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Abstract

This thesis is concerned with the problem of determining a measure of algebraic
independence for a particular m-tuple 8,,...,0,, of complex numbers. Specifically, let K
be a number field and let f,(2),..., fm(z) be elements of K[(z]] algebraically independent
over K(z) satisfying equations of the form

(+) L) =) fil@ai(z) +5(z)  (1=1,...,m)

for b > 2, aij(2), bj(2) in K(z). Suppose finally that a € K is such that 0 < |a| < 1,
the fj(z) converge at z = a and the a;;(2), b;(2) are analytic at z = o,ab,ab’,... Then
the 8; = fi(a) are algebraically independent numbers. This was essentially proved by
Yu. V. Nesterenko for particular system (+). He gave an ineffective measure of algebraic
independence. The purpose of this thesis is to determine an effective measure of algebraic
independence for the general case. In certain cases the estimate obtained implies that
(61,...,8m) has finite transcendence type in the sense of S. Lang.
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1. Introduction

§ 1.1. Algebraic independence

This thesis is concerned with transcendental numbers and more gener-
ally with algebraic independence of complex numbers. A complex number
« is said to be algebratc if there exist rational integers ag, ay,...a, not all
zero such that

apa™ + a0 1 +...4a,=0.

If the number « is not algebraic it is said to be transcendental. Some exam-
ples of transcendental numbers are the following:

(1) o202, 27" (Liouville, 1826).

(2) e* for a a nonzero algebraic number (in particular e = e is tran-
scendental and = is transcendental since e™ = —1 (Lindemann, 1882).

(3) 102, a?", a algebraic, 0 < |a| < 1 (Mahler, 1926).

Before going any further we recall the following standard notation. The
ring of rational integers is denoted by Z and Q denotes its quotient field.
The algebraic closure of @ is denoted by @, and is considered as a subfield
of the field C of complex numbers. If 7 is a ring, for example, ¥ = 7 or
F = C, then F(zy,...,z,] denotes the ring of polynomials in the indeter-
minates zy,...,Z,, and 7{[z...,Zm]] denotes the power series ring in the
indeterminates zi,...,Z,,. If ¥ is an integral domain then ¥[z1,...,Zm] is
an integral domain and its quotient field is written as #(z,...,z,). Again
if 7 is an integral domain then 7|[zy,...,Zx]] is an integral domain and its
quotient field is written as 7((z,,...,zm,)). Notice that if 7 is a field then
7(2) = U o =~ 7[[2]).

If P€Z[z,,...,2,)], the maximum of the absolute values of the coeffi-
cients of P is called the height of P and written as H(P). The degree of P,
defined only for P # 0, is written as deg P.

The definition of transcendence may now be phrased as follows. If a is
a complex number then a is transcendental if

P(a) =0 implies that P =0
for a polynomial P € Z|z|.

1985 Mathematics Subject Classification 11J85



6 Algebraic independence for a class of functions

The previous definition may be generalized. Let a,,.. ., a, be m com-
plex numbers. Then a,...,a., are algebraically independent if

P(ay,...,am) =0 impliesthat P =0

for a polynomial P € Z[z,,...,Zm|. Some examples of algebraically inde-
pendent numbers will now be given.

(1) e=,...,e*™ where a;,...,a, are in Q and linearly independent
over Q (Lindemann, 1882).

(2) o?, of” where a € Q, a # 0,1 and # is a cubic irrational (Gel’fond,
1949).

(3) f(e), f'(a),--., f™ U (a) wherea € Q, 0 < |a| < 1, m > 1, and
f(2) =322, %" with k > 2 an integer (Mahler, 1930).

It will be necessary to generalize the above definition of algebraic in-
dependence even further. Let k, K be fields with k¥ C K. Then elements
ap,...,a;, of K are said to be algebraically independent over k if

P(ay,...,am)=0 = P=0

for any P in k[z,,...,2m). Note that for K = C, k = Q this reduces to the
above definition of algebraic independence of complex numbers since we can
always clear denominators. In this thesis another important special case is
when k = C(z) and K = C((z)). As usual C((z)) is the field of formal Laurent
series in z with coefficients in C.

Some examples of elements of C((z)) algebraically independent over C(z)
are the following

(1) e==,...,e** with ay,...,a, complex numbers linearly indepen-
dent over Q.
(2) f(2),...,f(m~1)(z) where m > 1 is an integer and

flz)=>_z*"

with k > 2 an integer (Mahler, 1930).

If a,..., a,, are algebraically independent over Q we know that
Play,...,am)#0
for any 0 # P € Z[z1,...,Zm). A measure of algebraic independence for
ay, ..., 0, is an explicit function f(D, H) such that

|P(a1"'-;am)l2 f(D,H)>0

for any 0 # P € Z[zy,...,z,,) satisfying deg P < D, H(P) < H with
D H>1.

Some examples of algebraic independence measures will now be given.
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I. E-functions satisfying differential equations. We refer to [La2] for
the definition of an E-function: it is an entire function whose Taylor ex-
pansion at z = 0 has coefficients in a number field k with certain growth
properties. Suppose that fi(z),..., fm(2) are E-functions algebraically in-
dependent over C(z) satisfying

d%f,-(z) = Za.;(z)f;(z) +hi(z) (1<si<m)

with a,;(2), b;(2) in K(z). Let a € K be such that a # 0 and « is distinct
from the poles of the a,;(z), bi(z). Shidlovskil established that subject
to the previous conditions the 8; = f;(a) are algebraically independent.
S. Lang (1962) refined Shidlovskil’s work to establish a measure of algebraic
independence for #; of the type

In|P(6y,...,0m)| > —¢(D) —cD™InH

for0#£ P€Z[z;,...,2,n) withdegP< D, H(P)<Hand D>1,H >1.

Here the constant c is independent of D and H, but ¢(D) is allowed
to depend on D. It is interesting to note that while ¢ can be explicitly
computed in terms of 0y,...,0,,, the function ¢(D) at present cannot be.
Nesterenko recently showed that one may take

#(D) < exp(rD*™In(D + 1))

with 7 independent of D and H. However, r remains ineffective in the sense
mentioned above (but see [Br] for the latest developments).

II. Functions satisfying functional equations. This is the main topic of
the present work. Let K be a fixed algebraic number field. Let fy(z),...,
fm(z) be elements of K|[[z]] algebraically independent over K (z) satisfying
(¥) () =) aii(2)fi(z) + b5(z)  (1<j<m).

=1

Let a € K be such that 0 < ja| < 1, the f;(2) all converge at z = a and
the powers a, a®,a’”, ... are all distinct from the poles of the a;;(z), bi(2).
Put 8; = fi(a) (1 <i < m).

For m = 1 the work of Galochkin [G] implies the transcendence measure
In|P(0)| > -¢(D) —e¢DIn H

for 0 # P € Z[z] where § = fi(a), degP < D, H(P) < H. Here c is
effective. W. Miller ([M1], [M2]) shows that for m =1

In|P(6)| > —cD*(D? + In H)

and determines explicitly the constant ¢ that appears there.
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In his paper [Ne4], Nesterenko shows that for arbitrary m > 1 subject
to the hypotheses of () the 8; = f;(a) satisfy

In|P(61,...,0m)] > —4(D) ~ cD™In H .

Actually, he considers only diagonal matrices in (%) but an examination of
the proof shows that this hypothesis is unnecessary. In fact, by using zero
estimates and building on the work of Nesterenko it will be shown that
subject to the hypotheses of (x}:

THEOREM 5.2.2.
In|P(6y,...,0m)] > —exp(¢D™) - ¢D™In H
for some effective constant c.

THEOREM 5.2.3. If the matriz [a;;(2)],<; j<pm in (%) is upper triangular
then ST

In|P(f1,...,0m)| > —cD™(D*""" +1n H)
for some effective constant c.

In both these theorems it is understood that 0 # P € Z[zy,...,Z.y]
satisfies deg P < D, H(P) < H, D > 1 and that §; = fi(a) (1 < ¢ < m).
(Actually D > 0 suffices.)

It is interesting to note that one may find, by means of Theorem 5.2.3,
m-tuples 8y, ...,8,, of complex numbers for arbitrary m > 1 of finite tran-
scendence type. Here we adopt the definition of Serge Lang ([Lal], p. 51).
We define 8,,...,0,, to be of finite transcendence type if

In|P(81,...,0m)| > —c(D+1n H)”

for constants ¢, > 0 and all nonzero P € Z|z,,...,z,] with H(P) < H,
deg P < D.

For m = 1 there are many known examples. For instance e, 7 are
separately of finite transcendence type and by W. Miller’s result if m =1
in (*) then #; = fi(a) is of transcendence type < 4. For m = 2 it was
established by Chudnovsky in some work of his on elliptic functions ([Ch])
that =, I'(1/4) for example are of finite transcendence type. To construct

m-tuples 04,...,0,, of finite type one may take
oo
g(z)=) 2",
n=0

fi(z) = 9" (2) = ;:.-__llg(z) (1<i<m)

and a any algebraic number satisfying 0 < |a| < 1. Theorem 5.2.3 applies
and the 8; = f;(a) (1 < ¢ < m) are of finite transcendence type < 2™+! + m.
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Finally, note that functional equations of the type (*) are related to the
concepts of regular sequence and finite automata. For a discussion of this,
see the survey article in [L]. Further references are given there.

§ 1.2. Notation and some estimates

In this section some of the notation used in the later chapters will
be introduced. For the most part this rnotation is standard and is used
frequently throughout transcendence theory.

Recall that the algebraic closure of @ is denoted by @ and is considered
as a subfield of the field C of complex numbers. If a € Q then « is a root
of some polynomial F(z) € Z|z| of positive degree. If the degree of F(z) is
minimal and F(z) is primitive we call F(z) the minimum polynomialof a. In
this case F(z) is necessarily irreducible and is a divisor of any polynomial T
for which T(a) = 0. If F(z) has leading coefficient +1 we call a an algebraic
integer. If « satisfies any monic polynomial then « is an algebraic integer.
The algebraic integers form a ring. If a is the leading coefficient of F(z)
then |a|a is an algebraic integer. The smallest positive integer d such that
da is an algebraic integer is called the denominator of @ and written den a.
It is easy to show that if F(z) = a2+ ...+ ag is the minimum polynomial
of a then

(1) den « divides into ay,
(2) a, divides into (den a)¥.
To show (2) for instance B = da is an algebraic integer where d = den «
and B satisfies the monic polynomial
g
Z 1 9t
a, d'a; iz
=0
soa;ld'a;_;€Z (0<1<yg). Let 1=37_cia;_; with ¢; € Z. Then
g
a;ldg = Zc.- (a;lfag_;) i tel.
1=0

The size of an algebraic number will be defined next. If o« € Q@ we define
the size of a to be

&l = max |a*)]
1<4<yg
where al!) (1 < 1 < g) are the conjugates of e, that is, they are the roots
of the minimum polynomial of a. These conjugates are precisely those
complex numbers of the form o;a for s = 1,...,g where {0,...,0,} is the
set of Q-monomorphisms of Q(a) into Q.
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Notice that if 0 # a € Q then
max (den (a™?), [a1] ) < (max(dena, [al ))??
where g = [Q(a) : Q|. To see this notice that if
F(z) = agz? + ...+ ag = ag{z — aM) ... (z — al9)
is the minimum polynomial of a then
G(z) =aoz! + ...+ a, = ag(z — (@)™ Y)...(z ~ (a!)™Y)
is the minimum polynomial of a~!. Since

a9

G~ =
|(c | a0

1| < |ay|ran o-*
J#S

< (dena)?lal ¢~ ! < (max(den o, [al ))**

then la~!! < (max(dena,lal))?? follows. The other inequality to be
proved is left to the reader.
The inequalities

a-fl <tal[fl, fa+pl <@+

for a, § in Q are obvious.

If a,...,a; € Q, we define the denominator of a;,...,a; to be the
smallest positive integer d with the property that da, is an algebraic integer
(1 < ¢ <t). Notice that any other integer with this property must be a
multiple of d. Such an integer is called a denominator of a,,...,a;. If
f € Q[z,,...,z;] define den f to be the denominator of the coefficients of
f. Define m to be the maximum of the sizes of the coefficients of f. With
these definitions, it is not difficult to establish the following inequality.

Ifal,...,at € Q, 0 ?é f S Q[Il,...,ﬂ:t] with

deg,, f<k, (1<v<t) and f=f(o1,...,a)€EQ
then

(@) 18] < 271 [T,=y max(2, a1,
(ii) (den f)T1’_,(dena,)* is a denominator of 8.

Indeed,
k) ke ky ke ) ‘
L 3 1 1 2
B = E E a;, . i,0a)...a; where f= E E Gi, . i TV ... Ty
+,=0 1¢=0 ;=0 1¢=0

and a denominator of 8 is

(den f)(den a;)** ...(den ay)¥t ,
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proving (ii). Also

k1 ks
Bl < S5 A A
v, =0 14 =0
where A, = max(2,[a,]) (1 < v < k), which proves (i). These estimates
will be used in Chapter V.

Finally, we introduce some notation. For a polynomial P€Clz,, ..., Tn]

the height H(P) is the maximum of the absolute values of the coefficients
of P. For P,Q € C[[z1,...,Zm]] we write

Px<Q@
to mean
P=) a6y i gy T, Q=) by s 2y ...zip

with |a;, . 5,.| < b, . forall¥y,...,¢, > 0. In particular this notation is
to be used in the special cases when P, Q are both in C[z,,...,z,] or both
in C|(]].

With the above representations of P, Q@ we write
P« Q

to mean that [a; ;] <b;, 4 forallsy,...,in >0.
If I' is a ring and m, n are positive integers we denote by M,,,(T) the
set of all m x n matrices with coefficients in T'.

Finally, if K is an algebraic number field we denote by Ox the ring of
integers of K.

I1. Formal series

§ 2.1. A class to which the solutions belong

In this section we introduce a class of formal Laurent series § and show
that solutions E(z) of

E(z) = E(z")A(2) + B(2)
with
A(z) € My (K (2)) nonsingular,

B(z) € Mim(K(2)),

E(z) € Mim(K((2))
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are necessarily in My,,(§). Here K is a fixed algebraic number field and
b > 2 an integer. This will be useful for simplifying the hypotheses needed
for the Theorems of Chapter IV.

Let K be a fixed number field and R = K|[[2]|| be the ring of formal
power series with coefficients in K, and let ¥ = K((2)) = Up>, z " K[[2]]
be the quotient field of R.

We define the subset G(c,C) of 7 to be the set of all f(z) = Y c.2#
for which

(1) fea] <cC* (=0,1,2,...),
(i) ¢Ckc, € Ok (4=0,1,2,...).
Here Ok denotes the ring of algebraic integers of K and ¢, C are positive
integers. Now define

:GG (c,C)C 7.

LEMMA 2.1.1. G 1s a subfield of 7.

Proof. It is easy to see that G is a ring; the proof will be left to the
reader. To prove that it is a field it must be shown that if f # O isin §
then f~!isin §. For this we can evidently suppose f is in R and f(0) = 1.
Now f =1+ g for

§<<KG=cC+cC*2*+...=cCz/(1 - C2z)
so
fFl=1l-g+¢’-... <<14+G+G*+...=1/(1-G).
Since
1 c 1

1-G  (c+1)(1-(c+1)Cz) T
property (i) follows immediately for 1.

As for property (ii), we merely note that f(cCz) = 1+ h for h in
z0k|[2]]. Therefore 1/f(cCz) is in Ok/[[2]], and (ii) follows easily.

COROLLARY. § contains K(z).

THEOREM 2.1.1. Let A(z) € Mpm(G) and B(z) € Mym(G) be such
that E(z) in My,,.(F) satisfies the functional equation
(2.1.1) E(z) = E(")A() + B(:)
for some integer b > 1. Then E(2) 1s in Myn(G).

Proof. Suppose this has been proved in the special case when E(z) €
My (K([2]]), A(2) € Mpmm(K][[2]]) and B(2) € My (K{[z]]). The general
case can.be deduced from this.
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Pick n > 0 such that
_ n(b-1)
A(2)==2 A(2) € My (K[[2]}) -
Write
z27"E(z) = Z ezt and E\(z)= Z ez

" p20

so that F(z) = z7"E(z) — E,(z) € M1,.(G) by the Corollary of Lemma 1.
Then (2.1.1) can be written as

(2.1.2) E,(2) = Ey(2°)A,(2) + By(2)
where
(2.1.3) B,(2) :z‘"ﬁ(z)+£(zb)él(z)—ﬁ(z).

From (2.1.2) we see that B,(z) is in My,,(K]{[z]]) and from (2.1.3) it is in
Mim(G). Tt follows from the special case above that E,(z) is in M1,,(9).
Therefore E(z) = 2" (E,(z) + F(z)) is also in M1,,(§).

We may therefore assume that E(z) € Min(K[Z]]), A(z) €
Mam(K|[2]]) and B(z) € Mim(K[[2]]). We may write N

o0 [e o] Lo o]
E(z)=) e,z*, Al2)=) au*, B(z2)=) bz*.
#=0 u=0 #=0

For a matrix A with entries @ we write | Al for the maximum of the al.
Since the entries of A and B are in § we can suppose that

(2.14) [g,] <<C*, [6,] <cC*  (n>0)
(2.1.5) cC”’gM € Mpum(0k), CC"'Q“ € Mym(0k) (u=>0)

for positive integers ¢, C. We have to prove that there are positive integers
e, E such that

(2.1.6) [e,] <eE*  (p2>0)

(2.1.7) eEte, € M1 (Ok) (u>0)
To prove (2.1.6) we choose E such that

(2.1.8) E > 2C?,

(2.1.9) E > 3me,

and then choose e so that (2.1.6) holds for 0 < u < b. We verify by induction
on p that (2.1.6) holds for all > b.
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Suppose now that 4 > b and that (2.1.6) holds with 0,1,...,p — 1 in
place of u. The equations (2.1.1) may be written as

M
(2.1.10) eu=) en, ,+b, M=[u/b.
=0
Since M < p we can use (2.1.6) in (2.1.10) to get
M M
(2.1.11) [e.] < ZmeE"cC“"’—f—cC“:C"mec Z(E/C")-i—cC".
v=0 v=0
By (2.1.8) we have
M
> (E/Ch)Y < 2(E/CM < 2(E/CP)#/* = 2c~#EH/
V=0

and
c* < (E/2)Hb < E¥/®,
Putting these into (2.1.11) we find that
’m < 3mecE*/®.

But z > b and so /b < p — 1, and using (2.1.9) the above reduces to the
desired inequality (2.1.6).

The inequality {2.1.7) can be proved in a similar way using nonar-
chimedean valuations. This time choose E so that

(2.1.12) C*® divides into E,

(2.1.13) ¢ divides into E,

and then choose e so that (2.1.7) holds for 0 < u < b. Therefore for any
nonarchimedean valuation | | on K and with the obvious extension to ma-
trices we have from (2.1.5)

la,| < leHICTH¥, Bl <le7MCTH (w20)
and
e < lIET (0 <p<d).
Using the same inductive scheme we get from (2.1.10)

Igp.l < max{og;llast |e_1“E_1|"’|c_1”0—ll#—vb’ |C_1HC_1|“}

= le"lc_1||C'1|“oga<§l (IE~ch)”) .
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By (2.1.12) we have |[E~1C*| > 1, and so
leul < leteHICTHMETICHM < |emteH|ICTHMETICH

= | e M| B < feteH | Bt = Je | B M B

By (2.1.13) we see that |c"'E| < 1 and so |eE*¢,| < 1. Since this holds for
all nonarchimedean valuations, the desired inclusion (2.1.7) follows.

Remark 1. Consider A(z)in Mpnm(§), B(z) in Mpm(§), Ain M, (K)
nonsingular and E(z) in My, (7) such that

AE(z) = E(")A(2) + B(2).

By following a similar proof it may easily be shown that E(z) is in My, (§).

Remark 2. The idea of nonarchimedean valuations is not essential
but simplifies the proof.

II1. Zero estimates

§ 3.1. The general case

We are concerned in this chapter with an estimate of the following type.

Suppose that L is a field and fy(z2), ..., fm(2) are in L((z)) and algebraically
independent over L(z). Let 0 # P € L[z, z,,...,Zm]. Define

degEP = degzh.__':m P

to be the degree in z4,...,z, of P. Similarly we define deg, P to be the
degree in z of P. Now suppose that deg, P < D, deg, P < N with D, N > 0.
We know that
0 ?I: SO(Z) = P(z) fl(z)’ cee 7fm(z)) .
Let p(z) = Y a,z* where a; # 0 and af = O for | < t. We define
ord,—o p(z) =t and also write
ord P = ord P(z, f(z)) = ord,—o ¢(2) .

Here f(2) = (f1(2),..., fm(2)) so that P(z, f(z)) is an abbreviation for
P(z, fi(2),..., fm(2)). A zero estimate is an estimate of the type

ord P <W(D, N)

for W depending only on D and N.

The first zero estimate of this chapter (Theorem 3.1) is based on an
idea of D. W. Masser. It gives a weak upper bound since it is exponential in
the mth power of deg P. However, it does show that Nesterenko’s version
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of Mahler’s method is completely effective in principle. We may combine
Theorem 3.1 with Theorem 4.1 of Chapter IV to obtain Theorem 4.3 for
which the constant ¢ can be effectively computed.

The other zero estimate of this chapter is Theorem 3.3. This was ob-
tained by using resultants in a similar manner to the paper of Galochkin
[G], although he treats a slightly different type of functional equation with
m = 1 and with z replaced by an s-tuple (24,...,2,). In contrast to The-
orem 3.1, the estimate of Theorem 3.3 is a polynomial in its dependence
on deg, P and deg, P although it applies only to the situation where the
matrix A(z) is upper triangular. As with Theorem 3.1 we may combine
Theorem 3.2 with Theorem 4.1 of Chapter IV to obtain Theorem 4.4 for
which the constant ¢ can be effectively computed. Of course Theorem 4.1
is an effective version of a theorem of Nesterenko [Ne4).

The two theorems, Theorem 3.1 and Theorem 3.3, will now be de-
scribed. Both are concerned with the following situation. Let b > 2 be an

integer, L be a field and f,(z),..., fm(2) be elements of L|[z]] algebraically
independent over L(z) that satisfy

(3.1.1) 1(z%) = f(2)A(2) + B(2)
where

f(z2) = (f1(2), ..., fm(2)),
A(2) = [a4;(2))1<i j<m € Mmm(L(2)),
B(z) = [by(2)],<j<m € Mim(L(2)) -
Let 0 # T'(z) € L|z] be such that
(3.1.2) T(2)aij(z) € Llz], T(2)bi(2) € L|7]

with all these m? + m+ 1 polynomials being either zero or having degree at
most ¢ > 0.

THEOREM 3.1. Suppose that the conditions (3.1.1) and (3.1.2) hold. In
addition suppose that ¢ > 1. Let 0# P € L(z,z,,...,z,,] satisfy

degzPSd07 degz‘PSdi (ISiSm)
Then ord P < qMZbM(dO +1) where M = (dy+1)...(dp + 1).

THEOREM 3.3. Suppose that the conditions (3.1.1) and (3.1.2) hold,
and in addition suppose that the matriz A(z) 1s upper triangular. Let 0 #
Pe Llz,z1,...,zm]| and suppose that

deg, P < D, deg, P < N (N >1).
Then ord P < (b+ 2)™N2"~1(D + mgN).
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We will now proceed to give a proof of Theorem 3.1. As mentioned
before, after some preliminary results in § 3.2 on resultants, we will give a
proof of Theorem 3.3 in § 3.3.

LEMMA 3.1.1. Let b > 2 be an integer, L be a field and ¢;(2) (5 =
., M) be elements of L([z]] satisfying

M
(%) = Z""’(’)“f(‘) (G=1,...,M).
Let 0 # T(z) € Llz] be such that T(z)¢;;(z) € L[z] for all i, j and suppose

that these M? + 1 polynomaials are either zero or have degree at most ¢ > 0.
Let

¥(z) = Zv (2)84(2)

where the 0,(2) € L[z] (s=1,..., M) are polynomials which are either zero
or have degree at most r > 0. Then

M M1
ord,—o ¥(2) < b—(er-}—gb_l)SMbM(r—{-g).

Proof.
(1) Define
1
(k) (5) = res
9(2) {T(z)T(z") LTy fork> 1,
Then for each k>0

Z¢t f.(:,k) (j:'la"-»M)

where each g(")(z)g‘-(;‘)(z) is in L[z] and 1s either zero or of degree at most
¢(b% —1)/(b—1). Further

-1
-1
Proof. We prove (1) by induction on k, k > 0. For k = 0 put

g'(Jo)(z) = b;;. Suppose that £ > 1 and the g(k (z) are defined with the
correct properties. Put

k bk
degg®(z) < ¢ ;

(=) = qu 2 V() € L2,
=1
By
\ W
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Notice that

M
Z¢' (k) Z (k 1) E¢l(z f-l
=1 =

M k
Z (%)l D(2%) = ¢,(2*").

Also

2

g™ (e (2) = Y _(T(sa(2))e* V()i TV (") € L]

=1
and if g(")(z)g'-(:)(z) # 0 then

b1 -1 k-1
deg (99 (2)557(2)) < ¢ + b= = s -

Since
bk —1
b—-1"

deg g(¥)(z) < ¢
the inductive proof is complete.

(2) For any u >0

M
(z") = Y Pur(2)8:(2)
=1
where
qur(2) = 9¥)(2)pyr € L2
1s etther zero or has degree at most

b"—l
b—

b¥r + ¢
Proof.
M
D(2*) =) 0.(2* )4 (")
s=1
M

= Zﬂe(zb“) Z o, (z) T(:‘)(Z) = prr(2)¢r(z)
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where

M
Pur(2) = ) 8a(2 )4 (2) -
=1
The desired conclusion follows immediately from this result and (1).

(3) There exist polynomials h,(z) € L(z] not all zero with degrees at
most MD where

M M —1
D=b"r+¢ P
such that
M
Pur(2)hu(2) =0  (r=1,...,M).
B#=0
Consequently
M . M M
Yo Ru(2D¥() = DY hu(2)pur(2)8:(2)
#=0 p=0r=1
M M
=YY" pur(2)hu(2)¢.(2) = 0.
r=1 u=0

Proof. Put ¢, (2) = gM (D)pur(z) (w=0,1,...,.M, 7 =1,...,M).
Notice that either ¢ (z) =0 or

deg g, (2) < deg (¢™)(2)/g(#)(2)) + ¢(b* - 1)/(b— 1)
<M —b4)/(b—1)+¢(b*-1)/(b-1)=D.

We now proceed to solve

Yo g (@Dhu(z)=0 (r=1,...,M).

p=0

This may be done with h,(z) € L[z] not all zero and either h,(z) = 0 or
deg h,.(z) < MD. This is because if we require h,(z) = 0 or deg h.(z) < Q
for all 4 we obtain

D qQ
2ur(2) = Z Qyur2”, hu(z) = Z Buvz® .
=0 v=0

Put a,,x = 0if kK > D or k < 0. The equations to be solved may be written
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M

Q
Y Buwoure-ny =0  (r=1,...,.M, 6=0,...,D+Q).

p=0v=0

There are M(D + Q + 1) equations and (M +1)(Q + 1) unknowns 8,,,. For
a nontrivial solution to exist we require

(M+1)(Q+1)>M(D+Q+1)
and so we may take Q = M D. Consequently

Zpur(z)hp(z)zo (Tzl,...,M)

and the assertions of (3) are now proved.

(4)

_ < — .
ordz_ogb(z)_b_l(b r+§b_l>

Proof. Choose m > 0 minimal with h,,(z) # 0. Then h,(2)¢(z*") =
- EpZm-H hu(z)¥(z"). Let T = ord,—o /() < co. Then

ord ,—o (left-hand side) < MD + d™T,

ord,—o (right-hand side) > b™*!T
so that

M _
T < MD/(b™(b - 1)) < %(er-i—gbb_ 11> .

The lemma is now proved.

THEOREM 3.1. Let b > 2 be an integer, L be a field and f,(2),...,
fm(2) be elements of L{(z]] algebraically independent over L(z) that satisfy

£(2%) = [(2)A(2) + B(2)
e f(2) = (fi(2),- .-, fm(2)),
A(2) = [aij(2)]1<5<m € Mmm(L(2)),
B(z) = [bj(2)], < <m € Mim(L(2)) -
Let 0 # T(z) € L[z] be such that
T(2)ai;(z) € Llz],  T(2)bi(2) € L2
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with all of these m? + m + 1 polynomials being either zero or having degree
at most ¢ > 1. Let 0# P € L[z,z,,...,Zm] be such that

deg, P < do, deg, P <d; (t=1,...,m).
Let p(2) = P(z, f1(2), - -, fm(2)). Then
ord P = ord,—o p(2) < ¢M2*6M(dy + 1)
where M = (d1 +1)...(dm + 1).

Proof. It is enough to show that the conclusion of the theorem holds
if we suppose that f1(z),..., fm(z) are no longer algebraically independent
over L(z) but we assume in its place that

p(z) = P(z, f1(2),..., fm(2)) # 0.

To establish the theorem in this form we may even suppose that B(z) = 0.
This is because if we define fo(z) =1 then

1 bi(z) ... bum(2)
() ) = o) )] | 2105 o )
0 aml(z) amm(z)

and if we define Q € L|z,zq,...,Zm| by
Q(z,z0,-..,Zm) = P(z,Z1,...,Zm)
then
Q(Z7 fO(z)) o 'yfm(z)) = P(Z, fl(z)) o -)fm(z)) = 90(2) :/é 0

and therefore one may apply the above quoted result with (do,0,dy, . .., dm)
in place of (do,ds,...,dm) to obtain the desired conclusion.

The above remarks show that it is enough to prove the following asser-
tion. Let f1(z),..., fm(2) be elements of L[[z]] that satisfy

HE) =Y a@h() (=1,..,m).

Let 0 # T'(z) € L[z] be such that
T(z)as;(2) € Liz]

with all of these m? + 1 polynomials being either zero or having degree at
most ¢ > 1. Let P € L[z,z,,...,Zm] be such that

deg, P < do, deg, P <d; ({=1,...,m)
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and
0# o(z) = P(z, f1(2),..., fm(2)).
Then
ord,—o p(z) < gM?*bM(do + 1)
where M = (d; +1)...(dm +1).

To prove this last assertion put Gy, ;_(z) = fi(2)*..

0<i,<d,(u=1,...,m). Let

dy dm
P(z,z1,...,Zm) = Z Z gi,...i.(2)z} ...zip

$; =0 te =0

so that
0 # o(2) = P(z, f1(2),..., fm(2))
= Zj zm: G, .5 (2)Giy. 5.0 (2) -
Now ’

Im=1

d, dm
= Z z s‘jl__.j,,,i,...s‘...(z)ij---J'm(z)

J'-l = 0 J'l"l =

where the ¢;, ;i .. (z) are rational functions in L(z). Put

0# f(2) = T(2)®+Fd= € L[2].

fm(2)'= for

TR oy (i: a;1(z fJx(Z) ‘ (ZGJMM("‘ ) fim (2 ))

Then each f(z)¢j,.. jns,..in(2) is in L|z] and is either zero or of degree at
most ¢ = q(d1 + ...+ dm). Also f(2) is of degree at most ¢. Now apply

Lemma 3.1.1 with
=(d1+1)...(dm +1),

r:do,

¢=gq(di+...+dn).
Then

ord =g (z) < MbM(' +¢),

from which the desired inequality follows without difficulty.
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§ 3.2. Resultants

This section deals with the basic properties of resultants. I have in-
cluded proofs of all the properties needed with the exception of Lemma
3.2.1 of which a reference is given. These properties will be used without
further comment in § 3.3.

DEFINITION. Let R be a ring. Define for f, ¢

f(z) = Z a;iz™ "t 9(z) = Z bz,
=0 i=0

the resultant
ao Gm-1 Gm
............................. } n

(3.2.1) Res (f,g) = det b %o b o dm-1 Gm
............................. } m

bo b,

The resultant is an element of R.

LEMMA 3.2.1. Suppose that the ring R 1s an integral domain. Let K
be the quotient field of R and K the algebraic closure of K. Then for

z):aH(:—t,-), 9(z) —-bH T - 35) ti,s; € K,
=1 1=1
we have

Res (f,9) = a"b™ [[ (6 - 5;)

1,7
Proof. For a proof of the above lemma see [Wae}, Volume I.

LEMMA 3.2.2. Let R be a ring and z an indeterminate over R. Let
f,9 € R[z] withdeg, f =m >1,deg,g=n>1. Then

Res (f,9) = A(2)f(2) + B(z)g(2)
with A(z), B(z) in R[z].

Proof. Apply column operations to the definition (3.2.1). If C; denotes
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column 1 then replace Cp, 4y by C1z™*7~1 4+ 4+ C,.,, to obtain

fag ... Gm_1 Gm " 1f(z) ]
) ...CQO..'0"'.."'.'!'.0!.'0(..) ----- }n
aop Gy —1 f z
R =d
€s (f) g) et bo bn a:m—lg(::)
................................... }m
| bo U 1€3) J

= A(z)f(z) + B(z)g(z)
with A(z), B(z) in R[z].

LEMMA 3.2.3. Let R = Ro[y1,...,yt] where Ry 1s an integral domain
and let 1 <i; <...<1,<t. Let f,g € R[z| withdeg, f > 1, deg,g > 1.
Suppose that Res (f,g) # 0. Then

deg,, ., Res(f,0) < (deg, g)(deg,, .. /) + (deg, f)(deg,, . 9)-

Proof. This follows immediately from the definition (3.2.1).

GAUSS’ LEMMA. Let R be a UFD (unigue factorization domain). A
polynomial 0 # f € R[zy,...,z,] 15 called primitive if 1 is GCD (greatest
common divisor) of its coefficients. If f,g € R|z,,...,z,] are primitive
then fg € R(zy,...,2,] i3 also primitive.

COROLLARY 1. Let K be the gquotient field of R and let f, g €
Rlzy,...,z,] with [ primitive and f | g in K(z1,...,2,|. Then f | g in
R[Il,...,:l:"].

COROLLARY 2. Let K be the quotient field of R and let [ €
R|z1,...,z,). Then the following conditions are equivalent:

(1) f is irreducible in R[z,,...,z,] and deg, , f>1.

(2) f is primitive and irreducible in K[zy,...,z,].

Proof. Apply Corollary 1.

COROLLARY 3. Let K be the quotient field of R and let 0 #a € R be a

GCD (greatest common divisor) of f, g in R[zy,...,z,). Then 1 is a GCD
of f, g in K[z1,...,z,).

Proof. If not let r|f, r|g in K[z,,...,z,]| with r primitive and of pos-
itive degree. By Corollary 1 we obtain a contradiction.

LEMMA 3.2.4. Let R be a UFD and let f,g € R[z| withdeg, f =m > 1,
deg, =n > 1. Then the following conditions are equivalent:

(1) Res(f,9) #0.
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(2) f, g have no common factor in R(z] of positive degree.

Proof. Let K be the quotient field of R and K the algebraic closure
of K. Then for f = a[[Z,(z—t), g =>5]];_,(z — s;) we have

Res(f,g) = a"b™ H(t.- — 8,).

(1) = (2). If f, g have a common factor in R[z], say k(z) with deg, k >
1, let £ € K with k(&) = 0. Since k|f and k|g in R[z] and so also in K[z],

(&) = g(€) = 0 must hold. From Res(f,g) = A(z)f(z) + B(z)g(z) and
Res (f,g) € R it follows that Res (f,g) = 0, which contradicts (1).

(2) = (1). It assumed that 0 # o € R is a GCD of f, g in R[z|.
By Corollary 3 of Gauss’ lemma we see that 1 is a GCD of f, g in K|z]
and so (f,¢) = (1) in K|z] since K[z] is a PID (principal ideal domain).
Consequently (f,g) = (1) in K|z] and so f, g have no common zero in K.
This means that t; # s; for all 1, j so that Res(f,g) # 0 in K and so also
in R.

LEMMA 3.2.5. Let L be a field, k > 2 be an integer and let P,Q €
Ll|zy,...,zx] be such that

deg.,, 2, P <M, deg,,, -, @ <N,
deg, P=m2>1, deg,, @=n2>1.
Suppose that R = Res;, (P,Q) #0. Then
deg,, .., R<MN.
Proof. Write

m n
pP= Z Pi(zy,- ., Zk_1)ZP", Q= ZQ.-(::;, e Teo1)ZR
=1 +=0

where the P;, Q; are in L[z,,...,Zx_1]. Introduce an additional indetermi-
nate y and consider

R(y) = Reszk (‘P(zl) e -)Ik—l)yzk)’Q(zlv ey Tk-1, yzk))
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Now multiply the rows of the above matrix by
yn_‘l’ yn-27"" y) 1’ ym_l)"” 1
and divide the columns by

-1 -2
min-1 gmin-2 1.

y
We obtain y~™" R(y) = R(1) after a little simplification. But
..... Th-1.¥ P(xl) co oy Th—1, !ka) < M;
degz,,...,zg_l,y Q(zl, -y Th—1, yzk) <N )
and so by Corollary 2 of Theorem 3.2.2
deg,,, .zi i R(y) <nM +mN.
Consequently
degxl,...,::‘,_l R(l) = degz,,...,zk_l,y (y—mnR(y)) < -mn+ nM+ mN

= MN - (M -m)(N -n) < MN .

§ 3.3. The upper triangular case

As remarked in § 3.1, this section will be devoted to a proof of Theo-
rem 3.3.

THEOREM 3.3. Let b > 2 be an integer, L be a field and f1(2),...,
fm(2) be elements of L[[z]] algebraically independent over L(z) that satisfy

(331) 1(2%) = 1(2)A(2) + B(2)
where
A(2) = [04(2)]1<i j<m € Mmm(L(2)) s upper triangular,
B(z) = [bj(z)]lgjgm € Mim(L(2)).
Let 0 # T(z) € L[z] be such that
T(z)aij(z) € Liz], T(2)b(z) € L[7],

with all of these m? + m + 1 polynomials being either zero or having degree
at most ¢ > 0. Then for any 0 # P € Lz,z4,...,2,] with deg, P < D,
deg,, . P<N (N > 1) we have

ord P < (b+2)™N¥" ~Y(D + mgN).
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Proof. We will use the notation
Fn(N,D)= (b+2)™N?"~1(D + mqN)

for N > 1, D > 0 and m a nonnegative integer. Here ¢ > 0, b > 2 are
regarded as fixed. For brevity we will also use the notation

P

for0# Pe Liz,z1,...,Zm]
Notice that equations (3.3.1) may be written equivalently as

(32)  LE) =A@ e G=1.,m).

The proof of Theorem 3.3 is by induction on m, m > 1. We suppose that
m > 1 and that in the case m > 2 the conclusion of the Theorem holds with
m — 1 in place of m. We use the convention that Lz, z,,...,Zm-1] = L|?]
if m=1. Let D >0, N > 1 and suppose that 0 # P € L[z,z;,...,Zx]
satisfies

deg, < D, deg, P < N.

It will be proved that ord P < F,,(N, D) which will complet-e the inductive
proof of the Theorem.

Now the inductive hypothesis implies that if m > 1, D; > 0, N; > 1
and 0 # S € L[z,zy,...,Zm-1] satisfies

deg,S < D;, deg,S < N; (in the case m > 2)
then
(3.3.3) ord S < Fp_1(Ny1, Dy).
Indeed, for m =1 we have 0 # S € L[z] so that
ord S < D, = Fo(N,, Dy)

and for m > 2 we use the inductive hypothesis. Notice that in the case
m > 2 the equations (3.3.2) still hold but with m — 1 in place of m.

As a first step we will show the following. Given a polynomial 0 # R
in L|z,zy,...,Z,,] there exists 0 # R* in L|z,zy,...,T,,] with

deg, R* < deg, R,
(3.3.4) deg, R* < bdeg, R+ qdeg, R,

ord R* > bord R.
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Indeed, we put | = deg, R and define

R*(z,z1,...,Zm) = R(l)(z",So(z),Sl(z,;), ey Sm(2,2))
where
Ry (2, Xo, .., Xm) = XoR(2,X1/Xo, - -, Xm/Xo)

and

Si(z,z) Zz, (2)ai;(2) + T(2)b;(z) (G=1,...,m).
Notice that

R*(z, f1(2),- .., fm(2)) = T(2)' R(z*, /1(2), - -, fm(2")) -

All the properties (3.3.4) are now immediate.

We recall that the polynomial 0% P in L{z,z,,...,zm] satisfies
deg, P < D, degEP < N with D > 0, N > 1 and that we wish to prove the
inequality

(*) ord P < F,(N, D)

to complete the inductive proof of the theorem.
If deg, P = 0then 0 # P € L[z,z;4,...,Zm—1] and the required in-
equality follows from (3.3.3). It may therefore be supposed that deg, P > 1.
Let P = aPy...P, where Py,...,P, € L|z,z,,...,2,] are irreducible
of positive degree in z,, and a is in L[z, z1,...,Zm_1]. Now

Zdegz ; = deg, P —deg, a < deg, P,

D> ordPi=ord P—orda > ord P — Fra_;(N,D)  (using (3.3.3)).
We may suppose that
ord P > (b+2)F,,_1(N, D),
since otherwise
ord P < (b+2)Fpn_y(N,D) < F,(N,D).
Then

b+1
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and so there exists an index 1, 1 <1 < g with

b+1 deg P
> = =
ord Py > b+2 deg, P

ord P.

We relabel the indices so that P; = P; and define
Ny=deg, Py >1, D;=deg, P,
so that in particular 1 < Ny < N,0 < D; < D. Further

b+2 N
< — — .
ord P < br1 N ord P;
We now distinguish three cases:

Case I. R = P, satisfies R | R*. In this case

q b
dR< N
ord s Mt i

since deg, R* < deg, R so that R* = Ry with ¢ € L[z] and therefore if
T = ord R then

D,

bT <ord R* <T +deg,R* <T+bD, + ¢qNy,
which gives the above estimate. Consequently

b+2 N 1
ipcotz ¥ 1
odP < AN 51!

which implies the required estimate.
Case II. R = P, satisfies R* € L[z,z1,...,Zm_1]. In this case

ord R <ord R* < Fpy_1(N1,bDy + qgNy)

= (b+2)™"IN2"""~1(bD; + mqNy)
and so
b+2

Ol'dPS i)_i

| =

(b+2)™"IN?"""-1(bD; + mqN,)

=

1
<(B+2)"N*" 1D+ mgN),

which again implies the required estimate.

Case III. R = Py satisfies R/ R* and R* ¢ L(z,z1,...,Zm-1]- In
this case, deg, R > 1, deg, R® > 1, and R, R* are relatively prime in
L{z,zy,...,Zm] so that their resultant Q = Res,,_ (R, R*) is nonzero as an
element of L(z,z;,...,Zm|. We know that @ = AR + BR* with A, B in
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L{z,z4,...,2.,) so that
ord @ > min(ord R,ord R*) > ord R.
Also
deg, @ < (deg, R)(deg,, R")+ (deg, R*)(deg,, R)

< DyN;+ (bD1 + Nl)Nl = (b+ 1)D1N1 + le,

and in the case m > 2,

deg,, .._, Q <(deg, R)(deg,R*) < N}.

Therefore
ord Q < Fn_1(N{,(b+ 1)D1 Ny + gN7)
< (b+2)™ NI (b + 1) Dy + mgNy).
Consequently,
b+2 N b+2 N
dP < —— — ST Ty N
ord P < 307 3 4 B) < 5o v (ord B)
b+2 N
< —2 - (ord < F.(N
_b+1N1(or Q) F ( )D))

which is the required inequality.
This completes the inductive proof of (*) and so Theorem 3.3 is proved.

IV. Preliminaries

§ 4.1. Ideals

The work of Yu. V. Nesterenko is ideally suited for estimating the tran-
scendence measure of certain sets of numbers. In his paper [Nel] he intro-
duces the basic definitions and applies these in different contexts ([Nel]-
[Ne4]). It will be seen from the applications he makes, some of which have
been mentioned in Chapter I, that his theory i3 indeed brilliant and will very
likely play an important role in future algebraic independence investigations.

Let R be a PID (principal ideal domain) whose quotient field has char-
acteristic zero. For the most part Nesterenko applies his theory to R = Z
(the ring of rational integers) and to R = C[z|. Let I be a homogeneous ideal
of the ring R[X] = R[Xo, ..., X,,] where m > 1is an integer. We denote the
height of the ideal I by A(I); h(p) =sup{d: O0=pyGP;G ... ZPg="p
where the p, are prime ideals of R[X]} for p a prime ideal and A(I) =
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inf{h(p) : p C I, p is a homogeneous prime ideal of R[X]}. We take
h(I) = m+ 1if I is an irrelevant ideal, that is,

(Xo,- -, Xm) C VI

where v/T denotes the radical of I.

An ideal [ is said to be unmized if all of its associated prime ideals have
the same height h(I).

Let r be an integer satisfying 1 < r < m and let U;; (1 < ¢ < r,
0 < j £ m) be variables algebraically independent over the quotient field of
R[X]. We use the notation

ﬁ.‘I(U,‘(),...,U.'m) (1Sl_<_r)
Put Li(X) = Y7,Ui;X; (1 < ¢ < r) and introduce the ideals

(I,L],...,L,) and X = (Xo,...,Xm) of R[X,ﬁl,...,ﬁ'] =
R[Xo,..., Xm,U10,---,Urm|. Now define T = I(r) to be the ideal of R[U] =
R[Ujo,...,U;m) consisting of those polynomials G for which there exists an
M such that

GxM cC (I,Ly,...,L,).
We begin by stating some properties of the ideal I.

LEMMA 4.1.1. Let R be a PID and let I be an unmized homogeneous
ideal of R(X]| = R[Xo,...,Xm| having height h(I) and IN R = (0). Let r

be an integer with 1 < r < m.

(1) If h(I) < m —r then I(r) = (0).
(2) If h(I) = m — r + 1 then I(r) is a nonzero principal ideal in the
ring R[Uy,...,U,].

LEMMA 4.1.2. Let R be a PID whose quotient field has characteristic
zero. Let I be a homogeneous ideal of R[X| = R[Xo, ..., X] having height
h(I) and INR = (0). We suppose that r = m+1—h(I) satisfies 1 <r < m.

(1) If I is a prime ideal then I(r) 1s a principal prime ideal.

(2) If I 1s a p-primary ideal then I(r) is a principal p(r)-primary ideal.
The ezponent of I in p(r) is equal to the exponent of I in p.

(3) If I is unmized, I=1n...NI,Nn...N I, where ;N R = (0) for
1<l <sand 1N R#(0) for | > s then

I=Ln...nL

and this decomposition 1s irreducible in I; (1 <1 < s). Let p, = /I, and
let K; be the ezponent of I (1 <1 < s). Then k; is the ezponent of I
(1 <1<s) Writel,;10Nn...NLNR={(a) C R witha #0. Then if
pi=(F) (1 <1<s)one has [ = (F) where F = aFf' .. FF-.
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Lemma 4.1.1 follows from Lemma 5 and Proposition 2 of [Nel]. Lemma
4.1.2 follows from Lemma 5 and Propositions 1-3 and the corollary of Propo-
sition 3 of [Nel].

Once these results are established we make some further definitions. In
what follows we will specialize by taking R = Z to be the ring of rational
integers. We know that the polynomial F in Z[Uy, ..., U,] such that I(r) =
(F) is determined up to sign and so one may define H(I) to be the maximum
of the absolute values of the coefficients of F. We also know that F is
Rhomogeneous in each system of variables U ..., U, and since the definition
of I(r) is symmetric in the Uy it follows that the homogeneous degree of F
in the variables Uy is the same for every k. We may therefore define

N(I)=degy F=...=degy F.
Now introduce additional indeterminates S_,(';) Jbk=0,....,m; § =
1,...,r) that have no algebraic relation over Z|X,U,, ..., U,| except for the

skew symetry
sP+sP =0  (,k=0,1,...,m; i=1,...,r).
We write S(*) = [SJ(';)]OSj,kSm so that §¢) is a skew-symmetric matrix and
put
C[S]=c[sM,...,sM],
We next define a ring homomorphism
K :I[Uy,...,U,] > C[SM ..., 8],

It will depend on a fixed nonzero vector w = (wo,...,wm) € C™*! and is
defined by

K({U.)=59G, thatis, K(Uy)=) S{ws.
k=0
If I is a homogeneous ideal of Z[Xy, ..., X,,] with h(I) = m+1—r and
I{r) = (F) define |I(@)| by
[I(@)| = |w| =N D H(K(F))

where |w| = maxo<i<m |wi| and H(K(F)) is the maximum of the absolute
values of the coefficients of the polynomial K(F) (the height of K(F)).
Notice that K(F) is homogeneous of degree N(I) in each set of variables

SJ(.;) for 1 < i < r so that K(aF) = o'V (DK (F) and also
[1(cw)| = [I(w)]
for0#£aeC.
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The following results due essentially to Nesterenko will now be stated.

LEMMA 4.1.3. Let I = (P) be the principal ideal of Z[ Xy, ..., Xm| =
Z(X] which is generated by the homogeneous polynomial P. Then

N(I)=deg P, InH(I)<InH(P)+ m’deg P,
1@)| < |P@)|[a]4% P (m+ 1) don

LEMMA 4.1.4. Suppose that I is an unmized homogeneous ideal in
Z[Xo,...,Xm] with r = m + 1 — h(I) satisfying 1 < r < m. Let I =
Ln...nI;,n...N1I beits irreducible primary decomposition in which for
I <swehawe [NZ =(0),0# [,;yN...NI,=(b) CZ. Putp, = /I for
| < s and let k; be the exponent of the ideal I;. Then

(1) 320y kN (p,) = N(1),

(2) In 61 S35 Ko In H(pe) < In H(1) + m2N(1),

(3) In [8] + 31—y ki In|p,(@)] < In[I(@)| + m* N (1).

If s = 0 the terms tnvolving p; do not occur in (1), (2), (3) while of
s =t the terms involving In|b| do not occur in (2), (3).

Lemmas 4.1.3 and 4.1.4 are proved as Propositions 1 and 2 respectively
in [Ne3]. They are restated as Propositions 1 and 2 in [Ne4].
We next state three more lemmas due to Nesterenko:

LEMMA 4.1.5. Suppose that w € C™*! @ # 0, p is a homogeneous
prime ideal of Z[X], pNZ = (0), 1 < h(p) < m. Let Q be a homogeneous
polynomial in Z[X] of degree > 1, Q € p. Ifr = m+1— h(p) > 2 then
there ezists an unmized homogeneous ideal I C Z[X] whose zeros coincide
with the zeros of the ideal (p,Q) (in P™, projective space of dimension m)
and for which h(I) =m —r + 2 and

(1) N(I) < N(p)deg Q,
(2) n (1) < (dog Q) In H(p) + N(p) In H(Q) + m(r + 1)N(p)deg @,
(3) In |I(@)| < In max(|p(@)|, |Q(@)|[@] ~4*& ?)

+deg @ In H(p) + N(p)In H(Q) + 6m>N(p)deg Q.

If h(p) = m (equivalentlyr = 1), then the right side of the inequality in
(3) is nonnegative.

_ Notation. Define || — ¢|| for two nonzero vectors § = (fo,...,0,),

¥ = (Yo,...,%m) in C™*! by
B — Al = 181—113]—1 il — B ay.
”0 ’1[’” |01 |¢| OST?)S(mIH'¢J 91'1’:"

Here |0| = maxo<i<m |8:] and [¢] is similarly defined.



34 Algebraic independence for a class of functions

LEMMA 4.1.6. Suppose that Q € Z[Xo,...,Xm], degQ > 1, Q i3 a
homogeneous polynomial. Suppose also that p C Z[Xg,...,Xm] 16 @ homo-
geneows prime tdeal, pNZ = (0), r=m+1-h(p) > 1, w = (wo,-..,wWm) €
c™, @l > 1,

lp@)| < e ¥, X >0,

Q@)|l@| ¢ 9 < H(Q) *(deg @ + 1)~ m*1),
and suppose finally that for some o > 1 the following equality holds:

n (x, #) — —oIn (|Q@)|a] 4 ?)

where p = inf {||w - B]|: 0# B € C™*1 s zero of the ideal p} satisfies
p< 1

The following conclusions hold. First Q € p. Put

Y = :2% +deg QIn H(p) + N(p)ln H(Q) + 8m*N(p)deg Q .
In the case r > 2 let I be the ideal constructed in Lemma §.1.5. Then
In|I@)|<Y.
In the caser =1,
o<Y.

LEMMA 4.1.7. Suppose that I C Z[X,, ..., X,s] is an unmized homoge-
neous ideal, INZ = (0) and r = m+1— h(I) satisfies1 < r < m. For every
nonzero vector @ € C™*! there ezists a zero § € C™*, B #£0, of the ideal
I such that

N()In|w- 8| < } In|I(w)| + 3m*N(I).

§ 4.2. Some lemmas

Lemmas 4.2.2 and 4.2.5 are needed for the proof of Lemma 5.1.1 of
Chapter IV which is the main tool when combined with the results of § 4.1
in establishing the proposition of § 5.2. We recall the definition of the class
G and the class G(¢,C) made at the beginning of Chapter II.

LEMMA 4.2.1. Suppose that f1(z),..., fm(z) are elements of G(c,C)
analytic at z = O and let R(z,z1,...,Zm) be a polynomial of degree at
most N n z,,...,z,, whose coefficients are rational integers of absolute
velues at most H. Here N and H are positive integers. Then ¢(z) =
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R(z, f1(2), .., fm(2)) lies in
5 (3o (i) )
and furthermore cN $(Cz) lies in Ox/[[z]].

Proof. Recall the notation << and << introduced at the end of § 1.2.
We have the estimate f;(z) << ¢/(1 - C2z) (1 <1 < m) and so

N
#(z) <<H (NF) (c/(1-CN 3 2

v=0

e (M) B - oMt = ¥ (V) B (V) e

v=0

«<2NeN (N}tm> Hi@C)”z".

v=0

Write ¢(z) = 3 77 5 cuz* so that

[ < 2MeM (V) H(20)

for all p > 0. Notice also that each ¢ f;(Cz) lies in O][z]] (1 £ { < m) and
so ¢V ¢(Cz) lies in Ok[[2]]. The assertion of the lemma is now immediate.

LEMMA 4.2.2. Let f1(z), ..., fm(2) be elements of G analytic near z =
0. Then there exists a positive integer ¢ depending onlyon K aend fy,..., fm
with the following property. For any real number N > ¢ we can find @
nonzero polynomial P(z,zy,...,z,,) of degree at most N in z and of degree

at most N in z,,...,z,, whose coefficients are rational integers of absolute
m+1
values at most ¥ such that

#(2) = P(z, f1(2),. .-, fm(2))
satisfies
ord,—o ¢(z) > ¢ IN™H!
and such that ¢(z) belongs to the class G(1,c).
Proof. We may suppose that N is an integer. For nonnegative in-

tegers vg,V1,...,Vm With o < N and v; + ...+ v,, < N we write ¥ =
(vo,v1,...,vm) and F(y;z) =z f* ... f¥m. Then

[ o]

Fl;z)= ) au(y)z*

p=0
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with a,(v) in K.

Put T = [N™%1/26m!] where § = [K : Q] and observe that T >
c"1N™*1 provided that c is sufficiently large. We write

P(z,zy,...,2m) = Zp(g)z%x;" N
v

For T a positive integer the condition ord,—o #(z) > T is equivalent to the
conditions

Y aupr) =0 (O<u<T).
The number of coefficients p(v) of P is
s=(N+1)(Y)

where S > (1/m!)N™+1 > 25T.

We apply Siegel’s lemma (see later) to solve for the p(r) over Z with
not all the p(v) being zero. By Lemma 4.2.1 with R(z,z1,...,Zm) =
z¥oz{' .. .zyr there are positive integers a, A such that

au@)] <2Va¥ (Mim) @A) (w20)
and a"¥ A¥a,(v) € Ok (1 > 0) so we can take
D<U=2Ng" (”;:,'")2 (24)T
in Siegel’s lemma to give
0< max Ip(v)] < (3U2)8T/(5-6T) < 3y < N
again provided that c is sufficiently large.

SIEGEL’S LEMMA. Suppose that [K : Q] =6 and let a;; (1 <i< T,

1< 7 <S)beelements of K with S > 6T. Suppose also that for an integer
D > 1 and real number U > 1 we have

S
a;;] LU, Daiy €Ok 1<i1<T, 1<L353<8).
3 J

=1

Then there are rational integers X;,..., Xs with

0 < max|X,| < (3DU)*T/(5-¢T)
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and

WE

a.'J-X,-=O (ISfST).
=1

For a proof see [Wa).

To complete the proof we show that ¢(z) belongs to the class §(1,c3)
for a suitable positive integer c3. If #(z) = O there is nothing more to prove.
Suppose that ¢(z) # 0 so that ord,-.o ¢(2) < co. It must be shown that if
p > ord,=¢ ¢#(z) then

a,] <cf, cha, € Ok

where ¢(z) = 3° 5 a,2%. We have
2 m+1
@] < H(P)-2VaV(N +1) (V™) (2a)* < o™ < o

and a¥ A*a, € Ok, so that cfa, € Ok for c; suitably chosen. The lemma
is now established.

LEMMA 4.2.3. Let q,ry,...,r; be complex numbers with ¢° + riq¢*~1 +
...+ rs =0 and suppose that

Q' <9 <@, Inl<R (1Li<¥)

forrealQ > Q1 >1, R2> 1. Thc_:n there ezists an index ¢ with

(*) (8R)7'Q;° < Iri| < 8RQ;!
Proof. Suppose that the result is false. Then for each ¢+ we have either
(1) |ri| > 6RQT!
or
(J) Iril < (6R)™1Q3° .

Let I, J be the set of 1 satisfying (I}, (J) respectively. If I is empty we
obtain a contradiction from

Q:* <l = [ re®

icJ

-5
<Q;°.

Consequently I is not empty. Let ig be the largest element of I and let
Io =TI\ {40}. Consider

(x+) Fig = —q% - Z rigo Tt - Z rig .

i€y s€J
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Denote the right-hand side of (¥*) by T. Observe that

lz rigo

i€l

lz rigo*

i€J

< (#Io)Rlq| < (#L)RQ{*,

<(#NR)T'Q’ Q3 = (#I)(6R)T'Q; 1,

g} < RQ;?
where #5S denotes the cardinality of the set S. Consequently
T < (#I)RQy' + (#J)(6R)'Q3!
< §Rmax(Q7',(6R)7'Q; ") = 6RQ .
This is impossible since 15 € I and so
IT| = |ri] > 6RQT! .

This final contradiction establishes the lemma.

The examples ¢° + r; = 0, ¢° + r1¢°~! = 0 show the exponents in (x)
cannot be improved.

LEMMA 4.2.4. Given K with [K : Q] = 6, there is a constant c, depend-
ing only on K, with the following property. Given Q(z) in O[z1,...,Zm)
of degree at most N > 1, we can find Ry(z),..., Rs(z) in Z(z1,...,Zm| of
degrees at most § N such that

Q*+RQ* Y +...+R; =0.
Further
[R] <ceNP™Ql° (1<i<§).

Proof. Let aj,...,as be an integral basis for O so that a;a; =
EZ:I a;jkay for rational integers a,;; (1 < 14,7,k < §). We can write

8
(42.1) Q=Y asQ;
Jj=1
for Q,(z) in Z[z] (1 < j < §), and then

s
(4.2.2) a,-Q = Z akQ,-k (1 S 1 S 5)

k=1
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for

§
(4.2.3) Qik = Za.'ijJ' (1 S t.,k S 5) .

i=1
From the equations (4.2.2) it is easy to derive the equation
(424) det (Q‘Sik - Qik) =0

where 6;; denotes the Kronecker symbol. This equation clearly has the
required form.

To estimate the [R;] we consider conjugates in (4.2.1). Then (4.2.1) is

well-known to imply
[Q;] < eilQ]
and so (4.2.2) gives

[Qukl < cal@l.
The required estimate follows immediately from
5
[R;] 38”(”;’,"‘) ((1+c2)@)6 (1<i<9¥).

LEMMA 4.2.5. Let K be an algebraic number field and denote the inte-
gers of K by Ox. Let A(z) be in M,,,n(K(2)) and B(z) be in My, (K(z)).
Choose 0 # T(z) € Ok|z| such that

T(2)A(z) € Mnm(Oxlz]),  T(2)B(2) € Mim(Okl2]).

Let ¢y,q > O be such that if a denotes any entry of T(z), T(z)A(z) or
T(z)B(z) then

a << e (l+2).

(Here the notation <<< introduced in § 1.2 is used.) Let P(2,zy,...,Zm) €
Ok |z, 21, . .,2Zm] satisfy

deg, P< N, deg,,
Define Py recursively by Po = P and for [ > 1
(*) P‘(Z, Tiy.--y Im) = (T(z))N})l—l(zbr (zl) LR :‘l:m)A(Z) + Q(Z))

,,,,,,

where b > 2 is an integer. Then the followtng conclusions hold:
(1) Pi(z,21,...,2Zm) 15 in Ok (2,2Z1,...,2m) (1 2 0),
(2) deg,,, . .. P < N, deg, P < Nb' + Ng(¥' - 1)/(b - 1),
(3) P, << '[Pl ZDiEN

where Z = 1+z, E =1+z,+.. .4z, c;=c1(m+1), Dy = Nb'+ Ng "b'_;ll,
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(4) [B] < c'TP12Px(m+ )N < ¥ [P

where c3 = c3(m+ 1)21+4J/(b—1)_

Proof. It is clear that (4) follows from (3). The proof of (1)-(3) is by
induction on ! (I > 0). For ! = 0 all these estimates are trivial. Now suppose
that / > 1 and that (1)—(3) hold with [ — 1 in place of .

Now (*) may be written as
(4.2.5) Pi(z,21,...,Zm) = P,_1(2,50,51, .- ., Sm)
where
So =T(2), (S1,..,8m) =T(2)((z1,. .., zm)A(2) + B(2))
and
Pi_1(2, X0, X1, -, Xm) = X& Pi_1(z, X1/ Xo, - - -, X/ Xo)

is homogenized version of P;_;.

By the inductive hypothesis P;_; is in Ok[z,zy,...,Z,s] and we have
deg,, . o Pi-y < N. This implies that F_, is in Ok |z, Xo, X1,. .., Xm]
and this in turn implies that P(z,z1,...,2Zm) i8in Ox(z,21,...,Zm].

Now we have

(4.2.6) So << 129, S; << 1 Z9E (1<i<m)
and if
Q(z, Xo, X1, -, Xm) = cF VPl 201 (Xo + Xy + ...+ X))V

we have also P,_; << Q by (3) for P_,. From (4.2.5), (4.2.6) and the
estimate just obtained it follows that

P(z,z1,...,2m) << Q(2%,¢129,¢,129E, ...,¢129E)
=cy D[Pl ZzP el zaN EY

with Z; =1+ 2%, E; =14+ mE. But Z; < Z% and E; « (m+1)E, so
that finally

Piz,z1,...,2m) << c’zwl_ﬂ Z¥Di-1taNpN |

This gives the desired result (3), and (3) in turn implies the degree estimates
in (2). The lemma is now proved.
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V. The main results

§ 5.1. Hypothesis Hyp (f, @)

These are hypotheses on the functional equation that fy(z),..., fm(2)
as elements of K|[[z]] must satisfy. We break this hypothesis up into two
parts.

Hyp (f): It is supposed that [K : Q] < oo, and that f1(z),..., fm(z) are
elements of K|[z]], algebraically independent over K(z), such that f(z) =
(f1(2), - . ., fm(Z)) satisfies

£(z") = f(2)A(2) + B(2).
Here b > 1 is an integer, A(z) is in Mpmm(K(2)), B(2) is in My, (K(2)).

Hyp (a): It is supposed that a is an element of K with 0 < |a| < 1
such that f(z) converges at z = a and that A(z), B(z) are analytic at
z=a,ab,at’ ...

Consequences of Hyp (f, ).

(1) From Hyp (f) we find that A(z) is nonsingular. Indeed, if A(z) was
singular then it is easy to see that there would exist p;(z) € K(z) (0 <! < m)
not all zero and such that ;= pi(2) fi(z%) = 0 where fo(z) = 1. Clearing
denominators it may be supposed that each p;(z) is in K|[z|. Since each
pi(z) is of the form

b

1
27p ;(2%) 0<i<m),

J=0

by considering residue classes modb in the Laurent series expansion of
Yo pi(2) fi(2%) it is easy to see that there exist polynomials ¢;(z) (0 <1 < m)
with q;(z) not all zero and 3 %, @(z) fi(z) = 0. This is a contradiction.

(2) Since A(z) is nonsingular we have f(z)=f(2*)A(z) "' - B(z)A(z) "},
and so from Lemma 2.1.2 we see that f(z) € M, (9).

(3) Define Z(N) by -

Z(N) = sup{ord,—o ¢(z)| 4(z) = P(, (2))
where 0 # P € Z|z,z,,...,z,] has
deg, P < N, deg,,, ., P < N}.
Then Z(N) must satisfy Z(N) < oo. We also know that
Z(N) > CTIN™+

as a consequence of linear algebra or by means of Lemma 4.2.2.
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(4) Using Hyp (a) we can find 0 # T(z) in Ok/[z] such that T(a®*) #0
(k = 0,1,..) and T(2)A(z) € Mnn(Ok(z]), T(2)B(z) € Mim(0Ok[2])
Here Q) denotes the ring of integers of the algebraic number field K.

As mentioned before our main goal is to establish an effective version
of Nesterenko’s Theorem 2 of [Ne4]. This is accomplished in Theorem 5.2.1
after a technical proposition. From this result we obtain Theorem 5.2.2 and
Theorem 5.2.3 as immediate consequences. Our immediate goal is to prove
Lemma 5.1.1 which will be needed in § 5.2 to prove the proposition.

LEMMA 5.1.1. Assume Hyp (L, a). Then there ezists ¢ > O depending
only on K, f and o with the following property. For any N > c there exists
an integer W with

cTIN™HL < W < Z(N)
such that for any integer | with b' > W we can find Ri(Xo, X1, .., Xm),
homogeneous of degree §N in Z[Xo, Xy,...,X | such that
(1) In[R] < NV,
(i) —cWb <In|Ri(@)] < =W for @ = (1, f1(a),..., fm(a)).
Proof. First observe that f(z) € M;,,(§). This has already been

observed as a consequence of Hyp ( f,a). Therefore by Lemma 4.2.2 there
exists a positive integer ¢; such that for any N > ¢; we can find a nonzero

polynomial P(z,zy,...,Zm)in Z[2,Zy,..., 2] of degree at most N in z and
of degree at most N in z4,..., 2, such that
(5.1.1) [Pl <™

and ¢(z) = P(z, f1(2),. .., fm(2)) satisfies

W = ord,—o ¢(z) > c7'N™+1.
Further
(5.1.2) ¢(z) isin the class G(1,¢1).

(Recall the definition of the class §(c,C) at the beginning of § 2.1.)
Now using Hyp (a) we can find 0 # T'(2) in Ok|[z] such that

(5.1.3) T(®)#0 (k=0,1,..)

and T(2)A(z) € Mmm(Ok(2]), T(2)B(2) € Myim(Ok|(2]). We write A(2) =
[a,-j(z)]ls‘..jsm, B(z) = [bi(2),...,bn(2)] and we choose g > 1 real, ¢ > 0
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an integer so that
T(z) << g(1+2)7,
(5.1.4) T(z)ai;(2) << g(1+ 2)9,
T(z)b;(z) << g(1+2)? forallg,j.
Now define Pp = P and for [ > 1
Py(z,21,. ., Zm) = T(2)N Pi_1 (2%, (21, - - ., Tm) A(2) + B(2)).
By Lemma 4.2.5 we know that

P € Oklz,z1,...,Zm],

I_
(5.1.5) deg, Py < Dy=N¥' + Ngv 1,
deg:ﬂl,...,lm Pl S N
and
(5.1.6) [B] < MV P] < ¥ +N™

Now let a > 1 be such that aa is in O and put
(5.1.7) Qi(z1, .-, Zm) = aP'P(a,z1,...,2,) € Ok[21,. .., Zm]-
Put ¢ = Qi(f(a)). We wish to derive upper and lower bounds for |¢|. Notice
that the definitions of P, and the functional equations for f show that
(5.1.8) 7= aPgi(a)g(a")
where |

1 if [=0
i(z) = {T(a)...T(a""‘) if 1>1

and ¢(z) = P(z, f1(2),..., fm(2)). Here we use
Pi(z, fi(2), -, fm(2)) = T(2)¥ Pia (2%, f1(2°), - ., fm(2%))

forl > 1.
It will now be shown that if
b, Z C4W
where
_ 4(1+26)Inc,

“= T a(/]a])
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then
5 3
(5.1.9) ~26'W In(1/|af) < In[$(a*')] < —Z6W In(1/]al) .

We first observe that max(dena,,[a,]) < cf for all 4 > 0 where ¢(z) =
Y u>08uz”. Put it = ¢5. Then
] i
¥ lal® <lal*/?,  loufaw| <k (n2W).

Here the results of § 1.2 are used and so since p > W + 1 implies that
p < 2W(u— W) we see that for p > W +1,

bl
a,a’ ¥ < cHlalt (5=W) < (c2W|q|t' ) (B-W) < ||t (B-W)/2
aw oW 5 s
Let
b'u
a,a
= 3 B
bW
wew+1 WS
We see that
/2 1
< Bu-wyz o ol 1
< “g‘;llal T 1-[aft/2 T 2
since

B> 4lncg S 2ln3

~ In(1/le]) " T In(1/]el)

so that |af*/? < 1.
Now ¢(a*') = awa®¥ (1 + z) and since |z| < 1/2 we see that
lnj1+z|] <|In(1+2)| <2jz] <1
and so

|In|¢(a®)| + b'W In(1/]|)| < 1 +|In|aw]|

< 1+ (26)(Inen)W < 78W In(1/]ad)

which establishes (5.1.9).
Now the following result was established in § 1.2. If f € Q[zy,..., T4
ajy,...,a € Q then 8= f(ay,...,a;) satisfies

max (den 8, [8]) < 2! max(den f, [f] H Ades. S
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where the notation A, = max(den a,, [a,],2) is used. We see that

(5.1.10) max (den yi(a), [$i(a)] ) < e

on using the definition of ;(z).
From (5.1.8), (5.1.9), (5.1.10) we find that

(5.1.11) ~csWb <In|q| < ~c7'Wb' provided that b > ¢ W .

We next apply Lemma 4.2.4 to Q(z,,...,z2m) = Qi(z1,...,Zm) Where
Qi(z1,--.,Zm) is defined in (5.1.7). There exist Ry,..., Rs in Z[zy,..., 2]
of degrees at most § N such that

(5.1.12) (Q2)° + R1(2)(Q(z))’ ™ + ...+ Rs(2) = 0.
Further [R;] < csN*™[Q]*, and using the estimates (5.1.6) we find that
(5.1.13) R < VAN <

provided that b! > caW.

Putting z = f(a) in (5.1.12) we see that the numbers r; = R;(f(a))
satisfy

P Hrngt+. . +rs=0
and |r;| < R for
i m+41 t
R< cfg’ +N < e

provided that * > ¢sW. Apply Lemma 4.2.3 to (5.1.11), (5.1.13) to conclude
that for some ¢ with 1 < ¢ < §, the polynomial R(z) = R;(z) satisfies

e WY (§R)~1 < |R(f(a))| < e=7 ~WH SR,
The required inequalities (ii) of the present lemma follow at once on taking
Ri(Xo, X1, .., Xm) = XSV R(X1/ X0, - -y Xm/Xo) -

The lemma is now established.

§ 5.2. Conclusions

We will now prove Proposition 5.2.1. followed by Theorem 5.2.1. Theo-
rem 5.2.1 is an effective version of Nesterenko’s Theorem 2 of [Ne4]|. We will
then apply this result together with the results of Chapter II to establish
Theorems 5.2.2 and 5.2.3. These last three theorems are the main results
of this thesis.
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Recall the definition of Hyp (f,a) and Z(N) at the beginning of § 5.1.
Here

Z(N) = sup{ord,=o ¢(2)| 8(2) = P(z, f1(2), .., fm(2))
where 0 # P € Z|z,z,,...,2,] satisfies

deg, P < N, deg,,
We know by Lemma 4.2.2 or by linear algebra that
(5.2.1) Z(N)> ¢ IN™tl
for all N > ¢ where ¢ > 0 depends only on m and [K : Q).
PROPOSITION 5.2.1. Suppose that f, a satisfy Hyp(f,a). Then there
ezists an effectively computable constant po depending only on K, f and
a, with the following property. Let p > po, A = p™+! and I C Z[X] =

Z[Xo, X1,-..,Xm) be an unmized homogeneous ideal with INZ = (0), such
that r = m+ 1 — h(I) satisfies 1 < r < m. Suppose also that

(i) N(I) < am-rpm-r+l
(i) mH(I) <A™ "D™ "InH
for some D and H unth
(i) D>1,InH > (Z(u"D))2.
Then
(iv) In|I(@)| > =A"D"~Y(DInH(I)+ N(I)In H)
forw = (1, fi(a), ..., fn(a)).

Proof. The constants cy,cs,... will be positive and effectively com-
putable in terms of K, f and a. For brevity we shall write

T(I)=DInH(I)+ N(I)InH

for any ideal I as above. Before beginning the main proof, observe that by
choosing uo sufficiently large

(5.2.2) InH >m?D

is seen to hold. This is a consequence of (5.2.1) and (ii1).

The proof of the proposition is by induction on 7. Fix r with1 < r < m,
and assume that the result is false for some ideal I as in the proposition. If
r = 1, we shall eventually obtain a contradiction, whereas if r > 1, we shall
deduce a contradiction from further assuming that the proposition holds
for all J with h(J) > m+ 1 — r. It is seen that there exists an unmixed
homogeneous ideal I with h(I) = m + 1 — r satisfying (i)-(iii) but

(5.2.3) in |I(@)| < =A"D""'T(I).
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It will now be shown that there exists a homogeneous prime ideal p of
2|X], with pn'Z = (0) and h(p) = m + 1 — r, such that

(5.2.4) N(p) < Am-rpm-rtl
(5.2.5) In H(p) < A™"D™"(In H + m%D),
(5.2.6) In |p(@)] < —%/\'D"‘T(p).

For suppose this is not true. Let p,,..., P, be the prime ideals of I satisfying
p,NZ =(0) (1 <1<s). By Lemma 4.1.4 it is seen that (5.2.4) and (5.2.5)
hold for the ideals p,, ..., p, and therefore
1
In|p,(@)| > —EA’D"IT(p,-) (1<i<s).
Define k,, ..., ks as in Lemma 4.1.4. By that lemma

> kinH(p,) <InH(I)+m*N(I),
=1

Y_kN(p) = N(I),
=1

> kiln|p,(@)| < In}|I(@)] + m*N(I)

=1

and so
Y kT(p) =) k(DnH(p,)+ N(p,)InH)
=1 =1
< D(nH(I)+m*N(I))+ N(I)DIn H
=T(I)+m?DN(I).
Therefore

In|1(@)| + m®N(I) > —%A'D"l(T(I) + m:DN(I)).
Since In [I(@)] < —=A"D"~!T(I) we deduce that

§,\’D'*1T(I) < (%/\'D"lm2D + m3> N(I)

<

[Z-R N

A"D""'m?DN(I) (for po > 3m)
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and so
T(I) < m*DN(I).

This clearly contradicts (5.2.2) and the contradiction so obtained establishes
that one of the prime ideals satisfies (5.2.4)~(5.2.6). Call this prime ideal p.

Next, in the notation of Lemma 4.1.6 let p = inf{|lw — Bl : 0# B €
C™*! is a zero of the ideal p}. By Lemma 4.1.7 we know that

1
N(p)Inp < ~In|p(@)| + 3m* N (p)

and so (5.2.6) gives

N(p)Inp < —;\—rD"lN(p) In H + 3m*N(p)

A!‘
< -—-DrI'N H
- Adr (p) In

provided p is sufficiently large. In particular, p < 1. Notice also that

1, 1_1
“In-=> =AD" 'InH.
gl 2 gD

Define now

1
— —ArD'_lT
X=q ()

and
= min (3,20
2
so that
(5.2.7) X 2> %,\'D"l InH.

Now put N = [u™D] and apply Lemma 5.1.1. There exists W with
¢y *N™+1 < W < Z(N) such that for any integer [ with

(5.2.8) b > W

we can find Ri(Xo,-..,Xm) homogeneous of degree 6N in Z[X,,..., X]
such that

(5.2.9) In[R] < ¢ NV,
(5.2.10) - Wb <In|Ry(@)| < —cy'WH.

Let [ be the unique integer satisfying
(5.2.11) 2, WHt! > x > 2¢,Wb.
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By (5.2.7)
2, WHH > X > %A'D"‘ In H

and since In H > Z(N)? > W2, (5.2.8) holds provided pq is sufficiently
large.

For brevity write Q(X) = R;(X) for this polynomial. Put
¢ =|Q(@)|lw| 49
where |@| = max(1,|f1(a)|,--.,|fm(a)]). From (5.2.10)

(5.2.12) —2¢, Wbt <Ing < —-;-c;lwu

if po is sufficiently large.
We intend to apply Lemma 4.1.6. By (5.2.6) and the definition of X
we know that

@[ <eX,  X>0.
By means of (5.2.11) and (5.2.8) it is easy to verify that
9< H(Q) 7 (deg @ +1)70m+7).

Define o as in Lemma 4.1.6 by X = —olngq. By (5.2.11) and (5.2.12) it
follows that

(5.2.13) 1 <0 <4cb.
Indeed,

2c;WHtt > X = —glng > %cl_IWb’,

2e, Wb < X = —olng < 20¢,WbH'

imply that ¢ < 4c2b and o > 1 respectively. It has already been observed
that p < 1. All the hypotheses of Lemma 4.1.6 are now verified. Apply
Lemma 4.1.6. Its conclusion can be expressed as follows: Define

Y1 = (deg Q) In H(p) + N(p)In H(Q) + 8m? N (p)deg @,

Y = —i + Yl .
20
Then if r = 1 we have Y > 0 while if r > 1 there exists an unmixed
homogeneous ideal J of Z[X] with
(5.2.14) h(J)=m—-r+2, N(J) < N(p)deg @,

(5.2.15) In|J(@)|<Y.
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Further, the estimate for In H(J) given in (2) of Lemma 4.1.5 implies that
(5.2.186) InH(J)<Y,.

Before proceeding to a contradiction we first establish the inequality
(5.2.17) Y1 < e2u™T(p).
Indeed, by (5.2.9),
(5.2.18) Yy < (N8&)InH(p) + N(p)ciNb' +8m2N(p)(N§)

< ca(Nln H(p) + N¥N(p)) < cap™T(p) + caNb'N(p).
Also from (5.2.11), (5.2.1) and the definition of X we see that

1
B < —XW L<cXN™™ 1< x ™1
2C1

Now N = [u™D] > 1p™D and X = £ A"D"~!T(p) so that

bl < ¢, Bl#(m+l)rDr—12m+lp—m(M.+l) D—m-—l
r

< 65;1("_"‘)("‘+1)Dr—m+2T(p) '
Also by (5.2.4) we have
N-N(p)<p™D- p(m=r)(m+1) pm—r+1

so that N¥'N(p) < cgu™T(p). Using thisinequality in (5.2.18) gives (5.2.17)
as required.

It was shown in (5.2.13) that o satisfies 1 < o < 4c?b. Using this
inequality, the definition of X, and (5.2.15) it follows that

X
(5219) Y = —‘% +Y: < *E < —C1/\rDr—1T(P)

provided that ug is chosen sufficiently large. If r = 1 this already contradicts
Y > 0 and this contradiction starts off the inductive procedure.

Suppose now that r > 2. It will be verified that J satisfies the conditions
(i) and (ii) of the Proposition with r replaced by r—1. By (5.2.14) and (5.2.4)

N(J) < 6N - N(p) < u™D - A™=r Dm=r+1 < ym-r+1pm—r+2
if p > §, which is (i) as required. Also (5.2.16) and (5.2.17) give
(5.2.20) InH(J) < cau™(DInH(p)+ N(p)InH).

From (5.2.2) and (5.2.5) we have
InH(p) <2A™"D™ "InH.
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Using this inequality and (5.2.4) we deduce from (5.2.20) that
InH(J) < cqu™A™ " D™ "+ (2InH +In H) <A™+ D™~ "+ n H

if po > 3¢z, which is (ii) as required.
We now verify that

(5.2.21) In|J(@)| > -A""1D"7IT(J).

Indeed, if J N Z = (0) then J satisfies all the conditions of the Proposition
with r — 1 in place of r so that in this case (5.2.21) follows by the inductive
hypothesis. If however JNZ # (0) then the remarks following Lemma 4.1.4
show that

In|J(@)| + m®N(J)>0

and since N(J) < T(J) this evidently implies (5.2.21). Now (5.2.16) and
(5.2.14) lead to

T(J) < DY; + N(p)deg Q@ -In H < DY, + (deg Q)T (p) .
Using (5.2.17) it follows that
T(J) < cau™T(p)D+p™D-T(p) < cap™D - T(p)
Substitute that last upper bound for T'(J) into (4.3.21) to obtain
In|J(@)] > —cgA" " 1u™ D" T(p).

On comparing this inequality with (5.2.15) and (5.2.19) a contradiction is
obtained provided that pg is sufficiently large. This final contradiction es-
tablishes the induction step, and thereby completes the proof of the Propo-
sition.

Recall the definition of Hyp (f,a), Z(N) at the beginning of § 5.1.

THEOREM 5.2.1. Suppose that f, a satisfy Hyp (f,a). Then there ezists
an effective computable constant c depending only on K, f and a, with the
Jollowing property. Suppose that P(z,,...,z,) 18 @ nonzero polynomial of

degree at most D with rational integer coefficients of absolute value at most
H. Then

In|(f(a))| > ~cD™(In H + Z*(cD)).
Proof. It may be supposed that D > 1. Put
P(Xo,X1,...,Xm) = XPP(X1/Xo,. .., Xm/Xo)
and I = (P) in Z[Xo,Xy,...,Xm]. Then A(I) = 1, so r = m in the

Proposition. By Lemma 4.1.3 we obtain

(5.2.22) N(I)<D, InH(I)<InH+m*D<InH,
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where H is defined by
InH=InH+m?D+ 2?

for Z = Z(p™D). Since InH > Z2, we may apply the Proposition to
conclude that

In|I(@)| > -A™D™ Y (DIn H(I)+ N(I)In H).
Therefore by (5.2.22),
In|I(@)| > -2A™D™In H .
Since Z > ¢;(u™D)™*! > m2D, we obtain
InH <InH +22*
and so
In|I(@)| > -4A™D™(In H + Z?).
By Lemma 4.1.3
In|P(f)(e)| = In|P(@)| > In|I(@)| — D|In[@|| - 2mDIn(m + 1)
> —5A™(In H + Z?).
The Theorem is now proved.

The following two theorems follow immediately from this result and
Theorems 3.1, 3.3 of Chapter III.

THEOREM 5.2.2. Assume Hyp (f,a). LetO0# P € Z[zy,...,Zn] satisfy
deg,, .., P <D, H(P) =height(P) < H.
Then
In|P(f(a))| > —eP” —¢D™In H
where ¢ is an effective constant, computable in terms of K, f and a.

THEOREM 5.2.3. Assume Hyp (f, a) and in addition assume that A(2)
1s upper triangular. Let 0 £ P € Z[zq,. ..,z satisfy

deg,, ., P<D, H(P) = height (P) < H .
Then
In|P(f(@))| > —eD™(D*"*! + In H)

where ¢ is an effective constant, computable in terms of K, f and a.
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COROLLARY 1. Assume Hyp (f,a) and in addition suppose that A(z)
18 upper triangular. Then the numbers 0, = fi(a), s =1,...,m, are of finite
transcendence type, at most 2™ 4+ m.

COROLLARY 2. Let f(2) = 352, z¥", |z| < 1, where k is an integer
> 2. Leta € Q satisfy 0 < |a| < 1 end let

di—l

for m an integer > 1. Then 84,...,0,, have mutual transcendence type at
most 2™+ + m,

6,

3aTa

(We refer to Mahler for a proof of the algebraic independence over C(2)
of the functions %,__ll—f(z) (t=1,...,m))

Appendix

The purpose of this appendix is to prove Lemma C which determines
in particular a lower bound for the radius of convergence for solution of

(%) A(2) = A®(2) + B(2).

Definitions

Let K be an algebraic number field. Let K ((z)) denote the quotient field
of K|[[z]] where K|[[z]] is the ring of formal power series with coefficients in
K. For B = [b;j] 15ige € M, (K) define

7= \[L L
1=17=1
and
i

1Bl =/ 2 22 [bisl?.
i=17=1
Now K((2)) = UnZo 2 "K[[2]]. For A(z) = 3370, Anz" € My (K((2))) we
make the following further definitions:

p(A(z)) = limsup |A,|Y/",
7n— 00

p(A(2)) = limsup [A4,] /.

n— 00

For the purpose of stating the following lemma, the following further defi-
nitions will be given. Let § = {¢ : K — @, o is a field monomorphism
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fixing @} where Q denotes the algebraic closure of Q. Now § acts on
M,:(K) by acting on the entries of matrices and § acts on M,;(K(z)) by

(SosuAnz™) = Lo, 452"
LEMMA A. (1) For A,B€ M,;,(K((z)) and o, € K
p(ad + 8B) < max(p(4),o(B)), FaA-+PB) < max(p(4),5(B)).
(2) For A € My(K((2)), B € Meu(K((2))
p(AB) < max(p(A4),p(B)),  p(AB) < max(s(A),5(B))-
(3) For A € M, (K((2))
p(A) =sup{p(A4°)| o€ G}.
Proof. (1) This follows easily from

|aAn, + ,BB,,II/" < (2 max(|al, |ﬂ[))1/”max(|An|1/", ]B,,!l/") ,

(@A, + BB V™ < (2max(@l, (1)) /" max([4,] ¥/, [B,] /).

(2) Let A(z) = Y Anz", B(z) = Y B,z". Then C(2) = A(2)B(z) =
Y. cnz" where ¢, = 37, ., AxBi. Given € > 0 we have for certain con-
stants ry, 72, 73, 74

|Ak| < 11(p1 + €)% < 11 (p + €)¥,

|By| < fz(ﬂ2+€)' sz(p-f-e)' for all k,I.
Therefore for n™> 1,

pte
p+ 2

Since € > 0 is arbitrary, this proves that p(AB) < max(p(A), p(B)). The
proof that p(AB) < max(p(A), p(B)) is similar.

(3) Let 1 < n(1) < n(2) < ... be a subsequence such that p(A) =
limg_, o0 |A,,(k)| 1/n(k), For each k > 1 choose o (k) such that o(k) € § and

. n
|Cnl < rgn(p+e)":1'3(p+2e)"-n< ) < 14(p+2e)™.

An(k) < st- A:EB .
Let 1 < k; < ky... be such that o(k1) =o(k2)=...=0 € §G. Then

p = Jim [Ange| V7 < lim A7) < p(4%)

and so p(A) < sup{ p(A?)| o € G }. The converse inequality sup{ p(A°)| o €
G} <p(A)is clear.
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Preliminaries. Let K be an algebraic number field and > 2 an integer.
Let A € M,,(K) be nonsingular and C € M,;( K) satisfy

CAp = AC + By
(we also write Ag = A(0), By = B(0)) where

A(z) = ) Anz", An € My(K),
n=0

[o o]
B(z) =) Bnz", B, € Mu(K).
n=0
As mentioned before, it i3 possible to solve
o0
B(z) =D ®nz", ®n€ My(K),
=0

®(2*)A(z) = A®(2) + B(z),
&, =C

in formal power series. The solution will be unique and is inductively de-
termined by

APni1 + Bryr = Z DA = Z Ant1—kp (n2>0)
kb+l=n+1  0<k<(n+1)/b

with @9 = C.
It is easily proved by induction that for each integer k > 1 one has in
formal power series

(22" ) AR (2) = A*®(2) + B¥(2), ®o=C,
where 7
AR ()= A(2" 7). A(2),
B+ (z) = A*B(2) + BF) () A(2),
BM(z) = B(z), AW(2)=A(2)
with cA(F)(0) = A*C + B(*)(0).

LEMMA B. Let ®(z) € M, (K((2))), A(z) € Mu(K((2), B(z) €
M, (K ((2))) be such that

8(z*)A(z) = A®(2) + B(z)
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with A € M,,(K) nonsingular. Then

(1) p(®(2)) < max(1, p(A(2)), p(B(2))),
(2) p(2(2)) < max(1,5(A(2)),5(B(2)))-

Proof. It will first be proved that (1) implies (2). To see this choose
o € § so that p(®(z)) = p(®°(z)). This is possible by Lemma A. Then

7 (2%)A%(2z) = A°®°(2) + B?(2)
with A° € M,,(K) nonsingular. Since we are assuming (1) it follows that
p(2(2)) = p(2°(2)) < max(1, p(47(2)), p(B°(2)))
< max(1,p(A(2)), 7(B(2))) -

It remains to prove (1). It will first be shown that it suffices to prove
(1) in the special case that

®(z) € Mo (K[[2]]), A(2) € Mu(K[[2]]), B(z) € Mae(K[[2]]) -

Indeed, suppose that (1) is established in this special case. Now in the
general case choose a positive integer n such that A;(z) = A(2)z"®-1) ¢
Mu(K[[Z]]) Then

U(2%)A1(2) = A¥(2) + 27" B(z) where

Y(z) =z7"P(2).

Write
U(z) =) Wuz*, Wp(z)=) Wuzt, ¥'(z)=¥(z) - ¥p(2).
- u>0
Then

Up(z8)A;(z) = AUp(2z) + By(z)  where

Bi(2) = z7"B(z) + A¥*(2) — ¥* (") A(z) .
It is easy to see that p(B;(z)) < p(B(z)) and that B,(z) € M,:(K|[2]]). By
hypothesis it follows that
p(¥p(2)) < max(1,p(A1(2)), p(B1(2))) < max(1, p(A(2)), p(B(2))) -

Consequently p(¥(z)) < max(L, p(A(2)), p(B(z))), and therefore p(P(z)) =
p(¥(z)) < max(1, p(A(z)), p(B(2))). It remains to establish (1) in this spe-
cial case.

We assume that

(1) ®(z%)A(2) = A®(2) + B(z)
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with

) A e M,,(K) nonsingular,
2
®(z) € Mu(K([[2]]), B(z) € Ma(K([[2]}), A(2) € Mee(K[[2]])

and that p > 1 is such that

(3) p(A(2)) <p, p(B(z))<p.
We wish to prove that
(4) p(®(z)) < p.

It will first be shown that it is enough to prove (4) if we replace (3) by
the stronger hypothesis

(3)’ p21, p(A(2)) <oV, p(B(2)) <p.

To see this, given € > 0 choose k > 1 so that
k k
PLYICES | P

Now p(A¥)(2)) < p, p(B¥)(z2)) < p follows by application of Lemma A and
the inductive definition of the A(¥)(z), B(*)(z) given in the Preliminaries.
We now have

¥(2*) AW (2) = A*®(z) + BH(2)
with
p(AM(2)) < (p+ )"V p(BB(2)) < p+e,

and so by our hypothesis we deduce that p(®(z)) < p+ €. Since € > 0 is
arbitrary, we conclude that (4) holds.

It remains to be proved that if (1), (2), (3)’ hold then (4) also holds.
This is the content of the following lemma.

LEMMA C. Let

p>1, limsup|Ay'/t < p®=B/%  limsup|B|Y* < p.
t— o0

t— oo

Then
limsup |®,['/* < p
t— o0
where as usual one solves in formal power series
o(z)A(z) = A®(z2) + B(2)
satisfying (1) and (2).
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Proof. It has already been remarked that in this case the solution is
unique and is inductively determined by

A®pi1+ Bas1= > BAn+1-kb (n>0)
0<k<(n+1)/b
with ®; = C where C € M,,;(K) is such that
CAp =AC+ By
Define § = (3]A~!|)~!. Let £ > 0 and determine C; = C;(&) > O such that

5):(5—1)/5

|A;[§Cl(p+§ forall t>0.

Choose K to be a positive integer so large that

(1) (%) ko(t—1) )

(2) Xksko Crlp + €/2)~*0¢-1 < 5.
Define C = E:?_—o |®x|. Choose C* to be a positive real number satisfying
(3)c*>c, c* >y,
(4) Cmaxo<i<2kob+1 |At] < 6C*,
(5) |Be] < 6C*(p+€)t forallt > 0.
It will be shown that

)

|®n] < C*(p+€)* foralln>0,

which will complete the proof since € > 0 is arbitrary.
If 0 < n < kg then

|Bn| K C < C*<C*(p+e€).

Now let n be a positive integer such that for all integers m, 0 < m < n, one
has

|Pm| < C*(p+€)™.
It will be proved that |®,,1] < C*(p+ €)"*1. We have
A1+ Bny1 = Z PrAni1_kp =S1+ 52
0<k< (nt1)/b

where

S1= ). PrAnii-m, Sp= Z PrAny1-ks -
ko<k<(n+1)/b 0<ko <k
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It will now be shown that |Sz| < §C*(p + €)™ *!. Indeed, if n > 2kob then

lSz' < Cog}‘a.x IA,,+1 kb| < sC* < sC* (p+€)"+l

But if n > 2kgb + 1 we obtain
e)(n-{-l—kb)(b—l)/b

|S2| < C Lrll;ax |Ant+1—ks] < CCy g}cagi (p+§

_ (n+1—kb)(b—1)/6 (P T €/2
cCy Og’lczio(p-ke) (—

(n+1-kb)(5—1)/b
pte )

+ €/2\ ka(b-1)
< Gy (p+ ey (£212)
< CCi(p+e) ( ote
< CCi(p+e)*t < 6C* (p+ )"t

This proves that |S;| < 6§C* (p + €)™+ in all cases.
Now by the definition of S;,

o e\ n+1-kb(b—1)/b
ISi1< Y- Crlp+e)ntt.c (p+ 5)
ko<k<(n+1)/b

using the inductive hypothesis. It follows that

—kb(b—1)/b
151] < Z C*Cy(p+ )"t (p-!— %) < 8C*(p+e)"tt.
ko<k<(n+1)/b
Therefore

|A¢n+l + Bn+1| < ISll + |S2| < 250‘(P+€)"+1
and so [A®, ;| < 36C*(p + ). Consequently
|®n11] < 3[ATYEC (p + €)™*! < C*(p + €)™ H?

and Lemma C, and so Lemma B, is now proved.
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