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Abstract. It is shown that from the fact that a homogeneous problem has a unique trivial
solution it follows that a non-homogeneous problem has a solution in the Colombeau algebra.

1. Introduction. We consider the following problem

(1.0) 2" () + p(t)2'(t) + q(t)z(t) = r(1),
(1.1) z(a) =dy, x(b)=ds, a,b€ER, a<b, dy,ds €R,

where p, ¢ and r are elements of the Colombeau algebra G(R); dy,dy are known
elements of the Colombeau algebra R of generalized real numbers; z(a), z(b) are
understood as the values of the generalized function x at the points a and b,
respectively (see [2], [3]). The elements p,q and r are given. The multiplication,
the derivative, the sum and the equality are meant in the Colombeau algebra
sense. We prove theorems on existence and uniqueness of solutions of the problem
(1.0)—(1.1).

In the papers [3], [10] some linear differential equations with coefficients from
the Coloumbeau algebra were examined. Certain problems from the quantum field
theory lead to such equations. However, these equations cannot be considered
in the theory of distributions, due to difficulties in defining multiplication of
distributions.

2. Notation. Let D(R) be the set of all C* functions R — R with compact
support. For ¢ =1,2,... we denote by A, the set of all functions & € D(R) such
that
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(2.1) [oewmdt=1, [te@t)dt=0, 1<k<q
Next, E[R] is the set of all functions R : A; x R — R such that R(®,t) € C°
for every fixed ® € A;.
If R € £[R], then Dy R(®,t) = L (R(®, 1)).

T dtt
For given ® € D(R) and € > 0, we define ®. by
1 t
2.2 . (t) =-P( - ).
(2.2 (0 =1o(!)

An element R of E[R] is moderate if for every compact set K of R and every
k there is N € N such that the following condition holds: for every ® € Ay there
are ¢ > 0 and n > 0 such that
(2.3) sup | Dy R(®.,t)| <™ if0<e<n.

teK

We denote by Eq[R] the set of all moderate elements of E[R].

By I" we denote the set of all increasing functions « from N into R* such that
a(q) tends to co as ¢ — 0.

We define an ideal N[R] in Expq[R] as follows: R € N[R] if for every compact
set K of R and every k there are N € N and a € I' such that the following
condition holds: for every ¢ > N and ® € A, there are ¢ > 0 and 1 > 0 such that

(2.4) sup | DiR(®,t)] < ce® DN if 0 <e <.
teK

The algebra G(R) (the Colombeau algebra) is defined as the quotient algebra
of Epm[R] with respect to N[R] (see [3]).

We denote by & the set of all functions from 4; into R. Next, we denote by
Eam the set of all the so-called moderate elements of £ defined by

(2.5) Em ={R € & : there is N € N such that for every & € Ay there are
c¢>0, n>0such |[R(®.)| <ce™™if0<e<nl

Further, we define an ideal 7 of Ex¢ by

(26) T ={R € & : there are N € N and « € T" such that for every ¢ > N
and ¢ € A, there are ¢ > 0 and n > 0 such that
|R(®.)| < ce®D=Nif 0 < e < ).

We define an algebra R by setting

R=Eu/T (see [3]).
If R € Em[R] is a representative of G € G[R], then for a fixed ¢ the map

Y :® — R(®,t) € Ris defined on Ay and Y € Epq. The class of Y in R depends

only on G and t. This class is denoted by G(¢) and is called the value of the

generalized function G at the point t (see [3]).

We say that G € G(R) is a constant generalized function on R if it admits
a representative R(®,t) which is independent of ¢ € R. With any Z € R we
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associate a constant generalized function which admits R(®,t) = Z(®) as its
representative, provided that we denote by Z a representative of Z (see [3]).
We put

][y = max [z(t)| + max |2'(t)]

E[a,b} te[a‘7b]
||l = max |z(¢)], where z € C*.
tela,b]

Throughout the paper K denotes a compact set in R.

We denote by R,(®,t), Ry (®) and R ,)(P) representatives of elements p,
xo and x(to).

We say that = € G(R) is a solution of the equation (1.0) if = satisfies this
equation in G(R).

The definition of generalized functions on an open interval (4,B) C R is
almost the same as the definition on the whole R (see [3]). In this paper we shall
prove theorems on generalized solutions of linear differential equations of second
order on R. It is not difficult to observe that these theorems are also true in the
case when the generalized functions p, ¢ and r are considered on an interval (A, B)
such that —co < A <a <b< B < 0.

3. Main results. First, we shall introduce
HyPOTHESIS H.

(3.0)  p,q,r € G(R),

(3.1)  the elements p, g € G(R) admit representatives R, (®,t) and R,(®,t) with
the following properties: for every K there is NV € N such that for every
® € Ay there are constants ¢ > 0 and n > 0 such that

t t
Sup‘ f |Rp(<135,5)|ds‘ <cg, Sup‘ f |Ry(Pe,s)|ds| <c if0<e<m,
tek | tek | 2

(3.2)  the element p € G(R) admits a representative R,(®,t) with the following
property: there is N € N such that for every ® € Ay there are constants
€0 > 0 and v > 0 such that

b
4 :
Lp, @) = [ |Rp(Pe,t)|dt < 5—— —y i 0<e<ep,
: b—a

(3.3)  the elements p, g € G(R) admit representatives R, (®,t) and R, (P, t) with
the following property: there is N € N such that for every ® € Ay there
are constants eg > 0 and v > 0 such that

b b
Lp,q.8) = [ |Rp(®c.t)|dt+ [ |Ry(®e,t)]dt <
a

a

b—a+477

if 0 <e<egg.
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Now we shall give theorems on the existence and uniqueness of the solution
of the problem (1.0)—(1.1). Apart from the problem (1.0)—(1.1), we shall examine
the homogeneous problem of the form

z"(t) + p(t)z'(t) + q(t)x(t) = O,
(3-4) {x(a) = 5(6) =0, aq< b, a,beR.

THEOREM 3.1. Assume that the conditions (3.0)—(3.1) hold and zero is the
unique solution of the problem (3.4) in G(R). Then the problem (1.0)—(1.1) has a
unique solution x in G(R).

Remark 3.1. Let 6 denote the generalized function (the delta Dirac’s gener-
alized function) which admits as a representative the functions Rs(®,t) = &(—t),
where ® € A;. Then ¢ has the property (3.1).

Remark 3.2. It is not difficult to show that the problem
(3.5) Z'(t) = 28" (£)d(t)x(t),
(3.6) z(—-1)=1
has no solution in G(R) (see [10]).

If p, ¢ and r have properties (3.0)—(3.1), then the problem
(3.7) 2" (t) +p(t)2'(t) + q(t)z(t) = r(t),
(3.8) z(tg) =71, a'(to) =72, to€ER, ry,my €R,

has a unique solution x € G(R) (see [10]). Moreover, every solution x of the
equation (3.7) has a representation

(3.9) T =cirpo + 2 + Q,
where g and v are solutions of the problems:
0 (t) + (1)@ () + a(t)po(t) = 0,
(310 DA A
_— { W(E) + PO (1) + alt)b() = 0,
' Y(to) =0, ¥'(to) =1,

() is a particular solution of the equation (3.7) and c¢; and ¢y are generalized
constant functions on R. The solution x is the class of solutions of the problems:

(3.12) 2" (t) + Ry(®, )2’ (t) + Ry (P, t)x(t) = R (D, 1),
(3.13) x(to) = Ry (®), 2'(to) = Ry, (®), ® € Ay (see [10]).

Remark 3.3. If p e C° and if

b 4
(3.14) p= [ [p(t)ldt < - —,

a
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then p has the property (3.2). If p € LL _(R) (i.e. p € L'(I) for every compact
interval I C R) and if p satisfies (3.14), then we put

oo

(3.15) Ry(®,t) = [ plt + cu)®(u) du = (px D:)(1)

— 00

where ® € A; (see [3]). Taking into account that

(3.16)  |R,(®e,1)] ‘ f ‘g ‘R (®.,1) — fp

< [ Ip(t + eu) — p(t)]|@(w)| du,

—00
we conclude that p has the properties (3.1)—(3.2).

Remark 3.4. Let § denote the generalized function defined by
(=)
Joo1@(=t)]dt’
Moreover, let a = —1 and b = 1. Then 6 has the properties (3.1)~(3.2).

Remark 3.5. Let p,q € L{ (R) and let

(3.17) Rs(®,1) = D e A

b b
(318) o) = [ o+ [ @t < 5.
Then p and ¢ have the properties (3.1) and (3.3).
THEOREM 3.2. Assume (3.1)—(3.2). Then the problem
(3.19) 2" (t) + p(t)z(t) = 0,
(3.20) z(a)=z(b) =0, a<b, a,beR,
has only the trivial solution in G(R).

THEOREM 3.3. Assume the conditions (3.1) and (3.3). Then the problem (3.4)
has only the trivial solution in G(R).

Remark 3.6. In the papers [6], [9], [11], [12] under various assumptions
the situation when linear differential equations of second order (with additional
conditions) have only a trivial solution is considered.

4. Proofs. In order to prove Theorem 3.1, we shall prove three lemmas.

LEMMA 4.1. Suppose that all assumptions of Theorem 3.1 are satisfied and let
R, (®.,t) and Ry (P.,t) be solutions of the problems:

(4.1) 0 (1) + Rp(Pe, 1) (t) + Ry(Pe, t)po(t) = 0,
(4.2) pola) =1, ¢pa) =0, @€ A,
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and
(4.3) P (t) + Rp(Pe, )9 (1) + Ry (P, t)3(t) = 0,
(4.4) P(a) =0, Y'(a)=1, &€ A,

respectively. Then there is N € N such that for every ¢ > N and ® € A, there is
n > 0 such that
(4.5) Ry (®.,0) 0 if0<e<n.

Proof. Suppose (4.5) is not true. Then for every N € N there exist ¢ > N
and ® € A, such that for every n > 0 there exists ¢ > 0 with the following
property:

(46) Rq;((I)g, CL) = 0, qu(q)s, b) = 0, Rq,/(<I>5,a) =1.
Let Ry : A; x R — R be the mapping defined by

R\P(Cbat) lfq):q)sa R\I/((I)Eaa):R\I’((I)Eab)Zov
(4.7) Ry(®,1) = Ry (®:,a) =1,
0 otherwise.

Then Rg(®,t) € Epm[R] (because Ry (P,t) € Epm[R]) and Ry & N[R]). Defining
VU as the class of Rg(®,t) in G(R), we conclude that ¥ is a non-trivial solution
of the problem (3.4), which is impossible. Thus (4.5) holds.

LEMMA 4.2. Let all assumptions of Lemma 4.1 be satisfied. Then there is a
number ¢ € N such that for every ® € A, there are ¢ > 0, 1 > 0 such that

(4.8) IRy (®.,0)| " <ee™?  if0<e<n.
Proof. Suppose the lemma is false. Then for every ¢ € N there exists ® € A,
such that for every ¢,n > 0 there exists ¢ > 0 with the following property:
1
(4.9) |Ry (P, b)| < qu’ 0<e<n.
We choose a sequence ®1,...,P,,,... such that &, € A,, and for every ¢,n >0
there exists € > 0 with the following property:
1
(4.10) |Ry (P, 0)| < =™, 0<e<n.
c
Without loss of a generality we can assume that
(411) P, € »Aerrm — Am+1+rm7

where r,,, > 0 and r,, is the smallest number such that (4.10) holds (for fixed m).
We put

(4.12) C={®,.... %pm,...}, =P,

where i denotes the number of different elements of the set {®4,...,®,,}. We
consider the family E of functions defined by

(4.13) E={®p, : ®p,€C,e>0 mi=12..}
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Evidently, ®,,,;. € Apmtr,, — Am+14r,,. Thus, for ¢ > 0 and 0 < n < 1 there
exists 8 > 0 such that

1 .
(414) ’R\I;((I)m7zﬁ,b)‘ < Eﬂl, ﬁ <n.
Now we define a mapping A : A; — R as follows:

1 if®=d,,;, for some m,7and 0 < <1,
(4.15) AP) = and @, ;, satisfies (4.14) for some ¢ > 1,

0 otherwise.
We claim that
(4.16) ANP)Ry (P,0) € T.
Suppose (4.16) is not true. Then for every N € N and « € T there exist ¢ > N
and ® € A, such that for every ¢ > 0 and 7 > 0 there exists € > 0 with
(4.17) |Ry (D2, D)A(D,)| > ce¥ DN,

Let N; be a number such that (4.5) and (4.17) hold and let a(q) = i, where
®, = ®,;. Then

(4.18) M®) =1 (by (4.17))

and

(4.19) D (t) = Ppnip(t) forall t €R,
where Em,i € C. Hence

(4.20) D(t) = @piy(t) and D, € E,

where v > 0 and

(4.21) Pz(t) = Prinz(t), Pmiyz(t) €E ife>0.

Taking into account (4.14) and (4.17), we get

(4.22) %?i’yi > cgt N

where ¢ > 1 and 0 < € < 7. Let ¢ =1 and let € be sufficiently small. Then
(4.23) Nyt s e,

which is impossible. Thus (4.16) holds. Let z = A - ¢, where A denotes the class
of A\(®) in R. Then z is a solution of the problem (3.4) and = # 0 (because
x'(a) = M)’ (a) = X # 0), which contradicts the assumptions of Lemma 4.2.

LEMMA 4.3. Let all assumptions of Lemma 4.1 be satisfied and let d € R. Then
the equation

(4.24) c (b)) =d

has a unique solution in R.



190 J. LIGEZA

Proof. The uniqueness of solution of (4.24) follows from the assumptions of
Lemma 4.1. Now we shall prove existence of a solution of (4.24). To this purpose,
we define a mapping R. : A; — R as follows:

Ry(® )
(4.25) R,(®) = { R@(S{),)b) if Ry (®,0) #0,
1 otherwise.
Applying Lemmas 4.1-4.2, we deduce that there is N € N such that for every
g > N and ® € A, thereisn > 0such that R.(®.) Ry (P:b) = Rq(P.)if0 < e <.
Hence R.(®) € Ea, which implies our assertion.

Remark 4.1. Let ¢ be defined as the class of all elements R.(®) in R defined
by (4.25). Then we shall write ¢ = ¢~1(b)d.

Remark 4.2. It is known that (|¢|)(0) is a non-zero element of R and it is

not invertible (see [2], p. 147). Thus R is not a field.

Proof of Theorem 3.1. The uniqueness of solutions of the problem (1.0)—
(1.1) follows from the assumptions of Theorem 3.1. It is sufficient to show the
existence of a solution. If x is a solution of the equation (3.7), then by applying
(3.9) we get

(4.26) r1=xz(a) =c1 + Q(a)

and

(4.27) ro = x(b) = c190(b) + c210(b) + Q(D).
Hence, by Lemma 4.3 we conclude that

(4.28) a1 =11 —Q(a)

and

(4.29) e = ¢ (0)(r2 — Q(b) — wo(D)(r1 — Q(a))),

which was to be proved.

Proof of Theorems 3.2-3.3. If x is a solution of the problem (3.4), then
(4.30) Ry (®,t) + Ry (D, )Ry (P, 1) + Ry(D, t) Ry (P, 1) = 7(D, 1),

(4.31) Rya)(®) = m(®),  Ruw)(®) =n2(2),
where
(4.32) dec A, neN[R and n,neT.
Hence

b
(4.33) Ro(®@,0) = [ G(t,8)(~Ry(®@, 8)Rur(@, 5) — Ry(D,5)Ro(®,5) + 7(®, 5)) ds
n2(®) — i (P)

P
+m(®) + b a

(t_a)a
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where
t—0b)(s—
(b)(sa) ifa<s<t<b,
(4.34) G(t,s) = AVl
(@=00=5) 4. ycs<n
b—a
Taking into account that
h—
(4.35) sup |G(t,8)| = ——
t,s€[a,b] 4

we have

b _
(4.36)  [|Ro(@t)] < =2

b
(B0, 20| Ra(@-.0)], + [ (@2, 5)|ds)
+ 2‘771(@8)’ + |772((I)e)|

and

b
(437) R (@e, )] < (0, 0, @) R (e, 1)y + [ (7@, 5)] ds
|772(‘1>a)’ + |771((I)6)|
b—a ’
where ¢ is sufficiently small. Relations (4.36)—(4.37) yield

+

b—a+4
(4-38) ||Rz(q)€7t)”1 < fh(p’%@e)HRﬂc(@&t”h + 773((1)5),
where

b—a-+14 b _

(439)  wa(@e) = T [ (@, )| ds + [ (®2)] + 2 (@2)]

{8 P

b—a

On the other hand, R, (®.,t) is a solution of the problem
(4.40) 2" (t) + Rp(Pe, t)2' (t) + Ry(Pe, t)x(t) = (Pe, t),
(441) $(t0) = Rm(q)e,t()), xl(to) = Rx/(@57t0), a<ty<b

and

(4.42) R.(®,ty), Ry (P,tg) € T  (by (4.38), (4.39), (4.41) and [10]).
Thus

(4.43) R.(®,t) € N[R].

This proves Theorem 3.3.

The proof of Theorem 3.2 is similar to that of Theorem 3.3. We start with
the equalities

(4.44) R (®,1) + Ry(®,1) Ry (@, 1) = 7(®, t),
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(4.45) Raya)(®) = m(®),  Rogr) (P) = n2(®),
where ® € A; and z is a solution of the problem (3.17)—(3.18). Applying (4.33)
and (4.36), we can see that

—a ~
(4.46) | R (Pc, 1)]| < I (p, ) || Re(®c, t)]| + 13 (Pe),
where
(4.47) n3(P D, 5)| ds + 2n (Pe)| + [m2(De )|

and ¢ is sufficiently small number.
As in the proof of Theorem 3.3, we conclude that R, (®,t) has property (4.43),
which completes the proof of Theorem 3.2.

5. Final remarks

COROLLARY 5.1. Let assumptions (3.0), (3.1) and (3.3) be satisfied and let
R, (®.,t) be a solution of the problem

(5.0) 2" (t) + Ry(®e, t)2' () + Ry(Pe, t)z(t) = R (P, t),
(5.1) z(a) = Ry, (P:), x(b) = Ry, (P.), P®€ An

(for small e > 0). Then there exists a unique solution x of the problem (1.0)—(1.1)
and x is the class of elements R, (®,t) in G(R).

Proof. It is easy to see that R,(®.,t) satisfies the equality

(5.2) Ry (®.,t) = f G(t,s) ,8) Ry (D2, 5) — Ry(®., 5) Ry (Do, )
Ra,(®:) — Ry, (P,
T Ro(®e,5)) ds + Ra, (8) + 22! 2_ad @)t — a),
where G is defined by (4.34). Using (4.35), we obtain
b—a+4
(5'3) HRac((I)avt)”1 S TI2(pa q, (pe)HRw(q)E’t)Hl + /8((1)6)7

where |3(®.)| < ce= (for small £ > 0). Hence
(55) Rz(q),to),Rw/(Cb,to) € Em

where t( is a fixed point in the interval (a,b). Denote by r; and ry the classes
of R,(®,t9) and R, (®,tg) respectively in R. Then we see that the problem
(3.7)—(3.8) has exactly one solution z in G(R) and z is the class of R,(®,t)
in G(R) (R,(®,t) is a solution of the problem (3.12)—(3.13) too). On the other
hand,

(5.6) R, (®,a) =714, (P), R (P,b) =Ry, (P),
which completes the proof of Corollary 5.1.
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By similar arguments we get

COROLLARY 5.2. Let assumptions (3.0)—(3.2) be satisfied and let R,(P.,t) be
a solution of the problem

(5.7) 2" (t) + Rp(®e, t)z(t) = R (P, ),
(5.8) z(a) = Ra, (®:),  2(b) = Ra,(®:)

(for ® € Ay and small € > 0). Then there exists a unique solution x of the
problem

(5.9) 2”(t) + p(t)z(t) = r(t),
(510) x(a) =d;, ac(b) =ds, a<b, di,ds ER,

and x 1is the class of the element R, (®,t) in G(R).

Remark 5.1. It is known that the algebra £¢(R) of all piecewise continuous
functions on R is not a subalgebra of G(R) (see [3]). On the other hand, if g1, g2 €
C°, then the classical product and the product in G(R) give rise to the same
elements of G(R) (see [4]).

COROLLARY 5.3. Let p,q,r € C*°. Moreover, let 1,79 € R. Then the classical

and generalized solutions (i.e. solutions in the Colombeau algebra) of the problem
(3.7)—(3.8) give rise to the same elements of G(R) (see [4], [10]).

Remark 5.2. If necessary, we denote the product in G(R) by ®, to avoid
confusion with the classical product. To repair the consistency problem for mul-
tiplication we give the definition introduced by J. F. Colombeau in [3].

An element u of G(R) is said to admit a member W € D'(R) as associated
distribution if it has a representative R, (®,¢) with the following property: for
every U € D(R) there is N € N such that for every ® € Ay we have

(5.11) lim _7 Ru(®c, t)U(t) dt = W ().

If v admits an associated distribution W, then this associated distribution is
unique (see [3], p. 64).
COROLLARY 5.4. Assume that p,q,r € L{ (R), d1,d2 € R,

loc

~ 4
1 I —
(5.13) o) <p— 7

x is a solution of (1.0)—(1.1) in the Carathéodory sense, and T € G(R) is a solution
of the problem

z"(t) + p(t) © 2'(t) + q(t) © x(t) = r(t),
z(a) =dy, x(b) =ds.

Then T admits an associated distribution which equals x.
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Proof. This follows from the fact that px ®. — p, ¢*x P, — q, 7P, — r

in L] .(R) (see [1]) and the continuous dependence of x on the coefficients p, ¢

and r.
COROLLARY 5.5. Assume that p,r € L _(R), d1,ds € R,
1
(p) < 5=

x s a solution of the problem (5.9)—(5.10) in the Carathéodory sense, and T €
G(R) is a solution of the problem

2”(t) +p(t) © 2(t) = r(t),

z(a) =di, x(b) =ds.

Then T admits an associated distribution which equals x.

Remark 5.3. Continuous solutions of ordinary differential equations can be
considered in another way (for example, [5], [7]. [8], [11], [13], [14]).
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