x1) and k" € K(x;),j =2,...,k+1,
by (2.3). Thus, ||z;]|°=1 (i =1,...,k + 1) by the definition of ¥’ and k”. On the other
hand, noticing that
1 k 1
E + F = E(k + 1),
we find ||z1 + ...+ xk11]|° = ||(k + 1)z]|° = k + 1, which shows that [, is not k-rotund.
Next, we assume that M is strictly convex on [0, 7mas(1/k)]. Let ||z;]|° = 1 (i =
1,...,k+1)and ||Jz1 + ... + 2x4+1]|° = k + 1. We complete the proof by showing that
{#i}i<k+1 are linearly dependent. Choose k; = K(z;) (i =1,...,k+ 1) and write
ki 1
i£] i<k+1 J<k+17

Then by the convexity of M,

Etl= > Jalo= ) k%[l—FQM(kixi)]

i<k+1 i<k+1
1 hom
h m<k+1 2 i<k i
1

2 (k+ 1)1+ onm(ha)] 2 (k+1)f]” =k +1.

This implies h € K (z) and

M(ha(t)) = M( fim

m<k+1 2kt

o

M (kmrm(t))
m<k+1 2 <k My

km:vm(t)) -

for all t € N. Hence, for each ¢t € N, {kasxm (t)}m<k+1 are in the same SAI of M. Since
M is strictly convex on [0, 7as(1/k)], if

tel={teN:kuzt)#kjz;(t) for some i,j < k+1},

then |k @m(t)] > mar(1/k) (m = 1,...,k + 1). Hence, I contains only finitely many
elements {t1,...,%,} and

mm(1/k) = (1 + &) hx(t)| < |hx(t;)] (@ <n).
Let € = min;<y, &; > 0. Then (1 — e)|hz(t;)| > mar(1/k), i.e.,
N(p((L+e)hz(t:)])) = 1/k (i <n).
Since h € K (z) implies
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n

1> on(p((1 = &)|hz])) Z (L =e)[hz(t:)])) = n/k,

we find n < k.
We finish the proof by considering the two cases n = k and n < k.
If n = k, then the above inequalities show that z(t) = 0, and so ,,(t) = 0 (m =
. k+1) for all t ¢ I. Observing that the system

Z likil'i(tj) =0 (] = 1, .. ,k’)

i<k+1

always has a nontrivial solution (1, ..., lk+1), we find Zi<k+1 likiz; =0, i.e., {x;}i<k+1
are linearly dependent. B
If n < k, then the system

i<k+1 i<k+1
also has a nontrivial solution (I1,...,lk+1). Recalling that kix1(t) = ... = kgp12641(¢)
for all t ¢ I, we also obtain >, likiz; = 0. m

REMARK. Observing that Sy, contains infinitely many elements near the origin and
infinity, it is easy to show Ext B(X) # 0 for each X = Ly, LS, lar and 1$,.

2.2. ) property. Let X be a Banach space. With each z € B(X), we associate the
number

AMz)=sup{r € [0,1]:z=Xe+ (1 — Ny, y € B(X), e € Ext B(X)}.

If A(x) > 0, then we call  a A point of B(X). If A(x) > 0 for all z € B(X), then X is
said to have the \ property. Moreover, if

MX) =inf{\(z) :2 € B(X)} >0

then X is said to have the uniform A property.

It is well known that if X has the A property, then B(X) = ¢o Ext B(X)) and
each element z € B(X) can be expressed as © = Y A\;e;, where e; € Ext B(X) and
Ai > 0,>°\; = 1. Moreover, if X has the uniform X property, then the series x = Y \;e;
converges uniformly for all z € B(X).

PROPOSITION 2.12. Let Ext B(X) # 0. If x,y,2 € B(X) and x = ay + (1 — )z for
some a € (0,1), then A(x) > aA(y). Consequently, A(0) =1/2 and

Au) = max {27 (1 = [lull), Mu/[[ul)llull}  (u(z 0) € X).

Proof. For any given € > 0, choose e € Ext B(X) and y € B(X) such that y =
Ae+ (1 = XNu and A(y) —e < \. Then

a(l=MNu+(1- 04)2'

r=ay+ (1—a)z=ale+ (1 —al) o

Since a(l = Nu+(1—a)z al-N)+(1-qa)

1—a\ - 1—al
we deduce A(z) > aA(y) as € > 0 is arbitrary.

:1,
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Arbitrarily pick e € Ext B(X). Then 0 = 271e + (—271)e, hence, A\(0) > 27! \(e) =
1/2. On the other hand, if 0 = Ae + (1 — A)y, where e € Ext B(X) and y € B(X), then
1> ||yl = A/(1 — X). Therefore, A < 1/2, and hence, A(0) = 1/2.

The last claim follows from

u
u = (1 — [Jul])0+ ||U||m' n

THEOREM 2.13. For any Orlicz function M, Ly; has the X property.

Proof. We need to show A(z) > 0 for each x € B(Ly). In view of Proposition 2.12,
we may assume ||z|| =1 and x ¢ Ext B(Ljs). For convenience, we may assume z(t) > 0
on G.

First we consider the case gpr(z) = 1. This implies u{t € G : z(t) e R\ Sm} > 0 by
Theorem 2.1. Let {[a;, b;]}; be all the SAIs of M. For each A € (0,1), define

bi, b; > x(t) > Aa; + (1 — A\)b; for some i > 1,
yr(t) =< ay, a; < z(t) < Aa; + (1 — \)b; for some i > 1,
x(t), otherwise.

Then the function f(A) = gar(ya) is nondecreasing and

onm(yr) < (1 + %)QM(I) < 0.

Hence,
o=sup{\: f(A) <1} €(0,1).

Therefore, if we define G; = {t € G : z(t) = ga; + (1 — 0)b;)} (i > 1) then there exist
E; € G; (i > 1) such that op(y) = 1, where

b;, b; > x(t) > ca; + (1 — 0)b; or t € E; for some i > 1,
yt) =< a;, a; <z(t) <oa;+ (1 —o0)b orteG;\ E; for some i > 1,
x(t), otherwise.

Clearly, by Theorem 2.1, y € Ext B(Lys). Set z = 071 [z — (1 —0)y] when o > 1/2. Then
z=(1—0)y+ oz and z(t) = y(t) when y(t) = z(t). If y(t) = b;, then a; > x(t) >
oa; + (1 — 0)b;. Therefore,

by > x(t) > 2(t) = o Ha(t) — (1 — o)y(t)] > o Hoa; + (1 — )by — (1 — 0)bs] = as.
If y(t) = a;, then by o > 1/2, we also have
a; < 2(t) <o Moa; + (1 —o)b; — (1 —0)as] = a; + (0~ = 1)(b; — a;) < b;.
Observing that M is affine on each [a;, b;], we deduce that
1= on(@) = o (1 — o)y + 02)) = (1 - )onr(y) + oon(z) = 1 — o + oon 2).
This shows that gas(z) = 1, and thus, A(xz) > 1 — ¢ > 0. Similarly, if 0 < o < 1/2, then

by defining
1

1—0

z = ((E-O’y),

we can deduce that A(z) > o > 0.
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If oar(z) < 1, then for any a € (0, 1), since op(z/(1 — ) = 00, we can select F € X
such that
x(t)

| M) dt+ SM<T> dt = 1.

«
G\E E

Let u = z|g\g + (1 — @) 'z|p and v = #|g\p. Then 2 = (1 — a)u + aw, op(u) =1 and
om(v) < 1. Thus, A(u) > 0 by the first part of the proof. Thus, Proposition 2.12 shows
that A(z) > (1 — a)A(u) > 0. m

THEOREM 2.14. Ljy; has the uniform X\ property iff M 1is strictly convez.

Proof. Suppose that M is strictly convex. Then for each € S(Lps) \ Ext B(Lyas),
we have gp(x) < 1 by Theorem 2.1. Take u as in the last part of the proof of Theorem
2.13. Then A(z) > (1 — a)A(u) =1 — o. Hence A(x) = 1 since a > 0 is arbitrary.

If w e B(Ly) \ {0}, then since

7+ (1= [ul})O,

we deduce from Proposition 2.12 that A(u) > max{|jul[,27*(1 — ||u|)} > 1/3. Thus,
ML) > 1/3.

If M is not strictly convex, then it has a SAI [a, b] with a > 0. For any o € (0,1), set
c=aa+ (1—a)b, and find s € Spy and E, F € X such that ENF =0, uE > 0, uF >0
and M(c)uE + M(s)puF = 1.

Consider the element u = sxg + cxr. For any e € Ext B(Ly),v € B(Ly) and
A € (0,1) such that u = Ae + (1 — A)v, we have

1= onm(u) = on(e) = om(v)
by the convexity of M. Moreover, for p-a.e. t € F, e(t) = a or b and v(t) € [a,b]; for

pra.e. t € G\ F,e(t) = v(t) = u(t). This implies that {¢t € F : e(t) = a} is not a null set
and for almost all ¢ in this set, we have

ut) =aa+ (1 —a)b=Ara+ (1 —Nv(t) < Aa+ (1 —N)b.

This implies A < a, i.e., A(u) < . Hence A(Lps) = 0 since « € (0,1) is arbitrary. m
THEOREM 2.15. Each Orlicz space L$; has the A property.

Proof. We shall prove A(z) > 0 for all x € S(L3,) \ Ext B(LY,). Without loss of
generality, we may assume z(t) > 0 for all ¢ in G. Let {[a;, b;]}; be the set of all SAIs
of M.

First, we select a point k € K () in the following way: if K(z) = {k}, then we have
no alternative; if K (z) contains more than one point, then we choose k € K (x) such that
neither

{t € G:a; <kx(t) < (a; + b;)/2 for some i € N}

nor
{t e G:b; > kax(t) > (a; + b;)/2 for some i € N}

is a null set. Clearly, such a k exists. Therefore, for each ¢ > 1, we can divide the set
{t € G : a; < kx(t) < b;} into two sets E; and Fj such that neither |J, E; nor |J; F; is a
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null set and that
Next, we define a function y(¢) on G by considering two cases. If K(z) = {k}, then let

i, a; < kx(t) < (a; + b;)/2 for some ¢ > 1,
y(t) = 4 by, b; > kx(t) > (a; + b;)/2 for some ¢ > 1,
kxz(t), otherwise.
If K(x) contains more than one point, then we set
A, te Ei7 12> 17
y(t) = b;, teF;, 1>1,
kz(t), otherwise.

Obviously, y(t) € Sy for all ¢ € G. Now, we prove y/||y||° € Ext B(LY,). It suffices to
verify K (y/|ly|°) = {llyl|°}, i-e., K(y) = {1} according to Theorem 2.3. Indeed, taking
into account the definition of F;, F; and the fact that p is a constant on each [a;,b;),
when K (z) = k, we have, for any ¢ € (0, 1),

on (p((1+)[yl) = en(p((1 +/2)[kz])) > 1,

on(p((1 = )lyl) < en(p((1 —e/2)[ka])) < 1.

When K (x) contains more than one point, we have

on (p((1+e)lyl)) > on (p((1 +/2)[kz|))
on (p((1 = e)lyl)) < on(p((1 —&/2)[kz|))

L,

2
<1

Hence, K (y) = {1}.

Finally, we set z = 2kxz — y. Then y(t) = kx(t) implies z = kxz(t); y(t) = a; implies
a; < kx(t) < z(t) < b;; and y(t) = b; implies b; > kx(t) > z(t) > a;. Moreover, by the
same method, we can verify 1 € K(z). Hence, by Theorem 1.30,

o +z

1 1 1o, 1,
= 5[1+9M(3})]+§[1+QM(Z)]—§||y|| +§||ZH ;
and so,
1 1 lyll® y | ll=zl° = lyll® y | 2k—lyll° =
T= 7Y+ 2= + = + ;
2k 2k 2k Ayl 2k flzll° 2k iyl 2k l=l°

which implies A(z) > |ly||°/(2k) > 0. m
THEOREM 2.16. LY, has the uniform A property iff sup{b;/a; : b; > 1} < oo, where
{[a:, bi]}: is the set of all SAIs of M.
Proof. < Foreachz € S(L§;)\Ext B(LS,), define y as in Theorem 2.15. We already
proved that A(z) > ||y||°/(2k). Let
1

a=——, cy=1+sup{bi/a;:b;>a}, E={teG:|zlt)>a}
2[Ixel
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— 1
Then [alg]|° = [|2]° - |zl sll° = 1~ 1/2 = 1/2 and [y()] = 2L [a(#)| on E. Hence,

1 1 11 1
Mz) > —|lylle > — o> _ L —
(@)= 5ol = 5ol = ge——lalsl > 1
Combine this with Proposition 2.12 to find that A(L$,;) > 1/(8¢car).
= Suppose that M has SAIs {[an,bn]}n such that b, > na, > 0 and N(p(a,))puG
>1 (n € N). Pick disjoint Gy, E,,, F,, € X such that

N(p(a1))pEn = N(p(b1))uFn =1/(2n), N(p(an))pGn =1-1/n (n €N).

Clearly, uF, — 0 and uF, — 0 as n — oco. Then we decompose G,, into {G}'}7_; such
that uG? = uG,, (i < n). Define

iln(n)

We complete the proof by showing (., /||z,]|°) — 0.

From the fact that each [a;,b;] is a SAT of M, we immediately deduce that K(z,) =
{1}, Le., K(zn/|lznll?) = {llznll°} by (1.19). For any A, € (0,1),u,, € B(L},) and
en € Ext B(L,) satisfying z,,/||z.||° = Anen + (1 — Ap)un, we have to show A, — 0.

First, we take k,, € K (ey,) and h,, € K (uy,). Then by the convexity of M and Theorem
1.30,

- 1 1
n = b 1 - - n 1 - = bn " 1 .
Tp = a1XE, +01XF, ;:1 [( . )a LR ey n(n) xar  (n>1)

L= allen” + (1= ) un” = 220+ s (nen)] + 2521+ o1 ()]
- = A"A)f}lf e [1 (i- A:)ZZLHJF Ny 221 knn)
{a —(islj;nfg\nhn QM(hnun):|
> Cotlbet e 1o (it O+ (L= 2w ) |
> W =1.
This implies
24 loal = T e = e

and
knen(t), hnun(t) € [an,bn]  p-a.e. on Gy,
knen(t) = hpun(t) = 2(t)  p-a.e. on E, U F,.
But by Theorem 2.3 and since e,, € Ext B(L{,), we derive
knen(t) =ay, or b, p-a.e. on Gy,.

Second, since
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N(p(an)) = anp(an) - M(an) < anp(an)v

we find
M (bn) G > (bp/an — 1)N(P(an))uGy > (n° = 1)(1 = 1/n).
Let
H, ={t € Gy, :kpen(t) =bn}, i(n)=max{i <n:u(GNH,) >0}
Then for p-a.e. t € H, N G?(n),

1 1
(25) (1 " i) 1n<n>)“" T )
= a,(t) = %knen@) n %hnunm
> )\n|Lin”Obn

Combining with Y"1 | + > In(n) and M(b,) > M(n3a,) > n*M (a,), we have

kn .1+ QM(knen)
im = =lim —————=
(B2 n 14 om(zn)
o Yi<n o M (0n)nG}
1+ M(an)puGn +n""i(n) M (bn)uGy
n—lM(bn)uG

= [( =i e }
)it

Combining this inequality with (2.4) and (2.5), we obtain: (a

li

< lim
n

i(n) = 0, then
lim A\, <limk,/||z,||° =0,
and (b) if i(n) # 0, then

an

lim \,, < lim anl\ [(1—i(n)in(n))a—’—i(n)in(n)}

<hm a"—l—L <lim L—FL =0
b, In(n)] = = |[n2 In(n)| - "

Now we discuss the A property of Orlicz sequence spaces.

THEOREM 2.17. Each ly; has the A\ property.

Proof. We need to show A(x) > 0 for each « € S(Iar) \ Ext B(Iar). Referring to the
proof of Theorem 2.13, we may assume z(i) > 0 for any i € N and gps(z) = 1. Therefore,
there exist at least two coordinates of x belonging to the interiors of some SAls of M.
For each A € (0,1), define

b, b >:E( ) >/\ak—|—( —/\)bk for some k > 1,
(i) =< ak, ap <z(i) < Aag + (1 — AN)bg for some k > 1,
x(i), otherwise,
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and let o = sup{A: opr(yn) < 1}. Then o € (0,1) and prr(ys) < 1. Set
Ni = {Z eN: ,T(Z) = dap + (1 — )\)bk}.
Then there exists Ej in Ni (k > 1) such that the element u = (u(4)); defined by

bg, b > x(i) > oax + (1 — )by, or i € E}, for some k > 1,
u(@) =4 ag, ap <xz(i) <oar+ (1 —o0)b, ori € N; \ Ej, for some k > 1,
x(), otherwise,

has the property that gpr(u) < 1 and that for any ¢ € N \ Ej, if we change the value of
u(4) to be by, then the modular of w will become greater than one (by the definition of
o, such {Ey}; do exist). If opr(u) = 1, then we define y = u. If ppr(u) < 1, then there
exists at least one nonempty set Ej/. In this case, we arbitrarily pick ¢ € Ej and find
« € (ag, by ) such that op(y) = 1, where y = (y(i)); is defined by

(i) = Q, 1=1,

YW= u), i1

The rest part to verify, that A(z) > min(o,1 — o) > 0, is analogous to the proof of
Theorem 2.13, hence we omit it here. m

THEOREM 2.18. [p; has the uniform X\ property iff M is strictly convex near the
origin.

Proof. < Let M be strictly convex on [0,d]. Set 8 =1/M(d) + 2. Referring to the
proof of Theorem 2.13, we only need to show A(z) > 1/ for all x = (x(7)); € S(la) \
Ext B(lpr) with op(z) =1 and x(i) > 0 (4 € N). For any A € (0,1), we define y, and
o € (0,1) as in the proof of Theorem 2.17. First we assume o > 1/2. If 0 <1—1/4, then
by the proof of Theorem 2.17, A(z) > 1—0 > 1/3. Now, we consider the case 0 > 1—1/0.
Let I = {ieN: z(i) eR\ Sp }. Without loss of generality, we may assume I = {1,...,m}
(clearly, m < ) and z(i) € (ai,b;) (¢ < m), where {[a;, b;]}i<m are SAIs of M. Set

J={i<m: N\ <1/8, (i) = (1 — X)a; + Aibi}.
Then J # () since o > 1 — 1/3. For convenience, we assume J = {1,...,r} and

MM (b) = M(a,)] = max{A[M (b) = M(ai)]}

For any 0 € [0, 1], if we define us = (u(4)); by
(1-4d&)a, + b, i=r,

N a;, 1<,
u(l) o bi, r <1< m,
x(1), i>m,

then since 7). < 1 and oar(us) = om(y1-1/8) < om(yo) < 1 and

om(ug) =1 = onr(uo) — o ()

= M(a;) + 6[M(b,) — M(a,)]
=1

T m

- {Z[a — )M (@) + AM )]+ Y M(:v(i))}

=1 i=r+1
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> 6[M(b,) — M(ar)] — Z Ai[M (bi) + M (as)]

2 (6 —rA)[M(br) — M(ar)],
we can find §’ € [0,r),] such that opr(us) = 1. Let y = uy and

1
= m(ﬂﬁ —y/B).

Then

_Balr)—y(r) _ Ly Ca)Sa
2(r) = 51 = Z+ﬁ—|—1(ﬁ)\T 0)(by — ay) > ay.

Showing that A(x) > 1/ is similar to the proof of Theorem 2.13. Symmetrically, if
o < 1/2, we also derive A(z) > 1/0.

= If M is not strictly convex near the origin, then for any n € N, M has a SAI [a, b]
such that nM(b) < 1. Define z(i) = (1 — 1/n)a + b/n for i < n and find z(j) € Su
(j > n) such that Y ;2 M(z(i)) = 1. Then x = (z(i)); € S(ln). Now, for any A € (0,1),
e € Ext B(ly) and u € B(lp) satisfying z = Xe 4+ (1 — M)u, we have e(i) = z(4) for all
i > n and e(i) = a or b for all ¢ < n but at most one exception i’ < n according to
Theorem 2.6. Since e(i') € [a,b] and

> Me(i) =Y M(a(i) = (n—1)M(a) + M(b),
i<n i<n
we deduce that e(j) = b for some j < n and e(i) = a for all i < n other than j. Observing
2(j) € |a,b], we find
(1 —1/n)a+b/n=z(j) = xe(j) + (1 = Nu(j) > M+ (1 — Na,
i.e., A < 1/n. This shows A(z) < 1/n, and so A(lar) = 0 since n € N is arbitrary. m
Slightly varying the proofs of Theorems 2.15 and 2.16, we obtain

THEOREM 2.19. (i) Each [, has the X property.

(ii) I3, has the uniform X\ property iff sup{b;/a; : 0 < b; < 1} < oo, where {[a;, bi]}:
is the set of SAls of M.

The following theorem shows that L3}, may fail to have the A property even if L/
has the uniform A property.

THEOREM 2.20. L}, does not have the A property if M & Aj.
Proof. By the assumption, there exist uj > 0 and disjoint sets T}, € X' such that

M((1+ 1/n)ug) > 2°M (ug), M(up)uTy =27% (k €N).

Define uw = 3, -, uxxr,. For each n € N, we divide T}, into two disjoint sets T}, 1, Ty 2
such that uT,; = 27 'uT, (j = 1,2) and let G1; = U, Tns (j = 1,2). Then we
divide T, 1 and T, 2 into T}, 3, T4 and T}, 5, Th 6 respectiveﬁy such that pT;, ; = 4-1uT,
(j =3,4,5,6) and let Go; = U,,>1 Tn,j+2 ( = 1,2,3,4). And so on, by induction, for
each k € N, we obtain disjoint sets {Gy; : j < 2¥} such that lula,,ll =1 (G < 2%).
Let B = span{En, ulg,, : j < 2%, k € N} and define f € B* by f(Ey) = {0} and
f(ulg,,) =27% (j <k, k € N). Then it is easy to verify ||f|| = 1. Now, we extend f onto
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Ly without changing its norm. Then by Theorem 1.65, f ¢ Ext B(L3},). We claim that
neither is f a A point. Indeed, if there exist A € (0,1),e € Ext B(L3},) and ¢ € B(L%,)
such that f = Ae 4+ (1 — M)y, then by Theorem 1.65, for any fixed n € N with 2 > 1/
there exists j* < 2" such that o(u|c, ,) =1 and o(ulg, ;) = 0 for j' # j < 2". Hence, if

we set
Tr = Z U|Gn,j - u|Gan/a

J#5I<2n

then ||z|| = 1, and so

1=l 2 (a) = T [f(@) —de(@)] = =51 = 2"+ 0] > 1,

a contradiction. m

Let C be a convex subset of a Banach space X. A point z € C is called a stable point
of C if the set-valued mapping v — {(z,y) € C x C : z +y = 2u} from C to C x C
is lower semicontinuous at z with respect to the inherited topology. The set C is called
stable if it consists of stable points. If the unit ball B(X) is stable, then X is called a
stable space. It is known that the set of extreme points of a stable set is closed. The
stability is introduced as a tool to study extremal operators.

A. S. Granero [81], M. Wista [278] and H. Sun & S. Chen [210] investigated the
stability of Orlicz spaces; we only mention some of their results here.

THEOREM 2.21. (i) € S(Las) or S(lam) is a stable point of B(Lar) or B(lnm) iff
om(z) = 1.
(i) = € S(LY,) is a stable point of B(LS,) iff K(z) is a singleton.

2.3. Locally uniform rotundity. Let X be a Banach space. Then z € S(X) is
called a uniformly rotund point (URP) of B(X) if z, € B(X) and ||z, + z|| — 2 imply
Tp — xasn — oo, If z, € B(X) and ||z, + z|| — 2 imply z,, — = weakly as n — oo,
then z is called a weakly uniformly rotund point (WURP) of B(X). X is called a locally
uniformly rotund (LUR) space provided that every point of S(X) is a URP of B(X).
If all points in S(X) are WURPs of B(X), then X is called a weakly locally uniformly
rotund (WLUR) space.

THEOREM 2.22. If M & Ao, then B(Lar) has no WURP; if M € Ag and x € S(Lyy),
then the following are equivalent:
(i) z is @ URP of B(L).
(ii) « is a WURP of B(L).
(iii) (a) z(t) € Sm p-a.e. and
(b) if u{t € G : |x(t)| = b} > 0 for some SAI [a,b] of M, then M € Va3, and
u{t € G:x(t)| =c} =0 for each SAI [c,d] of M.

THEOREM 2.23. If M & Ay NVa,ie, M & Ay or M & Vo, then B(LS,) has no
WURP; if M € Ay N Va,x € S(LS,), then the following are equivalent:

(i) x is @ URP of B(L%,).
(i) ¢ is @ WURP of B(L%;).
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(iii) (a) If p is a constant on an interval I and k € K(x), then u{t € G : kx(t)
€I} =0, and
(b) on(p(klz|)) =1 or p{t € G : k|z(t)| = b} = 0 for any SAI [a,b] of M.

THEOREM 2.24. If M & Ao, then B(lar) has no WURP; if M € Ag and x = (z(i)) €
S(lar), then the following are equivalent:
(i)  is a URP of B(lp).
(ii) « is a« WURP of B(ln).
(iii) If |x(5)| € (a,b] for some SAI [a,b] of M, then M € Vg and |x(i)| € [c,d) for
all i # j and all SAI [c,d] of M.

THEOREM 2.25. If M & Ao N Vs, then B(I§,) has no WURP; if M € Ao NVa, and
x = (x(7)) € S(I$,), then the following are equivalent:

(i) x is a URP of B(I3;).
(i) = is @ WURP of B(I;).
(iii) {i € N: x(i) # 0} is a singleton or

(a) for any k € K(x) and any i € N, kz(i) € Sy and for every SAI [a,b] of M,

(b) klz(5)] = b= s N(p(klz(@)])) + N(p—(klz(5)])) <1 and

(©) klz()] = a = 3. N(p—(klz(i)]) + N(p(klz(5)]) > 1.

We only prove Theorems 2.22 and 2.25; the other two can be analogously verified.
We begin with introducing two lemmas.

LEMMA 2.26. Assume that M is strictly conver.

(1) Suppose Xy, yn € B(Ly), |xn + ynll® — 2,kn € K(x,) and h,, € K(yy). Then
b = sup,, {kn, hn} < 0o implies knxy — hpyn — 0 in measure.
(ii) zn,yn € B(Lm) and op((zn + yn)/2) — 1 imply 2, — yn, — 0 in measure.
(iil) Tn,Yn € Bm), |Tn + ynll® — 2 and sup,,{kn, hn} < co (where k, € K(x,) and
hn € K(yn)) imply k xn() - hnyn() —0 fOT any i € N.
(iv) @n,yn € B(lyr) and opr((xn 4+ yn)/2) — 1 imply (i) — yn(i) — 0 for all i € N.

Proof. We only verify (i), the others can be proved similarly. By Theorem 1.30, we
immediately have

(26) 2~ lfen + pall* 2 11+ oasChna)] + hiu + oat(hmyn)]
ky, + knh
ek [ oM ( + wn+yn)>}
= fnt S[k e M (k1) + e M (1)
nttn el mn n mn n
a1 (2 a0+ 1)) | a
= | futt)ar
G

If {k,hn — hnyn}n does not converge to zero in measure, then without loss of generality,
we may assume that puF, > ¢, n € N, where
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E, ={t€G: |knzn(t) — hnyn(t)] > o}

and o, e are fixed positive numbers.
Pick k > 1 such that uF = ¢/4 implies ||xr||° = 1/k, and define

A, ={t€G:|z,(t)] >k}, Bn={teqG:|y,(t)| > k}.

Then from 1 > [|z,||° > ||xn]a,ll® > kllxa,l||°, we have pA, < /4. Similarly, we also
have uB,, < /4.

By Proposition 1.4 (3), there exists ¢ > 0 such that (1.4) holds for all & € [1/(1 + b),
b/(1+b)] and all u,v € R with |u| < bk and |v| < bk and |u — v| > o. Since

kr, hn, {1 b]
€ 5

kn + hy k4 hn 14+b6 1450
forallt € E,, \ (4, U B,,) we have

hn
kn + Iy,

M (2 (0) +0,(0)) < (1= )|

Therefore, by the convexity of M,

n n

2§ M (knzn (1)) + M(=hnyn(t))
b 2

> 2éM(k"$"(t) —

Falt) 2 8] T M (i (0) + 1M (1)

>

> 2] . h"y"(t)) > 25M (0 /2) /b,

It follows from (2.6) that

2= lon+ualo> | fal®)dt > 0M(/2)/b> 0.
E,\(A,UB,)

This contradicts ||z, + yn||° — 2. =

LEMMA 2.27. Let (X, |||I) = L, LYy, In or 1§,. Assume M € AaNVs, Ty, yn € B(X)
and ||zn + ynl| — 2. Then for any e > 0, there exist n’ € N and § > 0 such that for all
n>n' and F € X,

lynlell <& = llan|ell <e.

Proof. We only consider the case (X, || - ||) = Las; the other three cases are analo-
gously proved.

Choose v’ > 0 such that |[u'x¢| < £/2. Then we may assume |z, (t)] > v’ on G.
Since M € V3, there exists § > 0 such that u > «’ implies

1—
M) <=8 ).
2 2
Moreover, for any a > 0, by Lemma 1.40, there exists § > 0 such that oy (z) < 1 and
om (y) < § imply
lonr (2 +y) — om(y)| < o
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Therefore, ||y, || < ¢ implies

§M<%) dt < SM(wT()) dt +a < 5(1- ) | M(za(t) dt + a.
E E E

Pick n’ such that oa((@n + yn)/2) > 1 — a when n > n’/. Then by the convexity of M,
for all m > n’,

(2.7) a>1- QM<W>
M (xp (t M (yn(t T (¢ n(t
ZH ( ()); (y())_M< ();y())]dt
p
>3 éM(xn(t))dt —a.

Since a > 0 is arbitrary, by Theorem 1.23, we arrive at the conclusion. m

Proof of Theorem 2.22. Take d > 0 such that E = {t € G : |z(t)] < d}
is not a null set. If M ¢ A, then there exists u € Ljs such that op(u) < 1 and
O(u|g) = 1. Hence, there exists a singular functional ¢ such that ¢(u|lg) = ||l¢|| = 1. Set
E,={te€ E: |u(t)] > n} and =, = z|g\p, +u|E,. Then

zn + 2|l > |122]c\ £, || — 2

and
om () = om(zleng, ) + om(ulg,) — om(z) < 1.

Therefore, limsup,, ||z.|| < 1. But ¢(x, — z) = ¢(u|g,) — ¢(z|g,) = ¢(u) = 1, contra-
dicting the assumption that x,, — x weakly.

Now, we prove the second part of the theorem.

(1)=(ii) is trivial.

(if)=(iii). (a) follows from the fact that a URP is an extreme point of B(Lys).

If (b) is not true, then we have the following two cases.

(I) M € Vo and D = {t € G : |z(t)] = b} is not a null set for some SAI [a,b] of M,

or

(IT) M has two SAIs [a,b] and [c,d] such that both A = {t € G : |z(t)] = a} and
B ={t € G: |z(t)| = d} have positive measure.

In case (II), we can find nonnull sets £ C A and F' C B satisfying
(M (b) — M(@)uE = [M(d) — M(c)]uF.
Define
Y= :C|G\(Eup) + bx g sign x + cxF sign x.

Then y # x, om(y) = om(z) =1 and

our (w -ZF y) _ om(@) -ZF om ()

:]_7

a contradiction.
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In case (I), we may assume z(t) = b on D. Since M ¢ V3, there exist u,, T co and
E, | such that M(u,/2) > 2711 —1/n)M (u,) and

M(un —b)pE, + M(G’)N(D \ En) = M(b)ﬂD
Let z,, = x|g\p + axp\g, + (Un —b)XE,. Then onr(v,) = op(z) =1 and

o (572 ) = owtelann) + 31 (52 w0\ B + 21 (5 )
> oulalorn) + L0 B+ 5 (14 2 b,

— om(x) = 1.

Hence, ||z,| =1 and ||z, + | — 2. But (xp\g,, & — 2n) = (b —a)u(D \ Ey) > 0. This
contradiction completes the proof of (ii)=-(iii).

(iii)=(1). Let =, € S(La) and ||z, + z|| — 2. Then op((xn + x)/2) — 1 since
M € A,. Thanks to Theorem 1.41, to show x,, — =z, it is sufficient to verify that x,, — x
in measure. Set

E={teG:|z(t)| & [a,b] for all SAI [a,b] of M}.

Then by the same method as in the proof of Lemma 2.26, we deduce that xz,, — x in
measure on F. Hence,

liminf | M (2, (8)) dt > | M(x(t)) dt.

"k E

Since gpr(zyn) = om(x) = 1, the above inequality means
(2.8) lim sup S M (z,(t)) dt < S M(z(t)) dt.

" G\E G\E

Moreover, for any a > 0, we define G, = {t € G : |z(t)| = a}. Then by the same method,
when « # b for any SAI [a, b] of M, we have

(2.9) p{t € Gy i zn(t)| <a—e} —0 (n— o)
for all £ > 0; and when « # ¢ for any SAI [c, d] of M, we have
(2.10) p{t € Gy i zn(t)| <a+e}—0 (n— )
for all € > 0.

Hence, if (1) p{t € G4 : |2(t)] = b} = 0 for all SAI [a,b] of M, then (2.9) and (2.8)
show that z,, — x in measure on G \ F, and hence, on G.

If (1) is not true, then we have M € Vy and u{t € G4 : |z(t)] = a} = 0 for each
SAI [a,b] of M. In this case, by applying Theorem 1.27, Lemma 2.27 and the fact that
T, — x in measure on F, we obtain

lim | M(@n(t)) dt = | M(2(t)) dt,
E E
which means
lim | M@a@)ydt= | M) dt.
G\E G\E
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Thus, by (2.10) and Lemma 2.27, we find that z,, — z in measure on G \ E, and thus,
onG. n

Proof of Theorem 2.25. Let {e,}, be the natural basis of I and {P,}, the
projections P,z =Y, x(i)e; for x = (2(i)); € lp. Assume x € S(I,) and M & Ay, If
x & hpr. Then there exists a singular functional ¢ such that p(x) # 0. Define x,, = P, .
Then [|z,]|° — 1 and ||z, + z]|° — 2. But ¢(x — z,,) = ¢(z) # 0. Therefore, z is not a
WURP of B(I$;).

If z € hy, then we define z,, = P,z + k~Y(I — P,)u, where k € K(z) and u €
S(lay) \ har. Clearly ||z, + z||® > ||2P,z||° — 2 and

enll® < BN+ o (k)] = K71 (1450 M(ka(d)) + Y M(u(i))]

i<n i>n
k! [1 +y M(kx(i))] —fz° =1
=1

But if we choose a singular functional ¢ with p(u) # 0, then ¢(z, — x) = k~p(u) # 0.
This also shows that x is not a WURP of B(13,).

Now, for each n € N, we select f, € S(Ly) such that (f,,z) >1—1/n. It M & Vg,
then there exist v,, — 0 such that

N(v,) <1/n, N((1—-1/n)" v,) > 2nN(v,).
Choose a natural number m,, such that
mpN(v,) <1/n,  (m,+1)N(v,) > 1/n

and pick I,, C N with m,, elements such that ||z|r, [|* < 1/n. Let w, = v, Y ;c; €i. Then
on(wp) =m,N(v,) <1/n and

on((1 = 1/n)"tw) > 2munN(v,) > n(m, +1)N(v,) > 1.

This shows that 1 > ||wy, ||y > 1—1/n. Moreover, by Proposition 1.84, we can find u,, > 0
such that z, =3 ;. une; satisfies ||, [|” = 1 and mpunvn = (Tn, wn) = [[wnll > 1-1/n.
Hence, if we define g, = (1 — 1/n)(wn + fulw s, ), then

on(gn) < (1= 1/n)mnN(vn) + on(fa)] <1 —n"2 <1,
and so,

(2.11) |z +2[° = (gn, zn + 2)
=(1- 1/”)[<fna$|N\In> + (Wn, Tn) + (wn, 21,,)
> (1 =1/n)[1=2/n)+ (1 =1/n) = [lz[r,]°] — 2.

Replace g,, in (2.11) by h, = (1 — 1/n)(wn — fulng, ). Then (2.11) implies ||z, — z||° >
(hn,xn, — x) — 2. This proves that z is not a URP of B(I$,). The fact that z is not a
WURP of B(l$,) follows from

(=falngsr @n — @) = (f3,2l1) = (f3,2) = |25 ]|” > 1 = 1/3=1/3 #0.

Next, we prove the second part of the theorem. We have to show (ii)=-(iii)=(i).
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(if)=-(iii). If (iil) is not true, then {7 : z(i) # 0} is not a singleton and (a), (b) or
(c) fails. Suppose that (a) does not hold, i.e., there exist j € N and k € K(x) such that
kz(j) € I, where I is an interval on which p is a constant. Define y = (y(i)); by y(j) € I
but y(j) # kx(j) and y(i) = kx(i) for ¢ # j. Then y and ka are linearly independent,
and so y/|ly||° # x. Clearly, if v is a supporting functional of z, then by Theorem 1.80,
v is also a supporting functional of y. Therefore, |ly/||y||® + z||° = 2 and thus, z is not a
WURP of B(I3,).

If (b) is not true, then there exist k € K (z) and j € N such that k|z(j)| = b and

(2.12) > Np(klz(@)]) + N (p-(klz()]) = 1,

i#]

where [a, b] is a SAT of M. Since for any supporting functional v € Iy of 2, Theorem 1.80
gives oy (v) = 1 and
p—(klz(@)]) < [v(i)] < p(klz(i)]),

by (2.12), we can find a supporting functional w of  such that |w(j)| = p(k|x(5)|). Hence,
if we define y = y(4)); by y(i) = asignz(j) and y(i) = kx(i) for ¢ # j, then y/||y||° # «
and (w,y) = ||y||°. This yields

ly/llyll” +2)|° = (w, y/llyll” + =) = 2,

whence z cannot be a WURP of B(1§,). Similarly, if (c) fails, then z is not a WURP of
B(3,).

(iii)=(i). For given z,, € S(I3,;) with ||z, + z|® — 2, we pick k € K(z) and k, €
K(xy,). If we have verified kyz, (i) — kx(i),i € N, then by Lemma 2.27, oy (knxn) —
om(kx), ie., kn =14 op(knan) — 1+ op(kx) = k. Therefore, ||kyz, — kz||° — 0, or
equivalently z,, — x, completing the proof.

Now, we show that k,z,(i) — kz(i), i € N. If {i : (i) # 0} = {j}, then for each
i # j, by Lemma 2.27, k,2, (i) — 0 = k2(i) and ||, |n\(;}/° — 0 as n — oo. Since {k,}
is bounded by Theorem 1.35, we obtain x,(j) — x(j), and so &, — = as n — co.

Suppose that {7 : (i) # 0} is not a singleton. For any fixed i € N, if kz(7) does not
belong to any SAI of M, then with the same method as in the proof of Lemma 2.26, we
can show that k,z(i) — kx(i). If k|z(i)| = b for some SAI [a,b] of M, then similarly we
can show that lim sup,, kn |2, (7)| < b and z,(¢)x(7) > 0 for all large n. Since for any SAI
[e,d] of M, by (a), we have k|z(j)| € (¢, d), the right continuity of p implies

lim sup p(kn|zn (7)]) < p(klz(5)])
for all j € N. Observe that (1.5) implies

By M € Ay, Theorem 1.35 and Lemma 2.27, if I = {n € N : k,|2,,(i)| < b} is an infinite
set, then

fin sup on(p(knlzn)) <Y N(p(kl(7)]) + N(p-(klz(0)])) < 1.

ne i



2.3. Locally uniform rotundity 73

This is impossible, since by Theorem 1.80, any supporting functional v of z,, satisfies
1 = on(v) < on(p(kn|zn|)). Hence, for all large n, we have ky|x,(i)] > b, and so
lim,, kpxn (i) = b = kx(i).

Summing up the above discussion, we obtain knzy(j) — kz(j), j € N. =

THEOREM 2.28. (i) LY, is LUR or WLUR iff M € AyNVy and M is strictly convez.

(ii) Las is LUR iff it is rotund, i.e., M € Ay and M is strictly convez.

(iii) 19, is LUR or WLUR iff M € AxNVa and M is strictly convex on [0, mar(1)],
where mpr(t) = inf{a : N(p(a)) > t}.

(iv) lpr is LUR or WLUR iff it is rotund and (a) M € V3 or (b) M is strictly convex
on [M~1(1/2), M~1(1)].

Proof. (i)—(iii) are direct consequences of Theorems 2.22, 2.23, 2.25 and Theorems
2.2, 2.4, 2.9. Hence, we only need to prove (iv).

Suppose that lp; is WLUR. Then it is rotund. If both (a) and (b) are false, i.e.,
M ¢ V5 and there exists a SAI [a,b] of M with M(a) < 1, then we can find u € (a,b]
with M (u) < 1, and v > 0 with M (u) + M (v) = 1. Hence, if we define z = (u,v,0,0,...),
then = € S(Ipr) and z is not a WURP of B(lps) by Theorem 2.24.

Next, we assume that [p; is rotund, i.e., M € Ay and M is strictly convex on
[0, M~1(1/2)]. If (b) holds, then for every z = (z(i)); € S(ln), we have |x(i)| & (a,b]
for all i € N and all SAT [a, b] of M. Therefore, Theorem 2.24 shows that x is a URP of
B(lwy).

Suppose M € Va, z = (2(4)) € S(Im) and |z(j)| € (a,b] for some SAI [a,b]. Then
M(z(j)) > 1/2 since M is strictly convex on [0, M ~1(1/2)]. Thus, for i # j, we find
M (z(i)) < 1/2, and thus, |x(4)| & [a, b] for any SAI [a,b] of M. This also implies that x
is a URP of B(lps) by Theorem 2.24. m

Let Y be a dual Banach space. A point € S(Y) is called a w*-uniformly rotund point
(W*URP) of B(Y') provided that z,, € B(Y) and ||z + x,,|| — 2 imply z,, — x *weakly.
If every point of S(Y) is a W*URP of B(Y), then Y is called a w*-uniformly rotund
(W*UR) space.

T. Wang & Z. Shi [247], T. Wang, Z. Shi & Q. Wang [251], T. Wang & Q. Wang
[255] and T. Wang, Y. Wu & Y. Zhang [259] obtained all the criteria of w*-uniformly
rotund points for L§,, Las, 19, and lps, from which they derived necessary and sufficient
conditions for the four spaces to be w*-uniformly rotund. For instance, they proved that:

(I) LY, is w*-uniformly rotund iff M is uniformly convex.
(IT) I3, is w*-uniformly rotund iff M is uniformly convex on [0, mas(1)].

Without much difficulty, the reader may verify the above two results directly.

The locally uniform rotundity can be generalized to locally uniform k-rotundity
(LUKR). A Banach space X is called LUKR (k > 1) provided that for any ' € S(X) and
€ > 0, there exists § > 0 such that

lo' +z1+...+ak]| > (k+1)—4

implies A = A2/, x1,...,2) < &, where
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1 1 1
fi@) filz) oo fa(ze)
Al z1,...,x) = sup fa@')  folxr) ... fa(zk)
fieiB<(l;X*) ............................

Clearly, when k = 1, the LUKR coincides with LUR.
Z. Shi & Y. Fan [209] and Y. Cui [52] investigated the LUKR of Orlicz spaces and
obtained the following results.

THEOREM 2.29. (i) LY, (or La) is LUKR (k > 1) iff it is LUR.

(ii) 18, is LUKR (k > 1) iff M € Ay NV and M is strictly convez on [0, mpr(1/k)].
(iii) lps is LUKR (k > 1) iff (a) M € Ay and M is strictly convex on [0, M~1(1/(k
+1))] and (b) M € Vo or M is strictly convex on [M~(1/(k + 1)), M~1(1/k)].

To end this section, we introduce a concept which is closely related to LUR.

A Banach space X is said to have the WM property if z, z, € S(X) and ||z + z,| — 2
imply that there exists a supporting functional f of x such that f(z,) — 1.

It is known that X is LUR iff (a) X is rotund, (b) X is LUKR and (¢) X has the WM
property.

S. Chen, Y. Lu & B. Wang [37] and S. Chen & Y. Duan [24, 25] showed that:

(1) 1, has the WM property iff (a) M € Ay N V3 and (b) for any SAI [a, b] of M, if

2N (p(a)) + N(p(b)) < 1, then p is continuous at both a and b.

(ii) Ips has the WM property iff (a) M € Ay and (b) if M is not strictly convex on
[0, M~1(1)] then M € V.

(iii) LY, has the WM property iff M € Ay N V4 and p is continuous at @ and b for
every SAIT [a, b] of M.

(iv) Ips has the WM property iff (a) M € Ag and (b) M € Va or M is strictly convex.

2.4. Mid-point locally uniform rotundity and uniform rotundity in every
direction. Recall that a Banach space X is mid-point locally uniformly rotund (MLUR)
if, for any x € S(X) and z,,, y, € B(X), xn + yn — 2z implies x,, — y, — 0.

THEOREM 2.30. (i) LY, is MLUR iff M € Ay and M is strictly conver.
(ii) 18, is MLUR iff M € Ay and M is strictly convex on [0, mpr(1)].
(i) Las or lpr is MLUR iff it is rotund.

We need the following lemmas to prove the theorem independently of Theorem 2.10.

LEeMMA 2.31. If {z,} is bounded in LS, k, € K(xy,) and k, — oo, then x, — 0 in
measure.

Proof. Foreach o >0, set Gy, = {t € G : |z, (t)| > o}. Then
o_ 1 1
lzall® = [+ orr (knwn)] = = M(kno)pGon.

Applying the fact M (u)/u — oo as u — oo, we derive uG,, — 0. m
LeEmMA 2.32. If x, — x # 0 En-weakly, then
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(i) there exist « > 0 and € > 0 such that p{t € G : |x,(t)| > a} > € for all large n,
and

(ii) if moreover, M € Ag and M is strictly convez, then ||z,||° — |lx||° implies
Ty, — .

Proof. (i) Since x # 0, there exist § > 0 and 6 > 0 such that uF > 0, where
E={teG:|z,(t)] > B}. Let m € N satisfy §2™ > 2. If (i) does not hold, then we may
assume

w{t e G|z, (t)] > B/2} <27™™ "  (neN)
(passing to a subsequence if necessary). Set F' = J,{t € G : |z,(t)| > 3/2}. Then
pF <27™ < 0/2,and t € G\ F implies |2, (t)| > /2. Define v(t) = xp\r(t) sign z(t).
Then v € Ex and

(v, 2 —aa)| = (v, 2)] = [(v,20)] > Bu(E\ F) =27 Bu(E \ F) > 35/4,

contradicting the assumption that x, —  En-weakly.

(if) Without loss of generality, we may assume ||z,[|° = ||z||° = 1. Observing that
xn, — z En-weakly is nothing but z, — x *-weakly, we deduce that ||z, + z||° — 2|z|°
= 2. Let k, € K(xy,) and k € K(z). Since (i) and Lemma 2.31 imply that {k,} is
bounded, Lemma 2.26 (iii) shows that k,z, — kz in measure.

In the following, we show that k,, — k. This will yield

om (knxn) =1—k, = 1—k = onp(ka)

and then, by Theorem 1.41, z,, — z, completing the proof.
For any € > 0, choose v € En such that on(v) < 1 and (v,z) > 1 —e. Applying
Theorem 1.27, we can find § > 0 such that uF < § implies

Ve dt < Jusly <e.
E

Since k,x, — kx in measure, there exist F,, € X' (n € N) with puF,, < ¢ such that
|knan(t) —kz(t)] <e/llxcl® (€ G\ Ey)

for all large n. Hence, by the Holder Inequality, when n is large enough,

12> | |z (®o(t)|dt > | (t(t)| dt — e
G G\E,

> (1—-2e)k/k, —e.

o2

This shows that limsup,, k/k, < 1.
On the other hand, since z,, — = En-weakly, again by the Holder Inequality, for all
large n,

k
l-e<(v,z)< S k—x(t)v(t) dt + e+ |lvxe, |In < k/k, + 2e.
aA\E,

Therefore, liminf,, k/k, > 1. =
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Proof of Theorem 2.30. (iii) follows immediately from Theorems 2.2, 2.7, 2.28
and the general implications LUR = MLUR = R (rotundity). Moreover, since the proofs
of (i) and (ii) are parallel, we only prove (i).

Sufficiency. For any z, xy, y, € S(LY,) satistying z,, +y, — 2z, it suffices to show that
{zy} and {y,} have subsequences {z,, } and {yn, }, respectively, such that x,, —yn, — 0.

Since the unit ball of a separable dual space is w* sequentially compact, {x, } and {y,}
have subsequences {z, } and {yn, } En-weakly convergent to z’,y" € B(L§,) respectively.
This implies &, +yn, — @’ +y" En-weakly. But a,, + b, — 2z, and we find 2/ + 3y’ = 2z,
ie., &' =y = z since LY, is rotund by Theorem 2.4. Hence, by Lemma 2.32, z,, — =
and y,, — z.

Necessity. By Theorem 2.4, M is strictly convex. If M & A, then there exist ux T oo
and disjoint sets G € X' such that

M((14 1/k)ug) > 2" M (ug), M (ug)pGy = 27"

Decompose each Gy, into Ej, and Fjy, such that uFy = uFy = 2*1qu and then define

oo 1 o0
z= Z UKXE, T 5 ZUkXFk,
k=1 k=1

o) 1 n—1
Ty = Z Uk XE, T 3 Z Uk X Fy s
k=1 k=1

00 1 n—1 o)
= = =n

Then z, + yn = 2z, [|z,]]° < ||2]|° and ||y, — Yn||® > ||Tn — ynl| = 1. We complete the
proof by showing that ||y, |° — ||z]||°- Let a € K(2), i.e.,

1 1 1 — o
°’Nl=—+— M E — M = Fy.
2= 5+ g 2 M+ S0 (G Jur

Then for any € > 0,

1 oo
- Z M(oug)uEy < e
k=n

for all large n. Therefore,

12)1° < [lyall® < o' 1 + onr(oyn)]
1 1 133 /a
== + - ;M(auk)uEk + o ; M(§uk>qu

1 o0
— M Ei < |2]|°+e.
+3  Mlauube < [l +c.
A Banach space X is called uniformly rotund in every direction (URED) if a,,2 €
X, |znll = 1, |2 + 2]| — 1 and |22, + z|| — 2 imply z = 0.
THEOREM 2.33. (i) Las or Iy is URED iff it is rotund.
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(ii) LY, is URED iff (a) M is strictly convex and (b) for any v’ > 0,¢ > 0 and
¢’ > 0, there exist v > 0 and D > 0 such that for any u > u/,

p((1+&)u) < (1+7)p(u) = p(u) < Dp(e'u).
(iii) 1§, is URED iff (a) M is strictly convex on [0,ma(1)] and (b) for any e > 0 and
e’ >0, there exist v > 0 and D > 0 such that for all small u,

p((1+e)u) < (1+7)p(u) = p(u) < Dp(e'u).
In the theorem, (i) results immediately from Theorems 2.2, 2.7 and Lemma 2.26. In
the following, we only prove (ii) since (iii) can be deduced analogously.
We first prove two lemmas.

LEMMA 2.34. Suppose that ., yn € B(Ly) and vy, € B(Ly) satisfy (v, Tn+yn) — 2.
Then for any Gy, € X, ky, € K(zy,) and hy, € K(yy,),

tim [ (£) = hngin ()]0 (£) dt = Tim { [M (R (£)) = M (hnyn (£))] dt
" Gp " Gp
provided that the limits exist and that {ky, hy}n is bounded.

Proof. By the assumption, (v,,z,) — 1, (vn,yn) — 1, and thus, by the Holder
Inequality,

[1+ onr(knn)] = [[zn|” — 1.

L Lon (o) + or1 (knan)] <

1 1
1« E(vn,knxn> < . T
This implies
VM (Bnn (£) + N (0 (£)) = B () (1)) dt — 0.
G
Since the integrand is nonnegative, we derive

V(M (ke (1)) + N(0a(£)) — knea ()on (D) dt — 0.

Gn
Similarly, we also have

S [M (hnyn(t)) + N(vn(t)) = hnyn(t)vn(t)] dt — 0.
Gn
The conclusion follows from the last two formulas. =

LEMMA 2.35. Given o € (0,1/2), € > 0, and v > 0, there exists § > 0 such that for
any u >0 and any X € [o,1/2] satisfying
(2.13) AM((1T+e)u)+ (1 —=NMu) < 1+ H)[MAIL+e)u+ (1 —Nu),
there exists 7 € [(1 4+ Ae)u, (1 + €)u] such that

(214) o) < (gt ).

Proof. Set
a=1+4+2x, w=AN14+e)u+(1-Nu=u+ leu.
Then w = (u + au)/2. Since
M(ou) = M((1 =2 )u +2X(1 4+ e)u) < (1 = 20 M (u) + 2AM ((1 + &)u),
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we deduce that
M(ou) + M(u) < 2AM (1 +e)u) + (1 — A) M (u)]

2(1+ 6) M1+ e)u+ (1 — Nu) = 2(1 + 6) M (w).

IAIA

Hence,
26M (w) = [M (o) — M (w)] — [M(w) — M (u)]
au (a+1)u/2
= S p(s)ds — S p(s)ds

(a+1)u/2 u

| [p(S) —p(s - a;1U)] ds

(a+1)u/2

> [p<s> —p(s - O‘;lg)] ds

(a+1)u/2

Since the integrand is nonnegative, there exists 7 € [27%(a + 1)u, au] such that

2901(u) > (= -4 o) - (7 - 2520

- a; lu[p(T) _p<11:;;€7>],

a+1 a+1 a+1
M(w) < wp(w) = —5 up( 5 U)S 5 up(7),

1+ o0¢ 14 Xe a+1
> > (1-24 .
p<1+2057> —p<1+2AgT> —< a—l)p(T)

The proof is completed by taking some § > 0 sufficiently small. m

Finally, as

we arrive at

Proof of Theorem 2.33(ii). Sufficiency. Assume that L9, is not URED, i.e.,
there exist z,,,z € L, such that ||z,[|° — 1, ||z, + 2|°® — 1 and |2z, + z]|° — 2 but
z # 0. Since M is strictly convex, K(z,) = {kn}. Without loss of generality, we may
assume that {z,} does not converge to zero in measure (otherwise, we consider z,, + z/4
and z/2 instead of x,, and z respectively). Hence, by Lemma 2.31, {k,,} is bounded. By
passing to a subsequence, we may assume k, — k (> 1) and 1 < k,, < 2k. Moreover, we
may assume that 2k||z]|° < 1 and that {x, + 2z} does not converge to zero (otherwise,
instead of z, we consider 8z for some 5 > 0).

Let yn, = x5, + 2z and K(yn) = {hn}. Then we can also assume that h, — h (> 1).
Since by Lemma 2.26, k,x, — hpy, — 0 in measure, we find that k # h. Without loss of
generality, we may assume k > h and k,, > h, for all n € N and k,x, — hpy, — 0 p-a.e.
on G. Set \, = hy,/(kyn + hy). Then A\, — h/(k + h) and thus, o < A,, < 1/2 for some
o> 0.

Pick ¢ > 0 such that uE = d > 0, where E = {t € G : |2(¢t)| > ¢}. For any € > 0,
by the assumption, there exist D > 0 and v € (0,1) such that 7 > o¢ satisfying (2.14)
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implies
1+o0e €
. < —T .
(2.15) p(1+2057> _Dp<2kT)
Select § > 0 such that § < A < 1/2 and (2.13) imply the existence of 7 € [u+ Aeu, u + cu]

satisfying (2.14).
Since ||2kz||® < 1, by Theorem 1.21, gpr(2kz) <1 and

(2l p(21)) = ear(2) + en(p(]2) < 2.

Therefore, there exists « € (0,d/2) such that uB < « implies

(2.16) (2l (2 B) < om(2kz|p) < e.

S
4kD’
Recalling that k2, — hpy, — 0 p-a.e. on G, we can find F € X such that u(G\ F) < «

and k., — hpy, — 0 uniformly on F and |z| < D’ on F for some D’ > 0. Noticing that
w(ENF)>d/2, we deduce that

h h d he
. > > — .
(2.17) QM(k_hZ|F> > QM(k_hZ|FﬁE> > 2M<k—h)

For each n € N, set

Ap ={t € G\ F : 2n(t)yn(t) < 0},
I, ={t € G : max{|knz,(t)], |hnyn(t)|} < e},
In =A{t € G : [knan(t) = hnyn(t)| < € max{|knan (t)], [fnyn (t)[}},

H, = {t €eG:(1+ 6)M(kf7f2n (zn(t) + yn(t)))
< e M) + T M (hai(0)

Qn={t€ G\ (FUA): [2(t)| <elzn@)] or [zn(t)] < |yn(t)[},
T,.=G\(FUA,UL,UJ,UH,UQ,).

Pick v, € B(Ln) such that v, (t)[z.(t) + yn(t)] > 0 and (v, 2, + yn) — 2. Then
(Un,xn) — 1 and (v, yn) — 1, and thus,

k—h=lim(ky — hy,) = lim V on () ko (t) = By (1)) dt.

In the following, we estimate the above integral.

(a) Since k,xy, — hpyn — 0 uniformly on F, for all large n,
V[ lonn (t) = i ()]vn ()] dt < e,
F

(b) Notice that x,(t)y,(t) < 0 implies z,(t)z(t) < 0 and |z,(t)] < |z(t)]. For any
A € ¥ contained in A,, by (2.16),
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V1M (B (£) = M By (£))] dt < \[M (b (1)) + M(hoyn (1)) dt
A

i
A
< 2| M(2k2(t)) dt < 2.
A

Hence, by Lemma 2.34, when n is large enough,
V 1o (t) = By () (1)] dt < 4e.
An
(c) Clearly, by the Holder Inequality,
V ez (t) = g (B)]va (8)] dt < 2¢]xc]°-
I7l
(d) We have
V 1lEnn (8) = hynlon(8)] dt < & | [hnwn ()] + g (Ol]|on (£)] dt < &(kn + D).
Jn JIn

(e) Using the method of the proof of Lemma 2.26, we can easily deduce that, for each
H € X contained in H,,

1) 1 1
—_— — M (kpx,(t — M (hpyn(t t<2— |z, nl|® .
1+5Mkn (b () + M (it (0)] dt <2 = i + 3, =0
Therefore, for all n large enough,

V o (t) = hugn(®)]on ()] dt < e.

Hy

() By (2.17),
1 h d hc

HQM(kn$n|F) > om(xn|F) — QM(k hZ|F> §M<k — h>'

Combining this with

o o 1
L lzall® = =1+ enmr(knznlq,) + o (kntnlone,)] 2 12nlQulI” + =0 (kn@n|r)

k_ kn
d hc
S ()| dt + M(k h)
when n is large enough, we have
d hc
| oo ()] dt <1 - gM(k — h).

Q’Vl

Assume x,(t)v,(t) > 0. Then by v, (t)[2n () + yn(t)] > 0, we have x,(t)v,(t) > 0 and
Yn(t)vn (t) > 0. Hence, if |z, ()] < |yn(t)|, then z,(t)z(¢) > 0, and so

O (O)[knzn(t) = hayn ()] = (kn = hn)Tn ($)vn(t) = hnz(@)va(t) < (kn — hy)z, (t)on (1),
and if |z(t)| < e|zn(t)], then
Un () [kn@n (t) — hpyn (D] < (kn — hp)xn (), () + ehpan (8)vn ().
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Therefore, for all large n,

V enn () = By (8)]0m (8) dt < (ki — By + £hr) | 2 () (1) dt
Qn Qn

< (kn —hn+shn){1 - gM(;ich)]'

(g) For each t € T},, observing that t ¢ Q,, U J,, U A,, implies
ehnlyn ()] < ehnlzn(t)] < knlzn ()] — hnlya(t)],
by Lemma 2.35 and ¢ ¢ H,,, there exists

Tn(t) € PAnkn|Tn ()] + (1 = An)hnlyn (B)], kn |z (2)]]

such that

) < (14 )0 {pmeralt)):

Noticing that ¢t & I, U Q,, implies 7,,(t) > Apkn |z, ()| > oe, by (2.15), we have

(t
() < (14 1)) < 2Dp( o).

It follows from t ¢ H,, U Q,, that
An M (kn@n (1) + (1 = An) M (hayn(t)) <
<

(1 + )M (Apknzn(t) + (1 = Ap)hnyn(t))
(L+6)M(mn (1) < (1 +6)7n()p(Ta(t))
2

D1+ 070 570

IN

< 201+ 8)knlon Ol 1)

4
< - Dk(1+0)=(®)Ip(l=(@)]).
This and (2.16) imply that
4
} a2 (e () 4 (1= ) M (B (£)] dt < —DE(1+8) | [2(0)lp(|=(0)]) dt < (1+6)e.
T, G\F
Thus, by Lemma 2.34, for all large n,

V 1on @) Fnan(t) = huyn (D] dt < 2 | [M (ko (£)) + M (hoyn (1)) dt
Ty Ty

< 2(kn + hn)(1 +0)e.

Since € > 0 is arbitrary, from (a) to (g), we derive a contradiction:

k—h< (k—h)[l—gM<kfiCh>]

Necessity. Since URED = rotundity, by Theorem 2.4, M is strictly convex, or equiv-
alently, the right derivative ¢ of its complementary function N is continuous. Keep in
mind that in this case ¢(p(t)) =t for all ¢ > 0.
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If (b) does not hold, then there exist € > 0 and uy T co such that for every k € N,

(2.18) p((1+e)ur) < (L +1/k)p(ur),  pluk) > k2"p(euy).
Passing to a subsequence if necessary, we may assume
(2.19) lilgn N(p((1+ e)uk))/[urp(ug)] = r.

Observing that
N(p((I+e)ur)) < (14 )urp((1 +)ur) < (1 +2)(1+ 1/k)urp(ur)

and
P(uk) 1
N > | als)ds > cunlptun) - pewn)] = =1 1 )unp(u)
p(eur)
we deduce that ¢ <r <1+ ¢. From

N(p((1+e)uk)) = N(p(ur)) < (14 )ur[p((1 + €)ur) — plur)]
1+e¢
k+1

1+4¢
up((1 + €)uk) <

IN

ugp(ug)

(see Graph 1.1, p. 8), we also have
(2.20) liin N(p(ur))/[wep((1 + €)ug)] =7

Define -
- $o(5)) o))

Then 0 < § < 1. Let 8 =¢/(0e + 4r). Without loss of generality, we may assume

3 g
ZUIP(ZUI>NG > 3.

Hence, there exist disjoint Gy, € X' (k € N) such that
Zukp<iuk>qu =27"3,
so that - -
Z Eukp<iuk)MGk =p ZNQ?(E?%))MGJ@ =08 <1
4 4 ’ 4
k=1 k=1
Since (1.5) and (2.18) imply

2 2
> 2" p(eun)q(p(eun)) pGr > nf,

we may choose, for all large n, F,, € X contained in G,, satisfying

N(p(un))puGn > lp(un)q (p(u") ) nGr,

(2.21) N(p(un) By =1 — Hﬁ—l—N(p(Zun))uEn

(clearly, uE,/uG, — 0 as n — o0). Let F,, = G, \ E,, and define
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13
k=Y chp<4wc>u0k - 4unp(4un>uF

k#n

Obviously, by (2.18)—(2.21),
3
k=1limk, = 3+ lim (1 + ZE) Unp(ty) By,
1 3\ ..
=p+ - (1 + ZE) hinN(p(un))uEn

—6+%(1+%5)(1—95)_%(1+5)(1—9ﬂ),

h_h}}lhn_6+%<1+§)(1—aﬁ)_%(Hza)u—oﬂ).

Define
T i Z —u + u 1+ §a U
k#n
1 €
Yn =7~ [Z TUkXGr t 4unXFn (1 + 5)“71)(&}
" Lktn
von =Y p( Zur )x, +p( Zua ) xr, — plun)xe,.
k#n 4 ' 4 ’ ’

Then by (2.21), on(v,) = 1 and thus, (2.19) and (2.20) imply

1
lim sup ||z, || < lim sup k_[l + on (kny))

n

. 1
= lim sup k_[QN (vn) + QM(ann)]

3
lTIln [Z 4ukp(4uk),qu + (1 + 4a>unp(un)uE } 1.

Similarly, we have limsup,, ||y,||° <1 and

mn n

1 1
liminf ||z, + yn||° > liminf(v,, z, + y,) = lim {k—@n, knxn) + h—(vn, hnynﬁ = 2.

But if we let
(14¢e)hy,

Y (t) = myn(f%
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then ||y!, — yn||® — 0 and
g2
/

1 1+¢
Yp — Tn = k |:1+3€/4 :| ZukXGk k128+16 ZlukXGka

contradicting the URED of L§,

COROLLARY 2.36. If M is strictly convex and M € Ay or for any € > 0, there exists
v > 0 such that p((1+ e)u) < (1 +)p(u) for all large u, then LY, is URED.

Proof. If M is strictly convex and for any € > 0, there exists v > 0 such that
p((1+e)u) < (1 +7)p(u), then by Theorem 2.33, LY, is URED.

Now, suppose that M is strictly convex and M € As. For any [ > 1, we can find
K > 1 such that M (2lu) < KM (u) for all large u. Hence, for all large u, by (1.5),

21 M (2lu) < KM(u)

2lu - U

2lp(lu) < < Kp(u).

It follows from Theorem 2.33 that L$, is URED. =

2.5. Uniform k-rotundity. Let X be a Banach space. If for any x,,y, € B(X),
|zn + yn|| — 2 implies ||z, — yn|| — 0, then X is called a uniformly rotund (UR) space.
X is called uniformly k-rotund (UkR) (k > 1) provided that for any € > 0, there exists
d > 0 such that zg,x1,...,2; € B(X) and ||zo + 21 + ... + 2kl > k+ 1 — § imply

A(zo,...,xx) = sup <e.
FLEB(X™) |t

i<k | fe(zo)  fe(z1) oo falzw)
Clearly, UR < UIR = UkR = U(k + )R (k > 1).

THEOREM 2.37. For any k > 1, Ly or LS, is UkR iff (i) M € Ay and (ii) M is
uniformly convex.

Proof. We only consider L9, the other one is analogous, but easier to prove.

Sufficiency. Let xp,y, € S(L§,) satisfy ||z, +ynl|° — 2 and K (z,) = {kn}, K(yn) =
{hn}. Since the uniform convexity of M implies M € Vg, by Theorem 1.35, 1 < d =
sup,, {kn, hn} < co. Set

¢ kny, hn, b kn, hy
R R " Ve + B o+
Then [a,b] C (0,1). For any v’ > 0 and 0 < € < 1/2, since M is uniformly convex, by

Proposition 1.3 (3), there exists 6 > 0 such that A € [a,b] and |u — v| > e max{|ul, |v|} >
eu’ imply

MQMu+ (1=XNv) < (1-=0)[AM(u)+ (1 —-MNM(©w).
For each n € N, let
Gn={t € G: |knwn(t)], |hnyn(t)| < Ul}a
E, ={te€ G:|kx(t) — hpyn(t)] < e max(|knzn(t)], |hnyn(t))},
F,={t € G: |knzp(t) — hpyn(t)] > e max(|knzn ()], |hnyn(t)]) > eu'}.



2.5. Uniform k-rotundity 85

Then from kyhy, /(ky, + hy) < d/2 and op(knxn) + o (hnyn) = kn + by — 2, we deduce
V M(knwn(t) = huyn(t)) dt < | M(20)dt < M(20')uG

Gp Gn
and
E, E, 2
<& | [M(Bnn (1) + M(hnyn(1)] dt < £(2d — 2) < 2zd.
E,

Furthermore, if we define f,,(¢) as in (2.6), then as in the proof of Lemma 2.26,
0=2—|lznll” = ynll* > | fu(t) dt

G
> | L%M(knxn(t)) + %M(hnyn(t))] dt

mn
Fn

>26 | M(k"‘rn(t) 3 h"y"(t)> dt.

Frn
It follows from M € As that |[(knan — hnyn)|F,||° — 0. Combine this with the arbi-
trariness of v’ and ¢ to derive ||knzn — hnyn||® — 0. This implies ||, — yn||° — 0 since
kn = hn = [[knan || = [|nyn [ — 0.
Necessity. Since k-uniformly rotund Banach spaces are reflexive, we have M € As.
Moreover, by Theorem 2.11, M is strictly convex. If M is not uniformly convex, then by
the proof of Lemma 1.17, there exist € > 0 and u,, T co such that

(2.22) p((1 +&)uy) < 1+ 1/n)p(uy) (n€N).
Without loss of generality, we assume N(p(u1))uG > 1. Pick G™ € X such that
(2.23) [EN(p(un)) + N(p((1 + &)un))IpG" =k +1
and set
1 n
kn = k—_i_l[k:unp(un) + (14 &)unp((1 + &)uy) | uG".

Then we part1t1on G" into {G1}F_, such that uG? = k—LuG” (i=0,1,...,k) and define

[un Z xer +(1+e¢ unXG”} {Un Z xan + (14 &)unxar
J#i
fori=1,...,k, n € N. Clearly, on(p(knz )) = 1 and thus, ||z]]|° = (p(kpz]),2?) = 1.
Define v, = p(un)xgn. Then on(v,) <1 and s
1 k k
k+1 H ;xl

=0

—_

= m[kunp(un)uG” + (1 + &)tnp(un) uG"]

> (1 + %) 7 m[kunp(un) + (L4 2)unp((1 + €)un)nG"
=(1+1/n)"" =1
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Let ¢, = (k+ 1)"'uG"™, o, = N71(1/c,) and b = [(k + 1)(1 + €)]7*. Then by (2.23),
N(p(un))uG™ < 1, 50 p(un) < N7H1/uG™) < ay,. Hence, (2.22) and (2.23) imply

1< (14 8)unp((1 4 &)un)pG™ < 2(1 4 €)unp(un)pG"™ < 2(1 + €)(k + 1)cpantn,.
Define gf = anXxgr. Then [|g]'[|y =1,i=1,...,k, n € N. Let

1 1 1
A, = g7 (zg) g7 (2f) g7 (x})
ge(@g)  gp(@t) ... gi(zy)

Subtracting the first column from all other columns in the determinant and expanding it
by the first row, we calculate

k
€
An - nCnln k >l 5
(Cancntin)” 2 (2(1+a)(k+1)>
which shows that L§, is not UER. =
THEOREM 2.38. Let k > 1 be an integer.

(i) lp is UKR iff M € Ay and M is uniformly convez on [0, M~1(1/(k + 1))].
(ii) 13, is UkR iff M € Ay and M is uniformly convezx on [0, mar(1/k)].

Before proving the theorem, we present a lemma.
LEMMA 2.39. The following are equivalent:

(1) M is uniformly convex on [0,a],i.e., for any € > 0, there exists & > 0 such that
u,v € [0,a] and |u — v| > e max{|ul, |v|} imply

M(u—zi—v) < (1_5)M(u)—£M(U)'

(2) For any B € [0,a], b > a and € > 0, there exists § > 0 such that max{u,v} <
b, 0 < min{u,v} < B and |u — v| > emax{u,v} imply

M(“T”) < (1 - oMW+ M(v)

2

> a and e > 0, there exists 6 > 0 such that

(3) For any integer m > 2, 3 € [0,a), b
1<ji<m} < and

max{u; : 1 <j<m} <b, 0<min{u;:
max{|u, —u;j|: 1 <n,j <m}>emax{u;:1<j<m}
imply
1 & 1
M(—= J>a-0~ ).
(22 w)=a-0L 3 aw)
Jj=1 j=1
Proof. An easy exercise. m
Proof of Theorem 2.38. We only prove (i) and leave (ii) to the reader.

Necessity. Since UkR spaces are reflexive and k-rotund, it follows that M € Ay and M
is strictly convex on [0, M ~*(1/(k + 1))] by Theorem 2.11. Hence, if M is not uniformly
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convex on [0, M~1(1/(k + 1))], then there exist ¢ > 0 and w, | 0,v, | 0 such that
Up — Uy > €Uy, and

M<un—2|—vn) . <1_1) M) + Mon) ) o

n 2

Define w,, = (2k)~'[(k — V)uy, + (k + 1)v,]. Then M (v,) < M(wy,,) < M (uy,). For every
n € N, choose an integer m,, such that

mp[M(uy,) + kM (w,)] <1, (my, + 1)[M(up) + kM (wy,)] > 1.
Then there exists ¢,, > 0 such that
M [M (up) + kM (w,)] + M (t,) = 1.

Clearly, t,, — 0 as n — oo. Define

kmo, My
Ton = Wy ooy Wy Upy -« -y Uny 6y, 0,0,..0),
Mn kmy,
T = (Uny ooy Upy Wryy - oy Wiy £, 0,0, ..,
M Mo, (k—1)m,,
Ton = Wn,y ..., Wy, Upy .oy U, W,y ooy Wy B, 0,0,..0),
(k—2)m, My 2may
The1m = (Wn, .., Wns Uny - o oy Uny Wny -« -, Wh, £, 0,0, .. ),
(k—1)m,, Mp My
Thm = (Wn, oy Wiy Unyy - ooy Uny Wiy - -y Wiy £, 0,0, .).

Then onm(zjn) =1, j=0,1,...,k, n €N, and

k
1 Up + U
oM <—k 1 j_zoxj,n) =(k+ 1)mnM( 5 ) + M(tn)

> (ot ) (1 2 ) B0 () + M ()] + M 1)

> (1 —=1/n)[mpM (upn) + km,M(wy,) + M(t,)]=1—-1/n— 1.

This implies ||zon + ... + 2| — &+ 1.
Now, we estimate A(xg p, ... Tkn). Set ¢, = [myM~1(1/m,)]~! and

GO
—N— A
fin=100,...,0,2,...,¢1,0,0,...) (j=1,....k,neN).
Then by Example 1.22, || f;»]|% = 1 and hence, by the same method as in the proof of
Theorem 2.37, we calculate

1 1 1
A(IOn xkn) > fl,n(xo,n) fl,n(xl,n) fl,n(xk,n)
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Since t, — 0, we may assume m, (k + 1)M (u,) > 1/2. Therefore,
U, - Up, - 1
M= (1/mn) = M2k +1)M(un)) ~ 2(k+1)

This leads to a contradiction:

0 Ao, Thn) > {%r - <i>k

Sufficiency. Let xop,...,xpn € S(lar) and 91\4(chle Z?:o a:jﬁn) — lasn — oo. We

have to prove that for any v > 0, A, = A(zon, .., Tkn) < O(7) as n — oc.
Select € > 0 such that (k+ 1)e < 1, and

CpnMpUp =

om(2) < (k+ e = |z <~

and
om(x) <1, 0m(y) < (k+2)e = lom(z +y) — em(z)] <7
(the existence of such an e results from Theorem 1.23 and Lemma 1.40).
Next, we choose 3 € (0, M~*(1/(k + 1))) such that kM (3) + M((1 +¢)3) > 1 and
define

In = {i € N max{fajn(i) — xn (i)} <emax{lz;a ()]},
Jn ={i € N\ I, : (2;,()); have different signs,
or the same signs but min{|z;,(?)|} < 5},
j
K, =N\ (I, UJy).

We shall estimate

1 1 1
A, = sup <y1,l“0,n> <y1,l“1,n> <y17$k,n>
S e wom) (T e (kD)
221 y1(9)[x1,0(3) — w00 (3)] ... 221 Y1 (9) [Tr,n (1) — 0, (7)]
S USUD | et
5=t | S5 e ern(6) — 2] S D) — 70000

in three steps.
First, by the choice of I, and ¢,

om (@jn = 200)1,) = D M(@jn(i) = 20n(i) <Y M(e(|20.n (D) + .- + |2n(D)])

icl, icl,
k
1 .
< (4 D2 30 (g D loan@) < 3 aarlasa) = (-4 1
i€l, 7=0
for 7 =0,1,..., k. Hence,
| 00D =20, (2]

i€l,

< ||(Ij,n_IO,n)|In|| <7 (] = 1,...,/€, h = 1,...,/€, n e N)
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Second, we show o ((zjn — on)|s,) — 0 as n — oo for each j = 1,..., k. Indeed,
applying Lemma 2.39, we can easily deduce the existence of § > 0 such that

<k+1z‘”ﬂ” )— ;lfHZM%n())

for all ¢ € J, no matter if {z,,(7)}; have the same signs, or different signs but
min{|z; ()] : 5 =0,1,...,k} < 8. Hence,

k k
1 1
(2.24) 0= 27 Z om(Tjn) — om <k—+1 Z Jf;n)
7=0 7=0
1 < 1 o
> 3 [y 2 M) = M (g a9
i€y 7=0 7=0
5 k
>
< rrl ZM(CCJ,H(’))
i€Jn j=0
5 2 )y Mz n(1)) + M(=20,n(7))
k+1 . 2
1E€Jp
20 T o
> jin L0 — 1,k
—k+19M< 2 Jn> U=
This implies oa (2, — Zon)|s,) — 0 as n — oo for each j = 1,...,k since M € A,.

Therefore, for all large n,
[(yns (@50 = 20.n) 50 < (@50 = T0.0) || <
forallh=1,....kand j=1,... k.

Finally, we claim that K,, contains no more than k different numbers. In fact, if
this is not true, then we may assume 1,...,k +1 € K, 20,(1) = max,<g |x;,(1)],
and z1,,(1) = min;j<g [xj,(1)]. From the definition of K,, we have z1,(1) > § and
20,n(1) — x1,,(1) > €x0,5(1), so that zg (1) > (1 4 ¢)5. Combining this with the choice
of 3, we obtain a contradiction:

Mk

1= ,Ton LL‘Qn >M((1+€)ﬁ)+kM(ﬁ)>1

7=0

Hence, without loss of generality, we assume K,, = {1,...,k} for alln > 1 and lim,, x; ,(¢)
=a;(i), =0,1,...,k, i =1,...,k (passing to a subsequence if necessary). Since the
first two steps imply

Wi, (10 —zom)lk,) - Y1, (@Trn — Ton)|K,)

Y ks (1 — mon)lk,) oo Wk (Tkn — Ton)|K,)
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Noticing that (2.24) implies
0o k 1 k
5 {7 M)~ (g st | 0
i=1 J=0 3=0

as n — oo, we find

kileag) (k+1zaj ) (i=1,....k),

which shows that (a;(i)); are in the same SAT of M, i =1,...,k. Say M(u) = cuu + f;
on such an interval, : =1,... k.

Since the first two steps prove oar ((25,n —Ton)|1,00,) < (k+2)e,j=1,...,k, whenn
is large enough, the choice of ¢ implies |oa (0|1, 00, ) —0Mm (Ton|r,00, )| <V, 3 =1,..., k.
It follows from ons(xj,) = 1 that |oam (i nlk, ) —om(Ton|k, )| < v for all large n. Letting
n — 0o, we derive

k
> ailas (i) — aoi))| <.
=1
Thus,
0i(0) — a0(1) < =] S alas () o) + L (=10, b)

Noticing that 0 < M'(3) < M'(a;(i)) = a; < M'(M~1(1)), i = 1,...,k, it is easy to
deduce that

Expand the determinant into (k — 1)*~! determinants of order k. Then each of them has
the form

(yi(s1) = Z2ya(1) (aa(s1) —ao(s1)) - (ya(sk) — Z201 (1)) (ar(sk) — ao(s))

Since each s; is between 2 and k, each such determinant has at least two columns pro-
portional. Therefore, it vanishes and thus, A, < O(7). =

2.6. Full convexity and weakly uniform rotundity. Let k& > 2 be an inte-
ger. A normed space X is said to be fully k-conver (kC) if for every sequence {z,} in
B(X), |xn, + ...+ n, || = k as nq,...,n, — oo implies that {z,} is a Cauchy sequence.
It is known that UR = kC = (k + 1)C (k > 2), and kC spaces are reflexive and rotund.

THEOREM 2.40. Let X = Ly, L, Iy or 1§, Then X is kC iff it is reflexive and

rotund.
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Before proving the theorem, we introduce a lemma.

Let {x,} be a sequence in an Orlicz function space. We say that {x,} is norm equi-
continuous if for any € > 0, there exists § > 0 such that uF < ¢ implies ||z, ||| < € for
every n € N. If {z,} is a sequence in an Orlicz sequence space, then it is called norm
equi-continuous provided that for any € > 0, there exists i’ € N such that ||z,|7|| < e for
all n € N, where I = {i e N:¢ >}

LEMMA 2.41. Suppose that {x,}n>0 is a sequence in an Orlicz function (or sequence)
space. If it is norm equi-continuous and x, — xo in measure (coordinatewise for sequence
spaces), then x, — xo in norm.

Proof. An easy exercise. m

Proof of Theorem 2.40. We only need to show the sufficiency. Let {z,} be a
sequence in B(X) such that the norm of z, + x,, tends to 2 as n,m — oo. Applying
Lemma 2.27, we can easily deduce that {z,} is norm equi-continuous. Observing that
Lemma 2.26 implies that x,, — 2o in measure (coordinatewise for sequence spaces) for
some o € X, the conclusion follows from Lemma 2.41. m

A Banach space X is called weakly uniformly rotund (WUR) if z,,y, € B(X) and
|zn + ynl| — 2 imply z, — y, — 0 weakly. X* is said to be weak® uniformly rotund
(W*UR) if 2,y € S(X*) and ||z, + yn|| — 2 imply x,, — yn — 0.

THEOREM 2.42. LY, or 13, is WUR iff it is UR.

Proof. The sufficiency is trivial.

Necessity. We only consider L4,. The proof for [$, is analogous. By Theorem 2.28,

M € Ay NVq and M is strictly convex. If M is not uniformly convex, then there exist ¢
in (0,1) and u,, T oo such that

p((1+e)un) < (1+1/n)p(un).

Pick a > 0 and A € X such that pA < pG and N(p(a))pA = 1/2. Without loss of
generality, we may assume N (p(u,))u(G\ A) > 1/2. Choose G,, in G \ A such that
N(p(un))pGy = 1/2 and define

1

kn = (1 +€)unp((1 + )un)nGn + apla)pd,  zn = 1~[(1 +e)unxa, +axal,
1

by = Unp(un)pGp + ap(a) A, Yn = h_[unXGn + axal.

n

Then since ox (p(knzn)) > ox ((hnyn)) = N(p(tn))iGu + N(p(a) = 1/2+1/2 = 1, we
have

”ynHo = <p(hnyn)vyn> =1,
lzall” < [+ onr(knn)] < %[mp(knxn)) + orr(knn)] =

> k_ <p(kn$n>a kn$n> =1

1
kn

Now, we estimate ||z, + yn||°. Since M € V3, there exists K > 2 such that N(2v) <
KN (v) for all v > p(uy). So, by the convexity of N,
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knhy 1+¢ 1 _ ehy,
e(esi (o)) =5 (e e ) =)

< N(p((1 +2)un) < N(<1 - %)p(uw)

< (1= 2 )N lptua)) + N p()

< N(plun)) + N (plun).

It follows that

ON (p(kf’fzn (2 + yn)>) = N(p(kf’fzn (1];;5 + %)un)>an + N(p(2a))pA
< (14 K/n)[N(p(un))uGn + N(p(a))pA] = 1+ K/n.

Hence, if we define

1 knhn
R K/np<kn Ty @t y")>’
then on(v,) <1 and thus,
1 kn + hy,

20 + ynll” = (Un, Tn + Yn) (1 + &)unp(un)pGn + ap(a) ]

>
1+ K/n knhn

1 l+e 1 11
=17 K/n{< " + h—n>unp(un)an + (H + H)GP(G)MA}

0 K/n;(l +1/n) { 1,;:5%1)((1 + &)un)uGr + éap(a)ufl + 1}
2
= — 2

(I1+K/n)(14+1/n)
Finally, we show that {x, — y,} does not converge to zero weakly. Indeed, since by
(1.5),

unp(n)pGn = q(p(un))p(un)pGn < N(2p(un))uGn < KN (p(un))pGr = K/2
and similarly, ap(a)uA < K/2, we derive
hn < kn < (14e)(1+ 1/n)upp(un) Gy, + ap(a)pA < 2K + K = 3K.

Therefore,
L Lol L0 uap(1+ €)un) — unp(un) G
n—Tp ) = 7T— — — = Un, Un) — UpP(Un n
auA XA, Y o . Kb p p H
€ € €
> b—gunp(un)HGn > ﬁN(p(un)),an = o

where b = sup,,{kn, hn} < 0o by Theorem 1.35. This shows that {y, — z,} is not weakly
convergent to zero. m

THEOREM 2.43. Lys is WUR iff it is reflexive and rotund.

Proof. Necessity. Suppose that Ljy; is WUR. Then by Theorem 2.28, M € Ay and M
is strictly convex. Since a weakly sequentially complete WUR space is reflexive, Theorem
1.58 yields that L, is reflexive.
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Sufficiency. Let xpn,yn € S(Lar) satisty ||z, + ynl| — 2. Then Lemma 2.26 implies
Zp —Yn — 0 in measure. For any € > 0 and v € L}; = En, by Theorem 1.27, there exists
d > 0 such that uF < § implies ||v|g||% < e. Take G,, € ¥ with uG,, < and

|20 (t) = yn ()] <elllza]l - oI (t€ G\ Gn)
for all large n. Then the Holder Inequality implies

(0,0 =yl < {20 (6) = ga @0 dt + 20 = yal - [[oXG, |3 < € +25 = 3¢. m
G\G.,
THEOREM 2.44. Iy is WUR iff it is reflexive and either M is strictly convexr on
[0, M~Y(1)] or M is uniformly convex on [0, M~1(1/2)].

Proof. Sufficiency. Suppose that [, is reflexive, i.e., M € AsNVso. If M is uniformly
convex on [0, M ~1(1/2)], then by Theorem 2.38, I, is UR, and of course, WUR. Now,
we assume that M is strictly convex on [0, M ~1(1)], and that z,,y, € S(lp) satisfy
|2 + ynl|l — 2. Since I is reflexive, x, — y, — 0 weakly is equivalent to x, — y, — 0
coordinatewise according to the proof of Theorem 1.62. Hence, we only need to show
Zn (i) — yn(i) — 0 for all ¢ € N as n — oco. If this does not hold, then there exists j € N
such that |z,,(j) — yn(j)] > € for some £ > 0 and infinitely many n € N. Thus, the strict
convexity of M on [0, M ~1(1)] implies

M<$n(j) +yn(j)) <(- 5>M($n(j)) + M(yn(4))

2 2

for some & > 0. Therefore,

1<—9M<x"+y" —M<M)+ZM<M>

] ? i 2
<1-— 5M(‘T"(3)) ‘2|' M(yn(5))

a contradiction.

Necessity. As in the proof of Theorem 2.43, we find that [, is reflexive and that M is
strictly convex on [0, M ~1(1/2)]. Hence, if the condition is not necessary, then M is affine
on some interval [a,b] C (M~1(1/2), M~%(1)) and there exist u,,v, | 0 with u, > v,
and u,, — v, > cu, such that

M(“” - ””) > (1= 1/n) M Qn) £ M(wn) - M) (e ).

Since u,, | 0, we may assume the existence of an integer m,, such that
min{ M (b) — M(a),1 — M(b)} > m, M (u,) > 2" min{M (b) — M(a),1 — M(b)}.
Choose a,, > 0 such that
M () + m, M (vy) = M () + my M (uy,).

Then pick ¢, > 0 satisfying
M) + muM(vy) + M(cn) = M) + mp M(uy) + M(e,) =1
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and define

Mn Mn

T = (byCn,Unye ey 00, 0,050 Yn = (Qny Cny Upy - o, Uy 0,0,..0).
Then it is clear that z,,,y, € S(Ipr) (n € N). Observing that
M) — M(an) = mpM(up) — mpM(vy,) < mp M (upn) < M(b) — M(a),

we have a < «,, < b. Hence,

QM(M) _ M(b+2°‘"> +M(cn)+mnM<u"+U")

2 2

> G{M(b) + M(an) +2M(cn) + (1 = 1/n)ma[M (un) + M(va)]}
> 5(1=1/n){enm(@n) + orr(yn)} =1 -1/n — 1,

ie., [|zn + ynl — 2.

On the other hand, since M € Ay, we can find § > 0 such that 0 < u < M~1(1)
implies M (eu) > 0M (u). Therefore,

M(b) — M(apn) = mp[M(uy) — M(v,)] = mp M (un — vy) = mp M (euy) > dmy, M (uy,)
> gmin{M(b) — M(a),1—M(b)} > 0.

This shows that {z,, — y,} does not converge to zero weakly. m
Now, we consider W*UR Orlicz spaces.

LEMMA 2.45. (i) If {xn} is a bounded sequence in Ly and it converges to zero in
measure, then x, — 0 Ex-weakly.

(ii) If {xn} is a bounded sequence in Iy and it converges to zero coordinatewise, then
T, — 0 hy-weakly.

Proof. We only prove (i). Suppose ||z,|| < K. For any v € Ey and € > 0, choose
d > 0 such that E € X and pF < § imply ||v|g||% < e. Since z, — 0 in measure, we can
find G,, € ¥ with uG,, <6 and |z,(t)] < e on G \ G, for all large n. Hence, for such n,

[z < | lea@o@)]dt+ | e (o) dt
G\Gn, Gy
<elxell - lollz + lleall - lv]e, I3 < elxell - llollF + ek
This shows that (v,2,) — 0 since ¢ is arbitrary. m
THEOREM 2.46. Lys or Iy is W*UR iff it is rotund.

Proof. Weonly deal with L,;. The necessity is trivial. Now, we prove the sufficiency.
Let @p,yn € S(Lar) and ||y, + yn|| — 2. Since M € Ag, we have opr((zn + yn)/2) — 1.

It follows from Lemma 2.26 that z, — y, — 0 in measure. Therefore, x,, — y, v 0 by
Lemma 2.45. =

THEOREM 2.47. LS, (13,) is W*UR iff M is uniformly convex (on [0, mar(1)]).

Proof. We also consider L9, only.
Sufficiency. Let zn,yn € S(LY,) and ||z, + yn||° — 2. Since the uniform convexity
of M implies that M € Vs, we find that {k,, h,}, is bounded, where k,, € K(z,) and
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hn € K(y,). Hence, by Lemma 2.26, k,x, — hpy, — 0 in measure. To prove z, — yn
— 0 En-weakly, it suffices to show k,, — h,, — 0 in view of Lemma 2.45.
Indeed, for any € > 0 and n € N, set

I, ={t € G: kplza(t)| <&, hnlyn(t)] < e},
Jn ={t € G |knan(t) — hnyn(t)| < emax(|kpzn ()], |nyn(t)])},
H,=G\ I,UJy,).
Then by copying the proof of Theorem 2.33, we can show |k,, — h,| < O(e), i.e., ky, — hy,
— 0.
Necessity. Let ¢ > 0 satisfy N(p(c))uG > 1 and choose E, F € ¥ such that E C F
and N(p(c))uF =1 and N(p(c))uE = 1/2. Since W*UR = R, we find that M is strictly

convex. Therefore, if M is not uniformly convex, then there exist u,, 1 oo and G,, C G\ F
such that

p((L+e)up) < (L4 1/n)p(un), (14 )unp((1+&)un)uGn =1/2 (n €N).
Hence, there exist F,, € X such that ' D F,, D E and
(2.25) N(p(un)uG + N(p(©)En =1 (n € N).
Define

kn = cp(c)uEn + (14 &)unp((1 + €)un)puGp,  hp = cp(c)pnEpn + unp(tn) uGn,

1 1
Ty = k—[CXEn + (1 +e)unxe,), Yn= h—[chn +unxa,], vn = p()xe, +(Un)Xxa,-

Then hy, < ky, < cp(c)uF +1/2 and
(2.26) Ky, — hy > cunp(un)uGyr > (14 1/n)  unp((1 4 &)un )Gy > ﬁ
Furthermore, by Theorems 1.29 and 1.30 and (2.25), ||yx||° = (vn,yn) = 1 and

lzn|? < i[l + onr (knn)| = i[@N(UH) + M(c)pEpn + M((1 + €)un)uGp]

< P + (1 4+ nnp((1 4 <unJuCa] = 1.

Next, we estimate ||z, + yn||°. Observing that (v,,y,) = 1 and that

(Un,s kn@n) = cp(c)pEn + (1 + &)unp(un)nGy
> ep(e)uBn 4+ (1 4+ 1/n) 11 4 )unp((1 4 &)un)uGr > (14 1/n) Ly,

we deduce that ||z, + ynl|® > (Un, Ty + yn) > 14 (1 +1/n)~" — 2. On the other hand,
since (xg,Zn — Yn) = (1/kn — 1/hn)cuE, by (2.26), {z, — y,} cannot converge to zero
En-weakly. m

2.7. Smoothness. Let X be a Banach space. x € X is called a smooth point if it has
a unique supporting functional f,. If every = # 0 is a smooth point, then X is called a
smooth (S) space. In this case, the mapping x — f, from X \ {0} to S(X™) is called the
supporting mapping.
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Moreover, if the supporting mapping is norm-weakly continuous, then X is called very
smooth (VS). If the mapping is norm-norm continuous, then X is called strongly smooth
(SS). X is uniformly smooth (US) provided that for any £ > 0, there exists 6 > 0 such
that z € S(X) and 0 < ||ly|| < § imply

(e +yll +llz =yl =2)/llyll <e.

Let f be a continuous function defined on an open set O in X and = € O. If for any

y € X, the limit
_ flz+hy) — f(z)
=1
0f(z)(y) = lim Y
exists, then z is called a Gateauz differentiable point of f. x € O is called a Fréchet
differentiable point of f provided that for any € > 0, there exists 4 > 0 such that
0 <||h|| < ¢ implies

[z +hy) — f(x)
h

—0f(z)(y)| <e

for all y € B(X).

X is called a Gateauz differentiable space if the set of Gateaux differentiable points
of every convex continuous function defined on a nonempty open convex subset of X is
dense in that subset. Moreover, if the above set is a dense G5 set in the relevant subset,
then X is called a weak Asplund space. X is called an Asplund space if the set of Fréchet
differentiable points of every convex continuous function defined on a nonempty open
convex subset of X is a dense G set in that subset.

LEMMA 2.48. Let © € Ly, and 6(x) # 0. Then there exist two different singular
functionals @; € S(L4) such that ¢;(z) = 0(z),i =1, 2.

Proof. Define G(n) = {t € G : n—1 < |2(t)] < n} and for each n € N, de-
compose G(n) into G1(n) and Ga(n) such that uG;(n) = 27'uG(n) (i = 1,2). Then
T = Y0 TXGy(n) Satisfy O(z;) = 0(x) (i = 1,2). Indeed, let § = 6(x). Then for any
e € (0,6/2), there exists m € N such that

m—1 1 < 1
m 0—2 H—¢

Since
n

t,s € G(n) = |z(t)] <n <

n—
for all n > m and all t € G;(n),

z @] _ Je@®)] S n=1 n—1 Jz@®)] _ =@
0—2 60—-2¢ " 0—-2" n 0 — 2¢ 0—e¢

It follows from the definition of 8 that

olz) 2 X | () e X 1 v(z)

n>m G, (n) n>mG,;(n)

:%Z | M(:__;E)dtZ%Z | M(;gjl)dt:oo.

n>m G(n) n>m G(n)
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This implies (x;) = 0(x) (i = 1,2). Hence, by the Hahn-Banach Theorem, there exist
singular functionals ¢; (i = 1,2) such that ||¢;|| = 1 and ¢;(x;) = d(z;, Ear) = 0(x;) (i =
1,2). Thus, by Lemma 1.49 and Theorem 1.54, ¢;(z) = 6(z) and ¢;(z,;) =0 (i,5 = 1,2,
i)

THEOREM 2.49. z € Ly, x # 0 is a smooth point iff (a) 6(z/||z]|) < 1 and (b)

Gx)={t e G:p_(l=z@®)|/|l=]l) < p(l=@)|/|lx]l)} is a null set. In this case, the supporting
functional of x is

v = [p(ll/llzI)/llp(=]/[l<)%] sign
= {p(z|/llzl)/[1 + o~ (p(|2]/l|z[]))]} sign z.

Proof. By Lemma 2.48, condition (a) is necessary. The necessity of (b) follows from
Theorem 1.78. To show the sufficiency, first we observe that Theorem 1.76 (ii) and Lemma
1.49 imply that all supporting functionals of = are contained in L%;. Then the conclusion
follows from Theorem 1.78 and the fact that

lp(zl/l=DIF = /=l (2l /= DIfv) = ear(z/llz]) + en(p(lzl/lz]])). =

We say that M is smooth if its right derivative p is continuous.

THEOREM 2.50. (i) Epr is a smooth space iff M is smooth.
(ii) Las is a smooth space iff M € Ay and M is smooth.

Proof. For any x # 0 in Ejs, we have 6(z) = d(x, Epr) = 0. If M is smooth, then
G(z) = 0, where G(z) is defined as in Theorem 2.49, and so, by Theorem 2.40, z is a
smooth point of Fj;.

If M is not smooth at «, then we can select disjoint F, F € X with uF > 0 and a
constant 8 such that M(a)uE + M(B)uF = 1. Set © = axg + Bxr. Then op(x) = 1,
x € Ep but pG(z) > pE > 0. By Theorem 2.49, x is not a smooth point of Fj;.

If M & Ag, then by Example 1.19, there exists € S(Ls) with gar(z) < 1. Clearly,
6(x) = 1, whence z is not a smooth point of Ly by Theorem 2.49. u

THEOREM 2.51. Let x # 0 in LY, and k = min{K (z)}. Then x is a smooth point iff
(a) on(p=(klz])) =1 or (b) O(kx) < 1 and on(p(k|z|)) = 1. Moreover, in case (a), the
supporting functional of x is p_(k|z|) signz, while in case (b), it is p(k|z|) signz.

Proof. <= Let f = v + ¢ be a supporting functional of z, where v € Ly and
¢ € F. Then Theorem 1.77 shows that p_(k|z|) < |v| < p(k|z|). Hence, if (a) holds,
then by Theorem 1.77 (i), we deduce that v = p_(k|z|)signz and ¢ = 0. If (b) holds,
then by Lemma 1.49 and Theorem 1.77 (ii), ¢ = 0 and thus, v = p(k|z|)signz since
on(v) =1 = on(p(klz[)) and [v| < p(k|z]).

= Suppose on(p—(k|x|)) # 1. By Theorems 1.77 and 1.71, we have oy (p—(k|z])) =
a < 1. If 8(kz) < 1, then Theorem 1.77 and Lemma 1.49 imply that all supporting
functionals of z are in Ly. Therefore, if on (p(k|z|)) # 1, then we must have on (p(k|z|))
> 1. This implies that the set

{vsignz : p_(klz|) < [v] < p(klz]), on(v) =1}

contains infinitely many elements, and by Theorem 1.80, every element in this set is a
supporting functional of x, which shows that x is not a smooth point.
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Now, we assume 6(kz) = 1 (note that gp(kz) = k||z| — 1 < oo implies 0(kz) < 1).
By Lemma 2.48, there exist ¢1,p2 € F such that ¢; # @2 and [j¢1]] = |l¢2]] = 1 and
pi(kz) = 0(kz) =1 (i = 1,2). Define f; = p_(k|z|)signz + (1 — a)p; (i = 1,2). Then
f1 # f2 and by Theorem 1.51, || fi|| = ||f2]| = 1 and thus, Theorem 1.77 implies that f;
and fo are supporting functionals of x, which also shows that x is not a smooth point. m

THEOREM 2.52. (i) EY; is smooth iff M is smooth.
(if) LY, is smooth iff M € Ay and M is smooth.

Proof. Suppose that M is not smooth at a > 0. Then there exist v, w such that
p—(a) <v<w < p(a). Select b > 0 and disjoint nonnull sets E, F € X satisfying

N(U;w>uE+N(p(b))uE=l
and define x = axg + bxr. Then

on(p(x)) = N(p(a))pE + N(p(b))pE > N(w)uE + N(p(b))nF > 1,
and for all positive [ < 1,

on(p(lz)) < N(v)pE 4+ N(p(b))uF < 1.

This means that K(z) = {1} or equivalently, K(z/||z||°) = ||z||]°. Moreover, since
on(p—(x)) < N(w)uE + N(p(b))uF < 1, by Theorem 2.51, z is not a smooth point
of EM.

If M is smooth, then for any = # 0 in Ej and k € K(x), 6(x) = 0 < 1. Observing
that R(k) = on(p(k|x|)) is a continuous function on R and R(0) = 0, R(c0) = oo, we can
find k' > 0 such that R(k’) = 1. It follows from the continuity of p that on(p(klz|)) =1
for all k € K(z). Hence, by Theorem 2.51, x is a smooth point of EY,.

Finally, we assume that M & As, i.e., there exist u, T co such that

M((1+1/n)u,) >n2" " M(u,) (n€N).
Observing that

M) > | p)dt>ntup((1—1/n)u)  (u>0),
(1-1/n)u
we have
(14 1/n)unp((1 4 1/n)up) > M((1+1/n)uy) > n2" M (u,) > 2" u,p((1— 1/n)uy,).
Therefore,
p((1+1/n)un) > 2"p((1 = 1/n)un).

Without loss of generality, we assume 2~ uyp(u;/2)puG > 1. Then there exist disjoint
{G,} in X such that

(1 =1/n)upp((1 = 1/n)up)uG, =27".
Define z = > 7 ,(1 — 1/n)unXc,,. Then

oo

our() + on(p(@)) = {2(O)p(@(®) dt =Y (1 = 1/n)unp((1 = 1/n)un)uGy < 1.
G n=2
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For any [ > 1, let m > 2 satisfy (1 —1/m)l > 14 1/n. Then

om(x) + on(p(lx)) > S w(O)pla(t)) dt > Y (1= 1/n)uup((1 +1/n)un)uGy

n>m

G
> Z 2"(1 = 1/n)unp((1 — 1/n)uy)pG, = .

n>m

This shows z € Ly and K(z) = {1}. Recall that on(p(z)) < 1, by Theorem 2.51, z is
not a smooth point of L3,. m

THEOREM 2.53. Let x(# 0) € lp.

(i) If x has only one nonzero coordinate, then it is a smooth point of ly;.

(ii) If « has more than one nonzero coordinate, then it is a smooth point in lps iff
O(z/||z|]) < 1 and M is smooth at each point |z(i)|/||z| (¢ € N). Furthermore, in this
case, the supporting functional of x is

_ _p(al/llz]]) signz
L+ on (p(zl/]1))
Proof. (ii) can be shown just as Theorem 2.49, hence, we only prove (i). Let (i) # 0

and z(j) = 0 for all j # i. For any supporting functional v of z, since z € hys, we find
v € ly. Clearly, v(i)x(i) > 0 and v(j) = 0 for all j # i. Therefore, by Example 1.22,

) 1
0= 371

THEOREM 2.54. (i) hys is smooth iff M is smooth on (0, M~1(1)).
(ii) lns is smooth iff M € Ay and M is smooth on (0, M~1(1)).

Proof. Let z(# 0) € hps. If x has only one nonzero coordinate, then it is a smooth
point of Ip; by Theorem 2.53. Otherwise, ga(z/||z]|) = 1 implies M (z(4)/]|z||) < 1 for
all i € N. Tt follows from the smoothness of M on (0, M ~1(1)) that p is continuous at
|z(2)|/||z||. Hence, from #(x) = 0 we deduce that z is a smooth point of hyy.

Conversely, if M ¢ Ag, then we can construct x € S(lpr) with gpr(x) < 1. Hence,
6(z) = 1. By Theorem 2.53, x is not a smooth point of I;. If M is not smooth at
a € (0, M~*(1)), then M(a) < 1 and so there exists b > 0 satisfying M (b) + M (a) = 1.
Let = (a,b,0,0,...). Then by Theorem 2.53, z is not a smooth point of hy;. =

THEOREM 2.55. Let z(# 0) € 1§, and k = min{K (k)}. Then z is a smooth point
iff (a) on(p—(k|z])) =1 or (b) 8(kz) < 1 but either on(p(klz]|)) =1 or J = {j € N:
p—(klz(5)]) < p(klx(j)])} contains at most a single point.

signx(i). m

Proof. Asin the proof of Theorem 2.51, if o (p—(k|z|)) = 1, then = has the unique
supporting functional
v =p_(k|z|)signx

and if O(kx) < 1 and on(p(klz])) = 1, or J = 0, then z has the unique supporting
functional
v = p(k|z|) sign z.

Now, we assume J = {i} and 6(kz) < 1. Let v be a supporting functional of . Then
similarly, 8(kxz) < 1 implies v € Iy and so oy (v) = 1. Clearly, for all j # 4, we have
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v(j) = p(k|z(j)]) sign #(j), and thus, ox (v) = 1 implies

o(i) = N7 (1= 3" N(p(kla(i)])) sign (i),

i

Hence, v is uniquely determined.
The necessity is verified analogously to Theorem 2.51. m

THEOREM 2.56. (1) h$, is smooth iff M is smooth on (0,mar(1/2)) and p—(mar(1/2))
= N"1/2).

(ii) 19, is smooth iff M € Ag and M is smooth on (0,7a(1/2)) and p—(mp(1/2)) =
N—(1/2).

Proof. If M ¢ A, then similarly to the proof of Theorem 2.49, we can show that
13, is not smooth. So, we only need to prove (i).

Sufficiency. Assume that M is smooth on (0, 7p(1/2)) and p—(mpar(1/2)) = N=1(1/2).
Let 2(# 0) € h§; and k = min{ K (z)}. Then 0(kz) = 0 < 1. Since p_ is a left-continuous
function, by the definition of k, we have on(p—(k|z|)) < 1. If on(p—(k|z])) = 1, then in
virtue of Theorem 2.55, z is a smooth point. Now, we consider the case gy (p— (k|z|)) < 1.
In this case, there is at most one index j € N such that p_ (k|z(j)|) > N~(1/2). Hence by
the second condition, for all ¢ # j, k|x(i)| < war(1/2) since p_ is nondecreasing. It follows
from the first condition that p_(k|z(i)|) = p(k|z(:)|) for all ¢ # j. Hence by Theorem
2.55, in this case x is also a smooth point. Since z € h)s is arbitrary, we conclude that
hr is smooth.

Necessity. Assume first that M is not smooth at o € (0,7a7(1/2)). Set

B =inf{b> 0: N(p(a)) + N(p—(a) + N(p(t)) > 1}

and define z = (¢, @, 3,0,0,...). Then by the right continuity of p, the left continuity of
p—, the choice of # and the definition of mps(+), we have on (p(z)) > 1 and oy (p—(z)) < 1.
This shows that K (z) = {1}, and so, by Theorem 2.55, x is not a smooth point of h,.

Next we assume p_(mp(1/2)) < N71(1/2). By the definition of mp(-), p is not
continuous at d := mpr(1/2). Pick s > 0 satisfying 2N (p_(0)) + N(p(s)) < 1 and define
x = (6,0,5,0,0,...). Then clearly, on(p—(z)) < 1 and by the definition of 7 (1/2),

on(p(x)) = 2N (p(5)) + N(p(s)) = 1+ N(p(s)) > 1.

This shows K(x) = 1. Hence, by Theorem 2.55, x is not a smooth point. This finishes
the proof. m

THEOREM 2.57. Let X = Ly, LG, lar, or 1§,. Then the following are equivalent:
(i) X is SS.

(i) X s VS.

(iii) X is smooth and reflexive.

Proof. (i)=(ii) is a general implication.

(ii)=(iii). Clearly, X is smooth. Since for any Banach space Y, Y is reflexive if Y* is
VS, we deduce that X is reflexive since X is a dual space and M € A,.

(iii)=-(i). Since (iii) implies that X* is LUR, by the general implication that LUR of
Y* =SS of Y, we conclude that X is SS. m
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REMARK. Since US of Y < UR of Y*, one can easily find a criterion for Orlicz spaces
to be US. Moreover, by Theorems 1.18, 2.37 and 2.38, any reflexive Orlicz space has
uniformly rotund and uniformly smooth Orlicz norm and Luxemburg norm.

THEOREM 2.58. (i) Ejs is a weak Asplund space.
(ii) Enr is an Asplund space iff M € V.
(i) Lps s an Asplund space iff it is reflexive.

Proof. Since a separable Banach space is a weak Asplund space, (i) follows.

(ii) holds because a separable Banach space is an Asplund space iff its dual is sepa-
rable.

(iil) is true according to (ii) and Theorem 2.59 below. m

S. Chen & X. Yu [51] shows that (i) the set of smooth points of L, is a dense Gs
set in Ly, and (ii) the set of smooth points of Ly is an open set in Ly iff N is smooth.
But this does not mean that Lj; is always a weak Asplund space. In fact, we have the
following.

THEOREM 2.59. The following are equivalent:
(i) M & As.
(ii) Las is not a Gateaux differentiable space.
(iii) Lps is not a weak Asplund space.
(iv) There exists a continuous, convex and nowhere differentiable functional on Lyy.

Proof. We complete the proof by constructing a nowhere differentiable continuous
convex function on Lps if M ¢ As. In fact, 6(-) is a candidate. Indeed, for any x €
Ly, let G*(n) = {t € G : |z(t)] > n} and z|n = x|ge(,). Then by Theorem 1.43,
0(x) = lim, ||z|n||. Therefore, 6(-) is clearly a convex function. Now, we show that it is
continuous. Let ¥ — z as k — co. Then

10(2*) = 6(x)| = lim|[[]2*|n] — [lz[n]]] < lim ||(@* - 2)[n|| < [|2* - 2] — 0.

Finally, we investigate its differentiability. Obviously, if (x) = 0, then for any y € Ly,
O(x +y) = 0(y). Hence,
O(x +ty) — 6(x) _ ﬂe
t t

(y)-

This shows that 6 is not differentiable at z since for all y € Lys \ Enr, the last term does
not converge as t — 0.

Suppose 6(z) > 0. Then by the proof of Lemma 2.48, we can find disjoint E, F € X
such that F U F = G and that 6(z|g) = 0(z|r) = 0(z). Let y = z|g — z|p. Then
—1<t<0and0<t<1imply, respectively,

lm (@ + t) ) = (1F )9(a).

Hence, in the first case,
O(x + tyt) —0(x) — o),

and in the second case,
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0(x + ty) — 0(x)

: =0(x).

This also shows that 6 is not differentiable at z. m
REMARK. The last two theorems can be easily translated into Orlicz sequence spaces.

To finish this section, we investigate the exposed points of Orlicz spaces. Let X be a
Banach space and K a subset of X. Then = € K is called an exposed point of K if there
exists some f € X* such that f(z) > f(y) for all y € K \ {z}. Moreover, if z,, € K and
f(zy, — ) — 0 imply ||z, — z|| — 0 (n — 00), then x is called a strongly exposed point
of K.

THEOREM 2.60. x € S(Lys) is an exposed point of B(Las) iff

(1) om(z) =1 and p{t € G: z(t) ¢ Sm} =0,
(ii) p—(|z|) € Ly and
(i) uG(a)uG(d) = 0 for all SAIs [a,d] and [c,b] of M such that p is continuous at
a,b, where G(a)) = {t € G : |z(t)| = a}.

Proof. = Since every exposed point is an extreme point, (i) follows.

If (ii) is not true, then by Theorem 1.76 and Corollary 1.79, x has only singular
supporting functionals. Since for any ¢ € F with p(z) = ||¢| = 1, ¢(z|g, ) = ¢(z) =1
for all n € N, where G,, = {t € G : |z(t)| > n}, we find that z is not an exposed point of
B(Lu).

Suppose that (iii) is false, i.e., M has two SAIs [a,d] and [c, b] such that uG(a) > 0,
uG(b) > 0 and p is continuous at a and b. Without loss of generality, we may assume
x(t) > 0 on G. Pick a € (a,d), 8 € (¢,b) and disjoint E in G(a), F in G(b) such that

M(a)uE + M(B)uF = M(a)pE + M(b)uF >0

and define
y = axe + Bxr + T|e\(BuF)-

Then it is obvious that pa(y) = oam(x) = 1 and y # x. Moreover, by Theorems 1.76 and
1.78, it is easy to check that for each supporting functional f of z, f(z) = f(y) = 1 since
p is continuous at a, b.

< Suppose that z satisfies (i)—(iii). Without loss of generality, we assume z(t) > 0
on G and puG(b) = 0 for each SAI [a, b] of M such that p is continuous at b. Let {[an, b,]}
be all SAIs of M such that u{t € G : z(t) = b,} > 0 and that p is not continuous at b,,.
Since by (ii), p_(z) € Ly, we can find, for each n, ¢, € (p—(b,), p(b,)) such that we Ly,
where

Cn, z(t) = by,

w(t) = {p_ (z(¢)), ot(h)erwise.

Clearly, by Theorem 1.78, f = w/|lw||% is a supporting functional of z. Let y € S(L)
satisfy (f,y) = 1. We complete the proof by showing y = z. First, from Theorems 1.76
and 1.78, we deduce that op(y) =1 and p_(y) < w < p(y). Hence, y(t) = z(t) p-a.e. for
all t € G such that x(t) = b, or z(¢) does not belong to any SAI of M. Therefore, (i) and
(iii) imply that 0 < z(t) < y(t) p-a.e. on G. Consequently, opr(z) = op(y) implies that
y(t) = z(t) p-ae. on G. m
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The reader may verify the following theorems.

THEOREM 2.61. x € S(LY,) is an exposed point of B(LS,) iff

(i) K(z) ={k} and p{t € G : kx(t) € R\ Sm} =0,
(i) for any extreme point « of any SAI of M, if p is continuous at a, then u{t €
G:kx(t)=a} =0,
(iii) if on(p—(k|z|)) = 1, then p{t € G : klz(t)| = b} = 0 for any SAI [a,b] of M,
and
(iv) if O(kx) <1 and on(p(k|z|)) = 1, then u{t € G : k|z(t)| = a} =0 for any SAI
[a,b] of M.

THEOREM 2.62. = = (z(i)) € S(Inr) s an exposed point of B(lar) iff

(1) om(z) =1 and {i e N: z(i) € R\ Sm} contains no more than one element,
(i) p—(|2[) € In,
(iii) 4f {i e N: (i) € R\ Sm} is a singleton, then for any i € N such that z(i) is an
extreme point of some SAI of M, p is continuous at |x(i)|, and
(iv) if {i e N: z(i) € R\ Su} = 0, then ecither {i € N : |z(i)] = a} = 0 or
{i e N:|z(i)] = b} =0 for any SAIs [a,d] and [c,b] of M such that p is continuous at
a and b.

THEOREM 2.63. x = (x(3)) € S(I3,) is an exposed point of B(I;) iff {i € N: z(i) # 0}

is a singleton or

(i) K(x) ={k} and kxz(i) € Sy for all i € N,

(ii) 4f kx(i) is an extreme point of a SAI of M, then p is discontinuous at k|z(i)],
(iii) of k|z(i)| is the right extreme point of a SAI of M for some i € N, then
on(p—(klz]))< 1, and

(iv) if k|:v()| is the left extreme point of a SAI of M, then either 6(kx) = 1 or
on (p(klz])) >

THEOREM 2.64. If M & Ay, then B(Lar), B(LS;), B(la) and B(13,) have no strongly
exposed point. If M € Ag, then

(I) z € S(Lm) is a strongly exposed point of B(Lar) iff
(1) u{te G:|zt)| € R\ Su} =0, and
(2) either p{t € G : |z(t)] = b} = 0 for every SAI [a,b] of M or u{t €
G : |z(t)] = ¢} = 0 for every SAI [c,d] of M and On(p—(x)) < 1, where
On(v) =inf{k > 0: on(v/k) < c0}.
(IT) = € S(LY,) is a strongly exposed point of B(LY,) iff for every k € K(z) and
every SAI [a,b] of M,
(1) p{t € G : Jha(t)] € (a,5)} =0,
(2) p{t € G : |kx(t)| = e} = 0 for every extreme point e of [a,b] on which p is
continuous,
(3)  has a supporting functional v € Ly with Oy (v) < 1,
(4) on(p—(z)) =1 implies p{t € G : |kz(t)| = b} =0, and
(5) on(p(x)) =1 implies pu{t € G : |kx(t)] =a} =0.
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(III) = = (z(2)) € S(Ipr) is a strongly exposed point of B(lar) iff
(1) I={ieN:z(i) € R\ Su} contains at most one element,
(2) if I contains one element, then On(p—(x)) < 1 and for any i € N\I, z(i) # e

for every extreme point e of every SAI of M on which p is continuous, and

(3) if 1 =0, then either |x(i)| # b for any i € N and any SAI [a,b] of M when
p is continuous at b, or On(p—(x)) < 1 and |x(i)| # ¢ for any i € N and any
SAI [c,d] of M when p is continuous at c.

(IV) z = (x(2)) € S(3;) is a strongly exposed point of B(13,) iff either {i € N :

x(i) # 0} is a singleton or, for every k € K(z) and every SAI [a,b] of M,

(1) {i € N:[kz(t)] € (a,0))} = 0,

(2) {i e N: |kz(t)| = e} = 0 for every extreme point e of any SAI [a,b] of M
on which p is continuous,

(3) © has a supporting functional v € Ly with On(v) < 1,

(4) on(p—(z)) =1 implies {i € N: |kz(i)| = b} =0, and

(5) on(p(x)) =1 implies {i € N: |kz(i)| = a} = 0.

Notes and remarks. The relations between rotundities and smoothness for Banach
spaces are shown in Figures 2.1 and 2.2.

| UkR ——={ LUAR | | kR

[ UR —={ LUR —={MLUR}——= R |=

[ WUR ——={WLUR]|

URED l—

Fig. 2.1

The main results in this chapter are summarized in Table 2.1, where UC = uniformly
convex, SC = strictly convex, S = smooth,

7w (a) =inf{s > 0: N(p(s)) > a};
(%) for any u’,e,&’ > 0, there exist v, D > 0 such that for any u > v/,
p((1+e)u) < (1+7)p(u) = p(u) < Dp(e'u);
(xx)  for any u’,e,&’ > 0, there exist v, D > 0 such that for any u € (0,v’),

p((1+e)u) < (14 7)p(u) = p(u) < Dp(e'u).



Notes and remarks

Continuity of |Smoothness | Differentiability | Rotundity
support mapping of X of X of X*
“miformly <= _US_J—= UF }<—={ UR |
norm-norm e>| SS H F H LUR |
norm-weak VS @I
norm-weak” { s |} ¢ =— RrR |
Fig. 2.2
Table 2.1
M Ly 7 I 1
UkR | A, Ay Ao Az
ucC ucC uco, M~ (1/(k +1))] UC[0, (1))
WUR | Ag, V2 |as above Ag, Vo as above
SC UC[0, M~1(1/2)] or SC[0, M~1(1)]
LUKR | Ay | A2, Vs A, SC[0, M~ (1/(k +1))], Ay, Vs
sc SC |V or SCIM~Y(1/(k+1)), M~1(1/k)]|SC[0, wps (1/k)]
WLUR |as above | as above As, SC[0, M~1(1/2)] Ag, Vg
Va or SC[M~1(1/2), M~1(1)] SC[0, war(1)]
MLUR |as above Ao Ao Ao
sC sclo, M~1(1/2)] SC[0, war(1)]
R |as above| SC as above SCI[0, mpr(1)]
URED |as above| (%) as above ()
SC SC[0, s (1)]
KR |as above AV
SC SClo, M~ (1/(k + 1))] SC[0, waz (1/K)]
S S s[o, M1 (1)] S[0, mar(1/2)]
VS |as above|as above as above as above
S Ay Ag Az Az
S S S[0, M~ (1)] S[0, mar(1/2)]
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Theorems 2.2 and 2.4 were obtained by H. W. Milnes [181], K. Sundaresan [212],
B. Turett [215], and C. Wu, S. Zhao & J. Chen [296] independently. In 1983, B. Lao &
X. Zhu [162] investigated the extreme points and proved Theorems 2.1 and 2.3. Then
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Z. Wang [269] and S. Chen & Y. Shen [38] (with a slight error there) obtained Theorems
2.6, 2.7 and Theorems 2.8, 2.9 respectively. For Orlicz spaces generated by more general
Orlicz functions, the reader is referred to H. Hudzik & M. Wista [128] and R. Grzaslewicz,
H. Hudzik & W. Kurc [85]; in the latter paper also Theorem 2.60 for that case was
obtained.

Corollary 2.5 is due to the author, and k-rotundity is discussed by T. Wang & S. Chen
227], Z. Shi [208] and M. He [87].

Theorem 2.13 was obtained by A. S. Granero [80] and S. Chen, H. Sun & C. Wu
[45] independently; the last paper also covers Theorems 2.14 and 2.20 which answer a
question raised by R. M. Aron & R. H. Lohman [6]. Theorems 2.15 and 2.16 are taken
from C. Wu & H. Sun [285].

The criteria for locally (weakly) uniform rotundity were found by A. Kamiriska [137],
S. Chen & Y. Wang [49], S. Chen [12], and S. Chen & Y. Shen [39] independently. Then
T. Wang, Z. Ren & Y. Zhang [240] and T. Wang, Y. Li & Y. Zhang [238] characterized
more precisely the uniformly rotund points in Orlicz spaces.

Theorem 2.30 is due to Y. Cui [53], but Lemmas 2.31 and 2.32 are from S. Chen &
Y. Wang [47]. The author first considered the uniform rotundity in every direction for
the Orlicz norm and obtained Corollary 2.36 (see S. Chen [12, 22]). But the criterion
was discovered only recently while T. Wang, Z. Shi & Y. Cui [248, 249] presented an
impressive and technical proof. For the Luxemburg norm, the problem was solved by
A. Kaminska [138, 139] earlier in 1984.

The uniform rotundity was discussed by H. W. Milnes [181], A. Kamiriska [136],
T. Wang [224] and L. Tao [213], and then T. Wang & S. Chen [227] and Z. Shi [208]
proved Theorem 2.37. But to establish Theorem 2.38 was rather puzzling; the work was
done by T. Wang & S. Chen [228] and T. Wang & Z. Shi [243].

Theorem 2.40 is due to S. Chen, B. Lin & X. Yu [36] and T. Wang, Y. Zhang &
B. Wang [262]. The weakly uniform rotundity was investigated by T. Wang, Y. Wang
& Y. Li [258], S. Chen [12], L. Tao [213] and Y. Li [165], while Theorems 2.46 and 2.47
belong to T. Wang, Y. Wu & Y. Zhang [259).

Theorem 2.50 was first given by T. Wang & S. Chen [229]; Lemma 2.48 and Theorem
2.52 are due to S. Chen [13]. Recently, R. Grzaslewicz & H. Hudzik [84] and S. Chen
& X. Yu [51] obtained Theorem 2.49 independently, and Theorem 2.59 was obtained by
S. Chen & Y. Duan [26]. Theorem 2.51 belongs to S. Chen [21], Theorems 2.54 and 2.56
are from L. Tao [214], Theorems 2.53 and 2.55 were given by B. Wang & Y. Zhang [219].
Theorem 2.58 is taken from T. Wang & Z. Shi [242] while Theorems 2.60-2.63 are taken
or follow from B. Wang [216]. Theorem 2.64 can be found in B. Wang [217] and T. Wang,
D. Ji & Z. Shi [237].



3. Other geometrical properties

3.1. Normal structure. Let X be a Banach space and {z,} a sequence in X such
that z; # x; whenever ¢ # j. If for any x € co{x,}, the convex hull of {x,}, the limit
A(z) = lim, ||z — x,|| > 0 exists and A(z) is affine on co{z,}, then {x,} is called a
limit affine sequence. If, in particular, A(x) is a constant on co{xy, }, then {z,} is called a
limit constant sequence. If X contains no (weakly convergent) limit affine sequence {x,,}
satisfying A(z,)7, then it is said to have the (weak) sum-property. X is said to have
the (weakly) normal structure (NS (WNS)) if it contains no (weakly) convergent limit
constant sequence.

The original definition of the (weakly) normal structure is given in the following
equivalent way:

X has the (weakly) normal structure iff for any nonsingleton (weakly compact)
bounded closed convex subset C' of X, there exists x € C such that

re(x) = sup{|lx —y|| : vy € C} < diam C = sup{|ju — v| : u,v € C}.

If moreover, there exists A > 0 such that for each nonsingleton bounded closed convex
subset C, there exists € C such that r.(z) < (1 —h)diam C, then X is said to have the
uniformly normal structure (UNS).

The above concepts are introduced as powerful tools in fixed point theory, for in-
stance, if X has the weakly normal structure, then it has the weakly fixed point property
(WFPP), i.e., any nonexpansive self-mapping defined on a weakly compact convex subset
of X has a fixed point.

THEOREM 3.1. Let X = Las, LG, lar or 1§;. Then X has UNS iff it is reflexive.
To prove the theorem, we need the following lemmas.

LEMMA 3.2. Suppose M € Ay. Then for any > 1 and € > 0, there exists K > 2
such that for all © € Ly,

om(Bz) < Kom(z) +e.

Proof. Let o > 0 satisfy M (Ba)uG < e. Then since M € A,, there exists K > 2
such that M (Ba) < KM (u) for allu > «. For givenxz € Ly, set F = {t € G : |z(t)| > «a}.
Then

om (Bz) = om (B2 r) + om(Bzlevr) < Kowm(2|r) + M(Ba)u(G\ F) < Kom(z) +¢. m

LEMMA 3.3. Assume M € AyNVy. Then for any o > 0, there exist ¢ > 1 and § > 0
such that
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M(“?) < 1%‘S[M(u) + M(v)]

whenever |u| > « and |u| > c|v|, or uv < 0.

Proof. By Theorem 1.13, there exist v > 0, and ¢ € (0,1/2) such that

(%) < 5w (ulz o

2)~ 2
and )
~M«1+@w)§5jqﬂﬂw) (lw] = a).
Set L 29,
c=-, = R

Then |u| > a, |u| > c|v| or uv < 0 imply

71 _
o U+ v <M 1+4c¢ " Sl *yM 1—|—1u
2 2 2 c
1-— 2 1-—
< 152w < 25000 + M) m
LEmMA 3.4. If a Banach space X does not have UNS, then for each n € N and ¢ > 0,
there exists {x; : 1 <i<n+ 1} in X such that

el <1, o —ai <1 (1<i<j<n+1)

and
m

1
Tm+4+1 — § Z;
m

i=1

>1—¢ (m=1,...,n).

Proof. By the assumption, there exists a bounded closed convex subset C' of X such
that for each z € C, there exists x € C satisfying ||z — x| > (1 —¢) diam C. Without loss
of generality, we may assume 0 € C' and diamC = 1, i.e., ||z|| < 1 and ||z — y|| < 1 for
all z,y € C.

Arbitrarily pick z; € C'. Then by the hypothesis, there exists 9 € C such that
[z — z1|| > 1 — €. Since C' is convex, (x1 + x2)/2 € C. Therefore, there exists x3 € C
such that ||x3 — (x1 + 22)/2|] > 1 — . And so on, by induction, we finish the proof. m

Proof of Theorem 3.1. We only prove the theorem for X = Ljs; other cases
are analogous.

Since all Banach spaces with UNS are reflexive, we only need to show the sufficiency.
By Lemmas 3.2 and 3.3, there exist K > 2, b >0, ¢ > 1 and § > 0 such that

(3.1) om(27) < Kon(w) +1/8  (z € L),
(3.2) MB)uG < 1/(8K)
and

(3.3) M<u;r”> < 12;5[M(u) FM@)] (Jul = b, Jul > clv], or uv < 0).
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Select an integer p > 16¢2K? and let n = 8p. If L; does not have UNS, then Lemma
3.4 and M € A, yield the existence of {x;} in Ljs such that

(34) QM(LL'l) S 1, QM(,TZ' — LL‘j) S 1 (1 S 7 S] S n —+ 1)
and

(3.5) 1> x —iix >1—L

' = QM| Fml m ’ 4n2K’

We first introduce some notations. Set u;(t) = xp41(t) —zi(t) (i < n) and for each t € G,
rearrange {u;(t)}i<n into {ys(t) = i, (t)}s<n such that y1(t) < ... < yu(t). Then it is
not difficult to check that each y,(t) is p-measurable. Moreover, define

2(0) = i) +yp i O)/2 w0(0) = = Y fus(t)
I(t) = {i < n:|ui(t)] > cla(t)] or cui(t)] < x(t)] or u;(t)x(t) < 0},

A= {t € G:I(t) contains at least 4p elements}, B =G\ A.

Then
(3.6) |2(8)] < max{[ys ()], [yap+s ()]} < zo(t).
Moreover, (3.1), (3.4) and the convexity of M imply

1O 1 K¢ 1 1
3.7 <K — i - < — i - <K+ -
(3.7) om(wo) < QM(TL;|U|>+8 ;@M(U)Jrg +3

For the first step, we show that

X1 (t) — IQ(t) 1
(3.8) éM<f> dt > —.
Since (3.4) and (3.1) yield

T —T 1
< om(z1 — x2) <KQM<¥> +§7

Tl
8 42K 2
>

11— $2)

to verify (3.8) it suffices to show

SM(M) dt < ﬁ.

A

Le. QM( 4K’

For this purpose, we first check that ¢ € A implies

lys(t)| > C|y4p+5(t)| or clys(t)| < |y4p+5(t)| or yS(t)y4p+S(t) <0

for each s < 4p. In fact, if there exist some j < 4p and t € A such that none of the above
three inequalities holds, then we find

¢ apej () < yi(1) < cyaprj () or ¢ Myapi(t) > yi(t) > cyapss(t).
Since z(t) is between y;(t) and yap;(t), we derive
cla(t) <ys(t) <cx(t) or cla(t) > yst) > cx(t)
forall s=j,5+1,...,4p+ j, which contradicts the definition of A.
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Hence, if we define, for each s < 4p,

A(s) = {t € A max{[ys(t)], [yap+s (1)} > b},
then (3.3) and the convexity of M imply

n

1) 1
_m < QM<$n+1 — szz)

=1

Zp Ys + y4p+s> 42 (ys + y4p+s)
2
=1 s=1

< % Z % S )+ M (yaps(t))] dt

s=1 A(s)

It follows from (3.4) that
4p
(3.9) ; S )+ M (yapss ()] dt < 1z < oo

Now, we define
D;={te A:|u(t)] >b} (i=1,2),
Bi(s) = {t € A ui(t) = slt) or yaprs(®} (1= 1,2).

Then from (3.2), (3.9) and the fact that U;lil Bi(s) = A, D;NB;(s) C A(s) (i =1,2) we

derive
SM<351(15);7;2(15)> e SM(Ul(t> ;w(t)) dt < %Z | (us ) it
M A =1 A
< %gé M (us(t)) dit + M(B)ud
o
=33 | M) dt+ Mb)pA
i=1 s=1 D;NB;(s)
1 2 4p
S5 | IMa() + My ()] dt + M(b)pA
=1 s=1 D;NB;(s)
1 1 1
<—=+-—==—.

This ends the proof of inequality (3.8).
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For the second step, we set, for each ¢ =3,...,n — 1,
G(i) ={t € B: |zs(t) — zi(t)] < cla(t)|/p for some s > i and s < n}.
Then

n—1
(3.10) U ch) =
=3

In fact, for any ¢ € B = G\ A, by the definition of A, there exist at least five u;(t)
such that their distance from each other is no more than c|z(¢)|/p, and thus, there exist
1,7, 3 <i < j <mn,such that

|ui(t) — u; ()] < clz(t)]/p,

i.e., t € G(¢). This proves (3.10).
Now, we define

DB)=G@B), D()=G@H)\|JGk) (i=4,...,n-1).

Then {D(i)}; are dlSJOlIlt and |J;—5 D(i) = B.
Let, foreachi=3,...,n -1 and each t € D(7),

i) =14, i"(t) = max{k <n:|vp(t) — x;(t)] < c|z(t)|/p}

Then i'(t), i"(t) are well defined by the definition of G(i) and ¥'(t) < ¢"(t). Next, we
construct two u-measurable functions as follows:

Z ‘T’L/(t XD (i) ) Z xz”(t XD () )

Then by (3.6) and the definition of i'(t), " (t),

(3.11) |2/(t) = 2" (t)] < clz(t)|/p < cao(t)/p-
Since (3.8) and the convexity of M imply

J04(@" (6) - (1) + M("(1) - wa(t))] dit > IEM(M) dt> o

B

N =

without loss of generality, we assume

(3.12) | M@ (t) — w1(t)) at > %
B

Finally, let
E={teB:|2"(t) — z1(t)| > max{b, *xo(t)/p}}.

Then by (3.11), t € E implies |2”(t) — z1(t)| > 2xo(t)/p > |2/ (t) — 2" (t)|. It follows from
(3.3) that ¢ € E implies

(3.13) M (4”"@) —a'(t) J; 2 (t) — :Cl(t))

< 1%[1\4(&0”0‘) —a'(t)) + M(2"(t) — z1(1))].
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Moreover, (3.12), (3.3), (3.1), (3.7) and the inequalities ¢?/p < (4K)~2 < 1 imply that
314) | M@"(t) o) dt = | M@ (t) —21(0)) dt — | M("(t) - 21(2)) dt

E

Y%

Y

B\E

C2$0

P00 o1 srtyucs )

M(

1

(@"(t) = z1.(1))]-

Combining this with (3.5), (3.14) and 2”(¢t) — 1 < n — 1, we deduce

4]

1o % =
4n2K<n—1

m—1
xk>
k=1
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- IM() - () + M () — (6] de
nin —1) 5
0
<1- K

This contradiction completes the proof. m
LEMMA 3.5. Suppose x,, € B(Lyr) and x, — x in measure. Then x € B(Lyy).

Proof. Since gp(z,) < 1, by the Fatou Lemma, we have gps(x) < liminf,, opr(2,)
<l m

THEOREM 3.6. L§; and [, have the weak sum-property, therefore, they have WNS.

THEOREM 3.7. Let X = L§,;, E};,13; or h,;. Then the following are equivalent:

(i) X has the sum-property.
(ii) X has NS.
(iii) There exist a > 0 and ¢ > 1 such that for any SAI [u,v] of M,

u>a=v<cu (when X =1L, or E;),
O<u<a=v<cu (when X =13 or h3;).

Proof of Theorems 3.6 and 3.7. We only prove the two theorems for X = L,
and X = E{;. Let {z,} be a limit affine sequence in LY, and k;; € K (z;—x;) (i # j). First
we show that there exists a subsequence N; of N such that for any j € Ny, {k;; : i € N1}
is bounded. Indeed, if {k;; : i« € N} is bounded for all j € N, then we set N; = N.
Otherwise, there exist some m € N and a subsequence I of N such that k;,, — oo as
i(€ I) — oo. This shows that {x; : i € I} converges to z,, in measure according to
Lemma 2.31. Since x; # x; for all i # j, by the same reason, we find that Ny = I\ {m}
satisfies our requirement.

By the diagonal method, we can pick a subsequence Ny of Ny such that k;; — k; < oo
as i(€ Na) — oo for each j € Ni. We claim that k; — oo as i(€ Na) — oo. In fact, if this
is not true, then N, contains a subsequence N3 such that k; — k < 0o as j(€ N3) — oo.
Therefore, for all n,4,j € N3 with n # 1, j,

(3.15)  [lon — @l + [lon — 2|1 = 1220 — @5 — 24°
1 1
2 b enr(knilzn — 20)] + 7—[1 + oar(knj(2n — 2;))]
ni nj
kni + knj knzknj
_ ma g g it (9p s —
Knikn; [ +QM(km+/€nj( e xj))]
1 1
= [ M a0 1(0) 4 7 M n0) = 250)
a ni nj
. kni +k

nj nilinj o o
T M (knz y 2z, (t) — zi(t) — x; (t))) } dt.

Denote the last integrand in (3.15) by f#(¢). Then fiJ(t) > 0 for all t € G since M is con-
vex. Recall that A(x) is affine on co{zy}. By letting n — oo we get § , f7(t) dt — 0, and
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thus f%(t) — 0 in measure. Hence, the diagonal method allows us to find a subsequence
Ny of N3 such that f(t) — 0 p-a.e. on G as n(€ Ny) — oo for all 4,5 € N3.
Now, for each t € G, we pick a subsequence {n, = n.(t)} of N4 such that

(3.16) lv(t)] = Hr]zqeljivlif |z (1), ligwcnw (t) = v(t).

Then by the Fatou Lemma, |v(t)] < co p-a.e. on G (one may prove this analogously to
the proof of Lemma 3.12). Let v — co. Then the convexity of M shows
i 1 1
BAT) 0=l [ () = = MOk((0) — 20(0) + 1 MU (0(0) = 2,(1)
i J

B kkfkf j M(kk fj)cj (20(t) = i(t) ~ <t>))

p-a.e. on G. Since for p-a.e. t € G, (3.17) holds for all ¢, j € N3, by replacing j by n, in
(3.17) and letting v — oo, we have, for p-a.e. t € G,

1 ki +k k;k
3.18 — M (k;(v(t) —xi(t))) = M t) —xi(t)) |-
(3.18) M (0l0) — ) = 220 (00 - 1)
Since 0 < k/(k; + k) < 1, by (1.6), (3.18) holds only for v(t) = z;(t). This means
v = x; for all i € N3, contradicting the assumption that x; # x; whenever ¢ # j. This
contradiction proves k; — oo as j(€ N3) — oc.

Now, we prove (iii) = (i) in Theorem 3.7. If L$, does not have the sum-property,
then there exists a limit affine sequence {y,} in L9, such that A(y,)7. By the above
discussion, {y,} contains a subsequence {x,} satisfying k;; — k; < oo as i — oo, and
k; — oo as j — oo, where k;; € K(z; — x;),i # j. Since M(u)/u — oo as u — oo, for
the constant a > 0 in (iii), we can find b > a such that

M(a;rb) - M(a)—;—M(b)'

Since M is convex, by (iii),

(3.19) M(ou+ (1 —a)v) < aM(u) + (1 — a)M(v)

forall0 < a<landallu <a,v>boru>a,v> cu. If wedefine v(t) as in (3.16), then
by (3.16) and (3.19), for p-a.e. t € G, if k;|v(t) — z;(t)| < a, then k;|v(t) — z;(t)| < b; if
kilv(t) — x;i(t)] > a, then k;|v(t) — x;(t)| < cki|v(t) — x;(t)]. Therefore, for p-a.e. t € G,
(3.20) E;ilo(t) — x; ()] < max{b,cki|v(t) — z;(t)|} =: wi(t).

By the Fatou Lemma,

(3.21) Alwy) > k' 1+ onr (kv — 25))] > Jlv— 4|

Thus, v—x; € Ly, whence, u; € Las. Since A > 0, liminf; [jv—x;||° := v > 0. It follows
from (3.20) that k; = ||k;j (v —x;)]|°/|lv—x;||° < ||wl|®/|lv —z;]|°. Letting j — oo, we get
a contradiction: oo = ||lu;||°/v < oo.

Next, we turn to Theorem 3.6. If L%, does not have the weak sum-property, then
by (3.15), there exists a weakly convergent (to zero) limit affine sequence (z,) with
|zn||° — 1 and A(z,) — 1. By the first part of the proof, passing to a subsequence
if necessary, we may assume k;; — k; < oo as ¢ — oo and k; — oo as j — oo, where
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kij € K(z;—x;). It follows from (3.21) that z; — v in measure (verified as in the first part
of the proof). Therefore, by Lemma 2.45, v = 0. We may also assume z; — 0 p-a.e. on
G. We prove the theorem by showing lim A(x;) > 4/3, which contradicts the assumption
A(!EJ) — 1.
For each j € N, we choose a set G; € X' such that z; is bounded on G; and
ki L+ on(kjzjxe,)] > ky L+ onr (k)] — 1/k;.

Then by (3.21),
Alzy) 2> k7 L+ onr(kjay)] = kL + on(kjagxe,)] + K HL + o (kjzixene, )] — 1/k;

> kL4 onr(kjeg)] = 1/ks + lzixene, |° = 1/k; = lla|1° + lejxene; 1 — 2/k;,
ie.,
(3.22) lesxana, I < Aay) - lla1° - 2/k.
It follows that
623) ol 2 lal - o, I° > 2l = Al) - 2/k.
Since z; is bounded on G, there exists 6 = 6(j) > 0 such that
(3.24) lzjxel® < 1/kj  whenever E C G and pE < 6.

Since z; — 0 p-a.e. on G, there exists F' € X with uF < § such that z; — 0 uniformly
on G\ F. Hence, there exists I = I(j) € N such that for all ¢ > T,

(3.25) lzixenrll® < 1/k;.
It follows that
(3.26) lzixFll” = zill® = lzaxa\rll° > ll2:ll” — 1/k;.

Hence, by (3.22)—(3.26),

i — 25]1° = ki; 1+ onr (kij (23 — 25) xen e\ )]
+ ki L+ onr(kij (i — 2)xa\p)] — 1/ ki
> [z — z)xen @ \R)I° F (@ = 25)xa\Fll — 1/ ki
> lzixen@ \m)I” = llzixa\ @\ mll°
+ lzixe\rll” = llzixe,\rll” — 1/ki;
= lzixa\@e, ) I° = llzixena, + Tixa;nrll’
+lzixa; — zjxe,nrll® = l|zixa \rll® — 1/kij
> (llzill® = 1/k;) = (Alzj) = llajl|° + 2/k; + 1/k;)
+ Qllall” = Alxj) — 2/kj = 1/k;) — 1/k; — 1/ki;
= [lzill” + 3llz; [|” = 2A(2;) — 8/k; — 1/ksj.
Letting i — 0o, we have A(z;) > 1+ 3||z;||° — 2A(x;) — 9/k;. Hence, lim; A(z;) > 4/3.
Finally, we prove (ii)=-(iii) of Theorem 3.7. If (iii) does not hold, then there exist
sequences {u;},{v;} such that M(u1)pG > 1, ujp1 > 27uj, v; > 27u; and p(u) is a
constant on [uj;,v;], j € N. By the first two assumptions, we can choose disjoint sets
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Gj € ¥ such that (G \ U ey Gj) > 0 and
(3.27) 279 = up(uy)pGy = [M(uz) + N(p(u)))|nG;.

Hence, we can find ug large enough so that there is Go C G'\ |J; G; satisfying

(3.28) > N(p(w)))pGy + N(p(uo))nGo = 1.
jeN
Define
UZ:E:ZKUﬁXGju xn:ZUOXGO+_§:QUXGj+'§:1ﬁXGf

§>0 j<n j>n

Then by (3.28), on(v) =1, whence v € L}, and ||v||ny = 1.
First we show that z,, € Ejs for any n € N. Given arbitrary K > 1, choose J > n
such that 27 > K. Then for all j > J, v; > 2/u; > Ku;j > uj. Therefore,

" M(Kuj)pG; =" [Kujp(Ku;) — N(p(Kuy))uGy < > Kujp(Kuj)pG;

i>J i>J i>J
= Z Ku;p(u; ) pG; = KZ 277 < 0.
i>J j>J

This implies o (K2p,) < 0o. Since K > 1 is arbitrary, we have z,, € E)y.
Let ky, = ||@n||° and yp, = zpn/kn. Then y, € Ej and |ly,||° = 1. By (3.28),

lynll® > (v, yn) = Ky, [uop(uO)uGo + > vop(u)uGi+ > Ujp(ug‘)qu}

i<n j>n
= kgl[QN(v) + QM(knyn)] > ”yn”O =1

Moreover, since

b = l2nll® > (v, 20) > > vip(uy)uGy =Y Puip(u;)uGy = n,

Jj<n Jj<n

we have k,, — co as n — oo.

We complete the proof by showing A = 2 on co(y,). Indeed, for any y € co(yn),
there exist A\; > 0 with >, A\ = 1 such that y = Y. Ajy;. Since (v,y,) = 1, we
have (v,y) = >, ., Ai(v,yn) = 1. For any € > 0, since y € E)y, there exists I > m such
that |lyxr|® < e, where F = {J,»; Gi. In view of z,(t) < max{vs,up} on G\ F and
kn — 00 as n — oo, we can find ng € N such that ||y,xc\rl|° < € for all n > ng. Define
vo = vxXe\F — vXF. Then ||vo|ny = |lv]|n and for all n > ng,

22>yl + llynll® = ly — yull® > (vo,y — yn)
= (vo, yxa\r) + (Vo, yxr) — (v0, YnXG\F) — (Y0, YnXF)
= (v, yxe\r) — (L, YxF) — (U, YnXe\F) + (U, YnXF)
= (v,y) = 2(v,yxF) = 2(0, YnX\F) + (V; Yn)
> 1=2[lyxrll” = 2llynxe\rll® +1 > 2 — 4e,

which shows that A(y) = 2. =
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THEOREM 3.8. Let X = Ly, Ear,lps or hyy. Then the following are equivalent:

(i) X has the sum-property.

(ii) X has WNS.

(iii) M € As.

Proof. This time, we prove the theorem for X = [p; and X = hy,.

(i)=>(ii). Trivial.

(il)=-(iii). If M ¢ A,, then there exist oy | 0 such that M(a1) < € and M((1 +
1/k)ax) > 28M(ax) (k € N), where ¢ < 1 is a given constant. For each k € N, choose an
integer my, such that

mpM (o) < /2%, (mp +1)M(ag) > /2"

and define

(i) = ap Z eits, (neN),
i=1

where {e;} is the natural basis of ¢y and s, = Z;:ll m;. Obviously, {z,} have mutually

disjoint supports, and so, gn (; —x;) < &/2"+¢/29 < 1 (i # j). Moreover, for any v>1,
it is easy to check that ga(va,) — 0o as n — oo. Therefore, for any n € N, A(z,) =1
and A(z) =1 for all z € co{x,}. Clearly, x,, — 0 Iy-weakly, i.e., z, — 0 weakly in hy,.
This means that {z,} is a weakly convergent limit constant sequence, thus, hy; does not
have WNS.

(iii)=-(i). Assume that lp; has a limit affine sequence {z,} with A(z,) 1 A’. By the
diagonal method, we can find a subsequence of {z, }, again denoted by {z,}, such that
T, — x coordinatewise. By Lemma 3.5, x € lp;. Hence, we may assume that z, — 0
coordinatewise and that A" = lim A(x,,) > 0.

For any 4,j € N, since A is affine on co{z,},

lim ||22,, — @ — ;]| = A(x;) + A(zy).

Hence, as M € Ag,

Ty — T Ty — T 2T, — Ti — T
2 1. n 1 :1~ n J :1~ n 1 J :1
(3.29) W’M( Alz;) ) 55“"“4( Az;) > I?QM<A<:vi>+A<wj>)

Let X\;jj = A(x;)/(A(x;) + A(z;)). Then by the convexity of M,

(22 =t J
>0 (keN).

Recall that x,, — 0 coordinatewise; by letting n — oo, we find from (3.29) and (3.30)
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that

oM (s ) w0 (F5) =M (ST aey) ke

Letting j — oo, this equality becomes

A(z;) zi(k)\ (k)
Alzi) + A’M(A(xi)) N M(A(m + A’> (k€ N).
But 0 < A(wz)/(A( i)+ A7) < 1, by (1.6), so the above equality holds only for z;(k) = 0.

This means z; = 0 (i € N), contradlctlng the assumption that {x,} is a limit affine
sequence. m

To end this section, we present a different sufficient condition for hp; to have the
weakly fixed point property.

LEMMA 3.9. hps has the weak orthogonality property, i.e., for any x, — 0 weakly in

hMu
lim inf lim inf || |z,| A |2m] || = 0,
n m

where (z A y)(t) = min{z(t),y(t)} and (zV y)(t) = max{z(t), y(t)}.
Proof. The lemma results from the obvious fact that the mapping y — |z| A |y]| is
weak-norm continuous for every fixed z € hp;. =

LEMMA 3.10. The Riesz angle a(lpr) < 2 iff M € Va, where
a(lar) = sup{[|[z[ V [y[ || : [lz]| <1, [yl <1}
Proof. If M & Vs, then there exist u, | 0 such that
(3.31) 2M (un/2) > (1= 1/n)M(u,) (n €N).
Let m,, be an integer satisfying m,, M (u,) < 1 and (m, + 1)M (u,) > 1. Define

Ma 2my
Tp = Up E €i, Yn = Un E €i.
=1 i=my,+1

Then it is easy to check that 1 > opr(x,) = onm(yn) — 1 and by (3.31),

n n n 1
QM<:E ;/y ) = 2mnM<u7> > (1— E)mnM(un) — 1.

This shows that ||z, V yn| — 2.
Next we assume M € Vg, i.e., there exists § > 0 such that

M((2=6)u) > 2M(u)  (Jul < M1(1)).
Given x,y € B(ly), we have |z(i)], |y(i)] < M~1(1), whence

M(|:C2|7X|§J|) = QM(%_(S) +QM(2y 5) l[ m (@) +om(y)] <1,

ie, ||zl VYl | <2—46. =

Applying a result of J. M. Borwein & B. Sims [10] stating that every orthogonal
Banach lattice X with Riesz angle a(X) < 2 has the weakly fixed point property, from
Lemmas 3.9 and 3.10 we deduce the following
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THEOREM 3.11. If M € Vg, then hyr has the weakly fixed point property.

REMARKS. 1. Theorems 3.8 and 3.11 furnish a natural example of a space with the
weakly fixed point property but without WNS.

2. P. N. Dowling, C. J. Lennard & B. Turett [74] investigated the Banach spaces for
which every nonexpansive self-mapping of a nonempty, closed, bounded, convex subset
has a fixed point. Call this property the fized point property (FPP). They proved in
[74] that L}, has FPP iff it is reflexive. In fact, this can be obtained immediately from
Theorems 1.90, 3.1 and the following two results given by P. N. Dowling & C. J. Lennard
[73] and the author respectively:

(a) A Banach space S fails FPP if it contains an asymptotically isometric copy of
I, i.e., for every positive sequence (g,) decreasing to 0, there exists a sequence (z,) of
norm-one elements in X such that > (1 —&,)|a,| < || >, anzy| for all sequences (as,)
of real numbers.

(b) If the dual of X contains an isometric copy of {*°, then X contains an asympto-
tically isometric copy of I!.

It is still an open problem whether the above conclusion is true or not for the Orlicz
space Lps. The only trouble is that one cannot prove the necessity of M € Vs in the
same way.

3.2. H-property. Let X be a Banach space and z€ S(X). If z,, € X, z,, — x weakly
and ||z, ||— ||z|| = 1 imply @, — @ in norm, then we call x an H-point of B(X). If every
point in S(X) is an H-point of B(X), then we say that X has the H-property. X is said
to have the uniform Klee—Kadec property (UKK) if for any & > 0, there exists § > 0
such that x,, € B(X),z, — z weakly and ||z, — x| > ¢ (n # m) imply |z < 1—-9.
Finally, X is nearly uniformly convex (NUC) if for any e > 0, there exists § < 1 such
that z,, € B(X) and ||z, — Zm|| > € (n # m) imply co{z,} NIB(X) # 0.

It is known that

UR = NUC = UKK = H-property.

LEMMA 3.12. Let E € X be a closed bounded set. Then E can be decomposed into
E,, F, such that E, UF, = E, uE, = uF, = 27'uE (n € N) and for any integrable
function v(t) on E,

(3.32) tim § () [x, (£) = xr, (£)] dt = 0.
E
Proof. Choose a countable dense set {tx} in E. For any n € N, let

Vok={teE:|t—t| <1/n} (keN)

and decompose V,, . \ Uf;ll Vi,; into two sets Ey, , and Fj, i such that pE, , = pFy, k.
We claim that E, = Uje; Enk, Fn = Upe, Foi satisfy the requirement. Indeed, it
is obvious that F,, and F), are disjoint and pE, = pF, = 2~ 'uFE. Moreover, for any
integrable v(t) on E and € > 0, we can find a continuous function g(¢) on E such that

Vo) — g0l dt < /2.
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Since g is uniformly continuous on F, there exists a constant 6 > 0 such that

2uElg(t) — g(s)| <e

for all ¢, s € E satisfying [t —s| < . Then for alln > 2/0 and all k € N, t,s € E,, ; UF,, 1
implies [t — s| < 2/n. Hence,

| Jo® e, ) —xr, @) at| < o) g0t + | § gyat— § gt)at]

n Fp

< %+§:’ | gyar— | g(t)dt’ <e/24+¢/2=c. m
k=1 Enk Fo i

THEOREM 3.13. Let X = L§,; or Lyy.
(i) If M & A, then B(X) has no H-point.
(i) If M € Ag, then x € S(X) is an H-point of B(X) iff it is an extreme point.

Proof. We only consider the case X = L¢,.
(i) Suppose z € B(LS,) and k € K(x). Pick a nonnull set E € X such that |z(t)| < ¢
on E. If M & As, then there exist u, T and subsets F,, of E such that

M1+ 1/n)up) >2"M(un), Mup)pE, =2"" (neN).
Define
Tn = z|\E, + k_lunXEn'

Then liminf,, ||2,]|° > ||z||° since z(t) is bounded on E and pF, — 0. On the other
hand, from

lzall® < &ML+ onr(kan)] = k7M1 + on (Kl g, ) + M (un)nEn]
< el + k727" — lzf?
we deduce that ||z,]|° — ||z||° = 1.

Next, we show that x,, — = weakly. Indeed, let f = v+ ¢ € L},, where v € Ly and
p € F. Since v, —x = k™ ‘u,xg, — z|g, € Eum, we find that

(fyxn —a) = S E~tu,v(t) dt — S x(t)v(t) dt.
E, En
Pick £ > 0 such that gn(ev) < co. Then by the Young Inequality,
[(f, 20 — @) < e kT M (un)nBy + on(evlp,)] + e [M(e)nEy + on(ev]E,)] — 0
(n — o0). This shows that z,, — = weakly. But it is obvious that

=1,

n |

lim k||z,, — z||° = lim ||upXxEg, |© = lim [|[u,XE
n n n

so we find that x is not an H-point of B(LS,).
(ii) = Assume x € S(LY,). If z is not an extreme point of B(LS,), then there exists
k € K(z) such that u{t € G : kz(t) € R\ Sp} > 0. Hence, we can find a SAI [a, b] of M
and § > 0 such that
E={teG:kx(t) €la+db-10]}
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is not a null set. Without loss of generality, we may assume that E is a closed set. Let
E,, F, be as in Lemma 3.12, and define

T, =x+ 0k 'xp, — 0k xp,.
Then by the affinity of M on [a, b], it is easily verified that
lonll” < BT+ onr (k)] = k71 + onr (ko)) = [l =1
and ||z, —x||° = 6k~ Y| xg||° > 0. But for any f = v+ ¢ € L%, where ve Ly and g€ F,

(fy 2 — ) = ok~ [ o()[xm, — xp]dt — 0.
E

This shows that x is not an H-point of B(L§,).

< Suppose that M € Ay, x € Ext B(LY,) and z,, € S(LS,) such that x,, — x weakly.
We should show z,, — x in norm. By Theorem 1.41, it suffices to show that z, — =
in measure and k, — k, where k, € K(z,) and k € K(z) (this implies opr(knxn) =
kn—1—k—1=opn(kx)).

First we have ko = sup{k,, : n € N} < oo by Lemmas 2.31 and 2.45.

Next we claim that

(3.33) lim supu{t € G: |kpx,(t)] >m} =0
and
(3.34) limo sup op (knxnle) = 0.

pe—0 n

Indeed, (3.33) follows immediately from

1>k ton (Bnn) > kit Mk (1) db > kg ' M (m)uGo (m),
G (m)

where G, (m) = {t € G : |kpx,(t)] > m}.
If (3.34) does not hold, then by passing to a subsequence, we may assume

om (knxnlp,) >6>0, pE,<2™" (neN).

Fix an integer m such that

)
uB > puG—2"" = |z|g|°>1— —
%o

and set E =G\ |J E,. Then |z|g||° > 1 —6/(2ko). Tt follows that for all n > m,

n>m+1
L= [lzall® > Ky 'L+ onr (kn@a ) + on (kntn|,)] > l|l2n] 2]l + k615-
This is impossible since the weak convergence of {x,|g} to x| implies

)
limninf lznl£ll° > lz|e|l” > 1 - ST
This contradiction proves (3.34).

Next, we show k, — k. Since {z,} is given arbitrarily, passing to a subsequence if
necessary, we may assume k,, — ko. Let H be defined as follows: ¢ € H iff kz(t) € R\[a, b]
for every SAI [a, b] of M. Then by the proof of Lemma 2.26, k,x,, — kz in measure on H.
Since x,, — x weakly, if z|g # 0, then k,, — k, and so x,, — x in measure on H since {k, }
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is bounded. We shall show that k,, — k in the case x|z = 0. Indeed, since z € Ext B(L$,),
we have p{t € G : kz(t) € (a,b)} = 0 for every SAI [a, b] of M. Therefore, we may assume

(3.35) G = [j G(i),
=1

where G(i) = {t € G : kx(t) = r;} and r; is an extreme point of some SAT of M. Hence,
for each i € N,

lim | @, (t)dt = | o(t)dt =ik~ pG(i)
G(i) G(i)
since x, — = weakly. Observe that the Jensen Inequality implies
1
| M(kna(t) dt > M(— | Enzat) dt> pG(i) — M (k™ kor:) uG(i),

—
a0 HG) G

and by (3.35),

1= ||an||0 = k;l {1 + Z QM(ann|G(z)):|
ieN

> k;1[1+%M(MG}(i) | e (t)at) i)

G(i)

— k! [1 + ZM(k‘lkom)uG(i)] = kg V1 + onr(kow)] > |l2]]° = 1.
ieN
Taking account of the fact that x € Ext B(LS,) implies K (z) = {k}, we conclude k,, —
ko = k.
To complete the proof, it remains to check that x,, — x in measure on G \ H, or
equivalently, x,, — x in measure on each G(4). For this purpose, we consider the following
three cases.

I. r; is a right extreme point of a SAI of M but it is not a left extreme point of any
SAT of M. We first claim that

(3.36) Vlon() —2@®)]dt -0 (n— o0),

In
where I, = {t € G(i) : x,(t) > z(t)}. In fact, if (3.36) is not true, then applying (3.33),
(3.34), k,, — k, and using the same method as in the proof of Lemma 2.26, we can derive

limsup,, ||zn, + 2||° < 2, which contradicts the assumption that z, — = weakly. Hence,
taking into account that x,, — = weakly implies

| [on(®) — 2(®)] dt — 0,
G(3)
we find
| @ —2@)dt—0 (n—o0).
G\In
Consequently, by the definition of I,,,



3.2. H-property 123

S |z (t) —z(t)|dt - 0 (n — o0).
G (i)
This shows that x,, — = in measure on G(3).

II. r; is a left extreme point of a SAI of M but it is not a right extreme point of any
SATI of M. Symmetrically, in this case, we can show that x,, — = in measure on G(7).

II1. If neither I nor IT holds, then r; is an extreme point of two different SAIs of M,
and thus p_(r;) < p(r;), where, without loss of generality, we assume r; > 0.

Since M € Ay, wemay find v € Ly with gx(v) = 1such that (v, 2) = 1. Furthermore,
by Proposition 1.83, we may assume v(¢) = 8 on G(¢). Then, by Theorem 1.80, p_(r;) <
B < p(r;). Consequently, either p_(r;) < § or 8 < p(r;). First we deal with the case
p(r;) — 8 =49 > 0. Since x,, — = weakly and k,, — k, Lemma 2.34 implies

M(ri)pG @) = | M (ka(t)) dt = lim | M(knwa(t)) dt.
G(i) G(i)

Hence, by (1.9) and the weak convergence of {knz,} to kz,

lim | IN(B) + M (knwn () = Bhnzn ()] dt = | [N(B) + M(ri) — Bri] i = 0.

G(i) G(i)
Noticing that the integrand in the first term is nonnegative, we find
(3.37) lim | [N(8) + M(knan(t)) = Bknan(t)] dt = 0
Qn

for arbitrary subsets @, € X of G(i). In particular, this holds for @, = {t € G(i) :
knxyn(t) > r;}. But kpz,(t) —r; > « > 0 implies

N(ﬁ) + M(knxn(t)) - ﬁknfpn(t) > [knxn(t) - Ti][p(Ti) - 6] >aé>0

(see Graph 1.1, p. 8), and in view of (3.33) and (3.34), we conclude

S [knzn(t) —r;]dt = 0 (n — o0).

Qn
Consequently, the weak convergence of {k,z,} to kz on G(i) implies

S [knn(t) —ri]dt -0 (n— o0).

G@H\Qn
Summing up the above discussion, we get
V [knza(t) = ka(t)| dt — 0,
G()

whence x,, — x in measure on G(3). Similarly, if 6 —p_(r;) > 0, we also have the same
conclusion. This ends the proof of the theorem. m
Theorem 3.13 yields the following theorem:

THEOREM 3.14. LY, or Las has the H-property iff M € Ay and M is strictly convez.
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THEOREM 3.15. Let X = Ly or L§;. Then the following are equivalent:

(i) X is uniformly rotund.
(il) X is nearly uniformly convez.
(iii) X has the uniform Klee—Kadec property.

Proof. It suffices to verify (iii)=-(i). We first consider X = Ly,. Since UKK = H-
property, by Theorem 3.14, M € Ay and M is strictly convex. If M is not uniformly
convex, then there exists ¢ > 0 such that for any 6 > 0, we can find u,v > 0 such that
u>v >0, MuG > 1, u—v > cu and

M(u—;—v) - (1_5)M(u)—;-M(v)'

For the arbitrary § > 0, we have to construct a sequence {x,}n>0 in B(Ljs) satisfying
Ty, — w0 weakly, ||, — x| > /2 and [[zof > 1 - 0.

Since there exists a measure preserving transformation from (G, X, i) to [0, uG] with
the usual Lebesgue measure, we may assume G = [0, uG]. Let M (u)+ M (v) = 2/d. Then
since M (v)uG > 1, we have 0 < d < uG. Set, for each n € N,

2n71 . . 27171 i .
_ 27—2 25—-1 _ 27 —1 2_]
- Ut s U]

Jj=1 Jj=1

and define
u—+v

2
Then by the proof of Theorem 3.13, x,, — x¢ weakly. Moreover, since

on (2o =) =20 (2=} 42 20222

> M(u)d > SIM(w)+ M@)] =1 (n#m)

Tp = X[0,d)s  Tn = UXE, T UXF,-

we deduce that ||z, — zp|| > /2 (n # m). But

u+wv M (u) + M (v)

om(xo) = dM(

implies ||zo|| > 1 — §, and we conclude that Ly, is not NUC.

Next we consider X = L§,. Suppose that M is not uniformly convex. Then by Theo-
rem 3.14 and Lemma 1.17, there exists € € (0,1) such that for any ¢ € (0,1), we can find
u > 0 satisfying N (p(u))uG > 2 and

p((1+e)u) < (1+0)p(u).
Let
N(p((1+e)u)) + N(p(u)) = 2/d.
Then 2/d > 2N (p(u)), and so N~1(2/d) > p(u). Define

k= Shup(u) + (1 + up((1+ 2)u)]
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and let F,,, F,, be constructed as in the first part of the proof. Then, similarly, we have
T, — xo weakly, where

U € u
xrog = E (1 + g)x[o,d)v Tn = E{(l + E)XE" + XF"}.

Observing that SgG N(p(kx,(t)))dt =1, we deduce

o U d
" = (k) ) = [0+ (1 +)u) + pw)] g = 1.
Moreover, by Example 1.22,
o €U o _eu d B eN~(2/d)
||l’n —$m|| = ?HX[O,d/2)” % EN (Q/d) = p(u) T (1 —|—<€)p((1 +€)u)
ep(u) S 3 S €
20+ e)p((1+e)u) ~ 21+e)(1+6) ~ 8
Finally, we estimate the norm of xg. To this end, we define
1
v=p((1+e)u)xj0,a/2) + mp((l + €)u)X(d/2,d)-
Then oy (v) < %[N(p((l +e)u)) + N(p(u))] < 1. Hence,
1
o > —_
|zn]l® > (v, x0) 5% (14+¢e/2up((1+e)u) + (1+ 5/2)u1 " 5p((1 +e)u)
1
P — -

Since 0 > 0 is arbitrary, we conclude that L, is not NUC. m

Now, we consider Orlicz sequence spaces. First, by the same method, we can prove
the following theorem.

THEOREM 3.16. If M ¢ Ay, then B(lp) and B(1$;) have no H-point.
THEOREM 3.17. Let X = Iy or I§,;. The following are equivalent:

(i) X has the uniform Klee—Kadec property.
(ii) X has the H-property.
(iii) M € As.
Proof. Only (iii)=(i) remains to be verified. We first take X = l5;. Since M € Ao,
for any given € > 0, by Theorem 1.39, there exists 5 > 0 such that

[zl = e/4= om(z) = 3.
For this 8 > 0, again by Theorem 1.30, we can find 6 € (0, 1) such that
|z >1—6 = om(x) >1— 0.

Now, suppose z,, € B(lyr), 2, — « weakly and ||z, — 2 || > € (n # m). We shall show
lz]| <1—94, proving (i). Indeed, if ||z| > 1 — J, then we can select a finite subset I of N
such that ||z|7]] > 1 — §. Since the weak convergence of {z,} to = implies that z,, — x
coordinatewise, we deduce that x, — x uniformly on [ since [ is finite. Consequently,
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there exists k£ € N such that
[onlrll >1 =6,  [l(zn —zm)lill < €/2
for all n,m > k. But the first inequality implies

om(Tnlr) >1-08  (n>k)

while the second one implies
[(@n —zm) Il 2 /2 (m,n >k, m#n)

(since ||z — x| > €), which yields ||z, |ny[| > e/4 or |[zm|w ]| = /4. Say [[znlw ]l =
/4. Then opr(zn|wy7) = B. This is impossible since

o (@nl1) + on(Tnlr) = om(zn) < 1.

Next we prove (iii)=(i) for X = 1,. For fixed € > 0, by Theorem 1.39, there exists
B3 € (0,1) such that ||x|| > /8 implies gar(z) > 20. Given x,, € B(l$;), ©, — = weakly
and ||z, — xm||° > € (n # m), we shall complete the proof by showing ||z]° < 1 — §.
Indeed, if x = 0, then we have nothing to show. So, we assume z # 0. In this case, by
Lemma 2.31, {k,} is bounded, where k,, € K(z,). Passing to a subsequence if necessary,
we may assume k, — k. Next, we pick a finite subset I of N such that ||z|7]° > ||z]|° — 5.
Since x, — x uniformly on I, by the first part of the proof, there are infinitely many
n € N such that |lz,[w\[|° > €/4. This implies ||z, |y /|| > €/8 by Theorem 1.38. Hence,
om(znlnyz) > 2B. Taking account of (1.6) and the fact that ||z, [® < 1 implies k, > 1
for infinitely many n € N, we have

1 =28 > [|2,]|° - QM(xn|N\I) > |Jznll” — kglgM(knxnh\l\I)
= ky 'L+ onr (knn|1)] — k™ o (k1)) 2 ll2[2]]” 2 ||2]|° — 5. =
COROLLARY 3.18. Iy or I, is nearly uniformly convex iff it is reflexive.

Proof. Since X is NUC iff X is reflexive and it has the UKK property, the conclusion
follows from Theorem 3.17. m

To end this section, we give several corollaries. First we introduce some new concepts.
Let X be a Banach space and K be a closed bounded convex subset of X. A point in the
boundary of K is called a denting point of K if for every e > 0, z € co{ K \ (x+eB(X))}.
If every point in S(X) is a denting point of B(X), then X is said to have the G property.
It is known that (i) z is a denting point of K iff x is both an H-point of K and an extreme
point of K, and (ii) X has the G property iff X is rotund and has the K property, where
K property means that the weak topology and norm topology on S(X) are equivalent.
T. Wang [220] shows that each of Ls, LS, I and I$, has the K property iff it has the
H-property.

COROLLARY 3.19. Let X = Ly or LG, and z € S(X). Then the following are equiv-
alent:
(i) = is a denting point of B(X).
(i)  is an H-point of B(X).
(iil) x is a strongly extreme point of B(X).
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(iv) = is an extreme point of B(X) and M € A,.
COROLLARY 3.20. Let X =1l or I, and x € S(X). Then the following are equiva-
lent:
(i) = is a denting point of B(X).
(i) x is a strongly extreme point of B(X).
(iii) @ s an extreme point of B(X) and M € A,.

COROLLARY 3.21. (i) Ly or LY, has the G property iff it has the H-property, or
equivalently, it is mid-point locally uniformly rotund.
(ii) {ar or 1§, has the G property iff it is mid-point locally uniformly rotund.

3.3. Nonsquareness. Consider a Banach space X. A point x € S(X) is called a
nonsquare point (N-SP) if for any y € S(X),

max{||z +yl|, [z —y[} > 1.

x € S(X) is called a uniformly nonsquare point (UN-SP) provided that there exists § > 0
such that for all y € S(X),

max{|z +yl|, [z —yll} > 1+

If each point in S(X) is an N-SP (a UN-SP), then X is called a nonsquare (N-S) (resp.
locally uniformly nonsquare, LUN-S) space. Moreover, if there exists ¢ > 0 such that

max{||z +yl|, |z —yl} =1+

for all z,y € S(X), then X is said to be uniformly nonsquare (UN-S). Let n > 2 be an
integer. A point z € S(X) is called a non-l., point (N-I1P) if for any zo,...,z, € S(X),

min{||z +eqza + ... +epxy| tes =1, i =2,...,n} < n.

A point z € S(X) is called a uniformly non-l} point (UN-ILP) if there exists § > 0 such
that for any s, ..., 2, € S(X),

min{||z +eqza + ... tepzp| e =21, i =2,...,n} <n—0.

If each point in S(X) is an N-I1P (a UN-ILP), then X is called a non-I} (N-I1) (lo-
cally uniformly non-1%, LUN-I}) space. If moreover, there exists § > 0 such that for all
X1y..., Ty € S(X),

min{||z1 + e2x0 + ...+ epzy| e =£1,i=2,...,n} <n -4,

then X is said to be uniformly non-I} (UN-I1) . If X is UN-I} for some n > 2, then it is
called a B-convex space.

From the definitions, it is easily deduced that N-S < N-I3 and UN-S < UN-/3. But
one will see that LUN-S and LUN-1} are not equivalent.

Now, we consider the nonsquareness of Orlicz spaces. Since all the proofs for Orlicz
sequence spaces are similar to those for function spaces in this section, we only present
proofs for Orlicz function spaces.

LEMMA 3.22. (i) Suppose on(zn) — 1, om(yn) — 1 and opr(zn £ yn) — 1. Then
oM ([Zn| = [yn]) = 0 (n — o0).
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(ii) Let xp,yn € S(LY,) satisfy ||xn £ ynl® — 1. Then

k, + hn, kel
Enhn M\ E, + R,

u%wwm>~o (n — o0),

where ky, € K(xn + yn), hn € K(zy, — yn),n € N.
Proof. (i) Since by the convexity of M, for each n € N and t € G,

gn(t) = 27 M (2 (t) + ya (1)) + M (24 (t) = yn(t))] = max{M (z,.(t)), M (yn(t))},
we derive
L om(xn) < Sgn(t) dt—1, 1< om(yn) < Sgn(t) dt — 1.
G G

Observing that the Orlicz function M has the property M (Ju| — |v]) < |M(u) — M (v)]
(see Graph 1.1, p. 8), we deduce that

om(|n| = [yn [M (2,(t)) — M (ya(t))| dt
— M(

gn(t) — M(an(t))] dt + {[ga(t) — M(ya(®)]dt =0 (n — o).

<\
G
<\l
G a
(ii) By Theorem 1.30 and the convexity of M,

2 — [|[zn + ynll® + |20 — ynll°

kn + hy, hy kn,
1 o ) 2 (B )

kn + hy knhp
+ [1+QM< 2xn>} > 2| = 2,

=) Thahn Ko + i
T | kot hn knhy
1 2% )| = 2[lynll° = 2.
b 1 g (2, )| = 2l
Similarly to (i), we compute
it P (2 () = )
Ken b Om T + T LTn Yn
ki + Kl Kl
< M 2, (t) ) — M 2 oy (1)) |dt — 0 .
= Tkt é‘ (kn+hnx()> (kn+hny()>’ -0 (n—eo)

THEOREM 3.23. Let X = Ly, LY, v or l§;. Then the following are equivalent:

(1) X s uniformly nonsquare.

(2) X is uniformly non-lL (n > 2).
(3) X is a B-convex space.

(4) X is reflexive.

Proof. Only (3)=-(4) and (4)=(1) remain to be proved. Since it is well known that
a B-convex Banach space contains no subspace isomorphic to cg or I, (3)=(4) follows
from Corollary 1.95.
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(4)=(1). First we deal with X = L. If (1) fails, then there exist x,,yn € S(Las)
satisfying
max{[[zn + yal, [lzn —ynll} =1 (n — o0),

ie, |[n + ynll — 1 and ||z, — yull — 1 (n — o). It follows from Lemma 3.22 and the
condition M € Ag that gp(|zn] — |yn|) — 0 (n — o). Hence, from Lemma 1.40 and

QM(2‘TH) = QM(lxn| + |yn| + |:En| - |yn|)u
we deduce that limy,[or (225,) — o (JZn| + |yn])] = 0. Consequently,
2 = lim[ors (xn + yn) + oa (@0 — yn)] > limsup onr (Jzn | + [yn]) = lim sup onr (22,).

This cannot be true since M € V4 implies that there exists § > 0 such that
MQ2u) > (24 0)M(u) (u>p),
where 8 > 0 satisfies M(8)uG =1 — a < 1, and so,
on(2an) = | M@up(t)dt+ | M2, (1)) dt
En G\E,
>@2+0) | M) dt+2 | M(aa(t))dt
E, G\En
=200 (w) + 0 | M(zn (1)) dt
En
> 2427 16a,
where E, = {t € G : |z,,(t)| > £}, and the last inequality holds because
| M(aa(t)dt = orr(@n) — | M(za(t)dt
En G\E”
21=MPB)(G\ Ep) = o

Next we turn to the case X = L§,. If L§, is not uniformly nonsquare, then there exist
T, Yn € S(LY,) such that

lzn +ynll® =1, flzn —yull® =1 (n— o0).

Let ky, € K(zp + yn) and h,, € K (2, — y,). Without loss of generality, we may assume
kn < hyp and k, — k, h, — h (n — o). Clearly, by Theorems 1.31, 1.35, and since
M € Va3, we have 1 < k < h < co. Hence, by Lemma 3.22, opr(kn(|2n| — |yn])) — 0
(n — 00), and thus Lemma 1.40 implies

oM (2knwn) — o (kn(|znl — |ynl))
= 00 (2knn) = 001 (kn (2]zn| + [yn| = [2n])) = 0 (n — o0).

Consequently, if we set G,, = {t € G : x,(t)y,(t) > 0}, then by the monotonicity of
M (u)/u, we derive a contradiction:

2 = lim([lzn + yull” + |2n +9all°)
> limsup{k;, ' [L + onr (kn (|zn| + |yn])|c,)]

+hy 'L+ o (kn(|2n] + lyal)love. )]}
> limsup{h™ + k&, [1 + onr 2knzn)]} =h 1 +2>2. =



130 3. Other geometrical properties

THEOREM 3.24. Let x € S(Lpr) or S(lar). Then x is a nonsquare point iff opr(x) = 1.
Therefore, Epr and hps are nonsquare.

Proof. = Pick ¢ > 0 such that E = {t € G : |z(t)] < ¢} is not a null set. If
om(xz) =1 -8 < 1, then clearly, M ¢ A,. Hence, there exist u,, > 2nc and disjoint
subsets {E,} of E such that

(R (S S (A R

Therefore, if we define y = >~ °° | u, X g, , then as in Example 1.19, we verify that |y|| = 1
and

ov(y) =Y M(up)pEn <> M(un + c)pEn,

n=1 n=1

= 1
<7;M<<1+%)un),uEn—5.

This yields

oz +y) < on(z +ZM Un + By =1—06+08=1.

n=1

Hence, ||z + y|| < 1. But ||z + y|| + ||z — y|| > ||2z] = 2, and we deduce that ||z + y|| =
|l —y|| =1, i.e., z is not a NSP.
< Suppose that S(Ljys) has an element y satisfying ||z + y|| = || — y|| = 1. Then

since )
TH+yYy+x—
1= on(a) = QM(%) slov(@ +y) +ou(z —y) < 1.

we find that for p-a.e. t € G, z(t) + y(t) and x(t) — y(t) have the same sign since they
are in the same SAT of M, and thus, |x(¢)| > |y(t)| p-a.e. on G. Consequently,

)
2ly(8)] < max{la(t) + y ()], [=(t) — y (@)}
p-a.e. on G. Recalling that M (2u) > 2M (u) for all u # 0, we conclude that

20m(y) < om(2y) < om(x+y) + om(x —y) < 2.

But this cannot be true since it implies op(y) < 1 and so, since ||y|| = 1, we have
om(2y) =00. m
THEOREM 3.25. Let X = Lys or ly;. Then the following are equivalent:

(i) X is locally uniformly nonsquare.
(il) X is nonsquare.
(iii) S(X) has a uniformly nonsquare point.
(iV) M e As.
Proof. The equivalence of (ii) and (iv) follows from Theorem 3.24. So, we only need
to show (iii)=-(iv) and (iv)=-(i).
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(iii)=(iv). For given = € S(Lys), pick ¢ > 0 such that E = {t € G : |z(t)| < c} is a
nonnull set. If M & Ao, then there exist u, > 2nc and a subset E,, € X' of E such that

(1) o) (o5 o

(n € N). Set yp, = unxg, - Then o (yn) = M (up)pE, <27 < 1 and

ol {1+ 3] (o Do (o)

Hence, 1 > |lyn|| > (1 +1/n)"t — 1 (n — 00). Moreover, as in the proof of Theorem
3.24, we can show that

ov (£ yn) < om(x) + M(up +c)pb, <1427"

and hence, by (1.6), ||z 4y | < 1427 ™.This inequality and ||y,| — 1 imply ||[xty,| — 1
(n — 00), i.e., = is not a UNSP.

(iv)=(i). Let M € Ay and z€ S(Las). Suppose that there exist y, € S(Las) such that
|z £ yn|| = 1 (n — 00). Then by the proof of Theorem 3.23, we deduce a contradiction:

2 > limsup(|z| + |yn]) = oM (22) > 20m(z) =2. =
THEOREM 3.26. L§, and 3, are locally uniformly nonsquare.

Proof. Suppose that there exist z,y, € S(LS,) such that ||z £ y,|| = 1 (n — o0).
Let k, € K(z+yyn) and h,, € K(z —yn), n € N. Then since by the proof of Lemma 3.22,

kn + hn knhy
2 = 2ef < 2t {HQM(kﬁhnzxﬂﬂ (n— ),

we find

Oga:i%fkn_i_hnSsgpkn+hn:b<oo.

Hence, Lemma 3.22 shows that b=!onr(a(|z| — |yn])) — 0 (n — o), and so |y,| — |z| in
measure.

Replacing y by —y and passing to a subsequence if necessary, we may assume k,, < h,,
(n € N), kp, — k, hpy, — h and |y, (t)| — |z(t)| p-a.e. on G (n — o©0). We complete the
proof by deducing an absurdity in each of following three cases.

(a) h =k = oco. In this case we immediately have a contradiction:
oo >b> Fonfin
T kn+ha,
(b) k < h < 0. Since |y,(t)] — |x(t)| p-a.e. on G, for each € > 0, we can find
H = H(e) € ¥ with u(G\ H) < ¢ and |y, (t)| — |z(¢)| uniformly on H. For the moment,
we arbitrarily fix an n € N and set
E={te H:x{t)yn(t) >0} F=H\E.
By the monotonicity of M (u)/u,
|2+ all” + |2 = yull® = k7 L+ onr(kn (@ +yn) )] + hi ' [1+ oar (Ao (@ = yn) [ F)]
> otk L+ on (R l2] + Tyl )] = b+ (1] + [y D]l
Letting n — oo and then € — 0, we find a contradiction: 2 > A=t + ||2z]|° > 2.

— OQ.
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(¢) k < h = oo. In this case, by Lemma 2.31, we have y,, — x in measure. Hence, we
may assume yp(t) — x(t) p-a.e. on G, and thus, for each € > 0, there exists H = H(¢e) €
XY with u(G\ H) < € such that y, — x uniformly on H. Therefore, from

l + yll® = ki L+ enr (b (@ + y) )] 2 [I(2 + ) 1 [1°
and by letting n — oo, we deduce that ||2z|g]|° < 1. But € > 0 is arbitrary, and we find
a contradiction: 1 > ||2z]|° = 2. =

REMARK. From Theorem 3.26, we conclude that L4, and I3, are non-I} for any n > 2
and that they have no subspace isometric to > or {!.

THEOREM 3.27. Let x € S(Lpr) or S(lar),n > 2. The following are equivalent:
(i) z is a uniformly non-l1} point,
(ii) @ is a non-l} point,
(iif) 0(z) < 1.
Proof. (i)=-(ii). Trivial.
(if)=-(iii). If O(x) = 1, then as in the proof of Lemma 2.48, we can construct z; €

S(Lar) such that 0(x;) = 0(x) = 1 and that the supports of z; are mutually disjoint
(i=1,...,2" 1) and x;(t) = 0 or = x(t). Consequently, if we define

Uy =2X1 + ...+ Tgn—2 — Ton-247 — ... — Tgn-1,
uz = &1 +...+I‘2n73 — ... — Tgn-2 +...+$2n72+27173 — ...~ Tgn-1,
Up =T] — T2 + XT3 — T4+ ...— Ton-1,
then for any ¢; = +1 or —1, i = 2,...,n, there exists j < 2”1 such that the restriction
of e;u; to the support of x; is just z; (i = 1,...,2"~!). Therefore,
n> ||z +equz + ... +epunll > ||nxjl| = n,

which shows that z is not an N-I1P.

(iii)=(i). By (iil), om(z) = 1 and op((1 + N)zx) < oo for some A > 0. Take ¢ > 1
such that gp(z|a) > 7/8, where A = {t € G : ¢7! < |z(t)| < ¢}. Let d > 2c satisfy
M(d) > 8M(c) and set

o =sup{2M (u/2)/M(u) : ¢! < u < d}.
Then 0 < 0 < 1. Define § = 3(1 — 0)/8 and take & > 0 such that gp((1+¢)z) < 1+4.
We complete the proof by showing that
5
1+e

for all y € S(Lys) (this shows that z is a UN-I3P, and so, a UN-I} P since a UN-/}P is a
UN-1},,P). Indeed, let y € S(Lys) and B ={t € G : |y(t)] < d}. Then M(d)u(G \ B) <
om(Ylens) <1 and thus,

min{||lz +y|, [l - yll} <2 -

onm(zlavp) < M(c)u(A\ B) < M(c)/M(d) < 1/8.
Set H = AN B. Then

7/8 < om(x]a) = om (x| a\B) + om(|m) < 1/8+ on(|m).
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Define

(3.38) D={teH:z(t)ylt)>0}, E=H\D, u=(1+¢).
Then by the definition of H and D,

QM<% D) < QM(Hlax{I;I,IyI}’D)

ag g
< gom(max{lul, [y} p) < Slonm(ulp) + en(ylp)]
Similarly, we have

uty
oM 5

o
) < §loutule) + exol)
E
Combining this with

M(U(t) iy(t)) < M(u(t)) + M(y(1))
2 - 2

(t € H),

we deduce that

ou (MY Yren("FY ) < 5 lewtul) + outola)

Consequently, by the convexity of M and since (3.38) and the choice of € imply
2+6 > om(®) +0+om(y) = om(u) + om(y),

we conclude that

+ —
2+5—QM<¥) —QM(u2y>

> onr(u) + om(y) — omr (u - y) - QM(U > y)

2 2
> om(ulm) + o (yla) — om (u —2’— y‘}{) - QM(U ; y‘}{)
> = Zloar(ul) + oxr(ylin)] = 5 Zor(aln) 2 30— )/8 = 6

This means

(), (52}

Without loss of generality, we may assume QM(%) <1,i.e.,

u—+y T Y 1
Hgl o H§+2(1+s)’§1+a'
Since
:1:+yH_ T y H< T+y Ty ’_l_ 1«
2 2 21+o)|| -T2 T2 20+9|| 2 2+e 20+e)
we arrive at
x—i—y’ 1 L€ &
2 || 714+ 2(1+¢) 2(1+¢)

From Theorem 3.27, we immediately have
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THEOREM 3.28. (i) Ear and hyy are locally uniformly non-l} (n > 2).

(ii) Las or las is locally uniformly non-l} iff it is non-l. and iff M € Ay (n > 2).

THEOREM 3.29. Let X = LY, or I, (n > 2). Then the following are equivalent:

(i) X is locally uniformly non-l}.

(i) S(X) has a uniformly non-l1} point.

(ifi) M € V.

Proof. (i)=(ii). Trivial.

(if)=(iii). Let x € S(LY;). For each ¢ > 0, pick v € B(Ly) such that (v,z) >1—¢
and z(t)v(t) > 0 for all t € G. Find a nonnull set E in {t € G : v(t) # 0} such that
llz|el|® <e. Let on(v|g\g) = 1 — 0. Then o > 0.

If M ¢ Vs, then there exist w > 0 and disjoint subsets {E;}""" of E such that

N1 +e&)w)>(n—1)o 'Nw), NuE=mn-1)"1oc (i=1,...,n—1).
Hence,
on(wxp,) = N(w)pE; = (n—1)"'o,
on((1+ ehwxe,) > (n— Do 'N(w)uFi = 1.
This shows that 1 > ||wxg,||n > (1 +¢)~! (i <n —1). Therefore, by Proposition 1.84,
there exists u > 0 such that ||uxg,|° =1 and

N>1—-e) (i=1,...,n-1).

<uXEi7wXEi> =uwpk; = ”wXEl
Giveneg; =+1lor -1, <n—1, let
[ =vle\e +e1wxe, + ...+ en1wXE, -
Then on(f) = on(v|g\g) + N(w)uEr + ...+ N(w)pE, 1 <1 -0+ 0 =1 and thus,
o +e1uxm, + ... +enauxe, ,[I” = (f,z+eruxe, + ... +enruxe, )
> (v,zle\p) + uw(pEr + ...+ pEy_1)
>1-2+(n—1)(1+¢)7",
which shows that z is not a UN-ILP since ¢ is arbitrary.
(iii)=(i). If (i) does not hold, then there exist z, z,, € S(L§,) such that |z +z,|° — 2.

Replace zp,yn by (z + x,)/2, (x — z,)/2 respectively in Lemma 3.22. Then |z + z,| —
|z — z,| — 0 in measure according to Theorem 1.35. But

o(0) + 20 0] = ot6) — an(o]| = { 3re 700 = ool

and we find that z,(t) — 0 in measure on E = {t € G : z(t) # 0}. Passing to a
subsequence if necessary, we may assume x,, — 0 p-a.e. on E.

Pick constants 5 > 0 and § > 0 such that e € X, pe < § implies k‘lgM(kx|G\e) > f,
where k € K(z). Then pe < § implies

L= flall” = k71 + onr(kale)] + K~ onr (kelaye) = flzle]l” + 8.

Hence, ||z]c]|° < 1 — 8 and thus, [|z]|g\.||° > B. Select D in E with uD < & such that
Zn (t) — 0 uniformly on E\D. Since |z+x,||° — 2, we can find v,, € Ly with on(vy,) <1

I,

)



3.4. Some geometrical characterization of reflexivity 135

such that (vn, z+x,) — 2. Then (v,,z) — 1 and (v,, z,) — 1 as n — co. Consequently,
1= lm(zn, vale\(z\p)) < lim [Jva]ey o)y <1

implies on(vn|a\(2\p)) — 1 since N € Ay. This immediately yields on(vn|p\p) — 0,
and 80 [|vn|p\pllnv — 0 since N € Az. But this yields a contradiction:

L =lim[(z,va|p\p) + (2, vn[p)] < limnf[[[vn|p\plln + [[2]p]?] = [[z]p]* <1 -6 <1,

completing the proof. m

3.4. Some geometrical characterization of reflexivity. This section presents
some geometrical properties equivalent to reflexivity for Orlicz spaces which may not be
true for general Banach spaces. We first introduce some concepts.

Let X and Y be Banach spaces. We say that Y is finitely representable in X if for any
finite-dimensional subspace Y;, of Y and any ¢ > 0, X has a subspace X,, isomorphic to
Y,, and the isomorphism T from X,, to Y, satisfies ||| - |77 < 1 +e.

X is said to have the super property P provided that each Y which is finitely rep-
resentable in X has the property P. For instance, X is superreflexive iff any Y finitely
representable in X is reflexive.

X is said to be quasi-reflexive if dim(X**/JX) < oo, where J : X — X** is defined
by (Jz,z*) = (z*,z) (x € X, z* € X*).

We say that X has the Banach—Saks property (BSP) if any bounded sequence {x.,}
in X has a subsequence {y;} such that the limit

i Y1+ ...+ Yk
im &¥———
k k

exists.
X is said to be P-convez if there exist some € > 0 and n € N such that for all
X1y..., Ty € S(X),
minf||z; —axl| : j #k, jk<n}<2—e

X is said to be Q-conver if there exist some € > 0 and n € N such that for all z1,...,z, €
5(X),
1};11;17} Z(xz - a:k)H <k-—e

It is known that

UR = P-convexity = @Q-convexity = superreflexivity
= BSP = reflexivity = quasi-reflexivity.

THEOREM 3.30. Let X = Ly, LG, Iar or 1§;. Then the following are equivalent:
) X is superreflexive.
) X is reflexive.
) X is quasi-reflexive.
4) X has the Banach—Saks property.
5) X is uniformly nonsquare.

(1
(2
(3
(
(
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6) X is B-convex.

7) X has uniformly normal structure.

8) X has no subspaces isomorphic to I*.

9) X has no complemented subspaces isomorphic to I* or co.
(10) X is P-conver.

(11) X is Q-convex.

Proof. (2)=(1). If X is reflexive, then by Theorem 1.18, it has a uniformly rotund
equivalent norm, and thus, it is superreflexive.

(3)=(2). We only consider the case X = Lj;. Suppose that Ly is quasi-reflexive;
then so is Fpy. If M & Ao, then Ly is not separable. Since E); is separable, we have a
contradiction: dim(E3;/En) > dim(La/Ep) = 0o. If M ¢ V3, then similarly, we also
have dim(E3;/En) = dim(L%™/Enm) = oo. Hence, Ly is reflexive.

(2)e(5)=(6)<(T)<(8)=(9) follow from the results in §3.1, §3.3 and Theorems 1.90,
1.94 and Corollary 1.46.

It only remains to show (2)=-(10). We verify this for X = lp; and X = [3,, and leave
the other two cases X = Ljs and X = L9, to the reader. We first establish a lemma.

LEMMA 3.31. If M € Ay N'Vq near the origin, then for any L >0 and k" > k' > 1,
there exists € > 0 such that

k+h kh uwu—w
(8:39) =" M(k+h'1—s>

h+1 hl v —w l+k lk w—u
M . M .
Ry (h+l 1—g>+ Ik <l+k 1—g>

s {M(ku) L M) | M(lw)]

(
(
(
(
1

k h l

whenever k, h,l € [K', k"] and |ul,|v|,|w| < L.
Proof. Since M € Vg, there exists v € (0, 1) such that |¢| < k"L implies
k:/ + k// k// 1 k/ + k// k//
M(t)_M< g 'k'—i-k”t) 2 1_7' L'’ (k/—l—k”t).
Hence, for any a,b € [k, k"] and t € [0, L], by (1.7),

a a-+b k" K+ K"
(3.40) M(a - bbt> o< M(k/ — bt> < (L= )M ().

Since M € Aj, we can find K > 1 such that M (2t) < KM (t) and M (k"t) < KM(¢) for
all t € [0, k" L]. Moreover, we can choose K’ > 1 such that |t| < L implies

M(t) = M(E : %t) < K’M(%t).

Y
Next we show that |s| < |¢t] < k"L implies
(3.41) M(t+s) <1+ K|s/t|)M(t).

Indeed, if s = 0, then (3.41) holds automatically. If |s| > 0, then by the convexity of M
and the choice of K, we also have
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M(t+s) = M((1—|s/t]t+ |s/t|(t + [t/s|s)) < (1= |s/t)M(t) + [s/t|]M(t + [t/s]s)
< M(t) + [s/t|M(2t) < (1 + K|s/t|)M(t).

Next, we show that e = 42 /(12K?K'k"") < 1/2 satisfies (3.39). In fact, if a, b € [k', k"]
and |s| < |t| < L, then by (3.41),

(3.42) “+%W(“b~t‘s>_“+bM( ab kt g+5“‘sq>

ab a+b 1—c¢ +0b 1—c¢
= a+b( 1—5>M(acfb(t_8)>
RSO S
< Miat) E)bs) N ?Iisz(t)

Suppose k, h,l € [k, k"] and |ul, |v], Jw| < L. We verify (3.39). Without loss of gener-
ality, we assume |u| > |[v| > |w|.
First we assume uw > 0. In this case, by (3

I+k [ Ik I+k,,

e Y () — < v

Ik M(l+k(w “)>— ( k )
-7)

I+k (1
ST Ik M(ku) = (1—7) i

Hence, (3.42) implies

l+k Ik w—u l+k Lk 2K %
M . <y - M
Ik <l+k 1—g>— Ik <l+k(w “))+1—g ()

M(ku) 2KZ%
RN 1_£M(u).

Thus, if we replace (a,b,t,s) by (k, h,u,v) and (h,l, v, w) respectively, then
M(k M(h M(l M(k 2K?
(o) | M) | M) | M) | 2K

<(1-9)

< MO M) M) (g ) MO 2 ) 4 M o) + M)
oMb ) M) (0%
M(ku) M(hv) M(lw)
< 2[ P e }

Similarly, we can verify (3.39) for the case uv > 0.
If uw < 0 and wv > 0, then vw > 0. First we assume |v/u| > v/K. Since vw > 0, by
(3.40) and the choice of K’,

h+1 [ K h+1 [ hi M (hw)
<(1-
hi M(h+l( w)) hi M(h+l“) ==

A () 52 )
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M (hv) ~y
S h o e MW

Similarly to the case uw > 0, we have

H< 2[M(ku) N M (hv) N M(lw)] N <6K2a v )M(U)

k h l 1—¢ KK
< 2[M(kku) N M(hhv) n M(llw)].

Finally, we consider the case vw > 0 and |v/u| < /K. In this case, by (3.41) and
(3.40), we have

k+h [ kh kot h kh

R (A=) < 220 4y

T <k+h(u “))— L) <k+h“)
k+h

< SR04 9)(1 = ) M) = (1= 77)

and thus, as in the previous cases, we deduce that

o M ] (0t
. 2{M(:u) . M(hhv) . M(llw)]' .

Proof of Theorem 3.30. First we set X = ;. Let ¥’ = inf{k € K(z) : z €
S8}, k" =sup{k € K(z) : x € S(13;)} and L = sup{a > 0 : N(p(«)) < 1}. Then
for any uw € S(I§;) and b € K(u), 1 < k' <b < k" < oo (since M € V3) and by the
definition of K (u), |u(i)] < blu(i)| < L (¢ € N). Take € > 0 as in Lemma 3.31. Then for
any z,y,z € S(I§;) and any k € K(x), h € K(y) and [ € K(z), by Lemma 3.31,

o o

rT—Y
1—¢

o
y—2z z—z
+H1—5 1—¢

k+h kh x=—y h+1 hl y—=z
anar] L roh v
= %k {+QM<k+h1—s>}+ i [+9M<h+11—5>]
+l—|—k 14 lk z—=x
Ik M\ T+ k1-¢

1 1 1 1 1 1
< 2[— +-+-+ —QM(]{J,T) + —QM(hy) + —QM(ZZ):|

k' h Tk h l
= 2[[|=[1* + NIyl + 1I=[|°] = 6.

This implies
min{||z —y|° [ly — z[|°, ]z — 2[°} < 2(1 —&).

Next, we set X = lp. Let ¥ = k" =1 and L = M~!(1). Take € > 0 as in Lemma 3.31.
Then for each z,y, z € S(l5r), by Lemma 3.31,

orlr=5) +ou(air=g) +ou (a5 =00 +outo routs =5
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e )

Therefore, min{|lz — |, |y — 2|, |l = [} < 2(1 - ).

This implies

3.5. Roughness, girth and the Radon—Nikodym property. Let X be a Banach
space. X is said to have the Radon—Nikodym property (RNP) if for any finite measurable
space (£2, X, u) and every p-continuous vector measure F' : X' — X of bounded variation,
there exists an f € Lx(u) such that

F(E)

\fdu (Bex).

X is said to have the Krein—Milman property (KMP) if every bounded closed convex
set K in X can be written as K = ¢o(Ext K), the closure of the convex hull of the extreme
points of K.

X is called a weakly compactly generated space if it is the closure of the subspace
spanned by some weakly compact subset K.

In §3.2, we introduced the concept of denting points. If a subset of X has at least
one denting point, then it is called a dentable set. If every bounded convex subset of X
is dentable, then X is called a dentable space.

It is well known that if a dual space is separable or weakly compactly generated, then
it has RNP; X has RNP iff it is dentable. Moreover, RNP = KMP and for dual spaces,
RNP < KMP. But it is unknown if the equivalence remains true for general Banach
spaces.

Let I" be the set of all curves ¢ = {¢g° € S(X) : 0 < s < A(¢)}, where g° satisfies

(i) g° : [0, M(c)] — X is 1-1,

(i) lg*l =1 (0 < s < A(c)),
(iii) the arc length of ¢ from ¢° to g% is s (0 < s < A(e)),
(iv) g"tAO/2 = —g75 (0 < s < A(¢)/2).

The girth of X is defined by GirthX = inf{A(c) : ¢ € I'}. Tt is easy to verify
4 < Girth X < 8 for any Banach space X. If there exists ¢ € I" such that A(c) = 4, then
X is called a flat space, or we say that Girth X = 4 is attainable.

It is known that Girth X > 4 < X is superreflexive; flatness of X = flatness of X*;
flatness of X = X and X* fail RNP; flatness of X = X is not LUNS.

For each z € S(X), let

e(x) = sup{e > 0 : there exist f,, g, € S(X*) with f,(x),gn(z) — 1
and limsup || fn, — gn| > €}

If e(x) > 0 for every z € S(X), then X is called a pointwise rough space; if e(X) =
inf{e(z) : x € S(X)} > 0, then X is said to be rough; if inf{diam A(x) : z € S(X)} > 0,
where A(x) denotes the set of supporting functionals of z, i.e., A(x) = {f € S(X*) :
f(z) = ||lz||}, then X is called a strongly rough space. Clearly, roughness is closely re-
lated to nondifferentiability. In fact, pointwise roughness < Fréchet nondifferentiability
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everywhere; strong roughness < uniform Gateaux nondifferentiability; and roughness is
weaker than uniform Fréchet nondifferentiability.

THEOREM 3.32. Let X = Ly, Epr,las or hpy. Then the following are equivalent:

(i) X has the Radon—Nikodym property.

(ii) X has the Krein—Milman property.

(iii) M € As.

Proof. (iii)=(i). If M € Ao, then X is a separable dual space, therefore, it has
RNP.

(i)=>(ii). Trivial.

(ii)=-(iii). We only consider function spaces. If M ¢ Ay, then there exist u, > 0
and disjoint G,, € ¥ (n € N) such that opr(O k) < 1 and ||zx|| > 1/2, where x, =
UrXG,, k € N. Let

K= {ialxl () € B(Co)}.

i=1
Then it is easily checked that K is a bounded closed convex subset of Fj;. We complete

the proof by showing that K has no extreme points. Indeed, for any z = " g;2; € K,
there exists j € N such that |¢;] < 1/3. Define

Y= Zﬁﬂi —€;Tj, 2= Zsixi + 3g;x;.
i#£j i#£]
Then y,z € K, y # z and y + z = 2x. This means that x is not an extreme point of K.
Since = € K is arbitrary, we deduce that Ext K = (). m

REMARK. From Theorem 3.32, we see that Fj; and hys do not have RNP if M & As.
Noticing that they are separable spaces, we find that Ej; and hy; are nondual spaces if
M ¢ A,.

THEOREM 3.33. (i) Enr and hay are weakly compactly generated spaces.

(ii) Las or Iy is weakly compactly generated iff M € As.

Proof. (i) Since Ej; and hys are separable spaces, they are compactly generated,
and of course, weakly compactly generated.

(ii) The “if” part follows from (i). Suppose that Lys or Iy is WCG. Then it has RNP
since it is a dual space, and thus by Theorem 3.32, M € Ay. =

Before estimating the girth of Orlicz spaces, we present a lemma.
LEMMA 3.34. [*° is a flat space.

Proof. Let {r;} be the set of rational numbers in [-1,1) and r; = —1. We define a
sequence {a,} of functions on [0, 2] by

<s<1-
an(s)_{rn_'—s’ Osss1-m (e

2—rp,—s, 1—r,<s<2,

Set g° = {an(s)}tnen, 0 < s < 2. We first show ||g°|lcc = 1 (0 < s < 2). Indeed, it
is obvious that [|g°|lcc = sup, |an(s)] < 1. On the other hand, for any ¢ > 0, since
1—s € [—1,1], there exists j € Nsuch that 1 —s—e < r; < 1-s,ie., aj(s) =rj+s>1—c.
This implies ||¢°%]|cc > 1 — €, whence ||g°|lcc =1 (s € [0,2]).
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Clearly, g° : [0,2] — [*° is 1-1 and

90 ={an(0)}n = {—an(2)}n = _927 gs+1 ={an(s + D}n ={—an(=8)}n=—g"".

It remains to check ||g* — g']|co = |5 — t] (s, € [0,2]). Let 0 < ¢ < s < 2. Then it is easy
to see that ||g* — ¢'||cc < |s — t|. On the other hand, when ¢ > 0, we can find j € N such
that 0 < 1 —r; < ¢, and thus, ||g° — ¢'|lcc > |a;(s) —a;(t)| = |s — t|. If t =0, then for

each € > 0, we can find k¥ € N such that 1 — 7, < min{s,e/2}. So,
l9° — ' > lan(s) —ar(0)| = [2(1 —7i) — s| > s —&.

Thus, in any case, ||[¢° — ¢'|lcc = |5 — t|. =
THEOREM 3.35. (I) Let X = Ly or lpyr. Then

(1) Girth X > 4 iff X is reflexive.
(2) (Girth X =4 and X is not flat) iff M € Ag \ V.
(3) X is flat iff M & As.

(IT) Let Y = LY, orl§,. Then

(a) GirthY >4 iff Y s reflexive.
(b) Y is not a flat space.
(c) (GirthY =4 and Y is not flat) iff Y is not reflexive.

Proof. (1) and (a) follow from Theorem 3.30; (3) follows from Lemma 3.34 and
Theorem 1.89; (b) follows from Theorem 3.26. (2) is a direct consequence of (1) and (3),
while (c) comes from (a) and (b). =

Next, we investigate the roughness of Orlicz spaces.

THEOREM 3.36. Let X = L§,; orl$,;. Then the following are equivalent:

(i) X is rough.

(ii) X is pointwise rough.

(iii) M & Vs.

Proof. We only prove the theorem for X = L¢,.

(i)=>(ii). Trivial.

(ii)=(iii). If M € V3, then by Theorem 2.58, E{, is an Asplund space. Hence, there
exists at least one Fréchet differentiable point z € S(ES;). It suffices to verify that z
is also Fréchet differentiable in L§,. Let f, = v, + ¢, € S(L3},) satisfy fn(z) — 1 as
n — oo, where v, € Ly and ¢, € F (n € N). Then by Theorem 1.51 and

I — <fn7x> = <Un7$> + <(pn,:E> = <’Umx>

we deduce that ||v,||v — 1. So, on(v,) — 1 since M € Vq, whence, by Theorem 1.51,
¢©n — 0 asn — o0o. Since x is Fréchet differentiable in E$,, we find that {v,} is a Cauchy
sequence and hence so is {f,}. This means that = is Fréchet differentiable in L.

(iii)=(i). For any x € S(LY,), pick a supporting functional f = v+ ¢, where v € Ly
and ¢ € F. Then by Theorem 1.77, on(v) + ||| = 1. Since M ¢ Vs, there exist v, T 0o
and G,, € XY such that

N({(141/n)vy,) > 2"N(vy,), N(vy)pGn=2"" (ne€N).
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Put
fn=vle\¢, T Unxc, + ¢ gn =vla\G, — VnXa, T ¢
Then by Theorem 1.51 and since

om(vleng,,) + on(vaxa,) + lell < on(v) +27" + ol =1+27",

we have || fn|lnv <1+ 27™. But since
(vleng, x) = (v,2) and [(vnxa,, 7)| < em(zla,) + N(vp)pGrn — 0,

we deduce that (f,,z) — 1 as n — oco. Consequently, ||fn||x — 1 as n — co. Similarly,
we also have ||gn||y — 1 as n — oo. On the other hand, since gn((1 + 1/n)vpxa,) > 1,
we derive ||v,xq, [N > (1 + 1/n)~L. Therefore,

1fn = gnlly = lI20nxc, I 2 201 +1/n) 7" — 2,

ie., e(xz) > 2 and thus, inf{e(y) : y € S(LY,)} = 2, i.e., LY, is a rough space. m

REMARK. By Theorems 1.16 and 2.52, F{, always has an equivalent smooth norm.
Therefore, there exists a smooth Banach space X with (X)) = 2.

THEOREM 3.37. None of LS, La, 13, and Iy is strongly rough.

Proof. We only prove the theorem for L$,, the others are analogously verified.
Clearly, it suffices to show that L{, has at least one smooth point. Since a separable
space is a weak Asplund space, i.e., the set of smooth points is a G5 dense set in the
space, S(E9,) has infinitely many smooth points. We claim that every such point z is a
smooth point of L$, as well. Indeed, since z is smooth in FY,, it has a unique supporting
functional v in S(Ly). If f = w+ ¢ is a supporting functional of z, where w € Ly and
@ € F, then from

1= <f,:E> = <w,x> + <(P,=T> = <w,x>,

we deduce that w is also a supporting functional of x since Theorem 1.51 implies ||w||n
< 1. Hence, w = v and Theorem 1.80 yields on(w) = 1, and so ¢ = 0 again by Theorem
1.51. This verifies that f = v, i.e., x is a smooth point of L§,. m

THEOREM 3.38. Ljs or Ly is pointwise rough iff M & V.

Proof. We only deal with Lj;. The necessity is proved analogously to the proof of
Theorem 3.36. Now, we check the sufficiency. Since a nonsmooth point is of course a
rough point, we only need to show that every smooth point x € S(Lys) in Ly is also
rough. Since x is a smooth point, the unique supporting functional v is in S(L;). Since
N & A,, there exist v, T oo and G,, € X such that

N({(141/n)vy,) > 2"N(v,), N(vy)pGp=2"" (n€N).

Define
Un =vla\a, + (Wn/k)XG.,  Zn =venvG, — (n/k)Xxa.,
where k € Ky (v). Then from

((vn/k)xGs |2])
E7YN ()G + om(2]g,)] — (v, x) =1

{Yn, 2) = (vlorG,o )

> (vle\G,» 7)
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and
lynll% < &L+ on(kyn)] = k' 1 + on (kvlevg, )] + k7 N (02)uGn — o ]| =1,
we get ||[ynl|Q — 1. Similarly, we also have ||z,]|% — 1 and (z,,z) — 1. But
lyn = 2nll% = lyn = zallv = 267 lvnxe, v = 26711 +1/n) 7" — 2/k > 0,

and we derive that z is a rough point of Ly;. m
THEOREM 3.39. Lys or lpr is rough iff M € Ag\ Va.

Proof. <= Since M € Ay, every supporting functional v of each point x € S(Lyy) is
contained in S(LQ;). Since M ¢ Vo, by the proof of Theorem 3.38, we have e(z) > 2/k,
where k € Kn(v). But Theorem 1.35 implies

K =sup{k € Ky(w) : |Jw|} =1} < o0,

whence ¢(X) > 2/k > 0.
= By Theorem 3.38, M ¢ V3. Now, we prove M € Ay. If M € As, then for any
m € N, there exists v > 0 such that

N@)uG >1, N(3mv) < (1+3m)N(v).

Since the right derivative p of M is nondecreasing, we may assume that « = M ~'(2N (v))
is a continuity point of p. Choose E € X such that N(v)uE = 1/2 and put u = axg, y =
vxe and = y/||ly||%- Then oum(u) = M(a)pE = 2N (v)uE =1 implies ||u|| = 1 and

(w,u) = M7 (1/uB)/|Ixel{InE =1

implies that x is a supporting functional of u. Pick k € K(z), i.e., k/||y[|% € K(y). Then
from

N =

< 3im[1 + (3m + )N (v)uE] = %(1 + %) <1

we deduce that k/[|y||% > 1, and so

1 1 1 1 1
(14— o == 1+ on (ky/ly112)] = =yl + = ~|lylI% +1/2
2( ) > lylly k”y”N[ on (ky/llylla)] > kHyHN on(y) kHy”N /

implies
k> 2m|y|& > m.
Now, we show that k/||xg||% is a strictly convex point of N. Indeed, it is clear that
u is a smooth point in Lys. So,  is an extreme point of B(L$;). This means kz(t) € Sy
and thus, kv/|ly||% € Sny. In other words, k/||xel|% € SN-
Next, we prove z, — x in measure for all =, € S(L% ) satisfying a,, = (zp,u) — 1
(n — 00). Indeed, first we have

(3.43) V(1) — 2()] dt = @@y — 2,u) — 0.
E



144 3. Other geometrical properties

Moreover, for any € > 0, we can find § > 0 such that pe < § implies |Jul||nv < e.
Therefore, from

<IH|E\67U’> +e> <IH|E\eau> + <In7u|€> = <Inau> — 1,
we deduce that for all large n,
(3.44) pe <0 = ||znlmelly > 1—¢.

Pick k, € K(z,). Then by examining the proof of (3.34), we see that (3.44) implies
(3.34). Moreover, (3.44) also implies that {k,} is a bounded set since M (t)/t — oo as
t — oo. Therefore, by passing to a subsequence, we may assume k,, — k’. But by the
Jensen Inequality,

1 1
an = [lane % < b 1+ o (knone)] = [1 i N(,TE | Fnn () dt) uE]
" E

< k;1[1 + on(knn)] = [|za]|% = 1.

Letting n — oo, we obtain 1 = k'7![1 + on(k'z)], i.e., ¥ € Kn(z). Observing that
x € Ext B(L%,) implies that K (z) is a singleton, we deduce that k, — k' = k.

Applying (3.43), (3.44) and k,, — k, instead of E by G(i), by repeating the proof of
the sufficiency in (ii) of Theorem 3.13, we find that x,, — z in measure.

Finally, we complete the proof by showing that ¢(Lys) < 2limsup, ||z, — z||% <
8/k < 8/m — 0 (m — o0). In fact, since {x,} is chosen arbitrarily, by passing to a
subsequence if necessary, we may assume z,, —  p-a.e. on G. For any € > 0, there exists
d > 0 such that e € X and pe < § imply on (kzle) < € and ||z]||% < . Select e € X' such
that pe < § and x,, — x uniformly on G \ e. Then since

1= ||xn||N = kgl[l + QN(kn$n|G\e)] + kglgN(kane) > ||$n|G\e||N + k;lgN(kflxnk),

we deduce that for all large n, on (kn2nle) < ke. Since the convexity of M implies

k k 1 k — kny,
ON Z(In_x) < oNn Z(xn_'r”G\e +§QN Txn|e

1 1
+ZQN(knxn|e) + ZQN(kaB)a

we deduce that

1
hmsupgN< <0+ = ks—i— k£+4gN(k:E|)

Letting ¢ — 0 and pe — 0, we obtain

)
lm o (
fon =l < 3 [1+ (5 - ) |

implies limsup,, ||z, — 2|4 < 4/k. »

ﬂk|??‘
\_/
53

Hence, the inequality
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3.6. Ball-packing constants. Let X be a Banach space. The ball-packing constant
of X is defined by

I'y = sup{r > 0: there exist z, € (1 —r)B(X) with ||x; — x| > 2r for i,j € N,i # j},

ie., if 0 < r < I'x, then B(X) contains infinitely many disjoint balls with radius r, and
when r > I'x, then B(X) contains only finitely many such balls.
PropoOSITION 3.40. If dim(X) = oo, then 1/2 > I'x > 1/3.

Proof. For any r > 1/2 and z,y € (1 — r)B(X), we have
e =yl <zl + Iyl < Q=)+ (1 =r) <1 <2r.

Hence, B(X) does not contain more disjoint balls with radius r > 1/2 than one, and thus
I'y <1/2.
Next, we show I'x > 1/3. Indeed, for any fixed € > 0, set

D={ACBX):z,yc A, z#y=|z—y|>1-¢}

and define the partial order “<” on D by A < B < A C B. Clearly, for any ordered
subset D' in D, E =|J{A: A€ D'} € Dand A < E for all A € D'. By the Zorn
Lemma, D has a maximal A’. We claim that A’ contains infinitely many elements. In
fact, if A’ contains only finitely many elements, then span A" # X. Therefore, there exists
x € B(X) with dist(x,span A’) > 1 — e. But this yields A’ U {z} € D, contradicting the
fact that A’ is maximal.

Let C = (2/3)A’. Then for any z,y € C with x # y, we have

Izl llyl <2/3<1—=(1=¢)/3, |z —yll=(2/3)(1-¢)

This shows I'x > (1 —€)/3, and thus I'x > 1/3 since € > 0 is arbitrary. m
PROPOSITION 3.41. Set

dx = sup inf {||zn — Tm| : Tn, Tm € x}
x NFEM

where x = {x;}52, C S(X). Then I'y = dx /(2 +dx).
Proof. Given ¢ > 0, pick a sequence x = {z;} in S(X) with |lz; — z;|| > dx —¢

(i # j), and define
yi = (1—7@(_8 ):vi (i € N).

2+dx —¢
Then J
X — .
il =1— ——————— N
il =1- 72— (€N
and for all 7 # 7,
dx — ¢ 2(dx—€)
i — Y 1—-—————|dx — &) = —————~.
o=l > (1= 72 Yy -9 = P =)

Thus,
dx—E
I'x > ———.
X = 24+dx —¢
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Since € > 0 is arbitrary, we get
dx
2+dx’
Next, we show the reverse inequality. Since dim(X) = oo, we immediately have dx >1
and thus, 79X > 1 . This permits us to consider the case I'x > 1/3 only. For fixed >0,

' 24dx
pick s € (1/3, I’X) such that

I'x >

2s QFX
1-s 1-Iy
Then by the definition of I'y, there exist z; € (1—s)B(X) (k € N) such that ||z; — ;| >
2s (4,5 € Nyi # j). Omitting some elements if necessary, we may assume ||z;|| > s for all

i € N. So, for all i,j € N, i #£ j,
(3.45) 1/3<s<||z;]| <1—-5<2/3<2s< |z — x4
For fixed j € N, let ||z;]| = (1 —¢)(1 —s). Then ¢ € (0,1) and for any z; # x;,

1-s
xl—szt:zl—k(l—t) Ti— 7 %5 )-
[l

Thus,
tlas =zl + (= D)llzs — 25| = llws — 25| < tllall + (1= 1) || 2 = ETRG
J
It follows from (3.45) that
(3.46) L=s 1-s<25< | I <
. || =1—-s<2s < ||l@w; — x| < ||@ — x
251 ’ 1™
Take t' € [0,1) such that ||z;]] = (1 —¢')(1 —s). Then
1-— 1-—
t —8:17] —zil|+ (1=t —8:17] —x;
[EA 251
H 1-— s
”%”
t'(1— 1-— 1-
) ———z;+(1-1t) {—ij — —5:171]
5]l 1251 B
1- 1-
T ECE L
25 B
Combining this with (3.46), we get
H H 1- s 1-— s
I ;1 Taall
It follows from (3.46) again that
X ZT; 2s . .
- (i #J)
sl H
and thus, by the definition of dx, we obtain dx > 2s/(1 — s). Letting s — Iy, we find

d
. ;X or equivalently, I'x < 5 -:ilx

Now, we calculate the ball-packing constants for Orlicz sequence spaces.

dx >
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LEMMA 3.42. Assume M € As. Then for any 6 > 0 and any sequence {x™} in S(Inr),
there exist a subsequence {y"} of {z"™} and a subsequence {my} of N such that

(1) QM(yk|N\1k) <4 (k € N)v

(2) em (W™ =y™)|ney) <0 (K €N, m,n > k),

(3) o (Y"1 \1,,_1) <0 (K >2,n> k),
where In =0, I, ={1,2,...,my}, k € N.

Proof. Since for any n,i € N, [2"(i)] < M~1(1), we may asume, by the diagonal
method, that 2" (i) — a; as n — oo (i € N). Clearly, >~ M (o) < lim,, oar(2™) = 1.

Let y' = z' and pick m; € N such that oa(y'|wy,) < 0 and Y., M() < 0.
Choose N; € N such that for all n,m > Ny, op((2™ — 2™)|;,) < 6 and let y? = N1,
Then pick my € N with my > m; such that oar(y?|z,) < J. Since

> M(ai) < Y M(a) <,

i€l \I; i>my

we can choose Ny € N with Ny > Ny such that for all n,m > No, op((2"™ — 2™)|1,) <6
and on(2"|7,\1,) < 6. Then we set y3 = 22, And so on, by induction, we find the
required {y"} and {my}. =

Let n € N, M € Ay and z € S(lp7). Then there exists a unique ¢, > 0 such that
om(z/cz) = 1/n. Define
dn, = sup{c, : z € S(lm)}-

Furthermore, for each sequence x = {z"} in S(las), we set
Dy(x) = inf{||z* + o2 + ... +p2™| : 2t,... 2" €%, & = +1},
D,, =sup{D,(x) : x = {z"} C S(la)}.
Then we have
LEMMA 3.43. If M € Ag, then d,, = D,, (n € N).
Proof. Given e > 0, pick y € S(Ia) such that ¢, > d,, — e. Define
' = (y(1),0,5(2),0,9(3),0,4(4),0,4(5), 0,4(6),0,...),
2 = (0,9(1),0,0,0,(2),0,0,0,y(3),0,0,..),
23 =(0,0,0,%(1),0,0,0,0,0,0,0,4(2),...),...

and x = {2"}. Then for any z**, ... 2*» € x, since

zh £ ke _ Y v\
oM| ———— | =nou >nopm| — | =1,
dy, — ¢ d, — ¢ Cy

we have [[2%1 £ ... £ 2k || > d,, — ¢, ie., D,(x) > d,, — ¢ and of course, D,, > d,, — ¢.
Letting € — 0, we get D, > d,,.

Next we prove D,, < d,. We only consider the case n = 2k + 1 (k € N); the case
n = 2k (k € N) is proved analogously.

For fixed € > 0 and z € S(lp), we have

T < dp, T <1(1 e)
oM d, +¢ _dn—i—sQM dn) —n Y
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where e1 = ¢/(dy, +¢) > 0. By Lemma 1.40, we can find § > 0 such that ), M(a;) <1
and ), ; M(B;) < ¢ imply
] S M+ 6) > M)
i€l i€l
Since M € Ay, there exists ¢ > 0 such that 0 < u < M ~!(1) implies M (nu) < cM (u).
By Lemma 3.42, any sequence x = {z*} in S(I5s) has a subsequence {y*} satisfying
om(¥'Ing,) <0/ (keN, p<k),
om((¥” —y)lr,_,) <d/c  (keN, p,g=k),
QM(yp|Ik\Ik—1) < 5/0 (k Z 27 p> k)v
where I, = {1,...,m}, m; < my < ... In the following, we estimate ||y' 4+ y? —y> +
ooyt =y Since
11)

(yQ—y3+...+y"_1 —yn
oM
<om((W—9*+.. 4y —y")n)

dn+¢
2 n—1, 4 3 n—1, .1 "
2w (502 = ) e (B 0 = )|
2¢ 2 3 n—1 n
2ol ) + -+ on (" — )]
2¢c n—-1 6
“—n—1 2 c
by the choice of 4, we have
. Yy =yt 4y =y
M dn +¢

<€1/n.

IN

IN

1
Y €1

< + —
11) —9M<dn+s 11> n

<(l-e1)/n+e1/n=1/n.

Furthermore, since
<y1_y3+'.'+ynl_yn)
oM

d, +¢
< —lon((n = D9l) + oat((n = Dyfli) + .+ oar(n = 1y
< —lowr (') + onr(y’ln) + - + o (y" 1)

by the same reason, we have

1 2 3 n—1 n 2
+y -y +...+ — € 1
QM<y Y yd Y Y >§QM( Y )-l——S—-
n+e€ I dp, +el1, n-n
Similarly, for any k > 3, k < n,
QM<y1+y2—y3+---+y"1—y” ><QM( y* ) el
dn, +¢€ n) dn +l, n-n
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Finally, since

o Yy Byl
dy, +¢

) < 4,
N\Infl

yn
< QM( ) +
N\In1> dn +¢ N\Z,,—1

Summing up the above discussion, we obtain

. y1+y2_y3+'”+ynfl_yn <1
M dy, +¢ -

we also have

. y1+y2_y3+”'+yn71_yn
M dn +¢

Sl
IA
SIm

e, |yt +92 =92+ ... +y" L —y"|| < d, +e. Since {y*} is a subsequence of {z*}, we
deduce that D, (x) < d,, + ¢, and so D,, < d,, since x = {2*} and ¢ > 0 are arbitrary. m
THEOREM 3.44. Denote by 'y the ball-packing constant of lpr. Then
(1) Iy = dg/(dz + 2) (M S AQ), and
(ii) Iy = 1/2 (M ¢ As).
Proof. (i) is a direct result of Proposition 3.41 and Lemma 3.43. Now, we prove (ii).

Suppose M & As. Then by Theorem 1.89, [, has a subspace isometric to °°. Since it is
obvious that dj =2, we have Iy = 1/2. m

THEOREM 3.45. I'yy < 1/2 iff M € As NVs.

Proof. If M & Ag, then by Theorem 3.44, I'yy = 1/2. If M € Vs, then by Theorem
1.91, I' is an almost isometric copy of l;. Since it is obvious that dji = 2, we also have
Iy =1/2.

If M € Ay N Vg, then by Theorem 3.30, [ is P-convex, and in particular, d;,, < 2,
e, Iy <1/2. m

Finally, we calculate the ball-packing constant I'y, for I$,. First, as in Theorem 3.45,
we have

THEOREM 3.46. I'y, < 1/2 4ff M € Ay N Vs.

Assume M € Ay. Then for any = € S(I$,) and k > 1, there exists a unique dy > 0
such that opr(kx/dy k) = (k—1)/2. Set d, = inf{d,  : k > 1}. Since for any k' € K(x),

E—-1 1 , Kz

5 = §QM(]€ r) > QM(7>7
we deduce that d, < 2. Moreover, for any k > 0, by Theorem 1.30, gpr(kxz) > k—1, and
thus, d, > 1. Hence, if we define d = sup{d, : ¢ € S({;)}, then 1 < d < 2.

THEOREM 3.47. If M € Ao, then 'Y, = d/(2 + d).

Proof. Set dl?v[ = djs; we have to show dj; = d. First we claim dp; > d. Indeed, for
any ¢ > 0, there exists « € S(19,) such that d; > d — ¢, and of course, dg j > d—¢ for all
k> 1. Set

xl = (I(l)a va(2)7 Oa I(3)a va(4)v O, I(5)a va(G)v 0, e ')7
2 =(0,2(1),0,0,0,(2),0,0,0,0,0,0,0,z(3),0...),
3 =(0,0,0,2(1),0,0,0,0,0,0,0,2(2),...),...
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Then ||2"||° = ||z]|° =1 (n € N) and for all n # m and all & > 1,

R e R R O B i O
1
= +k-1=1.
This means ||z — 2™||° > d — ¢, and thus, dps > d since ¢ is arbitrary.

To show dys < d, we arbitrarily pick 2™ € S(13,;) (n € N). For any ¢ > 0, by the
definition of d, there exists k,, > 1 such that b, < d+e&, where b,, satisfies ops(knz™/by,) =
(kn, —1)/2 (n € N). First we assume that {k,} is unbounded. In this case, we will show
that d + & > 2 and thus, dy; < d + € since we always have dj; < 2.

Passing to a subsequence if necessary, we may assume k,, — co. If d+¢ < 2, then by
Theorem 1.30,

k,—1 kyx™ o kpx™ - 2 k,x™
2 M by, oM d+e d+e oM 2

2 kna™||° I kn 1
d+e 2 Cd+e\ 2 '

Letting n — oo, we find 1 > 2/(d +¢) > 1, a contradiction.

Next we assume that {k,} is bounded. In this case, we may assume k, — k > 1 as
n — 00. Since M € Ay, we can find ¢ > 1 such that

I
)

Y]

(3.47) 0<u<M*1)= M(ku) < cM(u).
By the same reason, there exists § € (0, ) such that
(3.48) om () < ¢, om(y) <6 = om(z+y) < om(x)+e.

Moreover, since gp(z™) < |ly™]|° =1 (n € N), by Lemma 3.42, {z"} has a subsequence,
denoted by {z™} again, such that

(3.49) o (@ |w,) < 8/c  (j€N),
(350) QM((xn_xm)|Ij71) <6/C (2§]§n7 mZ.?)v
(351) QM(J‘.”'Ij\ijl) < 6/0 (.7 > 27 n> .7)7

where I; = {1,...,m;} (j € N) and m1 <mgy < ...

Pick m,n € N with n < m large enough such that
(3.52) lkn, — k| <6,  |km — K| <.
We estimate ||z — 2™]|°. By (3.47) and (3.50), we have

k
(3.53) QM<d+ E(xn - xm)|ln1) < com((z™ —a™)|, ) < b <e.

By (3.47) and (3.51), we have

k. m
QM d + EI |In\17171 < CQM(I |I71\In—1) < 5
It follows from (3.48) that

k n m k n
(3.54) QM<d—+€(I - )|1n\1n1) < oM (d——l—sx |1n\ln1) +e.



3.6. Ball-packing constants 151
But (3.52) implies

k n k n n
QM(d—i—ax |1n\1n1) < |/€—kn|QM(d+E£U |1n\1n1) < dom(z") <9,

so, by (3.48),

k k
n < n n .
QM<—d EUC |1n\1n1) = QM(d EUC |1n\1n1) +e

Combining this with (3.54) and b,, < d + ¢, we obtain

k kn .
(3.55) gM<d—+a(x" - xm)Izn\zn1> < om (mx |1n\1n1> + 2

kn ky
<om| 3o lr\I,_y | T2 < 5t
7k—1+kn—k+2€<k—1+58
2 2 - 2 27"

Finally, by (3.47), (3.51) and (3.48),

L(m"—xmﬂ < k xml +e
oM dte N\, | = 0Mm dte N\7, ,

and so, by repeating the deduction of (3.55), we also have
k—1 5

k
. = (a" — ™ <242
(3.56) Qﬂf(d+€($ x )|N\1n) S —5 15
From (3.53), (3.55), (3.56) and Theorem 1.30, we obtain
| k
< _ no__ m
_k[l-i-QM(CH_E(iC x ))}

[14+k—1+6c]=1+6e/k <1+ 6e.

" — ™

d+e

<

el

This shows that inf{||jz™ — 2™||° : n # m} < (1 + 6¢)(d + ¢). Since {z"} in S(I3,) and
€ > 0 are arbitrary, we deduce that dj; < d for either case. m

COROLLARY 3.48. If M € Ay and ||z|° = aM = (om(x)) (x €13;), then

dy =Ll F
MT a1 \M-((k—1)/2)
Proof. From the equation

Rl ovi(ka/d) = M(illkw/dﬂo) = M(%)

2
—1
et ()
o 2

: 1 . _1 k - 1
= e = it e (B ) .

we deduce that

Therefore,
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COROLLARY 3.49. If X =P (1 < p < o), then
1
—9l/p - -
dx =277, FX—1+21_1/p-

Proof. For any x € 1P, ||z[|° = ¢"/||z|;» = ¢"/9M ~*(or(x)), where M (u) = |ul?/p
and 1/p+ 1/q = 1. Hence, by Corollary 3.48,

1 k—1\'"
— i —_9ol/p
dX_ql/qpl/p;ir;flk< 5 ) =27 g

REMARK. Z. Ren [202] estimated the ball-packing constants in many ways. For in-
stance, he obtained

1 1
HIg, >
() LM_maX{1+2OéM71+1/ﬁM}7

1 1
2) I'fo >
@ g, 2 max{ e
1

1+ 209,
1
4H T >———)
W T = 7,
where N is the complementary function of M and

M~(u) M~ (u)

ogM*hmlnfi7 6M_hmsup7
M~ (u) . M~ (u)

R e e i TR

H. Hudzik & T. Landes [123] estimated the ball-packing constants in a quite different
way, namely, they showed that

®3) Ty =

1 1 0
QFV[ (1/2) v (f&)‘1(1/2)
4 > ma {s U ) 2u }
max u u
Far = a0 M1(3M () uso M~1(2M (u))

1 2
> max{ — y = } > max{gl/q7 2171/1%0}7
9 (1/2) fr/ (2+0)
where it is assumed that M (1) =1 and
M(uv) M (uv)
u u) = liminf
fM( ) 0<UI<)1 M( ) gM( ) o0k M( )
_ e M(uv) FooN M (uv)
gu(u) = inf =7 M@ Jaa(u) = lim sup Ok
and
@ o () tp(t) . tp(t)
=5y P ol aqy P T lmintargy o = lmsup gaae
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Notes and remarks. In the theory of general Banach spaces, the main properties
mentioned in this chapter have the implications shown in Figure 3.1.

Table 3.1
M Ly Iy LY, 1S
UNS Ao, Va2 Ao, V2 Ao, V2 Ao, V2
NS Ao Ao Ay < o0 Oy < 00
WNS Ao Ao no condition | no condition
UN-1} (n > 2) A9, Vo | Aa, Vs As, Vo Ao, Vo
LUN-I} (n > 2) Az Ao Va Va
LUN-S Asg Ao no condition | no condition
N-11 (n>2) Ao Ao no condition | no condition
RNP Ao Ay Ao Az
WCG Ao Ag As Ag
H Ao, SC Ag Ao, SC Ag
UKK Ao, UC Ag Ag, UC Ag
NUC Ag, UC Ao, V2 Ag, UC Ao, V2
BSP Ao, Vo Ao, Vo Ao, Vo Ao, Vo
P-convex Ao, Vo Ao, Vo Ao, Vo Ao, Vo
Q-convex Ao, Vo Ao, Vo Ao, Vo Ao, Vo
Superreflexive Ao, Vo Ao, Vo Ao, Vo Ao, Vo
Subreflexive Ag, Vo Ag, Vo A9, Vo Ag, Vo
(no?gttt};i;aile> A2\ Vo | A2\ Vo |€Agor & Va|g Ay or € Vo
Flat Z Ag Z Ao never never
Strongly rough |impossible |impossible| impossible impossible
Rough A\ Va | A\ V3 ¢ Va ¢ Va
Pointwise rough & Vo Z Va Z Va & Vo

Table 3.1 summarizes the main results in this chapter. In the table, “UC” means that
M is uniformly convex, “SC” denotes that M is strictly convex, and

Ay =sup{b/a: [a,b] is a SAl of M, b > 1},
Oy =sup{b/a : [a,b] is a SAT of M, b < 1}.

T. Landes [158] and D. V. Dulst & V. D. Valk [76] first discussed the normal structure
of I5; and obtained Theorem 3.8 for {;; and Theorem 3.11 respectively. Theorem 3.8 for
L was deduced similarly by the author. But the problem for L, is a rather tough task.
It was not until 1990 that T. Wang & B. Wang [252, 253] solved the problem for [3,. Using
their work, S. Chen & Y. Duan [27] gave Theorems 3.6, 3.7 finishing the discussion. To
find the criterion for uniformly normal structure had been open until 1992 when S. Chen
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& H. Sun [43] obtained Theorem 3.1 for Ly, and after that, using that result, T. Wang
& Z. Shi [241] solved the problem for L§,.

The criteria of the H-property were given by S. Chen & Y. Wang [47] and C. Wu,
S. Chen & Y. Wang [283] and partly by H. Hudzik [111]. Recently, R. Pluciennik, T. Wang
& Y. Zhang [193] considered the problem more precisely and obtained all the criteria for
H-points and denting points. The results for UKK and NUC were given by T. Wang &
Z. Shi [243] while the G-property was studied by T. Wang [220].

Non-squareness and non-I} property were considered by many mathematicians in-
cluding S. Chen [14, 20], S. Chen & Y. Wang [48], M. Denker & R. Kombrink [67],
R. Grzaslewicz, H. Hudzik & W. Orlicz [86], H. Hudzik [99, 100], K. Sundaresan [211],
Y. Wang [265], Y. Wang & S. Chen [268] and C. Wu, S. Chen & Y. Wang [284]. The
pointwise property was then considered by T. Wang, Z. Shi & Y. Li [250].

Theorems 3.30, 3.32, 3.33, 3.35 are selected from T. Wang & Z. Shi [242], Y. Ye,
M. He & R. Pluciennik [304], T. Wang [221, 222], A. J. Pach, M. A. Smith & B. Turett
[185], A. Kaminiska [140], Y. Wang & S. Chen [268] and C. Wu, S. Chen & Y. Wang [284],
while Theorems 3.36-3.39 are picked from Y. Cui & T. Wang [60], Finally, all results on
the interesting ball-packing problem are due to Y. Ye [301] and T. Wang [223].



4. Some applications of geometry of Orlicz spaces

In this chapter, we present several examples of applications of geometry of Orlicz
spaces in best approximation and optimal control theory.

4.1. Best approximation. Let X be a Banach space, C' be a subset of X and z be
an element in X. If there exists y € C such that

|l —y|| = inf{|]|z —¢| : c€ C}

then y is called a best approzimant of x in C, and denoted by y € 7w(z|C). The set-
valued mapping Pe :  — 7(z|C) is called a metric projection. In particular, if Po is a
single-valued mapping, then it is called a best approzimation operator, denoted by = (-|C).

THEOREM 4.1. Suppose M € Ay and M is smooth (i.e., p is continuous). Let C be a
convex subset of LS, w € C and x € LG, \ C. Then u € n(z|C) iff for any w € C and
ke K(z —u),

Vlu(t) — w®p(kl(t) — u(t) )signfz(t) — u(t)] dt > 0.
G
Proof. Necessity. Let u € n(z|C) and w € C. Set

h(v) = (1 =y)utyw, v e[0,1].
Then h(y) € C since C is convex. Define
() = h(7) = 2l = [I(w — 2) + y(w = w)|[?, v €[0,1].

Then by the definition of 7(x|C), ¥(y) > ¢(0) for all v € (0,1]. Noticing that L§, is
smooth by Theorem 2.52, we have

0< tim [60) ~ VO = Fmfl(u — 2) + 300 — ) ~ Ju — 2]}/
= (f(u—2x),w—u),

where f(u—x) is the Gateaux derivative of ||-||® at u—xz. But M € Ay and the smoothness
of M imply on(p(klx —u|)) =1 for all k € K(z — u), and so, by Theorem 2.51,

flu—2z) = p(klu — z|)sign(u — ).
It follows that
0<{f(u—x),w—u)=(plklu— z|)sign(u — z),w — u).

Sufficiency. Since on(p(klz —u])) =1 for all k € K(z — u), by (1.9), Theorem 1.29
and the hypothesis, for any w € C,
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o = ul]* = (p(klx — ul)sign(e — u),@ —u) < (p(kle — ul)sign(z — u), z — u+u —w)

< llp(kle —ul)|[vllz — wl|” = [z = w],
ie,uen(z|C). m

COROLLARY 4.2. Suppose M € Ay and M is smooth. Let L be a linear subspace of
LS, ue L andx € LY, \ L. Then u € n(z|L) iff for all w € L,

| w(t)p(kl(t) = u(t) )signla(t) — u()] dt = 0,
G

where k € K(x — u).

Proof. <« For any w € L, since L is linear, we have w — u € L. Therefore, by
Theorem 4.1, u € w(z|L).

= Since by Theorem 4.1, the functional p(k|z — u|)sign(x — u) is nonnegative on the
linear space L, it must be zeroon L. m

In the same way as in the proof of Theorem 4.1, we obtain

THEOREM 4.3. Let M € Ay and M be smooth. Then for any convex subset C' in
Ly,u € C and x € Ly \ C, we have u € 7w(x|C) iff for all w e C,

S[u(t) - w(t)]p(M>sign[:v(t) —u(t)]dt > 0.

) [
Theorem 4.3 yields the following

COROLLARY 4.4. Let M € Ay and M be smooth. Then for any subspace L of Ly, ué€
L and x € Ly \ L, we have w € w(z|L) iff for all w € L,

t) —u(t
| w(t)p(M>sign[x(t) — u(t)]dt = 0.
) o=l

COROLLARY 4.5. Let C be a convex subset of LP (1 <p < o0), u € C and x € LP\C.
Then u € w(x|C) iff for all w e C,

(Jo — u|Ptsign(z — u), u — w) > 0.

COROLLARY 4.6. Let L be a subspace of LP (1 <p < 00), u € C and z € LP\ L.
Then u € w(x|L) iff for all w € L,

(|z — u[P~tsign(z — u),u — w) = 0.
It is well known that 7(:|C) is a single-valued mapping for each convex subset C' in a

Banach space X iff X is reflexive and rotund. But that condition does not guarantee the
continuity of 7(-|C"). However, for Orlicz spaces, it does.

PROPOSITION 4.7. Let X be rotund and have the H-property. Then for any locally
weakly sequentially compact, closed convex subset C' of X, w(:|C) is continuous.

Proof. For any x € X \ C, take u,, € C such that lim, ||z — u,| = d(z,C). Since C
is locally weakly sequentially compact, {u,} has a subsequence {v} weakly convergent
to ue X. Since C is closed and convex, we deduce that u € C. Moreover, since ||z — u|| <
liminf, ||z — v,|| = d(z,C), we find that v € w(z|C). Furthermore, since X is rotund,
we have 7(z|C) = {u}.
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Now, let z, z,, € X\C and ||z, —z|| — 0 (n — 00). Set m(x|C) = {u}, 7(x,|C) = {un};
we have to show u, — u (n — 00). Indeed, observing that

(A1) Nun = 2ol = llu = 2|| < [llu = znl| = [l = 2] [+ [un = 2u]l = [Jun — ][]

<2z —2z|| =0 (n— 00),

we see that {u,} is a bounded set, whence it has a subset {u,, } weakly convergent to
some point v € C. Hence,

[o =2l < liminf up, — a0, || = [Ju—z].

This implies that v = wu since X is rotund. Moreover, by (4.1) and the definition of the
H-property, we have uy, —Zn, — u—x as k — oo, i.e., up, — u. Since {x,} is arbitrary,
we obtain u, — u. =

k

By Proposition 4.7 and Theorem 3.14, we have the following

THEOREM 4.8. Let M € Ay and M be strictly convex. Then for any locally weakly
sequentially compact closed convex subset C' of Lar or LY, the mapping ©(-|C) is con-
tinuous.

THEOREM 4.9. Let X = Ly or LY. Then 7(-|C) is continuous for all closed convex
subsets C' in X iff X is reflexive and rotund.

Next, we discuss the monotonicity of 7(-|C'). Recall that for any closed convex lattice
Cin L? (1 < p < o0),n(:|C) is monotone, i.e., z,y € LP, x(t) > y(t) p-a.e. implies
u(t) > v(t) p-a.e., where u € m(z|C) and v € m(y|C). The following example shows that
this is not true for general Orlicz spaces.

EXAMPLE 4.10. Let G = [0,8] and X’ = {(), G}. Then X’ is a subring of X, and a
function defined on G is Y’-measurable iff it is a constant. Define

¢/5600, 0<t< 10,

1/112, 10 <t < 50,

o(t) = 3/140, 50 <t < 55,
3/112, 55<t <57,
5/112, 57 <t < 100,
t, 100 < ¢.

Then M(u) = S(‘Jul p(t) dt is an Orlicz function and M € Ay NV,. Let C be the set of
J'-measurable functions on G. Then C is a closed convex lattice in Ljs. Define

55 0<t<l1

< ) —_ )

u(t) = {5_51’0 32 i p 2 w(t) = {3285/68, 1<t<2,
’ - =7 —-10, 2<t<8.

Then v > w and v # w. We will verify that 7(-|C) is not monotone by showing x(t) < y(t)
on G, where z € 7(u|C) and y € m(w|C).

First we show z(t) < 0 on G. Indeed, by a simple calculation, we have gps(u) = 1, and
so |lu—0|| = |lu|]| = 1. On the other hand, since it is easy to calculate that ops(u—axg) > 1
for any o > 0, we deduce that z(t) <0 on G.



4.1. Best approximation 159

Next, let @ = 65/68 and b = 35/68. Then we can calculate that opr(Jw — bxg|/a) =1
and for any ¢ # b, oy (|w — exal/a) > 1, whence ||w — bx¢| = a and ||w — ¢x¢]| > a for
all ¢ # b. This means y(t) = bxg(t) > 0 on G, and so z(t) < y(t) on G.

THEOREM 4.11. Suppose M € As and that M is strictly convex and smooth. Then for
any closed convex lattice C in Ly, d(u,C) = d(w,C) and u > w p-a.e. imply x(t) > y(t)
p-a.e., where x € w(u|C) and y € w(w|C).

Proof. Without loss of generality, we assume u,w € Lps \ C. Let z(t) = max{z(¢),
y(t)} and E = {t € G : z(t) < y(t)}. Then

gy =Q=-yr+yz=z+y@y—-2)r (y<€][0,1])

and
() = llu =gl = l[(u=2) +v(@—y)lel (v e[0,1]).
Then, by the smoothness of Ly, z € w(u|C), g(v) € C and v € [0,1] imply

¥'(0) = lim Y() —9(0) _ . e = 9Ol flu — 2|

> 0.
7—0 Y 7—0 Y

This shows that
(fu—=),(x—y)le)=¢'(0) 20,
where f(u — ) is the supporting functional of © — z. Consequently, by Theorem 2.49,

(42) (r(1=2 Jsentu = 2). (@ = )l <o.

[l — |

Similarly, if we set h(t) = min{z(t),y(¢)} and

fly
oy

=1 =-7y+vh=y+y@—-y)lE,
=lw—fI=Ilw-y)+vy—2)el (ve€[0,1]),

then since ¢’(y) > 0,
lw —yl ) :
P sign(w —y),(y —z)|g ) > 0.
< (||w =

Combining this with (4.2), we obtain

~— —

a3 §o(ML=E st - woluo - ofo)]d

I\ =]

> P (=2 Ysigutute) - a0ly(0) - o) .

3P\ =
Recalling that w(t) < u(t) p-a.e. on G, we get
w(t) —y(t) <u(t)—=z() p-ae onE.

Thus,
signw(t) — y(t)] < sign[u(t) — x(t)] p-a.e. on E.

Moreover, by ||u — z|| = ||w — y|| and the strict monotonicity of p, we have
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p(|w(t) - y(t)l)sign[w(t) —y)] < p(M)sign[w(t) —z(t)].

lw = yll [l — |

It follows from (4.3) that uF =0, i.e., z(t) > y(t) p-a.e. on G. m

4.2. Predictors. Let ({2, X, p) be a probability space, { X}, } be a monotone sequence
of g-subfields in X, ¥y C Yo C ... C Yo =, Znor X1 DXy D ... D X =), Zn.
Then by the Doob Theorem, for each random variable 3 in L?(2),

IEBIX0) = E(B[Xo)z2 =0 (n— 0),

where E(8|X,,) is the conditional expectation of 5 on X,,. Moreover, it is well known that
EB|X,) = m(B|Cn) (n =1,2,...,00), where C,, = {x € L?(f2) : x is ¥,,-measurable},
and Coe = J,, Cr, when Cy C Cy C ..., while Cx =(),, Cp, when C1; D Co D ...

The following two theorems are generalizations of the Doob Theorem.

THEOREM 4.12. Let X be a reflexive rotund space with the H-property. Then for any
closed convex sets C1 CCy C ... C Coo =J,,Cr orC1 DC2D ... D Csx =), Cn in X
and any x € X,

n

[7(2|Cn) = m(2]Coo) = 0 (n — 00).

Proof. First we assume C,, 7. Then
[z —m(z|C1)|| 2 lz = 7(z|C2)|| = ... = [[z — m(2z]|Cc) |-

Hence,
r=lim [z — 7 (2[Ch) | = ||z — m(z|Coo)|

We claim r = [|[z—7(2]|Cx)||. Indeed, since 7(2|Cs) € Cx = U,, Cn, we may find u,, € C,
such that u, — 7(2|Cx) as n — oco. Observe that u, € C, implies ||z — w(z|C,)|| <
[l — wunll; by letting n — oo, we get r < ||z — w(x|Cx)||. Next, by noticing that

7 (2|Co)ll < o = 7(@|C)l| + 2] < |z = w(z[C1)]| + (],

we deduce that {7(z|C,)} is a bounded set. Therefore, the reflexivity of X implies the
existence of a subsequence {7 (z|Cyp,)} of {7(z|Cy)} such that n(z|C,,) — u weakly.
Since Cy, is closed and convex, it is weakly closed, and so u € C,. Consequently,

[ —ull < lim [z —7(z|Cpy )l = |2 — 7(2]Coo)l-

Moreover, since X is rotund, we have u = 7(x|Cw). Thus, by the H-property, x —
m(x|Cp, ) — x — 7(2|Cx), .., m(x|Cy, ) = m(2|Cs). Since in the above discussion, {C),}
can by replaced be any of its subsequences, we finally obtain 7 (z|C),) — m(2|Cs).

Now, we assume C,|. Clearly, {7(z|C,)} is bounded since ||z — w(z|C,)|| < ||z —
m(2|Cs)|| for all n € N. Therefore, {m(x|C,,)} has a subsequence {m(x|C,, )} convergent
to some point v € X weakly. Since v € |J,—, C, = Cy, for any m € N, we find v € C.
Hence, by the rotundity of X and ||z — v|| < limy, || — 7(z|Cy,)|| = ||z — 7(2|Cx)||, we
deduce that v = 7(z|Cw). So, ||z — 7(z|Chp,)|| — ||z — m(2|Cx)||. By the H-property,
m(x|Ch,) — 7(z|Cx). =

Since reflexive rotund Orlicz spaces are LUR, and so they have the H-property, we
get the following



4.2. Predictors 161

COROLLARY 4.13. If Ly is reflexive and rotund, then for any closed conver sets
C1CCyC...CCx=UCpL orC1 202D ...2Co =Cy in Ly and any x € Ly,

[7(x]Cp) — 7(2|Coo)| =0 (n— o).

Next, we consider predictors on Orlicz spaces. Recall that a subset X’ of a set X is
called a o-sublattice of X if it is closed under countable unions and intersections and 0, G €
X', Let C be the set of all X’-measurable functions in a given space X of measurable
functions on X and suppose the operator 7(:|C) is well defined on X. Then «(:|C) is
called a predictor given by X’. The predictor 7 (:|C) on Ly, covers and unifies important
operators in probability theory. For instance, if M = |u|?/2 or |u|?/p (1 < p < o) and X’
is a o-field, o-lattice or o-algebra, then 7(-|C) covers the classical conditional expectation,
Ando—Amemiya’s p-predictor or Brunk’s conditional p-means respectively.

LEMMA 4.14. Let X" be a o-lattice generated by a lattice X'. Then for any A € X"
and & > 0, there exists B € X' such that u(AA B) < e, where AAB = (A\B)U(B\ A).

Proof. An easy exercise. m

LEMMA 4.15. Suppose M € A and that X" is a o-lattice generated by a lattice
X' in X. Then for any X" -measurable function uw € Ly and any € > 0, there exists a
X" -measurable simple function f such that |[u — f]| < e.

Proof. Since M € A,, there exists a X"-measurable simple function g such that
lu—g| <e/2. Say g =3 ", cixk, and max{|a;|: 4 < m} = K. By Lemma 4.14, there
exist I; € X’ such that

p(Ei A F;) < [mM(4k/e)] ™ (i <m).

Define f = >, a;xr,. Then f is a X’'-measurable simple function and
f _ g m
2 < E M(4K E;AF;) <1.
QM( 2 )= e (4K /e)u( )

This means ||f —g[| <¢/2, and so lu = f[[ < lu—g[ +[lg— fll <e/2+e/2=¢c. m

LEMMA 4.16. Let M € Ay and {X,} be a monotone o-sublattice in o. Denote by C,,
the set of all X\,-measurable functions in Ly (n € N). Then

Tl T =50 = Cn |l Coo =[)Ch
n 1 T =T = Cn1Coo = JCu

Proof. The proof for the case X, | Y is very simple. We only consider the case
Y0 1 Xo. Since each C,, is contained in Cy, and Cy is closed, we see | JC, C Xoo. On
the other hand, for any u € Yo, and any € > 0, by Lemma 4.15, there exists a |J X-
measurable simple function f such that ||u — f|| < e. Since f is simple and X, T Y,
f € Cy, for some m € N. Consequently, u € |JC),. =

THEOREM 4.17. If M € AxNVy and M is strictly convex, then X, | Yoo or X T Yoo
implies

[7(2|Cr) = 7(2]Co0)l| = 0 (n — o0)

for each x € Lys, where Cy, is the set of all X, -measurable functions (n =1,2,...,00).
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Proof. By the assumption, L, is reflexive and rotund, and the conclusion follows
from Lemma 4.16 and Corollary 4.13. m

Now, we investigate the existence of 7(-|C') generated by a o-sublattice X' of X.

THEOREM 4.18. Let M € Ay and C' be the set of all X'-measurable functions in Lys
for a given o-sublattice X' of X. Then for any x € Ly, w(x|C) # 0.

Proof. If z € C, then w(x|C) = {z} # 0. Now we assume z € Ly \ C. Without loss
of generality, we assume d(x,C) = 1 (if d(z,C) = «a # 1, then we consider z/a instead
of x since C is clearly a closed convex cone). By Theorem 1.39, there exist h,, € C' such
that
(4.4) 1<om(z—h,) <14+27" (neN).

Let g(t) = liminf, h,(t). We shall prove that g € w(z|C). Put, for each k,n € N with
k <n,
Grn(t) = min{h;(t) - k <j <n},  gr(t) =inf{h;(t) : j = k}
and
Gin={t€G:z(t) < gpn(t)}, Gr={teG:z(t) < gp(t)}.
Then
Gk In gk Tk g5 Gra ln G Te Go ={t € G 1 2(t) < g(t)}.

Moreover, observing that gx nt+1 = gr,n A hnt1, we have
(4.5)  M(x(t) = grnr1(t) + M(2(t) = (g V hnia)(t))
= M(x(t) — grn(t) + M(2(t) — hnyi(t)).
AS gin V hpy1 € C, relation (4.4) implies
oM (T = G V 1) > 1> ong(x — hypg) — 2771
Hence, by integrating (4.5), we get
om (T = gent1) < o (@ — grn) +27"71

Applying this inequality repeatedly for n > k and observing that gy r = hx, we deduce
that
(4.6) om (2 = grns1) < om(x —h) +275 (n > k).

Next we show
lim gy (2 — k) = oM (x — gr), lim om(x — gr) = om(x — g).

Since the two equalities can be proved analogously, we only verify the first one. First,
according to the Levi Lemma and

0 < gnlt) —2(t) Lo gr(t) —x(t) (€ Gy),
we find
(4.7) lim oar (2 = grn)ler) = emr((z = gr)lcy)-

Now, since for any n > m > k,

0 <a(t) = grn(t) Tn z(t) —gr(t) (£ €G\Grm),
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by (4.6) and the Levi Lemma once more, we get
1171111 o ((* = grn)lanar.,) = o ((x — g)lang.n)-
Recalling that G, |m Gk and pG < 0o, we obtain
117{111 om((z — Qk)|G\Gk,m) = om((z — gk)|G\Gk)'
Combining this with (4.7), we obtain
lim oar(z = gin) = omr (2 = gk)-
Hence, by (4.6) and (4.4), gk, 9 € Ly and op(x—g) < 1. But it is easy to check that C' is
closed under countable unions and intersections in Lys, so g € C and thus, g € 7(z|C). m

By Theorems 4.18 and 2.2, we have

COROLLARY 4.19. Let M € Ay and M be strictly convex. Then w(-|C) is a single-
valued mapping from Ly to C, where w(-|C) is generated by a o-sublattice in X.

In the following, we will search the conditions for a given operator to coincide with
some predictor on Lj;. We first present some basic properties for a predictor.

PROPOSITION 4.20. Let (G, X, 1) be a measure space, X a X-measurable Banach
function space and suppose the set of all X-simple functions is dense in X. Then a
predictor T has the following properties.

(i) T(r)=r (reR) and T?x =Tz (z € X),
(i) if Te =2, Ty =y and o, 3 € RY, then T(ax + By) = ax + By,
(iii) if Tx = = and r € R, then

TxVvr)y=zVr, T@Ar)=xzATr,

(iv) Tzp = 2, (n €N) and ||z, — z|| = 0 (n — c0) imply Tx = z,
(v)ifreR, aeRT,0<60<1 and T(1|a) = 1|4, then for any x € X,

lo —Tx| < ||lo — Tax+ 0Tx —ala + 7,

where R, RT are the sets of all real and all positive numbers respectively, and for a
constant a, a4 stands for axa.

Proof. Let T = 7(-|C) be generated by a given o-sublattice X’ in X. Then clearly,
0,G e X' ,C is a closed convex cone and z € C iff Te = x. Therefore, (i), (ii) and (iv)
follow directly.

(iii) Noting that € C means that = is X'-measurable, it follows from

GaxVvr>a)=Gor Gz >a) (r,a€eR)

(according as a < r or @ > r) that = V r is a X'-measurable function, i.e., x Vr € C.
Similarly, we also have z Ar € C.

(v) Since C'is a convex cone, Tx, 1|4, —r € C implies (1 —0)Tz+ a|a —r € C. Thus,
(v) follows immediately from the definition of predictors. m

THEOREM 4.21. Let X = L, LYy, Iy or 19, M € Ay and M be strictly convex and

smooth. Then an operator T : X — X s a predictor iff it satisfies the conditions (1)—(v)
of Proposition 4.20.
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Proof. We only prove the theorem for X = Lj;. Other cases can be proved analo-
gously. It suffices to check the sufficiency since the necessity is a special case of Proposition
4.20.

Set

C={zely:Ter=2x}, X ={AeX:14eC}.
We shall show that T' = 7(-|C) and n(:|C) is generated by the o-sublattice X/ in the
following steps.

Step I. We verify that X/ is a o-sublattice of X, i.e., (a) §,G € X', (b) A,B €
Y= AUB,ANBe X and (c) A, € X', A, TAor A, | A= Ae X

(a) is trivial by property (i). Let A, B € X', i.e., 1|4, 1|p € C. It follows from (i)—(iii)
and

Havs = (Aa+1s)ALl,  1Hanp=(1la+1p—-1)VO0
that AUB,ANB e X’. Now, let A, € ¥’ and A,, T A. Then (iv) and ||1|4 — 1|4, || = 0
imply 1|4 € C, i.e., A € X', Similarly, if A, € X’ and 4,, | A, then A € X,

Step II. We prove that 7(-|C) is generated by X', ie., C is the set of all X'~

measurable functions in L. First we let z € C' and a € R. Set

yn = [(3/2)"(x —a) VO] A L.
Then y, € C (n € N) by (i)—(iii). Moreover, from

z(t) <a = yu(t) = 0= 1|g@sae (),

z(t) >a = ya(t) = (3/2)"(2(t) —a) N1 = 1 = 1|g@>a)(t),
we deduce that ||1|g(z>a)—¥nll = 0asn — oo. Hence, 1|g(z>q) € C, L., G(z > a) € L.
This shows that x is X’-measurable. Now, we suppose that z € Lj; is X/'-measurable,

ie., 1|g(z>a) € C for every a € R. To prove x € C, we first assume z(t) > 0 on G. For
each n € N, by property (ii), we have

2™n k
2 5
k=0

Since M € Ay implies

2"n

= 2—n 1|G(z>k/2n) eC.
G((k+1)/2n>a>k/27) =0

T — —0 asn— oo,

2" n k
=0 2" la((t1)/2n 20>k /2m)
(iv) yields z € C.

For general Y'-measurable x € Ly and any m € N, since 2|g(y>—m) +m > 0 is also
Y’-measurable, by the above discussion, |g(z>—m) +m € C. Hence, z|g(z>—m) € C.
But 2|G(z>—m) lm *, and by property (iv) and since M € Ay, we have z € C.

Step III. We finish the proof by showing that Tx = 7(z|C) for all x € L. In view
of Theorem 4.3, it suffices to show

[t (2= T2

(48) Jo = Ta]

>sign[3:(t) —(Tz)(t)]dt >0
G
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and
(4.9) § oo (O slett) - a0 >0
G
for all w € C' and « € Ly \ C. First, we claim that
(4.10) Sp<w>sign[aj(ﬂ — (Tz)()]dt =0
A

holds for all x € Ly \ C and all A € X', Indeed, by putting 7,0 = 0 in (v), we have
le—Tol < o~ Te—alall  (neN).

This means that the function o — ||z — Tax — ||| attains its minimum at 0. Since by
Theorem 2.50 the norm || - || is Gateaux differentiable, we deduce that

.1
0=lim ~[llo — Tz —alall - |z = T2l] = {f(z - Tz), ~1|4),

where f(x — Tx) is the supporting functional of © — Tz. Hence, (4.10) follows from
Theorem 2.49.
To prove (4.8), we first observe, by (4.10), that (4.8) holds for all u € C of the form

(4.11) u=\/{5

If w > 0, then by the discussion of Step II, there exists {u,} having the form of (4.11)
such that u, 1 u. Hence, by the Levi Lemma and the above discussion, (4.8) is true for
such u. Finally, for arbitrary u € C and m € N, since 0 < ulgus>—m) +m € C, (4.8)
holds if we replace u by ©|g(u>—m)+m. But by property (i), (4.10) holds for A = G, and
we find that (4.8) is true if we replace u by u|g(u>—m). Thus, by the Levi Lemma and
ulGus—m) | u, we get (4.8) for all u € C.

To prove (4.9), we put r,a = 0 in (v). Then

le —Tz|| < ||z —Tzx+0Tz|| (0<6<1).

A, ti=1,....n}, B3>0, A; €.

Therefore,
1
0< (}in}) 5[”17 —Tx+0Tz|| — ||z — Tz|]] = (f(x — Tx), Tx).

Combining this with Theorem 2.49 we obtain (4.9). m

4.3. Some optimal control problems. We first investigate the minimal norm
control problem. Consider the following single input distributed parameter system:
t
(4.12) w(t) = V(t)zo + | Ut 7)yu(t) dv,
0
where the control space is LY, (for G = [0,T1]), i.e., u € LS;; the state space is a Banach
space X, ie, zp € X, z(t) € X, 0<t < T,y e X;and V(t) (0 <t <T), U(t,7)
(0 <~ <t <T) are families of bounded operators from X to X. Set
T
Qr = {:1: eX:z=2(T)=V(T)xo + S U(T,~)yu(7y) dy for some u € L‘])w}
0
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For convenience, we assume g = 0 in system (4.12). For z°(# 0) € Qr, let
T

C(2°) = {u €Ly :a’ = S U(T,~v)yu(t) d’y}.
0
Then, to determine u® € C(2°) such that
[u] = inf{JJu]|” : w € C(z")}
is called the minimal norm control problem. In particular, if M(t) = [t|?/2, then the

above problem is the well known minimal energy control problem.
In the following, we always assume that

1) M € AsN'Vy and M is strictly convex and smooth,
(2) |U(T, )yl € Ln,
(3) X is reflexive and has an unconditional basis {e,},

(4) 2° = X aney and U(T,7)y = 32 gn(7)en-
Since {e,} is an unconditional basis of X, for each n € N,
19201 = lgn@enl/Nleall < || 52 gxer]|/lleall = 10T, 1)yl lleal
Therefore, by (2), g, € Ly (n € N).
LEMMA 4.22. Suppose that \° = {\0} satisfies Y. A0 =1 and

Xoga| - =inf{ :> " Anan = 1.

|5, - e

Then ||[u®l|° = | S A gl 5 promded that u® € C(2°) is the minimum norm control, i.e.,
[u®]]” = inf{[ju]]”: u € C(2°)}.

Proof. Since 2° = SOT U(T, v)yu’(7y) dv,

ngn

oo

i QnCn = 7§ [ gn(’y)en} ( dy = - [§9n dw} €n.-

1 _1

Hence, o, = SOT gn(Nul(y) dy (n € N). Let A = {\,,} satisfy D\ a,, = Land || Y Angnlln
< oo. Then
T

@13 1= Y N = [ [ a1 by < [ 30 s

0

lu®l|°.

Thus,
(4.14) H Z Nogal| = inf {|| 3= Anga LD A = 1} > e,
n=1 n=1

Next we prove || Zoo, N anllv < |Jul]]o~t. Set

H = {g €Ly:g(t Z Angn(t) for some {\,} with Z Ay < oo}

n=1

Then H is a subspace of L. Deﬁne a functional F' on H by

g)zz)‘nanu QZZ)\ngnEH
n=1

n=1
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Then F is uniquely determined by g. In fact, if g(7) = > Angn(7) = D ingn (), then

} Zan)\n — Z Qb

= ﬁ > 0w - un)gn(v)}uo(v) @]

<] S -

Moreover, it is clear that F' is linear. Now, we calculate the norm of F:
[Fl := sup{|F(9)|/llgll~ : 0 # g € H}

onf| S/ S ], e <)
e S, S =1)] =[S,

By the Hahn-Banach Theorem, we may assume that F' € Ly = L{;. Thus, there exists
u’' € LY, with

(4.15) Flg)=(w'\g) (g€ Ln) IlW]° = || > Nga|
In particular, «a,, = F(gn) = (¢, gn) (n € N). So,

el =o0.

T

20 = Zanen = i u s Gn)En S {Zgn n:| v)dy = SU(TW)?/U/(W) dy.

0

This shows «/ € C(z°). But u° is the minimal norm control, so |[u®||° < ||u/||°. Hence,
by (4.14) and (4.15), ||u°]|° = ||«/[|°. On the other hand, since it is clear that C'(z°) is a
closed convex set and 0 € C(2°), by the rotundity of LY,, the minimal norm control is
unique, and thus, v’ = u°. Consequently, (4.15) completes the proof. m

THEOREM 4.23. The minimal norm control u® has the form

Ang
ud = (|Z"n)s1n /\n,
TS0 gl )58 2 A0

where {\0} is as in Lemma 4.22 and
H < [ 22 Angnl >
22 A% gnllv

=
=[S0/ S

Proof. By (4.13) and Lemma 4.22,
Therefore, the assertion follows from Theorem 2.49. m

0

e = || > Aogn |

] (y) dr.

COROLLARY 4.24. Let M(t) = |u|*/a (1 < a < 00). Then the minimal norm control

0
=[] Jsion 3

u’ s
where 1/a+1/3 =1 and {\0} satisfies Y. Na, =1 and

H Z)\ngn inf{” Z)\ngn . : Z/\”a” = 1}.
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Proof. Since N(s) = |s|?/3 and q(|s|) = |s|’~!, by Theorem 4.23 and

T
1= Z)\gan = Suo Z 2 gn(7) d,
0
we find that

S, =[5 ]

By putting this into the expression of ©? in Theorem 4.23, the assertion follows. m

COROLLARY 4.25. Let X = H be a Hilbert space, M (t) = [t|>/2, U(T,t) = e~ (T—04y,
y € H, where {e~*4 : t > 0} is the Cy operator semigroup generated by a closed densely
defined operator —A on H. Moreover, let {y,} be the set of eigenvalues of A, let the
corresponding eigenvectors {pn} form a complete orthonormal system in H, and let {1y}
be its dual sequence. Then the minimal energy control u® € C(z°) is given by

oo T o
uo B Z )\?l <y7 ¢n>€_(T_t)%l S |: Z A?L <ya 1/}n>6_(T_t)%l ? dt,
n=1 0 n=1

where {\)} satisfies Y A2 (2%, 0,) =1 and

HZAO —(T— “%} dt
:inf{ {ixn (T~ t>%]2dt:§:An<y,wn>:1}-

n=1 n=1
Proof. Since 2°,y € H,

O ey N

2= @ Pn)on, Y=Y (U, Yn)en (nEN).
n=1 n=1
So, by the spectral theorem,
e~ (T—0Ay = Z<y7 Ppye~ T=mp (neN).
n=1

Hence, the conclusion follows from Corollary 4.24. m

Before considering another optimal control problem, we investigate the union and the
intersection of Orlicz spaces. First we observe that

L® ¢ Ly, C[{LP:1<p<oo} | J{LP:1<p< oo} CLuy & LY,
el C(IP:1<p<oot c|J{IP:1<p<oo}Clu, & co,

where
My(t) = et —[t| =1, Ma(t) = (L +[¢)) In(1 +|¢t]) — ]
But for Orlicz spaces, we have

PROPOSITION 4.26. Let O be the set of all Orlicz functions. Then

(i) L = {Lar : M € O} = ({Lar: M € Vs,
(ll) L' = U{LM M e O} = U{LM M e Ag}
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(iil) co = U{im : M € O} = U{im : M € Va},

(iv) ' =N{lm: M € O} =N{la : M € Ag}.

Proof. (i) Clearly, L> C (\{{Ly : M € O} C ({Lm : M € Va}. We shall prove the
inverse inclusion by showing that for any x ¢ L>°, x ¢ Ly, for some M € V3. Set

Gn={teG:2" <|z(t)] < 2"} (n€N).

Then pG,, > 0 for infinitely many n € N. Pick ai T oo such that ay > 2, agy1 > dag
and apuGy, > 1 for all k > n/2 —1 and all n > 2 with uG,, > 0. Then we define

gt 0s<t<2
p()_ Qy, 2n§t<2n+17n€N7
and M (u) = Sl)u‘ p(t) dt. Then it is clear that M € O by Proposition 1.6. We first verify
M € V3. Indeed, for any t > 2, say 2" <t < 2"*! we have, by (1.5),
M (8t) > 4tp(4t) = 4tp(2"12) = dta, 1o > 12tan 1 = 12tp(27) > 12tp(t) > 12M ().

It follows from Theorem 1.13 that M € V.
Next we show x & Ljs. In fact, for any m € N and any n > 2m with uG, > 0, let
k <n/2 < k+1. Then by (1.5) and the choice of {G,,} and {a}},

| M(a()/m)dt > M(2" /m)uG, > 2p<22—n>an > 2" (2" )G

~ 2m m
Gn
> p(ak),an > 1.
Therefore,
om(z/m) = Z S M(z(t)/m)dt > Z 1=o0.
n=1@G, pnGn>0

This shows that = € Ly, since m € N is arbitrary.
(ii) For any M € O and any = € Ly, since M (u)/u — oo as n — oo, we have z € L!,
whence,

L' S| J{Lar: M €0} o | J{La : M € Mg}

To prove the inverse inclusion, we shall find, for arbitrarily given z € L', some M € A,
such that z € L. Let

G,={teG:n—-1<]z(t)] <n} (neN).

Then since x € L', we have
Znan < S |z(t)| dt + pG < oo.
n=1 G

This allows us to pick a subsequence {my} of N such that my > k, mg41 > 2my, and

ME+1

1
Z npuGy < ok (k € N).

n=mg+1
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t, 0<t<1,
p(t):{l, 1<t <my,

k, mp<t<mp+1, keN,

Define

and M (u) = Sl)u‘ p(t) dt. Then obviously, M € O. Next we prove M € Az. Indeed, for any

t > 2my, say myi <t < mgy1, we have 2my, < 2t < mypy1 < mgy2. Hence,
p(2t) < p(mps1) =k +1 < 2k = 2p(t).
It follows from (1.5) that

Nﬂ?ﬂfiQﬁKQﬂfSlﬁ%p(%) < 16M(t),

which shows M € As.
Now, we show x € Ljy;. This follows from

— S dtSiMn

n=1¢@g
n)uGn, <ZnuG —|—Z—<oo

Note. Since my > k, we have p(t) < t, and thus, L? C Ly;.

(iii) Tt is trivial that for any M € O and any = (x(4)) € lp, we have z(i) — 0,
i.e., ¢ € ¢p. It remains to show that for each © = (x(i)) € ¢y, x € lps for some M € V.
Without loss of generality, we assume 0 < z(2) | 0 and x(1) < 1. Set

Li={ieN:(k+1)"t<a(i) <k}
and pick o¥ € (0,1) such that ay | 0, ap > 31 and 28y uly < k. Define
0, t=0,
p(t) = {t, t>1,

ag, (k+1)"1<t<k ! keN,

n

Mg

Jul
0

1 /1 1
Z M(z(i)) < M(1/k)pl), < kp<E>qu = Eaku[k <2k
i€ly

and M(u) = { " p(t)dt. Then M € O and from

we have

k=1 < .

K

=3 M) <

k=14€l, k=1
Hence, x €1;. To check M € Vs, we estimate, for any t € (0,1) (say (k+1)7! <t < k1),

1 1 t
= > = _ > — .
p(t) = ar > 3agya 3p(k+ 1) 3p(2k) > 3p(2)

Then by (1.5), we have, for any t € (0,1/2),
M(4t) > 2tp(2t) > 6tp(t) > 6M(t).
It follows from Theorem 1.13 that M € Vs.
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(iv) For every x € I* and M € O, since M (u)/u — 0 (u — 0), we have x € Iy, i.e.,
' (Wia: M e O} € (s M € Ay}

Now, we prove that z = (x(i)) & [! implies x ¢ Ly, for some M € As. According to (iii),
we may assume x € co. Hence, we can assume 0 < z(i) | 0 and x(1) < 1. Since z & [},
we can choose o > 0 such that ap > kagy1, a3 = 1 and that Eielk x(4) > k, where
I, = {’L eN: apr < I(’L) < Otk} (k S N) Define

0, t=0,
p(t) = {1/167 o1 <t<ag, keEN,
t, t>1,
and M (u) = S(‘Jul p(t) dt. Then M € O. Moreover, for any small ¢t > 0, say ag+1 <t < oy,
we have 2ay4+1 < 2t < 2a < ag—1 and thus,
k41 1 k41
k=1 k+1 k-1
Using this inequality repeatedly and applying (1.5), we obtain

p(2t) < plak-1) = plaky1) < 3p(t).

M(2t) < 2tp(2t) < 36%]9(%) < 36M(t).

This proves M € As. But for any € > 0 and k > 2/¢, since

> Meeli) 2 3 Saln(520) = 5o G ) e

i€l i€l

€
> p<§kak+2>k > plagts) = ——

£
2 k+2

we have 1
om(ex) > Z Z M(ex(3)) > Z T o>
k>2/e i€} k>2/e
Therefore, x & I, completing the proof. m

To end this section, we consider the distributed parameter system

A=AQAy=f xe,
(S) dy/on =g, x €I,
y=uv, JIEFO,

where A is the Laplace operator, {2 is a bounded open domain in R™ with smooth
boundary I" and 2 is locally located on one side of I', I' = Iy U Ty, IoNI1 =0,A>0
and f € L?(£2),g € L*(I), v is a boundary condition to be determined.

Some problems in engineering can be stated as follows. For a given admissible set Uaq
of v, does there exist a unique v* € U,q such that the solution y(v*) is “closest” to
a given element h?

If h e LP (1 < p < o), then we may take the metric J(v) = ||y(v) — h||L», but
when h € L'\ L" for any r > 1, then the above metric usually fails to guarantee the
uniqueness of v*. However, in this case, we can discuss the problem in Orlicz spaces
since by Proposition 4.26 and the Note in its proof, we can find some M € As such
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that h € Ly, L? C Ly and we may assume that Ljs is rotund and smooth thanks to
Theorems 1.16, 2.2 and 2.50.
We first prove two lemmas.

LEMMA 4.27. For v € L*(Iy), let y(v) be the generalized solution of problem (S).
Then the operator A: v — y(v) is continuous from L?(I0) to Ly and moreover, A(v) =
A’(0)v + A(0), where A’(0) is the Fréchet derivative of A at 0.

Proof. Tt is well known that (S) has a unique solution y(v) € H/? ¢ H® = L? C
Lys, where H'Y/? and H? are Sobolev spaces. Now, let v, € L?(Ip) be such that ||v, —
v||z2(ry) — 0 as n — oo. By the proof of Proposition 4.26, we may assume that ||z|[a <
Bllz||z for some 3 > 0 and = € L2. Hence, by the continuity of A in L?, we have

ly(on) = y(W)llar < Blly(on) = y(W)llz, =0 (n — o0),

i.e., A is continuous from L?(Ip) to Lyy.
Finally, we investigate the Fréchet differentiability of A at 0. For any ¢ € C§°, by the
regularity of solutions, there exists ¢ € C°° N L™ satisfying
(1_A)<P:1/Ja .’IIEQ,
Op/On =0, xzely,
¢ =0, z € Ip.

But by applying the Green Formula and (S), we have

S fodt = S()\ — A)y(v)dt

Q Q
_ {9y O
——S o gpdt—i—Sy(v)%dt—f—Sy(v)(A—A)godt
r r Q
_ [ ) O O
= S o pdt — S gpdt + S Vo dt + Sy(v)% dt + Sy(v)(A—A)gpdt.
Iy Iy Io r 2
Hence,
dp
(4.16) Vywdt = {yw)(r - A)pdt = | fedt+ | gpdt - | v dt.
¢] 9] 0 In Io

Replace v in (4.16) by v (]| < 1) and 0, denote the resulting equations by (x) and (sx)
respectively, and then subtract (xx) from (x), to get

§ly(@) —yo)eat = — § 022 ar.
[0} T

Furthermore, if we subtract (xx) from (4.16), then

But the last two equations yield

§{ L2 )~ o par =0,
2
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Since 1 € C§° is arbitrary and C§° is dense in EY (verified similarly to the density of
C§°in L? (1 < p < 0)), and A(v) = y(v), we find

H A(6v) — A(0)

- — [A(v) — A(0)] H =0.

M
Letting # — 0, we obtain A’(0)(v) = A(v) — A(0). =

LEMMA 4.28. Suppose that U,q is a closed bounded convex subset of L*(Iy). Then
C ={y) : v € Uaa} is a weakly sequentially compact closed convex subset of L.

Proof. Let v',v"” € C. Then by Lemma 4.27,
1 1 1
L) + y0")] = SAOW + AQ)] + LA + 40)
/ 1" ! 1
_A'(O)(” = > + A(0) _y(” = >

Hence, C' is convex, since U,q is convex.

For any v, € U, (n € N), by the reflexivity of L?*(Ip), {v,} has a subsequence
convergent to some v € Uyq weakly. For convenience, say v,, — v weakly as n — oco. Since
A’(0) is linear and continuous, we have A’(0)v, — A’(0)v weakly. So,

y(vn) = A'(0)vn + A(0) = A'(0)v + A(0) = y(v).

Thus, C' is weakly sequentially compact. m

THEOREM 4.29. Let U,q be a bounded closed convex subset of L*(Iy) and Jy(v) =
ly(v) = h|lar (v € Uag). Then there exists a unique v* € Uyq such that

Jp(*) = inf{Jy(v) : v € Uaa}.

Proof. Set C = {y(v) : v € Uaa}. Then C is a weakly sequentially compact closed
convex subset of Lys. So, by the rotundity of Ljs, there exists a unique y € C such
that ||y — hllar = inf{|ly(v) — hllam : y(v) € C}, ie., there exists v* € U,uq such that
Jp(v*) = inf{J(v) : v € Uaa}. If Usq has another element v’ satisfying y(v') = y(v*),
then by the well known Trace Theorem, v/ = y(v') = y(v*) = v* on z € Iy, so v* is
uniquely determined. m

COROLLARY 4.30. Suppose Uyq = {v(t) : m1 < v(t) <mo, t € Iy} and h € L. Then
there exists a unique v* € Uyq such that

Jp(0*) = inf{Jx(v) : v € Uaa},

where Jp(v) = ||ly(v) — hl| 2.
Proof. Take M = u?/2. m
Employing Theorem 4.3, we obtain

COROLLARY 4.31. Let h ¢ C. Then v* € Uyq satisfies Jp(v*) = inf{Jp(v) : v € Uaq}
iff for all v € Uy,g,

|h —y ()|

S[y(v*) - y(”)]p<m

>sign[h —y(v*)]dt > 0.
Q
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Notes and remarks. Except Example 4.10 and Theorem 4.11 due to R. B. Darst,
D. A. Legg & D. W. Townsend [65], all results in §4.1 are taken from Y. Wang & S. Chen
[266], and their paper [267] covers Theorems 4.29 and Corollary 4.31. Theorem 4.12 and
4.17 are due to Y. Wang [263] while Lemma 4.15 was proved by R. B. Darst & G. A. De-
both [64] and Theorem 4.18 is taken from D. Landers & L. Rogge [159]. Proposition
4.20 and Theorem 4.21 were given by T. Wang, D. Ji & Y. Li [236] just after Y. Duan
& S. Chen [75] presented a necessary and a sufficient condition for an operator to be a
predictor. Theorem 4.23 is due to T. Wang & Y. Wang [257]. Proposition 4.26(ii) is taken
from Y. Wang & S. Chen [267] and the other three statements were calculated by the
author while preparing the book.



5. Geometry of Musielak—Orlicz spaces

5.1. Musielak—Orlicz spaces. Let (T, X, 1) be a nonatomic measurable space. Sup-
pose that a function M : T x [0, 00) — [0, oo] satisfies

(%) for p-a.e. t € T, M (t,0) = 0; limy 0o M (¢,u) = 0o and M (¢t,u") < oo for some
u' > 0;
(xx) for p-a.e. t € T, M(t,u) is convex on [0, 00) with respect to u;
(xxx) for each u € [0,00), M (t,u) is a y-measurable function of ¢ on T

Moreover, for a given Banach space (X, || - ||), we denote by X1 the set of all strongly
p-measurable functions from T to X, and for each x € X, define the modular of = by

onr(x) = | M(t, (1)) dt.
T

Then the Musielak—Orlicz space
Ly = {x: om(Azx) < 0o for some A > 0}
with Luzemburg norm
lz]|ar = inf{A > 0: opr(x/X) <1}  (x € Ly)
is a Banach space. Set
e(t) =sup{u >0: M(t,u) =0}, E(t)=sup{u>0:M(t,u) < oo}.
Then clearly, for almost all ¢t € T,
u € [0,e(t)) = M(t,u) =0, u>e(t)= Mt u) >0,
0<u<E(t)= M(t,u) <oo, u>E({t)= M(tu)=o0.
PROPOSITION 5.1. e(t) and E(t) are u-measurable.
Proof. Pick a dense set {r;}72; in [0, 00) and set
BkZ{tET:M(t,T‘k)ZO}, Qk(t):TkXBk(t) (k e N).

Then by (xx%), By is p-measurable and so is g (t). Moreover, it is easy to see that for

all k € N, e(t) > qx(t) p-a.e. on T. Hence, to verify the measurability of e(t), it suffices

to show e(t) < sup{qx(t) : & > 1} p-a.e. on T. For any ¢t € T satisfying (), () and

e(t) > 0, arbitrarily choose € € (0,e(t)). Then there exists 1 € (e(t) — e, e(t)), whence

M(t,r,) =0, i.e., qi(t) =71 > e(t) — €. Since € is arbitrary, we find sup;~; gi(t) > e(t).
Similarly, we can deduce the measurability of E(¢). m -
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DEFINITION 5.2. We say that M (t,u) satisfies condition A (M € A) if there exist
K > 1 and a measurable nonnegative function 6(t) on T such that |, M(t,6(t)) dt < oo
and M (¢,2u) < KM (t,u) for almost all t € T and all u > §(¢).

PROPOSITION 5.3. If M € A, then E(t) = oo for p-a.e. t € T.

Proof. Since ST M(t,6(t)) dt < oo, we have 6(t) < E(t) p-a.e. on T. Suppose that
E={teT:E() < oo} is not a null set. We shall deduce an absurdity for each of the
following two cases.

Case 1: u{t € T: E(t) =4(t)} > 0. Since by (x), for p-a.e. t € T, E(t) > 0, we have
26(t) = 2E(t) > E(t) for almost all ¢t € E satisfying E(t) = d(¢). Hence, M(t,6(t)) < oo
and M (¢,26(t)) = oo for almost all such ¢. This contradicts M € A.

Case 2. If Case 1 is not true, then E(t) > 6(¢) for almost all t € E. Since by our
assumption, uE > 0, we can find € > 0 such that

E.={teE:E(t)—ec>0(t), 2(E(t) —¢e) > E(t)}
is not a null set. But for p-a.e. t € E., we have M (¢, E(t) —¢) < oo and M (¢,2(E(t) —¢))
= 0o. This also contradicts M € A. =
For each p, b > 1, we define a function
_ [sup{h:h e E;} if E(t) =0,
ipo(t) = {oo if E(t) < oo,
where E, = {u > 0: M(t,bu) > pM(t,u)}, t € T.
LEMMA 5.4. There exist p-measurable functons {zp(t)}r satisfying

(i) 2x(t) Tk hpp(t), t €T,
(ii) M(t,bzi(t)) > pM(t, z(t)) (zx(t) #0).
Hence, hyp(t) is p-measurable on T

Proof. Pick a dense set {r;};cn in [0,00). For each i € N, set

ri(t) = r; when M(t,br;) > pM(t,r;),
710 otherwise,

and z1(t) = r1(t),

| rig1(t)  when rigq(t) > 2k (1),
a1 (t) = { 2(t) otherwise (k €N).

Then it suffices to check limy_o0 25 (t) > hpp(t).

Given t € T, if hy,(t) = 0, then z,(t) = 0 for all k € N. If hy(t) > 0, then we
can select up > 0 such that uy Tx hpy(t) and M (¢, bug) > pM(t,u) (k € N). For each
K € N, by the continuity of M (¢,-) on [0, E(t)) and the denseness of {ry}, we may find
j € N such that r; > uy and M (t,br;) > pM(t,r;). Hence, by the definition of {zx(¢)},
for all n > j, we have z,(t) > r; > ug. Therefore, limy_,o0 21(t) > hpp(t). m

THEOREM 5.5. The following are equivalent:

(i) M & A.
(ii) For any p,b > 1, ST M(t, hypp(t)) dt = 0.
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(iii) E={t € T: E(t) < oo} is a nonnull set or for any
by >by>...>1, l<pi<p2<..., g.>0 (nEN),

there exist p-measurable functions {xy,(t)}52 1 and mutually disjoint {e,}22 in X such
that xy,(t) < 0o on e, and

S M(t,xn(t) dt = gn, M(t, by, xn(t)) > pr, M(t,z,(t)) (¢t €en, neN),

€n

where {k,} is a subsequence of N.

(iv) For each € € (0,1), there exists u € Ly such that opr(u) = €, ||ullar = 1 and
[lu(®)] < E(t) p-a.e. onT.

(v) There exists uw € Ly such that op(u) < 1, ||ullp = 1 and |Ju(t)|| < E(t) p-a.e.
onT.

Proof. (i)=(ii). Suppose {, M(t,h,(t)) dt < oo for some p,b > 1. Pick k € N such
that b* > 2. Since by the definition of hy,(t), u > hyp(t) implies M (¢, bu) < pM (¢, u),
we find

M (t,2u) < M(t,b*u) = pF M (t,u),
contradicting (i).

(if)=-(iii). Assume pFE = 0, i.e., E(t) = oo for almost all t € T.. For each n € N, by
Lemma 5.4, there exist measurable Zn,k( ) Tk hp,, b, (£) = hy(t) satisfying

M(t,bpzn k(1) > P Mt 2n k(1)) (Znk(t) #0, n € N),

Define T;, = {t € T': hy(t) = co}. Then T),| since it is obvious that h,(¢)].

We construct the required {z,} in each of following three cases.

Case I u(N,—,;T,) > 0. In this case, we arbitrarily pick mutually disjoint sets
{E,}inN,2, T Wlth uEy, > 0. Since z, 1 (t) — 00 as k — oo for all t € E,,, we can find
kn € N large enough and e, € E, such that z, ;(t) # 0 on e,, and

| Mt 20, () dt = g

€n

Clearly, x, = zp k, (n € N) satisfy all the requirements.

Case IL: (N2, T,) = 0 but pT,, > 0 for all n € N. In this case, we can find a
subsequence {n;} of N such that j(T5, \ Tn,,,) > 0. Replacing {E,,} in Case I by the
mutually disjoint sets T;,; \ Tp,,,,, we can find the required {e;} and {z;}.

Case III. If Cases I, II do not hold, then pT; = 0 for all large i. Without loss of
generality, we assume pT; = 0 for all ¢ € N. Hence, M (t, hy(t)) < 0o p-a.e. on T for all
n € N. Since

VMt 2 k(0)) dt 1 | M(E (1) di = 0o
T T

we can find k1 € N and e; € X such that zq , (t) # 0 on e; and that

VMt ok @) dt =q, | Mt () dt < oo

€1 €1
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Clearly,
VMt ha(t)) dt > \ Mt ha(t)) dt — § M (L, (1)) di = oo,
T\e1 T el

So, in the same way, we can find k2 > k; and a subset ey of T'\ €1 such that 23, (t) # 0
on es and

| Mt 2om, (D) dt = g2, | Mt ho(t)) dt < oo,

(D) €2
and so on, by induction, we obtain the required {e,} and {z,(t) = znk, (t)}-

(iii)=(iv). Set b, =1+ 1/n, p, = 2", ¢, = 27" (n € N) and fix {z,} and {e,} in
(iii). Then the function
_Jz,(t)e, tee,,neN,
ult) = {0, otherwise,

(where e € X satisfies |le]| = 1) satisfies

om(u) = Z S M(t,z,(t)) dt = 262_" =e<1
n=1e, n=1
(which implies ||u|lp < 1). But for any L > 1,
om (Lu) > Z S M(t, by, x(t)) dt > Z 2kn e = o0,

where m € N satisfies 1 + 1/m < L. Thus, |jul|ls» = 1.
(iv)=(v). Trivial.
(v)=-(i). Refer to the proof of Theorem 1.39. m
Many results can be deduced for condition A as in Chapter I, for instance,
THEOREM 5.6. The modular convergence and norm convergence are equivalent in Ly
iff M € A.

Proof. The necessity follows from Theorem 5.5 (iv). Now, we prove the sufficiency.
Clearly, the norm convergence implies the modular convergence. To prove the converse,
we assume M €A, u, € Ly and opr(up,) — 0. Pick k& > 2 and nonnegative 6(t) satisfying
§,p M(t,0(t)) dt < oo and M(t,2x) < KM(t,z) for almost all t € T and all z > §(t).

For arbitrary € > 0, pick m € N such that 2™ > 1/e. Then

V2, 6(t)/e) dt < K™\ Mt 6(1)) dt < oo.
T T
Define
To={teT |un(®)ll <d(t)},  yn(t) =ualt)lz,

Then ||y, ()| < §(t), t € T, n € N. But onm(un) — 0 implies M (¢, ||un(t)]]) — 0 in
measure, and by the Lebesgue Dominated Convergence Theorem,

i § M [lga(8)]/2) dt = 0.
T
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Hence, there exists N’ € N such that

VMt lya®l/e)dt <1/2 (0> N).

T
Let N” € N satisty opr(un) < 1/(2K™) (n > N"). Then for all n > max{N’, N"},

on(ur/e) < \ Mt Jlya@®)l/e)dt+ | Mt 2™ un(t)]) dt
T, T\Tp
<12+ K™ | M un()]) dt <1/2+ K™ orr(un) < 1.
T\T)

This means ||u,|| < e for all large n, and thus u, — 0 in norm. =

5.2. Extreme points, rotundity and uniform rotundity. Without loss of gener-
ality, from now on, we assume M (¢,0) = 0 and M (¢, ) is convex on [0, 00) with respect
towu forallteT.

For fixed t € T and v > 0, if there exists € € (0,1) such that

M(t,v) =2 "M(t,v+e) + 27 ' M(t,v — €) < o0,

then we call v a nonstrictly convex point of M with respect to t if e(t) > 0. The set of all
nonstrictly convex points of M with respect to ¢ is denoted by K;.
For M (t,u), we introduce

_ Jlim, L gey— M(t,v) if u= E(t),
Mo(t, u) = {M(t,u) it u £ E(L).
PROPOSITION 5.7. My(t,u) and M(t,u) have the same nonstrictly convex points.

Proof. It is sufficient to observe that E(¢) is a strictly convex point of both M (¢, u)
and My(t,u). m

PROPOSITION 5.8. If @ € B(Lyr), then ||z(t)|] < E(t) p-a.e. on T.

Proof. If the assertion is not true, then there exists € > 0 such that A = {t € T":
(I =e)|l=®)|| > E(t)} is a nonnull set. Since M (t,u) = oo for all u > E(t), we find that

on((1 = 2)a) > | M(t, (1 — &)[la(®)]) dt = .
A
This shows ||z||p > (1 —€)~! > 1, a contradiction. m
PROPOSITION 5.9. « € B(Las) iff om, (x) < 1.

Proof. Assume z € B(Ly). By Proposition 5.8, for each § € (0,1), d||z(t)|| < E(t)
p-a.e. on T. Hence, by the definition of My(t,u),

12 oar(da) = | Mo(t,6](t)]]) dt = oar, (52).
T

Letting 6 — 1—, the Levi Theorem yields 1 > pa, ().
Conversely, if opr, () < 1, then for any § € (0,1), we have 1 > gn, (d2) = onm(d2),
and thus, ||z|/a < 1/4. Since 0 € (0,1) is arbitrary, we get © € B(Lys). m

THEOREM 5.10. u € S(Lys) is an extreme point of B(La) iff
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(i) lims—1— o (6u) =1 or [Ju(t)|| = E(t) p-a.e. on T,
(ii) v,w € Xp with 2u = v+ w and ||Jv(t)|| = ||w(t)|] = ||u(®)|| g-a.e. on T implies
v =w, and
(iii) p{t € T : |lu(t)|| € K1} =0.

Proof. Sufficiency. Suppose that v € S(Lys) satisfies (i)—(iii) but u ¢ Ext B(Lyas),
i.e., there exist v,w € B(Lys) such that 2u = v+ w and v # w. Since for almost all t€T,

2[lu)ll = [lo(®) + w@®) < lo@) + [w@)l],
by (ii), we have
O0<pfteT o) #wt)} =p{t €T |o@) > u@®)] or [w@)] > [u®)]}-

Without loss of generality, we may assume puH > 0, where H = {t € T : ||v(t)|| > u(®)||}.
It follows from Proposition 5.8 that ||u(t)|| < E(t) p-a.e. on H. Thus, by (i) and the proof
of Proposition 5.9,

om,(u) = lim o, (Ou) = lim opr(6u) = 1.

We will derive a contradiction for each of the following two cases.
Case L puD > 0, where D = {t € T : 2|ju(®)|| < ||[v(®)|| + [[w(?)]|}. Observing that
om, (u) = 1 implies My(t, [|[u(t)||) < oo for almost all ¢ € T, in this case, we have

ot Fuol) < o (&, POLELOD) < dagoce oo + st oo

for almost all t € D. But this yields
o, (ulp) < Sou, (v|p) + Som, (wlp) <1
and thus, a contradiction (by Proposition 5.9):
1= on, (u) < 5on, (v) + 3on, (w) < 1.
Case II: puD =0, ie., 2||u(t)|| = ||v(t)|| + ||w(t)|| p-a.e. on T. By (iii), this implies
Mo(t, u(®)ll) < gM(E o@)]) + M (¢ [[w@)])

for p-a.e. t € T. As in Case I, we also have a contradiction: 1 = gpz, (u) < 1.
Necessity. Let u € Ext B(Ly). If (i) fails, then op, (v) = lims—1— onr, (0u) =7 < 1
and there exists A > 0 such that

A={teT: |lu@®)|+ X< E)}
is not a null set. Pick e in A such that pe > 0 and

VM lu@)l + 2y de <17

€

Let x € X satisfy ||z|| = A and define

(t)—xz) iftee,

(v(t),w(t)) = { (u(t), u(tS;L ifteT\e.
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Then v,w € X7, 2u = v+ w and v # w since x # 0 and pe > 0. Moreover, from
Proposition 5.9 and since

ono (v) < \ Mot [u@®)| + N dt+ | Mo(t, ut)]) dt
e T\e
<(I=r)+om(u) =1,

we have v € B(Ljyy). Similarly, we can verify w € B(Ljs), contradicting the hypothesis
u € Ext B(Lyy).

The necessity of (ii) is obvious.

(iif) Set

H ={teT:u(t)=0, et) >0},

H" ={teT:2M(t [lu®)]]) = M (¢ [u(t)]| + &) + M, lu(t)]| — )

for some € € (0, |lu(t)])}

Suppose that (iii) does not hold. Then pH’ > 0 or pH" > 0.
If uH' > 0, then for any z € S(X), by setting

[ (elt)r,—e()a), te
(0(f), wlt)) = { (w(t)u(t),  teT\H,

we have v,w € Xp, v # w. Since My(t,e(t)) = 0 for all t € T, by Proposition 5.9, we
deduce that oz, (v) = o, (W) = oar, (v) < 1, contradicting u € Ext B(Lay).
If uH"” > 0, then we can find some € > 0 such that

H={teT:ut)#0,
M(t, lu(t)l)) = 27 M (t, (1+ &) [u®)]) + 27" M (t, (1 = e)u(t)]]) < oo}

is not a null set. Let
a(t) = M(t, 1+ e)llu)[)) = M, (1 —e)llu@)])-
Pick two disjoint subsets E, F' in H such that SE at)dt = SF a(t) dt > 0. Define

(T+e)u(t), (1 —e)u(t)), teE,
(v(t),w(t)) = ¢ (1 —e)u(t), (1l +e)u(t), teF,
(u(t), u(t)), teT\(EUPF).

Then v,w € X7, v # w, 2u = v+w. Furthermore, by the choice of E, F' and the definition
of H,
| M omlde= | Mt Jw@de= | M o)) dt.
EUF EUF EUF
Observing that M (¢, s) is affine on [(1 — €)||u(t)]], (1 4 €)||u(t)||]] with respect to s for all
t € H, M can be replaced by My in the above equalities, whence it is easily calculated
that o, (v) = o, (W) = oa, (u) = 1, also a contradiction to u € Ext B(Lys). m

REMARK. If X is a separable Banach space, then condition (ii) of Theorem 5.10 can
be improved. In fact, in an unpublished paper, the author proved the following.
Suppose that X is a separable Banach space. Then
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(a) for any u € S(Lyr), the set D, = {t € suppu : u(t)/||u(t)]|x € Ext B(X)} is
measurable,

(b) the condition (ii) of Theorem 5.10 is equivalent to suppu \ D, being a null set.

THEOREM b5.11. Ly is rotund iff

(a) M € A,

(b) X is rotund, and

(¢) M(t,u) is strictly convex with respect to u for almost allt € T.

Proof. Sufficiency. Let uw € S(La). We have to verify (i)—(iii) of Theorem 5.10.
Clearly, (b) and (c) imply (ii) and (iii) respectively, and (i) follows from (a) and the fact
that Theorem 5.5 (v) implies lims_,1_ opr(0u) = opr(u) = 1.

Necessity. (a) follows from Theorem 5.10 (i) and Theorem 5.5 (v).

If (b) is not true, then there exist z,y,z € S(X) with 22 = y + z and y # 2. Pick
a > 0 such that §, M(t,a)dt > 1. Then by (a), M(t,a) < oo p-a.e. on T, whence there
exists £ € X such that {, M(t,a)dt = 1. Set

u(t) = axxe(t), o) =ayxe), w(t)=azxe).
Then u,v,w € X, 2u=v +w, v # w and [Ju(t)|| = ||[v(@)| = |w()||. But from
om(u) = om(v) = om(w) = S M(t,a)dt =1,
E

we see that u,v,w € S(Ly), and so u is not an extreme point of B(Lys), contradicting
the rotundity of L.

Pick a dense set {ry}2°, in (0,00). For each n,k € N, define a measurable set
Gpn={teT :2M(t,ry) = M(t,(1+1/n)r) + M(t,(1 —1/n)ry)}.

Then by the convexity of M (¢, u) with respect to u, we have

8

U Gem={teT: K #0}.
k=1n=1

Hence, if (c) does not hold, then uGy, , > 0 for some k,n € N. Since by (a), M (t,71) <
oo for pra.e. t € T, we may find some r € (0,1) and a subset B in Gy, such that
SBM(t,rk)dt = 7. Find d > 0 and D in T \ B such that SDM(t,d)dt =1-—rand
define u(t) = rrexp(t) + drxp(t), where z € S(X). Then u € S(Lys) and uB > 0,
B c{teT:|u()|] € K. So, by Theorem 5.10 (iii), u is not an extreme point of
B(Ly). =

Finally, we investigate the uniform rotundity of L.

PROPOSITION 5.12. Let X be a uniformly rotund Banach space. Then for any o > 0,
there exists € > 0 such that ||z — y|| > amax{||z|, [|y||} implies

lz+yll <@ =)zl +yl) or Izl =yl = emax{|lz]|, ly[}.
Proof. Otherwise, there exist a > 0 and x,,y, € X such that

[2n = ynll = amax{[[znll, [ynll},  llen +ynl > (1 =1/n)([2nll + lyal))
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and
Hlzall = llynll | < 2~ max{ ||z, llyall}-

Set max{|zn|, |ynll} = @n. Then z,/a, € B(X), |[zn/an — yna/nll > a > 0 and
|xn/ctn — yn/am|| — 2, contradicting the uniform rotundity of X. m

PROPOSITION 5.13. Suppose M € A and e(t) =0 p-a.e. onT. Then

oM (un) = 0= flunllar =0, om(un) =16 funllsr — 1 (n — o0).
Proof. Similar to the proof of Theorem 1.39. m
For each e,c € (0,1) and ¢t € T, set

Mt M(t
E, = {(u,v) cu,v >0, |u—v| > amax(u,v),M(t, u_—;—v) >(1-¢) ( ,u)—;— ( ,v)}
and P. .(t) = sup{u — v : (u,v) € E;}. Then we have
PROPOSITION 5.14. Fiz ¢ € (0,1). Then for each ¢ € (0,1), there exist measurable
functions {uf,vi}7° | satisfying
(1) Jug () = o) Tk Pec(t), teT,
(2) uf(t) # vy (t) implies

M(t, M) > %max{M(t,auz(t)),M(t,avg(t))}

and

a5 OO (MO WO ME (D)

Proof. Analogous to the proof of Lemma 5.4. m

THEOREM 5.15. The following are equivalent:

(i) Las is uniformly rotund.

(i) M € A, X is uniformly rotund, e(t) = 0 p-a.e. on T and for any e € (0,1),
limg o, M(t, P .(t))dt = 0.

(iii) M € A, X is uniformly rotund, e(t) = 0 p-a.e. on T and for any € > 0, there
exist 6 > 0 and f(t) > 0 with §, M(t, f(t)) dt < e such that for almost all t € T and all
x,y >0, |z —y| > emax{xz,y} and |x —y| > f(t) implies

M<t, it y) < 1%‘S[M(t,x) + M(t,y)].

Proof. (i)=(ii). By Theorem 5.11, M € A and e(t) = 0 p-a.e. on T. If X is not
uniformly rotund, then there exist x,,y, € S(X) such that ||z, + yn| > 2(1 — 1/n) and
|z, — ynl|| > € for some € > 0 and all n € N. Since M € A, we can find « > 0 and F € X
such that § M (t,«)dt = 1. Define

(un(t),vn(t)) = axe(t)(@n, yn)  (n €N).

Then u,, v, € X7 and

onr(un) = onr(vg) = | M(t,a)dt = 1.
E
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Hence, un, v, € S(La). Moreover, since

Uy, — Un, o
— (6, S an =yl ) dt > \ (e, @) dt =1,
o () | ) = [t

we have ||u, — v, ||ar > €. But from

Untva allzn + ynl i —
(gt = $ (e s ) = e =

we deduce that ||uy, + v,||ar > 2(1 —1/n) — 2 as n — oo, which contradicts (i).
Next we show lim._,¢ ST M (t, P. .(t)) dt = 0. If this does not hold, then by Proposition
5.14, there exist 6 > 0 and ¢, | 0 such that

9M<”"g””> >6 (neN),

where u, = uy" and v, = v;" (n € N) satisfy all the conditions of Proposition 5.14. By
Theorem 5.6, there exists h € (0,d) such that op(u) < h implies |Ju||pr < e. Pick e,
contained in {t € T : u,(t) # v, (t)} such that

| M(t, M) dt = h.

€n

Observing that u,(t) # v, (t) implies

s )t

1
5 > > 3 max{ M (t,eu,(t)), M(t,ev,(t))},
from
n(l) —vn(t
| Mt cun(t)) dt < | M(t, w) dt = h,
we find that |eunxxe, || < € or equivalently, ||eunzxe,|lmr < 1, where x € S(X).
Similarly, we also have ||v,@xe, s < 1. Set

Ty ={t€en: M(t,un(t)) > M(t,vn(t)}, Ta=en\Th.

Then
VIM (8, un(t) = Mt ()] dt = a1 >0,
T
VM (8,0 () = M (£, un ()] dt = a5 > 0.
T

From the first inequality, we can find E; C T3 such that
VM (8 un () = M (8, va(8))] dt = a1/2,
Ey

or equivalently,

Vton@ydt+ | Mtoa@)dt= | MEua(t)dt+ | M(t v, (1)) dt.
E, T\ E; T1\E1 Ey
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Similarly, we can find Fs C T, such that

VMt oam)dt+ | Mtun()de= | Mtva()dt+ | M(t,un(t) dt.
E, Ty\Es T2\ Es Es
Hence, if we define
(un(t), va(t))z, t€ ELU(Ty\ Es),

(‘T;z(t)v y;z(t)) = (Un(t)v un(t))x7 te E2 U (Tl \El)u
(0,0), otherwise,

then, from the above equalities and
V Mt un@)ydt <1, | M(tva(t)dt <1,
E, E,

we obtain 0 < gp(x],) = om(y),) = B < 1. Since p(T \ e,) > 0, we can find 6 > 0 and
F, C T\ e, such that

| M(toydt=1-p.

F,
Now, let
(zn {:v;l t),yh(t), teT\ Fy,
(x, ), te F,.
Then it is easily calculated that ons(xn) = om(yn) = 1. So, @n,yn € S(Lar). On the
other hand,
Tn — Yn

M29M<%)= §M<t,M)dt=h>o,

€n

MZQ]\/[(W) = SM(t,M)dt—i— | m(t1)at

€En Fn

and moreover,

Tn + Yn
2

> (1—cp) S M () J;M(t)’v"(t)) dt + FS M(t,1)dt
z(l—cn)QM(xn)+QM(yn) =l-c¢,—1 (n—o0).

2
This contradicts (i).

(ii)=(iii). Assume that (ii) holds. Pick ¢>0 small enough such that §  M(t, P. .(t)) dt
< e and set f(t) = P..(t), 6 = c¢. Then (iii) is true by the definition of P: .(¢).

(iii)=-(i). For any >0, by Proposition 5.13, there exists h€ (0, 1) such that ||u|/as >
r implies par(u) > h. For a = h/3, take € € (0, h/3) satisfying the condition of Proposition
5.12. Then, for this e, we select § € (0,1) and a measurable function f(¢) in (iii). Finally,
by Proposition 5.13, we can find v > 0 such that

h
om(u) <1— gmin{s,(S} = lullmw <1—7

Now, given u,v € S(Lys) with ||u + v||p > 2r, we complete the proof by showing
|l + v||ar < 2(1 — ). First we have gpr((u —v)/2) > h. Set

A={teT:|lu(t)+o@)| < amax{[fu@)],[[o(@)}}, B=T\A.
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Then the convexity of M(t, s) with respect to s implies

lu(t) — v(®)]| oflu(t)]| + afv(®)|
§M(t, 5 >dt§§M(t, 5 >dt
« h
5§ (& ) + M o)D) df < a = 3.
Let E={te B:||u®)| —|lv@®)|| < f(t)} and F = B\ E. Then
Hu(tm [EOI 1 h
M|t | —————— <\M{t,=f@t))dt<e<=.
e o< fur(rro) <o <
Hence,
Yt ) + MG o)) dr > | M( ROIZ IO o
E
_ (u-vY ()] = [lv(@)]]
(i) ez,
>h—2h=1h
Set

Fr={te F:lu®)+v®)] < @=e)(lu@l+ o@D}  Fo=F\F.
Then t € Fy implies
[u(t) = v(@®l = amax{[u@)], lo@)[},  lu@) +o@)] > 1 =e)([[u@®)] + [lo@)]])

and | |u(®)|| = llv@®)]l | > f(t). Furthermore, by Proposition 5.12, we also have | |Ju(t)|| —
[lo@®)] | > emax{||u(t)]], ||v(t)]|}. It follows from (iii) that

g M(t, M) it < | M(t, 1o leOl+ ||v<t>|> »

F P 2
+ §o - MO+ M 0D,
Fy
< L= min{e, o}

< 5 VM u@)) + Mt o)) dt
F

Thus,

o (50) < 5§ o @) + M fofol)] a

T\F

(U= minfe, 6)) § M (o)) + MG (o) )] de

F

\]

= Lloa(w) + or(w)] — 3 min{e, 8} § (M, Ju(t)]) + Mt [o(2) )]
F

<1 -3 'hmin{e,d}.
This implies ||u+ vy <2(1—7). m
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5.3. Complex rotundities. Let E' be a complex Banach space over the complex
field C. A point x in a subset A of F is called a complex extreme point of A provided that

{z+Xxy:2eC, N <1}CcA=y=0.

If every point in S(E) is a complex extreme point of B(F), then F is said to be complex
rotund. Furthermore, if for any € > 0, there exists § > 0 such that

z,y € B, AeC, [yl >e, N <L flz+ Myl <1= |z <19,

then F is defined to be a complex uniformly rotund space.
PROPOSITION 5.16. The following are equivalent:
(i) E is complex rotund.
(ii) For any x,y € E, y # 0, there exists A € C with |\| < 1 such that ||[x+y| > ||z]|.
(iii) For any x,y € E, y # 0, there exists X\ € C with |\ < 1 such that ||z + \y|| +
= Ayl > 2|j].

Proof. (i)=(ii). Without loss of generality, we may assume x # 0. If ||+ Ay|| < ||z||
for all A € C satisfying |A| < 1, then ||z/|z] + Ay/|z]| || < 1 holds for all A € C satisfying
|A| < 1. It follows from (i) that y = 0.

(if)=-(iii). If (iii) is not true, then there exist z,y € E with y # 0 such that

[+ Ayl + [l = Ayl = 2|zl (A€ C,]Al < 1).
Pick f € S(E*) such that f(z) = ||z||. Then A € C, |A| <1 implies

2]l2l| = 2f(2) = 2Re f(x) = Re f(z + Ay) + Re f(z — \y) < |F(@+ M)| + | f( = W)
< Jla+ Ayl + llz = Ayl| = 2]

This implies

Re f(z + Ay) + Re f(z — Ay) = [z + Ayl + [lz = Ayll.
But Re f(24y) < | f(@ )| < [l Ay, whence Re f(z+y) < (24 )] < o+l
which implies Im[f(x) + Af(y)] = Im Af(y) = 0. Since A € C with |A\| < 1 is arbitrary,
we find that f(y) = 0 and thus, ||z + Ay|| = ||z||. It follows from (ii) that y = 0, a
contradiction.

(i))=-(1). Let = € S(E). If there exists y € E such that A € C, |\| < 1 implies
[lz+ Ayl < 1, then we also have ||z —Ay|| < 1. Hence, 2 = 2||z|| < ||[z+Ay||+ ]|z —Ay|| < 2.
By (iii), we have y = 0. Hence, z is a complex extreme point of B(E). m

PROPOSITION 5.17. E is complex uniformly rotund iff for any € >0, there exists 6 >0
such that for any z,y € E,

Iyl = e max{{|lz + yll, [l — yll, [z + iyll, = — iy[|}

implies
Izl < 4711 = &) (lle + yll + llz = yll + llz + iy ]| + [l — iyl)-
Proof. The sufficiency is trivial. If the necessity does not hold, then there exist £ >0
and Zn, Yy, € E such that ||y,|| > € but

max{|[zn + yall, |20 = ynll, [2n + iynll, |20 —iya |} =1
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and
|l <47 lzn + ynll + 120 = yull + 120 + iynll + |20 — iyal) = 1/n (n €N).
For each n € N, pick f, € S(E*) such that f,(z,) = ||z,||. Then
A|zn|l = 4 fn(wn) = 4Re fo(zn)
= Re fn(Tn +yn) + Re fr(zn — yn) + Re fr(zn +iyn) + Re fu(zn — iyn)
<N fa(@n +yu)| + | fa(@n — yu)| + [ fr(@n +iyn)| + | fr(zn — iyn)]
S Nn +Ynll + |20 = yull + 1270 + iynll + |20 — iynll < 4|z +4/n

Combining this with |f,, (2 + kyn)| < ||zn + kyn|| and
Re fo(on + kyn) < |fu(zn + kyn)| (k=1,-1,i,—1),
we find that

Jn(@n +kyn) > (|20 + kynll —4/n and [ fn(2n + kyn)| < Re fo(zn + kyn) +4/n.
Hence we deduce that

Im f(xn + kyn) = Imkfn(yn) < (80  Re fr(zn + kyn) + 4/n2)'/?
< (8/n+4/mHV?2 < (12/n)V? (k=1,-1,i,—i).

This shows that
Re fal(ya) < (12/n)"2, I fo(ya)| < (12/n)"/?
and thus, |f,(yn)| < (24/n)Y/2. But this implies

2n + kynll — 4/n < | falzn + kyn)| < | fu(@n)] + [ fn(kyn)|
= |l + | fa(yn)] < llzall + 24/m)2 (k= 1,-1,4, i),
so, by picking a proper k such that ||z, + ky,|| = 1, we derive |z, || > 1—4/n— (42/n)/?
— 1, contradicting the complex uniform rotundity of E. m

From now on, we assume that X is a complex Banach space, and so the associated
Musielak-Orlilcz space Ly is also a complex Banach space.

THEOREM 5.18. © € S(Lyy) is a complex extreme point of B(Lay) iff
(i) limy—1— op(ox) =1 or ||z(t)|| = E(t) p-a.e. on T, and
(ii) for any y € Ly with y # 0, we have pGqy = 0, where
Gay ={t €T :y(t) # 0 and 2Mo(t, [|x(t)[|)) = Mo(t, |lz(t) + Ay(t)|)
+Mo(t, ||z(t) — Ay(t)]]) for all A € C with |\ < 1}.

Proof. < First we assume that ||z(t)|| = E(t) p-a.e. on T. For fixed y € Ly, if
|z + Ayllar < 1 for all A € C with |A| < 1, then by Proposition 5.9, ||z(t) + Ay(¢)| <
E(t) = ||z(t)|| p-a.e. on T. It follows that

Mo(t, [la(t) + Ay(@)]) + Mo(t, [[2(t) — Ay(@)]]) < 2Mo(t, [lz(£)]])
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p-a.e. on T. Hence, by the convexity of My(¢,u) with respect to u, the two sides of the
above inequality are equal for almost all ¢ in T'. By applying (ii), we deduce that y =0
and thus, x is a complex extreme point of B(Lyy).

Next we assume gpg, (x) = limy—1— om(ox) = 1. Let y € Ly and ||z + Ayl < 1 for
all A € C with |A] < 1. Again by Proposition 5.9, we have g, (z + Ay) < 1. Therefore,

1= ouy(x) = | Mo(t, [l2(®)])) dt < 27 onsy (z + Ay) +27 " oas (@ — Ay) < 1.
T

As in the first case, we also deduce y = 0.
= The necessity of (i) can be verified as the corresponding part of Theorem 5.10. If
(ii) does not hold, then there exists y € Lys such that pGgy > 0. Define

H' ={t€Guy:|lz()] <e®)}, H"={t€Guy:|z@)] =e®)}

Then G, = H' U H”. First we assume puH’ > 0. Then there exists r > 0 such that
E={teT:|z@)| +r <e(t)}is not a null set. Pick u € rS(x) and set z(t) = uxg(t).
Then z # 0, z € Ly and for any A € C with || < 1, we have

oao @+ 2y) < | Mo +r)de+ | Mo(t, (] e
E T\E

= S Mo(t, [|=(2)]]) dt < ony(x) < 1.
T\E

This shows ||z + Ay||a < 1, and so x is not a complex extreme point of B(Lpy).
If pnH' = 0, then pH"” > 0. Observing that M (¢, w) is strictly increasing on [e(t), E(t)]
with respect to u for almost all t € T, by the definition of G, and H”, we find that

20zl = [l=(@) + Xy @I + l=(t) = Ay@OI - (A <1)

for all A € C with |A| < 1 and almost all t € T. By using this equality and the method
in (ii)=(iii) of Proposition 5.16, we can derive ||z(t)|| = ||z(¢) + Ay(¢t)| for all A € C
with |[A] < 1 and almost all t € T. Set z(t) = y(t)|g». Then z € Ly, z # 0 and
oM, (z+Az2) < opgy(x) < 1 forall A € C with |A| < 1. This shows that z is not a complex
extreme point of B(Lys). m

THEOREM 5.19. Ly is complex rotund iff (i) M € A, (ii) X is complez rotund, and
(iii) e(t) =0 p-a.e. onT.

Proof. Sufficiency. Given z € S(Lj;), we have to prove that it is a complex extreme
point of B(Lps). Clearly, (i) implies (i) of Theorem 5.18. It remains to check (ii) of
Theorem 5.18. Let y € L. By (iii), for p-a.e. t € Gy,

20|zl = ll=(®) + Ay @Ol + [l(®) = Ay@I (Al <1).

By (ii) and Proposition 5.16, the above equality does not hold for any ¢ € T satisfying
y(t) # 0. This yields uGyy = 0.

Necessity. (i) is true by Theorem 5.18 and Theorem 5.5 (v). If (ii) fails, then there
exist u,v € X with ||ul| = 1 and v # 0 such that ||u+ \v|| <1 for all A € C with |A\] < 1.
Since we already have M € A, there exist & > 0 and H € X such that SH M(t,a)dt = 1.
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Define

au,av), te€ H,
(x(t)’y(t)):{go,()), ! teT\H.

Then z,y € Ly and gpr(x) = 1. So, ||x]|a = 1. But ¢t € H implies
z(t) + Xy (@) = aflu+ Ml < a=z@)] (Al <1).
Therefore, for y-a.e. t € H,
2Mo(t, [l=(@)]]) < Mot, [lz(£)+ Xy ()] +Mo(E, l2(8) = Ay(O)]]) < 2Mo(t, =(®)]) (Al < 1).

This shows Gy = pd > 0 and thus, by Theorem 5.18, x is not a complex extreme
point of B(Lys), a contradiction.

Finally, if (iii) does not hold, then we can find b > 0 and A € X such that { , Mo(t,b) dt
=land pu({t € T:e(t) > 0}\A) > 0. Pick w,v € X with |Jw| =1, ||v|| = 1/2 and define

(w,0), te A,
(x(t),y(t)) = ¢ (0,e(t)v), te{teT:e(t)>0}\A4,
(0,0), otherwise.

Then z,y € Ly, ||z =1, y # 0 and op, (z + Ay) = SA M(t,b)dt =1 for all AeC with
|A] < 1. This shows that = is not a complex extreme point of B(Lys), also a contradic-
tion. m

THEOREM 5.20. Lys is complex uniformly rotund iff (1) M € A, (ii) e(t) =0 u-a.e.
on T, and (iil) X is complex uniformly rotund.

Proof. Necessity. According to Theorem 5.19, (i) and (ii) hold. If (iii) fails, then
there exist € > 0, ,yn € X such that |z, + Ayn| <1 (A < 1), |lyn]l > ¢ (n € N)
and ||z,|| — 1 as n — oo. Since (i) is true, we can pick @ > 0 and H € X such that
SH M (t,a) dt = 1. Define

S (T Y

Then by (ii), on(yn) > §,, M(t, ae) dt > 0 and

ot (T + Ayn) = | M(t, |20 + Ay} dt < | M(ta)dt =1 (N <1).
H H

Combining this with

lim gps(2,) = lim S M(t, a||x,||) dt = S M(t,a)dt =1,
H H

we find that Lj,; is not complex uniformly rotund.

Sufficiency. Since M € A and e(t) = 0 p-a.e. on T, as in Theorem 1.39, we can easily
deduce that gpr(zn) — 0 & ||zn||lmr — 0 and o (2n) — 1 < |znllir — 1 as n — oc.
Therefore, to verify the sufficiency, it suffices to show that the modular gps(-) is complex
uniformly rotund. For given € € (0,1), by (iii) and Proposition 5.17, there exists § > 0
such that z,y € X and

Iyl = (¢/8) max{{|z + ky|| : k = 1, —1,4, —i}
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implies
1-9 .
ol < == dolle+kyl  (k=1,-1,4,-).
k

Fix z,y € Ly with oy (y) > € and op(x + Ay) <1 (|A] <1). Let

A={teT:|ly®) = (e/8) max{|[x(t) + ky(®)[| : k =1, 1,7, —i}}.

Then
V Mm@l de < e/8) | M@, (8/e)y(n)])dt
T\A T\A
<(/8) | Mt =) + by dt <e/2 (k=1,-1,4,~i).
k T\A
Hence, as

Zl\w + ky(t |I—lew )+t /kH—ZHy +he@)l (k=1,-1,i,-1),

we obtain

MG o) < o (t412|x +yo)] ) at
’12SM(t,||a:(t)+ky(t)H)dt (k=1,-1,i,—i).

k A

It follows from the choice of § and A that

o) < 13§ M e + Ryl dr + 10D
k
)
i

/\

M, [lx(t) + ky@)]]) dt
k T\A

L= ST M () + k(o)) i <

kA

IN

This proves the complex uniform rotundity of Ly;. m

Notes and remarks. The concept of Musielak—Orlicz spaces was first introduced by
J. Musielak. Such spaces can also be equipped with the Orlicz norm, and the Musielak—
Orlicz sequence spaces are defined analogously.

A series of geometric properties for such spaces were discussed by many mathemati-
cians, for instance, H. Hudzik [102]-[108] and A. Kaminska [138], [140], [141] and [143].
Except Theorem 5.15, which was taken from an unpublished paper by the author, all the
results in this chapter come from C. Wu & S. Chen [281] and C. Wu & H. Sun [287],
[290].



1]
2]
3]
[4]
[5]
[6]
[7]
8]

[9]

[23]

[24]

Bibliography

G. Alherk, On the non—l,(ll) and locally uniformly non—lsll) properties, and [' copies in
Musielak—Orlicz spaces, Comment. Math. Univ. Carolin. 31 (1990), 435—443.

G. Alherk and H. Hudzik, Uniformly non-lg) Musielak—Orlicz spaces of Bochner type,
Forum Math. 1 (1989), 403-410.

—, —, Copies of I and co in Musielak-Orlicz sequence spaces, Comment. Math. Univ.
Carolin. 35 (1994) 9-19.

T. Ando, Linear functionals on Orlicz spaces, Nieuw. Arch. Wisk. 8 (3) (1960), 1-16.
—, Weakly compact sets in Orlicz spaces, Canad. J. Math. 14 (1962), 170-176.

R. M. Aron and R. H. Lohman., A geometric function determined by extreme points of
the unit ball of a normed space, Pacific J. Math. 2 (1987), 209-231.

B. Beauzamy, Introduction to Banach Spaces and Their Geometry, Elsevier, Amsterdam,
1985.

F. Bombal, On I' subspaces of Orlicz vector-valued function spaces, Math. Proc. Cam-
bridge Philos. Soc. 107 (1987), 107-112.

—, On embedding I' as a complemented subspace of vector-valued function spaces, Rev.
Math. 3 (1988), 13-17.

J. M. Borwein and B. Sims, Nonezpansive mappings on Banach lattices and related
topics, Houston J. Math. 10 (1984), 339-356.

D. W. Boyd, Indices for Orlicz spaces, Pacific J. Math. 38 (1971), 315-328.

S. Chen, Some rotundities of Orlicz spaces with Orlicz norm, Bull. Polish Acad. Sci. Math.
34 (1986), 585-596.

—, Smoothness of Orlicz spaces, Comment. Math. 27 (1987), 49-58.

—, Non-squareness of Orlicz spaces, Chinese Ann. Math. 6A (1985), 607-613 (in Chinese).
—, On vector valued Orlicz spaces, ibid. 5B (1984), 293-304.

—, Uniform rotundity of vector valued Orlicz spaces, Pure Appl. Math. 3 (1987), 13-21
(in Chinese).

—, Extreme points and strict convezity of vector valued Orlicz spaces, J. Math. (Wuhan)
5 (1985), 9-14.

—, Delta condition for some generalized Orlicz spaces, Nature J. 4 (1981), 793 (in Chinese).
—, Locally uniform rotundity of Orlicz spaces, Natur. Sci. J. Harbin Normal Univ. 1983
(2), 48-56 (in Chinese).

—, Local non-squareness of sequence Orlicz spaces, ibid. 3 (1) (1987), 1-5 (in Chinese).
—, Smooth points of Orlicz spaces with Orlicz norm, ibid. 5 (2) (1989), 1-4 (in Chinese).
—, On properties of locally uniform k-rotundity and uniform rotundity in every direction
for Banach spaces, ibid. 3 (3) (1987), 1-7 (in Chinese).

—, Some advances and problems on geometry of Orlicz spaces, J. Baoji Teachers College
12 (2) (1989), 22-28 (in Chinese).

S. Chen and Y. Duan, WM property of Orlicz spaces, Northeast. Math. J. 8 (1992),
498-502.



[25]
[26]

[27]

30]
31)
32)
33]
34]

[35]
[36]

[37]
[38]
[39]

[40]
[41]

[42]

[43]

Bibliography 193

S. Chen and Y. Duan, WM property of Orlicz spaces with Orlicz norm, Acta Math. Sci.
(English Ed.) 14 (1994), 1-8.

—, —, On convez functions on sequence Orlicz spaces, in: Collected Youth Sci. Articles,
Heilongjiang Sci.&Tech. Press, 1990, 1-2.

—, —, Normal structure and weakly normal structure of Orlicz spaces, Comment. Math.
Univ. Carolin. 32 (1991), 219-225.

—, —, On block basis of sequence Orlicz spaces, to appear.

S. Chen and H. Hudzik, On some convexities of Orlicz and Orlicz—Bochner spaces,
Comment. Math. Univ. Carolin. 29 (1988), 13-29.

—, —, On some properties of Musielak—Orlicz spaces and their subspaces of order contin-
uous elements, Period. Math. Hungar. 25 (1992), 13—-20.

—, —, E® and h® fail to be M-ideals in L® and I® in the case of the Orlicz norm, Boll.
Un. Mat. Ital., to appear.

S. Chen, H. Hudzik and A. Kamiriska, Support functionals and smooth points in Orlicz
function spaces equipped with the Orlicz norm, Math. Japon. 39 (1994), 271-279.

S. Chen, H. Hudzik and H. Sun, Complemented copies of I* in Orlicz spaces, Math.
Nachr. 159 (1992), 299-309.

S. Chen, H. Hudzik and M. Wista, Geometry of the dual and higher order duals of
Orlicz spaces, to appear.

S. Chen and B. Lin, On strongly extreme points in Kothe—Bochner spaces, to appear.

S. Chen, B. Lin and X. Yu, Rotund reflexive Orlicz spaces are fully convez, in: Contemp.
Math. 85, Amer. Math. Soc., 1989, 79-86.

S.Chen, Y. Luand B. Wang, On property (WM), (CLUR) and (LKR) of Orlicz sequence
spaces, Fasc. Math. 22 (1991), 19-25.

S. Chen and Y. Shen, Extreme points and rotundity of sequence Orlicz spaces, Natur.
Sci. J. Harbin Normal Univ. 1 (2) (1985), 1-6 (in Chinese).

—, —, Locally uniform rotundity of sequence Orlicz spaces, ibid. 1 (2) (1985), 1-5 (in add.)
(in Chinese).

S. Chen and H. Sun, On weak topology of Orlicz spaces, Collect. Math. 44 (1993), 71-79.
—, —, On weak topology of sequence Orlicz spaces, Adv. in Math. (China) 23 (1994),
469-471.

—, —, Weak convergence and weak compactness in abstract M spaces, Proc. Amer. Math.
Soc. 123 (1995), 1441-1447.

—, —, Reflezive Orlicz spaces have uniformly normal structure, Studia Math. 109 (1994),
197-208.

—, —, A-Properties of Orlicz sequence spaces, Ann. Polon. Math. 59 (1994), 239-249.

S. Chen, H. Sun and C. Wu, A-property of Orlicz spaces, Bull. Polish Acad. Sci. Math.
39 (1991), 63-69.

S. Chen and T. Wang, Uniformly rotund points of Orlicz spaces, Natur. Sci. J. Harbin
Normal Univ. 8 (3) (1992), 5-10 (in Chinese).

S. Chen and Y. Wang, H property of Orlicz spaces, Chinese Ann. Math. 8A (1987),
61-67 (in Chinese).

—, —, On definition of non-square normed spaces, ibid. 9A (1988), 68—72 (in Chinese).
—, —, Locally uniform rotundity of Orlicz spaces, J. Math. (Wuhan) 5 (1985), 9-14 (in
Chinese).

S. Chen and M. Wista, Extreme compact operators from Orlicz spaces to C (1), Comment.
Math. Univ. Carolin. 34 (1993), 63-77.

S. Chen and X. Yu, Smooth points of Orlicz spaces, Comment. Math. 31 (1991), 39-47.
Y. Cui, Locally uniform k-rotundity of sequence Orlicz spaces, to appear.

—, Mid point locally uniform rotundity of Orlicz spaces, Nature J. 9 (1986), 230-231 (in
Chinese).



194 Bibliography

55] —, LUR of sequence Musielak—Orlicz spaces, Chinese Ann. Math., to appear.

56] —, Coefficients of convexity on sequence Orlicz spaces l(M), to appear.

57] —, K-M approximation in Orlicz spaces, Chinese Appl. Math. J., to appear.

58] —, On Kantorovitch approzimation operators, Pure Appl. Math. (in Chinese), to appear.

59] Y. Cui and T. Wang, Strongly extreme points of Orlicz spaces, J. Math. (Wuhan) 7 (4)
(1987), 335-340 (in Chinese).

[60] —, —, The roughness of the norms on Orlicz spaces, Comment. Math. 31 (1991), 49-57.
[61] —, —, Convezity of Orlicz spaces, ibid. 31 (1991), 49-57.

[62] —, —, Roughness of sequence Orlicz spaces, J. Harbin Sci. Tech. Univ., to appear.

[63] Y. Cuiand Y. Zhang, K-smooth points and K-extreme points of sequence Orlicz spaces,

J. Baoji Teachers College, to appear.

[64] R. B. Darst and G. A. Deboth, Two approzimation properties and a Radon—Nikodym
derivative for lattices of sets, Indiana Univ. Math. J. 21 (1971), 355-362.

[65] R.G.Darst, D. A.Legg and D. W. Townsend, Prediction in Orlicz spaces, Manuscripta
Math. 35 (1981), 91-103.

[66] M. Denker and H. Hudzik, Uniformly non-lsll) Musielak—Orlicz sequence spaces, Proc.
Indian Acad. Sci. Math. Sci. 101 (1991), 71-86.

[67] M. Denker and R. Kombrink, On B-convex Orlicz spaces, in: Lecture Notes in Math.

79, Springer, 1979, 87-95.

[68] J. Diestel, Geometry of Functional Analysis—Selected Topics, Springer, 1975.

69] —, Sequences and Series in Banach Spaces, Springer, 1984.

0] J. Diestel and J. J. Uhl, Jr., Vector Measures, Math. Surveys 15, Amer. Math. Soc.,

1977.

[71] M. Doman, Weak uniform rotundity of Musielak—Orlicz spaces, Comment. Math. Univ.
Carolin. 32 (1991), 441-446.

[72] —, Weak uniform rotundity of Orlicz sequence spaces, Math. Nachr. 162 (1993), 145-151.

[73] P. N. Dowling and C. J. Lennard, New fized point free non-expansive maps in ly imply
that every nonreflexive subspace of L1[0,1] fails fived point property, to appear.

[74] P. N. Dowling, C. J. Lennard and B. Turett, Reflezivity and fized point property for
nonerpansive maps, to appear.

[75] Y. Duan and S. Chen, On best approzimation operators in Orlicz spaces, J. Math. Anal.
Appl. 178 (1993), 1-8.

[76] D. V. Dulst and V. D. Valk, (KK)-properties, normal structure and fized points of
nonexpansive mapping in Orlicz sequence spaces, Canad. J. Math. 38 (1986), 728-750.

[77] R. Fleming, J. E. Jamison and A. Kaminska, Isometries of Musielak—Orlicz spaces,
in: Proc. Conf. on Function Spaces, Edwardsville 1990, Lecture Notes Pure Appl. Math.
136, Marcel Dekker, 1992, 139-154.

[78] V. F. Gaposhkin, On the existence of unconditional bases in Orlicz spaces, Funktsional.
Anal. i Prilozhen. 1 (4) (1967), 26-32 (in Russian).

[79] J. Globevnik, On complezx strict and uniform convezity, Proc. Amer. Math. Soc. 47
(1975), 175-178.

[80] A. S. Granero, A-property in Orlicz spaces, Bull. Polish Acad. Sci. Math. 37 (1989),
421-431.

[81] —, Stable unit ball in Orlicz spaces, Proc. Amer. Math. Soc. (in press).

[82] A. S. Granero and M. Wista, Closedness of the set of extreme points in Orlicz spaces,
Math. Nachr. 157 (1992), 319-334.

[83] R. Grzaslewicz, Estreme points in C(K, L¥(u)), Proc. Amer. Math. Soc. 98 (1986),
611-614.

[84] R. Grzaslewicz and H. Hudzik, Smooth points of Orlicz spaces equipped with the Luz-
emburg norm, Math. Nachr., 155 (1992), 31-45; Erratum, ibid. 167 (1994), 330.



[85]

[89]
[90]

[91]

©
o

©oo©w ©©o
L S N

[

[98]

[99]

Bibliography 195

R. Grzaslewicz, H. Hudzik and W. Kurc, Extreme and exposed points in Orlicz spaces,
Canad. J. Math. 44 (1992), 505-515.

R. Grzaslewicz, H. Hudzik and W. Orlicz, Uniform non—l,ll property in some normed
spaces, Bull. Polish Acad. Sci. Math. 34 (1986), 161-171.

M. He, K -rotundity of sequence Orlicz spaces, J. Qiqihar Normal College, to appear.

F. L. Hernandez, Continuous functionals on a class of Orlicz spaces, Houston J. Math.
11 (1985), 171-181.

—, A note on the Hahn—Banach approzimation property in Orlicz spaces, Ann. Sci. Math.
Québec 9 (1985), 23-29.

F. L. Herndndez and V. Peirats, Orlicz function spaces without complemented copies
of lp, Israel J. Math. 56 (1986), 355-366.

F. L. Hernandez and B. Rodriguez-Salinas, Remarks on the Orlicz function spaces
L#(0,00), Math. Nachr. 156 (1992), 225-232.

—, —, On l,-complemented copies in Orlicz spaces, Israel J. Math. 62 (1988), 37-55.

—, —, On l,-complemented copies in Orlicz spaces II, ibid. 68 (1989), 27-55.

F. L. Hernandez and C. Ruiz, On Musielak—Orlicz spaces isomorphic to Orlicz spaces,
Comment. Math. 32 (1992), 55-60.

—, —, Universal classes of Orlicz function spaces, Pacific J. Math. 155 (1992), 87-98.

R. B. Holmes, Geometric Functional Analysis and its Applications, Springer, 1975.

J. Hu, An embedding problem in Orlicz sequence spaces, Natur. Sci. J. Xiangtan Univ.
1985 (2), 5661 (in Chinese).

Z. Hu and B. L. Lin, Strongly exposed points in Lebesgue—Bochner function spaces, Proc.
Amer. Math. Soc. 120 (1994), 1159-1165.

H. Hudzik, Locally uniformly non—lg) Orlicz spaces, Suppl. Rend. Circ. Mat. Palermo 10
(1985), 49-56.

[100] —, Uniformly non—lg) Orlicz spaces with Luzemburg norm, Studia Math. 81 (1985), 271—

284.

[101] —, Orlicz spaces containing a copy of 11, Math. Japon. 34 (1989), 747-759.
[102] —, On some equivalent conditions in Musielak—Orlicz spaces, Comment. Math. 24 (1984),

57-64.

[103] —, Strict convexity of Musielak—Orlicz spaces with Luzemburg’s norm, Bull. Acad. Polon.

Sci. Sér. Sci. Math. 29 (1981), 235-247.

[104] —, Convezity in Musielak—Orlicz spaces, Hokkaido Math. J. 14 (1985), 85-96.
[105] —, Uniform convezity of Musielak—Orlicz spaces with Luzemburg’s norm, Comment. Math.

24 (1984), 57-64.

[106] —, A criterion of uniform convezity of Musielak—Orlicz spaces with Luzemburg norm, Bull.

Polish Acad. Sci. Math. 32 (1984), 303-313.

[107] —, Musielak—Orlicz spaces isomorphic to strictly convex spaces, ibid. 29 (1981), 465-470.
[108] —, Flat Musielak—Orlicz spaces under Luzemburg’s norm, ibid. 32 (1984), 203-208.
[109] —, Some class of uniformly non-square Orlicz—Bochner spaces, Comment. Math. Univ.

Carolin. 26 (1985), 269-274.

[110] —, Lower and upper estimations of the modulus of convexity in some Orlicz spaces, Arch.

Math. (Basel) 57 (1991), 80-87.

[111] —, Orlicz spaces without strongly extreme points and without H -points, Canad. Math.

Bull. 36 (1993), 173-177.

[112] —, On some renorming problems, Arch. Math. (Basel) 48 (1987), 505-510.

[

113] —, An estimation of the modulus of convexity in a class of Orlicz spaces, Math. Japon.

32 (1987), 227-237.

[114] —, On some renorming problems, Arch. Math. (Basel) 52 (1989), 365-366.
[115] —, On smallest and largest Orlicz spaces, Math. Nachr. 141 (1989), 109-115.



196

[116]
[117)
[118]
[119]
[120]
[121]
[122]
[123]
[124]
[125]
[126]
[127)
[128]

[129]
[130]

[131]

[132]

[133]
[134]
[135]
[136]
[137]
[138]
[139]
[140]

[141]
[142]

Bibliography

H. Hudzik, Every nonreflexive Banach lattice has the packing constant equal to 1/2,
Collect. Math. 44 (1993), 129-134.

H. Hudzik and A. Kaminska, On uniformly convezifiable and B-convex Musielak—Orlicz
spaces, Comment. Math. 25 (1985), 59-75.

H. Hudzik, A. Kaminiska and W. Kurc, Uniformly non—l,ll Musielak—Orlicz spaces, Bull.
Polish Acad. Sci. Math. 35 (1987), 411-448.

H.Hudzik, A. Kamiriska and J. Musielak, On the convezity coefficient of Orlicz spaces,
Math. Z. 197 (1988), 291-295.

H. Hudzik and W. Kurc, Strict monotonicity and uniform monotonicity of Orlicz spaces
equipped with the Orlicz norm, to appear.

H. Hudzik, W. Kurc and M. Wista, Strongly extreme points in Orlicz function spaces,
J. Math. Anal. Appl. 189 (1995), 651-670.

H.Hudzik and T. Landes, Characteristic of convezity of Musielak—Orlicz function spaces
equipped with the Luremburg norm, Comment. Math. Univ. Carolin. 33 (1992), 615-621.
—, —, Packing constant in Orlicz spaces equipped with the Luzemburg norm, Boll. Un.
Mat. Ital. A (7) 9 (1995), 225-237.

H. Hudzik and M. Mastyto, Almost isometric copies of loo in some Banach spaces,
Proc. Amer. Math. Soc. 119 (1993), 209-215.

—, —, Strongly extreme points in Kdthe—Bochner spaces, Rocky Mountain J. Math. 23
(1993), 899-909.

H. Hudzik and D. Pallaschke, On some convezity properties of Orlicz sequence spaces
equipped with the Luxemburg norm, Math. Nachr., to appear.

H. Hudzik, T. Wang and B. Wang, On the convezity characteristic of Orlicz spaces,
Math. Japon. 37 (1992), 691-699.

H. Hudzik and M. Wista, On extreme points of Orlicz spaces with Orlicz norm, Collect.
Math. 44 (1993), 135-146.

—, —, On strongly exposed points in Orlicz spaces, to appear.

H. Hudzik, C. Wu and Y. Ye, Packing constant in Musielak—Orlicz sequence spaces
equipped with the Luxemburg norm, Rev. Mat. Univ. Complut. Madrid 7 (1994), 13-26.
H. Hudzik and Y. Ye, Support functionals and smoothness in Musielak—Orlicz sequence
spaces endowed with the Luzemburg norm, Comment. Math. Univ. Carolin. 31 (1990),
661-684; Correction, ibid. 35 (1994), 209.

H. Hudzik and Z. Zbaszyniak, Smooth points of Musielak—Orlicz sequence spaces
equipped with the Luzemburg norm, Colloq. Math. 65 (1993), 157-164; Erratum, ibid.
66 (1994), 335.

J. E. Jamison, A. Kamiriska and P.-K. Lin, Isometries of Orlicz spaces of vector valued
functions, Math. Z. 193 (1986), 363-371.

N. J. Kalton, Orlicz sequence spaces without local convezity, Math. Proc. Cambridge
Philos. Soc. 81 (1977), 253-277.

—, Minimal and strongly minimal Orlicz sequence spaces, to appear.

A. Kaminska, On uniform convezity of Orlicz spaces, Indag. Math. A85 (1982), 27-36.
—, The criteria for local uniform rotundity of Orlicz spaces, Studia Math. 74 (1984),
201-215.

—, On some convexity properties of Musielak—Orlicz spaces, Suppl. Rend. Circ. Mat.
Palermo 2 (1984), 63-72.

—, Uniform rotundity in every direction of sequence Orlicz spaces, Bull. Polish Acad. Sci.
Math. 32 (1984), 589-594.

—, Flat Orlicz—Musielak sequence spaces, ibid. 30 (1982), 347-352.

—, Rotundity of sequence Musielak—Orlicz spaces, ibid. 29 (1981), 137-144.

—, On some compactness criteria for Orlicz subspace Ew(Q), Comment. Math. 22 (1981),
245-255.



[143]
[144]
[145]
[146]
[147)
[148]
[149]
[150]
[151]

[152]

Bibliography 197

A. Kaminska, Strict convexity of sequence Musielak—Orlicz spaces with Orlicz norm, J.
Funct. Anal. 50 (1993), 285-305.

—, Some remarks on Orlicz—Lorentz spaces, Math. Nachr. 147 (1990), 29-38.

—, Extreme points in Orlicz—Lorentz spaces, Arch. Math. (Basel) 55 (1990), 173-180.

A. Kaminska, P-K. Lin and H. Sun, Uniformly normal structure of Orlicz—Lorentz
spaces, in: Proc. Conference in Functional Analysis, Harmonic Analysis and Probability,
preprint.

A. Kaminiska and W. Kurc, Weak uniform rotundity in Orlicz spaces, Comment. Math.
Univ. Carolin. 27 (1986), 651-664.

A. Kaminiska and B. Turett, Type and cotype in Musielak—Orlicz spaces, in: London
Math. Soc. Lecture Note Ser. 158, Cambridge Univ. Press, 1990, 165-180.

M. A. Khamsi, W. M. Kozlowski and S. Chen, Some geometrical properties and fixed
point theorems in Orlicz spaces, J. Math. Anal. Appl. 155 (1991), 393-412.

S. J. Kilmer, W. M. Koztowski and G. Lewicki, Best approximants in modular spaces,
J. Approx. Theory 63 (1990), 338-367.

—, —, —, Sigma order continuity and best approzimation in Ly-spaces, Comment. Math.
Univ. Carolin. 32 (1991), 241-250.

A. Kozek, Orlicz spaces of functions with values in Banach spaces, ibid. 19 (1977), 259-
288.

W. Koztowski, Modular Function Spaces, Marcel Dekker, New York and Basel, 1988.
M. A. Krasnosel’skii and Ya. B. Rutickii, Convexr Functions and Orlicz spaces, Noord-
hoff, Groningen, 1961.

W. Kurc, Strongly exposed points in Orlicz spaces of vector-valued functions, Comment.
Math. 27 (1987), 121-133.

—, Extreme points of the unit ball in Orlicz spaces of vector-valued fuctions with the
Amemiya norm, Math. Japon. 38 (1993), 277-288.

—, Strictly and uniformly monotone Musielak—Orlicz spaces and applications to best ap-
prozimation, J. Approx. Theory 69 (1992), 173-187.

T. Landes, Normal structure and weakly normal structure of Orlicz sequence spaces,
Trans. Amer. Math. Soc. 285 (1984), 523-534.

T. Landes and L. Rogge, Best approzimants in L,-spaces, Z. Wahrsch. Verw. Gebiete
51 (1980), 251-237.

—, —, Characterization of p-predictors, Proc. Amer. Math. Soc. 76 (1979), 307-3009.

—, —, A characterization of best p-approrimants, Trans. Amer. Math. Soc. 267 (1981),
259-264.

B. Lao and X. Zhu, Extreme points of Orlicz spaces, J. Zhongshan Univ. 1983 (2), 97-103
(in Chinese).

H. Li, On smooth modulars of Orlicz spaces and applications, J. Jiangxi Inst. Tech. 1981
(2), 11-20 (in Chinese).

R. Li, General representation theorem of bounded linear functionals in Orlicz spaces, J.
Harbin Inst. Tech. 12 (3) (1980), 91-94 (in Chinese).

Y. Li, Weakly uniformly rotundity of sequence Orlicz spaces, Nature J. 9 (1986), 471-472
(in Chinese).

Y. Liang, On smooth set of sequence Orlicz spaces, Natur. Sci. J. Harbin Normal Univ. 7
(3) (1991), 8-15 (in Chinese).

K. J.Lindberg, On subspaces of Orlicz sequence spaces, Studia Math. 45 (1973), 119-146.
B.-L. Lin and P.-K. Lin, Property (H) in Lebesque—Bochner function spaces, Proc. Amer.
Math. Soc. 95 (1985), 581-584.

P.-K. Lin, k-Uniform rotundity of Lorentz—Orlicz spaces, to appear.

P.-K. Lin and H. Sun, Some geometric properties of Orlicz-Lorentz spaces, Arch. Math.
(Basel) 64 (1995), 500-511.



198 Bibliography

[171] P-K. Lin and H. Sun, Normal structure of Lorentz-Orlicz spaces, preprint.

[172] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I, Springer, 1977.

[173] —, —, On Orlicz sequence spaces, I, Israel J. Math. 10 (1971) 379-390.

[174] —, —, On Orlicz sequence spaces, II, ibid. 11 (1972), 355-379.

[175] J. Lindenstrauss and L. Tzafriri, On Orlicz sequence spaces, III, ibid. 14 (1973),
368-389.

[176] H. Liu, A study on vector-valued Orlicz spaces, J. Harbin Inst. Tech. (Math. Issue) 1984,
70-78 (in Chinese).

[177] G. Lumer, On the isometries of reflexive Orlicz spaces, Ann. Inst. Fourier (Grenoble) 13
(1963), 99-1009.

[178] W. A. J. Luxemburg, Banach Function Spaces, Thesis, Delft, 1955.

[179] R. P. Maleev and S. L. Troyanski, On the moduli of convezity and smoothness in Orlicz
spaces, Studia Math. 54 (1975), 131-141.

[180] —, —, Smooth norms in Orlicz spaces, Canad. Math. Bull. 34 (1991), 74-82.

[181] H. W. Milnes, Convezity of Orlicz spaces, Pacific J. Math. 7 (1957), 1451-1486.

[182] J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Math. 1034, Springer,
1983.

[183] N.I. Niesen, On the Orlicz function spaces Lz (0, 00), Israel J. Math. 20 (1975), 237-259.

[184] M. Nowak, Singular linear functionals on non-locally convex Orlicz spaces, Indag. Math.
3 (1992), 337-351.

[185] A.J. Pach, M. A. Smith and B. Turett, Flat Orlicz spaces, Proc. Amer. Math. Soc. 81
(1981), 528-530.

[186] R. Phelps, Conver Functions, Monotone Operators and Differentiability, Lecture Notes
in Math. 1364, Springer, 1989.

[187] R. Pluciennik, On some criteria for compactness of sets in space Eps, Comment. Math.
21 (1979), 207-217.

[188] —, On some properties of the superposition operator in generalized Orlicz spaces of vector-
valued functions, ibid. 25 (1985), 133-149.

[189] —, Some remarks on compactness in Musielak—Orlicz spaces of vector-valued functions,
Fasc. Math. 18 (1986), 11-17.

[190] —, Representation of additive functionals on Musielak—Orlicz spaces of vector-valued func-
tions, Kodai Math. J. 10 (1987), 49-54.

[191] —, Boundedness of the superposition operator in generalized Orlicz spaces of vector-valued
functions, Bull. Polish Acad. Sci. Math. 33 (1985), 531-540.

[192] —, On En-weak convergence and Epn-weak continuity in Orlicz spaces of vector valued

functions, Fasc. Math. 13 (1981), 5-13.

[193] R. Pluciennik, T. Wang and Y. Zhang, H-points and denting points in Orlicz spaces,
Comment. Math. 33 (1993), 135-151.

[194] R. Ptuciennik and M. Wista, Linear functionals on some non-locally convex generalized
Orlicz spaces, Comment. Math. Univ. Carolin. 29 (1988), 103-116.

[195] R. Pluciennik and Y. Ye, Differentiability of Musielak—Orlicz spaces, ibid. 30 (1989),
699-711.

[196] A. M. Olevskil, Fourier series and Lebesgue functions, Uspekhi Mat. Nauk 22 (3) (1967),
237-239 (in Russian).

[197] M. M. Rao and Z. Ren, Theory of Orlicz Spaces, Marcel Dekker, New York, 1991.

[198] Z. Ren, Weakly sequentially compact embedding theorems of Orlicz spaces, Nature J. 9
(1986), 313-314 (in Chinese).

[199] —, Reflezive Orlicz spaces and J. L. Lions’ lemma, Chinese Sci. Bull. 31 (1986), 1474—
1475 (in Chinese).

[200] —, On some theorems involving comparison of Orlicz spaces, Natur. Sci. J. Xiangtan Univ.
1986 (2), 22-31 (in Chinese).



[201]

[202]

[230]
[231]

Bibliography 199

Z. Ren, On modulars and norms in Orlicz spaces, Adv. in Math. (China) 15 (1986),
315-320 (in Chinese).

—, Packing in Orlicz function spaces, Ph.D. Dissertation, Univ. of California, Riverside,
1993.

—, Packing spheres in Orlicz function spaces with Luzemburg norm, Natur. Sci. J. Xiang-
tan Univ. 1985 (1), 51-60 (in Chinese).

Z. Ren and S. Chen, Jung constants of Orlicz function spaces, to appear.

Z. Ren and T. Wang, Reflexivity and ball-packing constants, to appear.

S. Rolewicz, Metric Linear Spaces, Polish Sci. Publ., Warszawa, 1984.

E. M. Semenov, A method for establishing interpolation theorems in symmetric spaces,
Dokl. Akad. Nauk SSSR 185 (1969), 1243-1246 (in Russian).

Z. Shi, K-uniform rotundity of Orlicz spaces, J. Heilongjiang Univ. Natur. Sci. 4 (2)
(1987), 41-44 (in Chinese).

Z. Shiand Y. Fan, Locally uniform k-rotundity of Orlicz spaces, to appear.

H. Sun and S. Chen, Stable points of Orlicz spaces with Orlicz norm, J. Harbin Inst.
Tech. Add. 1991, 134-135 (in Chinese).

K. Sundaresan, Uniformly non-square Orlicz spaces, Nieuw. Arch. Wisk. 14 (1966), 31—
39.

—, Orlicz spaces isomorphic to strictly convex spaces, Proc. Amer. Math. Soc. 17 (1966),
1353-1356.

L. Tao, Rotundity of sequence Orlicz spaces, Natur. Sci. J. Harbin Normal Univ. 2 (1)
(1986), 11-15 (in Chinese).

—, Smoothness of Orlicz sequence spaces, ibid. 4 (1) (1988), 13-18 (in Chinese).

B. Turett, Rotundity of Orlicz spaces, Indag. Math. AT9 (1976), 462-468.

B. Wang, Ezposed points of Orlicz spaces, J. Baoji Teachers College 12 (2) (1989), 43-49
(in Chinese).

—, Strongly exposed property of Orlicz spaces, to appear.

B. Wangand T. Wang, (KK), (UKK) and (weak) sum properties of direct sums of Orlicz
spaces, J. Harbin Univ. Sci. Tech. 14 (1) (1990), 66-73 (in Chinese).

B. Wang and Y. Zhang, The smooth points of Orlicz sequence spaces, Natur. Sci. J.
Harbin Normal Univ. 7 (3) (1991), 18-22 (in Chinese).

T. Wang, Property (G) and (K) of Orlicz spaces, Comment. Math. Univ. Carolin. 31
(1990), 307-313.

—, Girth and reflezivity of Orlicz sequence spaces, Chinese Ann. Math. 6A (1985), 579-586
(in Chinese).

—, P-convezity of Orlicz spaces, Chinese Quart. J. Math. 7 (1992), 18-21 (in Chinese).
—, Ball-packing constants of sequence Orlicz spaces, Chinese Ann. Math. 8A (1987), 508—
513 (in Chinese).

—, Uniformly convex condition of sequence Orlicz spaces, J. Harbin Univ. Sci. Tech. 7 (2)
(1983), 1-8 (in Chinese).

—, Uniform non-l}L property of Orlicz spaces, J. Math. Res. Exposition 5 (1985), 125-126
(in Chinese).

—, Constant d,, on sequence Orlicz spaces, Pure Appl. Math. 3 (1987), 31-38 (in Chinese).
T. Wang and S. Chen, K -rotundity of Orlicz spaces, Natur. Sci. J. Harbin Normal Univ.
1 (4) (1985), 11-15 (in Chinese).

—, —, K-rotundity of sequence Orlicz spaces, Canad. Math. Bull. 34 (1991), 128-135.
—, —, Smoothness and differentiability of Orlicz spaces, Chinese J. Engrg. Math. 1 (1987),
113-115 (in Chinese).

T. Wang and Y. Cui, KUR points of Orlicz spaces, to appear.

—, —, Coefficients of weakly convergent sequence in Orlicz sequence spaces, to appear.



200

[232]
233
[234]
[235]
[236]
[237]
[238]
[239)]
240

[241]

[242]
[243]

[244]
[245]

[246]
[247]
(248]
[249]

Bibliography

T. Wang, Y. Cui and D. Ji, Characterization of Orlicz spaces with Mazur’s intersection
property, Funct. Approx. Comment. Math. 23 (1994), 69-76.

T. Wang, Y. Cui and Y. Li, Packing constants and strongly extreme points in Orlicz
spaces, Adv. in Math. (China) 15 (2) (1986), 217-218.

T. Wang, Y. Cui and Q. Wang, Coefficients of roughness of Orlicz spaces, to appear.
T. Wang and D. Ji, The criterion of Orlicz spaces to be U-spaces, to appear.

T. Wang, D. Ji and Y. Li, Prediction operator in Orlicz spaces, Chinese Sci. Bull. 40
(1995), 1592-1595.

T. Wang, D. Ji and Z. Shi, The criteria of strongly exposed points in Orlicz spaces,
Comment. Math. Univ. Carolin. 35 (1994), 721-734.

T. Wang, Y. Li and Y. Zhang, UR points and WUR points of sequence Orlicz spaces,
Southeast Asian Bull. Math., in press.

T. Wang and Y. Liu, Packing constant of a type of sequence spaces, Comment. Math. 30
(1990), 197-203.

T. Wang, Z. Ren and Y. Zhang, UR points and WUR points of Orlicz spaces, J. Math.
(Wuhan) 13 (1993), 443-452.

T. Wang and Z. Shi, On the uniformly normal structure of Orlicz spaces with Orlicz
norm, Comment. Math. Univ. Carolin. 34 (1993), 433-442.

—, —, Some notes on structure of Orlicz spaces, to appear.

—, —, Criteria for KUC, NUC and UKK of Orlicz spaces, Northeast. Math. J. 3 (1987),
160-172 (in Chinese).

—, —, KUR of sequence Orlicz spaces, Southeast Asian Bull. Math. 14 (1990), 33—-44.
—, —, Uniform rotundity in weakly compact directions of Orlicz spaces, J. Harbin Univ.
Sci. Tech. (in Chinese), to appear.

—, —, Some notes on Orlicz spaces, Fasc. Math. 24 (1993), 5-11.

—,—, LW*UR of Orlicz spaces, J. Heilongjiang Univ. Natur. Sci. (in Chinese), to appear.
—, —, URED of sequence Orlicz spaces, Acta Sci. Math. (Szeged), to appear.

T. Wang, Z. Shi and Y. Cui, Uniform rotundity in every direction of Orlicz spaces,
Comment. Math., to appear.

T. Wang, Z. Shi and Y. Li, On uniformly nonsquare points and nonsquare points of
Orlicz spaces, Comment. Math. Univ. Carolin. 33 (1992), 477-484.

T. Wang, Z. Shi and Q. Wang, On W*UR points and VR point of Orlicz spaces with
Orlicz norm, Collect. Math. 44 (1993), 279-299.

T. Wang and B. Wang, Normal structure, sum-property and LD property of sequence
Orlicz spaces, J. Math. Res. Exposition, to appear.

—, —, The (weakly) normal structure and LD property of Orlicz sequence spaces, J. Math.
(Wuhan) 14 (1994), 339-345 (in Chinese).

—, —, Strongly (very) smooth points of Orlicz spaces, Northeast. Math. J. 8 (1992), 223—
230 (in Chinese).

T. Wang and Q. Wang, On the weak star uniformly rotund points of Orlicz spaces,
Collect. Math. 44 (1993), 301-306.

—, —, Some notes on k; for Orlicz spaces, Chinese J. Engrg. Math. 14 (1994), 7-14 (in
Chinese).

T. Wangand Y. Wang, Minimum Orlicz norm control for distributed parameter systems,
Acta Math. Phys. (Chinese) 10 (1990), 273 (in Chinese).

T. Wang, Y. Wang and Y. Li, Weakly uniform convezity of Orlicz spaces, J. Math.
(Wuhan) 6 (1986), 209-214 (in Chinese).

T. Wang, Y. Wuand Y. Zhang, W*-uniform rotundity of Orlicz spaces, J. Heilongjiang
Univ. Natur. Sci. 9 (1) (1992), 10-16 (in Chinese).

T. Wang and Y. Zhang, Coefficients of convexity on Orlicz spaces, J. Harbin Univ. Sci.
Tech. 15 (4) (1991), 70-78 (in Chinese).



Bibliography 201

[261] T. Wangand Y. Zhang, In-Weak compactness of sequence Orlicz spaces, J. Harbin Univ.
Sci. Tech. 16 (3) (1992), 1-6 (in Chinese).

[262] T. Wang, Y. Zhang and B. Wang, Fully k-convezity of Orlicz spaces, Natur. Sci. J.
Harbin Normal Univ. 5 (3) (1989), 19-21 (in Chinese).

[263] Y. Wang, Limits of sequences of predictors in Banach spaces, J. Harbin Univ. Sci. Tech.
5 (1) (1981), 18-26 (in Chinese).

[264] —, Weakly sequential completeness of Orlicz spaces, Northeast. Math. J. 1 (1985), 241-246.

[265] —, Uniform non-squareness and flatness in Orlicz spaces, J. Math. Res. Exposition 4
(1984), 94 (in Chinese).

[266] Y. Wang and S. Chen, Approzimation operators in Orlicz spaces, Pure Appl. Math. 1
(1986), 44-51 (in Chinese).

[267] Y. Wang and S. Chen, An optimal control problem in Orlicz spaces, Chinese J. Engrg.
Math. 3 (1986), 137-141 (in Chinese).

[268] —, —, Non-squareness, flatness and B-convezity of Orlicz spaces, Comment. Math. 28
(1988), 159-169.

[269] Z. Wang, Extreme points of sequence Orlicz spaces, J. Daqing Oil Inst. 7 (1) (1983),
112-121 (in Chinese).

[270] M. Wisla, Eztreme points and stable unit balls in Orlicz sequence spaces, Arch. Math.
(Basel) 56 (1991), 482-490.

[271] —, A full description of extreme points in C'(£2, L?(u)), Proc. Amer. Math. Soc. 113
(1991), 193-200.

[272] —, On completeness of Musielak—Orlicz spaces, Chinese Ann. Math. 10B (3) (1989), 292—
299.

[273] —, Some remarks on the Kozek condition (B), Bull. Polish Acad. Sci. Math. 32 (1984),
407-415.

[274] —, Continuity of the identity embedding of some Orlicz spaces I, Comment. Math. 24
(1984), 171-184.

[275] —, Continuity of the identity embedding of some Orlicz spaces 11, Bull. Polish Acad. Sci.
Math. 31 (1983), 143-150.

[276] —, Convergence in Musielak—Orlicz spaces, ibid. 33 (1985), 517-529.

[277] —, Boundedness of the identity embedding of some Musielak—Orlicz spaces, Comment.
Math. 27 (1988), 359-371.

[278] —, Stable points of unit ball in Orlicz spaces, Comment. Math. Univ. Carolin. 32 (1991),
501-515.

[279] —, Strongly extreme points in Orlicz sequence spaces, to appear.

[280] W. Wnuk, Orlicz spaces cannot be renormed analogously to LP-spaces, Indag. Math. 46
(1984), 357-359.

[281] C. Wu and S. Chen, Eztreme points and rotundity of Musielak—Orlicz spaces, Northeast.
Math. J. 2 (1986), 138-149.

[282] —, —, Extreme points and rotundity of sequence Musielak—Orlicz spaces, J. Math. Res.
Exposition 8 (1988), 195-200.

[283] C. Wu, S. Chen and Y. Wang, H property of sequence Orlicz spaces, J. Harbin Inst.
Tech. Math. issue 1985, 6-11 (in Chinese).

[284] —, —, —, Geometric characterization of reflexivity and flatness of sequence Orlicz spaces,
Northeast. Math. J. 2 (1986), 49-57 (in Chinese).

[285] C. Wu and H. Sun, On the A-property of Orlicz space Ly, Comment. Math. Univ. Carolin.
31 (1991), 731-741.

[286] —, —, Norm calculation and complex convexity of the Musielak—Orlicz sequence space,
Chinese Ann. Math. 12A (1991), suppl., 98-102 (in Chinese).
[287] —, —, On complex extreme points and complex convexity of Musielak—Orlicz spaces, J.

Systems Sci. Math. Sci. 7 (1) (1987), 7-13 (in Chinese).



202

[288]
[289)]
[290]
[291]
[292]
[293]

[294]
[295]

[296]
297]
298]
[299)]
300]
301]
302]
303
304]
305
306

307]

Bibliography

C. Wu and H. Sun, On the complex convexity of Orlicz—Musielak sequence spaces, Com-
ment. Math. 28 (1989), 397—408.

—, —, On the complex convezity of Orlicz spaces L};(X), J. Harbin Inst. Tech. 20 (1)
(1988), 101-102 (in Chinese).

—, —, On complex uniform convexity of Musielak—Orlicz spaces, Northeast. Math. J. 4
(1988), 389-396 (in Chinese).

C. Wu and T. Wang, Orlicz Spaces and Applications, Heilongjiang Sci. & Tech. Press,
1983 (in Chinese).

—, —, Research of Orlicz spaces in China, Southeast Asian Math. Bull. 14 (2) (1990),
75-85.

—, —, Advances on research of Orlicz spaces (I), J. Math. Res. Exposition 6 (1986),
155-161 (in Chinese).

—, —, Advances on research of Orlicz spaces (II), ibid. 6 (1986), 143-148 (in Chinese).
C. Wu, T. Wang, S. Chen and Y. Wang, Theory of Geometry of Orlicz Spaces, Harbin
Inst. of Tech. Press, 1986 (in Chinese).

C. Wu, S. Zhao and J. Chen, On calculation of Orlicz norm and rotundity of Orlicz
spaces, J. Harbin Inst. Tech. 10 (2) (1978), 1-12 (in Chinese).

Y. Wu, Sequential compactness and weak convergence of Orlicz spaces, Nature J. 5 (1982),
234 (in Chinese).

—, Continuous linear functionals on generalized Orlicz spaces, J. Heilongjiang Univ.
Natur. Sci. 6 (3) (1989), 14-17 (in Chinese).

Y. Wu and T. Wang, Convergence on the unit sphere of Orlicz spaces, ibid. 5 (4) (1988),
1-4 (in Chinese).

H. Ye, Sequential compactness condition of Orlicz spaces, J. Chinese Univ. Sci. Tech. 13
(1983), 399-400 (in Chinese).

Y. Ye, Ball packing values of sequence Orlicz spaces, Chinese Ann. Math. 4A (1983),
487-493 (in Chinese).

—, Geometric equivalence condition for reflexivity of sequence Orlicz spaces, Northeast.
Math. J. 2 (1986), 309-323 (in Chinese).

—, Differentiability and gradient of sequence Orlicz spaces, J. Harbin Univ. Sci. Tech. 11
(2) (1987), 114-118 (in Chinese).

Y. Ye, N. He and R. Ptuciennik, P-convezity of Orlicz spaces with Luzemburg norm,
Comment. Math. 31 (1991), 203-216.

X. Yu, Theory of Geometry of Banach Spaces, East China Normal Univ. Press, 1986 (in
Chinese).

Z. Zbaszyniak, Smooth points of the unit sphere in Musielak—Orlicz function spaces
equipped with the Luxemburg norm, Comment. Math. Univ. Carolin. 35 (1994), 95-102.
Y. Zhang, T. Wang and B. Wang, Stability of sequence Musielak—Orlicz spaces, J.
Daging Oil Inst. 14 (1990), 96-101 (in Chinese).



B-convex space, 127
D, 16
E(.), 175
E3;, 27
Ey, 14, 27
Ext(:), 35
F, 28
FT,30
G, 14
G property, 126
(G, X, ), 13
H-point, 119
H-property, 119
H-weakly Cauchy, 32
H-weakly compact, 32
H-weakly convergent, 32
H-weakly sequentially complete, 32
K property, 126
K(-), 19
LZ(/[, 30

N 27
Ly, 14, 27
M, 6,7
M(-,-), 175
Mo(-,-), 179
N, 7
P-convex, 135
Q-convex, 135
S, 51
WM property, 74
X7, 175
d(-), 27
d°(), 27
dx, 145
e(-), 175
fle; 31

S 53
har, 14, 53
k-rotund (kR), 56
k*, 18
E**, 19

Index

S 93

Iy, 14

Iy, B3

p, 7

q, 7

u|E, 31

Iy, 149
I'yr, 149

I'x, 145
O[M(')’ 48
Bar (), 48

A, 176

A(Y), 107
Ao, Vo, 9,13
Apnr, O, 153
X, 15

A point, 58

A property, 58
A(+), 58

w, 13

7(-|-), 156
(), 55
QM(')7 14
0(-), 19

e(+), 139
€0+(')7 30
90_(')7 30
111°, 14
11137, 14

affine, 10

almost isometric, 42
Asplund space, 96
asymptotically isometric, 119

ball-packing, 145
Banach—Saks property (BSP), 135
best approximant, 156

complementary, 7

complex extreme point, 187
complex rotund, 187

complex uniformly rotund, 187



204

convex, 6
strictly c., 6
uniformly c., 6, 13

dentable, 139
denting point, 126

equivalent (~), 9
exposed point, 102
extreme point, 51
strongly extreme point, 51

finitely representable, 135

fixed point property (FPP), 119
flat, 139

Fréchet differentiable, 96

fully k-convex, 90

Gateaux differentiable, 96
girth, 139

Haar system, 48
Holder Inequality, 24

Jensen Inequality, 14
Krein—-Milman property (KMP), 139

limit affine sequence, 107

limit constant sequence, 107

locally uniformly k-rotund (LUKR), 73
locally uniformly non-1}; (LUN-I}), 127
locally uniformly nonsquare (LUN-S), 127
locally uniformly rotund (LUR), 66
Luxemburg norm, 23

mid-point locally uniformly rotund (MLUR),
74, 51

nearly uniformly convex (NUC), 119
non-1}; (N-I}), 127

non-l}; point (N—l,llP)7 127

nonsquare (N-S), 127

nonsquare point (N-SP), 127

norm attainable, 38

(weakly) normal structure (WNS, NS), 107

Orlicz function, 7
Orlicz norm, 15

Index

pointwise rough, 139
predictor, 160

quasi-reflexive, 135

Radon-Nikodym property (RNP), 139
Riesz angle a(-), 118

rotund (R), 51

rough, 139

singular functional, 28
smooth (S), 95, 156
smooth point, 95

stable, 66

stable point, 66

strictly convex, 6

strongly exposed point, 102
strongly rough, 139
strongly smooth (SS), 95
structural affine interval (SAI), 10, 51
(weak) sum property, 107
superreflexive, 135
supporting functional, 38
supporting mapping, 95

uniform Klee-Kadec property (UKK), 119
uniformly convex, 6, 13

uniformly k-rotund (UkR), 84

uniformly non-1} (UN-1}), 127

uniformly nonsquare (UN-S), 127
uniformly nonsquare point (UN-SP), 127
uniformly rotund (UR), 84

uniformly rotund in every direction (URED), 76
uniformly rotund point (URP), 66
uniformly smooth (US), 96

very smooth (VS), 95

weak Asplund space, 96

weak orthogonality property, 118

weakly compactly generated, 139

weakly fixed point property (WFPP), 107
weakly locally uniformly rotund (WLUR), 66
weakly uniformly rotund (WUR), 91
*.weakly uniformly rotund (W*UR), 91
weakly uniformly rotund point (WURP), 66

Young Inequality, 7





