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1. Introduction

All spaces in this paper are bounded subsets of the plane E2. A compactum
is a compact metric space; a continuum is a connected compactum; a Peano
continuum is a locally connected continuum. A space is said to be rational iff it
has a basis of open sets with countable boundaries. Necessarily, rational spaces
are one-dimensional. A space is said to be scattered iff every nonempty subset
has an isolated point. Scattered separable spaces are countable, and are
classified according to their topological type by the countable ordinals.
Rational spaces which have a basis with scattered boundaries are called
rim-scattered spaces and are classified according to their rim-type by the
countable ordinals. (See Sections 2.1 and 2.3 below for definitions.)

A space X is said to be universal for a class &/ of spaces iff both of the
following condition are satisfied: (1) X € o/, and (2) for each Ye .o/, there is an
embedding e: Y— X. If only condition (2) is satisfied, we say that X is
a containing space for the class .«/.

It is known [13] that for each countable ordinal o > 1, there does not exist
a universal space of rim-type < a. Iliadis [I3, 4] and independently the
authors [MT] proved that there exist universal spaces of rim-type a for each
countable ordinal «, and that there exists a universal rational space. lliadis’
proof involves quotients of subsets of the Cantor set. Mayer and Tymchatyn
use combinatorial partition-matching techniques first developed by Anderson
[A1, A2] for the Menger Curve. The present work is an adaptation to the plane
of the techniques of our earlier paper.

Our main result in this paper is the construction, for each countable
ordinal a, of a planar Peano continuum S, of rim-type «+ 1 which, as we show
in Theorem 4.2, is a containing space for the class of planar compacta of
rim-type < o. This provides an affirmative answer to a question of Iliadis [I3,
Problem 5].

In Section 2 we prove some results on ordered scattered spaces. In Section
3 we study disk partitions of planar rational spaces. In Section 4 we prove the
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main theorem. Our containing spaces may be considered rim-scattered
analogues of the Sierpinski universal plane curve. We conclude in Section
5 with some speculations about a universal planar rational space and a planar
space universal for planar spaces of rim-type < a.

2. Ordered scattered spaces

In this section we construct ordered universal spaces of type « and obtain
some elementary properties of ordered spaces of type a.

Let.A be a nonempty subset of a metric space (X, d). For ¢ > 0, we let
S(A, &) = {xe X |d(x, A) < €}. By Bd(A4) and Cl(4) we denote the boundary
and closure of A, respectively. By Int(4) we denote the interior of 4, namely
A—Bd(A). By |4] we denote the cardinality of A.

2.1. Topological type. Let A be a subset of X. Let A© = 4, let A" be the
set of limit points of A in A4, and for each countable ordinal « > 0, define
ACTD = (A®)D_If o is a limit ordinal, let 4@ = (| {4®|f < a}. We call A®
the derivative of A of order o or the a-derivative of A.

If A is scattered, then for some countable ordinal a > 0, 4 =@. If
A® = @, we say that A4 is of type < o, and write type (4) < a. If « is the least
such ordinal, we say that A is of type a, and we write type (A) =a. If B< A4,
then type (B) < type (A4). If 4 and B are closed sets of type < «, then A L B is of
type < a. A compactum is scattered iff it is countable. A scattered compactum
has type o for some isolated ordinal a. There exist compacta of type a for every
isolated countable ordinal a. A compactum has type 1 iff it is finite and
nonempty. (See [K, MS] for proofs of some of the statements above.)

2.2. Ordered spaces. By an ordered space is meant an ordered pair (X, <)
where X is a space with the order topology induced by the linear order < on
X. If there is no risk of confusion, we shall often suppress the order < and
speak simply of the ordered space X. If « is a countable ordinal, then by saying
X is an ordered space of type < a we mean that X is an ordered space and
type (X) < a. A subset A of an ordered space X is said to be convex iff for all
x <yeA,forall ze X with x <z <y, ze A. If A and B are disjoint subsets of
X and x <y for all xeA and yeB, we write A < B.

A containing space X for a class &/ of ordered spaces is an ordered space
which admits an order-preserving embedding of every member of &. If, in
addition, X e/, we then say that X is universal for the class /.

Let C denote Cantor’s ternary set in the unit interval [0, 1] with metric
d and the standard order. One can prove that C is a containing space for every
countable ordered space. In [MT] it is proved that every compactum of
type < o embeds in every compactum of type «+1, and that for every
countable ordinal «, there exists a universal space of type . We prove next the
appropriate versions of these theorems for ordered spaces.
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2.2.1. THEOREM. For each countable ordinal o, there exists an ordered
compactum C, such that |C®| =1 and C, is a universal space for all ordered .
compacta Y with |Y®| < 1. :

Proof. Let C, = {0}. Let C, = {0} U {n“lneZ—{O}}, where Z denotes
the integers, topologized as a subset of R!. Every ordered compactum of type
1 is finite, and hence, can be embedded in an order-preserving fashion in C,.

Let « > 1 be a countable ordinal, and suppose that C; is defined for each
A<

If o is an isolated ordinal, let

Cu = (Cl X Ca—l)/({o} X Ca—l)

with the order induced by the lexicographic order on C, xC,_;. Clearly,
C® = {{0} xC,_,}.

Suppose that Y is an ordered compactum with Y® = {y}. Then Y®~ ! is
a sequence converging to y. At most one of the sets

{zeY* Piz<y} and {zeY“* V|z>y}

is finite. We suppose that neither is finite. (The other case is handled similarly.)
We may suppose

YO D={y <y ,<.<y ,<..<y<..<y,<..<y,<y}

Then Y = {y} U {nez-10y U, Where the U, are pairwise disjoint convex open
sets such that {y,} = U%™ Y, for each ne Z—{0}. By the inductive hypothesis,
there exists an order-preserving embedding f,: U,—{n '} xC,_,. Then
f: Y= C, defined by

f= U Lu{({0}xC,y)]
neZ — {0}
is the desired order-preserving embedding of Y into C,.

If Y is an ordered compactum with Y@ =@, then Y“ ™V is finite (or
empty). It is easy, using methods similar to the above, to get an order-
preserving embedding of Y into C,.

If o is a limit ordinal, let a, < a, < ... be a sequence of isolated ordinals
converging to o. Let

C,={0}u ) {n'}xC,,
neZ — {0}
with the order on C, given by the linear order on C,,, for each {n™'} xC,,,,
and with (@74, z,)<(p L z) <(s L z)<(rYz)forall p<g<O<r<s
and z;€C,, . Then by an argument very similar to the one above, C, is
a universal space for ordered compacta Y with |[Y?| < 1. =

By the proof of the above theorem, we have the following:
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2.2.2. CoroLLARY. With C, as in Theorem 2.2.1, if Y, and Y, are ordered
compacta of type < o, then there exist order-preserving embeddings e,: Y, - C,
and e,: Y,—~C, such that e,(Y;) < C® and e,(Y,) > C®.

For noncompact ordered, scattered spaces, by way of contrast, we have
the following:

2.2.3. THEOREM. For each countable ordinal a, there exists a universal space
A, for the class of ordered spaces of type < a.

Proof. Let 4y = and let
A, ={xe[0,1]|d(x, C)=n"" for some neZ* = {1,2,...}}.

Then type (4,) = 1, since A4, is discrete. Let D = {x,, x,,...} be any ordered
space of type 1. We observe the following fact about A4,: between any pair
S and T of disjoint, convex, monotone sequences in 4, which have an infinite
subset of 4, between them, there are infinitely many other such sequences.
Hence, there is an order-preserving one-to-one function f: D — A, such that
f (D) meets each monotone, convex sequence in A, in at most one point. Since
D is discrete, f is an embedding.

Let o be a countable ordinal with « > 1 and suppose that 4, has been
constructed for each ordinal 4 <a in such a way that 4, < (0, 1) and
0, 1e(4, v {0, 1})*,

If « is an isolated ordinal, let

Aga—l) — Al
and let

A,=A4,0J{B,,la<b in 4, and (a, b)n A4, = O}

where B, , < (a, b) is order isomorphic to A,_, and a, be(B,, U {a, b})*~ 1.

Suppose Y is an ordered space of type < a, and, without loss of generality,
suppose Y [0, 1]and Y@~V = {x,, x,,...}, a discrete set. For each i, let U, be
an open interval about x; such that for i # j, U;nU; =@, and U; " Yis both
open and closed in Y. Since Y is countable, we may suppose that Y ( J2, U,
Let f: Y®~ D 4, be an order-preserving embedding. Using the techniques of
the proof of Theorem 2.2.1, we can extend f to an order-preserving embedding
g YA,

If « is a limit ordinal, we model 4, on A4,. Let a; < a, < ... be a sequence
of ordinals increasing to o. Let

A, ={A4,x{n} x A, |neZ"}

with the lexicographic order.-

Suppose Y is an ordered space of type < a. Since Y is countable and
y¢ Y@ D for each yeY, there exists a family {U,;}{2; of mutually disjoint,
convex open and closed sets in Y such that type (U) <« and Y = ()2, U,
With the induced order, it is easy to see that the set {U,}2, is a discrete
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ordered space. So there exists an order-preserving embedding f: {U,}2, > A4,.
This function can be used as a guide to construct an embedding g: Y— A, by
letting g (U,) be contained in {f(U,)} x {n} x A,, for some sufficiently large n. m

224, Remark. It is known [IT] that scattered spaces admit scattered
compactifications. In the case of ordered scattered spaces, the situation is very
different. The space A, constructed above has no order-preserving embedding
into any ordered scattered compactum. For if Y is an ordered compactum -
which admits an order-preserving, dense embedding of A,, then there is an
order-preserving mapping of Y onto Cu 4, which is at most two-to-one.
Hence, Y cannot be scattered.

2.3. Rim-type. A space X is said to be of rim-type < o iff X has a basis of
open sets whose boundaries each have type < o, and we write rim-type (X) < o
If a is the least such ordinal, then we say that X is of rim-type a, and we write
rim-type(X) =a. If Bc A, then rim-type(B) < rim-type(A4). A space has
rim-type O iff it is zero-dimensional. A space has rim-type 1 ifl it has a basis of
open sets with discrete boundaries. A compactum has rim-type 1 iff it has
a basis of open sets with finite boundaries. Hence, a compactum of
rim-type < 1 is said to be rim-finite. There exist continua of rim-type « for each
countable ordinal « > 0.

24. Disk partitions. A disk partition % is a finite collection of closed
topological disks in E? such that

(1) U#Ve% and UnV+#©Q implies U Vis a union of finitely many
pairwise disjoint arcs, and
(2) no 3 distinct members of % have a nonempty intersection.

If % is a disk partition and X < ( J% is a compactum such that

3) if xeUn Vn X for some U # Ve, then x is in the interior in Bd (U)
of the arc of U nV containing x,

then we say that % is a disk partition of X. If, in addition, for every Ue%,
type (Bd (U) n X) < « for some countable ordinal « (respectively, Bd (U) n X is
countable), then we say that % is an a-disk partition (respectively, rational disk
partition) of X.

2.4.1. Decreasing sequences of disk partitions. A disk partition % is said to
refine a disk partition ¥ iff every element of % is contained in some element of
¥". For any disk partition %', we define mesh(#7) = max {diam (W)| We #}.
A sequence {#,}{Z, of disk partitions is said to be a decreasing sequence of disk
partitions iff, for all i >0, %,,, refines %, and mesh(%;) approaches 0 as
i approaches oo.

2.4.2. Notation. Let % refining ¥ be disk partitions with Y<  J¥ and
W < %. We adopt the following notational conveniences:
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(1) w(Y)={Uew |UcY}

(2) Bd(#) = J{Bd(U)|Ue#}.

Q) ow = J{W,n W, | W, £ W,e ¥}

(4) The star of Y in # is Star(Y, #) = {We# |Wn Y+ O}.

(5) The boundary of Y in # is Bound(Y, #°) = {We# (Y)|for some
VeWw —w (Y), Vo W# 3}.

(6) The core of Y in # is Core(Y, W)= (Y)—Bound (Y, #).

2.4.3. Topological hull. Let X = E? be a compactum. The topological hull
of X, denoted Hull(X), is the union of X and its bounded complementary
domains (the bounded components of EZ— X).

24.4. Amalgams. A disk partition ¥ is said to be an amalgam of a disk
partition % iff each element of ¥~ is the topological hull of the union of
a subcollection of #. Note that an amalgam of a disk partition is again a disk
partition. We usually denote an amalgam of % by %. A subcollection % of % is
said to be a partial amalgam of %.

2.4.5. THEOREM (see Theorem 2.4.1 of [MT]; also in [IT]). Let X be
a rim-scattered space and a a countable ordinal. Then the following are
equivalent:
(1) rim-type(X) < a.
(2) Every pair of disjoint closed subsets of X can be separated by a closed set
of type < a.
2.4.6. THEOREM. Let X be a planar compactum and o a countable ordinal.
Then the following are equivalent: '
(1) rim-type(X) < a.
(2) For every o-disk partition % of X and every € > 0, there exists an a-disk
partition ¥~ of X such that ¥ refines % and mesh(¥") <.

Proof. That (2) implies (1) is obvious. Assume (1). We will work within
one element of # at a time. Let U e %. We may, without loss of generality, assume
that U is the rectangular disk [0, 1]x [0, 1]. Let € be a partition of U into
rectangular disks of mesh < ¢/2 such that the following conditions are satisfied:

(@) At most 3 distinct elements of ¥ U {Cl(E*—U)} have a nonempty
intersection.

(b) No point of X nBd(U) is a vertex of any element of %.

(c) There are at most finitely many points {y,,..., y,} of U each of which
lie in three elements of ¥ v {CH(E*—U)}.

Since X is one-dimensional, we may assume (by adjusting the cover € slightly
so that rectangular disks become polygonal, but retain the other properties
noted above) that {y,,..., y,} €« U—X.

Remove from each member of ¢ a very small circular open disk E,; about
each y, such that CI(E)n X = J and D— U?=1 E, is a disk for each De¥%. See
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Figure 2.1. Then

k
¢ ={D—|) E;|De¥ and Dn X # O}
i=1
is a disk partition of X n U of mesh < ¢/2, but the boundaries need to be
adjusted slightly. Note that X n U < Int,({ ) Star (X, ¢")).

Let V# We €’ such that Vn W # O. For the moment assume that we may
replace the arc Vn W by an arc A, , with the same endpoints as VAW
arbitrarily close to ¥ Wsuch that type(X n A, ) < «. We can then replace
¥V and Wby two new disks whose intersection is Ay y. By finitely many such
modifications, we arrive at an a-disk partition ¥ (U) of X n U of mesh < e.
Then, using conditions (b) and (c) above, it is easy to see that
¥ ={J{¥ (U)|Ue%} is the required a-disk partition of X.

We now justify the assumption in the above paragraph. Let a and b be the
endpoints of the arc Vn W. Let E be an arc from a to b, contained in Int (V)
except for its endpoints, and let F be an arc from a to b, contained .in Int(W)
except for its endpoints. It is clear we may take E and F as close to Vn W as we
desire. Then {a, b} separates the simple closed curve EU F into two com-
ponents. Without loss of generality, we may assume that En X # @ # Fn X,
Let D denote the closed disk whose boundary is E U F. Note that En X and
F n X are compact and miss {a, b}. By Theorem 2.4.5, there is a compact set
G c X nInt(D) so that type(G) < « and G separates En X from Fn X in
X nD. Now

H=Gu(Int(D)—X)u{a, b}

separates En X from F n X in D. Since D is hereditarily normal, some closed
subset H' of H separates En X from Fn X in D [K, II, p. 155]. Note that
a,beH and H' n X c G. Since H'—(X u {a, b}) c Int(D)— X and G is com-
pact, we may replace H' by a closed set H” < (Int(D)—X)u {a, b} U G such
that H'—G is a locally finite graph (use for H” the boundary of the union of
a locally finite cover by a null sequence of disks of H'—(Gu{a, b}) in
Int (D) — X).
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Since D is locally connected and unicoherent, there exists a closed and
connected subset 4 of H” such that A irreducibly separates En X from Fn X
in D [K, 11, pp. 162 and 244]. Then A is locally connected except at points of G.
Since a continuum cannot fail to be locally connected only at points of
a zero-dimensional set, A is locally connected. Since A4 is an irreducible
separator, A = A, y is an arc from a to b. =

2.4.7. Isomorphisms. Let Y and X be compacta and ¥", and %, disk
partitions of Y and X, resepctively. A one-to-one, onto function ¢,: ¥, >%,
such that for all U, Ve ¥, Un Vs @ iff qol(U')mcpl(V) # O 1s said to be an
isomorphism. Suppose that d¢,: Bd(¥7)—>Bd(%,) is a continuous function
such that for all Ve? |, d¢,|Bd(V): Bd(V)—> Bd(p,(V)) is an orienta-
tion-preserving homeomorphism of Bd (V) onto Bd (¢, (V)) with the property
that d¢, (YA Bd(V)) = X nBd(e, (V). Then we say that d¢, is a boundary
embedding corresponding to ¢,.

Suppose further that ¥, and %, are disk partitions of Y and X, refining
¥, and %,, respectively. Let ¢,: ¥, > %, be an isomorphism such that for
every Vie?, and V,e ¥, V, c V| ifl ¢,(V;) < ¢, (V,). Then we say that ¢, is
an isomorphism with respect to @,.

The following theorem, in various versions, is well-known:

2.4.8. PARTITION-MATCHING THEOREM. Let X and Y be compacta in E?
with {U )2 and {V.}}2, decreasing sequences of disk partitions of X and Y,
respectively. Suppose that for all i, ¢,: ¥, — U, is an isomorphism, and ¢, , is an
isomorphism with respect to @,. Then there exists an embedding ¢: Y— X such
that for every yeY, ¢(y) = ,9‘"‘=1(U @, (Star (y, “I/i))).

2.4.9. Chains, coherent collections, and core refinement. A subcollection
{Uy,..., U,) of a disk partition % is called a chain provided that U;nU; # O
iff i—jl<1, and it is called a circle-chain provided that U;nU; # @ iff
li—jl < lor{i j} = {1, n}. A subcollection ¥ of a disk partition % is said to be
coherent iff for any pair of elements U, Ve ¥, there is a chain in ¥~ with U as
the first element and V as the last element. A subcollection ¥~ of % 1is called
a graph-chain provided that ¥ is coherent, and it is called a tree-chain provided
that in addition ¥~ contains no circle-chain.

If ¥~ is a graph-chain, we call the elements of ¥~ links, and we call those
elements of ¥~ which meet at most one other element of ¥~ endlinks.

Let % refining ¥ be partitions. We say that % core refines ¥ iff for every
Ve v, Core(V, %) is a coherent nonempty subcollection of % (V) such that for
every UeBound(V, %), U n (| JCore(V, %)) # Q.

3. Partition theorems

In this section we prove the theorems which are the principal ingredients
in our proof of the main theorem in Section 4, and we define the combinatorial
properties that suffice to insure that a decreasing sequence of disk partitions
define a containing space for compacta of nm-type < a.
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3.1. PARTITION PuLLBACK THEOREM. Let Y be a planar compactum of
rim-type < o and let D be a disk containing Y. Let # = {B,,..., B,,} for m > 0 be
a (possibly empty, in which case m = Q) collection of disjoint subarcs of Bd (D)
whose interiors in Bd (D) form a cover of YN Bd(D). Let % = {U,,..., U,} for
nz1 be a tree-chain disk partition such that U =% is a disk. Let
% ={Cy,..., C,} be a collection of pairwise disjoint subarcs of Bd (| %) such
that for every i there exists a j such that C; = U;—0%. Suppose also that there
exists an orientation-preserving homeomorphism h. Bd(D)—- Bd(U) such that
h(B;) = C,. Then there exists an a-disk partition ¥~ = {V,,..., V,} of Y such that
U D, v nBd(D)=0, | /B <=|)¥ —03¥, and ¢: ¥ >U defined by
@e(¥)="U, is an isomorphism of disk partitions with the property that

(¥, (U B) = o(V) A (U €)

Proof. Since % is a tree-chain whose union U = UU?J 1s a disk, h extends
to a homeomorphism H: D— U. It follows that ¥ = {H™'(U)}}-, is a disk
partition of D. See Figure 3.1. We modify the boundaries of the elements of ¥
as in the proof of Theorem 2.4.6 to obtain an a-disk partition ¥~ of Y satisfying
the theorem. m

Uy )G

(2
// /
)
al w / 7
// //

7

4 Us

G

Fig. 3.1(a). Disk partition ¥~ of Y con- Fig. 3.1(b). Disk U =%
tained in disk D

3.2, Defining sequences of partitions. Let % refining ¥~ be (a+ 1)-disk
partitions of a compactum X < E? and let # < %.

3.2.1. a-Connected. We say that %" is a-connected iff #” is coherent and for
all U# Ve, f UnV#@Q, then Un Vn X contains an order isomorphic
copy of C, (Theorem 2.2.1). If in addition #” is a chain (respectively, tree-chain,
graph-chain, circle-chain) we say that #” is an a-chain (respectively, a-tree-
chain, a-graph-chain, a-circle-chain). We say that #” is 2-a-connected iff # is
coherent and for all U # Ve#, if UnV+# @, then Un Vn X contains two
order isomorphic copies of C, which lie in disjoint arcs of U n V. By a 2-a-chain
we mean a 2-a-connected chain.

3.2.2. a-Circlelacing. We say that % is a-circlelaced in ¥~ iff
(1) for every Ve ¥, Core(V, %) contains an a-circle-chain 2,
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(2) for every BeBound (V, %), there exists a 2-a-chain €, in % (V) with
one endlink being B and the other endlink in &, and
(3) for B # B'eBound(V, ), ({ ) €p) N (| €5) = 9.

3.2.3. a-Splitting. We say that % a-splits ¥" iff for all U # Ve ¥ such that
UnV#@ and |(UnVn X)?| =2, there exist W,, W,eBound (U, %) and
W,, W, eBound(V, %) such that W,n W, =@ = Wy,n W, and

Wy A Wy 0 X)@] = 1 = (W, A W, X)),

3.2.4. a-Defining sequence. Let X be a continuum in E2. We say that
a decreasing sequence {#%}Z; of (x+1)-disk partitions of X such that
X =, U%i is an a-defining sequence for X iff for all i > 0 the following
conditions hold:

(1) %;+, core refines %,

(2) For all Ue%,, for all V# WeBound (U, %;.,), VhnW=9.
(3) %, is a-connected.

(4) For all Ue%,, %;.,(U) is a-connected.

(5) Ui+, a-splits %, _

(6) %;4, is a-circlelaced in %,

(7) For all U # Ve#, UnV#@ imphes UnV is an arc.

3.2.5. a-Amalgam. Let % be a partial amalgam of an (x+ 1)-disk partition .
. We say that % is an a-amalgam of % iff for all Ue%, % (U) is a-connected.

3.3. a-Circlelacing lemmas.

33.1. LEMMA. Let X be a planar continuum with {% .}, an a-defining
sequence for X. Then for each i, for each j> i, %U; is a-circlelaced in %,

Proof. We proceed by induction on j—i. Suppose that j—i > 1 and
U;-, is a-circlelaced in %,. Let Ue%; and let Bound (U, %;_,) = {B,,..., B,}.
By induction there is a subcollection #" of %;_,(U) such that

w=%ul) %,

k=1

where € is an a-circle-chain and ¥, is a 2-a~chain minimal with respect to

having one endlink in € and the other endlink being B,, and such that for s # ¢,

(J%)n()€)=9. See Figure 3.2.

Let {By»|m = 1,..., n,} be the links of Bound (B,, %) which meet Bd(U)

for k = 1,..., n. Using a-splitting and the fact that %; is a-circlelaced in %;_,
there is a collection #”' < % j(U W) such that -

W =€ u|J{€mlk=1,...,n and m=1,...,n}
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Fig. 3.2. # in U (left) and a magnified view of the part of #” in B, (right)

where:%’ is an a-circle-chain which runs through the length of each %, exactly
twice, and €, is a 2-a-chain in %;(B,) minimal with respect to having one
endlink in ¢’ and the other endlink being B,, and such that for s #¢,
U%ws )%, =3. This proves that #%; is a-circlelaced in %, m

3.3.2. LEMMA. Let X be a planar continuum with {U}{%, an o-defining
sequence for X. Let j>i and let Ue%; Suppose 29, and 2, are disjoint
subcollections of the collection of arcs {B n Bd (U)| Be Bound (U, %)} such that
there are disjoint subarcs C, >\ )9, and C, > |} 2, in Bd(U). Then there are
disjoint a-tree-chains W, and W, in U;(U) such that \ )2, < ()#,
\J2, < U#;, and W, U W, is an a-connected tree-chain.

Proof. The lemma follows immediately from Lemma 3.3.1. See Figure 33. =

G 7

G,

Fig. 3.3

34. Brick PULVERIZING LEMMA. Let Y be a planar compactum of
rimtype < a, v ={V,,V,} a coherent a-disk partition of Y, and
V=Hull(V;uV,). Let X be a plane continuum with {¥}2, an
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a-defining sequence for X. Suppose that %, is an a-tree-chain, and let U = | ) %,.
(Note that U is a disk.)) Let h: Bd(V)— Bd(U) be an orientation-preserving
homeomorphism such that h(Bd(V)~ Y) « Bd(U)n X. Then there exists

(a) an a-disk partition W of Y refining ¥,

(b) an integer j = 1,

(c) an a-amalgam U of U, such that U; refines U,

(d) and an isomorphism ¢: W —>%U,

(e) with a corresponding boundary embedding

d¢p: Bd(#)—>Bd (%)

such that the following conditions are satisfied:

(1) o nBd(V)=0.

(2) For all We#, ¢ (W)nBd(U) contains h(WnBd (V)N Y).

(3) e |Bd(V)nY=h|Bd(V)n Y.

(4) o(# (V) is a-connected.

Proof. Since %, is a tree-chain of disks any two of which meet, if at all, in
an arc, it follows that for all G # H e %, with G n H # O, the endpoints of the
arc G H are in Bd(U).

We may suppose that %, is minimal with respect to containing
o = Star(h(Bd(V) " Y), 4,),
and that .o/ consists entirely of endlinks of %,. (Otherwise, we may replace %,
by a partial amalgam of %,, by the properties of an a-defining sequence.) For
i=1, 2 let
o, =Star(h(BA(V) "V, Y), %,).

Then o = &/, U &,. Since h is an embedding of the compact set Bd (V)N Y,
and h(Bd (V) Y) is a union of the disjoint closed sets h(Bd (V) V, n Y) and
h(Bd(V)nV,nY), by replacing %, by a #, of sufficiently small mesh if
necessary, we may assume that | J o/, n| ), =@.

There exist minimal disjoint arcs F, and F, in Bd(U) with
h(Bd(V)nV,nY)c F, and h(Bd(V)nV,nY)c F,, since h is an orien-
tation-preserving homeomorphism of Bd (V) onto Bd(U). Consequently, for
i = 1, 2, there exists an a-tree-chain 7, = Star(F,, %,) with F, contained in the
simple closed curve Bd(| ) 7)), and 7, is the smallest tree-chain in %, which
contains . There are three cases to consider.

Case 1. 7.n7,=0 and (YT )n(JT)=T,nT, #O, for some
T,eJ, and T,€5,. See Figure 3.4(a). Let

hi: Bd(V)—-Bd () 7)
be an orientation-preserving homeomorphism such that
h BN V,nY =h|Bd(V)nV.nY,
h|VinVy=h|VinV, and h(V;nV) < T nT,—Bd(U).
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|

Fig. 34(b). V, uV, after pullback of 7, and 7,

Let & denote the set of components of V, nV,. For i =1, 2, let 4; be
a minimal collection of disjoint arcs in Bd (U)— d%, whose interiors in Bd(U)
cover I, (Bd(V)nV,nY). We define the collections

%, =€ U{h(E)|Ec8} and &, ={h*(C)|Ce¥,}.

One may check that YnV, V, 4, 7, ¥, and h; satisfy the hypotheses of the
Partition Pullback Theorem (3.1). Hence, for i = 1, 2, there exists an a-disk
partition %; of YNV, and an isomorphism ¢;: #;— 7, such that

U#c V. #inBd()=0, B <c¥W-o,
h(Wn () 8)) = o;(W)n (| €), for all Wew,.

It follows that there is a unique link W. = ¢; '(T)e %", which contains
V,; nV, n Y. Furthermore, we may assume that W, n W, nBd(V) =@, as in
the proof of Theorem 2.4.6.

Let W =W, W, j=1,%;=7,0T, and ¢ = ¢, U @,. Since each of
T, 7, and J, U T, is a-connected, we can construct the required boundary
embedding d¢: Bd(#7)—Bd(#,) as follows: Apply Theorem 2.2.1 to each
GNnHNY for G# HeW with GnHnN Y# O to obtain an order-preserving
embedding into the copy of the universal space C, in ¢(G)n ¢(H)n X these
order-preserving embeddings can then be simultaneously extended to obtain
the orientation-preserving homeomorphism dg. It is easy to check that (a)e)

and (1}+(4) are satisfied. ’
2 — Dissertationes Mathematicae \l\/l/
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Case 2. () 7)) n () 7,) = @. Since %, > 7, U J, is an a-tree-chain, we
can adjoin a cham to 7, to obtain a tree 7 such that the a-tree-chains . and
7, satisfy the condition defining Case 1.

Case 3. 7,n7,# 0. Then 7,7, is coherent because I, U T, is
a tree chain. Let H, be a chain in between the endpoints of the arc F,. Then
1 N T, = #, n H,, by planarity. See Figure 3.5(a). Consequently, 7, n 7, is
a cham Let 7,9, ={H,,..., H,}.
We claim that (Bd(U)nHy)—(F, U F,) # 3. Note that for i=1,2

U 7; = Hull(F, u () #)).

Hence, there is a chain 4 < #, U J#, one of whose endlinks H' is an endlink of
A, the other of whose endlinks H) is an endlink of 3#,, and with H e %. (In
Figure 3.5(a), 4 would be the chain {T,, H,, T,}.)

One endpoint y, of F, is in H] and the other endpoint y, is in H. The
component F' of Bd (U)—(F, u F,) with endpoints y, and y, meets H,,. Let C,,
be an arc in F' n H, which misses the endpoints of F' n H,,. Then C, is disjoint
from H for every He(7,uJ,)—{H,}. See Figure 3. S(a)

T AN

=n
ST

%

N

W [

5 5

Fig. 3.5(a). 7, and 7, overlap in & = {H,, H,}.
As in Case 1, for i=1,2, let h;: Bd(V) —»Bd(U J;) be an orienta-
tion-preserving homeomorphism such that
_ hIBA(V)NV,nY=h|Bd(V)nV,nY,
h\V,AV,=h,|V,AV, and h,(V,nV,)cC,

Let & denote the set of components of V, nV,. For i =1, 2, let €; be
a minimal collection of disjoint arcs in Bd (U)— 6%, whose interiors in Bd (U)
cover h,(Bd(V)n¥,nY). We define the collections

€, =¢,u{h(E)|Ec&} and &, = {h'(C)|Ce¥,).
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Then YnV, V, #B,, 7, ¢, and h; satisfy the hypotheses of the Partition
Pullback Theorem (3.1). Hence, for i = 1, 2, there exists an «-disk partition %
of YNV, and an isomorphism ¢;: #;— 7, such that

U#icV. o#nBdV)=0, B <c|¥—o¥,
h(Wn () B) = o (W)n(|J€), for all Wew,.
It follows that there is a unique link W, = ¢; ' (H,)e #; which contains

Vi 0V, n Y. Furthermore, we may assume that W, n W, ; nBd(V) = @, as in
the proof of Theorem 2.4.6. See Figure 3.5(b).

2.\~
///////\\\\\

Fig. 3.5(b). After pullback and a-circlelacing

Let # =W, u#,. Note that 0#" nBd(V) = G. Note also that ¢, U ¢,
is a function from # onto J,uJ, which is two-to-one on 7, N7,
= {H,,..., H,} and one-to-one on (7, U 7,)—(7; N J,). We must modify the
range of ¢, U@, to obtain an isomorphism.

For i =1, 2, by the a-circlelacing Lemma 3.3.1 and Corollary 2.2.2 (to
obtain conditions (iij) and (iv) below), there exists a j> 1 and chains

={H,,,..., H;,} in an amalgam %;(| ] #) such that the following con-
ditions are satisfied:

(1) %;(H;,) is an a-tree-chain.

(i) H, o0 H, N X contains an order-isomorphic copy of C,.

(i) H,, nH,,,; nX contains an order-isomorphic copy of C,, and
hence, of o7 *(H)n o7 (Hesq) N Y.

(ivy H,,nH,,,,; n X contains an order-isomorphic copy of ¢;'(H,)
Nne; ' (Hys )N Y

(v f He J,—{H,,..., H,} and H n H, # @, for some ke {0,..., n}, then
Hn H;,n X contains an order-isomorphic copy of C,.

i) (U2)n(J2)) < H onH,p.
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For H;, €2, H, = ¢,(W) for some unique We #;; define ¢ (W)= H;,.
For each Te 7,— (7, n.7,), we have T= ¢, (W;) for some unique Wre¥#;
define ¢ (Wy) to be an a-tree-chain in %,(T) such that if T'e 7, — {T} and
T T # @, then ¢ (W;) n T'n X contains an order-isomorphic copy of C,. Let

Ti={oWp|TeT,— (T, nT)} v D,
and let %; = 7y 0 7. Then ¢: W — %, defined as above is an isomorphism.
We now apply Theorem 2.2.1 to construct d¢ as required. That we can
embed V; nV,nY into H, " H, , » X by an orientation-preserving homeo-

morphism is a consequence of (ii). The existence of d¢ then follows from
conditions (iii){v) and the a-connectedness of 7, =

3.5. Construction of a containing space. We now construct a planar Peano
continuum S, with an a-defining sequence of partitions. In Section 4 we will
prove that any such continuum is a containing space for all planar compacta of
rim-type < o.

3.5.1. Standard copy of C,. Recall that C,, constructed in Theorem 2.2.1, is
a containing space (of type «+ 1) for all ordered compacta of type < . We may
suppose that C, is contained as a subset of the Cantor set C in [0, 1] missing
0 and 1. We will call any embedding of C, into a straight line segment [a, b] in
E? by a linear rescaling of [0, 1] onto [a, b] a standard copy of C,.

3.5.2. THEOREM. There is a Peano continuum S, < E? with an x-defining
sequence of disk partitions.

Proof. We construct a sequence {%;}{Z, of disk partitions in E* so that
S,=(\:1{J %, is a Peano continuum of rim-type a+1. See Figure 3.6 for
.a guide to the construction.

S »*
TSNS sal
1S A [
i 10 ] 1
l‘qakil ‘L’c'
ol B 5 a:F
B i
= |Is [ =
RS ]
%4’-; { S
S D

4
7

Fig. 3.6. Bound(U,, %,) shaded
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Let %, = {U,,..., Us} be a circle-chain of polygonal disks in E* such that
U, U,,, (subscript addition modulo 6) is a line segment and mesh (%,) < 1.
In each line segment U, U;,; we embed a standard copy of C,.

For each U;e%,, define Bound (U,, %,) to be a collection of mutually disjoint
polygonal disks in U, such that each BeBound (U, %,) meets Bd(U}) in an arc,
\JBound(U,, %,) nBd(U) « 6%, and

{BABd(U)| BeBound(U, %,)}

is a collection of arcs whose interiors in Bd(U,) irreducibly cover the standard
copies of C, in U;_ynU, and in U,nU;,,. We also require that
mesh (Bound (U,, %,)) < 27!, and if BeBound(U,, %,), B'eBound (U, %,),
and BN B # O, then BnB =BnBd(U)= B nBd (U).

Let €, be a circle-chain of polygonal disks in Int(U;)—{ ) Bound(U,, %,)
such that mesh(%) <27!, |¢,| = 2-|Bound(U,, %,)|, and if C # C' €%, with
CnC # @, then Cn (C is a line segment. We embed a standard copy of C, in
C n C' for each such pair. For each Be Bound (U,, %,), let %, z be a chain of
polygonal disks in Int(U}), one endlink of which is B and the other endlink of
which is some Ce ¥, We also require that mesh(€;5) <27, if C# C' €%,
with CnC' #0, then CnC is a line segment, and for B# B
eBound(U,, %,), | J€¢:sn|)€ip = 0. Let C # C'€%, 5 as above, and sup-
pose Cn C' = [a, b]. We embed a standard copy of C, in each of the intervals
[a, (a+b)/2] and [(a+b)/2, b]. Define

5
U,(U)=%;0()J{%: 5| BeBound (U, %,)}) and %,=\) %, (U).
: i=0
It is clear from the construction that the a-connected, «-splitting, and
a-circlelacing conditions of Definition 3.2.4 will be satisfied by %, and %,.

Assume that %, has been constructed. We construct %, ., inductively by
working within one link U e%; at a time as we did above in constructing that
part of %, that lay in each element of % ,. Some care must be taken to insure
that the o-splitting condition is satisfied. It is easy to check that
S,=()2:1J#; is a Peano continuum with {#;}2, a sequence of
(o + 1)-disk-partitions for S, satisfying conditions (1)}{7) of Definition 3.2.4.
Therefere, {#,}i~, is an oa-defining sequence for S, =

4. Embedding Theorem

In this section we prove that a planar continuum with an a-defining
sequence of disk partitions is a containing space for all planar compacta of
rim-type < a. This provides an affirmative solution to Problem 5 of [I3]. The
heart of the proof is the following lemma:

4.1. LEMMA. Let Y < E? be a continuum of rim-type < a. Let {%;}}- be an
a-defining sequence of disk partitions of a continuum X c E?, ¥, an a-disk
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partition of Y, %, an a-amalgam of U,, and @: ¥ ,—>%, an isomorphism
with a correspondmg boundary embedding d¢p: Bd (¥ )—»Bd (%,). Let ¥ be an
a-disk partition of Y refining ¥|. Then there exists

(a) an a-disk partition W of Y refining V",

(b) an integer j 2 1,

(c) an a-amalgam %; of U; such that %U; refines %, and \ ) U; = U,.
Moreover, there exists

(d) an isomorphism 0: W —4U; with respect to ¢ and

(e) a corresponding boundary embedding 60: Bd (%) — Bd (%) such that 30

agrees with dp on Bd(¥)n Y.

Proof. We define #~ by working on one link of ¥/, at a time. Let Ve ¥
and let U = ¢ (V)e%,. Suppose that ¥ (V) = {V,,..., V,}. We will construct

(a,) an a-disk partition # (V) of VN Y refining ¥ (V),

(be) an integer j(V) 2= 1,

(co) an a-amalgam %;y,(U) of Uy, (U) refining %, (U),

(dy) and an isomorphism 8,: ¥ (V)—%,,,(U) with

(eo) a corresponding boundary embedding 00,: Bd(#  (V))—Bd(%;y,(V))
such that the following conditions are satisfied:

1) oW (V)nBd(V) =

(2) For all Wew (V), V(W)an(U) contains dp (Wn Bd(V)n Y).

(3) 96, |Bd(V)n Y=20¢|Bd(V)nY.

4) 0, (# (v,)) is a-connected.

We induct on n. We may assume that n>2 by decomposing V, if
necessary, into two links as in the proof of Theorem 2.4.6. The base case for
n =2 follows immediately from the Brick Pulverizing Lemma (3. 4) It is
condition (4) that is crucial to the induction.

Suppose n > 2 and that we can carry out the construction for all «-disk
partitions of Y~ V with fewer than n elements. Since Y is connected and ¥ (V)
is finite, it follows by a simple induction that there exist s # te{l,..., n} such
that V,nV, # @ and | J (¥ (V)—{V,, V}) is contained in CI(E*—Hull(V, U V).
Without loss of generality, s = 1 and ¢ = 2. Let ¥’ = Cl(Hull(V; U V,)), and let
V' VYy={V, V..., V. }.

By the induction hypothesis there exists

(a,) an a-disk partition #7'(V) of V'Y refining ¥~ (V),

(b,) an integer j'(V) = 1,

(c,) an w-amalgam %, (U) of %, (U) refining %, (U), and

(d,) an isomorphism 6,: #7(V)—>%;,(U) with

(e,) a corresponding boundary embedding

06y: Bd(#” (V) - Bd (%, (U))

satisfying the analogs of conditions (1)+4) above, namely
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1) ew” (V)nBd(V) =

(2') For all Wew” (V), 0, (W) Bd(U) contains d¢p(Wn Bd(V)nY).

(3) 36y |Bd(V)Nn Y=20¢|Bd(V)nY.

(4) 0y (W' (V") is a-connected.

Now #” (V) does not refine ¥ (V). However, it fails to refine ¥ (V) only
on the pair {V,, V,}. Let K=1{)0,(#" (V). Since by 4), 0, (# (V")
= 7y (K) is a-connected, and since for each We %™ (V'), 6 (W) is an element
of an a-amalgam %;y,(K) of % ;«y,(K), we may assume that %, (K) is an
a-tree-chain. Thus, we apply the Brick Pulverizing Lemma (3.4) to
YoV, {V, V,}, K, and h =86y, |Bd(V’): Bd(V’')— Bd(K). We obtain

(a,) an a-disk partition % (V') of YNV’ refining {V,, V,},

(b,) an integer j(V) = j (V),

(c,) an a-amalgam % i (K) of %y, (K) refining %;.,(K), and

(d,) an isomorphism 6, | % (V'): W (V')— Uy, (K)

(e,) with a corresponding boundary embedding

20, | Bd(# (V")): Bd(# (V') — Bd(%;w,(K))
satisfying the analogs of conditions (1)}{4) above.
We can now define #° (V) refining ¥ (V). Let
(ay) #(V)= ("Ilf’(V) w' (V) oW (V'), and
(€3) Ujoy(U) = (%) (U) = 0, (K)) © U jpv, (K).
We can then define

(d;) an isomorphism 6y: #° (V)% ;y,(U) by setting
Oy = Oy |(W" (V)= (V)0 O, | W (V),
(e;) with a corresponding boundary embedding
00, Bd(# (V))- Bd (%, (V)),
defined by

00, = 06y |Bd (#” (V)—#" (V")) u 80, | Bd(# (V"))

Conditions (1)-(4) are satisfied, except technically %y, (U)—%;w,(K) is an
a-amalgam of %:i'(y‘)(U) and not %;y,(U). This can be remedied by the
technique used at the end of the proof of Theorem 3.4; 6, and 06, must be
modified accordingly, as well.

We conclude the proof by defining the requisite disk partitions, isomor-
phism, and boundary embedding. We obtain '

(a,) # = U{W(Vn Ve,

(by) j=max {j(V)|Ve7,},

(o) %; =) { %@ (V)| VeY},

(d,) 0=J{6,1Ver,}, and

(e,) a boundary embedding 40: Bd(#") —»Bd (%) which is an extension of

Uver, 80, (YA Bd (% (V).
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Again, %, and consequently 6 and 96, must be modified as in the preceding
paragraph. Note that condition (1) implies that #” is a disk partition (no three
distinct elements meet). Conditions (2) and (3) imply that (d) and (e) are
satisfied. Condition (4) is required only in the proof of 4.1. =

4.2. MAIN THEOREM. Let X be a planar continuum with an a-defining

-sequence of disk partitions. Then X is a containing space for compacta of
rim-type < a.

Proof. Suppose a = 0. Every compactum of rim-type 0 is zero-dimen-
sional, so embeds in an arc, and hence, in X. So suppose thata > 1. Let Y < E?
be a compactum of rim-type < « and {%;}7~, an a-defining sequence for X. By
adjoining a null sequence of arcs to Y in the plane, disjoint except possibly for
common endpoints, we may assume that Y is a continuum of rim-type < a. Let
V be a disk containing Y in its interior, ¥, = {V}, and %, = {Hull(|j %,)},
¢@,: ¥;—>%, the obvious isomorphism, and d¢ an orientation-preserving
homeomorphism from Bd(V) onto Bd(#%,).

Suppose we have defined for all k, i >k > 1,

(1) ¥, refining ¥, _, as a-disk partitions of ¥, with

(2) mesh(¥}) < k™1,

(3) integers j, >j,_ =1,

(4) a-amalgams %, refining %;,_, and | J%,, = U@jk_,,
(5) isomorphisms q)k Y.~ U;, with

(6) ¢, an isomorphism with respect to ¢, ;, and

(7) corresponding boundary embeddings

0¢,: Bd(¥})-»Bd(Z,)
such that
00, |Bd (¥, _)nY=0¢,_,|Bd(¥,_)nY.

Let ¥~ be an a-disk partition of Yrefining ¥;_, of mesh < i~! by Theorem
2.4.6. That disk partitions, an isomorphism, and a corresponding boundary
embedding exist satisfying conditions (1}2) and (4)(7) for i follows {rom
Lemma 4.1. We apply the technique at the end of the proof of Theorem 3.4, if
necessary, in order to obtain the strict inequality of condition (3). Thus an
infinite sequence satisfying conditions (1}{7) exists. Condition (3) guarantees
that mesh (#%;,)—0. The Theorem then follows from the Partition-Matching
Theorem (2.4.8). m

5. Universal spaces

In [I3] Iliadis asks whether there exists for each countable ordinal «,
a universal planar space of rim-type < «, and whether there exists a universal
planar rational space. Such spaces are known to exist [MT, I3, I4] without the
planar hypothesis.
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In this section we will construct the Sierpinski universal plane curve as the
intersection of a defining sequence of disk partitions, and we will conjecture
that certain subspaces of it are, respectively, a universal planar rational space
and a universal planar space of rim-type < «. The main stumbling block in
verifying the conjectures is that we are unable to prove the analogues of the
Partition Pullback Theorem for noncompact planar spaces. In particular, we
have been unable to answer the following question:

5.1. QuesTiON. Let Dc E? be a disk and Yc Int(D) a space of
rim-type < a (respectively, rational space). Let a # b e Y. Does there exist an arc
L < D such that type(L nY) < a (respectively, L n Y is countable), and such
that L separates a from b in D?

5.2. The Sierpinski curve. Let % refining ¥ be disk partitions of
a compactum X < E? and let % < %.

5.2.1. Circlelacing. We say that % is circlelaced in ¥ iff

(1) for every Ve , Core(V, %) contains a circle-chain 2,

(2) for every Be Bound (V, %), there exists a chain €, in % (V) with one
endlink being B and the other endlink in £, and

(3) for B # B'eBound (V, %), ({J¥s) (| €5) = 3.

5.2.2. Splitting. We say that % splits ¥ iff for all U # Ve¥” such that
UnV#£Q, there exist W,, W, e Bound (U, %) and W,, W, e Bound (¥, %) such
that W nW, =0 =W,nW, and WnW,nX#D#W,nW,nX.

5.2.3. S-defining sequence. Let X be a continuum in E2. We say that
a decreasing sequence {%,}{, of disk partitions of X such that X = (2, { )%,
is an S-defining sequence for X iff for all i > 0 the following conditions hold:

(1) %,;,, core refines %,.

(2) For all Ue%,, for all V# WeBound(U, %,,,), Vo W=0.
(3) #; is coherent. )

(4) Bd(U)n X is a Cantor set for each Ue%,.

(5) %,,, splits %,.

(6) %,,, is circlelaced in %,

(7) For all U # Ve, UnV#G implies UnV is an arc.

There is some redundancy in these conditions for convenience.

5.2.4. THEOREM. Let X be a planar continuum with an S-defining sequence of
disk partitions. Then X is homeomorphic to the Sierpinski universal plane curve.

Proof. Whyburn [W] characterizes the Sierpinski universal plane curve
as a planar one-dimensional Peano continuum with no local separating points.
Conditions (1)«3) imply that X is a one-dimensional Peano continuum;
conditions (5) and (6) imply that X contains no local separating points. =
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5.3. A conjectured universal planar rational space. Note that the rationals
Q can be embedded densely as a subset of Cantor’s ternary set C by an
order-preserving embedding. Let S be a plane continuum with {%}Z, an
S-defining sequence of disk partitions for S. Let %, = {W}, where Wis a disk
containing S in its interior. For each i > 1,foreach U # Ve %, withUnV# O
and Un VN Bd(%;-,) = O, choose an embedding Q, ,, of Q as a dense subset
of the Cantor set U ¥VnS. Otherwise, let @, , = J. Define the space

X=5-0@%-U{QuyIU, Veu}).
i=1

From each boundary set U n V' S, we have removed the complement of
Qu.v- Thus, the elements of the closed cover {X N U|Ue%,;} of X have
countable boundaries. The resulting noncompact space X is easily seen to be
a connected, locally connected planar rational space with no local separating
points. We conjecture that it is universal for all planar rational spaces. In fact,
one might conjecture that any connected, locally arcwise connected planar
rational space with no local separating points is a universal space for all planar
rational spaces.

5.4. A conjectured universal planar space of rim-type < o. Note that the
universal ordered space A, of type a (Theorem 2.2.3) can be embedded as
a subset of Cantor’s ternary set C < [0, 1] by an order-preserving embedding.
Let S and {#,}2, be as above. For each i > 1, for each U # Ve %, with
UnV#Qand UnVnBd(#,;_,) =9, choose an order-preserving embedding
A, uv of A, as a subset of the Cantor set U n Vn S. Otherwise, let 4,y = 9.
Define the space

Cs

@u,—\){Asuv|U, Veu}).

a

X,=8-

i=1

The resulting noncompact space X, is easily seen to be a connected,
locally connected planar space of rim-type a. We conjecture that it is universal
for all planar spaces of rim-type < a.
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