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Introduction

In this paper we present some fixed point theorems for multi-valued
functions (m.v. functions for short), generalizing well-known results (Chapter
2).

Next, in Chapter 3, we consider continuous solutions of equation (3.1).
First we characterize the continuous solutions of this equation, and then we
give some theorems on extending continuous solutions.

Chapter 4 contains theorems on the existence of continuous solutions
when this equation is of order n, ie. if the set of indices is finite.

The last chapter shows how we can apply the results of Chapters 3 and
4 to a double functional inequality (5.1).

In this paper we denote all m.v. function by capital letters.

1. Some properties of multi-valued functions

In this part we give some definitions and notions which are associated
with multi-valued functions (m.v. functions for short). ie. functions of the
type F: X — 2, where X and Y are arbitrary sets and for every ve X we
have F(x)c Y.

For a given m.v. function F: X —2' and sets A = X or Bc Y we can
define the sets

F(A): = {yeY: yeF(x) for a certain xe 4}, ()
F.'"(B):=!xeX: F(x)cB)l. FI!(B):=!xeX: F(xY\nB# Q!,
which we shall call respectively, the image of set A4, the upper inverse image of

B and the lower inwerse image of B under the m.v. function F.

DeriniTioN 1.1, The m.v. function F: X — 2, where X and Y are
topological spaces, is said to be lower semicontinuous (resp. upper semicon-
tinuous) if the set FZ'(U) (resp. F;'(U)) is open in X for every open set
UcY(see [15]).

() We use the symbol “:=" to indicate definitions.
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Let Y be an arbitrary topological space. We will define the following
classes of subsets of Y:

Cl(Y):={Ac Y: A is closed and nonempty} ;
C(Y):={AcY: A is compact and nonempty}.

If, moreover, Y is a metric space, then

CB(Y):={Ac Y: A is bounded, closed and nonempty} ;

and if Y is a subset of a linear space over the field of real or complex
numbers, then

CC(Y):={A < Y: A is nonempty, closed in Y and convex} ;
CCB(Y):={A4eCC(Y): A is bounded}.
In the metric space (Y, d), for AeCI(Y) and r > 0, let
K(A,r):={yeY: d(y, A)<r},

where d(y, A):=inf{d(y, x): xe A}.

We will call K(A, r) the open-ball with centre A and radius r.

In the space CI(Y) (consisting of sets) we should like to define a
generalized metric, but for this purpose we shall need the notion of a
generalized metric space.

. Derintrion, 1.2 ([8]). The pair (X, d) will be called a generalized metric
space if X is an arbitrary nonempty set and a function d: X x X — [0, oc]
fulfils all the standard conditions for a metric.

In this space, the generalized metric d is allowed to take on + oo as well.
For every set X # (), we can define a discrete generalized metric as follows:
d(x,y)=0 if x=y and d(x,y)= 4+ if x# y; and in any generalized
metric space (X, d) we can define a metric d' topologically equivalent to d by
the formula &' = min {1, d}. In a generalized metric space, just as in a metric
space, we can ‘define open and closed balls, convergence of sequences,
completeness of the space, etc.

C. K. Jung gave in [11] the following characterization of the generalized
metric space by metric spaces. Let (X,, d)), s€S, be a nonempty family of
disjoint metric spaces. Then the set X = {) X, with the function d defined by

se§

d/(x,y) if there exists an seS such that x, ye X,
+ otherwise,

d(x, y)={

is a generalized metric space, but the converse is also true.
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THeorReM 1.1 ([11]). Let (X, d) be a generalized metric space Then the
relation ¢ defined as

(1.1) xgy<>d(x,y) <o for x, yéX,

is an equivalence relation and.if {X: se€ S} are the equivalence classes under g,
then d(x, y)= +00 whenever xe€X,, yeX,, s#t. Also, if we let d,.=
d|x xx,, then (X, d)) is a metric space (for each seS)

DEFINITION 1.3. The partition of a generalized metric space (X, d) mto a
family of disjoint metric spaces (X,, d,), s€S, constructed in Theorem 1.1,
will be_called the canonical partition of the space (X, d) (see [11])

Now we can define the generalized Hausdorff metric D in the set CI(Y),
even if (Y, d) is only a generalized metric ‘space, by

(12)  D(A, B):= max {supd(a, B), supd(b, 4)} for A4, .BeCl(Y)
acA beB .

(see also ([8]).

The generalized metric space (C1(Y), D) has by Theorem 1.1 a canonical
partition.

If (Y, d) is a metric space, then it follows from definition (1.1) of ¢ that
one element of the canonical partition of (Cl (Y), D) is the metric space
(CB(Y), D).

The metric space (CB(Y), D) has a whole series of properties: it lS a
complete metric space (resp. compact) if so is (Y, d), but need not be
separable when Y is separable. Moreover, two equivalent metrics in Y do not
necessarily induce equivalent metrics in CB(Y) (see [15].°[16] and [9]).

The problem of describing the canonical partition of the space (CI(Y), D)
is difficult, even when Y= R (R = {real numbers}) and d(x, y) = |x - y|. We
can do it for the subspace (CC(R), D) of the space (CI(R), D). This space has
an application in the theory of functional inequalities and we shall need its
canonical partmon in Chapter V. The form of the canonical partition of
(CC(R), D) is given by

LemMa 1.1. Consider (CC(R), D) as a generalized metric space, where D is

defined by (1.2) from the metric (on R) d(x y) = lx—-'yl Then the sets
X, <« CC(R), i =1,2,3,4, defined as - :

X,:= {[a, b]: a, beR}, X,:= {[a,v oo),:' aeR}; ’

(13) Xs:={(-o,d]: acR}, X,:={(R)

Jorm the canonical partition of this space.

Proof. The form of the canonical partition follows by definition (1 1)
from the fact that the elements of CC(R) are closed intervals for which the
‘ _ CaL
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generalized metric D is given by

D([a, b], [c,d]) = max ila—c|,|b—d|, for a,b,c,deR:
D([a, ), [b, ®))=|a —b| for a,beR;

D((—o0, a],(—o,bl)=|a—b for a,beR;
D(A,B)=+x for AeX;,BeX;,i#j,i,j=1,2,3,4,

(1.4)

.which concludes the proof.
Remark 1.1. In the same way we can find the canonical partition of the
space (CC(Y), D), where Y is a nonempty, closed and convex subset of R.
Making use of form (1.3) of the canonical partition of (CC(R), D) or in
general, from its form for (CC(Y), D), where Y is a nonempty and closed

interval in R, we get the next lemma, characterizing the m.v. functions H: X
— CC(Y), which are lower semicontinuous.

LEMMA 1.2. Let X be an arbitrary set and let Y R be a closed and
nonempty interval.

(@) Then an arbitrary m.v. function H: X — CC(Y) may be written in the
form

H(x)=[h(x), ()Y for xeX,
where h, and h, are functions such that
" h: X—>RuU{+wo}, hy: X->Ru{—o}, h(x)<hy(x) for xeX.

(b) Moreover, if X a topological space, then H is a lower semicontinuous
m.. function if and only if h, is upper semicontinuous and h, is lower
semicontinuous.

Proof. In part (a) we define the functions h, and h, as follows:

(1.5 hi(x):=inf H(x), h,(x):=supH(x) for xeX;

we see that these functions satisfy all the required conditions. In particular,
the formula for the m.v. function H follows from the fact that its values are
intervals. Part (b) is an elementary consequence of Definition 1.1 and part (a)
(cf. [20], Example 1.2%).
" Now we prove some lemmas about the properties of the generalized

metric D and of m.v. functions continuous with respect to D.

Directly from (1.2) we obtain

Lemma 1.3 (see also [22]. Remark 1). Ler the m.v. function F: Y— CI(Y)
be defined on a generalized metric space (Y, d). Then for every ¢ > 0 and for
every v,,y,€Y, z € F(y,) there exists a z,€ F(y,;) such that

d(z;. =) < D(F(yy), F(y)) +¢,
where D is defined h\ (1.2).
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LemMA 14. Let X be a topological space and (Y, d) an arbitrary metric
space. Then any m.v. function F: X — CI(Y), continuous with respect to the
generalized Hausdorff metric D in CI(Y), is lower semicontinuous.

Proof. Let U <Y be an arbitrary open set and let x,e F-'(U) =
{xeX: F(x)nU # @} be an arbitrary point. Then there exists a
Yo€ F(xo) n U with which we define a positive number

d(yo, Y\U) f U#Y,
IR if U=Y.
Then by the continuity of F the set
V:={xeX: D(F(xo), F(x)) < 4}

is an open neighbourhood of x,, and by Lemma 1.3 we obtain V< FZ!(U),
which shows that the set FZ'(U) is open in X.

The converse of Lemma 1.4 is false, e.g.:

ExampLe 1.1. Let X=Y=[0,1], d(x,y)=|x—y| and let F: X
- CI(Y) be given by

Fx) ={[O, 1} for xe(0,1],
{0} for x =0.

The m.v. function F is lower semicontinuous by Lemma 1.2, but is not
continuous with respect to the Hausdorff metric D, because D (F (0), F(x)) = 1
for xe(0,1].

A statement analogous to Lemma 1.4 for upper semicontinuous m.v.
functions is false, i.e. there exists an m.v. function F: X — CI(Y) which is
continuous with respect to D but is not upper semicontinuous. This theorem
will be true if F takes compact values, e.g. F(x)eC(Y) for xe X (see [13],

Proposition 1 and Example 1).
The additional assumption of the continuity of the m.v. function gives

LEmMA 1.5. If X is a compact topological space, and (Y,d) is a metric
space, then for every continuous m.v. function F: X - CB(Y) the set F(X)c Y
is bounded.

Proof. First we define the family of sets {U,: xe X} as follows:
U,:={zeX: D(F(x),F(2)) <1} for xeX.
By the continuity of F, the sets U,, xe X are open and this family covers the
compact space X. Hence there exist x,, ..., x,€ X such that X = U U,, By
the definition of U,, xe X, and of the generalized metric D, thls yelds

F(z) < _91 K(F(x),1) for zeX,
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where K (F(x;),1), i = 1,..., k, are open balls with centre at F(x;). These balls
are bounded, and so we have our assertion.

Similarly, an upper semicontinuous m.v. function with values in CB(Y)
is bounded on compact sets:

LEMMA 1.6. Let X be a compact space and (Y,d) a metric space; then for
every upper semicontinuous m.v. function F: X - CB(Y) the set F(X)<= Y is
bounded.

Proof. The family of open subsets
U,:={zeX: F(z) = K(F(x),1)! for xeX,
is by the upper semicontinuity of F, an open cover of X and hence there
exist x;,...,x,€X such that X = .ijl U, ; thus F(X) < 'Ox K(F(x;),1), which

gives the boundedness of F.

In further chapters we will need a certain kind of metric spaces, known
as metricaly convex spaces.

DeFiniTion- 1.4. The metric space (Y,d) will be said to be metrically
convex if for every distinct y,,y,€ Y there exist a ye Y such that

d(y1,y:) =d(y,y)+d(y,y)) and y, #y#y,.

For example every normalized space (or any of its convex subsets) is
metrically convex. The next lemma gives an important property of such
spaces.

Lemma 1.7 (Menger [6], cf. [12] for a short proof). If a complete metric

space (Y, d) is metrically convex, then for every y,,y,€Y, y, # y, and for every
A€(0,1) there exists a yeY such that

d(y,y1) =A-d(y,y)) and d(y,y;))=(1-24)-d(y, y)).

To finish this chapter we define selections and continuous selections from
a m.v. function and give a suflicient condition for the existence of a
continuous selection. ’

DeriniTioN 1.5.-Let F: X — 2" be an arbitrary m.v. function. A function
f: X — Ywill be called a selection from the m.v. function F if f(x)e F (x) for
x€ X. Any continuous function f: X — Y which is a selection from F will be
called (briefly) a continuous selection. ‘ '

Now we can give a theorem which guarantees the existence of con-
tinuous selections and the possibility of their extension.

This theorem is a special case of E. Michael’s theorem 1.2 from [21] (see
also [20]). '

THeoreM 1.2. If X is a paracompact Hausdorff topological space and Y is
a closed and complete metrizable subset of a complete locally convex space over
the fields of real or complex numbers, then
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(@) any lower semicontinuous mw. function F: X - CC(Y) admits a
continuous selection.

(b) Moreover, if F|, is the restriction of a lower semicontinuous m..
Junction F: X - CC(Y) to a closed subset Ac X and f: A—> Y is a con-
tinuous selection from F|, defined on A, then f can always be extended to a
continuous selection of F defined on the whole set X.

2. Fixed-point theorems for multi-valued functions

In this chapter we consider some fixed-point theorems for m.v. functions.
First we generalize the theorem of Covitz-Nadler ([8], Corollary 1) for m.v.
functions with closed values, and then we give a generalization of the
theorems of C. S. Wong ([28], Theorem 1) and J. Matkowski ([17], Theorem
1.2) to m.v. functions with compact values. We also generalize to these m.v.
functions Theorem 2 from [18], which has been proved for single-valued
functions only.

These theorems will next be applied in Chapter 4 to the proof of the
existence of continuous solutions of functional equation with m.v. functions.

1. Now we shall consider the m.v. functions F: Y— CI(Y), where (Y,d)
and (CI(Y),D) are generalized metric spaces with a generalized metric D
defined by (1.2). For these m.v. funetions we define the sequence of iterates at
a point and the fixed point.

DerFiNiTioN 2.1. The sequence {y}i%,, w€Y, for k=1,..., is called a
sequence of iterates of F at yyeY iff
WeF(y-,) for k=1,2,..
A point yeY is a fixed point of F iff ye F(y).
For a m.v. function F we assume that
(2.1)  there exists a function y: [0, o) — [0, c0) such that
D(F(x),F(y)) €y (d(x,y) for d(x,y) <, x,ye?Y.

If F fulfils (2.1) with the function ¥, then it is said to be a y-contraction.

In the sequel, by y* we denote the k-th iterates of y.

We have the following

THEOREM 2.1. Let F: X — CI(Y) be an m.v. functzon mapping a complete
generalized metric space (Y,d) to the space (CI(Y), D) and fulfilling condition
(2.1) with some strictly increasing function  for which

il//“(t)<oo for t >0,
k=1
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Then for every fixed y,€Y one of the following two possibilities occurs:
(a) each sequence of iterates {y,}>, of F at yg satisfies

A Ye-1) = for k=1,2,...,
or

(b) there exists a sequence of iterates of F at y, which converges to some
Jixed point of F.

Proof. If condition (a) does not hold, then there exists a finite sequence
yl)"',yN SUCh that

y;ieF(y;—y) fori=1,...,N and d(yy_,y5) < 0.

Put t, = d(yy_,yn)+1; then it follows from the strict monotonicity of
Y that Y(d(yy-1,Vn) <V¥(to). Hence, by Lemma 1.3, there exists a
Yn+1€F(yy) such that d(yy,yn+1) < ¥ (to).

Suppose that there exist y,,...,yn,...,Vn+x€Y for k 2 1 such that

(2.2) y;€F(y;—y) fori=1,...,N+k,
and
(23) d(Ynsi-1,Yne) <Y(to) for i=0,....k

hold ; then, making use of Lemma 1.3, conditions (2.1), (2.2) and (2.3), we can
find a yy.is1€F(¥n4) such that

d(Yn+ir 1Y) <Y 1(0).

So, by induction, we define a sequence of iterates {y,};%, of F at y,eY

which is a Cauchy sequence in Y, since the series Z Y*(to) converges. The
k=1

limit of this sequence must be a fixed point of F, as easily follows from

Lemma 1.3 the continuity of F and the fact that F’s values are closed sets (cf.

the proof of Theorem 1 from [8]).

Remark 2.1. Theorem 2.1 generalizes the result of Covitz—Nadler,
which assumed that the m.v. function F was a \-contraction with the
function Y (t) = s-t, where se(0,1) (see [8], Corollary 1).

Theorem 2.1 then implies

THEOREM 2.2. If (Y, d) is a complete metric space, and F: Y— CI(Y) is an
m.v. function which fulfils (2.1) with some strictly increasing function Yy such
that lim y*(t) = O for every t > 0, then

k—x .

(a) for every y,eY and for every fixed point yeY of F there exists a
sequence of iterates of F at y, which converges to y,



2. Fixed-point theorems for multi-valued functions 13

(b) moreover, if

an

Yy < oo for t>0,

k=1
then the set of fixed points of F is nonempty.

Proof. Let ye F(y) be an arbitrary fixed point (if such a point exists in
this case, see Remark 2.3), and let y,eY be an arbitrary point. Put ¢,
=d(y,ye)+1. Then, by Lemma 1.3, the monotonicity of \, and (2.1), there
exists a y; € F(yo) such that d(y,y,) <y (t)-

In the same way we can construct by induction a whole sequence of
iterates at y, for which

d(v.v) < y*(tq) for k=0,1,...

Hence, from lim y*(f) = 0 we get the first part of the theorem. The

k— x
existence of a fixed point of F in part (b) follows from Theorem 2.1, because
(Y, d) is a metric space. and then just case (b) of Theorem 2.1 can occur.
The assumptions of Theorem 2.2 can be weakened if the metric space
(Y, d) is metrically convex. For this purpose we need a theorem which gives
the equivalence of some other contraction conditions found in fixed-point
theorems (see [18], [19], [7], and [23]), namely

THeOREM 2.3 (see [18], Theorem 1). Let (Y, d) be a metrically convex
complete metric space and let (X, @) be an arbitrary metric space. Moreover,
let f: Y- X be an arbirrary function. Then

(a) the following conditions are equivalent :
(24) for every e > 0 there is a 6 > 0 such that
e<d(x,y)<e+d=0(f(x), f())<e, x,yeY;
(2.5) for every £> 0 there is a 6 > 0 such that
e<d(x,y) <e+d=0(f(x),f() <e&, x,yeY;

(2.6) there is a nonincreasing function x: [0, 0)— [0, 1], a(t) < 1 for t > 0
and

e(f(x). f) S a(d(x, y))-d(x,y), x,yeY;
(27) thereis a ft.i,nction y: [0, 00) = [0, o), y(t) <t for t > 0 and
e(f(), f) < v(d(x, ), x,yeY.

(b) Furthermore, if f fulfils one of the above conditions, then the function y
in (2.7) is strictly increasing, concave and continuously differentiable in {0, o),
and the function o in (2.6) is continuous.

Using the above theorem, we have the following
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CoroLLARY 2.1. If (Y, d) is a metrically convex complete metric space and
F: Y- CI(Y) is an m.v. function which fulfils (2.1) with some function \y such
that W(t) <t for t >0, then:
a) for every yoeY and for every fixed point yeY of F there exists a
sequence of iterates of F at y, which converges to y,

(b) moreover, if there exists a to > 0 such that the function  is strictly

. a

increasing in the interval [0, to] and for which the series ), y*(t,) converges,
k=1 .

then the set of fixed points of F is nonempty.

Proof. If the m.v. function F satisfies (2.1), then by the definition of
relation ¢ in (1.1), it can take its values from only one of the metric spaces
belonging to the canonical partition of (CI(Y), D). Hence, by part (b) of
Theorem 2.3, there exists a strictly increasing and continuous function ¥
which satisfies condition (2.7) with ¢ = D. Making use of Theorem 0.4 from
[14], we have lim y*(t) =0 for r > 0, and hence by part (a) of Theorem 2.2

. k= o
we get the first part of the corollary.

_ For the proof of Corollary 2.1 (b), let y,e Y and y, e F(y,) be arbitrary
points; as in the proof of Theorem 2.1, there exists a sequence of iterates of
F at y, such that

. d(,v_,‘+,,y,,)<y"(d(yo, v)+1) fork=0,1,...

Since . lim 7*(f) =0 for >0 there exists an integer N such that

k— x
d(yn_1, yn) < t,. Extending y,,...,yy to a sequence of iterates yq,...,¥n,
YN+1> YN+ 2,-.. such that

dWnsir1s Vuaw) <¥*(to)  fork=1,2,...,

-we conclude that a fixed point exists by the same reasoning as that used in
Theorem 2.1.

The above results are (in essence) a generalization of theorem of Covitz—-
‘Nadler, according to which

ExaMmpLE 2.1. Let Y=[0, o), d(x, y) =|x—y| and let the m.v. function
F: Y- CI(Y) be given by

3
[y—yi, CXD) fOl' Osy S%’
F(Y) = 4 4
[z%, ) for 5 <y.

Then F fulfils condition (2.1) with the function y: [0, o0)— [0, o)
defined by

3
t—t2 for0<t<3%,
ll’(t)'___ 4 f 4
37 org<t,
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ie.
D(F(x), F(»)) <¥(x—y)) for x, ye Y=[0, o),
where D is the generalized Hausdorff metric in CI(Y). This fact is an easy

consequence of (1.4) and the concavity of .
Moreover, the functxon Vs strlctly increasing on the interval [0, ty]

=[0,4], ¢y (1) <t for t>0 and Z V@) < .

In particular, the convergence of the series follows from the theorem of
Thron in [27]. The function ¥ gives the best estimation of D(F(x), F(y))
since

D(F(»), FO)=¢y()-v(© =y(y-0) for ye[0, x),

and because '(0) = 1 we find that F does not fulfil a Lipschitz condition
with s€(0, 1). So in this case we cannot apply a Covitz-Nadler theorem, but
we can use Corollary 2.1. :

~ 2 In this section we consider m.v. functions which take closed and
bounded values, in particular, those which take compact values and give
fixed point theorems for them.
First we generalize the theorem of J. Matkowski ([17], Theorem 1.2),
and also the theorem of C. S. Wong ([28], Theorem 1), to m.v. function with
compact values as follows:

THEOREM 2.4. If an m.v. function F: Y— CI(Y) is defined on a complete
metric space (Y, d) and fulfils (2.1) with a nondecreasing function  such that

lim y*(t) =0 for t > 0, then
v (a) the function F: CB(Y)— CB(Y) defined by
(2.8) F(A):=F(4) for AcCB(Y),
where m denotes the closure of F(A) in Y, fulfils
D(F(A), F(B)) < y(D(4, B)) for A, BeCB(Y):
(b) F has exactly one fixed point Aye CB(Y) such that
(2.9). Ao = U{F(y): yeAo},

and for any AcCB(Y) the sequence of iterates {F*(A)}, of F converges to
AQ, ie. D(Fk(A), Ao)‘—’o lf‘ k‘_’ Q0 ,
(c) the set of fixed points By of F is closed and

210 B, A,

(d) Moreover, if the values of F are compact, then the set B, is nonempty,
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sets By and A, are compact, and for every ye B, and for every y,€Y there
exists a sequence of iterates of F at y, which converges to y.

Proof. Part (a) was proved in [28] or [26]. For the proof of (b) we can
make use of the fixed point theorem from [17] (Theorem 1.2), since we know
that (CB(Y), D) is a complete metric space and F fulfils the required
conditions. The closedness of B, in (c) follows from Lemma 1.3 and the

. continuity of F.

Inclusion (2.10) follows from (b). Namely, if ye B,, then from (2.8) we
infer by induction that ye F*({y}) for k = 1,..., which, with D(F*({y}), 4,)
=0 if k— o0, gives ye A,.

The proof of the existence of fixed points of F and the compactness of
B, and A4, in part (d) is quite similar to the one given in Theorem 1 from
[26], and is based on Theorem 4 from [10].

We let ye B, and y,€e Y be arbitrary elements; then using (1.2) and (2.1)
we have

(2.11) d(v, F(yo)) < D(F (), F(yo)) ¥ (d(v, o).

Since F(yo)eC(Y), there exists a y,eF(yo) such that d(y, y,)
=d(y, F(yo)) and from (2.11) we get d(y, y,) < Y (d(y, ¥o)).

Continuing this procedure, we can define a sequence of iterates {y,};%,
of F at y, such that

d(y, y) SY*(d(y, yo)) for k=0,1,...

Hence we infer that the sequence {y,} converges to y.

Immediately from the above theorem and Theorem 2.3, for a metrically
convex space, we obtain the next result, which generalizes Theorem 2 from
[19].

CoroLLARY 2.2. If F: Y— CB(Y) is defined on a complete and metrically
convex metric space (Y, d) and F fulfils one of conditions (2.4)2.7), where
(X, 0) = (CB(Y), D), then F fulfils each of the above conditions, and condition
(2.1), with some function W which is strictly increasing, concave and con-
tinuously differentiable in [0, o); and Y (t) <t for t > 0.

Moreover, with this function s, every conclusion of Theorem 2.4 holds
for F.

Remark 2.2. The preceding corollary generalizes to m.v. functions with
compact values Theorem 2 from [18], which considered only single-valued
functions. For m.v. functions with compact values which satisfy (2.5), S. Reich
proved the fixed point theorem even without the metric convexity of Y (see
[24], Theorem 10).

C. S. Wong in [28] proved a fixed point theorem similar to Corollary
2.2 from condition (2.7), but supposed additionally that the function y is
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nondecreasing. The authors of [26] omitted this additional condition; but
gave an erroneous proof (see [26], Theorem 2).

Remark 23. It remains an open question whether an m.v. function
F: Y- CB(Y) has a fixed point if (Y, d) is a complete and metrically convex
metric space and if F fulfils one of conditions (2.4)-(2.7) within (X, g)
= (CB(Y), D).

In particular, the existence of fixed points for such m.v. functions is
given by Corollary 2.1, but we can omit in it the convergence of the series of
iterates of the function .

To conclude, we give a known example of an m.v. function which shows
that the inclusion in (2.10) is not necessarily an equality.

ExaMpLE 2.2 (S. B. Nadler, [22]). Let Y=[0, 1), d(x, y) = |x—y|, and
F: Y- CB(Y) be given by

Fy)={f(»v{0} for ye[o,1],

where the function f is defined as follows:

o drer el
¥ —%-y+1  for ye(3, 1].

It is obvious that the m.v. function F fulfils a Lipschitz condition with
the constant s = 4.

Moreover, from (2.8) and from the compactness of sets belonging to
CB(Y) we have

F(4) =F(A) =F(4) for AeCB(Y).

For this function F the set B, is {0,%}, but the set A, is
{0, £, £(0), £2(0),...}, which follows from the uniqueness of the fixed point of
F and from the equality 4, = F(4,).

3. On the characterization and extension of continuous solutions
of functional equation with multi-valued functions

In this chapter we shall consider the characterization of continuous
solutions of the functional equation

(.1) ¢(x)eH(x, As o [£,(x)]),

where we are given an m.v. function H and functions f;, se S, and ¢ is an

unknown function. Here, A ¢@of, denotes the diagonal of a family
seS

{pof,: seS} of functions.

2 — Dissertationes Mathematicae CCI
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In a special case, we can characterize the continuous solutions of (3.1) by
the continuous solutions of

G2 - - ¢(X)=h(x,As¢[fs(x)]),

where the function h is a continuous selection from the m.v. function H.
We assume the following hypotheses for the given functions H and f,,
seS (§ —is an arbitrary set):

(33)  H: X xY5—CC(Y), where X is a Hausdorff topological space, and
Y is a closed and complete metrizable subset of a complete locally
convex space over the field of real or complex numbers;

(34) H — is lower semicontinuous;
(3.5) f,: X — X, se§, are continuous functions.

Then the following lemma is true.

LeMMA 3.1. Let hypotheses (3.3), (3.4), (3.5) be fulfilled. If X xYS is
a paracompact topological space and A < X is a closed subset such that
. f,(A) = A for s€S, then for every continuous solution @o: A — Y of equation
(3.1) there exists a continuous selection h from the m.v. function H such that ¢,
satisfies equation (3.2) (with h) on A.

Proof. The function A ¢@y0f,: A— Y* is continuous, and hence its

seS .

graph G, c X x Y% is a closed subset of X x Y5, which follows from the fact
that A is a closed subset of X (see [9], p. 114).
The function hy: G, — Y defined by

(3.6) ho(x, 8= 0o([Tx(x, A y))  for (x, Ay)eGy,

SES seS

where IT, is the projection of X x Y5 onto the X-axis, is continuous.
Moreover, h, is a continuous selection from the m.v. function H on the
closed set G,. Thus by Theorem 1.2 the function h, can be extended onto
XxYStoa continuous selection from H. - .

Hence from (3.6) we find that ¢, fulfils equation (3.2) on A.

The following characterization of continuous solutions of equation (3.1)
results directly from Lemma 3.1. '

THeOREM 3.1. Let hypotheses (3.3), (3.4), (3.5) be fulfilled. If X x Y5 is
a paracompact topological space, then a continuous function ¢: X - Y is
a solution of equation (3.1) if and only if there exists a continuous selection
h: XxYS Y from H such that ¢ fulfils equation (3.2) with h.

Proof. The sufficiency is obvious, while the necessity follows immed-
iately’ from Lemma 3.1 if we take 4 = X.
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Now we pass to the problem of the extension of continuous solutions of
equation (3.1). Here we use the following two theorems on the extension of
continuous solutions of equation (3.2).

THEOREM 3.2 (see [4], Theorem 1). Let X and Y be arbitrary top-
ological spaces, let U = X — be an open subset, h: X xYS > Y, and let f,: X
— Y, se S, be arbitrary continuous functions satisfying the following conditions:

@37 f(UycU for seS;

(3.8) for every xe X there exists a positive integer k such that, for every
S1,.-,56€S, f,0...0f,(x)eU;

and

(3.9) for every open set V,U c V< X, the set (\!f,1(V): seS} is open.

Then for every continuous solution @,: U — Y of the functional equation
(3.2) there exists exactly one continuous solution ¢: X — Y of this equation
such that

(3.10) @(x) = @o(x) for xeU.

THeoreM 3.3 ([4] and [5]). Let X be a closed and convex subset of
a finite-dimensional Banach space, U = X an open (in X) subset, and Y — a
topological space. Let h: Xx Y5 > Y and f,: X — X, s€S, be arbitrary con-
tinuous functions. Moreover, if {f,: seS} is a locally equicontinuous family of
functions such that

(3.11) sup{Ilf;(x)—¢ll: seS} <lix—¢|l, xeX, x#¢,

holds for a certain £e U, then for every continuous solution ¢,: U—-Y of
equation (3.2) there exists exactly one continuous solution ¢: X - Y of this
equation such that condition (3.10) is fulfilled.

Making use of Theorems 3.2 and 3.3, we get the following two theorems
on extending of continuous solutions of equation (3.1).

THEOREM 3.4. Let hypotheses (3.3), (3.4), (3.5) be fulfilled, let X x Y5 be
a paracompact space and let U < X be an open subset such that conditions
(3.7), (3.8), (3.9) are fulfilled. Then for every continuous solution ¢,: U - Y of
equation (3.1) there exists a continuous selection h: X x YS =Y from H (not
unique) for which there exists a unique continuous function ¢: X — Y fulfilling
equation (3.2), with this function h and condition

(3.12) @(x) = @o(x) for xe U.

Proof. The inclusions

O)cf,(UycU for ses
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follow directly from (3.5) and (3.7). Hence, making use of Lemma 3.1 and
putting A = U, we get the existence of a continuous selection h: X xY* >Y
from H such that ¢, fulfils equation (3.2), with h, in U.

Now, by Theorem 3.2, for the function @), there exists a unique
continuous function ¢: X — Y fulfilling equation (3.2) and condition (3.10).
Thus by the continuity of ¢ and ¢, on U condition (3.12) also holds.

THEOREM 3.5. Let hypotheses (3.3), (3.4), (3.5) be fulfilled, where X is
a closed and convex subset of a finite-dimensional Banach space and X x Y3 is
a paracompact space. Moreover, let U = X be an open subset of X fulfilling
(3.7), and let {f,: seS} be a locally equicontinuous family such that (3.11) holds
Jor a certain EeU.

Then for every continuous solution ¢,: U — Y of equation (3.1) there
exists a continuous selection h: X x YS—> Y from H (not unique) for which
there exists a unique continuous function @: X — Y fulfilling equation (3.2),
with this function h and condition (3.12).

Proof. This theorem can be proved analogously to Theorem 3.4 by
using Theorem 3.3 instead of Theorem 3.2.

CoRoOLLARY 3.1. In the last two theorems we see, in particular, that an
arbitrary continuous solution @o: U — Y of equation (3.1) can be extended
(nonuniquely) on X to a continuous solution ¢: X — 'Y of this equation.

Remark 3.1. Among the assumptions Theorems 3.1, 3.4 and 3.5 was
the paracompactness of the product X x Y5, This assumption is more restric-
tive in our considerations, for example in the case where Y is a complete
metrizable: locally convex space, because then the product can be par-
acompact only if S is a countable set of indices or if Y= {0} (i.e. Yis trivial).

This follows from the fact that, if Y is non-trivial and S is infinite, then
the set

Ar={k-y: k=1,2,.)

defined for a certain yeY, y # 0, is a closed subset of Y, homeomorphic to
N, N being the set of natural numbers (see [25], p. 21).

Hence A4S is a closed subset of Y® and is not normal, since the set NS is
not normal ([9]), p. 160). This shows that Y5 (and X x Y5) is not a par-
acompact space.

The product X x Y* will be paracompact in Theorems 3.1, 3.4, 3.5, for
instance, if X is a compact or a metric space and Y is a compact space or S
is a countable set.

In Theorems 3.4 and 3.5 we extended a continuous solution ¢,: U > Y
of equation (3.1) from the closure of a certain open subset U < X, while in
(3.2) we could extend continuous solutions just from U (see Theorems 3.2
and 3.3).

The next example shows that under the assumptions of Theorems 3.4 or
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3.5 there does not even exist, in general, any continuous extension of a
continuous solution ¢qy: U - Y of (3.1) which is defined only in an open
subset U.

ExampLE 3.1. Let X =[0, o0), Y=[0, o0), H: X xY-> CC(Y), H(x, y)
=[y, ®), f: XX, f(x)=3x, U=[0, in), and ¢q(x) = tan x.

The function ¢, is continuous and fulfils the equation

0o (e H (x, go(f(x)) for xeU.

It is easy to see that all the assumptions of Theorem 3.4 or Theorem 3.5
are fulfilled, except for ¢, being defined on U.

However, ¢, is not a restriction of any continuous function defined on
the whole of X. Hence ¢, cannot be extended onto X to a continuous
solution of the above equation.

4. On the existence of continuous solutions of
functional equations of n-th order with
multi-valued functions

Here we shall prove some theorems about the existence of continuous
solutions of the functional equation of n-th order

(4.1 p(x)eH(x, o [f1 (], ..., 0 [fo(x)]),

where ¢ is an unknown function, and an m.v. function H and functions f;, i
=1,...,n, are given.

The problem of the existence of continuous solutions of (4.1) with a
single-valued function H was investigated e.g. in [1], [2], [3], cf. also
monograph [14]. _ :

We assume the following conditions on the given functions in equation
(4.1):

(42) H: XxY"—-CC(Y), where X is an arbitrary compact and Hausdorff
topological space, (Y, d) is a complete metric space, and Y is fur-
thermore a closed topological subspace of a complete locally convex
space over the field of real or complex numbers, such that all open
balls in the metric space (Y, d) are convex;(%)

(43) there exists a function £: [0, o0)" — [0, c0), nondecreasing with
respect to each variable such that

D(H(x’ .VI,"'ayn)!H(x: 71,---,7u))<-93(d()’1: yl)a"'ad(ym yn))
for xe X, and y,, €Y, k=1,...,n,

(') Thus obviously Y must also be a convex subset.
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where D is the generalized Hausdorfl metric in CC(Y)- defined by

(1.2);
(44) fi: X-> X,k=1,...,n, are arbitrary continuous functions.
Put
(4.5) y(t):=#(t,....,t) for t =0.
The set
(4.6) ¢:={¢p: X>Y: ¢ — is continuous},

with metric d(g,, @,) = sup {d(¢, (x), ¢,(x)): xe X} is a complete metric
space.

Moreover, let D be the generalized Hausdorff metric in C1(%) which is
defined by (1.2) (d being replaced by d and D by D).

Lemma 4.1. Let hypotheses (4.2), (4.3), (4.4) and (3.4) be fulfilled. Then the
mu. function T: € - CC(%) given by

47 T(p):={ye€: y(x)eH(x, o [f1(%)],...., 0 [fn(x)]), xe X for pe¥},
Sulfils the condition

(4.8) D(T((Pl)v T((Pz)) < 'J"(a(q’la ‘Pz)) for ¢y, €%,

where y is defined by (4.5).
Proof. It follows from (4.2), (3.4), (44) that the m.v. function

H(-, o)), 0 [fa()]): X - CC(Y)

is lower semicontinuous for every ¢ e¥, as it is the composition of a lower
semicontinuous m.v. function H with a continuous function. "

Hence, making use of Theorem 1.2, we obtain T{¢) # @ for every pe¥.
The values of T are evidently a closed and convex subset of €, which follows
from (4.2) and (4.7).

By the definition of D, in order to prove (4.8) it is enough to show that

49) (Y, T(9s) < 7(@(@;, @3)) for every function ¥, € T(py),

where d(y,, T(@,)) = inf {d(¥,, ¥,): ¥,€ T(p,)} and, analogously, that

a(\(_{z, T(¢y) < 7(d(9y, 92) for Y€ T(0,).
We shall prove (4.9) only, showing that

(4.10) for every ¢ > O there exists a ¥, € T(p,) such that

d(Y,, ¥3) < ?(a(q’l, (Pz))"f'ﬁ,
where ¢, is an arbitrary fixed function belonging to T(¢,).
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From the definition of D in CI(Y) and from (4.3), (4.5), and (4:7) we infer
that for a given function ¥, € T(g,),
d(¥y (x), H(x, 92 (/1 (0],.., 02 [£,(0)])) -
< D(H(x, o1 Ui (0] o (00). Hx. 0211 (0], 02 [/ (x0]))
< J(d((Px Uy 0, 02U ()], d (@) a (0], @2 Un(x)]))
< Bd(@y, @3),-...d(¢y, 9,))
=y(d(¢,, ;) for xeX.
Thus, by Lemma 1.3, for a fixed ¢ > 0 and for every xe X
(4.12)  there exists a y, € H(x, ¢, [f; (x)],..., 1 [f,(x)]) such that

d(wl (X), yx) < y(a((Pl’ ‘Pz))+£.

Then by Theorem 1.2 (on the extension of continuous selections from
the closed subset {x} = X) there exists a family {,€%: xe X} of continuous
functions such that

(4.13) Y, (x)=y, and y,eT(p,) for xeX.
Using (4.12) and (4.13), we find that the ineqilality

d(Vy (%), ¥ (x) = d (¥, (x), y:) < 7(d(@y, @2))+e

holds for every xe X. By the continuity of V¥, ¥, ye X, and of the metric d,
the above sharp inequality is fulfilled in an open nelghbourhood U c X of
x, ie.

(4.14) A1 (2 ¥2(2) < Y@(ps, @) +e o zeU,

The family #:= {U,: xe X} is an open cover of the space X. Let p,: X
— [0, 1] be a locally finite partition of unity which is subordinated to %,
where the support of the .function p, is contained in a certain U,, from the
cover %, i.e. supp p, < U, for se8§ (see [9], p. 368)

Then we assert that the function '

(4.15) Y,(z):= Z ps(2)¥;(2) for zeX,

fulfils the requnrcd condition 4.10) for our ﬁxed £>0.
Indeed, obviously as follows from (4.15), (4.13), (4.7) and from the
convexity of the values of H the function , is continuous and \//26 T(¢,).
The function ¥, also fulfils the inequality in (4.10), which in turn follows
from (4.15), (4.14) and the convexity of the open balls K(wl(z) (o4, (pz))
+¢) for ze X: . ,

\ x -

d('ﬁl (Z), WZ (Z)) = d(wl (2)9 E:SPS(Z) 'pxs(z))<. }'(a((ph ‘Pz))"‘ﬁ fOl' ZEX'
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Taking the supremum in the above inequality, we have
d(,. ¥2) < v(d(@y, ) +e,

which completes the proof.
Making use of Lemma 4.1, we have the following theorem on the
existence of continuous solutions of equation (4.1).

THEOREM 4.1. Let hypotheses (4.2), (4.3), (3.4), (4.4) be fulfilled, and sup-
pose that there exists a strictly increasing function : [0, o) — [0, o) such
that

(4.16) y@®) <yY() and i V() < o for t>0.
k=1

Then the set of continuous solutions of (4.1) is nonempty.

Moreover, for every continuous solution ¢ of equation (4.1) and for every
Junction @,€€ there exists a sequence of functions ¢, €€, k=1, 2,..., such
that

Cur1 (X)EH (X, 0 [f1(0],..., 0 [fn(x)]) for xeX and k=0, 1,...,

which converges uniformly to ¢.

Proof. By Lemma 4.1 the m.v. function T: € — CC (%), defined by (4.7)
on a complete metric space (%, d), fulfils condition (4.8), i.e. is a y-contraction
as well as a y-contraction.

From Theorem 2.2 we get the existence of continuous solutions of
equation (4.1), because the set of fixed points of T is nonempty. The second
part of the theorem follows from part (a) of Theorem 2.2 and the definitions
of T and d.

Remark 4.1. If Y in the above theorem is a nonempty, closed and
convex subset of a Banach space, then the metric space (%, d) is metrically
convex, as a convex subset of some Banach space. In this case we can
weaken the conditions on ¢ to the following ones: the function y: [0, o)
— [0, o0) is strictly increasing in some interval [0, t,], to > 0, and such that

f ¥*(to) < o0 and y() <Y () <t for t > 0.
k=1

Similarly, using the fixed point theorems for m.v. functions with closed
and bounded values, we get:

THEOREM 4.2. Let hypotheses (4.2), (4.3), (4.4) be fulfilled. Moreover, let
the m.v. function H have bounded values, and let H be either continuous with
respect to D or else upper and lower semicontinuous. If there exists a strictly
increasing function : [0, oo) — [0, o©) such that (4.16) holds, then Theorem
4.1 is fulfilled, and the set of continuous solutions of equation (4.1) is bounded in
€.
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Proof. It suffices to prove that the set of continuous solutions of
equation (4.1) is bounded in %.

From Lemmas 1.4 and 1.5, or in the second case from Lemma 1.6, it
follows that the set

is bounded for any ¢e¥. Hence the m.v. function T given by (4.7) maps €
onto CCB(%), and its set of fixed points must be bounded, which follows
from Theorem 2.4, parts (b) and (c).

Remark 4.2. As in Remark 4.1, we can weaken the assumptions about
the function y when Y is a nonempty closed and convex subset of a Banach
space.

5. On the continuous solutions of
a functional inequality

The present chapter contains applications of previous results to the
functional double inequality (5.1). The following lemma shows that functional
equation (4.1) is (in a particular case) equivalent to double inequality (5.1).

LEMMA 5.1. Let X and S be arbitrary sets, and let Y be an arbitrary set
belonging to CC(R).

Moreover, let H: X x Y5> CC(Y) and f,: X > X, s€S, be arbitrary
Sfunctions. Then any function ¢: X — Y is a solution of (3.1) if and only if it
Sfulfils the inequalities :

G h(x, Asq’[f,(X)]) < @(x) < by (x, Asq)[fs(X)]) Jor xe X,

where the functions hy: X x Y>> YUu{—ow}and hy: X xYS > YU {+ 0} are
given by (1.5).

Proof. This lemma is a consequence of Lemma 1.2, part (a).

Now we can consider the continuous solutions of double inequality (5.1),
making use of earlier results for equation (3.1).

First we characterize the continuous solutions of (5.1).

THEOREM 5.1. Let X be a Hausdorff topological space and S an arbitrary
set, and let Ye CC(R) be such that X x Y® is a paracompact space. Let h,:
XxYS5Yu{—oo} and hy: Xx Y5 > YU [+ o} be, respectively, an arbitrary
upper and an arbitrary lower semicontinuous, function, with hy < h,, and let
fi: X - X, s€S8, be continuous functions.

Then a continuous function ¢: X — Y is a solution of a double inequality
(5.1) if and only if there exists a continuous function h: X x Y5 Y,
hy < h < hy, such that ¢ fulfils (with h) equation (3.2).
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Proof. This theorem results from Theorem 3.1 and Lemma 5.1, since ¢
is a solution of (5.1) if and only if it fulfils equation (3.1) with an m.v.
function H: X x Y5 —» CC(Y) given by

H(x, Ay = Thy(x, Ay, halx, Asys)] nY.

In the same way, we can easily apply Theorems 34 and 3.5 to the
extension of continuous solutions of (5.1), but we will omit these theorems.

Now we pass to the question of the existence of continuous solutions of
(5.1). It will be assumed that the order of inequality (5.1) is finite, i.c.

(52) h(x, oL (¥],.... 0 L(%)]) < 0(x) < hy(x, o[f; (X)],..., 0 [ (%)]).
We start with a lemma which shows when an m.v. function H: X xY"
- CC(Y), YeCC(R), given by

(53) H(x’ yl""ayn) = [hl(x’ .VI,""yn)a hz(", yla"'ayn)]h Y7
for (x, yy,...,y)€X xY",

fulfils condition (4.3) with a function %.

LEMMA 5.2. Let X and YeCC(R) be arbitrary sets, and let #: [0, oo)*
- [0, o), hy: XxY">Yu{—ac}, hy: XxY"> YU {+ o}, hy < h,, be ar-
bitrary functions.

Then the m.v. function H: X x Y"— CC(Y) defined by (5.3) fulfils con-
dition (4.3), with a metric d(x, y) =|x—y| and a generalized Hausdorfl metric
D in CC(Y), if and only if
(54) there exist subsets I, < X, i =1, 2, such that

B (X, Yisees VEY  for (X, ¥y, ¥ )€l x Y% i=1,2,
[A; (%, ¥i,.c0o ¥l = +00  for (x, yy,.., y)EX\)x Y™ i=1, 2,
and
1By (X, ¥iseees V)= B (X, Frseees Tull < BUYL —Fils--o5|Va—Tl)
Jor (X, yiyees V) (X, iy VdELX Y i=1, 2,

Proof. We prove the necessity only, because the converse easily follows
from Lemmma 1.1 and {rom (1.4).

So let the m.v. function defined by (5.3) fulfil condition (4.3); then, for
every fixed x€ X, the values of the m.v. function H must belong to only one
element of the canonical partition of (CC(Y), D) (see the form of this
partition for Y= R, eg. (1.3), and see also Remark 1.1).

Hence the sets

Ii:={xeX: h(x, y;,..., )€Y}, i=1,2,
are well defined and by (4.3), (5.3), (1.4) condition (5.4) is fulfilled.
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So we obtain our final

THEOREM 5.2. Let X be a Hausdorff compact space, let Ye CC(R) be an
arbitrary fixed set, and let h,: XxY">Yu |-}, hy: XxY">Yu
U l+o!, hy <h,, be arbitrary upper (resp. lower) semicontinuous functions
fulfilling (5.4) with a function #: [0, )" - [0, oc), nondecreasing with respect
to each variable, and let f;: X - X, i=1,...,n, be continuous functions.
Moreover, let there be a function E: [0, c0) — [0, oc) and a positive number t,
such that  is strictly increasing on [0, t,], y(O) <yt <t for t >0 and

x
Y y*(to) < 0, where y is defined by (4.5).
k=1

Then there exists at least one continuous solution ¢: X — Y of (5.2).
Furthermore, for every continuous function ¢,: X — Y and for every continuous
solution @ of (5.2) there exists a sequence of continuous functions @,: X — Y,
k=1,2,..., uniformly converging to ¢ on X and such thar

hl(x’ @y Ul (x)1,..., ¢ [ﬂ.(x)]) S Qe (X) < hz(x, o L1 ()]0, 04 Un(x)])
for xe X and k=0,1,...

Proof. The product X x Y" is obviously a Hausdorff paracompact
space. Moreover, the m.v. function H defined by (5.3) is lower semicon-
tinuous by Lemma 1.2, part (b), and by Lemma 5.2 fulfils condition (4.3).

Hence, by Theorem 4.1, Remark 4.1 and Lemma 5.1, we obtain our
assertion.
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