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INTRODUCTION

The purpose of this paper is to make a general investigation of
a special class of continuous functions f, namely the so-called k-to-one
functions, i.e. assuming every value in exactly % points. The general
assumption concerning the space of arguments % of f is that of local
compactness and separability. We also assume, in order to exclude the
triviality, that f(2') is a subspace of an #*-space (or a topological Haus-
dorff space) #. The most interesting case is that of ¥ = 2, i. e. of the
two-to-one functions. In this case there is a very interesting problem of
the existence or non-existence of such functions. This problem was con-
sidered in papers [4], [56], [6], [7], [11], and [14]. The most impor-
tant result, due to Civin [4], asserts that there do not exist two-to-one
continuous functions on n-cells for » < 3. The most interesting problem
which remains open is that of the existence or non-existence of the
two-to-one functions on n-cells for n > 3. A similar problem for k¥ 2
does not exist (see [7] and [12]).

The investigation of the two-to-one continuous functions is in
& natural manner equivalent to the investigation of some involution
on %, i. e. the involution ¢, where ¢(x) is the element of f-f(x) which is
different from z. This involution is, in general, discontinuous, but it
is in some meaning semicontinuous. In paper [4] Civin has shown that
the investigation of ¢ on compact manifolds (or, if f is closed, on locally
compact manifolds) is equivalent to the investigation of some continu-
ous involution.

In this paper the two-to-one functions are considered in a more
general situation. We do not assume that 2 is a manifold and, if & is
non-compact, that f is closed. The most general problem is that of the
behaviour of ¢ on the neighbourhoods and the so called pseudo-neigh-
bourhoods of points being Euclidean or, in some meaning, pseudo-Eucli-
dean. According to the main theorem of this paper (Theorem 1) the
investigation of ¢ on the closure of neighbourhoods (pseudoneighbour-
hoods) of Euclidean (pseudo-Euclidean) points is reduced to the inves-
tigation of some continuous involution. Using this theorem it is possi-
ble to investigate the two-to-one continuous functions on some non-
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-manifolds. The results of Civin and other authors are obvious consequen-
ces of this theorem and its corollaries.

The method used in this paper is that of multi-valued upper semi-
continuous functions. It is known that such functions are of the I-st
Baire cless (see [10]) and that the same is true for the partial functions.
Of course, they are Beaire functions with respect to the topology indu-
ced by the Hausdorff metric in the space of compact subsets of the topo-
logical space in question. This method allows to get proofs of theorems in
more naturzl manner than in above mentioned papers. Although the
spaces in question are metrizable, we do not use explicite metric notions.

In the paper [4] of Civin the problem is raised whether there exist
or not the two-to-one continuous functions on Euclidean spaces E" for
n > 1 (if » = 1, they do not exist, see [4] and Chapter V of this paper).
We give a class of examples of such functions of E™ for » > 2. This
is in contrast to n-cells.

In another example we show that there exist two-to-one continuous
functions on the closures of some simply conneceted plane domains whose
boundaries are irreducible cuts of the plane. This is also in contrast to
the results of Roberts and Civin concerning 2-cells.

There are investigated problems concerning two-to-one continuous
functions (not necessarily closed) on locally compact manifolds. The
involytion associated to the involution ¢, which is in the compact case
continuous, is in this case generally discontinuous. Theorem 3 of Chap-
ter V gives some information about the structure of the set of discontinu-
ity points of this involution. The complete characterization of this set of
points remains an open problem.

We give only two examples of applications of the general results
of this paper to the spaces whose local structure is in some gense ‘“bad”;
namely, we consider the irreducible continuum ON; and the indecompo-
sable continuum 4%,. All points of both continua are pseudo-Euclidean.
There is no method for the investigation of the two-to-one continuous func-
tions on spaces whose local structure is “worse” than that of N, and 4,.

We already mentioned that if 2" is a compact manifold, the investi-
gation of the two-to-one continuous functions is reduced to the inves-
tigation of some continuous involution, i. e. to the examination of fixed
point sets of this involution. It is a very difficult problem if the dimension
is greater than 3. Recently, Bing [2] and other authors showed some
examples of continuous involutions on I" (for » = 4 and some other
integers greater than 4) whose fixed points sets are not n-cells and,in
some cases, even non-manifolds.

The author wishes to thank Professor Bronistaw Knaster for many help-
ful discussions in connection with the problems considered in this paper.
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The notations, such as Ls, Li, Lim, Fr, and so on, are as in [10].
The meaning of “iff” is “if and only if”. The paper is divided into five
chapters, chapters into paragraphs. Assertion III (4. 3), for example,
is in the fourth paragraph of the third chapter (if this assertion is refer-
red to in Chapter III, then the III is omitted).



I. GENERAL PROPERTIES OF k-TO-ONE FUNCTIONS ON LOCALLY
COMPACT SPACES

Let & be a separable, locally compact space. 2 may be considered
a8 a subspace of a compact space Z* without one point ([10], II, p. 50).
If we denote this point by p, then & = 2*—p. Let us consider con-
tinuous functions f: 2 — %, where # is an £*-space ([10], I, p. 83).
We shall call such functions k-to-one if, for every ye¢%, f-1(y) consists
of exactly k& points.

1. Multi-valued functions @ and Y. Consider a multi-valued func-
tion @ : % —» & given by

(L1) @(2) = ff(z).

If f is k-to-one, then

(1.2) &(x) = oo ...uz", where 2 =x, & # & if § #].

We note first that

(13) @) =o(d), i,j=1,2,...,k,
and

(1. 4) DP(u)~ D(v) # 0 implies D(u) = D(v).

We prove that

(1.8) If f:% =%, where ¥ is an L*-space, is conlinuous and
F = f-'f, then for every zeZ we have Ls F(&)C F(x)up.

[ Y. ]

In fact, let e F (&) and limy = v. Let v # p. Then we have F (&)
= F(7n) and therefore f(£) = f(n). Since f is continuous, hence (1) f(z)
= f(v), which implies veF(z).

From the definition of @ it follows that (1. 5) is true for &.

Consider another multi-valued function ¥: %* —» 2* defined by

(1.6) ¥Y(z) = D(z)vp if 2 #p,

(1.7) ¥(p) =pv Ls 2(8).

—P

Note that
(1.8) ¥ is upper semicontinuous, i.e. for every = there is Ls ¥ (&)
C ¥(z). e

() lim#n = v implies limf(n) = f(v) as ¥ is an Z™*.space ([10], I, p. 85). In
particular, this implication is true if %4 is a Hausdorff space ([10], I, p. 90).
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It is an immediate consequence of (1.5) and (1.6) if X +# p, and of
(1.7) if z = p.

The multi-valued function F: %2 — 2’ is said to be continuous at
xeZ if there exists topological limit Lim F (&) and if Lim F(§&) = F(x).

¢~z ¢

It is well known ([10], II, p. 38) that if 2 and Z’ are compact metric
spaces, F' is upper semicontinuous and F(x) are compact subsets of Z”,
then F is of the I-st Baire class. Hence, by (1.8), ¥ is of the I-st Baire
class. Denote by %'z the set of points of continuity of ¥ on Z. It is
clear that

(1.9) T =Z%y.

From well known theorems of Baire functions and from (1.8) it
follows that

(1.10) %y is a G,-set, which is dense in Z.

We shall prove further more that (see [14])
(1.11) %y is open in Z.

2. The proof of (1.11). Let z = p. Denote p by z“"'. Then ¥(z)
=gluzto...ud*t!. Let V=V,uV,u...0V,,, be an open neigh-
bourhood of ¥(x) such that

(2.1) &'eV;,

(2.2) ViV, =014f i #j.

Let ¥ be continuous at 2. Then there exists an open neighbourhood
U of z such that

(23) oCv,,

(2.4) Y(ECV if £T
and

(2.5) P(&)AV; #0, if E¢U and t =1,2,...,k+1.

From (2.1)-(2.5) it follows that

(2.6) Y(E)AT; is a single point, if £cU and i=1,2,...,k+1.

Hence, the functions g¢;(§) = W(&)~AV; are well defined on U.
In particular, we have g, ,,(£) = p for all £ in U. We prove that

(2.7) If ¢ # k+1, then @, are homeomorphisms.

1. ¢; are one-to-one. Suppose that there exist points & # &’ of U
such that @;(&') = @;(¢”). Then &'¢¥(£)~UC ¥Y(§)AV,, contrary
to (2.6).

2. @; are continuous. Let £¢U and £ = lim¢&', where & ¢U. Note
that, by (2.6), E].in:lpi(f') exists. We have e'h.u:«p,;({-") = @;(£) because

both these points belong to the set V;~ ¥(&) which is a single point.
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Hence, the function ¥ may be written in the form

k

(2.8) ¥(&) = PVH%(E),
where ¢; are homeomorphisms with the following property

(2.9) ¢(0)neg(T) =0 4f i #3,
which follows directly from (2.6). Note that in general ¢;(U) need not
be open in X.

We prove now (1.11). It remains to prove that ¥ is lower semicontin-
uous at every £eU, i.e. if ne¥(£), limé& = &, and W is an open neigh-
bourhood of 7%, then there exists a neighbourhood H of ¢ such that
WAY(E) #0 for £¢H. According to (2.8) there exists an ¢ such that
n = @;(£). Let W be an open neighbourhood of 7 contained in V;. By

(2.7), @; are continuous. Therefore there exists a neighbourhood H of
£ such that &'e«H implies ¢;(£')eW. Hence, by (2.8), Y (&')~W # 0.

3. Some conditions for ¥ to be discontinuous at z = p. The
following criterion of discontinuity of ¥ at z # p is obvious:

(3.1) ¥ s discontinuous at x +# p iff there exist sequences {&.}, {u,}
and {v,} such that x = lim¢&,, u, and v, belong to ¥(&,), u, # v, and
limu, = limo,,.

The following assertion is a necessary condition for the disconti-
nuity of ¥ at # # p. The condition is stronger than that of (3.1).

(3.2) If » # p 13 a point of discontinuity of ¥, then there ewist se-
quences {&,}, {u,} and {v,} such that imé&, =», £,eZXy, u, und v, belong
to Y(&,), u, # v, and limu, = limv,.

By (3.1) there exist sequences {&,}, {v;} and {,} having all the prop-
erties required in (3.2) except £,¢Zy. Since limu, = limwv,, hence
there exists an integer j such that u, and v, belong to V;, where V, has
the same meaning as in (2.1) and (2.2). Therefore there exists an i, ¢ +# §,
such that W(&,) ~V, =0 for sufficiently large ». Semicontinuity of ¥
implies that for every such n there exist neighbourhoods U,C U of
&, such that

(1) Y (U,)~V;=0.
(2) Lim U, = ».

By (1.10), U,~Zy # 0. Choose &,¢eU,~Z,. The sequence {&,}
is the first of sequences required in (3.2); limé, = z follows from (2).
From (1) it follows that ¥(£(,)~V; = 0. Then, since ¥(§&,) consists
of k41 points, there exists m, m # i, such that V,~ ¥(£,) consists
of at least two points. Denote these points by %, and v,. Since limu,
= limv, = #,, {4,} and {v,} are the remaining sequences required in
assertion (3.2). '
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4. Some properties of f-!f on %. A multi-valued function
F:& > % is said to be bounded at ¢ % if pe Ls F(£). It is said to be

[

bounded on & if it is bounded at every x¢Z . In particular, @ is bounded
at zeZ iff x¢¥W(p), and @ is bounded on % iff ¥(p) = p. Note (without
proof, which is standard) that

(4.1) P = f-f is bounded on % iff f is closed.

A multi-valued function F: ¥ — & is said to be weakly bounded at
xeX if for every sequence {&,} such that limé, =z and &,¢%p there
is p¢Ls F(&,). It is said to be weakly bounded on ¥ if it is weakly bound-
ed at every rveZ. ‘

5. Partial functions. Let X* be 2 compact subset of 2™*. Consi-
der the partial function ¥|X"*. It is upper semicontinuous and the values
of ¥|X* are compact subsets (1.6) 2nd (1.7) of £*. Hence ¥|X* is of the
I-st Baire class and therefore the theorems (1.9)-(1.11), (3.1) and (3.2)
remain true if we substitute ¥|X* for 2%, X, x for Z,, etc. For
convenience we shall write X instead of Xy x.

We now prove some simple properties of partial functions of .

(5.1) If XCZxX—¥(p) is compact, then DX is upper semiconti-
nuous and the values of ®|X are compact subsets of some compact space
X'Cc.

To prove this, let xeX. We have, by hypothesis, p¢ Ls P(§).

¢

Hence, by (1.5), Ls @(£)C @(x). The required compact subset X'
=%
of & is U D(§).

(e X
By (5.1), we conclude, as before, that if X C 27— ¥(p) is compact,
then @)X is of the I-st Baire class. Thereforo theorems (1.9)-(1.11),
(3.1) and (3.2) remain true if we substitute ®|X for ¥, X, for &, etec.,
where X satisfies the hypotheses of (5.1).

We now consider &.special case, namely that of compact £. 1In
this case 2* may be taken as & with an isolated point p added to it.
We have then ¥(p) = p, hence the hypotheses of (5.1) are satisfied.
Therefore theorems (1.9)-(1.11), (3.1) and (3.2) remain true if we
substitute X for 2*, ®|X for ¥ and we make further obvious simpli-
fications, where X is as in (5.1).

6. A converse problem. Let us consider a decomposition of &
into disjoint compact subsets
(6.1) ¥ =U X,.
VeY
Consider the question: under what conditions is it possible to intro-
duce a Hausdorff (T,) topology in # and to define a continuous function
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f:% > % such that f(zr) =y iff zeX,? If & is compact, then, by the
well known theorem of Alexandroff, this is possible iff the decomposi-
tion (6.1) is upper semicontinuous ([10], II, p. 42). Without this condi-
tion it is possible to introduce in % only a T, topology and to define
such a function f ([1], p. 63, Satz II). We shall introduce a Hausdorft
topology in # and define f: & —» %, f having the above described pro-
perties, for locally compact %, under the assumption that the decompo-
sition (6.1) has the following property:

(6.2) If X,~LiX, #0, then LsX, C X, p, for every sequence
{yx}, where ye¥.

The topology in # is defined as follows. Neighbourhoods of ¥ in %
are all sets of the form W = {y'e®¥: X, CUv-V, U~ X, # 0}, where
U is an arbitrary open subset of %, containing X,, and V is an arbitrary
open neighbourhood of p in 2*. All the axioms of Hausdorff spaces
are satisfied (axioms A-D of [10], I, p. 33). We shall verify axiom D
only (i. e. referring to the separation of two points by disjoint open
neighbourhoods). Let %, # y, be some arbitrary points of #. We have
X, ~X,, = 0. Because % is metric and therefore normal, there exist
open subsets U, and U, of % such that X, CU,, X,,CU, and
U,~ U, = 0, and open neighbourhoods V, and V, of p in 2* such that
Vi~ U; =0, where ¢, j =1 and 2. Hence the neighbourhoods W, and
W, of y, and y,, defined by U,, V, and U,, V, respectively, are disjoint.

The convergence in % defined by this topology has the following
property which is an immediate consequence of (6.2):

(63) limy,=y iff Xy~ LiX, #0 and LsX, C X,up.
k—o00 k—oo
We prove now that
(6.4) ¥ is compact iff Ls X, +# p for every sequence {yi}, where
k—o0

ykiq.’/.
Sufficiency. Let weLsX, —p. Then there exists a sequence
{zy,} converging to x such that :z:,,uekan. Hence, weLiX,,kn. By (6.2),

LsX,,knC X, p, where y is such that z<X,. Hence, by (6.3), limy,

= y,

Necessity. Suppose, on the contrary, that there exists a sequence
{yx} such that y,¢#% and Ls X, = p. Then for every ye¥ there exists
an open neighbourhood U of X, in & such that U~ X, = 0 for k suf-
ficiently large. Hence, ¥ cannot be a limit point of {y,}. But & is assu-
med to be compact and we have a contradiction.

(6.5) The function f: X — ¥ defined by {f(z) =y iff zeX,} 18 con-
tinuous.
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To prove this, let # = limx,, weX,, #eX,, . Then X,~Li X, +#0.
From (6.2) it follows that LsX, C X,up and hence, by (6.3),
limy, = y. From the definition of f we have y = f(x) and vy, = f(x),
hence limf(x,) = f(x).

Corollaries. Let us consider a k-valued function @ :2 — 2 de-
fined by (1.2), having properties (1.3), (1.4), and such that Ls ®(¢&)

E—>ZT

C @(x) wp for every we# . This function induces a decomposition of
Z into disjoint compact subsets having properties (6.1) and (6.2). We
shall verify (6.2). Let @(x)~ Li @(x;) # 0. Then there exists a point

k—>o0
o' e®(x) and a sequence {v}, v,e®P(z), such that limwv, =a'. We
k—o00
have, by (1.4), @(x;) = P(v,) and D(z) = D (o). According to the
last assumption concerning @ we have Ls @(v,)C @(2') up, 1 e.

k—>o0
Ls &(x,) C D(w)p.

k—o00

We have then

(6.6) If @: & —» X is a k-valued function given by (1.2), having prop-
erties (1.3), (1.4), and such that Ls ®(§)C DP(x)op for every xeX,

sz
then there exists a topological Hausdorff space % and a continuous (k-to-one)

funection f: X - ¥ such that f~f(z) = D(z) for every zeZ. Furthermore,
Y s compact iff Ls @(&) #p.
E—-p



II. GENERAL PROPERTIES OF TWO-TO-ONE FUNCTIONS
ON LOCALLY COMPACT SPACES

1. Semicontinuous involution ¢. If k¥ = 2, then, by I (1.2), ®(x
=gz vwa®. Let us denote 2% by ¢(r). We have .

(1.1) P(x) =zu@(x)
and Pp(r) = P(z). Hence ¢p(r) = x. Because ¢(z) # & for every zeZ
(f is two-to-one), ¢ i8 an involution without fixed points on Z. It may
be discontinuous, but it is semicontinuous, i. e.

(1.2) Is¢(§)Caxoe(@)up,

[ =%

which is another form of I (1.5).
Denote by %, the set of points of continuity of ¢. It is clear that
(13) =% =2%y.
Hence, from I (1.10) and I (1.11), it follows that
(1.4) Z, is open and dense in Z.

We give now some other properties of ¢ being obvious translations
of that of @ or V.

(1.5) If weZ,, then there exists an open neighbourhood U of & con-
tained in &', such that ¢|U is a homeomorphism and ¢(U)~U = 0.

(This follows from I (2.7) and I (2.9)).

(1.6) 2e X —Z, iff there exists a sequence {£,} such that lim§, =
and limg(£,) s © or p.
(This follows from I (3.1)).

(1.7) If xe & — %, then there exists a sequence {£,} such that lim§, = »,
e, and lime(&,) s x or p.

(This follows from I (3.2)).
As in 1.4, ¢ is said to be bounded at ve¢ Z if p ¢ Ls ¢(£), and it is said

to be bounded on % if it is bounded at every ze¢Z .'Similarly, @ is said to
be weakly bounded at zeZ if p¢Ls ¢(£), and it is said to be weakly
Yo
bounded on Z if it is weakly bounded at every ze¢Z .
According to 1.5, all the assertions (1.4)-(1.7) remain true if we

substitute p|X for ¢, X* = Xup for 2%, and X,y = X, for Z,.
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Finally, from 1.6 it follows that

(1.8) If @ is a semicontinuous involution on &, then there exists a topo-
logical Hausdorff space % and a continuous function f:Z - % such that
fYf(x) = 2w p(x) for every xe X . Furthermore, % is compact iff Ls ¢(&)
# p and f i3 two-to-one iff ¢ s without fized poinis. E=n

2. Classification of points of discontinuity of ¢. For every
zeZ congider
¥* () = Ls g(§).

[P
Ee:Iw

Semicontinuity of ¥ implies ¥*(z)C¥(x). Note that if xe¢Z,,
then ¥*(z) = ¢(») and if ¢ is discontinuous at =, i. e. xe 2 — &, then,
by (1.7), # or p is in ¥*(z). Note 2lso that ¢ is weakly bounded at z iff
p ¢ P”(x). There are three kinds of discontinuities of ¢ according to seve-
ral forms of ¥*(z).

We say that xe 2 is a removable point of discontinuity of ¢ (xeRD (¢p)
or x 18 an RD-point of ¢) it ¥*(z) = x. We say that xe 2 is a weakly essen-
tial point of discontinuily of ¢ (xeWED(p) or z 18 a WED-point of ¢) if
P*(x) = ¢ wg(x). Finally, we say that zeZ is a sirongly essential point
of discontinuity of ¢ (xeSED(p) or x is a SED-point of ¢) if pe¥V*(x).
Note that ¢ is weakly bounded at the RD-points and WED-points, but
is not weakly bounded at the SED-points.

This classification holds for partial functions of ¢, too. Let XC &
and xzeX. Then, for example, * may be a WED-point of ¢|X
(xeWED(p| X)), i.e. ¥x(z) = zve(z), where PX(x) = Ls ¢(&).

E—z
. E¢X¢

3. WED-points of ¢|X, where X is a closed subset of 2. We
shall prove here a simple but important lemma. Let X be a closed
subset of Z. As before, X* = Xup. If AC X, then A denotes the
closure of A with respect to X", i. e. with respect to the whole 2.

(3.1) If x<WED(p|X), then there exists an open neighbourhood U
of v in X such that U~SED(p|X) = 0, and such that, for every open
neighbourhood VC U of ¢ in X, p(V~X,) is disconnected between x and
p(x), t.e.

p(VA X,) = Py v Qyp,
where

(i) Py and Qp are open-closed subsets of p(V~X,),

(ii) Pp+# 0+ Qy,

(iii) Py~ Qy =0,

(iv) ze Py, p(z)eQy.
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To prove (3.1), consider a sequence {V,} of open neighbourhoods

of z in X without SED-points of ¢|X and such that (M V, = 2. Note

n=1

that if »n is sufficiently large, then q—v (V.~X,) is disconnected between
z and ¢(x). In fact, connectedness of q;(— Van X,,) between # and ¢(z)
for all % implies connectedness of Ls},;(_ Var X;) between these
points. That is impossible because, according to (1.2), LSanV,:;{ 55;)
= I8¢ (V,~X,) = ¢ up(z). Therefore, it may be assumed that U is
one of V,, and (3.1) is proved.

Let VC U be an arbitrary neighbourhood of x in X such that

(3.2) VAQy =0.

Consider an open (in X) set N;,-C V defined by

(3.3) Ny =¢'[@rne(VAX,)].

Note that N,- = 0. That is a consequence of (iv) and zeWED(¢p|X).
Furthermore

(3.4) WA N; #0 for every open neighbourhood W of z in X.

Consider another open (in X) set M defined by

(35) M, =V—N;.

Note that M, # 0. That is also a consequence of (iv) and
2eWED(p|X). Furthermore (%)

(3.6) @(My~X,)CPyp,

(3.7) Fr(My)C Ny~ V,
and hence, by definition (3.3) of N, we obtain

(3.8) Fr(My)nVAX,=0.

We shall prove now that

(3.9) If £EeFr(My) AV, then for every sequence {&,} such that &,e My
and im &, = & we have limg(&,) = £. Because zeFr(My)~V, the same
i8 true for z.

Suppose, on the contrary, that lime(&,) = ¢(£&). Then, by (3.6), we
have ¢(&)ePy.

By (3.7) and &¢Fr(M, ), there exists a sequence {£,} with lim¢, = ¢&
and £, eNy. By definition (3.3) of N, we have limg(£,)e@y. From
(3.2) it follows that £ = lime(&,) #p. Hence limg(&,) = ¢(&) and
therefore ¢(£&)e@y . This is in contradiction to (iii) and ¢(&)ePy-.

4. The function ¢ on V. Let z, U and V be as in (3.1). Consid-
er a function ¢ : V- & given by

(2) If A C X, then TFr(A4) denotes the boundary of A with respect to X, i.e.
Fr(A)=A~X—-A,
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p(£) if EeMpnX,,
£ if EV—(MpnX,).

The function ¢ may be discontinuous. But
(4.2) If the partial function ¢| M has no WED-points, then ¢ is con-
tinuous on V.

It is clear that ¢ is continuous at éeM;~X, and EeN,. If
EeFr(M;~V, then ¢(&) = & and continuity is a consequence of (3.9)
and (4.1). Let then éeM;— X,. Since U~SED(¢|X) = 0, {¢RD(¢|X).
Therefore ¢(&) = £ and limg(£,) = & for every sequence {&,} which
converges to &. Thus (4.2) is proved.

The following special lemma will be used in the next chapter:

(4.3) If | My has no WED-points and & + &' are points of V and

(i) there emists a sequence {£,} such that &, eX,, @(&)eX, and
lim ‘f;z = 51
then (&) # @(&).

This inequality is obvious, even without assumption (i), if & and
¢ both belong, or not, to X, ~ M.

It is sufficient to prove (4.3) for £'e X, ~ M, and £ eV — (X, ~My).
We have then, by (4.1), (&) = ¢(&') and ¢(&’) = &”.

Suppose, on the contrary, that ¢(&')= ¢(£”). Then ¢(&') = &
and, by continuity of ¢ at & ¢X_, it follows that

(*) limg(&,) = (&) = &".

Consider two cases.

1. ¢(&)eX,~ My, From (x) and &’ eV—(X,~My) it follows that
E'eMp~V.If £ cFr(My), then, by (3.9) and (»), lim§, = limpg(&,).
Because limé&, = & + £, we have
a contradiction. If &’e¢ My, then
¢’ eRD(p|X). Hence, by (), im§,
= limog(&,) = &' # E. A contra-
diction.

2. ¢(&)eX,— M .From ¢(&,)eX,
and (3.8) it follows that @(¢,)eN.
Hence, by definition of N,, we
have @@ (£,) = &,€Qp. On the other
hand, by hypothesis, we have lim £,
= ¢' V. Hence, for sufficiently large
n, &,¢V, which is in contradiction
to (3.2).

Fig. 1 Thus (4.3) is proved.

5. The function ¢ considered on WED (¢|X). Let z, X, U and
V be as in (3.1). We prove here an important lemma.

(4.1) ¢ (&) ={




16 On two-to-one continuous functions

(5.1) If » is @ WED-point of ¢|X and if for every open neighbourhood
VCU of  in X the function ¢|M;- has WED-points, then the function

qJIWE'ﬁ'(q)'I"f) 8 discontinuous at x.
To prove this, let V,CU be an open neighbourhood of z in X for

which (3.2) holds. From hypotheses it follows that there exists a sequence~
{V,} of open neighbourhoods of x in X, where V,C V,, such that

() V. = = 2nd such that every function ¢|M; has WED-points. Choose
n=1

a WED-point &, of ¢{ M- . Since V, are open in X, £, are WED-points
of p| X, too. We have lim &, = x. Then from (3.9) it follows that limg(&,)
= x. By the discontinuity criterion I (3.1) applied to ¢|WED (p|X),
we find that z is a point of discontinuity of o] WED (¢|X) and hence of

¢|WED (¢ X).



III. BEHAVIOUR OF SEMICONTINUOUS INVOLUTION
AT EUCLIDEAN POINTS

1. Definitions. A point z 2 is said to be & Fuclidean point (x<E(Z)
or z 18 an E-point of Z) if there exists a neighbourhood H of # in 2, whose
closure is a Euclidean solid sphere (of dimension »n > 1). It is said to
be an interior Euclidean point (velE(Z) or x i8 an IE-point of Z) if =
lies in the geometrical interior of this solid sphere, and a boundary Eucli-
dean point (re BE(Z) or = is a BE-point of ) if x lies on its surface. All
the IE-points of & have the so called spherical neighbourhoods, i. e. such
neighbourhoods whose closures are solid spheres consisting of IE-points
of & only. All the BE-points of 2 have the so called hemispherical neigh-
bourhoods, i. e. such neighbourhoods the closures of which are solid sphe-
res whose surfaces consist of two hemispheres, one of which consists
of BE-points of & only and contains 2; the other consists of IE-points
of Z only.

The homeomorphic image of a spherical (hemispherical) neigh-
bourhood H of z in £ is not, in general, a spherical (hemispherical) neigh-
bourhood of the image of xz. However,

(1.1) Let HC G, where G and H are spherical (hemispherical) neigh-
bourhoods of x in ¥ and let g:G@ - X be a homeomorphism such that
g(H)C@. Then g(H) is a spherical (hemispherical) neighbourhood of
g(z) in Z.

The proof is standard and will be omitted.

If U is a neighbourhood of z in 4, then we shall call the component
of U which contains z a pseudo-neighbourhood of x in %. We shall call
a point xeZ pseudo-Euclidean (x< PE(X) or z ts a PE-point of &) if there
exists a pseudo-neighbourhood of x# in £ whose closure is a Euclidean
solid sphere. A PE-point # of & may be an interior (xe IPE(X) or x i8 an
IPE-point of ) or a boundary point (ve BPE(ZX) or x is a BPE-point
of ). We omit the details of full definitions.

2. The function ¢|X, where X is the closure of a spherical
(hemispherical) pseudo-neighbourhood of a PE-point. Let z be a PE-
point of Z. Let X denote the closure of a spherical or hemispherical
pseudo-neighbourhood of x# in 2 accqeding to z being a IPE-point or
a BPE-point of Z.
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Assume that z is a WED-point of ¢| X.

Let U, V, Py, Qy, My, and N, have the same meaning as in I1.3,
We assume, in addition, that U and V are spherical or hemispherical
neighbourhoods of # in X according to = being an IPE-point or a BPE-
point of Z.

We prove now another very important lemma which is a specializa-
tion of the results of II.4 for the case considered here. Namely, under
assumptions as above, we prove that

(2.1) The function ¢| My has WED-points.

Suppose, on the contrary, that there exists an open neighbourhood
V*C U of # in X such that ¢|Mp. is without WED-points. Then the
function ¢ defined by II (4.1) for V = V* is continuous on V* and =z
is a fixed point of ¢ (because ze¢X —X,). Consider an open, spherical,
or hemispherical, neighbourhood W C V* of # in X such that

(1) e(W)C v~

We set My = WA M. It is clear, by hypothesis, that ¢|M;- has
no WED-points. We prove that

(2) @ is one-to-one on W.

Lot & = £ be points of W. The inequality (&) # @ (&) is obvious
if both & and ¢ lie in My ~ X, or not. It remains to consider the case
EeMy~X, and £"eW—(My—X,).

Let {W,} be a sequence of spherical (hemispherical) neighbourhoods
of & such that

(i) nﬂl W,=¢,

(i) W,C Mp~X,, n=12...,
and such that ¢|W, are homeomorphisms. Such a sequence exists by
I1(2.7). From (1), (ii) and definition of ¢ it follows that ¢(W,) = ¢(W,)
C V*, where ¢(W,) are Euclidean solid spheres of the same dimension.
Because X, is dense in X, we have, for all n, ¢(W,)~ X # 0. Choose
£ ep(W,) and set &, = ¢(£)). We have &,¢W,. Hence, by (i) and
(ii), &,¢X, and limé, = £'. We see that all the hypotheses of IT (4.3)
are satisfied. Therefore @(&')# ¢(&'’') and (2) is proved.

From (2) it follows that
(3) (;J(wa\x,’,)f‘\ (W—(M"'K'\Xq,)) =0,

In fact, if ¢(&') = ¢, & eMy~X, and £ eW—(Myn~X,), then
& # &', We have also, by II (4.1), ¢(&'') = &'"’. Therefore ¢(&') = @(&"'),
contrary to (2).
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Let now U be an open neighbourhood (spherical or hemispherical)
of # in X such that

(4) UCW.

Then
(5) @ is @ homeomorphism on U’

Let V' be an open spherical (hemispherical) neighbourhood of z
in X such that
(6) yv'cu,

(7) e(V)CU'.

Such a neighbourhood exists because z is a fixed point of ¢.

All the hypotheses of (1.1) are satisfied if we substitute U’ for @,
V' for H, and ¢ for g. Therefore ¢(V’) is an open spherical (hemisphe-
rical) neighbourhood of # in X. Hence

(8) V'~ @(V’) is an open neighbourhood of z in X.

Let 4 be a component of z in V'~ ¢(V’). It is an open neighbourhood
of v in X. By (5), ¢ is a homeomorphism on V'~ ¢(V’). Hence, because
¢(®) = x, we have ¢(4) = A and therefore

(9) ¢(4) = 4.
We prove that
(10) @ is an involution on 4.

To prove this, consider two cases.

1. Let £e(Mpn~X,)~A. Then, by (3) and (9), we have P(£)e
e(My~ X,)~4. According to definition II (4.1) of ¢ (for V = V*)
and the definition of M, we obtain g (&) = (&) = gp(&) = &.

2. Let £EeW — (M~ X,). Then from definition II (4.1) of @ it follows
immediately that g@(&) = &.

According to IT (4.1) the set of fixed points of |4 contains an open
set Ny~ A4, which is non-empty in virtue of IT (3.4).

On the other hand, all the points of 4 are Euclidean with respect
to X and therefore A is the closure of a domain in the Euclidean mani-
fold U’. According to the well known theorem of Newman ([10], p. 1),
the set of fixed points of continuous involution on the closure of a domain
in Euclidean manifold does not contain interior points. We have a con-
tradiction. Thus (2.1) is proved.

3. The main theorem. All the theorems which will be proved in
Chapters ITI and IV are consequences of the following one:
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THEOREM 1. A PE-point of & cannot be a WED-point of ¢| X, where
X is a spherical or hemispherical pseudo-neighbourhood of & in & according
to whether = i an IPE-point or a BPE-point of Z.

Proof. Suppose, on the contrary, that z is @ PE-point of 2 and a
WED-point of ¢|X simultaneously, where X is as above. Let also U
and V have the same meaning as formerly. By lemma (2.1), the function
¢| M has WED-points, which are also WED-points of ¢|V, because M,
is open in V. Since all these points lie in V, they are PE-points of %
and X is their spherical (hemispherical) neighbourhood in Z.

Let £ be one of these points. By (2.1), for every open neighbourhood
V' of £ in X, the function ¢|M . has WED-points, which are also WED-
points of ¢|V, because V', and hence M., are open in V. Therefore we
conclude that the set of WED-points of ¢|V is dense in itself. By II (5.1),
o|WED (¢|V) is discontinuous at every point of WED (¢|V), and there-
fore (sce discontinuity criterion I (3.1)) at every point of WED(¢|V).
But we know that ¢ is of the I-st Baire class and therefore if A is a closed
subset of X, then ¢|A cannot be discontinuous at every point of A4;
thus a contradiction occurs.

4. Immediate consequences of Theorem 1. We prove
THEOREM 2. Let R C & be a manifold having the following property:
(i) ¢f zeR, then there exists a pseudoneighbourhood of = in X, whick
18 a netghbourhood of x in R simultaneously (®).
Thus, if ¢ is weakly bounded on R,then the function ¢ : R - & given by
¢ if EeR—R,
18 continuous and one-lo-one.

Furthermore, if ¢(R)C R, then ¢(R) = R,

(i) @(By) = ¢(R,) = Ry,

(iv) @(R—R,) = R—R,,
and ¢ is an involution on R, and it cannot be the identity on open subsels
of R.

Proof. Because ¢ is weakly bounded on R, i.e. p|R is weakly bound-
ed, the function ¢|R has no SED-points. Also ¢|R has no WED-points.
If it had, every such point & would be a WED-point of ¢|W, where W
is an arbitrary open spherical (hemispherical) neighbourhood of £ in R.
Assume, according to (i), that W is a pseudoneighbourhood of & in Z.
Denoting by X the closure of W, we find that £ is WED-point of ¢|X,
contrary to Theorem 1.

(ii) @& =

(3) Note that if R is a subarc of a dendrite %, and R contains a point of rami-
fication of 2, then R has not the property (i).
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Hence, R consists only of continuity points and RD-points of ¢|R,
i.e. R— R, = RD(quR) By the definition of ¢ and that of RD-points,
we conclude that ¢ is continuous on E.

We prove now that ‘@ is one-to-one.

Let & & be points of R. The inequality ¢ (&) # ¢(£’’) is obvious
if both & and &' belong to E, or not.

It remains to consider the case: &' e¢R, and &'e¢R—R,. Suppose,
on the contrary, that ¢(&') = (';':(E"). Then there is

(1) p(£) ) =¢&".

Let {W,} be a sequence of sphemcal (hemispherical) neighbourhoods
of & in R such that

(2) 'QWM = 5’7

(3) W.CR,,

and such that ¢|W, are homeomorphisms. Such a sequence exists by
1T (2.7). By (1) and (3) we have

(4) N#(T) = N (W) =

According to (i) we assume that ¢(W,) = ¢(W,)C R for all =.
Since, by II (1.4), R, is dense in R, and ¢(W,) = ¢(W,) are Euclidean
solid spheres of the same dimension as the manifold R, then R,~p(W,) #
# 0 for all n. Consider a sequence {&,}, where &, ¢R,~¢@(W,). By
(4) we have

(5) lim§, = ¢".

Set &, = @(£),) = @(&,). Then we have &,eW,. From (2) it follows
that lim¢&, = limg(§,) = &. On the other hand, the continuity of ¢
and (5) imply limg(&;) = limp(&,) = @(&”) = & (because &’ ¢R—R,).
A contradiction occurs.

To prove the second part of the theorem, note first that from the
definition of ¢ it follows that ¢(R,) = ¢(R,) and that ¢ is the identity
on E—R,. Hence (iv).

Then the inclusion ¢(R)C R implies the inclusion ¢(R,)C R,.
Hence, if £¢R,, then ¢(f)eR,. Then, by the definition of ¢, we obtain
pp(&) = pp(§) = &, i.e. Eep(R,). We have then R,cp(R,). Thus (iii)
is proved.

From (iii) and (iv) it follows immediately @(R) =

Finally we prove that ¢ is an involution on R. Consider two cases.
If £¢R—R,, then the equality @g(£) = £ is an immediate consequence
of (ii). If £¢R,, this equality is a consequence of (ii) and (iii).
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Because ¢(&) = ¢(£) # & on R,, and R, is, according to II (1.4),
dense in R, ¢ cannot be the identity on open subsets of R. This comple-
tes the proof of the theorem.

In particular, if 2 is a manifold, Theorem 2 goes into the following
one:

(4.1) If & is a manifold and ¢ is weakly bounded on &, then the func-
tion @, given by (ii) for R = 2, is a continuous involution on %, which
cannot be the identity on the open subsets of . Moreover, p(Z,) = ¢(Z,)
=%, and p(T—Z,) = T—Z,.

If 4 is a manifold, then we denote by S the set of fixed points of
@ on Z. According to the definition (ii) of ¢ we have

42) S=%2-%,.

We have also ¢(%,) = Z,. Therefore, because ¢(%) = %, we have
p(8) = 8.

From the last equality it follows that

(4.3) fIS s two-to-one.
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1. Civin’s theorems. If Z is a compact manifold, then ¢ is bounded
and therefore ¢ is weakly bounded on #. A special case of III (4.1) is the
following theorem of Civin ([4], p. 54, Theorem III; let us recall that
@ is bounded iff f is closed):

(1.1) If & is a compact manifold (with or without boundary), then the
function ¢ given by IIL.4 (ii) for R = & is a continuous involution on I
which cannot be the identity on the open subsets of . Moreover, ¢(%,)
=@(Z,) =%, and ¢(F—-2%F,) =T —Z%,.

We give now the proof of the well known theorem of Civin of the
non-existence of two-to-one continuous functions on closed Kuclidean
n-cells for n < 3:

(1.2) Two-to-one continuous functions do not exist on closed n-cells
for m < 3.

We proceed by induction. Such functions do not exist on 0-cell,
i. . on one-point set. Assume that they do not exist on k-cells, where
k <n—1, n < 3. Suppose, on the contrary, that & is closed n-cell and
that there exists f: & — %, where # is an #”-space and f is continuous
and two-to-one. Let ¢ be a semicontinuous involution associated with f,
and let ¢ be a continuous involution on & as in (1.1). Let S be the set
of fixed points of ¢. By ITL(4.2), f|S is two-to-one. According to the well
known theorems of Kérékjartdé ([8], p. 224-226), for n < 2, and Smith
[15], for n = 3, § i8 & closed %-cell with k¥ < n—1, contrary to assump-
tion.

The theorem of Civin asserts that there do not exist two-to-one con-
tinuous functions on n-cells, n < 3, if their values lie in some #*-space.
But there exist such functions if # is only a T';-space. That is a consequence
of a theorem of Alexandroff-Hopf ([1], p. 63, Satz II); which asserts
that for every decomposition of T,-space % into disjoint closed subsets
X,, where y#, there exists a T,-topology in # and a continuous func-
tion f:% — % defined by {(zeX,) = (f(x) = ¥)}. Then the two-to-one
continuous functions of I" into a T,-space are defined by an arbitrary
decomposition of I" into disjoint two-point subsets.

The problem of the existence or non-existence of the two-to-one
continuous functions on %-cells for » > 4 is open.
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2. Two-to-one continuous functions on graphs. We prove now
a theorem of non-existence of the two-to-one continuous functions
on graphs whose Euler-Poincaré characteristic is odd. This theorem
was first proved by Harrold [6] and Gilbert [11]. In our proof Theorom 2
will be used.

A graph is a finite sum of closed intervals, which are disjoint or have
their ends in common, and of isolated points. The Euler-Poincaré
characteristic is the difference between the numbers of vertices (i. e. ends
of intervals and isolated points) and the number of intervals. It is deno-
ted, as usual, by y = w—p. Note that y does not change with subdivi-
sions.

(2.1) Two-to-one continuous functions do not exist on graphs, when
their Euler-Poincaré characteristic is odd.

Let & = I' be a graph and let f be 2 two-to-one continuous function
on I We prove that the existence of a function f implies that y(I) is
even.

Let ¢ be the semicontinuous involution on I' associated to f. Let
() be a given division of I' into intervals. Denote by R the sum of interiors
of intervals of (y). We see that R is an open 1-dimensional manifold in I”
and hence all the hypotheses of the first part of Theorem 2 are satisfied
for R. Then the function ¢, given by III.4 (ii), is continuous and one-to-
one on R,

Let (y’') be a subdivision of (y) by adding new vertices ¢—1(a), where
a are vertices of (y). Consider the set R’ consisting of the interiors of inter-
vals of (y’). R’ is an open manifold contained in R. We see that Condition
II1.4 (i) holds for R’'. Consider the function ¢': R’ — I" given by III.4 (ii)
for R = R'. It is a partial function of ¢. It will be written for con-
venience ¢ instead of ¢’. From the definition of R’ it follows that

(1) &J(R') CR.
We prove even more, namely
(2) ¢(R)CR'.

To prove this suppose, on the contrary, that there exists a point a' ¢ R’
such that ¢(a’) = b is a vertex of (y'), i. e. beI'— R’. From (1) it follows
that be R— R’. It is clear that &'+ b. Hence, by II1.4 (ii), b = ¢(a’).
Since be R— R’, b cannot be a vertex of (y). Hence there exists & point
ael'- R such that b = ¢~1(a), i.e. ¢(b) = a. Since beR and aeI'— R,
we have a # b. Therefore, by III1.4 (ii), a = ¢(b). We have then a = a’
because b = p(a’). Then the point a would be a vertex of (y) and a point
of R’. A contradiction occurs.
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According to (2) the hypotheses of the second part of Theorem 2
are satisfied. Therefore ¢ is a continuous involution on R’ such that

(3) ¢(R;) = ¢(R,) = R,

The interiors of intervals of (y’) are components of R’. The contin-
uous involution ¢ maps these intervals onto intervals. If ¢ maps an
interval onto itself, it has only one fixed point.

Consider a subdivision (y"’) of (') by adding all the fixed points as
new vertices. Denote the sum of the new intervals by R’’. We have R”
CR', o(R") = R” and R, = R". Hence, by (3), we obtain

(4) ¢(R") = ¢(R") = R"
and therefore
(5) ¢(I'—R") =I'—R.

I'— R’ is the set of all vertices of (¥"’). By (5), the number of points
in I'—R" is even. Thus, by (4), the number of components of R, i. e.
the number of intervals in (y’’) is even. Hence also the Euler-Poincaré
characteristic of I" in subdivision (y"’) is even. Thus (2.1) is proved.

A

Fig. 2

Remarks. The theorem of Harrold-Gilbert holds, in particular,
for finite (i. e. having a finite number of points of ramification) dendrites,
because their Euler-Poincaré characteristic is even. However (see also
paper [3]),

(2.2) There can exist two-to-one continuous functions on tnfinite den-
drites.



26 On two-to-one continuous functions

Example. Consider a dendrite D consisting of the closed interval
0 <2z <1 of x-axis in the zy-plane and of straight-line segments = ¥
= 1/2", where 1/2""' <z <1/2" and n =1,2,... (see fig. 2).

Let r denote the orthogonal projection of the dendrite D on x-axis.
Consider the decomposition of D into pairs {(z,y), (r(x), y)} and the
pair {(0,0), (1,0)}, where y > 0. This decomposition is upper semi-
continuous and defines a two-to-one continuous function on D, according
to the theorem of Alexandroff.

However, the following problem remains open: does there exist
two-to-one continuous functions on 2-dimensional polyhedra whose Euler-
Poincaré characteristic is odd.

3. Two-to-one functions on the closures of plane domains.
We shall not consider the problem in all generality. Only an example
will be given showing the difference in behaviour of the two-to-one con-
tinuous functions and associated semicontinuous involutions on 2-cells
and on closures of plane domains having the same properties with respect
to the fundamental group as 2-cells. The example which follows is in
contrast to Roberts theorem of [14].

Example. Consider the dendrite D of (2.2). Let L,, n=1,2,...,
be a polygonal line joining the points (0, 3/2"*%) and (1, 1/2"**), having
no point in common with D, and lying on the straight lines: y = 1/2"?,
y =1/2F" L 1/2"+? p+y =1/2541/2"*% where k =1,2,...,n, z+y
=1/2"+1/2"** = 5/2"*%; hence, L, approximates, from the upper half-
plane, dendrite D and segment } <z <1, y =0 (see fig. 3).

Let A, be closed 1/2"*°-neighbourhood of L,. It is easy to verify
that A,~A,, =0ifm #n, A,~D = 0 for all n in question, and that
D = Lim4,. Let

Bn = hn(An))

where h, is @ mapping (z, y) = (¢', y’') defined by z' =z and ¥’ = —a,¥.
Let a, > 0 be so chosen that a, = 1 and that dist(B,, X) = ¢(B,_;, X)
for n = 2,3,..., where X denotes the segment <0,1) of z-axis. Hence
B,~B,, = 0,if m #n,and LimB, = X. Let, finally, @ be the rectangle
12 <o <1, —1/2<y <1/2.

The required continuum is K = Qu{J (4,vB,). It is the closure
n=I1

of the domain G = Int K. The boundary of K is an irreducible cut
of the plane. There exist two-to-one continuous functions on K. In fact,
consider the following involution A4 on K:

hn On An’
h,' on B,,
Mz, 3) =@, —%) if 1/2 <z <L

1=
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A,

I/
|74

Fig. 3

On Q— UJ(4,u B,), 4 is linear with respect to y and identity with
n=1

respect to z.

Then the following semicontinuous decomposition into disjoint
pairs of points defines (according to the theorem of Alexandroff) a contin-
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uous two-to-one function on K. This decomposition consists of ths fol-
lowing pairs:
{a,A(a)} for aeK—D—X,

{a,r(a)} for aeD—-X,
{(3/4—=z,0), (3/4+z,0)} for O<uz <1/4,
{0, 0), (0, 3/4)}.

4. Two-to-one functions on some class of irreducible continua.
Consider a compact space Z with the following properties:

1. every point x of ¥ is PE-point;

2. there exists a semicontinuous decomposition Z = {J X, into

disjoint arcs, where Z is a compact space; se?

3. X, are components of arc-connectedness of 2, i.e. the sums
of all arcs containing a given point.

Some irreducible continua (the case Z = (0, 1)) have these pro-
perties, for example, a continuum of Knaster considered below.

From 1-3 it follows that

(4.1) Every X, is a manifold (of course, of dimension 1) containing
with every point one of ils neighbourhoods (in X,) which is simultaneously
a pseudo-neighbourhood of this point in Z.

To prove this consider two cases.

1. Let 7eX,~IPE(Z). Then a spherical pseudo-neighbourhood H
of v in & exists. By 3, it is an open interval of X,. Thus H, as an open
interval of X,, is a neighbourhood of # in X,.

2. Let xeX,~BPE(Z). Then a hemispherical pseudoneighbourhood
H of z in Z exists. It is an interval with only one end x and is contained
in X,, according to 3. Since X, is an arc, H is a neighbourhood of # in X ,.

Let f be a two-to-one continuous function on 2 and ¢ the semiconti-
nuous involution associated with f. We prove now some properties of ¢
which will be used for defining some involution y on Z associated with .

(4.2) The function ¢, given by IIL.4 (ii) for R = X, is a homeomor-
phism on X,.

(This follows directly from (4.1) and Theorem 2).

(4.3) The function @ = \J @, i8 a continuous involution on % which
zeZ

cannot be the identity on arcs, such that if zeZ, then there exists 2’ ¢ Z such
that p(X,) = X,,; in other words, ¢ maps elements of decomposition onto
elements of decomposition.

In fact, the function @, = ¢|X, is, according to (4.2), a homeomor-
.phism. Then @(X,) is an arc. We have, by 3, the inclusion

(1) ¢(X,)C X, for some 2'¢Z.
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We prove also that
(2) ¢(X,) C X,.

Let L be an arc contained in (X,),. Such an arc exists according to
II (1.4). Then, by the definition of @, there is @(&) = ¢(&) if &eL.
Therefore ¢(L) = ¢(L) is an arc contained in the arc X,. Because
(X.), i8 dense in X, we have

(3) (X2)p~ (L) # 0.

Choose a point &'e(X,),~@(L). Then &' = ¢(&) for some felL.
According to definition III. 4 (ii) for R = X,, we have ¢(¢&') = @g(¢)
= gp(£) = £. From (3) it follows that ¢(X, )~ X, # 0. Since, by (4.2),
¢(X,,) is an are, hence (2).

To prove that ¢ is an involution, consider R = X,u X,,. By (4.1),
(1) and (2) all the hypotheses of Theorem 2 hold for such an E. Hence
@ is a continuous involution on R and it cannot be the identity on open
subsets of R. Because X, and X, are components of B, ¢(X,) = X,,.

Thus (4.3) is proved.

We prove now that

(4.4) If zeZ, then the inequality (X, ~ X, # 0 holds for only one
?#zof Z.

In fact, according to (4.3) there exists z’¢Z, such that ¢(X,) = X,,.
If ' # 2, then ¢(X,) = X,, and therefore there does not exist another
z' with such a property. On the other hand, if 2’ = 2, then ¢(X,) = X,
and @, as a continuous involution on the are X,, has, according to (4.3),
only one fixed point which we denote by a,. Since ¢ =¢ on X,—a,,
there exists only one 2z’ 2z such that ¢(a;)eX,,. Therefore there
exists only one 2z’ + z such that ¢(X,)~ X, % 0. Thus (4.4) is proved.

We define now a new funection y:Z —» Z by

(4.5) {2 = x(2)} = {&' #2 and ¢p(X,)~ X,, # 0}.

By (4.4), x is well defined. We shall show that

(4.6) x i3 a semicontinuous involution on Z without fixzed points.

To prove this, let y(2) = 2’. Then ¢(X,)~ X,, # 0 and there exists
£eX, such that 7 = ¢(f)eX,,. Since ¢(n) = £eX,,, p(X,)nX, #0,
and therefore y(z') = z.

From the definition of y it follows that y is without fixed points.

It remains to prove that y is semicontinuous, i. e. that if {z,} is
a sequence of points of Z such that limz, = 2 and limy(z,) = a, then

(1) a # z implies a = y(2).

From the upper semicontinuity of the decomposition 2, limz, = z,
and limy(z,) = a it follcws that
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(2) ILsX, CX,,
(3) Ls X, C X,.
From (4.5) it follows that
(4) p(X,, )~ X, # 0 for every n.

Then, by (2), there exists a point xeX, and a sequence {z,} converg-
ing to # such that z,eX, and ¢(z,)e¢X,(,,. Therefore, by (3), we have

(5) lim ¢(@,)eX,.

Suppose that a = 2. Then X,~ X, = 0. From (5) and from zeX,
it follows that limg(z,) # x. Therefore the semicontinuity of ¢ implies
limg(«,) = ¢(x); hence, by (5), p(z)eX,, i.e. ¢(X,)~nX, #0. Then,
by the definition of y, we have a = y(2). Thus the semicontinuity of y
and (4.6) is proved.

An application. Let us consider the irreducible continuum N,
defined by Knaster ([9], p. 570). The hyperspace Z for M, is the clo-
sed interval (0, 1). All the elements X, of the decomposition of N,
are arcs. More precisely, they are closed intervals or polygonal lines
consisting of two segments (like the letter V). The hyperspace of the
former is a dense G,-set in Z = <0, 1> and the hyperspace of the latter
is a countable subset of Z. All the points of 9N, are PE-points. Elem-
ents of the decomposition, X,, are the components of arc-connected-
ness of MN;-. Hence N;- has the properties 1-3.

We prove that

(4.7) Two-to-one continuous functions do not exist on N, .

Suppose, on the contrary, that such a function exists. Then, by
(4.6), there exists a semicontinuous involution y on Z = (0, 1> without
fixed points, i.e. a two-to-one continuous function on <0, 1>. This is
impossible according to the theorem of Harrold.

The following problem remains open:

Do there exist two-to-one continuous functions on irreducible con-
tinua, if there do not exist two-to-one continuous functions on elements
of decomposition of that continuum?

Irreducibility is essential because the dendrite D of (2.2) has an upper
semicontinuous decomposition into arcs and single points and there exist
two-to-one continuous functions on D.

5. The non-existence of two-to-one continuous functions on the
indecomposable continuum %, (*). All the points of %, are PE-

(%) It is possible to investigate in a general manner two-to-one continuous
functions on compacta all of whose points are PE-points and for which IIT (i) holds.
The Knaster-Janiszewski continunm %, (see for description [10], I, p. 143) belongs
to this class.
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points of dimension 1 and all except one are IPE-points. Denote by
a the BPE-point of #,. Note that for IPE-points x<#, the following
two properties are equivalent: 1. being an open arc containing z, 2. being
a spherical pseudo-neighbourhood of z. Also for the point a similar pro-
perties are equivalent, i. e. 1’. being an arc without an end and con-
taining a, 2’. being a hemispherical pseudoneighbourhood of a.

We shall prove, using these properties of #,, that

(5.1) There do mot exist two-to-one continuous functions on %,.

In short, such functions do not exist on %, because #, contains only
one BPE-point. The proof is as follows.

Suppose, on the contrary, that there exists a two-to-one continuous
function f on %,. Let ¢ be associated with f semicontinuous involution.

Consider for every ze%, a spherical (hemispherical) pseudo-neigh-
bourhood R, of x in #,. Consider &Rz defined by III. 4 (ii) for R = R,.
We prove that

(1) The value of (;JR:: at x does not depend on the choice of pseudo-
netghbourhood R.

In fact, let R, and R, be two such pseudo-neighbourhoods. Let
V C R~ R, be an open subset of both R, and R;. Note that a point
n belongs to (R;), iff it belongs to (R.),. For if ne(R;),, then neV,,
because V is open in R;. On the other hand, V is open in R, and
therefore 7V, ir-r'lplies ”‘(R;’)w' This remark implies, according to
the definition of ¢, the assertion (1).

According to (1) the function &Rz(a:) is well defined on the whole
continuum %#,. We denote this function by ¢. It may be discontinuous.
But (the proof is standard)

(2) If LC %, is an arc, then @|L is an homeomorphism.

We shall prove now that

(3) @ is one-to-one on %,.

In fact, let 2’ # 2" and R = R;,vR,,,, where R, and R, are
a8 in (2). According to the properties of #,, which were given at the
beginning of this paragraph, all the hypotheses of the first part of The-
orem 2 are satisfied for such an . We have then ¢g(z') # ¢r(z"’) and,
by the definition of ¢ on %,, @(a') # @(2'). This proves (3).

Let now B denote the set of all points x ¢ 4, for which ¢ (x) # z holds.
It is clear that for every spherical (hemispherical) pseudo-neighbourhood
R of z in 4, there is

(4) R~B=R,.
We shall prove that

(5) ¢(B) = ¢(B)C B.
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The equality is obvious. Suppose that the inclusion is not true.
Then for some 2<B we have ¢(z)¢B and therefore ¢(z) # x. ¢(z)¢B
implies, by the definition of B, the equality p¢(z) = ¢(z) which is in
contradiction to ¢(z) # z# 2nd to (3).

In order to finish the proof of (5.1), consider two cases according
to whether the BPE-point a belongs or not to B.

1. Let ae#,— B. Let R be a hemispherical neighbourhood of . By
the assumption ¢(a) = a, and by (2), ¢(R) is an arec with only one end a.
Then according to the properties of #,, which were given at the beginning
of this paragraph, Rug(R) is an arc with only one end a. Therefore,
the inclusion

¢9(R)C R
is true. Indeed, if e R— R, then o9 (x) = x; hence pp(x)eR. If zeR,,
then, by (4) and (5), (p((b‘)eB and hence gg(z) = (ptp(m) =zeR, <R,

The last inclusion implies tp(Rucp(R))C Ru¢(R). Therefore, by
the second part of theorem 2, ¢ is a continuous involution on Rug(R)
and it cannot be the identity on open subsets of Rug(R). It is well known
that such an involution does not exist on an arc without an end. A con-
tradiction occurs.

2. Let a<B. In this case we have ¢(a) = ¢(a) # a; hence g(a)e
«IPE(4%,). Let L be an arc whose interior contains ¢(a). By (2), ¢(L)
is also an arc whose interior contains g@(a). According to (4) and aeB
we conclude that @ would be an interior point of the are ¢ (L) contained
in #,, which is impossible.
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MANIFOLDS

According to theorem 1, a semicontinuous involution ¢ induced by
a two-to-one continuous function has no WED-point if £ is a mani-
fold. However, if 2" is only locally compact manifold as, for example, the
Euclidean space, then there are examples of two-to-one continuous funec-
tions with SED-points. It will be shown (problem raised in [4]) that
there exist two-to-one continuous functions on Euclidean spaces E"
with » > 2, which is in contrast to Civin’s theorem concerning closed
cells.

1. The function ¢ on # —SED (¢). Let us now consider the funec-
tion ¢ : £ —SED(p) —» 2 defined by

| et it geq,

1) ¢
(1.1)  @(&) £ if £eX—SED(p)— 4%

o

Since SED (¢) is closed in %, #—SED (¢) is a manifold. Therefore,
by the Theorem 2,

(1.2) ¢ is continuous and one-to-one.

We shall prove that

(1.3) If £eZ —SED(¢) is an IE-point of I, then ¢(z)eZ —SED(¢);
furthermore, if xeZ,, then ¢(z) = @p(x)eZ,.

In the proof of (1.3) we shall consider only the case z¢Z,, because

weZ — ¥, implies ¢(x) = z. Let then {W,} be a sequence of spherical
neighbourhoods of z such that

(1) w.Cx,, n=1,2,..,

W, ==z

e

(2)

n

I
A

and such that all ¢|W, are homeomorphisms. Such a sequence exists
by II(1.4). All ¢(W,) = @(W,) are solid spheres of the same dimension
a8 Z. They contain ¢(z) in their interiors. Therefore they are spherical
neighbourhoods of ¢(z) in . From the continuity of ¢, (1) and (2) it fol-
lows that
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Suppose, on the contrary, that ¢(z)eSED(p). Then, according to
formula (3), there exists a sequence {®,} converging to ¢(z) such that
TpeZ,~@(W,) for all » and such that

(4) lim g (x,) = p.

From z,e¢@(W,) = ¢(W,) it follows that ¢(z,)e W,. Hence, by (1),
limg(s,) = #, which is in contradiction to (4).

To prove the second part of (1.3), note that formula (1) im-
plies ¢(#—SED(¢)—%,) = #—SED(¢)— %,. Because ¢ is one-to-one
¢(2)eZX —SED(¢)— %, implies z¢Z —SED (¢) — Z,, which is in contra-
diction to the assumption.

Note that

(1.4) If h is a homeomorphism on 0 <t <1 such that h(l)eZ —
—SED(p) for t # 0, then there exists im @h(t).

t—0
It is an immediate consequence of the semicontinuity of ¢, more
precisely, of the inclusion, Ls @h(t) C ¥h(0).
L0

The following properties of ¢ on manifolds without boundary (i. e.
consisting of IE-points only) are obvious implications of (1.3) and of
Theorem 2:

(1.5) ¢(Z—SED(g)) C Z—SED(¢);

(1.6) @ 98 a continuous involution on ¥ —SED(¢), and it cannot be
the identity on open subsets of X —SED(p); moreover, ¢(Z,) = ¢(Z,)
=%, and (X —%,) = T—Z,.

2. The strong accessibility of points of SED(¢). The theorem
which follows is the most important one in the investigation of the
structure of SED(p). We start with some definitions. Every homeomor-
phic image of the closed interval 0 <t < 1, given by 2 homeomorphism
h such that A(0) = x and h(t)eZ—SED(¢) for t # 0, is called a path
to the point . A point 2z<SED(¢p) is said to be strongly accessible from
Z —SED(¢) if there exists a path to x such that

limgh(t) = p.

{ >0

Note that

(2.1) If z is an isolated point in SED(g), then x is sirongly accessible
from Z—SED(p).
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THEOREM 3. If & is a manifold, © is a SED-point of ¢, and U fis
an open neighbourhood of z in &, then there exists a SED-point of ¢ in U,
which i3 strongly accessible from ¥ —SED(¢).

Proof. Suppose, on the contrary, that there exists a spherical
(hemispherical) neighbourhood U of x in £ such that no point of
U~ SED(p) is strongly accessible. Then, by (2.1), we conclude that

(1) U~SED (p) is dense in itself.

Let us consider a point £ of U~SED (¢p) and a sequence {£,} which
converges to &, such that &,¢%,

(2) lim g (£,) = limg(&,) = p,

and such that there exists a sequence {L,} of ares L, = £,§,,,C U—§
having the following properties:

(3) LnﬁLn+1 = §n+lv
(4) LimL, = &.

By (3), the sum L = | L, is an arc. By assumption, £ is not strongly

n=1
accessible, hence the arcs L and L, cannot be paths to & Therefore, by
(2), the inequality L, ~SED(p) # 0 holds for infinitely many n=.
Let &,¢L,~SED(p) be the first of SED-points lying on the arc

—

L, = &,&,,,. Denote by L, the subarc &,&, of L,. According to (4)
we have

(5) Lim L, = &,
(6) limé, = &.

Consider L, as a path to £, defined by a homeomorphism h,. It
is clear that
h,t)CL,, 0<t<1,
(7) ha(0) = &g,
hn(1) = &,.

By assumption, there do not exist strongly accessible points in U,
Hence lim ¢h,(t) # p. Therefore, by (7),
{0

(8) limgh,(!) = a,, where a, is &, or ¢(&,).
t—0

Since ¢ is continuous on L, — &, (see the definition of &,), hence all
the sets ¢(L,— &,) and, therefore, the sets Ls¢(L,— £,) are continua.
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We see that (7) and (8) imply a,eg(L,—£,). We have then
(9) lima, eLs ¢ (L, — £,) = Lep(L,— &,).

We return to the function ¥ which is upper semicontinuous. By (5),
we have the following inclusions:

Ls g (Ly,— &) C L W(L,— &,) C ¥(¢).

From these inclusions it follows that the continuum Lse¢(L,— &)
consists of only one point. By (2), this point is p. Then from (9) it follows
that lima, = p. According to (5), lim¢, = & # p, hence, by (9), a,
= @(&,) for sufficiently large n.

In other words, we have shown that for every &e U~SED(g) there
exists a sequence {£,;} of points of U~SED(p) which converges to &,
and such that lime(&,) = p

Then, according to the discontinuity -criterion for ¢ (see II(1.6)),
every point of U~SED(¢) is the point of discontinuity of the partial

function ¢|U~SED(¢) and hence, by II(1.3), of ¥Y|U~SED(gp). Since,
by I (1.11), the points of discontinuity of ¥ form a closed set of points,
every point of U~ SED(¢) is the point of discontinuity of ¥|U~ SED (¢).
We have a contradiction because ¥ is of the I-st Baire class.

Thus the theorem is proved.

3. The one-dimensional case. The following theorem, which is
given without proof in [4], follows in an elementary way from Theorem 3:

(3.1) There do mot exist lwo-to-one continuous functions on the straight
line.

To prove this, suppose that such a function f exists. Let ¢ be a semi-
continuous involution induced by f and let ¢ be the continuous invo-
lution on E'—SED(p) defined by (1.1), where E! is the straight line.

There exist at most two points in SED(¢). Indeed, if z, and x,
belong to SED(¢) and =z, # x,, then, according to Theorem 3, there
exist disjoint neighbourhoods of #z, and #, and two points, in these
neighborhoods, which are strongly accessible from E!'—SED(p) by
disjoint paths. The ¢@-images of these paths are paths to the point
p = oco. These paths to p are disjoint because ¢ is an involution. There
are only two disjoint paths to p = oo on E*. Hence SED(¢) consists
of at most two points.

Consider three cases.

1. SED(¢) = @, uo,, where =z, # 3,. Let us denote by X,, X,,
and X, the components of E'— 2, —x,. By (1.8), ¢ is a continuous invo-
lution on X, X,u X,, and it cannot be the identity on intervals. Hence
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the fixed points set S of ¢ consists of one or three points. According to
III (4.1) we have ¢(x,ux,u8) = x,u2,0 8. This is impossible because
x,wxyo S consists of an odd number of points.

2. SED(¢p) = x,. Let us denote by X, and X, the components of
E'—z,. By (1.6), ¢ is 2 continuous involution on X,  X,, and it can-
not be the identity on intervals. The fixed points set S of ¢ on X,u X,
is empty or consists of two points. Then, as in 1, the number of points
in z;u8 is odd.

3. SED(p) = 0. Now ¢ is a continuous involution on E!, not
being the identity. There is only one fixed point of ¢. If we denote this
point by s, then we have, as before, ¢(s) = s, which is impossible.

Thus (3.1) is proved.

As a corollary we obtain

(3.2 If f: E" > % i3 a two-to-one continuous function, where n < 2
and ¥ i3 an L*-space, then there exist SED-points.

Suppose, on the contrary, that there exists a function f: E" - &,
n < 2, where % is an Z*-space, such that the associated semicontinuous
involution ¢ is without SED-points. Then ¢ is weakly bounded on E",
and the hypotheses of Theorem 2 are satisfied. According to Theorem 2,
the involution ¢ given by III.4 (ii) is continuous on E*. If S denotes the
set of fixed points of ¢, then, by III(4.3), f|S is two-to-one. According
to the well known theorem of Kérékjarté ([8], p.224-226), if » <2,
then § is a point or the straight line. Hence we have a contradiction;
in the second case with regard to (3.1).

Note that the assumption » < 2 in (3.2) is essential. Examples will
be given in §5.

Now we are going to investigate the two-to-one continuous functions
on the half-straight line. We prove that if Z is the half-straight line,
then there exist three kinds of such functions.

Note first that in this case
(3.3) SED(¢) # 0.

For if SED(¢) = 0, then, according to Theorem 2, the involution ¢
given by III.4 (ii) would be continuous and it would not be the identity.
It is well known that there does not exist such an involution on the
half-straight line.

Assume that in the considered case the compact space Z* = Zup
is & closed interval, whose ends are p and ¢. There is only one path to
p on Z*.

Applying the argument used in the proof of (3.1) we conclude
that SED(¢) consists of at most one point. Hence, by (3.3), SED (¢)
consists of exactly one point, which we denote by z,.
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Let X, = (q,m‘o) and X, = (z,, p) be open intervals. X, may be
empty if ¢ = z,. According to (1.2), the function ¢ given by (1.1) on
X,u X, is continuous and one-to-one. Then ¢(X;) are intervals and

(34) @(X:) C X,

where 7+ = 1 or 2 and also j(i) = 1 or 2. We prove also that

(3.5) @(X;) = Xj(,.
We prove (3.5) by showing that if e; is the end of X,, then
(3.6) Eljm p(&) = iy y
—>a;
where a;; is one of the ends of Xj.

Consider three cases according as a; = p, a; = ¢q or a; = x,. The

first one is very simple, because SED (p) = z, implies lim ¢(&) = z,.
§—p

Let then a; be ¢ or x,. As &, is dense in %', then there exists a se-
quence {£,}, where &,¢Z,~IE(¢), such that limé&, = a;. We have,
by (1.3), ¢(&) =g@(£,) and therefore ¢p(£,) = pp(&,) = &,. Let us
denote by b; the limit limg(&,) = limg(&,). Suppose, on the contrary,
that b; is not an end of X;;. Then ¢ is continuous at b; and, there-
fore, é(bt) = Hm&&(&n) = lim & = a;.

We have a contradiction. Namely, if a; = ¢, then there exists an
open interval containing b;, which is mapped homeomorphically by ¢
on an open interval containing ¢ with ¢(b;) = ¢; this is impossible, be-
cause ¢ is the end of 2. If a; = x,, then ¢(b;) = a; = x,; contrary to

(1.3), as b;e[2 —SED (p)]~IE(Z).

Thus (3.8) and, therefore, (3.5) is proved. Furthermore, because ¢
is one-to-one on X,  X,, we conclude that

(3.7) ¢, # i, tmplies j(i,) # j(%3).
The final result, being a consequence of (3.5) and (3.7), is as follows:

(3.8) There exist exactly three kinds of semiconiinuous involutions
without fixed points (i.e., by 1L (1.8), three kinds of two-to-one continuous
functions) on the half-straight line, which are described by the following rela-
tions:

i) @ #¢, ¢X)=X,

(i) @ #¢, @X) =X,

(i) =, =gq.

Let the half-straight line 4 be represented by the interval 0 <z < 1.
Then the involution ¢,, given by



V. Two-to-one continuous functions 39
®

12— i 0<x<1/2 and © #1/4,
(@) ={ 1—x if 1/2 <z <1 and = # 3/4,
3/4 if ©=1/4,
is of the first kind. The involution
@3(®) = v+1/2(mod 1)

is of the second kind. As an example of involution of the third kind con-
sider the following:

-2 if O0<ax<1andax#*1/2,
galo) = |

12 if x=0.

It is easy to see that the space %, which is according to II (1.8)
a Hausdorff space, is in all cases (i)-(iii) the circle.

4. The existence of two-to-one continuous functions on Euclidean
spaces E" for n >2. This problem was raised by Civin [4]. Note
that there is no problem if the space of values, %, is not an #*-space
but only a T,-space (see I.6).

Consider E" as S"—p, where 8" is the n-sphere and pe8™. Denote
by @~ the antipodal point of z, and by X- the antipodal set of X. Con-
sider a continuum C C 8" such that

(i) S8"—C is homeomorphic to E",

(i) there exists two-to-one continuous function on C,

(i) ¢c-C 8" —C.

According to (i), assume that there exists a continuous function

#h : 8" = 8" such that

(iv) h|8"—C is a homeomorphism and A(S"—C) = 8"—»p,

(v) h(0)=p.

According to (ii), there exists a semicontinuous involution without
fixed points on C. Denote this involution by x. Denote also by x~ the
similar involution on C- given by

2~ (@) = (x(@).
Consider the function A:8"—C — 8"—C given by
—(z if xeC-
Az) = ]Z (%) ‘ L,
\ & if zeS"—C—C-.
By definition

(4.1) A is an involution without fized points on S"—C.
Note that
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[ 2

(4.2) If zeC—, then lim A(&) cxists and is equal to z-.
i
In fact, by definition, &¢C implies A(£) = £~. Hence (4.2) follows
from the continuity of the antipodism.

We prove now that
(4.3) Ls A(&§) Caxui(z)uC for every xeS"—C.

¢
E¢C

.In fact, if zeC~ and £eC—, then Ls y(&)Caxvuy(z), as AC- =g

[

and x is semicontinuous. If xeC~ and &¢C-, then, by (4.2), LsAi(£)
Err

— 2-¢C. Finally, let 2¢C~ and &¢C-. Then A(&) = &~ and A(z) — o-;
therefore Ls (&) = o~ = A(x). Thus (4.3) is proved.

|-
geiC-

THEOREM 4. There exist two-to-one continuous functions f: E* - ¥,
where n > 2 and ¥ is a compact Hausdorff space.

Proof. Let C, k, and A have the same meaning as before. Consider
the function ¢: S"—p —» 8" —p given by ¢ = hAR~!. ¢ is an involution
on 8"—p, because ¢p(x) = hAh—hAh~1(z) = x for £S" —p. It is without
fixed points because 4 is without fixed points and h and hA~! are homeo-
morphisms.

We prove now that ¢ is semicontinuous. In fact, from (4.3) it follows
that Ls Ah—1(&)C h-1(z)w b2 (z)vC. Hence Lsg(&) = eLs hih—1(&) C

-z >z

F Y 4
C ka2 (x) v hAR Y (x) v h(C) = zop(x)wp, in virtue of (v) and the con-
tinuity of h. According to II (1.8), there exists a continuous two-to-one
function f:8"—p - %, where % is & Hausdorff space.

We prove that @ is compact. According to IT (1.8), it is sufficient

to show that Ls¢(f) # p. Consider a sequence {£,} converging to p.
¢

We have limh-1(£,) = z¢C if the limit exists. We have also, for suffi-
ciently large k, h~1(&;) = (h-l(fk))-; hence im Ah-1 (&) = x~¢C—. There-
fore lime(&;) = imhAh-1(&,) = h(z~)eh(C~). Since, by (v), p¢h(C),
we conclude that Ls¢(§) #p.

£-p
In order to finish the proof of the theorem, recall that there oxist
continua C having the properties (i)-(iii). This has been shown in (2.2)
and §3 of Chapter IV (the dendrite D and continuum K).

Remark. We prove, in addition, that in the above construction
of ¢ the set of SED-points of ¢ is homeomorphic to Fr(8"—C). Namely,
we prove that

(4.4) SED(p) = Fr(E"—h(C)).

In fact, let lim&;, = p. Then limh—1(§;) = xeC if the limit exists.
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.According to (v), h~1(&,)¢C— for sufficiently large k. Hence limh—1(&;)
= 2~ eC~. Therefore lime(&) = Limhih—2(&,) = h(z~)eh(C~). Thus the
inclusion

SED (¢) C Fr(E"—h(C-))
is proved.

To prove the converse inclusion consider an arbitrary point & of
Fr(E"—h(C-)). There exists a sequence {£;} converging to & such that
all &, belong to E"—h(C~). We have x, = h~1(&)¢C~ and h—1(£)eC-.
Therefore, by (4.3), limg(&;) = limhi(x,) = p, a8 limz,eC-. Hence
£eSED(p). Thus (4.4) is proved.

Finally, note that if » > 2, then there exist two-to-one continuous
functions on E" = §"—p without SED-points. In fact, let S? be the
“meridian” of S" containing p. Let ¢ be a semicontinuous involution
on S? without fixed points as in Theorem 4. Let s be the reflection of S"
with respect to 82. Then the function sp: 8"—p — 8" —p is a semicon-
tinuous involution without fixed points. It is easy to verify that the
set SED (sp) is empty.
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