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§ 1. Introduction

In 1950, Kakutani and Oxtoby [10] proved that Haar measure on the
circle group can be extended to an invariant, countable additive measure for
which the corresponding £,-space has Hilbert space dimension 2°. The same
result holds for any compact metric group (see Hewitt and Ross [3], § 16).

On the other hand, using the result of Kakutani and Kodaira [11], in
1959 Hulanicki [8] proved that discontinuous characters of the circle group
can be made simultaneously measurable under an invariant extension of
Haar measure. This result was extended by Itzkowitz [9] for connected
compact infinite Abelian groups and by Hewitt and Ross [5] for arbitrary
locally compact Abelian groups by showing that 2%/® characters of any
infinite locally compact Abelian group G can be made simultaneously
measurable under an invariant extension of Haar measure.

In this paper, we generalize the theorem of Kakutani and Oxtoby for
arbitrary locally compact Hausdorff group.

In § 2, we give an extension of a given finite measure space to a very
much larger measure space so that the extended measure has the same
transformation law for a certain class of transformations as the original
measure. The proof is based on the method of Kakutani and Oxtoby, but we
use the terminology of Hewitt and Ross ([3], § 16). The essential difference is
in the elimination of the original version’s topological feature. This makes
possible the use of purely set-theoretic and measure-theoretic devices.

In § 3, using the results of § 2, we extend the Haar measure to a very
much larger measure space on an arbitrary locally compact nondiscrete
Hausdorff group.

In §4, we prove that the Lebesgue measure on the n-dimensional
Euclidean space can be extended to a measure for which the corresponding
2,-space has Hilbert space dimension 2° and this measure is transformed by
differentiable coordinate transformations as the Lebesgue measure.

We shall use the axiom of choice, but we do not use the continuum
hypothesis.

All notations and terms not explained as they occur are as in the
monograph of Hewitt and Ross [3] and [4].

If A is a set we shall denote it’s cardinal nymber by card(A) and it’s
complement by A’. For a function f let dmnf denote it’s domain and let the

multiplicity N(f, y) denote the number of elements (possibly oc) of f~!{y!.



6 Invariant extension of Haar measure

For a topological space X the weight of X is the least cardinal number of an
open basis. The character of a topological space X is the least cardinal
number n for which there is an open basis at x with cardinal number not
greater then n whenever xe X.

Let i be a measure on a set X and let .# denote the o-algebra which is
the domain of pu. The weight of the measure u (or the weight of the measure
space (X, ., p) is the least cardinal number of a basis of (X, .#, p).
A subspace of (X, .#, p) is a measure space (M, Ay, uy) where Me A,
My=1A: Ae M, A= M} and puy is the restriction ol u onto .#,,.
The character of u is the least cardinal number n for which (M, #,,, uy)
has a base with cardinal number not greater then n whenever M e .# and
u(M) < oo. By a Radon measure we mean a measure p, over a locally
compact Hausdorff space X, with the following three properties:

If Vis an open subset of X, then V is u measurable and u(¥)
=sup {u(K): K is compact, K < V}.

If K is a compact subset of X, then u(K) < o0.
If A is a p measurable subset of X, then

u(A) =inof [u(V): Vis open, A = V}.

u measurable functions are considered to be defined y almost everywhere.
We say that f is a u integrable function if and only if f is a u measurable
extended real valued function whose integral is defined (possible — o0 or ).

We remark that if (X, 4, u) is a finite measure space then the weight of
4 and the Hilbert space dimension of the corresponding £,-space are equal,
whenever one of them is infinite. (See Hewitt and Ross [3], (16.12).)

§ 2. Covariant extension of measures

2.1. DeFINITION. A measure g (the measure space (X, #, y)) is called J
covariant measure if and only if there is a set T of mappings v such that each
e T maps a y measurable set into X, and for every te T an extended real
valued nonnegative x measurable function J(t) is defined satisfying the
following property:

(1) The function N(t|A4, y)-is p measurable and
£ J(t)(x)dp(x) = [ N(zl4, y)du(y)
X

whenever Ac.# and 1e T=dmn/J.

If 7 is one-to-one and J (r) is u almost equal to the characteristic function of
dmnt whenever 7€ Tthen the measure u (or the measure space (X, .#, u)) is
called T invariant.
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We remark that if every element t of Tis one-to-one then condition (1)
is equivalent to

(2) r(d)e.# and p(t(4)) = [J(t)(x)du(x) whenever Ae.# and teT
A

Hence if every element t of T is one-to-one then u is T invariant if and
only if

(3) t(A)e A and p(r(A)) = u(A) whenever Ac.#, reTand A cdmnr.

2.2, ExampLEs. 1. Let X = R", u the Lebesgue measure on R", and let T
be the group of all translations of R". Then u is T invariant. In this case,
J(7)(x) =1 for every xeR" whenever teT.

2. Let X = R", u the Lebesgue measure on R", and let T be the set of all
linear mappings of R" into itself. If J(t)(x) = |det 7| whenever xeR” and 7€ T,
then p is J covariant.

3. Let X = R", u the Lebesgue measure on R", and let T be the set of all
continuously differentiable functions * which map an open subset of R" into
R". Let J(1)(x) be equal to the absolute value of the Jacobian of t at x if
xedmnt and O if x¢dmnz. Then u is J covariant.

23. Remark. If (X, .#, p) is a J covariant measure space then we have
for every nonnegative u integrable function f the following formulae con-
cerning transformation of integrals:

(1) For every tedmnJ the function y+— Y f(x) is a p measurable

i xer~ 1)
function and

JI-I@E@dpx=[( Y f(x)duy.
X

X xee 1

This conclusion is obvious in case f is the characteristic function of a u
measurable subset of X. Hence, using approximation with linear com-
binations of characteristic functions, we get it for nonnegative y measurable
functions. For arbitrary u integrable functions we can use the definition of
the integral.

2.4, THEOREM. Let (X, .#, p) a J covariant complete measure space, 0
< u(X) < o0, and suppose that every element of T=dmnJ is one-to-one.
Suppose that there exists an infinite cardinal number w and a subset & of 2%
with the following properties:

(1) card(X) = 2";
(2) card(T) < 2%

(3) card(#) < 2"and for every Ac M, u(A) > 0 there exists a Fe F for which
card(F)=2"and F c A.
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Then there exists a J covariant measure space (X, A", v) with weight 22" which
is an extension of (X, #, ).
Proof. The construction will be carried out in five steps.

I. As the first step we shall give a J covariant extension 4 of u such that
every set A ¢ X for which card (4) < 2" is A measurable and has A measure 0.

Let # be the family of subsets 4 of X for which card(4) < 2". By (3) if
a u measurable set is in Z then it has measure 0. Using the inequality of
Konig, we have that

card(|J 4) <(@)°=2""" =2
=1

whenever A,,A4,,...eZ?.

Let & be the family of a]l subsets Lof X such that for some Me .# the
symmetric difference LAM is in 2. It is easy to verify that & is a g-algebra
and that if we put A(L) = u(M) then A( L) defined unambiguously on .# and
(X, &, 4) is a complete measure space. Finally, we show that 4 is a J
covariant extension of u. Since every element 1 of T'is a one-to-one function,
we have to prove that 7(L)e.# and

[J (@) (x)dAx = A(z (L))
L

whenever Le.¥ and 1eT Let us choose an Me.# for which MA Le2.
Hence (M) At(L)e &, because 7 is a one-to-one function, and so 1(L)e %,

Az (L)) = p(r(M)). Consequently,
[J (@) (x)dAx = _[ J (1) (x)dAx
L

ffu J(7)(x)dix L téM +J (1) (x) dpx
p(t(M)) = A(x(L)),

where &, is the characteristic function of the set M. Equality (1) above can
be proved by using approximation with linear combinations of characteristic
functions.

II. We prove that there exists a family {X,}-yer of subsets X, of X with
the following properties:

(4) card(I') = 2"

(5) The sets X,, yeI' are pairwise disjoint.

(6) If Le# and A(L)> 0 then LnX, # @ whenever yer.
(7) For every subset I'y of I' and for every teT

card(1(U X,)a((X)n(U X)) <2

750 yso
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Let Q be the smallest ordinal having cardinal number 2". Let 4 be an
arbitrary set with cardinal number 2". We may and do suppose that every
element of # has cardinal number 2", Since card (4 x #) = 2", there exists an
£+ (a,, F,) one-to-one mapping of the set of ordinals [a: 0 <a < Q} onto
Ax#. The transfinite sequence F,..., F,,..., 0 < a < contains every
element F of & 2" times. Let us choose a mapping a«+>1, of the set
fa: 0 < a <} onto theset |1x]uTfor which 1y = 15 where 1, is the identical
mapping of X onto itself. For each xe X and each ordinal a < Q let C,(x)
denote the set of points of X that can be written as

1.;11 Orﬁ (x)
where 0< B, <a and g is 1 or —1, k=1,2,...,n and n=1, 2, 3,
Clearly, we have xeC,(x) and for xeX and 0< f8<ua<Q we have
75(Ca (%)) = 15 (X)NC, (x). We also have
card (C, (x)) < max {card (), Ny} < 2"
We shall show that there exists a transfinite double sequence
x5 0<B<a<Q}
of elements of X such that:

xpeF, for 0<B<a<Q;
the sets {C,(x5): 0< f <a<Q} are pairwise disjoint.

If we agree that (y, §) < («, f) whenever y <« or whenever y =a and & < f
(lexicographic ordering), then {(«, f): 0 < B <a < Q} is a well ordered set.
We shall define the sequence {xj: 0 < f < a <} by transfinite induction.
Let xJ be an arbitrary point of F,. Suppose that 0 < f < a < Q and that x}
has already been defined for all pairs (y, §) <(a, f), 0 < < y. Consider the
union D(a, B) of the sets C,(x}) as (y, d) runs over all pairs (y, ) < (a, f).
Then

card(D («, f)) < (card («))?-max {card (a), Ko} < 2"

Since card(F,) = 2", the set F,nD(a, f)’ is nonvoid. Let xj be an arbitrary
point of F,nD(a, fY. Then-C,(x3) is disjoint from every C,(x}), (7, d)
< (a, f). Otherwise we would have

[ & " n
T3 0 ... 0Ty (X5) = T3, O ... 0141 (¥})

where f, €, 8, <y<a, gislor —l,and p;islor —1, k=1,2,...,n, j
=1, 2,..., m. Hence

x5 =15"0 015 075l0... 0Tym(x})eD(a, f)

and this contradicts to the choice of xj
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Now let
I'=!v:vis an ordinal and 0 < v < Q}
and let
X, =UIC,(x): v<a< ), vel

Properties (4) and (5) are obvious. If Le ¥ and A(L)> O then there exists
a Me# for which card(LA M) <2" and u(M) = A(L) > 0. Hence there
exists a Fe # such that F c M. Let L= Bu(MnA’), where card(4) < 2" and
card (B) < 2". Since xjeF and x{eC,(x}) = X, whenever v<a <Q and F,
= F, we have that FnX, has at least 2" elements Hence M and Bu(MnA’)
contain also 2" ele'ments from X, which proves (6).

To prove (7) let I'o =T and teT Suppose that 0<y <® and 7, =1.
Using that

7,(C,(x)) =1,(X)NC,(x) if y<a<Q
and

U X, =U{C,(x%): vel,y, v<a <@},

velg

we have that

8) 7,( U X) A (XN U X)) © UG () ur, (Co(R): veTl,, v<a <y}

velg velg
Because

card(C (xut, (C, (x‘))) < max {card («), No}*

the right side of (8) has cardinal number less'that 2"

III. We shall prove that there exists a‘family {E;};.o of distinct subsets
of X such that

(9) card(®) =2%";
(10) if Te T then with the notations E~! = E', E! =E

card (t( (31 E;’:) A (T (XN (51 E;’:'))) <"

for every sequence {9,}72, of (not necessarily distinct) elements from ©
and for every sequence {e,};>, where ¢, is 1 or —1, n=1, 2,

(11) (n Eg)nL# @ whenever Le &, A(L) > 0;

n=1
19,)a21 is a sequence of distinct elements from @ and lg,)2, is a
sequence where ¢, is | o —1, n=1, 2,
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The proof is based on the following lemma which is a special case of
a result of Tarski ([12], Hilfsatz 3.16):

There exists a family {I'y}s.9 of distinct subsets of I" for which card (©)

=2%" and the set ) I'f,’; is nonvoid for every sequence {8,}% . of distinct

n=1

I3
elements from @ and every sequence {g,\7., withe,=1o0r =1, n=1,2,...

Now let Eg = J {X,: veT,}. (9) is trivial, (10) follows from (7) and from
the fact that the family of all subsets 4 of X for which

card (‘l.' (A)A(t(X)mA)) <2
is a o-algebra. To prove (11) we notice that

E§ oU{X,: vel3} ifeisl or —1,

€L
and hence, if voe Ifg”", then
n=1

(JIE;"": 01 (U{X,: vely}) > X,,.
IV. Consider the family & of all subsets E of X having the form

(12) E=Uppooen ((ké1 EMnL,..)

where n is a positive integer, {3,, ..., 3,} is a finite subset of @, and for each
sequence g, ..., ¢, with g =1 or ~1, k=1,2,...,n, L is an

EfreeanEy

{84y ..., &, Where g, =1 or — 1. Similarly, Z,cl ¢,y Will denote the sum over

.....

all of the distinct sequences 4e,, ..., &,} (n is fixed).
We shall prove that the family & is an algebra of subsets of X, ¥ = &
and if

1
(13) V(E) = E Z(tl.....a,,)'q'(Lel.....z,)

whenever E has the form (12), then v is well defined and finitely additive on
& and v(L) = A(L) for all Le #. Finally, v can be extended to a countable
additive measure (which we shall denote also by v) defined on the o-algebra
4" generated by &£.

First we observe that if E has the form (12) and {3,+1, ..., 9.} is a finite
subset of @ disjoint from {9,, ..., 3,}, then

E= Uu,.....:,,,)((jél E;‘;)ﬁL”,....:,,.)
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where L, . is defined to be L, , ., for all sequences {81, ..y Em} Where g,
=1 or —1 Moreover we have

1 1
—2—;. Zlel,..,.a")A(Lcl.....e,,) = i Z(al.....am}'l(l‘zl ..... zm)'

These observations imply that whenever in the proof we have two sets E and
F in &, we may suppose that E has the form (12) and F has the form

(14) RV ﬂ ES)NK,,....en)

where K, ., € if {g), ..., &} is a sequence of I’s and —1’s. That is, the
sets {9y,...,9,} in (12) and (14) are the same.

It is easy to see that & is an algebra and .# — &. Suppose that E has the
forms (12) and (14), ie, E =F. In this case,

() ELy ., = () EOK

and hence

(15 (Lerran Koy < () ER).

Since the intersection of ﬂ " with any A measurable set having positive 4

measure is nonvoid, the set on the left side of (15) has 1 measure 0. Hence
j'(Lzl ..... e,,) = 'I(Ke‘ ..... e")

and v is well defined on &. Clearly, v(L) = A(L) if Le ¥
We now show that v is finitely additive on &. Suppose that E and F are
disjoint sets having the forms (12) and (14). Then

n
(kol El';’;‘)th1“"'5nnK51""'8n =0
so that

n
’
L“'el....,znnKl:l.....a,, < (kox 8’;) s

and hence the set on the left side has A measure 0. This proves that
A(Lzl.....e,,UKel ..... z,') =4(L 51 ,,)+'1(K .:")’

and hence v(EUF) = v{E)+v(F).
To show that v can be extended to a countable additive measure on A4~
it sufficies to prove that if {E,},%, is a decreasing sequence of sets in & and
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x
v(E,) > a > 0 for some positive number « and p=1, 2, ..., then | E, # .
=1
(See Theorem 13.A, Halmos [2]; the above property implies fmmediately
that v is a measure on the algebra & in Halmos’s sense.) We may suppose that
we have a sequence {8, of distinct elements of ®, a strictly increasing
sequence ln ,)p=1 Of positive integers, and elements L, oty I & for each
sequence {ty, ..., &,} such that P

(16 By = Utpeang () B Ley ).

p
Replacing L., .. by () L, .., , we may suppose that
P g=1 q
a7 Lepowstnyyy © Lepronty,
for p=1,2,... and for every sequence lg,, ..., +l}-.
P
For each p, since

1
v (EP) = EZ“]--WC"PIA(Lel.....cnp) ? x> 01

there exists at least one combination {e, ..., ,,p} such that A(L,,, . )=

By appealing to relation (17) it is then not difficult to see that’ there
exists a particular sequence ¢}~ with g, =1 or —1, n=1,2, ..., such
that

ALy,,.cp) 20
P
for p=1,2, It follows, again by (17), that for this particular sequence

fo YT
ténin=1

and hence
5= (A B0 Layny) = (O BN Liy,) % 0.

This proves that v can be extended to a measure on .47, also denoted by v.
V. We now complete the proof by showing that (X,.4", v) is J covariant

and has weight 2*" Indeed, Eqe& .4 for every 8e® and
V(Es; AEg)) = 1 pu(X)

whenever 8, # §,. Hence (X, 4", v) has weight 2%"
To show that (X, .4", v) is J covariant we have to prove that

(18) t(N)e#" and [ J(r)dv = v(z(N))
N
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whenever e Tand Ne.4" Suppose first that N = E for'some Ee#, that is,
N has the form (12). Then

“B) = Uit () BRI (L)

If we let

we find that
t(E) AEq © Uy (% (,D, E})A(r (X)m(ko1 E3),

and hence card(t(E) A Ey) < 2°. This proves that 1(E)AEoe# = &; hence
t(E)e& and
1
v(z (E)) =v(Eq)= o ZIcl.....z")'q' (T (Lzl.....en))
1
=S Logem | J@dL
Lyyooaty
If we prove that

(19) | fdv=g | S

L
noe E1reent
k n
(kQ lEsk)nLal""'zn

whenever f is a nonnegative 4 measurable function, then we have that

v(t(E) = [ J (t)dv.
E

But (19) is clear if fis the characteristic function of a A measurable set. Hence
we obtain (19) by approximation by linear combinations of characteristic
functions.

Now let # consist of those sets N e 4" which satisfy (18). Since & < 4,
Theorem 6.B of Halmos [2] shows that & = A" if 4 is a monotone class;
that is, if 4 is closed under the formation of unions of increasing sequences
of sets and of intersection of decreasing sequences of sets. It is easy to verify
that # is a monotone class.

25. Remark. The method used in the first step of ‘the proof of
Theorem 24 may be applied if (X, #, u) is a not complete measure space
and £ is the family of all subsets of X which are contained in a u
measurable set of measure 0. This shows that in Theorem 2.4 the measure
space (X, .#, ) needs not to be complete, but we may add to the statement
of Theorem 2.4 the completeness of (X, A", v).
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§ 3. An invariant extension of Haar measure

In this section we give an invariant extension of left Haar measure to a
very much larger measure space on an arbitrary locally compact nondiscrete
Hausdorfl group. The facts used in the proof are summed up in Theorems
3.1 and 3.2.

3.1. TueoreM. [Haar] Let G be a locally compact Hausdorff group. Then
there exists a measure A on G for which

(1) A is a complete Radon measure on G;

(2)if L is a A measurable subset of G and ze G then zL is a A measurable
subset of G and A(zL) = A(L);

(3) if Vis a nonvoid open subset of G then A(V)> 0;

(4) a subset L of G is A measurable if and only if LNnC is A measurable
whenever C is a compact subset of G.

There exists one and only one continuous homomorphism A of G into the
multiplicative group of positive real numbers such that

(5) if Lis a A measurable subset of G and zeG then Lz and L' are
measurable and

A(Lz) = 4(z)- A(L);
ALY ={4(z"Ydiz.
L

The measure A is essentially unique: If A* is another measure with
properties (1)}+(4) then the domains of 1 and A* are the same and there exists
a positive real number ¢ for which A(L) = ¢-A*(L) whenever Lis an element
of the common domain.

The function 4 is called modular function of G. Any measure A satisfying
(1)+4) is called a left Haar measure on G.

3.2. TuEOREM. Let G be a locally compact nondiscrete Hausdorff group
and let (G, &, ) be a left Haar measure space on G. Let n denote the
character of the topological space G. Then n is an infinite cardinal number. If
X is a subset of G which has a a-compact closure X~ then card(X) < 2" and
X as a subspace has weight not greater then n. If X is a 1 measurable o-finite
subset of G with A(X)> 0 then card(X)=2". If 0 <A(X) < 0 then the
subspace (X, Ly, Ay) has weight n, and hence the character of the measure A is
equal to n. .

Proof. n is infinite, because G is nondiscrete. Let V be an open
symmetric neighbourhood of the identity of G which has a compact closure,

and let H= {J V". Then H is an open, closed, compactly generated

n=1
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o-compact subgroup of G. As a conséquence of a theorem of Cech and
Pospisil, card (H) = 2" and the weight of H is n. (See Hewitt and Ross [4],
28.58) If X is a subset of G with o-compact closure X~ then X can be
covered by countable many cosets xH where x€G. Since every coset xH has
weight n and cardinal number 2°, we have that card(X) < 2" and X as a
subspace has weight not greater than n.

Now suppose that X is A measurable, o-finite and A(X)>0. Let X

= U' X,, where X,, X,, are 2 measurable sets with finite 1 measure and
i=0 !
A(Xg) > 0. We may suppose that X, is a Borel set. By a theorem of
Steinhaus the set X,(X5!) contains an open neighbourhood U of the
identity (see Hewitt and Ross [3], (20.17)). Since H is g-compact, it can be
covered by countable many sets xU.
Hence

2" = card (H) € N, -card (U) = card(U)
< card (X (X5 V) < (card (X))? = card (X,) < card (X).

To prove the other inequality let us choose open sets Ug, U,, U,, for
which X; c U, and A(U)< o (i=0,1,..). Since U;nxH is void or has
positive 4 measure for xeG, (i =1, 2,...), we have that U; intersects only
countable many cosets xH. This proves that card(U,) < 2" and hence
card(X) < 2"

To show the last statement let X be a A measurable subset of G with
finite positive measure. First suppose that X is compact. Then X as a
subspace has a topological base % with card (%) < 2". Let

# =l C; nis a natural number, C,, ..., C,c%}.
i=1
Given that 1y is a Radon measureson X, if ¢ > 0 and Me.¥, M c X there
exist subsets C and U of X such that C is compact, U is open in
X, CcMcU and A(UNnC') <&. Choosing a Be# for which CcB<c U,
we have that A(M A B) <eg, and hence # is a base of (X, %y, Ax). Clearly,
card (%) < n.

If X is not compact then let us choose compact sets X, and measure

theoretic bases 4, in X, (n=1, 2, ..)), for which X, < X, A(XnX}) <l It

is clear that # = U A, is a base in (X, Ly, Ay) and card (%) <

Now let # be an arbitrary base of (X, &y, Ax). We shall prove that
card (%) = n. We may suppose that X is compact. If Be # and n is a natural
number then let

Van={x: xeG and A(xBNB)> A(B)—1/n}
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and let
¥ = (Vg BeB, n=1,2,..}.

We shall prove that ¥ is an open base at e, the identity of G. By Hewitt and
Ross [3], (20.17) the function x+ A(xAnA) is continuous on G whenever
Ae.¥ and A~ is compact. This proves that every element of ¥” is an open
neighbourhood of e. Now let U be an arbitrary neighbourhood of e and let V
be an open neighbourhood of e for which V¥~! = U. Since X is compact
and it is covered by the sets Vy, yeG, there exists a y,eG for which

1
A(XNVyy) > 0. Let A= XnNVy, and let n be a natural number such that -

1
< A(A). Let us choose a set Be4 for which A(4 A B) <§. Using the

inclusion
xBNB < (xAnA)U(A A B)ux(A A B),
we have
A(xBNB) £ A(xAnA)+1/4n
and, by
A = Bu(AAB),
we have
A(A) < A(B)+1/8n.
Hence

A(A)—A(xAnA) < A(By—A(xBnB)+1/2n
for xeG. This shows that
Va.an = {x: A(B)—A(xBNB) < 1/2n}

c {x: A(A)—A(xANA) < 1/n}

c {x: A(xAnA) > 0} = {x: xAnAd # O}

=AA" S Wyl V i=VV 1cU.
This proves that ¥" is an open base at e. Clearly,

«card (¥} < card (%) ' Ry

By Hevitt and Ross [3], (11.44) we have that the inequality card (%) < X, is
impossible, because G is nondiscrete and so 4 {e! = 0. Hence card (%) > n.

3.3 THEOREM. Let G be a locally compact nondiscrete Hausdorff group
and A a left Haar measure on-G. Let % dengre the family of the A measurable

2 — Dissertationes Mathematicae CCXXXIIL
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sets, let 4 denote the modular function of G, and let n denote the character of
the topological space G. Then the measure space (G, &, A) (which has by
Theorem 3.2 character n) can be extended to a complete measure space
(G, A, %) such that x% has character 2*" and if zeG, Ke X' then

(1) zKe# and »(zK) = %(K);
(2) Kze X' and x(Kz) = A(z) x(K);

1
-1 -1y
(3) K™'ed and x(K )—,J;_A @ dxz.

Proof. The construction will be carried out in four steps.

I. First we shall give a suitable dissection of G. Let X be an open
symmetric neighbourhood of the identity e of G with compact closure. Let H
denote the open and closed subgroup of G generated by X. Since H is o-

compact, there exist elements y,, y,,...€ H such that ) y,X = H. Let Y,
n=1
a=1
=y, X and ¥, =y, Xn( U Y) for n> 1. Then the sets Y, 13, Ya, are

i=1

disjoint A measurable sets with finite A measure, ) Y, =H and Y, cy,X.
n=1
Let Y be a subset of G containing one and only one element from each
coset xH, xeG. Let {x,: yeI'} be the set of all elements yy,, where yeY
and n=1, 2, Let X, =yY, if x,=yy,. Then {X,: yel'] is a disjoint
family of subsets of G, each X, is A measurable and has finite 1 measure, and
x; ' X, < X for every yer.

1I. We prove that for a subset A of G the following conditions are
equivalent:

(4) A~ is o-compact.
(5) A is contained in a 1 measurable subset of G with o-finite 1 measure.

(6) AnX, # @ is satisfied at most countable many yer.

It is clear that (4) implies (5). If (5) is satisfied then 4 = U A, where each A,

n=1
is contained in a A measurable subset B, of G with finite measure. Clearly we
may suppose that B, is open. Given that H is open, évery coset xH, xeG is
open, and hence if the set xHNB, is nonvoid then it has positive A measure.
Hence B, intersects only countable many cosets. This proves (6). (6) implies
(4), because A is a subset of the closed set |J {xH: xHNA # Q}.

The equivalence of (4), (5), (6) proves that if Ae.% is not o-finite then
AnX, # @ is valid for more than countable many y’s (ye I'), and if Ae & is
o-finite then

AA) =Y AMANX) =Y A(x;}(AnX,)).

yel” yel
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III. Now we give a “local” extension of A using Theorem 24, Let
(X, 4, p) denote the subspace (X, Ly, 1x). Clearly, card(X) = 2". For every
x, yeG let

V., = XnxXy,

Ty,p+ Vx" 1y~1 i Vx.y, Ta,y (U) = Xvy,

*x . . -1
eyt Vox = Vays 13,0 = x07 ' y.

Let T= {1,,, t%,: X, yeG}. We shall prove that card(T) < 2" Since V,, is
an open subset of the locally compact topological space X with weight n
(topologized as the subspace of G), there exist at most 2" different V.
A continuous function mapping V,, into X is uniquely determined by its
values on a dense subset of V, ,. Since ¥, , has a base of cardinal number not
greater than n, ¥, , has a dense subset of cardinal number not greater than
n. Hence there exist at most (2")" = 2"*" = 2" different continuous functions
mapping V,, into X. Given that 7,, and 1}, are continuous functions,
card(T) < 2.

Let J be defined in the following way:

_ {0 if veXn(V-, 1)
) e ={0) e Veryer
_ 0 if veXn(V,,);
(8) J(T:.y)(v) - {A (U_ 1 y) lf vE Vy.x' ¢
Then by 3.1 we have
©) [ I (o) ) dpv = p(zy,,(4))
A
and
(10) [J(e2,) @) duo = u(zt,(A))
A

for all Ae# and x, yeG. This proves that J(t) is uniquely defined on T
since if Te T is represented as t,, or 7%, in different ways, then by (9), (10)
J(t,,) or J(r¥,) should be the same since they are positive and continuous
on the open set dmnt = V and 0 on XnV’. This shows that J is uniquely
defined on T and J(z) is a nonnegative 4 measurable function whenever te T;
moreover, the measure space (X, .#, y) is J covariant. Now let

& = [F: F is compact, F < X, u(F)> 0}.

If Ae # and u(A) > 0 then by p(A) < u(X) < co there exists an Fe F for
which F < 4. Since for each Fe # the set XnF' is an open subset of the
topological space X with weight n, we have card(#) < 2".

Applying Theorem 2.4 and Remark 2.5, we get a J covariant complete
extension (X, A", v) of (X, #, ) with weight 2%
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IV. Finally we extend the measure v to a measure ». Let ¥
=!K: K=G, x; ' (KnX,)e." if yeI'} and
if Ke# and K~ is not g-compact;

'Zv (x; "(KnX,)) if Kest and K~ is o-compact.

vel

It is easy to see that (G, A", ) is a complete measure space and that it is an
extension of (G, &, A).

To show that 3 satisfies condition (1) suppose that ze G and K€" Let
y,0el’, x=x "zx; and y =e. If

N=x;"(Knz ' X,nX,)
then Ne.#", because Ke A", z7' X, e £ < A and Knz~' X, e A" Moreover,
N =x; Y (Knz"' X,nX,)
=x; ' Krxytz7 x, (x, P X )nxy T X,
cxylz ', XnX=x"1Xy InX= Vx-l.y-l'
By the properties of v
xNy = x; Pzxs (x5 L (Knz™ ! X,nX,))
=x;'(zKnX,nzX;)e 4" and v(xNy) = v(N).

Since Xj is o-compact, the closure of zX, is also o-compact, therefore
the set

4,=16: 6el, X,nzX; # O}
is countable. Hence

x; HzKnX,) = x; (U (KnX,nzX})

Jedy

= U %, ' KnX,nzXs)e N

GEA7
for yeI’ This shows that zKe.¥" Moreover,

vix, ' zKnX )= ¥ v(x;l(an“XynXa))=x(sz‘1X,)

6EAY

whenever yeI" Now if K™ is not ¢-compact then zK ™ is not g-compact and

#(zK) = oo = x(K). If K~ is o-compact then zK~ is also g-compact, and
hence

ZKnX,# 0 and 2z '(zKnX))=Knz 'X,# @
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for countable many y's (yeI'). This proves that

x(zK) =Y v(x; ' (zKnX,)) = Y #(Knz" ' X,) = %(K).

yel yel’

Now we show that x satisfies condition (2). Let ze G, Ke X', y, 6el, x
=x;!x; and y =z. Similarly to the proof of (1), if

N =x; ' (KnX,z"'nXj;)
then Ne.#"and NV _ 1y-1 Hence using ‘the properties of v we have that

xNy = x; 1 (KznX,nX;z)
and

v(xNy) = 4(z):v(N).
Given that the set
4,=18: 6el, X,nX,z # O}
is countable, we have that
x; 1 (KznX)eA" il yel
Hence Kze X and
v(x, 1(KznX,) = 4(z) »(KnX,z™")

for yeI’ From this we get (2) similarly to the proof of (1).
To prove (3) we remark that

(11) [ f)dww = [ f(z" ' v)dxv
zK K

whenever zeG, Kef and f: G — [0, c0] is a » measurable function. This
statement is obvious from (1) if f is the characteristic function of a »
measurable set. For nonnegative » measurable functions it can be proved
using approximation by linear combinations of characteristic functions.

Now let KeX', y,0el, y=x;! and x=x; 1. If
N = x; H{KNnX; 'nX,),
then Ne.4" and N = V,,. Hence by the properties of v we have
xN7ly=x YK 'nX,nX; Yed,

vXN~1y)=[4@ ' y)dvw=4d(x; )[4~ ) dw.
N N
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Given that the set
4,=18: 8el, X,nX;'+# Q)
is countable, we have that
x; (K" 'nX,)eA” whenever yeT
Hence K~ 'e# Moreover,

vy (K™ InX) = Y v YK T N X nXG )

dsdy
=Y 4(x; %) | A~ Ydw
ded, x5 l(Kan_ Laxy
= Z A(xd_ 1)' I A(x;v_ l)dﬂw
ded, (Knxy— 1 nXg)
=y f A W= [ A" Y)dxo.
dedy (KX, 1nXy Knx !

If K~ is not g-compact then (K~')~ is not o-compact too and the every-
where positive function 1/4 has integral oo over K. Hence in this case (3)
is satisfied. If K~ is o-compact then KnX,; ! # @ holds for countable many
y's (yeT), and hence

(K™= T % K TX)=F [ @7 )deo = [ 40 dwo. o
K

yel vel KaX, 1

§ 4. Covariant extension of Lebesgue measure

In this section we prove that the Lebesgue measure on the n-
dimensional Euclidean space can be extended to a measure with character 2
and this measure is transformed by coordinate transformations like the
Lebesgue measure.

If f is a function defined on a subset of R” and xeR" we shall use the
notion of the approximative limit of f at x, the approximative upper limit of f
at x, the differential of [ at x, and the approximative differential of f at x
denote by aplim f(z), ap limsup f(z), Df(x) and ap D f (x), respectively. The

zx F At 3
definition and the detailed discussion of these notions can be found in
Federer [1}, 2.8, 2.9, 2.10, 3.1 and 3.2,

The following theorem concerning transformations of integrals is a

reformulation of-Federer [1], 3.2.1 and 3.2.3.

4.1. THEOREM. Let (R", ., A) be the Lebesgue measure space. Let T be the
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family of all functions © mapping a Lebesgue measurable subset of R" into R"
such that

ap limsup w <o if aedmnt

x—a |x—al

where | | is the usual norm on R". If te Tthen let J(t)(x) be the absolute value
of the determinant of ap Dt (x) provided that t is approximative differentiable at
x and is O elsewhere. Then (R", %, ) is J covariant.

Using the general theorem 2.4, we shall prove the following

4.2. THEOREM. With the notation of preceding theorem, there exists a J
covariant complete extension (R", X", %) of (R", &, A) with character 2.
Proof. Let

X={xx=(x,...,x)eR", 0<x<l(i=1,..,n),

M={M: Me¥, McX)

and let u be the restriction of 1 to .#. Let T, denote the set of all
Lipschitzian functions © (see Federer [1], 2.2.7) mapping a Borel subset of X
into X. Clearly, T, c T. Let J, denote the restriction of J to T, and

F ={F. Fc X, F is compact and A(F)>0].

Applying Theorem 24 and Remark 2.5 to the J, covariant measure space
(X, #, u), we get a J, covariant complete extension (X, .47, v) of (X, .#, y)
with character 2°.

Denote by Z" the set of all points of R" with integer coordinates. Let

A ={K:KcR" and (Kn(X+2)—zed" if zeZ";
x(K)= Y v(Kn(X+2)-z) if Kex

ze2ZN

It is easy to see that (R" 2", %) is a complete measure space with character 2¢
and that L A, & A, %% =1 and x4 =v. We shall prove that
(R", X", ») is J covariant.
First suppose that te T, 7 is one-to-one Lipschitzian function and dmnt
is a ‘Borel set. Let A be the domain of t and let
A = AN(X +z)Nt "1 (X +2,)

z1.22

whenever z,, z,eZ". Then the sets 4 are disjoint Borel sets with union A.

Let

2122

Tz, (X) =T(x+2z)—2z, i x€A, ., and z,, z2,€Z".
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Then 1, .,e T,. Hence if KeX then
(T(K)NX +2,))—z; =t (KNt ™ (X +2,))—

=t(Kn( UZ" A21-=1))—ZZ= U (T(KmAzl zz) 2)
1€

:IEZ

= U Tzlzz((KnAzIZZ) Zl)E./i’

ZIEZ

because (KN4, .,)—z,€.4" whenever z, €Z" This proves that t(K)e "

Using the definition of the approximative differential, it is not hard to
prove that the function J(t|B) is 4 almost equal with the product of J(7) and
the characteristic function of B if te Tand Be % From this fact, it follows
that

x(t(K)= Y v(x(K)INX+2z))—2)

zyeZm

v (Tz1-=z (KN4, .00~ 22))

z9€ZM z1eZ"

[ J@(x+zy)dvx

296Z" zye2P K"Azl,zz

if KeX Using approximation with linear combinations of characteristic
functions, it is not hard to prove that

[f)ydvx= [ f(x—z)dex
N

N+z

whenever ze Z", Ne./" and f is a nonnegative A measurable function. Hence

x@T(K)= Y X I J(r)(x)dxx=}[]('c)(x)dxx.

z2€Z" 21€2" Knd,, -,

Now suppose that 7: R"— R" is a Lipschitzian function. By Theorems 3.1.6
and 3.2.2 of Federer [1], there exist disjoint Borel sets 44, 4,, for which
U A; = R", t|A; is one-to-one for i =1, 2, ..., and J(z)(x) = 0 for A almost

all x€A,; that is, 1(4y)e¥ and ).(r(Ao))—O Now, if KeJ then
T(Kndg)e X, x(1(KnAg) =0, and t1(KnA4)e X Thus the function

N(tlK, y) = Z N(t|[KnA4;, y)
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is » measurable, and

| N(IK, y)dxy = i [ N(zIKnA;, y)dry

RN i=0 gn
= i [ T4 (x)dex = i | J(@)(x)dxx
i=0 Knd; =0 Knd;
= [ J (1) (x)daex.
K

Next suppose that t is an arbitrary element of T, and denote by A4 the
domain of 7. By Theorem 3.1.8 of Federer [1], there exist disjoint A

x
measurable sets 4,, A,, for which |J 4; = A4 and 1|4; is a Lipschitzian

i=1
function (i =1, 2, ...). By Kirszbraun’s theorem (see Federer [1], 2.10.43),
there exists a Lipschitzian extension 1;: R" = R"of 7|4; (i=1,2,..). If {,

denotes the characteristic function of A4;, then the functions ¢,,-J (z;), J(z[4))
and &, *J (1) are 1 almost equal. Hence

N@|K, y)= ) N(4inK, y) = 3 N(tl4nK, y)
i=1 i=1

is a » measurable function and
xX.

[ N(K, y)dxy = 3 | N(&l4inK, y)dxy

RN i=1 RN
=Y [N@E@ANK, pdey=3 [ J(1)(x)dxx
i=1 gn i=1 4;0K

I

i f J@ (0)dxx = [J(r)(x)dxx. D
K

i=1 A;nK
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