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Introduction

The main result of this paper is concerned with the conditions which
guarantee that a multifunction f: C — 2% defined on an arbitrary subset C of
a topological vector space X admits a point x of C such that xef(x).

First, we give some definitions and propositions which are associated
with semicontinuous multifunctions (Part 1).

Next, in Part 2, we present a global convergence criterion on variable
dimension algorithms for finding an approximate solution of the equation
xef(x), and then we consider some fixed point theorems for multifunctions
defined in finite-dimensional spaces.:

Part 3 contains fixed point theorems for quasi upper semicontinuous
multifunctions defined on arbitrary domains of topological vector spaces
which generalize the theorems with boundary conditions.

Part 4 is devoted to some fixed point theorems for strongly lower
semicontinuous multifunctions and thus here we are first concerned with
fixed point theorems under boundary conditions for this class of multi-
functions.

The last part shows how we can apply the results obtained to existence
problem of equilibrium situations in the theory of non-cooperative games.

1. Some classs of semicontinuous multifunctions

In this part we give some definitions and propositions which are
associated with semicontinuous multifunctions.

All topological spaces considered in this paper are Hausdorff spaces.

Let X, Y be topological spaces, let 2¥ be the set of all subsets of Y and
let A be a nonempty set in X. Let f* A —2' be a multifunction defined
on A such that, for every xe A, f(x) is a nonempty subset of Y. We write
S(By=U{f(w)| ueB} for any subset B = A, and B denotes the closure of
the set B.

1.1. Weak upper semicontinuous multifunctions. First we recall that f is
said to be upper semicontinuous (v.s.c.) at x if, for each neighbourhood V<Y
of f(x), there exists a neighbourhood U = A of x such that f(U)c V.
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By 4(x) we denote the set of neighbourhoods of x in A. We define
(Ls f): A—2Y as follows:

(Ls f)(x) =N {f(B)] BeZ(x);.

DeriNTION 1. The multifunction f is weak upper semicontinuous (w.u.s.c.)
at x if (Ls f)(x) = f(x). The multifunction f is w.usc. on A4 if fis w.us.c. at
each point of A.

The multifunction f is quasi upper semicontinuous (qusc.) at x if
(Ls ) (x) =1 ().

Clearly, if f is q.us.c. at x then f is w.us.c. at x.

Let us remark that in some cases the notions of w.u.s.c. multifunctions
and q.us.c. multifunctions reveal some advantages over the usual notion of
us.c. multifunctions. For instance, as usual, it is difficult to verify directly the
upper semicontinuity of the generalized budget constraint multifunctions
used in mathematical economics. However, in many cases it is easy enough
to show that the generalized budget constraint multifunctions are w.u.s.c. (or
q.us.c) on its domains. We shall consider the following

ExameLe 1. Let T=T,uT,uT, be nonempty set such that T, " Ty
=@ and, for any te T, let a real-valued function g, X x Y— R be defined.
We define g: X - 2¥ as follows:

g,(x, y) <0 for all te T,
9(x) = {ye Y. g,(x, y) <O for all te T,}
g(x,y) =0 for all te T,

If each g, is lower semicontinuous for te T; U T, and continuous for te T; on
X x Y, then ¢ is w.u.s.c. on its domain. Moreover, if T; = @, then g is q.us.c.
on its domain.

For any multifunction f: A — 2¥ we define the multifunction f: A — 2V
by f(u) =f(u) for each ue A and Graph f = {(x, y)| xe 4, yef(x)}.

ExampLE 2. Let f: A - 2" be a multifunction such that the set Graph [is
a closed subset of A xY, then fis wu.s.c. on its domain.

We give some propositions.

ProrosiTioN 1. For Y being a regular space we have the following
relations:

(@) if [ is us.c. at xe A, then f is wus.c. at x,

if fis us.c. at x and f(X) is closed, then f is qus.c. at x,

(b) if f is wus.c. at x, then f is qusc. at x,

(c) if [ is wus.c. at x and f(x) is closed, then f is qu.s.c. at x.

For Y being a topological vector space and for any B — Y, conv B
denotes the convex hull of the set B.

ProposiTioN 2. If Yis a locally convex topological vector space and if f is
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w.us.Cc. at x and there exists a nonempty compact subset K of Y such that
conv f(x) =« K and f(U) = K for some neighbourhood U of x in A, then the
multifunction f': A — 2¥ defined byf () = convf(u) Jor every ue A is wu.s.c.
at x and hence the multzfunctzonf defined by f (w) =conv f(u) for ueA, is
qusc. at x.

Indeed, suppose that there exists a ye(Lsf)(x)\f'(x). Since

f'(x) is compact and convex by the Hahn-Banach Theorem, there is a
nontrivial linear continuous function @ on Y and a number a such that

a(y) <a <a(y) forally ef_’(;).

Moreover, K is compact, fis q.us.c. at x, and thus there is a neighbourhood
U’ of x in A such that a(y’) > « for all y'e f(U’); hence, since g is a linear
function we have a(y) > a for all y'ef’(U’). Then, by yef'(U), a(y) = qa,
which is a contradiction.

For Y being a topological vector space Fan Ky (see [10], [11])
introduced the following notion:

DeriNITION 2. The multifunction f* A — 2Y is ~ by, definition — upper
demicontinuous at x if, for every open halfspace H in Y containing f (x), there
is a neighbourhood U of x in A4 such that f(U) < H.

Using the above argument, we have the following

ProrosritioN 3. If Yis a locally convex topological vector space, f is upper
demicontinuous at x and f(x) is convex, then f is w.u.s.c. at x.

1.2, Strongly lower semicontinuous multifunctions. We recall that a
multifunction h: 4 — 2¥ is said to be lower semicontinuous (Lsc.) at x if, for
every open subset ¥V of Y such that VAh(x)# @, there exists a
neighbourhood U of x in A such that VA h(x') # @ for every x'eU.

Derinrmion 3. The multifunction h is strongly lower semicontinuous
(slsc) at x if, for every yeh(x), the set h™!1(y)={x'e 4| yeh(x)} is
relatively open in 4.

Obviously, if h is s.ls.c. at x, then h is lsc. at x.

Directly from the definitions we have

ProPOSITION 4. If the multifunction f: A — 2 is qus.c. at xe A and K is
a subset of Y such that f(A) < K, then the multifunction h': A— 2* defined by
I (u) = K\ f(u) for every ueA, is sls.c. at x.

Let Z be a topological space.

PropoSITION 5. If h is Ls.c. at x and if a multifunction 1. Y— 2¢ is s.ls.c.
at every point y of h(x), then the multifunction th: A — 2% defined by Ih(u)
= I(h(u)) for every ueA is slsc. at x.

ProrosiTioN 6. If Yis a topological vector space and h is s.ls.c. at x, then
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the multifunction W: A—2¥ defined by h (u) =conv h(u) for every ue A, is
sls.c. at x.

A class of sls.c. multifunctions is given in the following

ExaMmpLE 3. Let T be a finite set and, for each te T and for every fixed
point yeV, let g,; AxY— R! be a real-valued function which is us.c. at x;
then the multifunction h': A —»2' defined by K (u) = {yeY| g,(u, y) <0
for all te T} for every ue 4, is slsc. at x.

13. A class of lower semicontinuous multifunctions. Let h: 4 — 2" be a
multifunction defined on A such that for every ue 4, h(u) is a nonempty
subset of Y. Then we define h™!: Y— 24 by h™'(y) = {ue 4] yeh(u)} for
each yeYand h™: 2Y 524 by h™ (E) = {uc 4] h(w)nE # @} for each Ec2".
Let ve h(A).

DerFiNITION 4. The multifunction h is said to be v-open if for every
relatively open subset B of X in A such that ve h(B) we have veint h(B).

Then we obtain the following

PropoSITION 7. Let xeA. The multifunction h is v-open if the
multifunction h™! is ls.c. at v. The multifunction h is ls.c.- at x iff the
multifunction h™ is x-open. '

Let P be a nonempty set and let yoe E = Y. Now we need the following

DEerINITION 5. A real function ¢: E x P— R! is y,-quasi convex on P if
for each ye E and for each neighbourhood ¥, of 'y there is a point y'e , nE
and a function a,;: P—(0,1] such that o(y,p)<(1—-a,(p)@(y, P+
+a,(p) @(yo, p) holds for all peP.

For any-pair y,, y, of a vector space, the segment [y,, y,] denotes the
set {ay; +(1—a)y,l 0 a <1},

ExaMpLE 4. Assume that E is a subset of a topological vector space and
is yo-starshaped, i.c., that E is a set such that, for any yeE, the segment
[yo, y] is a subset of E. If ¢: ExP— R! is a function such that for each
pe P and for each yeE, the restriction of ¢ on [y, ¥1, ¢(-, p): [Ve, ¥]—= R!
is convex in [y,, y], then ¢ is yy,-quasi convex on P.

Now we show the lower semicontinuity of a class of multifunctions
usually given in nonlinear programming.

ProrosiTION 8. Assume that P is a compact space and that

(i) for each yeE, the function ¢: ExPxA—R™" is usc. on PxA;

(i) g: PxA— R! is a function ls.c. on PxA;

(iii) for each ue A, there exists y,eE such that ¢(-, -, u) is y,-quasi
convex on P and ¢(y,, p, u) <g(p, u) for all peP.

Then the multifunction i': A —2Y defined by letting

W)= {yeE| oy, p, u) < g(p, u) for all peP} for each ue A
is lower semicontinuous on A.
Proof. Let ue A and let y, be the point defined in condition (iii). By the
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compactness of P, the upper semicontinuity of the function ¢—g on P and
.ccondition (iii) .
B(u) = man(qD(yui P, u)—g(P, U)) < 0.
pe
Let xeA, yeh'(x) and let U be some neighbourhood of y. Since
¢ is y.quasi convex on P, there exists a yYeUNE and a function
a: P—(0, 1] such that

(P(yls D, x) < (1—‘1(1-7))(/’()’, D, u)+a(p)qo(y,, D, x)

for all pe P. Then ¢ (), p, x)—g(p, x) < a(p)e(x) < 0. Thus, for y'e E and for
any peP, by the upper semicontinuity of ¢—g at (p, x) there exists a
neighbourhood ¥(p) of x and a neighbourhood V(p, x) of p such that
o(y, P, wy—g(p', w) <0 for all p'e V(p, x) and for all ue V(p).

Hence, since P is a compact space, there exists a finite subset
{Pys P2y ---» Pt Of P such that P= {V(p;, x) i=1, ..., mh.

Let V(x)= N V(p); then o(y, p', w)—g(p’, x) <0 for all u'e V(x) and
i=1
for all p'e P. It means that, for any v'e V(x), yeh' ('), thus W (W)nU # @
for any u'e V(x) as was required.

We note that in this proposition X, Y, P are not assumed to be vector
spaces. '

As a direct corollary, we have:

If P is a compact space, E is a nonempty convex set of a topological
vector space Y and a real function ¢: E x P x A —»R! satisfies condition (i) and
conditions

(ii) for any (u, P Ax P, o(-, p, u): E— R' is convex on E,

(iii") for each ue A, there exists a y,e E such that

@ (us P, u) <0 for all peP,
then the multifunction W: A — 2" defined by
W(u={yeE| o(y, p,u) <0 forall peP} for ue A»,

is lower semicontinuous on A.

We can observe that condition (iii'} is similar to Slater’s well-known
condition in convex programming (see [22]); hence condition (iii) really is a
weaker one.

2. A remark on the convergence of variable dimension algorithms

The variable dimension- algorithms, first given by G. Vander Laan and
A. J. J. Talman for finding an approximate solution of the equation xef (x)
of a multifunction from R" into R”, have been extensively developed in recent
times (see, for example, [13], [16]).
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First we describe the algorithms (Section (2.1)

In Section 2.2 we give a new global convergence criterion for the
algorithms. This criterion shows that the convergence of the algorithms
depends upon the relation between the starting vectors of the simplex
pfocedurc, the conical subdivision of the space containing the domain of the
multifunction and the information received about the multifunction.

Section 2.3 is devoted to some fixed point theorems for quasi-upper
semicontinuous multifunctions defined in finite-dimensional spaces.
Moreover, in theses theorems solutions of the equation xef(x) can be
worked out by some algorithm procedures.

2.1. Variable dimension algorithms. First we describe variable dimension
algorithms for computing an approximate zero of a multifunction for R" into
R" (see [16], [19], [20]).

Let w be a preselected point of R" (a first guess of the solution of the
equation Oef (x) to be sought) and n+1 arbitrary points {a’, a?,..., a"*1} in
R" spanning an n-simplex containing w in its interior.

Foreach I = {1, 2, ...¢n+1}, let P, be the convex polyhedral cone with
vertex at w. generated by all halflines from w through a/ with j¢I. For each
iel, P, stands for Py,

The system of cones

(P) P, I1c{1,2,...,n+1), I#Q

determines a subdivision of R" such that

(i) dim P; =n+1-]I,

(i) each maximal proper face of Py is a cone P, with J =Ty {y}, y¢lI.

Let Tbe a triangulation of R" consistent with the conical subdivision P,
ie, such that for every simplex ¢ of T and every I = {1, 2, ..., n+1} the
intersection t N P; is a face (possibly empty) of ¢. Then the restriction of Tin
P, ie, Ty ={tnP)| teT) triangulates P,.

DEFINITION 6. A set U of n+2 distinct elements of Q U {1, 2, ..., n+1}
is called a P-set if UnQ is the vertex set of a maximal simplex (i.e., a
simplex of maximal dimension of T). A subset W of a P-set U is called a
facet of it if W= U\{x} for some xeU.

The basic property of P-set is the following:

Lemma 1. If U is a P-set and x is an element of U such that
LSUN{x})NQI<n, then there exists exactly one y¢U for which
(U\{x})u{y} is also a P-set.

Let f: R"— 2*" be a multifunction such that J(x) is nonempty for each
xeR". We wish to compute an approximate solution of the equation Oe I (x).
Take a selection ! of f i, a single-valued function such that l(x)ef(x) for
every x and n-+1 vectors b', b2 ..., b"** of R" such that for all numbers
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0 > 0 small enough

(2.1 [0]econv {b', b2, ..., b"+1)

where [0] = (6%, 0, ..., 6").
DerINITION 7. A facet Wof a P-set is said to be complete if for all 8 >0
small enough we have

[01econv {{(WnQ), bi(ie W\Q).

Obviously, if Wis complete and W< Q then
Oeconv [(W) = conv f (W),

so that W will be an approximate zero of f.
We need the following lemmas:

LemMMma 2. Let U be a P-set. If W is a complete facet of U such that
W = U\{x} for some xeU, then there exists exactly one yeW such that
(W\{y}) v {x} is another complete facet.

LemMMa 3. Uy ={w, 1,2, ..., n+1} is the only P-set of a complete facet
Wo=1{1,2,...,n+1} which does not contain any vertice of T.

These lemmas taken together justify the following pivoting procedure:

Algorithm (w, P, T, b, I)

1. Start with Ug={w, 1,2,...,n+1}, Wo=11,2,...,n+1} x"=w.

a) Find y'e W, such that W, = (W,\ {y*}) U {x°) is complete (by the
Simplex procedure),

b) Then find x' such that U, =(Up\{y'})u{x'} is a P-set (by
triangulation).

2. Repeat the procedure with U, W,, x! replacing U,, W,, x° And
S0 on.

Stop when a P-set U is reached which contains a simplex ¢ such that
Oeconv I(t), in particular if U contains a complete facet W< Q.

By normal argument one can show that the above algorithm never
repeats.

2.2. Global convergence. Clearly, the criterion W <-Q is concrete and
would be verified simultaneously, whereas the criterion O conv I(t) for some
simplex ¢ is not concrete. Some of the more concrete stop criteria were given
in [13], [16], [20]. Now we give the following

THeOREM 1. Given (w, P, T). Assume that there exist woeR", o >0, § >0
and a selection 1 of f such that to each te T corresponds a nondegenerate linear
operator A,: R"— R" such that:

(i) for every xet, if l|x—wq| >, then

(2.2) {A(x), u—wg> >0 for all uet,
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(i) {b', b% ..., b""'} are chosen so that
(23) 4, b,z—wd>0 foralli=1,2,...,n and for all ze P;\ {w},
and for every t # w,

(24) <AV, x~w) >0 for all xet\{w} and for all i such that t = P,.

Then if mesh T < f/2 the algorithm (w, P, T, b, I) will terminate in a ball
of radius a+f around wy. -

Proof. First, we remark that if O¢int conv(b!, b2 ...b"*!) then, since
A, is nondegenerate, O¢int conv(4, b', 4, 0% ..., 4,,b""?), and hence, by
the Separate Theorem, there exists a vector z, # 0 such that (4, b, z,> <0
for all i=1, 2,..., n+1. But this contradics (2.3) since zo+we P\ {w) for
some i; therefore

Oeint conv (b', b2, ..., b"*1),

ie., (2.1) holds, and thus the algorithm (w, P, T, b, ) applies.

Now we take a ball C around w, with radius r+pf, where r is
large enough, so that r >a, weC, and such that, for every u, provided
llu—wpl|| > r, by (2.4), we have

(2.5) AV, u—wyd>>0 if tcP, uet.
Let mesh T< /2 and let ¢’ be a maximal simplex such that ¢’ N 6C # Q.

Then t'e T, for some I = {1, 2, ..., n+1}, and for every xet, ||[x—wq| > a;
hence, for a fixed point u'et’, we get ||[u'—wy|| > r; hence by (2.2)

Apl(x), ' —wed >0  for all xet’

which together with (2.5) holds for t = ¢’ and for all ie I since I < {i| u'e P;).
Thus
O¢conv {4, I(x), A4, b(t)} forall xet,

where b(t') = {b|i such that ¢ = P, and we have
(2.6) 0¢conv {4, (), 4,b(t)}.

Moreover, if we dC, then Oeconvb(w), or, if the algorithm does not
terminate in C, then by the algorithm there exists a t” such that ¢’ n dC = @
and Oeconv(l(t"), b(t"). These two cases, by (2.6), are impossible, therefore
the algorithm terminates in C.

Finally, by t, we denote the terminal simplex generated by the
algorithm; then Oeconv (I(zo)). If for some uetq |[u—wo|| > a+ B, then, for all
xety, by [lu—x|| < B/2, ||lx—wy| > a and, by (2.2), we get

(A 1(x), u—wo) >0, e, Og¢conv A, (I(to));

hence O¢conv [(ty). This contradiction shows that |lu—wy| <a+f for all
uety, as was required.
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Remark 1. Condition (2.2) is a modification of Merrill’s condition (see
[20]). If, for all te T, A, = —1I, where I is the identity operator, then (2.2)
gives some form of an ‘inward’ condition. But if, for all te T, 4, = I, from
(2.2) one can follow some form of an ‘outward’ condition.

Remark 2. We shall discuss a variant of V. Laan and Tallman’s
algorithms. In [16] R" is embedded in R"*! so that the ith vertex of the
simplex § = R" is identified with the ith unit vector ¢’ of R"*! and

i+1_el, b‘=(n+1)(e‘—w).

Clearly, condition (1.9) in [20] is not satisfied, i.e,, (b', x—w) < 0 does
not hold for any xeP;\{w} and for any i=1,2,...,n+1.
For the basic system {e'} of R"*!, we have

ad=w+e

w+0eint conv{d, i=1,2,...,n+1}.

On the other hand, since, each i=1, 2, ..., n+1, P; is a pointed cone,
the set P = {geR"*!| (g, z—w) >0 for all ze P;\{w}} is nonempty, we
n+1

can choose for each i=1, 2,...,n+1, a vector g;e P;". But |J P, is the
=1

space containing the vectors {¢'—w, i=1,2,...,n+1}, then, by the
Separate Theorem, we get Oeint conv{g| i=1, 2, ..., n+1} and hence the
system {g] i=1,2,...,n+1} is affine independent. Thus there exists a
nongenerated linear operator A: R""! — R"*! such that Ab = q. This implies
(AP, z—w) = {q;, z—w) >0 for all zeP;\{w}, ie, the system (b i
=1, ..., n+1} satisfies condition (2.3) of Theorem 1.

23. Some results in finite-dimensional spaces. First, we give the following

DEerFINITION 6. We say that the equation Oef(x) has an approximate
solution in C if there exists an algorithm (w, P, T, b, I) such that when the
mesh of the triangulation Tis fine enough the algorithm will terminate in C.
A simplex ¢t of T is an approximate solution of the equation Oef(x) if
Oeconv f ().

Let B(d) = {xeR" |Ix]| <d}.

THEOREM 2. Given (w, P, T, b). Let > R"— 2X" be a multifunction such
that, for every xe R", f (x) is nonempty. Suppose that there is compact subset C
of R" containing w and such that int C # @, a number d >0 and a bounded
subset D of R" such that:

(i) for every xe C+B(d), f(x)nD # @,

(i) f is qu.s.c. on C and, for every xeC, f(x) is convex,

(iii) for every xedC, O¢conv(f(x)n D, b(x)), where b(x) = {b'| xe P;}.

Then there exists an xqe C such that Oef (xo) and the equation Ocf (x)
has an approximate solution in C.

Proofl. By condition (iii) weint C. Let 4, be a positive number such
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that d, — 0(k = co). Thus we can use the algorithm (w, P, T, b, 1), T, being a
triangulation of T with mesh T, =d, and I(x)ef (x)nD for all xeC+ B(d)
and I(x)ef(x) for all other x.

First, suppose that there is a sequence dy, d;, — 0 such that the algorithm
terminates at t, in C with tye T,. Then

0econv I(t,) = conv(f ().

Let t, = {x}, xZ, ..., xi*!}. Since C is compact, there exists a subsequence,
say also 1, and a pomt xoe C such that xj— x, for all j=1,2,...,n+1
k — 0. Since D is bounded, f is, qus.c. at x,, it follows that for all k 1(xf) .
converges to some point zje(Ls f)(xo) n D, and thus Oe conv (Ls f)(xo), hence
Oef (xo)-

On the other hand, if d, is a subsequence such that as k— co the
algorithm does not terminate in C, ie, for each d,, there exists a simplex
t,e T, with mesh ¢, < d, such that t, n8C # @ and Oeconv (I(t,), b(t)). B
an analogous argument there is a point x4 € C such that for all jeJ,, where
te={xl] jeJi} Jo={1,...,n+1}, x{ - x5 and hence b(,) = b(xp), k being
large enough, where b(tk) {bY|i such that r, < P;}. Now by the q.u.
semicontinuity of f on C we get Oeconv(f(xp)ND, b(xp)), contradicting
condition (iii) since x;e dC.

CoroLLARY 2.1. Given weR". Let f: R"— 28" be a multifunction such
that:

(i) there is a bounded subset D of R" such that f is q.u.s.c. on some simplex
S containing a neighbourhood of conv(D, w),

(i) for each xeS, (f(x)+x)ND # Q.

Then we can choose (P, T, b, l) such that whenever the mesh of T is fine
enough the algorithm will terminate in S, yielding an approximate solution of
Ocf(x) in S. Moreover, if [(x) is convex for each xS, the system xeS,
Oef(x) has a solution.

Proof. By condition (i), there is a number d > 0, and a simplex S’ such
that

conv(D, w)+B(d/2) =S’ = §'+B(d/4) c S.

Foreachi=1,2,..., n+l, and &' be the i-vertex of S’ and S} be the face of
S’ opposite to vertex a'. Then we define b' as the inward orthogonal vector to
the face S such that ¢b',z—x> >0 for all zeint §, xeS;. Let P, = fw+

+ Y aj(@—w)| ;2 0,j#i} and choose T as some triangulation according
J#i
to the system (P); then we can take I(x)ef(x) ~(D—x) for each xe S, and
l(x)ef(x) for each x¢S. Thus, since D is a bounded subset, to apply
Theorem 2 we have to verify the condition for each xeés'".
Suppose that, for some x'edS’, Oeconv (f (x')n(D—x"), b(x). Then we

have ue b(x) and vef (x)n(D—x') such that 0 = au+(1—a)v for 0<a < 1.
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Since, for xe P;, O¢conv (b, j # i) for some i’ # i, if follows that #eb(x’),

u#0 and az#1, e, (l—a)>0 and (l—a)v= —au. Moreover,
vtx'eDcint &, (u—oau) =(1-a) Y (b, (v+x)—x") >0 since b(x)
J#i

=J(x)cJ\{i'}, a; =0 for j¢J(x'). This contradiction shows that we can
apply Theorem 2 and completes the proof.

Let D be a bounded subset of R" and let d > 0. We denote by S(D, d)
some minimal simplex of R" containing D+ B(d).

THEOREM 3. Let C be a nonempty subset of R" and let f: C— 2" be a
multifunction q.u.s.c. on C. Suppose that there exists a bounded subset D of R"
and a multifunction g: S(D, d) - 2€ us.c. on S(D, d) for some d > 0 such that,
Jor every xeg(S(D, d), f(x) "D # @. Then the system

ueS(D,d), ueconv (f_g(u))

has an approximate solution,

Moreover, if, for every ueS(D, d)\C, ug¢conv (E(u) ~ D) and if; for every
ueS(D,d)nC, g(u) =u and f(u) is convex, then f has a fixed point in C and
the system

xeC, xef(x)

has an approximate solution.
__ Proof. We define a multifunction ¢,: S(D, d)— vl by @;(u) =
fg (u) ~ D for each ueS(D, d). Clearly, ¢, is q.us.c. on S(D, d) and hence
the multifunction ¢,: S(D, d)— 2" by ¢,(u) =conv ¢, () for every
ueS(D, d) is also q.us.c. on S(D, d).

Now we take weint S(D, d) and can apply Corollary 2.1 with the
multifunction ¢: R"— 2*" defined by

_ {@i(w)—u for every ueS(D, d)
e =9"" gn for every u¢S(D, d),

and we obtain the approximate solution of the system
ue S(D, d), Oeconvﬁ(u)—u.

We infer the existence of a fixed point of the multifunction fin C and the
existence of an approximate solution of the system xeC, xef(x) from the
last condition in the theorem.

3. Some fixed point theorems

In this part of the paper we are concerned with the existence of a fixed
point of a multifunction f from a subset C of a topological vector space X
into X.
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To ensure the existence of a fixed point in C, besides making the usual
assumptions about convexity, the compactness of the domain C and the
upper semicontinuity of the multifunction f, it was necessary to impose
certain conditions upon the values of f on the boundary of C. Some of the
well-known boundary conditions are the Leray-Schauder condition and the
inward conditions (see [2], [3], [10], [17]). When C is a closed subset of the
Euclidean n-space R”, a new boundary condition was developed in [19,
Theorem 2.1], providing a unification of many different conditions.

In this part we assume that C is a nonempty arbitrary subset of X and
hence it is necessary to choose some suitable local boundary conditions; in
this way we shall obtain some new fixed point theorems which generalize
well-known results. '

3.1. Local boundary mapping. Throughout this part X denotes a
HausdorfI' topological vector space.

Let E, D be nonempty subsets of X. By L, we denote the smallest linear
manifold of X containing D.

DEFINITION 9. A single-valued mapping g: Lp — E is said to be a local
boundary mapping if g is continuous on L, and g(u)=u for every
ueconv DNE.

ExaMpLE 5. Let us recall that a continuous mapping : X — E with r|E
= id is called a retraction of X onto E. Clearly, if r is a retraction of X onto
E, then, for every nonempty subset D' of X, r|Lp is a local boundary
mapping (w.rt. E, D).

By int, (E n Lp) we denote the relative interior of En Ly in L, and
O, (EnLp)=(E N Lp)\inty (E N Lp). Another example is the following:

ExaMPLE 6. Assume that E is closed and convex with int, (E N Lp) # (1))
and that there exists a continuous mapping ¢: Lp\E — int,, (E n Lp) such
that @ (Lp\E) is a compact subset of int; ) (E N Lp). Then we can define a
local boundary mapping g: L, — E as follows:

- [u, o)) N8, (EnLp) for ueLp\E,
g =
u for ueL, NE.

DeriNiTioN 10. A multifunction g: Ly — 28 is called a local boundary
multifunction if g is us.c. on L, and g(u) = {u} for every ueconv D NE.

Let pe4 = X. We recall that a subset A of X is p-starshaped if, for
every xe A, the segment [p, x] is a subset of A.

ExaMpLE 7. Assume that int, (EnLp) # @ and pieinty, (En Lp) for
each i=1,2,..., n. Moreover, if E is a subset of X such that EnLyis
closed and, for each i =1,2,..., n is pi-starshaped, then one can define a
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multifunction g: Lp — 2% by

U{ei@w) i=1,2,...,n for ueLy\E,
u for ue LpnE,

g(u)={

where ¢,(u) = {x'e[p;, ul " E| [pi, X1 > [p;, x] for all xe[p;, u] nE}.
Now we give some other classes of local boundary multifunctions used
in fixed point theorems.

ExampLE 8. Assume that E is a compact subset and d: L,xE— R is a
non-negative continuous real function such that d(u, x) =0 iff u = xeE.
Then the multifunction g defined by

gw) = {x'e E| d(u, x') < d(u, x) for all xeE} for every ueL,

is also a local boundary multifunction.

ExampLE 9. The following notion is defined in [19]: For a given closed
subset E of R", a us.c. multifunction r from R” into E is called a retraction
(in the extended sense) if (1) is nonempty and compact for every ue R" and
r(u) = u for every uecE.

_ Clearly, if r is a retraction in the extended sense, then for every subset
D’ of R", r|Lp is a local boundary multifunction (w.r.t. E, D).

Remark 3. Let %(D) be the set of all finite subsets U of D. For each U,
let S(U) denote some fixed minimal simplex of the finite dimensional veriety
Ly containing conv(U) and S(D) = J {S(U)| Ue%(D)}. '

As we shall show in Theorem 4’ below, to establish fixed point theorems
one can use the following definitions by relaxing continuous assumptions:

A single-valued mapping g: L,— E is a local boundary mapping
provided g is continuous on S(D) and g =id on conv(D)n E.

A multifunction g: L, — 2E is a local boundary multifunction if g is
us.c. on S(D) and g =id on conv(D)n E.

3.2. Some fixed point theorems. Throughout this section X denotes a
locally convex topological vector space.

THEOREM 4. Let C be a nonempty subset of X and let f: C—2¥ be a
q.u.s.c. multifunction on C. Suppose that there exists a nonempty subset D of X
and a local boundary mapping g: L, — C such that:

(i) for each xeg(Lp), f(x) is convex and f(x)~D # @,

(1i) ‘local boundary condition’: for every ueconv D\C,

(3.1 ugfg(u)

(iii)]g_(LD)nconv D is compact.
Then f has a fixed point in C.
Remark 4. C is not assumed to be closed or convex.

2 — Dissertationes Mathematicae CCXLV
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Proor. Let A =E(LD) nconv D; then A4 is nonempty compact subset of
X. Let {V} be a convex neighbourhood basic for 0.

Now we fix a neighbourhood ¥, of 0. Since A is compact, there exists a
finite set U = {u;| jeJ} where J = {1, 2, ..., m} (in fact, U and m depend on
¥,, which we omit for simplicity) such that {u,+¥] jeJ} is an open cover of
A. Let {B)| jeJ} denote a partition of unity subordinate to this cover. We

define p: A — Ly as follows: p(u) = ) p;(u)u; for each ue A. Since u—u;eV,
jed

if B;(u) >0, hence u—p(u)e V,. Continuing, we define ¢: Ly — 2" by

(3.2) @u)=p(fgu)nD)~u for every ueLy;

hence ¢(u)+u is a subset of the convex, closed set conv U in the finite
dimensional linear variety Ly. Without loss of generality, we suppose that L;,
is a subspace and Oeint S(U), where S(U) is some minimal simplex
containing conv U. . '

By an analogous argument used in the proof of Corollary 2.1. (Section
2.3, Part 2) for each k=1, 2, ..., d, > 0 such that d, — 0(k - o) we apply
the algorithm (w, P, T, b, ]) to the multifunction ¢ given in (3.2) and obtain
a simplex t, = {z, ;| jeJ} of T, where mesh T, < d, and

(3.3) Oeconv{l(z, )l jeJ};
hence, there exists for each jeJ,
wij€fg(zi )N D suchthat  p(w, ) = zy, ) —24,5-

This implies that, since A and S(U) are compact, for each jeJ there
exist a w,;e4, zeS(U) such that, as k— o0, z,;-z for all jeJ and
Wi,; = W,;, and hence, by the quasi upper semicontinuity of fg on S(U), we
get w,;efg(z,) for all jel.

Further, we have, by (3.3),

0=7 o5,;(p(Wi)—z;)
jel

for some a,; > 0, for all jeJ such that Z o, = 1.
JjeJ
This implies that there exists, for eachjeJ, a number o, ; = 0 such that

Yoa;=1 and a ;> o, (k- o). Therefore, 0 = Yo (pw,)—z), ie, z

JeJ jeJ
= Z ar,jP(W;,j)~
jed
Let z; =) a,;w,;. Since fg(z,) is convex and w, €A for all jeJ, we get
jeJ

z;€fg(z) neconv D = A. Moreover, since V, is convex, z,—z,eV,. By the
compactness of A, z; converges to point zgeconv D and hence z, converges
also to z,. Thus, since fg is q.u.s.c. on conv D, we have 20€fg(z0) nconv D.
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Finally, the local boundary condition (3.1) implies that z,e C and z,ef (z¢)-
CoroLLARY 4.1. Let C be a nonempty subset of a Fréchet space X and let
f: C— 2% be a qu.s.c. multifunction on C such that there exists a nonempty
compact subset D of X such that conv D = C and, for every xeC, f(x) is
convex and f(x) "D # Q; then f has a fixed point in C.
Proof. We define f': C — 2° as follows:

f(x)ﬁconv D for xeC,

"(x) = { I -
/ N{f(¥~C)| Vis a neighbourhood of x in C} nconv D for xe C\C.

and f,(x) =conv(f'(x)) for every xeC. Then, by Proposition 2 the
multifunction f;: C — 2° is q.u.s.c. on C. Now we can apply Theorem 4 to
C,, D,, fi with C; = C, D; = conv D and the local boundary mapping could
be defined, since X is a Frechét space, as follows:

gw)={y'eD,| d(x,y)<d(x,y) for all yeD,} for each ue X,

where d is the metric of X. Then there exists an x,eC such that
Xo€/f; (xo) = C; therefore, xoe C and xgef (%)

CoroLLARY 4.2. Let C be a nonempty subset of X and let f: C—2* be a
q.u.s.c. multifunction on C. Assume that there exists a nonempty subset D of X
such that int, (C N Lp)# @, CLy is closed, convex and such that:

(i) for every xeC n Ly, f(x) is convex and f(x) "D # Q,

(ii) f(C n Lp) nconv D is compact,

(iii) there exists a continuous mapping @: Lp\C —~int, (C N Lp) such
that @(Lp\C) is a comapct subset of int, (C Lp) and such that Jor every
xeB,

BAHfx)n{x+t(x~@@) t >0 and ue Lp\C such that xe[u, (p(u)]}'=.(2),

where

B = {xe 6LD (C n Lyp)| there exists ue Lp\C such that xe[u, ¢(u)]}.

Then f has a fixed point in C. .
Proof. Indeed, we can define the local boundary mapping as follows:

( )_{6,_D(CmLD)m[u, @u)] for ueLy\C,
g = u for ueLp,nC.

Condition (3.4) applies to each ue L,\C, u¢fg(u) ie., the local boundary
condition is satisfied. The result is obtained from Theorem 4.

Remark 5. If z’eint, (Cn Lp) and ¢ (u) = 2’ for every ue Lp\C, then
condition (iii) in this corollary reduces to the Leray—Schauder boundary
condition ([17]) imposed by F. E. Browder in [3]:
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A mapping T C— X is said to satisfy Leray—Schauder boundary
condition if there exists a point zeint C such that, for every xe dC and t > 1,
T(x)—z #t(x—2z).

We recall that a multifunction ¢: X — 2Y is said to be closed if its graph

Graph ¢ = {(x, y)| xeX, yeo(x)}
is a nonempty closed subset of X xY.

Using Remark 3, we can obtain the following modification of Theorem 4.

TueoreM 4. Let C be a nonempty subset of X and let {2 C—2* be a
q.u.s.c. multifunction on C. Suppose that there exists a nonempty subset D of X
and a local boundary mapping (in the sense given in Remark 3) g: L, > C
such that:

(i) for every xeg(S(D)), f(x) is convex and f(x)ND # @,

(ii) for each ueconv D\C, uéfg(u),

(iii) fg (S (D))mm D is compact.

Then f has a fixed point in C.

TueoReM 5. Let C be a nonempty subset of X and let f: C — 2X be
a qu.s.c. multifunction on C. Assume that there exist a closed multifunction
@: X — 2% a nonempty subset D of X and a local boundary multifunction
g: Lp— 2° such that:

(i) for every xeg(Lp), f(x) is convex and f(x)np(x)ND # @,

(ii) ‘local boundary condition’: for every ueconv D\C,

(3.5) ugconv (fg(u) M o W),

(iii) conv ([fg N ¢](Lp)) nconv D is compact.
Then there exists an xye C such that xqef (xg).

Proof. We denote 4 =conv([fg n ¢]l(Lp)nconv D. By (iii) A is
compact. We can verifty that the multifunction f’: L, — 2% defined for each
ueLp by

f'w) =fg (w) " o (u) " conv D

is q.us.c. on Ly.

By the arguments used in Corollary 2.1. (Section 3.2, Part 2) and in
Theorem 4, corresponding to each convex neighbourhood V, of X there exist

zzeconv D and, for each jeJ ={1,2,...,m}), w efg(z)no(z)nconv D,
4,20 such that Yo ,=1, z=Y a,w,; and z—ze¥. Hence
Jjel Jjed

z;econv (E (zt) " @ (z,))nconv D.
Noting that the multifunction f”': L, — 2% defined by

" (u) = m(fg (u) r\(p(u))nm D for ueL,
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is q.us.c. and A4 is compact, we have a subsequence of {z}, say also z;, which
converges to a point zoeconv D. This implies that

zoeconv (fg(zo) N ¢ (2o)) N conv D.
Hence, by the ‘local boundary condition’, zoe C and
zoeconv (f(2¢) M ¢(zo)) = conv (f(2o)) =1 (20)-

CoroLLarY 5.1. (a generalization of Theorem 2.1. in [19]). Let C be a
nonempty subset of the Euclidean n-space R", and let > C — 2%" be a qus.c.
multifunction on C such that f (x) is nonempty convex for every xe C and f(C)
is bounded. Assume that there exists a u.s.c. multifunction r: R"— 2° such that
r(y)# @ for every yeR" and r(y)={y} for every yeC and a closed
multifunction s: R"— 28" such that

yéconv (fr(Nns() =@  for every y¢C-

Then f has a fixed point in C and the system xe C, xef (x) has an approximate
splution.

Proof We omit it.

THEOREM 6. Let C be a nonempty subset of X and let f: C— 2% be a
q.u.s.c. multifunction on C. Suppose that D is a nonempty compact subset of X
and g: conv D — 2¢ is a u.s.c. multifunction on conv D such that g =id on
CnD and that:

(i) for each xeg(conv D), f(x) is a nonempty convex subset of D and

conv(fg(u)) = D for each ueconv D,
(i) for each ue D\C, u¢mfg(u).

Then there exists an xqe C N D such that xqef (xo).
Proof. We shall give two proofs of this theorem.

First proof. Corresponding to a convex open neighbourhood V¥, of 0,
since D is compact, there is a finite subset U, = {uy, u,, ..., u,} of D such
that {5;+V] i=1,...,m} is an open cover of D. Let B,,..., B, be a
partition of unity subordinate to this cover and let us define the projection

p: Do conv U, by p(u) = Y Bi(wy, for each ue D; hence u—p(u)eV,.
_i=1
Let ¢,(u) =convp(fg(u)) for every ueconv U,. By Proposition 2

(Section 1.1, Part 1), the multifunction ¢,: conv U,—>2°°"VU‘ is q.us.c. on

conv U, and hence, by Corollary 4.1., there exists w,econv U, such that

u e @, (4,) = conv p(E(u,)); thus u, = ) o;w, for suitable o; and w;ep(z),
i=1

z;eE(u,) for each i=1, ..., m
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m —_—
Let u, = ) a;z; then wujeconvfg(u) <D, and hence, since D is
i=1
compact, u, converges to a point upe D; therefore, by u,~u,eV, for all

neighbourhood ¥, u, converges also to upeD. Using the quasi upper
semicontinuity of the multifunction conv (fg) on conv D and condition (ii),
we complete the proof.
Second proof. Corresponding to a closed, convex, circled neighbourhood
V, of 0, since D is compact, there exists a finite subset U, of D such that
Dc{w+V) weU} cconv U +V, For each ueconv U, we set o,(u)
(conv( Jow)+ V)m conv U,. Using the same above argument, by ¢, is
q.usc. on conv U, we show that there CXlStS a yeconv U, such that
u,€ ¢, (u). This implies the existence of v,econv fg(u,) such that u,—v,e¥};
thus there is a v;econv(fg(w,)) = D such'that u,—uv;e 2¥,. Analogously, since
"D is compact, we get a fixed point of f in CnD.

COROLLARY 6.1. Let C be a nonempty subset of X and let f+ C - 2¥ be a
q.u.s.c. multifunction on C. Suppose that D is a nonempty compact subset of X
‘and g: conv D - C is a continuous mapping on conv D such that g =id on
CnD and, for every xeg(conv D), f(x) is a nonempty convex subset of D.
Moreover, if, for each ue D\C, u¢fg(u), then f has a fixed point in C.

CoROLLARY 6.2 (a generalization of Theorem 11.3 in [7]). Let C be a
nonempty convex subset of X, and let f: C — 2° be a q.u.s.c. multifunction on C
such that, for each xe C, f (x) is nonempty convex and f (C) is a compact subset
of C. Then f has a fixed point in C.

A modification of this Corollary is the following

CoRrOLLARY 6.3. Let C be a nonempty subset of X and let f+ C — 2% be a
- q.us.c. multifunction on C such that there exists a convex compact subset D of

C such that, for every xeC, f(x) is a convex subset of X and f(x)nD # Q.
Then f has a fixed point in C.

33. Some fixed point theorems with special boundary conditions.
Throughout this section X denotes a locally convex topological vector space

Let A be a nonempty subset of X.

DerFiNiTioN 11 ([2]). The algebraic boundary dA of the set: A is the set of
points xe A such that there exists a ye X such that x+ty¢ A for all t > 0.
(See also [10]).

First we give a direct generalization of Theorem 3 in [2].

THeoREM 7. Let C be a nonempty subset of X and let fi C->2%beaus.c.
multifunction on C. Assume that there exist a nonempty convex compact subset
D of X and a us.c. multifunction g: D — 2€ such that g =id on C~D and
such that:

(i) for each ueD, fy(u) is convex and, for each xeg(D), f(x) is nonempty,
closed and convex,
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(ii) for each uedD, there exist a ve D, wefg (u) and a number a > 0 such
that w—u = a(v—u),

(iii) for each ue D\C, u¢fg (u)

Then f has a fixed point in C.

Proof. One can verify that the multifunction fg: D — 2X satisfies all the
conditions of Theorem 3 in [2]; hence there exists a point u,eD such that
upefg (ug). This point is a fixed point of the multifunction f in C.

Another generalization of the fixed point theorem with the Leray-
Schauder condition is the following

THEOREM 8. Let C be a nonempty subset of X and let f: C—2X be a
q.u.s.c. multifunction on C. Assume that there exists a nonempty compact subset
D of X such that Ly is complete, Ly, N C is closed with int, (Lp N C) # @ and
such that:

(i) for every xeLpnC, f(x) is convex and f(x)nD # Q,

(i) there exist a nonempty compact set Cocinty (LpnC) and a
continuous  mapping  ¢@: Lp\inty (Lp " C)—> Co such that, for each
xe 0y (Lp N C) neonv(D L Cy),

fON{u u=x+t(x—@(x), t20}=0..

Then f has a fixed point in C.
Proof. Let D; =conv(Du C,). We define a multifunction f;: D, — 2"
by given

fu)n Dy for wueint, (CnLp),
.f1(u)={ pw for ueD;\C,
conv(f(¥)n Dy, @) for ued  (CnLpnD;.

The set D, is compact since L, is a locally convex complete space (see
[23]). Since f is g.u.s.c. on C and ¢ is continuous, we can immediately verify
that f, is gq.u.s.c. on D;, Then by Corollary 6.2. we get a pomt uye D; such
that Uy Ef1 (uo)

However, by the definition of the multifunction fl, uo¢ Dy \C. If
UpE 51.D(C N Lp)n D, and if there exist a number o such that 0 <o <1 and
a point vyef (o) such that up =ap(up)+(1—a)jvy, then for some o' >a
uo+a' (1o — ¢ (uo)) = voef (o), which contradicts condition (i) Therefore,
upe C and ugef (up) < f (up).

COROLLARY 8.1. Let C, f, D be as in Theorem 8. Suppose that condition (ii)
is replaced by the following: there is a point woeinty, (Lp N C) such that, for
each x€ 8., (L, N C)nconv (D, wy),

f)n{x+t(x—wp) 20} =
Then f has a fixed point in C.
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Remark 6. Let f: C—2* be a w.us.c. multifunction on C. A point

xe C is said to be a quasi fixed point of the multifunction f if xef (x). Using
Proposition 1 (Section 1.1, Part 1) and the above fixed point theorems, we
can directly obtain results about the existence of quasi fixed points of weak
upper semicontinuous multifunctions. Further results concerning this
problem will be presented in another paper.

4. Fixed point theorems for strongly lower
semicontinuous multifunctions

In this part we consider some fixed_ point theorems for strongly lower
semicontinuous multifunctions. First we generalize the well-known theorem
of F. E. Browder ([2], Theorem 1) and then we give a generalization of a
theorem of Fan Ky ([12], Theorem 10); hence we can consider fixed point
theorems with - boundary conditions for strongly lower semicontinuous
multifunctions.

Throughout this part X denotes a topological vector space (not
necessarily locally convex).

4.1. A remark on Fixed Point Theorem. First we prove the. following

THeoreM 9. Let C be a nonempty subset of X and let h: C—2X be a
multifunction. Assume that there exist a nonempty convex compact subset D of
X and a multifunction g: D — 2° ls.c. on D such that h is sls.c. on g(D).
‘Moreover, if, for every ueD, conv hg(u)n D # @ and if, for every ue D\C,
‘ug¢conv hg(u), then there exists a point xoe C N D such that xyeconv hg(x,).

- Proof. First, we remark that the multifunction hg: D— 2%, by
Proposition 5 (Section 1.2, Part 1), is s.lsc. on D. Now we define the

~multifunction ¢: D — 2* by ¢ (u) = conv hg (u) for every ue D. Then ¢ is also
R . . ] n
“slsc. on D. Indeed, let ue D, ze @ (u); then z = ) oz for some suitable

i=1

ziehg(w), o0; >0 for each i=1,2,...,n and ) o; =1. However, by the
. i=1

strongly lower semicontinuity of the multifunction hg at u, for each i

=1, 2, ..., n there exists a neighbourhood ¥, of u in D such that z,e hg(')

for all w'e V. Thus, for every w'e V= {V| i=1, ..., n}, z;ehg(u) for all i

=1,2,...,n; hence, zep(v') for every u’'e V, as was required.

Now, since ¢@(u)nD +# @ for every ueD, we use the open cover
{¢7(2)l zeD} of the set D; then, since D is compact, there exists a finite
cover {¢p (z)| j=1,...,m} of D. Let B, ..., B, be a partition of unity
subordinate to the above cover. From the continuity of the projection
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m

p: conv U — conv U defined by p(u) = Y B;(u)z; for each ueconv U, where
i=1
={z| j=1,..., m}, we get a point xoeconv U such that x,e p(x,).

Since if B; (xo) > 0 then x,e97(z)), ie, z;ep(xy), we have x, = p(x)

= Y Pj(xo)zjeconv hg(x,) and complete the proof by using the Iast
i=1
condition in the theorem.
CoroLLARY 9.1 (a generalization of Theorem 1 in [2]). Let C, h, D, g be
as in Theorem 9. Moreover, assume that g =1id on D~ C and, for every
ueD N C, h(u) is convex; then the multifunction h has a fixed point in C.

Now we need the following

DerINITION 12, A multifunction y: E — 2¥ defined on a convex set is
said to be convex if its graph is nonempty convex subset of E x X.

CoRroLLARY 9.2. Let C be a nonempty subset of X and let ‘h: C —.2%.
Assume that there exist a nonempty compact subset D of X and a multifunction
g: conv D — 2€ ls.c. on conv D such that g =id on convDnC and h is
slsc. on g(conv D). Moreover, if hg is a convex multifunction and
hg(u) "D # @ for every ue D and if u¢ hg(u) for every ueconv D\C, then h
has a fixed point in C.

Proof. It is analogous to the argument in the proof of Theorem 9:
there exists a finite subset U={z| j=1,...,m} of D such that
DcU{g (h (z)) j=1,..., m}. Then for each z;e U there is a zje U such

m

that zje hg(z,); hence, for each ueconv U, u = ) a;z; for suitable «; > 0, by

i=1
m

the convexity of the multifunction hg, we have ) a;hg(z;) = hg(u). This
i=1

implies that JZ a;zjlz; such that z;eg™(h™(z))} = hg(w) and hence

hg (u) nconv U ;é (D Finally, we apply Theorem 9 with C, h, D' =conv U
and g and complete the proof.

4.2. Some results related to Knaster-Kuratowski-Mazurkiewicz Theorem.
Among the results equivalent to Browder’s Fixed Point Theorem, the
Knaster—Kuratowski-Mazurkiewicz Theorem occupies a special place: the
infinite-dimensional form given in [9], [7] is particularly suitable for
applications (see for example [7], [11]).

Now we give some fixed point theorems with boundary conditions for
strongly lower semicontinuous multifunctions closely related to a generalized
Knaster—Kuratowski~Mazurkiewicz Theorem.

Let A be a nonempty subset of X.
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Derinrrion 13 ([14]). A multifunction f: 4 —2¥ is called a Knaster—
~Kuratowski- M azurkiewicz multifunction (or simply a KKM-multifunction)
provided

conv{uy, iy, ..., e} U {f W) i=1,2,..., m}

for each finite subset {u, us, ..., u,} of A (see also [7], [11]). |

We recall that a family of sets {B,| te T} of X is said to have the finite
intersection property if the intersection of each finite subfamily of {B,| te T}
is not empty.

The basic results are well known.

TueoreM 10 (The KKM-multifunction principle [14]). If f: A—»2¥is a
KK M-multifunction such that each f (u) is closed, then the set {f(u)| ue A} has
the finite intersection property.

Proof. See [7, 9].

An immediate consequence is the following

THeoreM 11 ([9]). Let f: A — 2¥ be a KKM-multifunction. If all the sets
{f W)} are closed, and if one of them is compact, then

N{f @)l ueA} + @

The following generalization of Theorem 11 is given in [12, Theorem 1]
without proof.

Treorem 12 ([12]). Let A be a nonempty subset of X and let D be a
convex set such that A c D. Assume that f: A— 2P is a KKM-multifunction
such that f(u) is relatively closed in D for each ueA. If there exists a
nonempty subset A' of A such that (\{f(u) ued’} is compact and A’ is
contained in a compact convex subset of D, then (\{f ()| ue A} # @.

Proof. Denote by K a compact convex subset of D such that A’ = K.
Now we define the multifunction g: A’ — 2X by g(u) =f(¥)n K for each
ucA'. Then, for every ueA’, g(u)# @ and hence, since f is a KKM-
-multifunction and K is convex, the multifunction g is also a KKM-
multifunction,

Now assume () {g ()| ue A’} = Q. Since K is compact and K\g(u) is
relatively open in K,

K =U{K\g@w) wed,i=1,...,m}

for some finite subset {uy,u,,...,u,} of A4 Thus, K=K\({g(w)
i=1,...,m} #K, since g is a KKM-multifunction on 4’. This contradiction
shows that (\{g(u) ueA'} is a nonempty subset of K. Clearly,
N{gW) ue A’} is compact and hence " {f(u)| ued'’} # Q.

Moreover, if u'e A\A4', then K’ =conv(K, «') is compact and convex,
since K is compact, convex and 4’ Uu’ < K'; hence we can apply the above
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argument to f, A'uu’ and K' and get f(u) N {f () ue A’} # @, which
implies f ()N K # Q. ‘

So, we can define g: 4 — 2% by g(u) = f () " K for each ue A. Then gis
a KKM-multifunction where all sets g(u) are nonempty. By a similar
argument, if ) {g ()| ue A} = @, then K # K, and this completes the proof.

Now we generalize the\ift'heorem of Fan Ky ([12, Theorem 10]).

THeOREM 13. Let C be a nonempty subset of X, let D be a nonempty
convex subset of X and let h: C — 2* be a multifunction such that there exists
an ls.c. multifunction g: D — 2° such that g =id on D nC. Moreover, if

(i) for each ue D, hg(u) is convex, hg(u)nD # @ and h is s.ls.c. at g (u),

(ii) there is a nonempty compact convex subset D' of D such that
hg(u)n D'+ @ for each ue D\D/,

(ii1) for each uwe D\C, u¢ hg(u),
then there exists a point xoe C such that xqeh(x,). »

Proof. First we define h': D— 22 by ' (u) = hg(u) n D for each ueD.
By Proposition 5 (Section’1.2, Part 1) /' is s.Ls.c. on D where all sets.h’ (u) are
nonempty and convex. _

Let E={(v, e DxD| ueD, veh'(u)} and define f: D - 2P by

f) ={ueD| (v, ¢E} = {ueD| v¢h (u)}

for each ve D. Clearly, f(v) is relatively closed in D.

+ Further, we assume that (u, u)¢ E for all ue D and show that under this
assumption f is a KKM-multifunction. Indeed, if for some finite subset
{uy, ..., u,} of D

CODV(UI, uz: LRRS un)\_U {f(ui)} # (D’

i=1

then

conv(ul, Uz, ..., un) m _ﬂl (D\f(ui)) ?é o,
which means that there is a y,econv(u,, u,, ..., u,.such that for all i
=1,2,...,n (w, yoekE, ie, ueh'(y,). Hence, since h'(y,) is convex,
yoie W (yo) or (Vo, Yo)eE for yoeD. This contradiction shows that f is a
KKM-multifunction.

On the other hand, if N\ {f (v)] ve D} # @, then there exists a y’e D such
that (v, y)¢ E for all veD ie, h(y') = @, and this contradiction implies the
.existence of y; e {f(v) | veD’}\D’ by using Theorem 12 for D, f and D'.
Hence, #'(y;) n D' = @, which contradicts condition (ii) of the Theorem 13.
This contradiction shows that the assumption (u, u)¢ E for all ue D is not
true and implies the existence of upeD such that ugeh'(up). By the
assumptions of the Theorem we have uye C and uge b’ (ug) = hg (ug) = h(ug),
as was required.
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CorOLLARY 13.1. Clearly, Theorem 10 in [12] is a special case of Theorem
13. From a modification of this theorem we obtain again Theorem 9.

CoroLLARY 13.2 (a direct generalization of Theorem 10 in [12]). Let D
he a nonempty convex subset of X and let B < DxD be such that

(i) for each ve D, b(v) = {ueD, (u, v)e B} is nonempty and convex,

(i) for each ueb(D), b~ (u) is relatively open in D,

(iii) there is a nonempty compact convex Dy < D such that Do nb(v) # @
for every ve D\ Dy.

Then there exists a voeD such that (vy, vo)e B.

Thus by choosing suitable pairs (D, g) we shall obtain fixed point
theorems for strongly lower semicontinuous multifunctions under various
boundary conditions. The following theorems are examples.

THEOREM 14. Let C be a nonempty subset of X and let h: C— 2% be a
s.l.s.c. multifunction on C. Assume that there exists a nonempty convex subset D
of X such that int, (C~D)s @, C~D, is convex, closed and such that

(i) for each ue C N D, h(u) is convex and h(u)nD # @,

(ii) EE)n—v(h(Cr\ﬁ))nﬁ is compact,

(iii) there exists a continuous mapping ¢: D\C —~int, (C N D) such that
@(D\C) is a compact subset of int, (C D) and such that for every xe A,

h(x) N {x+t(x—¢@®) t >0, ueD\C such that xe[u, p(u)]} = @,
where
A={xe 0, (C r\b)l there is a ue D\ C such that xe[u, QD(;J)]}.

Then h has a fixed point in C.

Proof. We use Theorem 9 with the mapping defined analogously to the
mapping used in the proof of Corollary 4.2. (Section 3.2. Part 3).

"We can also obtain the following theorem by using Theorem 13:

DerFiNiTION 14. Let C be a nonempty subset of X. Two nonempty
convex subsets D, D, of X are called suitable for C if D, is compact and if:

() D; =D, CnD is closed and convex and int, (C D) # @,

(ii) there exists a continuous mapping ¢: D\C — int, (C ~ D) such that
@(D\C) is a compact subset of int; (C D).

For this pair we shall use the following subsets of D:

Ay ={xe8,,(CnD) thereis a ueD\C such that xe[u, ¢w)]},

Ay = {xe A,| there exists a ue D\ (C L D;) such that xe[u, ¢(1)]},

A3 =(D\Dy) nint, (Cn D).

THEOREM 15. Let C be a nonempty subset of X and let h: C—2X be a
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multifunction. If one can choose a pair of subsets of X (D, D,) suitable for C
such that:
(i) for every ue Cn\ D, h is s.lsc. at u, h(u) is convex and h(u)A D # @,
(ii) for every xe A, U A3, h(x)nD; # @,
(iii) for every xeA,, ‘

h(x) " {x+t(x— @)l t >0 and ue D\C such that xe[u, o]} = @,

then h has a fixed point in C.

Remark 7. Many of the result§ obtained above can be generalized by
using the following fact (which is called an alternative theorem):

Let D be a nonempty convex subset of a vector space Z and let
h: D—2% be a multifunction. A multifunction h: D — 2Z has the KKM-
-property if conv {uy, ..., un} < U {h(w)| i=1,2, ..., m} for any finite subset
{uy, uy, ..., u,} of D. A multifunction f: D — 22 associated with h is defined
by f(u) = D\{veD| ueh(v)} for each ueD.

If h is a multifunction with convex values (possibly empty) then either h
has a fixed point in D or f has the KKM-property.

Further results concerning this remark will be presented in another
paper.

5. Some applications in game theory

It is not very difficult to show that the fixed point theorems obtained
above be applied in the study of game theory, of economic equilibrium and
some other fields. '

We shall first give applications in game theory and a related problem.

5.1. A non-cooperative game model. We give a simple non-cooperative
game. There are n agents numbered by iel = {1, 2, ..., n}. For each i, X;
is a nonempty set (action space of i-agent) and given a multifunction

o;: j),f.'xj—' 2x‘\{(2)}.

We denote
X= iEXIX,., X =(X1, X2, .00y X)X,
and
(XlIx;) = (X1, X25 -oes Xim1s Xia 15 ++-5 X,
' (oI, x:) = (X1, X2, s Xim 1> Xis Xi415 -+ s Xy

A; = Graph @; = {(xlIx;, )| xje @; (xl|x;), xl|x;e j)f: X}
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Let C be a nonempty subset of X (one can call C an exgenous constraint
on the space of situations of the game. It is possible to interpret the set C as
a ‘budget constraint’ in economic theory or the first constraint domain in
mathematical programming).

DEerFINITION 15. A point xe C n(\{4;| iel} is an equilibrium situation of
a non-cooperative game.

We now consider some examples.

ExampLe 10. For each iel, let the payoff function of the i-agent
fi: X — R! be a real function. Let ¢ be a positive number sufficiently small.
Then we define the multifunction ¢;: X X;— oM by

J*i
@; (xllx) = {xie X;| f(xllx;, x3) > Su}?ﬁ(x”xis x;)—e}.
X{EX{

Clearly, an equilibrium situation is a generalized equilibrium point of
Nash in non-cooperative game (for example, see [4], [24]).

ExampLe 11. For each iel, let f: X —+R™ be a multifunction
(multipayoff f;(x) of the i-agent at situation x). Then we define the i-relation
P, on X xX as follows: for every pair (x, x)e X x X xPyx' iff f;;(x) = f;(x)
for all j and f;, (x) >f,-jo(x’)xf_'or some jo (1 € jo, < n). Hence one can use the
multifunction ¢;: j)gi X;—= 2" defined by

u;e X;: there is not any xje X; such that}
(ellx;, x) Py (x]|x;, u;)

@ (x]|x;) = {

for each (xllx,-)er‘ X,
#
With these multifunctions each equilibrium situation is a generalized

Nash—-Pareto equilibrium point (see [5], [21]).
Thus, according to the multifunctions {¢; ieI} we can define

@: X->2 by o(x)= Xltp,(xﬂx,.) for each xeX.

Then by using Theorem 13 the following can be proved:

Treorem 16. For each icl let X; be a nonempty convex subset of a
topological vector space Z; and let C be a nonempty subset of X. Assume that
there exists an ls.c. multifunction g: X — 2° such that g = id on C and such
that:

(i) for every xeX, @(g(x)) is nonempty and convex, and ¢ is s.ls.c.
on g(x),
(ii) there is a compact convex subset D, of X such that

(@) "Dy #@  for each xe X\D;,

(iii) for each xe X\C, x¢ o(g(x)).
Then the non-cooperative game has an equilibrium situation.
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To establish the exsistence of a generalized Nash—Pareto equilibrium

we can use multifunctions ¢; defined as follows:
~ Let us fix ie{l,2,..., n}. Then P, denotes the standard simplex of
R™ ie, P; is the set of vectors p; = (p;,j =1, ..., n;) such that p; >0 and

Zpu = 1.
J

For any p;e P; and for any vector-value function f;: X » R™ we define
a single-value function p,f; by putting

pifi(x) = Zj: Pljfu (Ix)

for each xe X; then a multifunction ¢;: X X; > 2%i s defined by
J#i

@ (xllx) = {x;e Xi| pifi(xllx;, x7) > S}I)I{'-"plﬁ Odlx;, xp)—e}

~

for any (xllx,)e X X;, and as above the multifunction ¢ is defined by
@ (x)= ch,(xl[x) for each xe X.
Let C denote the projection of the set C into the space _)5{ X;. We recall
J

that a real-valued function h; defined on a convex set X; is quasi-concave
if for any real number « the set {ue X;| h(u) <a} is convex.

THEOREM 17. For each iel let X; be a nonempty convex subset of
a topological vector space Z;. Assume that C is a nonempty subset of X, that
there exists a retraction r: X — C and that, for each iel, there is a p;e P, such
that:
(i) for each fixed x||x;eC,, the function p.f;(x||x;, -) is bounded quasi-
-concave continuous on X;,
(i) there is a compact convex subset D of X such that, for each

xeX\D, ¢(r(x))nD#0Q,

(ili) for each xe X\C, x¢¢(r(x)).
Then the non-cooperative game has a generahzed Nash-Pareto equilibrium
situation. .

Clearly, the existence theorems of equilibrium situations of non-
-cooperative games given in [4], [5], [21] are corollaries to this theorem.

The following modification of the above model can be useful

For each iel let X, be a nonempty set (action space of i-agent),
X= XX (set of situations), C c X (an exgenous constraint}-a nonempty

subset of X and ¢;: C — 2% a multifunction (alternative multifunction of
i-agent). Then a point xe C such that x;e ¢;(x) for all ie! is an equilibrium
situation of the non-cooperative game.

With the same argument we have the following
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THeOREM 18. For each iel let X; be a nonempty convex subset of a
topological vector space Z;. Assume that C is a nonempty subset of X and ¢, is
a s.l.s.c. multifunction on C for each ic 1. If there exists an ls.c. multifunction,
g: X~ 2 is an Ls.c. multifunction such that g =id on C and such that:

(i) for every xe X, ¢;(g(x)) is nonempty and convex for all iel,

(ii) there exists a nonempty compact convex subset D of X such that

(‘.1(1 @(g(x)) D # @ for each xe X\D,

(ili) for each xe X\C, x;¢ ¢,(g(x)) for some iel,
then the non-cooperative game has an equilibrium situation.

To choose suitable conditions for the pair (C, g) means to impose
conditions on the alternative multifunctions of agents at the boundary of the
exgenous constraint set, and hence we obtain the existence theorems under
various boundary conditions of non-cooperative game theory.

5.2. A result in variation inequalities. Finnally, in this section we give a
generalization of the existence theorem in variational inequalities (Theorem 8
in [12] and Theorem 1 in [1]).

THEOREM 19. Let D be a nonempty convex subset of a Hausdorff
topological vector space and let C be ‘a nonempty arbitrary subset of D.
Let f: DxC — R be a real function such that, for each xeD, f(x, -) is lower
semicontinuous on C and, for each ueC, f(-, u) is quasi-concave in x on D.
Moreover, if there exists a retraction g from D onto C and a nonempty
compact convex subset D, of D such that:

(i) f(x, g(x)) <0 for all xeD,
(ii) for each ueD,\C, there is an xeD such that

f(x. g(w) >0,

(iti) for each ve D\D,, there is an xe D, such that f(x, g(v)) > 0,

then there exists a uge C such that f(x, ug) <0 for all xeD.

Proof. For each xe D let h(x) = {ueD| f(x, g(u) < 0}. Since f(x, *) is
lower semicontinuous on C, h(x) is relatively closed in D. Moreover, the
multifunction h: D — 2P is a KKM-multifunction. Indeed, suppose that there
exists a finite subset |x,, x,, ..., X, of D such that

conv {x;, Xz, ..., X} \ U h(x) # Q, ie,
i=1

there is a point ueconv{x;, x,, ..., x,,} such that f(x;, g(u)) >0 for all
i=1,2,...,m, and hence, since f(-, g(u)) is quasi-concave on D, we have
S (u, g(u)) > 0, which is a contradiction.

Using condition (iii) and the argument used in the proof of Theorem 13,
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we have a point uye D such that uge (\{h(x)] xe D}.However, by condition
(ii), uoeC and thus f(x, up) <0 for all xeD.

Some results of this paper were announced without proof in [6].
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