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Introduction

The aim of this work is to. obtain & uniform approach to duality
phenomena in the theory of induced representations of groups and group
algebras. The starting point to the investigation on different types of
induced representations i8 a simple duality theorem of a more general
character.

We consider here a topological algebra A with involution and approx-
imate unit, which is an S-module (8 being an arbitrary set), so that the
action of § on 4 commutes with the left regular representation of A.

For a given S-module V we can now apply the following procedure:
in the space of the inductive tensor product A ® V we determine a subspace
Y, which is a closed linear span of the set of elements of the form

aRV—aQP@8v, aecd,s8e8,veV.

The quotient space A @V /Y with the natural action of the algebra on
the first argument is @& representation, which in this paper is referred
to as the representation of A induced by the 8-module V and denoted
by (A(S-V), A @sV).

For an arbitrary continuous representation (x, E) of the algebra
A, in a complete bornological space we can construct a subspace D(F)
c E equipped with a topology finer than that inherited from E and such
that n|®(F) is also the continuous representation. Theorem 2.4 of the
present work, which forms the basis for further investigations, states

& natural isomorphism of spaces of bilinear separately continuous invariant
forms '

(0.1) B,(A &V, E) = Bs(®(E), V).

The algebra A is here assumed to be a bornological space and V as well
as E are complete and bornological. The space @(F) admits a natural
structure of §-module inherited from A.

The relation of this theorem to Bruhat’s theory of dlﬁerentmble
induced representations is investigated in Section 3. If @& is a Lie group
countable at infinity and the convolution algebra 2(G) of the Schwartz
functions is taken as A, then the space ¢(F) appears to be a well-known
object and a recognized tool of the theory. Namely, if (», F) is a repre-
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sentation in a Fréchet space, associated with a continuous representa-
tion of @, i.e.

= [flg)n(g)dg, fe2(@),
G

it can bébroved that @ (E) is identical with E,_,, the space of smooth vectors
of the representation z.

If the differentiable representation of a subgroup I' ¢ @ in the Fréchet
space V is substituted for S-module, the space A @,V is isomorphic to
the space of the differentiable induced representation 2°, which is the
subject of Bruhat’s theory [4].

The isomorphism appears to be identical with the theorem which
Bruhat calls the Frobenius reciprocity theorem. Our generalization of
Bruhat’s theory is twofold. Firstly, instead of a Lie group, a metrizable
Yamabe group is considered. The eonvolution algebra 2 (@) of a Yamabe
group has been investigated by several authors (Bruhat [6], Kac [13],
K. Maurin [17]). What has been left to do is to give an interpretation to
isomorphism (0.1). The space @(E) is still composed of smooth vectors
of the group representation. The space A®,V is also isomorphic to
a function space with the action of @ by means of left translations. Making
use of (0.1) we obtain the generalized Bruhat theorem

(0.2) 1Bg(2°, B) = Bp(V, By).

A non-trivial improvement of Bruhat’s theory lies in the fact that
our theorem can be equally well applied to non-differentiable inducing
representations. As it has been shown in the case of a Lie group by J. S8zmidt
and the author [38] this version of the Bruhat theorem leads, for G =TI,
to theorem of N. Skovhus Poulsen concerning the structure of bilinear
invariant forms on the space of smooth vectors [26]. The latter theo-
rem is now generalized to the Yamabe groups and representations in
Fréchet spaces.

In Section 4 an arbitrary unitary representation is considered, in
which the representation 2’ is continuously imbedded. We denote it
by (U°, H°). With the help of theorem (0.2) we obtain a description of
the space of operators closeable on H°, whose domains eontain Hg,, and
intertwining for U° and ‘n. The space appears to be isomorphic to the
space of the so-called (=, ¢)-automorphic forms (Theorem 4.10).

It is a well-connected theorem. It is associated with the Gelfand-Pia-
tecki-Sapiro theorem in the theory of automorphie functions [10], which,
in the papers of L. Maurin [22], has been considered as & theorem from
the theory of induced representations and, in this respect, generalized.
Next papers which followed this approach were given by Olianskil [25]
and then by K. and L. Maurin [18], [19]. Somewhat different approach
can be found in the papers of the author [40] and A. Strasburger and the
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author [35], [36]. The most advanced result is the General Duality Theorem
of K. and L. Maurin, which however -concerns only induced representa-
tions in the sense of Mackey. Our Theorem 4.10 is closely connected with
the latter.

In Section 5, the Banach algebras are taken for an algebra A. In this
case P(F) = E occurs for any continuous representation in the Fréchet
space. The duality (0.1) is in turn closely connected with theorems of
M. A. Rieffel [27]. In particular, it provides appropriate approach to
investigations of corepresenting group representations. .

The last section is of a different character than the previous part
of this work and it makes nuse of formula (0.1) only in a limited degree.
This section is concerned with Hilbert algebras. The structure of the Hil-
bert space in A makes that it is more natural to use the topology of Hilbert
tensor product for the construction of an induced representations. An
investigation of these representations has been initiated by M. A. Rieffel
[29]. He has pointed out that for A = L*nL(@), and for a representation
(e, V) of a compact subgroup K < G the product 4 Q ¢V is equivalent
to the representation U induced in the sense of Mackey. The continuous
representation in the sense here considered is, in turn, a square-integrable
representation of the group @.

The concept of a square-integrable representation of an arbitrary
Hilbert algebra has been introduced also by Rieffel [28].

For the irreducible representation (x, H) of a Hilbert algebra A we
find &(H)= H. In this case (0.1) leads to the isomorphism L, (A4, H)
= H’, which with the help of onthogonality relations may be found
to be an isometry. In the case of reducible representation this isomorphism
does not occur. However, in the space of intertwining operators we can
separate a subspace equipped with a Hilbert structure determined by the
canonical trace of the algebra 4, in such a way that

(0-3) LZ(A@SV’H) =HSS(V’H)7

where ® ¢ denotes the Hilbert space temsor product over §,ZI%(-,°)
denotes the above-mentioned subspace of intertwining operators, and
HSg denotes the space of Hilbert~Schmidt operators intertwining for the
action of the set S on H and V.

This isometry, applied to the theory of compact groups, takes Rief-
fel’s form of the Frobenius theorem

(0.4) HSq(U°, U) = HSg (o, U)

from which foundations of the Peter—Weyl theory can be derived.
If we apply (0.3) to the group algebra L*NL?(@) for the unimodular
group @ and an inducing unitary representation (o, V) of the compact
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subgroup K, we obtain for any irreducible square-integrable representatién
(0.5) Lg(U®, U) = HSg(o, U)

which is an isometry proved by K. and L. Maurin [19]; see also [41],
[37].

The existence of an involution in the algebra A is assumed in Theorem
2.4 (see (0.1)) for formal reasons. In this way we only avoid introducing
anti-representations of 4, apart from representations.

It seems that the present work may be considered, even if it were
not intended by the author as a support to the tendency observed in the
literature, to copstruct a general theory of induced representations of
topological algebras. A detailed survey of investigations in this field can
be found in {30].

However, it should be noted that apart trom the number of similari-
ties (which motivate the terminology used in the present work) with the
theory of induced representations of groups, there are also many arguments
- which contravene the approach to consider representations in the space
A ®g4V as generalized indaced representations (see especially [29], p. 1569).

Nevertheless the argument that the Frobenius duality theorem,
which is so characteristic, of the induced representations theory has
here its good analogue cannot be neglected in this discussion.

I would like to express my gratitude to Professor Krzysztof Maurin
whose views and ideas helped me to clarify this subject and whose constant
encouragement made possible completing the work.

Thanks are due to may colleagues Dr Aleksander Strasburger and
Mgr Janusz Szmidt who trough the years of collaboration influenced
the work greatly.

I am also indebted to Dr Wiktor Szczyrba for profitable oonverlatlons



1. Regular representations of algebras
with approximate unit. A duality theorem

A]l‘algebras here are associative algebras over the field C of complex
numbers, provided with a locally convex Hausdorff topology such that
the algebra multiplication

AxXA3a,b)>abe A

is separately continuous. An algebra A is called imvolutive if there is a
linear continuous operator ~: A—A, such that

() =a and (ab) =d a4, a,bed.

By an approximate left (right) unit in A we mean a generalized sequence
{8441 in A such that a,a5>a (respectively aa;—a) for all ac A. We say that
an approximate unit {a;};.; i8 equicontinuous if the set of operators:

Ala): A3a—->a,aeA

(respectively 7(a;): A3 a—>aa;e A) is equicontinuous.

Let E be a locally convex Hausdorff topological vector space. Denote
by L(E) the algebra of continuous endomorphisms of E. A homomorphism
A>a—>n(a)e L(E) is called a continuous representation of A on E if the
bilinear map

A XE>(a,2)>n(a)pe E

is separately continuous.

Partly for completeness and partly to clarify the situation and
introduce a notation convenient for us we include the definitions and
standard generalities concerning the projective and inductive tensor
products of topological vector spaces. (For details, see the fundamental
work of Grothendieck [12].)

Let V and W be two locally convex Hausdorff topological vector

spaces over C, and let V@ W denote the algebraic tensor product of the
spaces.

1.1. LeMMA. There exists a unique locally convex topology T on V@W
with the following universal property.
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Let B be a bilinear map from V X W inio a locally convex space F, and

ﬁ the umique extension of B to VQW. In order that 23 be continuous in the
topology T it i8 mecessary and sufficient that B be separately continuous.

" The topology J is called the inductive topology for V @ W. The com-
pletion of the space ¥V @ W in the topology 7 is called the inductive tensor
product of the spaces V and W and is denoted by V @W.

By the very definition of the inductive topology it follows that the
dual space (V @ W)’ may be identified with the space of bilinear separately
continuous forms on V x W. Equicontinuous sets of functionals correspond
under this identification to separately equicontinuous sets of bilinear
forms.

1.2. LEMMA- ([12]). Suppose that E =lLimE, and ¥ =limF,. Then
— —
EQ®F =1limE,QF,.
—_

1.3. LEMMA. The indudtive tensor product of bornological (barelled)
8paces 18 bornological (resp. barelled).

Let (E,, E,) and (¥,, F;) be two pairs of locally convex Hausdorff
vector spaces, and let 4;¢ L(E,, F,), i = 1,2. The mapping

B, xEy2 (@4, T,)>A,2, @A, 25¢ F; @Fz

extends to a continuous linear operator from E, ®F, into F, ®@F,. It is
denoted by 4, ®4,.

The next result is certainly well-known, however, we have not found
a good reference for it.

1.4. PROPOSITION. Let {A%}. ., {4z},cn b€ two equicontinuous sub-
sets of L(E,, F,) and L(E,, F,), respectively. Then the operators {A{®A3},,
constitute an equicontinuous subsel of L(E,RE,, F,QF,).

Proof. Absolutely convex neighbourhoods of zero in a locally convex
linear space X are polars of equicontinuous subsets of the dual X'. In
order to prove the assertion it suffices to verify that transposed operators
{(AY®A]) map equicontinuous subsets of (F,®F,) into equicontinuous
subsets of (E, ®F,)". A linear functional # on F, ®F,, when identified with
o bilinear form # on F, xF,, is mapped under ‘(4'®4}) into the form
(€1, €3)>B(Ale;, Aje,). Now it is obvious that a family of separately equi-
continuous bilinear forms on F,; xF, is mapped into a set of separately
equicontinuous forms on F, x E, and the proof follows.

Let |i*llz, I* i} denote systems of seminorms, which define the topo-
logies on E, and E,. For each z¢ E, ®F, we put

(1.1) el p = infz ledlla el
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where the inf is taken over all decompositions
x = Ze{ ®es.
)

The system of seminorms ||, , defines a topology # on E,QFE,
which will be referred to as the projective topology for E, QF,.

The completion of the space E, ®FE, equipped with the projective
topology is called the projective tensor product of E, and E, and is denoted
by B\QF,.

The projective topology has the following universal property.

1.5. LEMMA. Let 8 be a bilinear map from E, x B, into & locally convew
space F, and B the unique extension of B to B, Q@E,. Then F is continuous
in the topology 2 iff B is continuous on E, X E,.

The inductive topology is in general finer than the projective topology.
On the other hand

1.6. LEMMA. Let E,, E, be metrizable locally convex spaces, and E,
in addition a barelled space. Then each separately continuous bilinear form
on B, xE, i8 continuous (Bourbaki, [2], III, § 4) and, consequently,

.7- = 37‘, E]'@Ez - E1®E2.

1.7. PROPOSITION. Let E,, E, be bornological spaces, E, complete,
and F o barelled locally convex space. Let B be a trilinear separately contin-

uous map on E, X E, xF, valued in a complete locally convew space G.
Then the formula

(1.2) 5(31®32: fl:=p8(e1, €, f)

defines a separately continuous bilinear mapping on (E,QE,) X F.

Proof. Plainly, formula (1.2) defines & bilinear form on (E, @F,) X F
which is separately continuous in the inductive topology on E, QF,.
We have to prove that the mapping is extendable to the completion
(E,®QF,;) xF. Since F is a barelled space, the separate continuity of g
implies an apparently stronger property: Given any neighbourhood of
zero, say U in @, and any bounded set B in (¥, @ E,, 7 ), there is a neigh-
bourhood of zero O in F such that (B, 0) = U. (Schaefer [31], III, 5.2.)
This property of § is called #-hypocontinuity. A fundamental theorem
on %-hypocontinuous mappings (see Bourbaki [2], IIT, § 4) implies that
the form § extends in a unique manner to a separately continuous map
on (E,®E,),xF, where the subspace (E,®F,), = F,®FE, consists of
closures in E,®F, of all bounded subsets of (E, ®E,, 7).

It remains to prove that (E,®F,), — E,@F,. Bearing in mind
Lemmas 1.2 and 1.6, we obtain E,QF, = lim E{QF;, where E are normed

and F; are Banach spaces. Then E,®QF, :limE‘,‘éE;. Since (E*QE;,?)
—
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is a normed space, its completion consists of closures in E{®FE; of bounied
subsets of E} ®FE;. Consequently

BB, = (Bi®F), for all u,»

This finishes the proof.

Given a continuous representation (x, E) of the algebra A and a lo-
cally convex topological space V, we define a representatlon of 4 in the
space ER@V as follows

(1.3) 2" (a): == (a)®]I,

I denoting the identity operator on V.

In general, the representation n’” is not continuous, but we are
able to determine a broad class of algebras for which this construction
leads to a continuous representation.

1.8. PROPOSITION. Let A. be a barelled topological algebra and (=, B)
a continuous representation of A .in & bornological complete space E. If V
is a bornological space, then the representation n” is continuous.

Proof. The trilinear mapping A XExV > (a,e, v)—>(z(a)e) v is
separately continuous. By Proposition 1.7 the proof follows.

We denote by x the repfesentation of A contragredient' to =, i.e.
the homomorphism A » a—'z(a” )e L(E'), where ‘n(a) is the usual adjoint
of n(a).

Suppose that 4 is a barelled algebra, and (=, F) a continuous repre-
sentation of A. Then the contragredient representation (x, E') is contin-
uous in the strong topology on E',i.e. the topology of uniform conver-
gence on bounded sets. In fact, the mapping

A>a—>n(a)e' ¢ E
8 continuous in the strong topology on E’ iff the bilinear form
A x E>(a,e)>(n(a)e',ed = e, n(a )e&)

is #-hypocontinuous (here # stands for the family of bounded subsets
of E). Since A is assumed to be barelled, the separate continuity of the
form implies its #-hypocontinuity (Schaefer [31], III, 5.2).

'We are now in a position to carry out a construction which occupies
a cenfral position in further investigations. Given a continuous repre-
sentation of 4 in a quasicomplete space E, we introduce a dense and A-in-
variant subspace @(F) c E which may be regarded as an analogue of the
space of smooth vectors in the theory of Lie groups representations.
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Well, now let a, denote the operator on A ®F into ¥ defined on simple
tensors a ®z by the formula

(1.4) a,(6 Q) = n(a)z.

Since the representation (=, E) is assumed to be continuous, the
operator a, extends to a continuous operator a on AQE. We put &(H)
= a(A®ZE) and place on &#(E) the topology inductive with respect to
the operator a.

Recall that a representation (=, E) is said to be essential if n(A)E
is dense in E.

1.9. PrROPOSITION. Let (w, E) be a continuous essential representation
of A in a quasicomplete space E. Then ®(E) is a continuously imbedded
into E, dense and A-imvariant linear subspace of E. The action of n(a) on
D(E) 18 continuous for all ae A.

Proof. The formula
(1.5) a(i¥(a)y) = =(a)a(y)

is obvious for all ye A ®F, and by the continuity of a and AF it is true for
all ye AQE. All assertions of the proposition follow now immediately
from the formula.

The above conclusions enable us to define a representation of A
in the space ®@(E). Let us denote it by the same symbol:

(x, D(B)): = (=|P(E), P(E)).

Formula (1.5) and Proposition 1.7 imply

1.10. PROPOSITION. Retain the assumplions of Proposition 1.9 and
suppose that A i3 & barelled space. Then the representation (=, D (E)) is oon-
linuous.

Let (x,, E,) and (=, E,) be two representations of A. A continuous
operator T: E,—F, is said to be an intertwining operator for =, and =,
if Tn,(a) = ny(a)T for all ac A. The set of intertwining operators forms
a vector space which will be denoted by L (x,, n,) or, if no confusion will
arise, simply by L (FE,, F,).

We denote by B,(#,, n;) (or B,(FE,;, F,)) the space of bilinear sep-
arately continuous forms on E, x E, satisfying

B(ni(a) @y, By) = B (1, ma(a )1y} for all ae A.

1.11. THEOREM. Let TeL,(E,, E,). Then T|®(E, belongs to
L, (P(E,), B(E,)).
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Proof. The operator I@T maps A®E, into ARE, continuously.
The formula

(1.6) ago(IéT) = TO a

is easily verified for elementary tensors. If we treat both sides of the for-
mula as operators from AQ®FE, into E,, they are evidently continuous.
By uniqueness of the continuous extension, formula (1.8) is true for all
ye« AQE,. Thus we see that T (®(E,)) « $(E,). To prove that T: &(E,)
—®(E,) is continuous it suffice to verify that Toa, maps A® F, into
& (E,) continuously. Since the left-hand side of (1.6) is continuous, the
proof is finished. |

The following theorem will be referred to as a duality ‘theorem for
the regular representation A”.

1.12. THEOREM. Let A be a bornological involutive algebra with an
equicontinuous approximate unit, and (n, E) a continuous representation
of A in & complete bornological space E. Let V be & locally convex bornolo-
gical complete space. Then

(1.7) B,4(A7, ») = B(®(E), V)
where = denotes a linear isomorphism defined by the relation
(1.8) (6 ®@v,2) =7(n(a)x,v), acd, zcE, veV,

(here e B4(A¥, n) and ne B(D(E), V).

Proof. First we prove that, given r the formula (1.8) defines the
bilinear form 7e B({D(E), V). In view of Proposition 1.7 the trilinear
mapping A x Ex V> (a,,v)>7(6 Qu,x) defines a bilinear separ-
ately continuous form # on (A®E)XV by the formula 7(a®z,v)
=7(a ®0v, ). (Recall: a complete bornological space is barelled; [31].)
So we have to prove that for fixed ve V the functional 7(:,») on AQFE
vanishes on the kernel of a and passes to the quotient to define a bilinear
form on ®(F)x V. Thus assume a(z) = 0 and let 2" = Y af @} denote

{

a generalized sequence convergent to # in A ®E. Then, for all ae A, we
have

7(4%(a)a*, o) = D v((aa})” @0, a%) = D (47 ((a})")s @, af)
i

<

= r(a@v,Zn(af)mf) = 7(a ®v, a(2*))5>r(a ®v, a(m;i =0.
1

The kernel of a i8 A-invariant, so the result above tells us that the
functional #(-, v) vanishes at each point of Kera which is of the form
AE(a)x for some ae A. In fact,

7 (A%(a)®, v) = lim7 (A% (a)a*, v) =0.
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Now, it is our aim to show that the set AZ(4)Kera is dense in Kerag.
After Proposition 1.4 we know that the set of operators 1¥(a,) is equicon-
tinuous ({a;};; denotes as before an equicontinuous approximate unit).
On the other hand, A®(a;,) converges pointwise to the identity operator
on the total subset A @ F ¢ A ® E. This implies the pointwise convergence
on the whole A ® E (Bourbaki [2], III, § 3). Accordingly, each element

of Kera is approximated by elements of the set 1(4)Kera. Thus we obtain
the claimed implication

a(®) = 0=>9(w,v) = 0.

Conclusion: the formula 7{a(®), 'v) = 7(@, v) defines the desired assign-
ment tT— 7.

Now we pass to determine the converse map. By Proposition 1.7
it is immediate that, having defined 7, formula (1.8) determines a bilinear

form 7 on (4 ®V) x E. The invariance property is verified by the following
computation:

t(a®v, z(b)a) = n(x(a”)n(b)z,v) = n(x (" a)")z, )
=7((d 8)®v,a) =7(A7(b")(a @), 7).

Since under the assumptions of Theorem 1.12 the space A®V is
bornological and ¥ is barelled, we have a natural linear bijection between
B,(A®V,E) and L,(A®V, E') given by the formula

(1.9) T, v) = t(p, 7)..

The formula above defines evidently an operator on A®V valued
in F'. In our case, the bilinear form 7 is #-hypocontinuous by the theorem
mentioned in the proof of Proposition 1.7. This is equivalent to the claimed
continuity of T in the strong topology on E’'. This yields

1.13. THEOREM. Under assumptions of Theorem 1.12 the space
L,(AQV,E') is lnearly isomorphic to (P(E)QV). The assignment
T->n 18 defined by the formula

(1.10) (T(a" @), x> = q((u(a}m) ®0).

Assume now that the algebra A is provided with an antilinear
involution: A » a—>a*e¢ A, such that

(ab)* = b*a”.

A representation (n, H) of A is called unitary if n(a*) = x(a)*, =n(a)*
denoting the usual Hilbert space adjoint of z(a).

1.14. THEOREM. Let (n, H) be a unitary, represeniation of a borno-
logioal *-algebra A with om equicontinuous approzimate unit. For each
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complete bornologioal space V the formula
(1.11) (T(a®v)|2) = (v, n(a*)2)

defines a linear isomorphism of L, (A®V, H) onto the space of sesquilinear
(antilinear in the first variable) forms on V x ®(E).

We omit the proof since it is virtualy the same as the proof of Theorem
1.12.

Before we shall formulate and prove deeper results in the representa-
‘tion theory of involutive algebras we indicate some applications.

The example of the convolution algebra of the Schwartz functions
on a Lie group @ is of the special importance and will lead us in the sequel
to Bruhat's theory of differentiable induced representations.

Let @ be a Lie group with the left Haar measure dg and the modular
function 85. 2(G, V) will denote the space of infinitely differentiable
functions compactly supported and valued in a locally convex space V.
2(K, V) denotes the subspace of 2(@, V) consisting of those functions
with supports contained in the compact set K = G. By #(&, V) we denote
the space of all infinitely differentiable V-valued functions on @. All
spaces are provided with their usual topologies. (@, V) is topologized by
the system of seminorms

(1'12) |f|x.x,a = 8up ”Xf(g)"a
. geK

where K runs over the family of all compact subsets of G, X over the
family of right invariant differential operators on @, and ||-||, over the set
of seminorms determining the topology of E. It is due to Grothendieck
[12] that &#(@, V) is isomorphic to £®V, where & stands for &£(@,0).
This natural isomorphism sends f ®v into g—f(g)o.

The space 2(K, V) is equipped with the topology inherited from
é(@, V). The Schwartz topology on 2(@, V) is the topology of the induc-
tive limit of the spaces 2(K, V), the family of compaets being ordered
by inclusion. If V is a Fréchet space then 2(G@, V) = 2@V (Grothen-
dieck [12], p. 84). The space P:= (@G, C) is a bornological complete
convolution algebra with a linear involution defined by the formula

(@ = 8%g™fg™).

An equicontinuous left approximate unit in 2 may be defined as
a sequence {@,)° c 2 with ¢,>0, a]' P.(9)dg <1 and spteg,Ne, ie.

a regularization of the distribution 4,.

By a continuous representation of G in a topological vecior space E we
mean a homomorphism @»g—z(g) of @ into the group of topologlcal
automorphisms of E with additional properties:
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(a) for every we E, the mapping @G » g—>n(g)we B is continuous,

(b) for every compact K — @, the set of operators {=(g): ge K}
is equicontinuous.

When E is barelled (b) follows from (a) by the Banach-Steinhaus
theorem. A continuous representation of G on a complete space E lifts
in the well-known way to a continuous representation of 2 on E. Namely,
one defines

(1.13) a(f) = [flg)n(9)dg, feD.
G

An essential representation of 2 on E corresponds to a continuous
representation of @ iff it satisfies the following reguirement:

The set of operators x(f) for f with support contained in a fixed com-
pact subset of G and such that J flg)dg = 1, is equicontinuous.

If we restrict our attention to this class of representations we have
the natural isomorphism of spaces of intertwining operators

Lg(myy 7ta) = Lg(7, ).

In order to formulate the most of Theorems 1.12, 1.13, 1.14 we have
to describe the space in a more convenient way.

We shall state that @(#) coincides, at least for a Fréchet space E,
with the space of smooth vectors of the representation (n, F) of G. For
completeness we recall the definition.

A vector we E is said to be differentiable (or smooth) for x if the mapping
z: g—>(g):= n(g)® belongs to &(G, H). The linear space of smooth vectors
for (x, B) is denoted by E,. The map »—% identifies F,, with a closed
subspace of (@, B), hence we may equipp E, with the relative topology
induced by &(G, E).

1.15. PROPOSITION. Let (%, E) be a representation of 9 in & complete

bornologioal space E, associated with a continuous representation G, and
denoted by the same symbol. Then

®(B) < E,,.

Proof. First of all we derive a useful formula for the operator a:
2 ®E—~E. When expressed by means of the group representation g—n(g)
the operator is of the integral form:

(1.14) a(f@a) = [ f(g)n(g)adg = [ =(9)(f ®w)(g)dg.
@ G
Let us notice that the space a(2 ®F) is just the Garding subspace
of E. Since

#(g)a(f @) = [ fl9)migQwdg = [ flg'"'g)n(9)ady,
G BU G

1 — Dissertationes Mathematicae cxxvi  \}/
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the assertion a(f®z)e E, follows by a simple computation. In the sasme
way we verify that the mapping

D x B> (f, 0)>a(f@x)c By

is separately continuous. Since F, is complete, the operator a extends
to a continuous mapping a: 2 QE—E,,. Thus #(E) c E,. Since the to-

pology of @(F) is just the inductive topology relative to the map a, the
proof is complete.

We cannot prove here that ®(F) = E, without making additional
assumptions on the topology of the space E, although we believe that
this is so in a.more general case.

1.16. THEOBEM. Let (n, E) be a represeniation of 2 associated with
a continuous represeniation of a Lie group G and assume E to be a sirict
inductive limit of Fréchet spaces. Then P(E) = E

Proof. Write = lim¥,. In virtue of Lemma 1.2 we have

—

2QF =lim9QE, =1im2(4, E,).
— -

Denote by j the natural continuous injection of 2 @E into 2(@, E).
We can in turn define a continuous operator a: 2 (@, E)—E, which coin-
cides with ¢ on 2 QFE:

a(f):= [ =(g)f(g)dg
(2]

By uniqueness of the continuous extension we obtain aoj = a. Let us
choose a function ye¢ 2 such that y > 0 and f ydg =1, and consider
the following continuous injection:

By 0—>p(2)eD (G, B) where ﬁ(x)(y)==?(y)ﬂ(9")w-

Observe that aof =

To complete the proof it remains to show that the injection j: IQRF
- 2(Q, B) is surjective. For given ye 2(G, E) we consider the bounded
subset B c E of the values of y. Since we deal with the strict inductive
limit, we can choose n such that B c E, (see Schaefer [31], I1.65.) The
Fréchet topology of E, coincides with that inherited from E, therefore the
function y may be viewed as an element of (@, E,) = 2®F,, ie. y

= j(y,) for some y, ¢ 2@F, = PQE. Finally we have
(1.15) idg_ = aojlop

and the proof follows.

Now we shall be concerned with the problem of topologies of @ (&)
and E,. Our first observation is based on (1.15).
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1.17. ProPOSITION. Let E be a Fréchet space. Then E, is topologically
isomorphic to & (E). '

In fact, this being the case j is a natural isomorphism and the right-
hand side of (1.15) defines the continuous injection of E, into @ (E).

1.18. THEOREM. Retain the assumptions of Theorem 1.16 and assume
in addition that G is separadble and E, i8 & bornological space. Then E,, is
i8omorphic to P(E).

Proof. After Theorem 1.16 and Proposition 1.15 it remains to verify
that, the assumptions of the Open Map Theorem are satisfied. We shall
use the version of the theorem due to de Wilde [44]. It claims E to be
a bornological complete space and @(E) to be so called de Wilde’s space.
This class of topological vector spaces contains in particular countable
inductive limits of Fréchet spaces as well as its quotierit spaces. Since
G is assumed to be separable we have

2 QF = limg(K;, B,)
—-»i,n :
and at the same time
®(E) = 9(@, E)/Kera,

so the assumptions of de Wilde’s theorem are valid.

Now, we pass to the example £ = 2(@, F) with F being a Fréchet
space. In this case the assumption of separability of @ may be removed.
To this end we shall employ the Schwartz Kernel Theorem and the argu-
ment used in the course of the proof of Theorem 1.16, instead of the Open
Map Theorem. The space 2 @F is now isomorphic to 2(@ x@G, F) and the
operator a is defined by the formula:

a(f)9) = [£(91s 97'9)dg1.
(e

The operator 8 which takes the form
B(2)(g, h) = y(g)=(gh)

acts continuously into 2(G x@, F). Therefore, the natural injection of
E_, into @(E) may be viewed as a superposition of two continuous opera-
tors: aopB. This yields

1.19. PROPOSITION. Let G be a Lie group, and F a Fréohet space.. Then
the space ®(D(G, F)) corresponding to the regular representation A is iso-
morphic to 2(G, F) itself.

We shall conclude this section with simple applications which have
just an illustrative character. After Proposition 1.19 the duality Theorem
1.12 implies the well-known result:
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1.20. CorROLLARY (Bruhat [4]). Let F be a Fréchet space, and G ¢ Lie
group. Every bilinear separately continuous G-invariant form on

2(@)x2(@, F)
defines an F-distribution T on G such that

©(f, ) =T(f *9).

Let L?(@) denote the space of smooth vectors for the left regular
representation of G in the Banach space L?(@, dg). A nice description of
the space L”(@) is given in Skovhus Poulsen’s paper [26]. Namely, we have:
fe LE (@) iff for every right-invariant differential operator X on @ the
function Xf belongs to L*(@).

Our Theorem 1.13 together with Proposition.1.17 lead to the followmg
characterization of the dual space (L% (@)

1.21. COROLLARY. Let T'e D(GY. Then Te IP(G) iff for every fe (@)
the convolution f«T belongs to L (@), where 1/p' +1/p = 1.

This result generalizes a classical theorem due to Schwartz [32]
concerning distributions on R".

2. Induced representations of algebras. The main duality

The first part . of this section is devoted to the definition and some
properties of the inductive tensor product over 8 of two abstract S-mo-
dules, which lead to the definition of the induced representation of an
algebra. Hereafter we proceed to the investigation of duality phenomena
in the theory of induced representations. The main results of this number
are contained in the Theorems 2.4, 2.5, 2.6.

We begin with a general comment about our terminology and nota-
tion. Let 8 be a set. By S-module we mean a topological vector space V
with a map 8> e—8(-) valued in the space of linear endomorphisms of
V. I V is both 8- and T-module and operators 3(-) and ¢(+) commute
for all 8¢ § and te¢ T, the space V is called the §-T-bimodule. A topological
algebra 4 will be usualy viewed as an 4A-module with the action defined
by the left regular representation.

If 4 is in addition an A-8-bimodule, the action of § on A will be de-
noted by 42a—>ase A. Let V and W be two S-modules. A bilinear map
f: VXW-—F is said to be S-balanced if

B(sv, w) = B(v,sw) for all 8¢S, veV, we W.

The space of all separately continuous S-balanced maps is denoted
by Bg(V, W; F). The action of 8§ on V® W may be defined in several
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different ways. Now we define
(2.1) (v @w) = (sv) @w,
(2.2) 85,(0@w) = v®(sw), 8e8, veV, weW.

Let Y denote the closed linear span of the set
{Ye VQW: y = 8(v Qw)—3,(v@w),ve V,we W, se S}.

The quotient space V@W/Y is denoted by V ®sW and referred
to as the inductive tensor product over § of ¥V and W. The natural pro-
jection V@W >V ®¢W is denoted by p. Plainly, this construction is influ-
eénced by Rieffel’s construction of projective tensor product over § of Ba-
nach S-modules carried out in [27]. As expected, the tensor product over
8 have an universal property.

2.1. PrROPOBITION, Let F be a complete locally convex veoctor -space.
Then the assignment L(VQzW,F)> A—>AodeBg(V, W;F) is & linear
isomorphism (here d(v, w) = p(v Qw)). '

We omit the standard proof based on the universal property of the
inductive tensor product. _

If the space V is an R-8-bimodule the tensor product over S becomes
in a natural way an R-module:

(2.3) 7(p(v ® w)):=p((rv) Qw).

Since the action of r; commutes with 8; and s, in V®W the subspace
Y is 7-invariant and the definition (2.3) is legitimate. Throughout what
follows we shall deal entirely with the case of A-modules (strictly speaking,
representations) on the tensor product A ®gV.

DEFINITION. Let A be a topological algebra, which is 4-S-bimodule
and let V be an S-module. The representation of A on A®gV defined
by the formula (2.3) will be called the representation of A induced by the
S-module V and denoted by (A", 4 ®4V).

The following statement is a straightforward corollary from Proposi-
tion 2.1.

2.2. PROPOSITION. Let the algebra A be an A-8-bimodule, and V be a S-
module. Let (x, E) be a representation of A in a complete topological vecior
space E. Then the space L, (A®"), n) i3 isomorphic to the subspace of
Bg(A, V; E) of forms verifying

p(ab, v) = =(a)f(b,v), for all a,be A,veV.
The isomorphism assigns to Te L, (AP, n) the form Tod.
Let us return to the case of involutive algebra 4 with an uniform

approximate left unit, and suppose that the action of § on A, denoted
by a-—>as, commutes with the left regular representation.
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In addition, we define the following action of S.on A4:
(2.4) 8 a:=(a 8) .

Then the formula holds:
(28) A8 a)b =(sa)b =(a"8) b=(b(a"8) =((ba)s)

=38 (ab) =8 oA(a)b.

Accordingly, the action of § on the tensor product AQ®F is detined

as follows: '
8 (a®x) = (8 6) Q.

Formula (2.5) yields
(2.6) iE(s" @) =8 0iB(a).

Given a continuous representation (x, £) of 4, a structure of a S-mo-

dule may be defined on the space ®(Z). We need the following

2.3. LEMMA. Suppose that S acts on A in such a way that formula
(2.6) holds. Then the kernel of the operator a is 8 -invariant.

Proof. Let xe Kera. Then for every ae A
a(s” (A% (a)a)) = a(2%(s” a)a) = n(s” a)a(x) = 0.

Thus the operator 8~ maps the dense in Kera subspace A¥(4)Kera into
itself. This completes the proof.
This lemma legitimates the definition of the S-module #(H):

(2.7) 8 a(w) =a(s z), wcARH,s8¢8.
Thanks to formula (2.6) we obtain
(2.8) s n(6) = n(s” a).

ExamprEs. 1. Let A be a subalgebra of the convolution algebra
L'(@, dg) of integrable functions on a locally compact group G, provided
with the involution f () = dg(z~!)f(z™!). Suppose that 4 admits an
approximate unit. The algebra A may be viewed as an A-G-bimodule,
the action of G being the right translations:

r(9)f(@) = f(xg).

The operators which correspond to the action of G defined by (2.4)
have the form:

Asf-(r(g)f ) = de(g™")A(g)f, where A(g)f(2) = f(g~'2).

For given representation (n, ) of A we can define a representation of
@ in @(E), say ®, by means of formula (2.7). If the representation = is
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associated in a usual way to a continuous representation of G on E, then
(2.8) implies

7(g) = dglg™)=(g).

2. Let @ be a Lie group, and 4 = 2; U(G) denotes the universal
envelopping algebra of the Lie group @, viewed as the space of right
invariant differential operators on @. The action of X ¢ U(G) on 2 satisfies
condition (2.6) which takes the form

X (fxh) = (Xf)xh, f,heD.

The action of U(G) on ¢(E) defined by formula (2.7) is just the usual
representation of U(G) on E_ associated to the representation g—>n(g)
by the differentiation.

Remark. We can also regard the elements of U(G) as left invariant
operators on G. The algebra 2 is then an 2-U(G)-bimodule and one can de-
fine corresponding operators X on 2 and @(F) via (2.4) and (2.7). However

the final formula is more complicated since one, in general, will have
to differentiate the modular function ;.

Now, we are in a position to formulate the main duality of the
Frobenius-Bruhat- type.

2.4. THEOREM. Let A be a bornological involutive algebra with an equi-
oontinuous approximate unit, and assume A to be an A-S-bimodule. Let V
be a bornological complete S-module and let (x, E) be a continuous representa-
tion of A in a complete bornological space. Then

BA(A §SV, -E) = Bs((D(E)v V))
where the isomorphism is defined by the formula
z(p(a®v), 1) = B(n(a" )z, v)
for re B,(A®gV, E) and Be Bg(P(E), V).

Proof. Thanks to Theorem 1.12 it remains to prove that every S-bal-
anced bilinear form g defines such a form 7, on A ®V, which passes to
the quotient. We begin with the verifying that for fixed ¢ E the functional
(@, v)>714(6 ®v, x) is S-balanced. We have:

(2.9) 1o(as@v,x) = ﬁ(n((as)')m, v) = B(n(s a )z, v)
= B(s =(a )z, v) = B(n(a’ )z, 80) = 7,(a @ (sv), 7).

Now, by the universal property of the tensor product over § the
following formula is legitimate:

7(p(a®v), 3) : = 74(a @, ).

On the other hand every form r¢B,(A®gV, E) defines by the latter
formula a bilinear form on (A ® V) xE and in turn Theorem 1.12 leads



2 Reciprocity theorems in the theory of representations

to fe B(P(E), V). In order to verify that g is S-balanced it suffice to
read (2.9) in the opposite direction.
In a similar way we can obtain counterparts of Theorems 1.13 and
1.14 in the theory of induced representations.
2.5. THEOREM. Retain the assumptions of the latter theorem. Then
the map
L,(AB4Y, E')> T>pe By(P(H), V)

which assigns to T the bilinear form
B(n(a )z, v):= {T(p(aQv)), 2)

is a linear isomorphism.
2.6. THEOREM. Let (n, H) be a unitary continuous represeniation of
a bornological *-algebra A with an equicontinuous approvimate unit. Assume
that a structure of A-S-bimodule on A is defined. Then for every complete bor-
nological S-module V we have an isomorphism of L (A®gV, H) onlo the
spaoce Bs(D(E, V)) of sesquilinear, separately continuous forms on O(E) xV,
defined by:
- (T (p(a ®v))]h) = f(n(a*)h, ).

3. Specialization; differentiable induced representations
of Yamabe groups

In this section we develope the theory of induced representations
in spaces of “appropriately smooth” vector valued functions on locally
compact groups which are not assumed to be Lie groups. ‘

By a Yamabe group we mean a projective limit of Lie groups. To estab-
lish a notation, let {K;} be a family of normal compact subgroups of the
group @ such that 1° the quotient group G¢:=@/K, is a Lie group for all
¢ and 2° MK, = e¢ the neutral element of @. It is known (see [23]) that

¢
the topology of @ is equivalent to the projective topology relative to the
family of natural projections p,: G—-G/K,.

Recall that the existence of family {K,} satisfying 1° and 2° is equiva-
lent to the requirement: G¢/@, is .compact, G, denoting the connected com-
ponent of ¢ in G.

To make the exposition more clear we restrict our attention to me-
trizable locally compact Yamabe groups. This assumption enables us to
take a countable decreasing family {K,}. Let E be a locally convex top-
ological vector space. Then for » >m the space 2(G,, E) is imbedded
as a closed subspace into 2(@,, E). Let us define

2@, E) :=1im9(G,, B), 9:=9(&,0).
—



3. Differentiable induced representations of Yamabe groupsa 25

. A function ¢ on @ is called regular if for every fe 2 the product fy
belongs to 2(G, B). This is equivalent to the statement: for every ge G
there exists a neighbourhood O(g) of g and fe Z(@, E) such that f(@)
= y(a) for z¢ O(g). .

" The space £(@, E) of regular functions on @ is provided with the
projective topology associated to the family of mappings P,: y—yf
€ 2(G, E), f ranging over 2. Regular functions with compact supports
are just those from the space 2(G, E).

3.1. LEMMA. Let E be a Fréchet space. Then 2(G, E) is isomorphio

to the tensor product D QE. In particular, 2 (@, E) is a bornological complete
(then barelled) vector space.

Proof. 9(G,E) =1lim9(G,,F) =1in9(@G,)®F = (im2(4,))®F
— 9'§ E. —_ - -
The space 2 = lim2P(G,) is bornological as an inductive limit of
—
bornological spaces. The proof follows from Lemma 1.3.

Since regularity is a local property the completeness of 2(@, B)
implies _

3.2. LEMMA. If E is a Fréchet space then &(G, B) is complete.

3.3. LEMMA. The space 2 i8 & convolution subalgebra, dense in Cy(Q)
and invariant with respect to the usual involution” . The algebra 2 admits
an equicontinuous approximate unit.

The density of 2 in C,(G) was proved by Bruhat [6] and Maurin
[17]. Both proofs use implicitly approximative units of 9. For completeness

we recall this construction. Let dg, denote the projection of the measure
dg onto the group G,;

[fpa(9))dg = [f@)dga(y), feD(Gy).
G Gn

We have seen in Section 1, that the algebra 2(@,) admits an approx-
imate unit {¢¥} ,.Then the sequence y,:— ¢ constitute an approximate
.unit in 2. Since 9 is a barelled space and operators i(y,) are pointwise
bounded, the family 4(v,) is equi-continuous by Banach—-Steinhaus theorem.
Let (w#, F) be a continuous representation of G on a Fréchet space

E. The formula

a(f) = [f(g)n(g)dg
G

defines a continuous representation of the algebra 2 on E.

A vector we E is called differentiable (relative to a) if the map @:
G > g>=n(g)re E belongs to &(G, E).

We place on the space E_, of all differentiable vectors the topology
induced by €(@, E) via the identification @« @.
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It is easily seen, that for every ze E there exists an 4, such that n(k)o
= o for ke K,. In fact, let pe 2 be a function equal to 1 on some neighbour-
hood of e« G. Then there exists an 3, such that ¢ is constant and nonzero
on K, . Since ¢Ze 2(@, B) we can choose i >4, such that in turn cpw
€ Q(G,, E). Therefore, for ke K,, we have

n(k)e = z(k) = p(k)x(k) = p(e)a(e) = 2,
a8 desired.
Let us write

= {ze By n(k)r =2, ke K;}.

The subspace E, is closed in ¥, and is G-invariant.
3.4. PROPOSITION. E,, i8 & strict inductive limit of the spaces E.,.

00
Proof. We have shown above that E, = |J E.,. Obviously, the
) $=1
injection of lim £, into E_, is continuous. For the purpose of proving the

—_—
continuity of the converse injection we employ the mapping
B: BEx—2(@, E)
defined by the formula

(3.1) B@)(9) = y(9)m(g™)a =y E(g™),
‘where y is a non-negative function in 2, satisfying J ydg = 1. The mapping

is continuous by the very deﬂmtlon of the topology of E,. On the other
hand we have a continuous map a: Q(G E)—E defined by

(3.2) a(f) = f n(9)f(g)dg.
¢
Plainly, a(2 (G, E)) belongs to E., and bearing in mind our resﬁlts
concerning representations of Lie groups (Section 1) we found that a
maps continuously 2(G, B) = 9(G,) ®F into E.,. Accordingly a is a con-
tinuous mapping from 2(@, E) =1im2(G,, E) into limE:,. Since, by
. —>

a simple computation, we verify aof = id, the proof follows.

Thanks to Lemma 3.1 we can identify the space 2(@, E) with 9 QF,
and consequently the operator a with a used in our construction of the
space P(F). In the course of the latter proof we have observed that a
maps 2 QF onto E,,. It means that ®(E) o E,. Now, viewing in turn
a a8 a continuous operator onto @(E) and using the identity aof = id
we establish the topological isomorphism between these spaces. We have
proved

3.5. THEOREM. Let F be a Fréchet space. Then B, = ®(E) = lim E,.
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In virtue of the above theorem the restriction of n to @(E) is a
representation which admits a repeated. construction ®(®(E)) = @(E,).
 In fact, the space E,, is complete and the representation of 4 = @
on @(HE) is continuous. '
The following result plays an important role in applications.

3.6. THEOREM. Let G be a group countable at imfinity. Retain other
assumptions on G and (n, E). Then the space ®(P(E)) is isomorphic to ®(E).

Proof. The spaces E', are G- (as well as @) invariant subspaces of
E,_, and to prove the assertion it suffice to show, that ®(E:) = E',. By
the very definition @(E,) is continuously imbedded into F?, and it remains
to find a converse map. If ¢ is countable at infinity the spaces &(Gy, E)
and consequently E' are Fréchet spaces. Therefore

P(E,) = a(2RE) = a(2(6, Ey)).

The proof will be complete if we shall be able to inject B, continuously
into 9 (@, E.,). To this end, remark that in the case of a Lie group & the
space (B ), is equal to EY,, because the regular representation of @ in
&(Gy, E) is differentiable (i.e. all vectors in the carrier space are smooth).
Therefore the mapping # defined by (3.1) with ye 2(G;) may be viewed
a8 a continuous map from E:, into 2(G;, E:,). The latter space is in turn
continuously imbedded into 2 (@, E-,). Using the formula aof = id once
again, we finish the proof.

Now we will detail the representations of 2 (and @) induced by a rep-
resentation of a subgroup I" < @. The carrier space of this representation,
originally defined as quotient spaces of the tensor product 2 @V, may be
identified with some function space, which in the special case of the Lie
group G and differentiable inducing representations is just the space of
Bruhats differentiable induced representations.

Let (o, V) be a continuous representation of a closed subgroup I' = &
in a Fréchet space V. The algebra 2 will be regarded as an 2-I-bimodule
with the action of I" on 2 by means of right translations: »(y)f(g): =f(gy)-

Recall some basic results concerning quasi-invariant measures on
homogeneous spaces (for more details see Bourbaki [3], VIII, 2). We
drop for the moment the supposition @ to be a Yamabe group.

In general, positive G-invariant measures on G/I" do not exist, never-
theless quasi-invariant measures are always present and any two of them
are equivalent. They could be obtained in the following way. To any Borel
function ¢ >0 on @-bounded above and below on compact subsets and
verifying for every ye I

e(gy) = dr(y)/da(y)0(9)
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there is associated a quasi-invariant measure u on G/I" defined by
(3.3) [1(g)elg)dg = [dugl) [flgr)dy, feCo(@).
G r

¢ir

By dy we denote the left Haar measure on I" and 35 stands for the
modular function on H. Let us return to our case of a metrizable Yamabe
group G. Given fe 2(@, V), put

34) L) = [e) enflgndy  (e(r) = dr/d6()).
r

3.7. LEMMA. Kerl, 8 equal to the closed linear span of the set

Z = {y< 2(G, B): v(g) = r(y")f(9)—(8rda)"" () o (»)f(9),
for some fe D(Q, V), vy el'}.
Proof. The closed linear span of Z will be denoted by Y. First we
verify the inclusion Kerl, o Y.

L) = [e) ™ o) fgyri)dy
r
= ¢ (1) or(y1) [ o)™ a(y)a(»)flgy)dy
r

=1, (0‘ (yof ) (9 (50 Jp(y,))"’ .

In order to establish the converse inclusion it suffice to show that
every continuous functional T on 2(@, V) which annihilates ¥, vanishes
on Kerl,. Suppose fe Kerl,, and let

fi(@) = psf(@) = [o(a)f(g7 a)dg = [o(g7") da(g™")f(g2)dg
G ) (¢
= 85(0) [ ?(907") dalg™")f(9)dg,
G

where ge¢ 2 and ¢(g) = @(g™").
Therefore, by the formula (3.3)

filo) = 8(@) [angl) [ o7 (gv) 93  (gv)# (gva~")f(gy) dy
. r

air
= 0g(2) [ap(gl)e™"(9)85"(9) [ daly )P (g(ay™)")f(gy)dy-
Gir r
Since the integral is strongly convergent we can write

T(f) = [du(gl)e™(9)85"(9) [ da(y™")T.(da(2)P(g(@r™")7")S (g7) dv)
e|r r

= [au(eD)e™(9) 85 (9) Ta (b6 @Fga™) [ o™ (1) a(r)f(g7)dy)
a|r I

= [dugD)e™(9) 85" (9) T(8(®) 9 (g2~ Lf) = 0,

Qr
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since. by our assumption I,f = 0. Therefore
T(f) = lHmT(p,*f) =0
n

(¢, denotes the approximate unit in 2).

It is easily seen that the quotient space 2(@, V)/Y coincides with the
carrier space of the induced representation A" corresponding to the
action of I" on ¥V by means of the operators (6,0y)a(y~!)e L(V). Thanks
to Lemma 3.7 we may identify this space with the range of the operator
l,. It would be more desirable to introduce an “internal” description of
this space as well as of its topology induced by the identification with
2(G,7)/Y.

In the case of a Lie group countable at infinity it was made by Bruhat
[4] (see also an excellant exposition in [39], p. 368).

Although our space 2(@, V) is defined as an inductive limit of funetion
spaces on Lie groups we may not appeal to the theorem of Bruhat,
because we have employed non differentiable inducing representations
(g, V) and on the other hand the subgroup I' may not be treated as a
subgroup of G; = G/K,. It will be more convenient to legitimate the
Bruhat’s procedure in this more general case.

Let us denote by 2° the subspace of £(@, V) of functions satisfying

1° sptf is compact modulo I' (i.e. (sptf)I" is compact in G/I"),
2° r()f(9) = oy (»)f(g).

It is easily seen that [,(2(@, V)) belongs to 2°.

3.8. LEMMA. Let G/I" be countadle at infinity. Then 1,(2(@, V)) =

We'have to prove thatl, is surjective. Let us fix ¢, and select a covering
{0} of G, |T;(where I'y = I'K,), such that in each of ¢’ there exists a smooth
local section @#I'»>s;(wI") of the principal bundle @; over G,/I;. Let us
choose ye 2(Iy) such that

[eme ™ (y)ay =1.
r
Given fe 2°N&(G;, V) we define
X (@) = 2 &, (al)y (3;(a) @) o (0" 8;(I")) f (85 (w])),

where {®P;} denotes a partition of unity subordinate to this covering.
Plainly f# ¢ 2(@, V) and by a direct computation we found ,( 1#)
= f. It remains to show that for every fe 9° there exists 4, such that f is
K invariant, that is fe &(G,, V).
We shall need a technical

3.9. LEMmA (Bourbaki [3], VII, § 2). There evists a reqular function
@0 on @; such that spte,Ngly is compact for every ge G;, and spto,Iy = Gy.
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We denote by ¢ the lift of ¢, to G. Return to the proof of Lemma 3.8.
The function ¢f regular on @ and by 1° it has a compact support. Hence
¢f belongs to 2(Gy, V) for appropriate j, and for ! m = max(i, j) and g
e sptpNsptf we have

f(gkn) = f(9), km‘Km'
By 2° we have

F(g7kn) = f(gvkmy™'y) = ™ (¥) o (y ) f(grkmy™)
= " (»)a(y )f(9) = flgy)-

Since the set (sptensptf) I' covers the support of f the proof follows.

The space 2(@G,, V) is mapped under the action of I, onto &(G@,, V)N
N2°. Let us provide the latter space with the topology of the inductive
limit of spaces 2x(G;), where

Dx(@):={fe D°NE(Gy, V): 8ptf < KI'}

is equipped with the topology inherited from &(@G,, V). Plainly I, is a con-
tinuous operator from 2(@, V) onto 2°. Using the open map theorem we
assert the isomorphism of these spaces. We have proved

3.10. ProPOSITION. There 18 a topological isomorphism of 2(G,V)/Y
onto 9° intertwining for the representation A™V) and the left reqular repre-
sentation of G on 9°.

The latter representation will be denoted by (U°, 2°) and referred
to as differentiable representation induced by the representation (g, V).

At last let us recall, that the action of I" in the space ®(F) defined
by formula (2.8) has the form y—n(y)dz(y~") (Section 2, example 1).
The main results of this section are the immediate consequences of Theorems
2.4, 2.5 and 3.5, 3.10.

' 3.11. THEOREM. Let G be a metrizable Yamabe group, let I' = G be
a closed subgroup of G such that G|I'" is countable at infinity. Let (=, E)
be a oontinuous representation of G in a Fréchet space E. Let (a, V) be a con-
tinuous representation of I' in a Fréchet space V. Then we have the following
isomorphisms

Lo(g°’ E') = Ba(g", E) = Br(Em; V) = Lr(Eeo’ V'),

where Bp, (L) denotes the space of forms (resp. operators) balanced (inter-
hoining) with respect to the action of I' via ¢"2a(y) on V and n(y) on E.

The first and the latter isomorphisms are just natural conneotions
between bilinear forms and operators, the central one is defined by the
Sformula

t(l,(f®0), ) = B(=(f ), v).
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Bearing in mind Theorem 3.6 we obtain an additional isomorphism:

3.12. THEOREM. By(2°, E) = Bg(2°, E,) = Br(E,, V).

3.13. COROLLARY. Bg(V, E) = Bg(V, Ey)-

This is 80, because in case @ = I’ the space V is isomorphic to 2"
via identification of ve V with the function g—n(g™!)v.

A natural anti-linear involution on 2 is defined by the formula

f=f.
Then in turn Theorems 2.6 and 3.5, 3.6, 3.10 imply

3.14. THEOREM. Retain all assumptions of 3.11 and assume that (n, H)
18 a unilary representation of the group G on & Hilbert space H. Then

Lé(g", H) = La(guy Hoo) = I’I'(Eno; 7’)a

where the latier isomorphism assigns to T e Ly(2°, H) the operator n defined
by the formula

(T(t.(F@0) IR) = (n(f)h, v).

(V' denotes the space of antilinear, continuous functionals on V made a I'-mo-
dule by means of the operators ‘a(y) o~ (»).)

As we have mentioned above these theorems generalize the reciproc-
ity theorems obtained by F. Bruhat in case of a Lie group G and differ-
entiable induced representation [4].

We refer the reader to the monograph [39] for various applications
of theorems of this type, especially for their interpretation in terms of
intertwining numbers and for relations to classical theorems of G. Fro-
-benius, A. Weil and G. Mackey.

In the subsequent number we explain their conneetions with the
General Duality Theorem of K. and L. Maurin [19]. In the course of the
proof we obtain a notable consequence of Theorem 3.12, namely a gen-
eralization of Skovhus Poulsen’s structure theorem of bilinear invariant
forms on spaces of smooth vectors.

4. Unitary induced representations' of groups

We retain all assumptions and notation of the preceding section.
In the present we consider unitary representations obtained by the comple-
tion of the spaces 2° in a prehilbert norm invariant under the action of the
group. In the preparatory step the carrier space 2° is imbedded into
a space €° of continuous functions on @ Several connections between
continuous intertwining operators on 2° and closed operators on ¥° are
investigated. ’
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Let ¢ be a function on @, introduced in Lemma 3.9. The set
Q2 ={g<@: g(g) >0}

is an open set which satisfies:
10 p(Q2) =@G/T,
20 for every compact K < G/I', p~'(K)NnQ is precompact.

We define a family of continuous seminorms on 2° which is labeled
by the set of seminorms describing the topology of V:

Iy = supif(g)ly,
geQ

where ||| is a continuous seminorm on V.

We denote by ¥° the Fréchet spaceée obtained by the completion
of the space 2° in the topology defined by the family {|[|«|{|,} of semi-norms.

4.1. PROPOSITION. The induced representation U’ extends to a oon-
tinuous representation of G on €°.

Proof. First of all we verify the continuity of left translations in
the topology of ¢°. Let fe 2° ze@,

T (@) fIll; = 8;11‘:, If (@~ g)l; = s‘uzg IIf ()1l

Plainly, the set ® = #2 N sptf is relatively compact. We put
O ={yel:y =8'y,8e2Nsptf,ye(@) nsptf}.

Since C is relatively compact we obtain the following estimation

T (@)flll; < sup |f(gy)ly = suplla(y)e™(»)f(9)ly
ge2neptf oy .

yeQ

< L sup (if(g)li; = LlIfill
0¢0

for some L >0 and i. Here we have employed the equicontinuity of
the set of operators ¢(y), ¥ ranging over the compact set 0.

Now remark, that all arguments used in the course of the proof remain
valid if # ranges over a compact set. Accordingly, left translations extend
to continuous operators U’ on C’° and for every compact set K the operators
{U°(g): ge K} constitute an equicontinuous set. In order to prove that
this representation is continuous it suffice to verify the continuity on
& total subset of U, i.e. 2° (see Bourbaki [3], VIIL, 2.1). We have to show,
that for every fe 2’ the set

U, = {y<@: |[(T(@)-T @< ¢

is open. It is a consequence of the continuity of f and the compactness
of the set 4 = 2 Nsptf. For every s8¢ A we can choose an open symmetric
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neighbourhood V, of the neutral element ee @ such that

1T3(2)f(8) — UL (@) (g)ls < ¢/2

for ge V3s. n
Since the compact set 4 = (JV,s admits a finite covering UV,‘s,
s fm=]

n
we obtain an open set ((")V,,)# contained in #,.
=1

In the process of proving we can easily observe that the elements
of the completion ¥° are represented by continuous functions, thus the
action of G on ¥° continues to be the left regular representation.

4.2. PrOPOSITION. Let T be a sequentially closed operator intertwining
for the representation (U°, €°) and a represeniation (n, F'), F being Fréchet
space. Assume that Dyp > 2°. Then the operator T|2° is a continuous op-
erator intertwining for U°|2° and =n|(F')y.

(A closed operator is called interwining if TU"(g) > n(g)T,g¢q.)

Proof. Let us denote T, = T'|2°. The space 2° is a bornological
space and F’ as a dual to a Fréchet space is a de Wilde’s space (see [44]).
Since the injection 2°—>¥’ is continuous, the operator T, is closed on 9°.
Thus we observe that de Wilde’s version of the Closed Graph Theorem
is in force, and implies the continuity of T'y: 2°—>F'. Actually T maps 2°
continuously into (¥'),,. For the purpose of proving this it suffice to show
that the operator Tyol,: 2(@, V)—>F',actsinto (F’), continuously. By the
very definition of the space 2(@, V) and Proposition 1.19, we assert
(2(@, V), = 2(G, V). Owing to Theorem 1.11 we obtain

Tol,e Lg(2°, B(F')).

Since @(F’) is continuously injected into (F'), the proof follows.
~ After additional (and restrictive) assumptions on the homogeneous

space G/I" we shall be able to prove that to every G-invariant bilinear
separately continuous form on 2° X E there is associated a closeable on
€° operator ranged on 2° and valued in (E'),.

4.3. PROPOSITION. Retain the assumptions of Theorem 3.11 and suppose,
in addition, that G|I" i8 compact.

Then the operator T defined by the formula

T(f)yz> =1(f, @), feD°, 0ek,1eBy(P° E)

acts continuously from 2° into (E'),, and is closeable on €°.

Proof. With the aid of our Theorem 3.11 we see that the above formula
defines a continuous intertwining operator I': 9°—E'. The duality Theo-
rem 3.11 states that T determines a bilinear form fe¢ Br(E,, V), so that

(4.1) <T(l,((p ®'v))’ o) = ﬂ(“(?")m’ 'v)'

3 — Dissertationes Mathematicae CXXVI
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We need the following technical
4.4. LEMMA. Formula (4.1) 8 equivalent to

(42)  (T(y),2> = [ (@B((g )2, w(g)du(el), ve 9",

G/r

where o denotes & tho function on G and du is the quasi-invariant measure
on G|I" associated to o.

Proof. We turn formula (4.1) into (4.2) by means of (3.3)

Blate )2, o) = B([ bola™)p(a™)0)2dg, o
= [9(9)8(n(g) =, v)dg
G

= [du(gl) [ olgy) " o(gy) B(m(gy) 2, v)dy
air r

= [dugl)e™"(9) (g™, [ o™ (1)o(gy) o (r)0dy)

Qr

= fd#(gp)e(g)"ﬁ(n(g")m, 1, (9 ® ).

G/|r
The formula extends to 9° by continuity.

Let us return to the proof of Proposition 4.3. Since G/I" is compact,
there exists a compact set 0 < G such that .O0I' = G. For every ye 2°

333] e(9) ' B(=(g™ ")z, v(g))| = sup le (9)B(=(g™ ") 2, v(g)|

since the function at hand is right I“invariant.
Oonsequently, by Lemma 4.4, we conclude

lz(y, )| < y(G/F)iggIe(g)“ﬂ(n(y“)w. v(9)]|-

The set {n(g')@: ge 0} is compact in E,, therefore for every «
there exists a seminorm ||-|; on V and a constant L > 0 such that

|Blw(g™)@, v)| < Liwl; for all ge O

(recall that g is hypocontinuous, cf. proof of 1.8).
Finally, we obtain the estimation

(4.3) lz(y, #)| < L,sup o(g) " sup lly(g)ll-
ge0 ge0®

Now, suppose y,—0 in ¢° and T(y,)—vy in E'. For fixed v E, we
obtain

@, @ = lim(T(y,), > = limz(p,, a) = 0
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in virtue of (4.3). Thus y vanishes on a total subset of E and the proof
follows.
We collect the above results in the following

4.5. THEOREM. Let G be a melrizable Yamabe group, and I' a closed
subgroup, such that G|I'" is compact. Let (n, E) and (o, V) be continuous
representations of G and I' respedtively in Fréchet spaces E and V. Then
we have: , '

1° Hvery bilinear form fe Bp(E., V) defines a sequentially olosed
operator T: €°—>E' such that Dy > 9° and the resiriction of T to D° be-

longs to Lg(2°, (E')w). The operator T is determined in & unique manner
by the formula

(4.4) (Ty, 2y = [o7*(g)B(nlg7")=, v(g))du(gT)
Gir

for all e 2°, v B,.

20 Suppose that T is a closeable operator on €°, intertwining for U° and
® and satisfying Dy > 9°.

Then formula (4.4) defines a bilinear I'-balanced form on E, x V.

(The space E_, is treated as before, as a G-module with the action
of ge @ by means of #(g) and V as a Imodule with the action of y via

12
e a(y).)

The_ significance of this result becomes clearer if applied to a very
special case G@ = I'. It is easily seen that, this being the case, 2’ is iso-
morphic to V, (evaluation of a function at g = e realizes the isomorphism
intertwining for U° and o). Likewise, ¢° = V by the same argument.

4.6. COROLLARY. Let G be as before, and let (n, E) and (o, V) be two
continuous representations of G on Fréohet spaces E and V.

Then every bilinear separately continuous invariant form f on Ve, X By
exlends in a natural way to V,, X E and defines a closed operator T: V—>E’
by the formula

(Tv,2d> = B(»,2), veV,,zek.

This operator has the following properties:
1° Dp > V,
20 Ta(g) > 'n(9)T, g @,
3° T|V,, acts into (E'), continuously.
4.7. COROLLARY. A closeable operator T: V—E' intertwining for o
and x, and such that Dy > V, maps Vo, into (E' ), continuously. ‘

4. 8 OOROLLARY. A continuous operator T: Vo—E intertwining for
o and ‘m is closeable on V.

In the case of Banach space representations (x, ) and (o, V) of
a Lie group @ these theorems are due to N. Skovhus Poulsen [26]. This
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being the case & closed intertwining operator is uniquely determined by
its restriction to V. In the excellent work of N, Skovhus Poulsen the read-
er may also find various applications of these theorems to the investi-

gation of irreducibility and the Neumark equivalence of representations
in spaces of smooth vectors.

We shall now proceed to investigate unitary representations of
groups associated with induced representations. There is no general
method of putting on 2° a prehilbert structure invariant with respect
to the regular representation. In the case where the inducing representa-
tion (o, V) is unitary, there exists a natural scalar product (- |-) on 9° rela-
tive to which U acquires the structure of unitary representation. We shall
refer to the case as the representation induced in the sense of Mackey.
For completeness we recall this construction. Denote by (-|-), the scalar
product on V invariant relative to o. Then for f,, fy¢ 2° we put

(4.5) (fulfs) = [ o7 @) (f1(0)1f2(9))r du(aD).

G/r

The completion of 9° in the norm f-|: =(:|-)'* is denoted by H"..
The regular representation of G on 2’ extends to a unitary continuous
representation of G on H". It will be as usual denoted by (U°, H).

We shall, however, deal with a more general notion. By a unitary
induced representation we shall mean a system (2°, I, U, H) where (U, H)
is & unitary representation of @ and I e Ly(2°, H) is a continuous bijection
onto a dense subset of H. Evidently, the system is uniquely determined
by the inner product

(I(¢)I(*)) =:q(,) on 2°.

COonsequently, we shall denote the unitary induced representation defined
by (2°,1, U, H) also by (?U°, 'H").

For the purpose of proving an analogne of Theorem 4.5 in the theory
of unitary induced representations we have to replace the original condi-
tion of compactness of G/I" by certain growth condition for the function
G> g ﬂ(a(g)w, Je V'. It will be more convenient to formulate this condi-
tion with the aid of the operator 5: E—>V':

{n(@), v> = (=, v).

DEFINITION. Let (=, E) and (s, V) be as before. By (z, o, g)-morphic
Jorm we mean an operator ne Lp(E,, V') such that for every z¢ E_ the
functional

(4.6) 2% p->Fo(y) = [ o7 (9)<n(n(97")a), v(9)>du(gl)
G|r

is continuous in the H°-norm.
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The space of (x, s, q)-morphic forms is denoted by (=, a,q).
Bearing in mind Lemma 4.4, we see that the functionsl F, takes on ele-
mentary tensors f ®v the value ((f )a, v). This remark, together with the
duality Theorem 3.11, enables us to sight a connection between (=, o, ¢)-
morphie forms and operators intertwining for U° and =#. In the case of
the unitary representation induced in the sense of Mackey the (=, o, q)-
morphic forms are just (x, g)-automorphic forms defined by K. and L.
Maurin [(18]. The desired continuity of the functional F, is then equiv-
alent to the following condition: the function

f: @2g>n(nig™a)e V
is du-square-integrable in the following sense:

[(F@if@)re(9)dugl) < oo.
a/rr

4.9. THEOREM. 1° Every (=, g, q)-morphic form =n defines a oclosed
operator

T,: ‘H-E,
whioh has the following properties:
(a) Dy > ‘Hg,
(b) T,20°(g) = 'n(g)T, and T,e Ly(*H’, (E'),).
2° Every closed operator T: H°—>E' verifying (a) and (b) defines
a (n, o, q)-morphio form np such that

(4.7) Ty, 2> = [0 (g)<n(n(g™)a); v(9))du (gT)

Q/r
for all ye 2°.

3° g, =

Proo"f. Ad 1°. Denote by 7,(y, #) the right-hand side of formula (4.7).
By use of Theorem 3.11 we state that v, is a separately continuous form
on 2°xE, therefore it defines by restriction a separately continuous
form on 2° X E,. The continuity property of a (#, o, ¢)-morphic form im-
plies that 7, is separately continuous relative to the H°-norm on 9°.
Therefore 7, extends to a separately continuous form on “H’ x E,, (see
Bourbaki [2], ITI, § 4), which is easily-seen to be G-invariant. Now asser-
tion 1° follows by Corollary 4.6.

Ad 2°. By use of Corollary 4.7, the operator T defines a bilinear
form on 9HZ, x E, with the formula z(y, #) = (Ty, 2). In virtue of the
duality Theorem 3.11 formula (4.7) determines an operator ny: E -V’
On the other hand, by Corollary 3.13 the form 7 can be continuously
extended to ‘H® x E,, as well. Thus 74 i8 a (%, o, ¢)-morphic form. The
assertion 3° is obvious.
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_ Unfortunately, we are not able to derive a full duality between
closed intertwining operators and (=, o, ¢)-morphic forms in the general
case of a Fréchet space representation (x, E). In the event that (=, E)
is a Banach space representation the mentioned theorem of Skovhus
‘Poulsen holds: a closed intertwining operator with the domain containing
H_, is uniquely determined by its restriction to H. Then we have

4.10. THEOREM. The space Cg(°H°, E') of olosed operators interiwining
for U° and ‘n and verifying (a) is isomorphic to the space of (%, o, q)-morphio
Jorms.

. This theorem when specified to the case of a Lie group @ and (U°, H°)
being induced in the sense of Mackey, is due to K. and L. Maurin [21].
The latter theorem follows, in turn, on the lines of a theorem of Strasbur-
ger and the author [36], which is concerned with the case of compact
homogeneous space G/I.

4.11. THEOREM. Let (n, H) be a unitary represeniation of the group G
and let Iy (0, V), g be as before. Then the space Cy(°H°, H) i8 isomor-
phio to the space of (=, o, q)-morphic forms. The isomorphism assigns to
TeCz(°H®, H) the form n by means of the formula

(4.8) (Tp1h) = [{nlnlg™)h), w(g)) e~ (9)du(gl) .
agir .

Plainly the case of an irreducible unitary representation (z, H)
is worthy of notice. It is well known (ef. Neumark, Normed Rings (Russian),
Pp. 298) that this being the case any closeable intertwining operators is
continuous.

4.12. THEOREM. Retain the assumptions of Theorem 4.11 and assume in
addition (m, H) to be irreducible. Then there is a linear isomorphism

Ly (°H’, H) = o (=, 0, q)

defined by formula (4.8).

A similar result was obtained by K. and L. Maurin [18] in the case of
an arbitrary locally compact group G and a unitary representation U
induced in the semse of Mackey.

For the domain of an (x, o)-morphic form a dense subspace ® c F
is taken, which, roughly speaking, corresponds to our construction P(F)
associated with the convolution algebra Uy(@) of continuous compactly
supported functions.

In the mentioned works [19] and [20], the reader may find an expo-
sitory account of these developments as well as their further applications,
especially to the determination of intertwining numbers for induced re-
presentations.
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5. Induced representations of Banach algebras

In this section we investigate relations of our results to theorems
of Rieffel [27] on induced representations of Banach algebras with approx-
imate units. As we have mentioned above our approach to the theory
of induced representations of algebras was strongly influenced by, these
developments. Nevertheless, as we shall prove, both methods lead to the
same results just in the case of representations contragredient to Banach
g§pace representations.

In the sequel A will denote a Banach involutive algebra with bounded
approximate unit. An approximate unit is said to be of norm one if |a,|
< 1. All modules and representations are assumed to be Fréchet space mo-
dules. Being so, we deal in this section with projective tensor products,
which are isomorphic to inductive ones, in virtue of Lemma 1.5. In case
of Banach space representation (=, F) we shall always assume |n(a)| < ||al|.

From our point of view Banach algebras are distinguished by the
following property

5.1. LEMMA. Let (n, E) be a continuous representation of A in a Fré-
chet space E. Then the space @ (E) coincides with E and the natural injection
i8.a topological tsomorphism. If E i3 a Banach space and A admils an ap-
proximate unit of norm one then the isomorphism is isometric.

Proof. Both spaces £ and P(F) are now Fréchet spaces. Denote
by {»;} and {g,} families of seminorms describing the topologies in E
and &(F), respectively. By the very definition of the topology in &(E)
the map

AXE> (a,e)>n(a)ec P(E)

is separately continuous, hence by Lemma 1.6 it is continuous. It means
that for every ¢, there exists a seminorm p; and a constant ¢ > 0, such
that

- g;(n(a)@) < cllalip; (2).

It was proved in the course of the proof of Theorem 1.12 that for every
bounded approximate unit {a;} the set of operators A”(a,) converges to
the identity operator pointwise on A®E. Consequently, =(a,)s =
a (A% (a;)y) converges to # = a(y) in P(E) for all e #(E). Thus we obtain
the estimation

¢(2) = li:n ¢ (7 (a)) ) < cllagllg;(®) < ¢'gy().
It means that on the total subspace @(E) c F the topologies inherited

from E and ®(E) are equivalent. Since both F and ®(E) are complete,
we have £ = &(F).
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In the case of a Banach space E, a more precise estimations are
needed. Let us denote by ||-|[g, ¢(*), ||*]|” the norms in E, &(B), A & E res-
pectively. Since ¢ is the quotient norm in 4 ® F/Kera we have an obvious
inequality

g(m(a)2) < lla S|

Bearing in mind the definition of the norm |:|~ we obtain in turn
(= (a)a) < lla|||w|lg,
and applying the bounded approximate unit {a,} we assert
q(z) < |@lg.
On the other hh.nd, by the continuity of the representation = on E

we have for
T = d(Za,,@ w,,) = Zn(ak)w,‘
% %

the following inequality
lollz< D) el @l
k
Consequently,

(8.1) ol < inf > llall lzle,
k

where the inf is taken over all decompositions z = a(Y'a,® z;). It is easily
k

seen that the right-hand side of (5.1) is just the norm of the quotient space
A ® E/Kera. The proof is complete.
The following theorem results now immediately from our Theorem 2.4.

5.2. THEOREM. Let (n, E) be a Fréchet space representation of a Banach
involutive algebra A with a bounded approvimate umit. Assume A to be
an A-8-bimodule. Then we have the following isomorphism

LA(A®SV’ E’) = LS(V1 E’)
for every S-module V. The isomorphism is defined by the formula
(T(p(a®9)), z) = (n(v), x(a”)a).

In the special case of the trivial one dimensional module we obtain

5.3. CoroLLARY. Let (n, E') be a representation contragredient to
a Fréohet space representation. Then

L A4,E)=F.
On the other hand, if (1, 4) is taken for (=, E) we obtain
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5.4. COROLLARY. For every bilinear continuous invariant form on
A X A there exists a functional ne A’ such that

z(a, b) = n(a”b).

The above results permits one to investigate regular representations
of locally compact groups in some funection spaces associated with the
space L'(@, V, dg) by means of the induction process. Let @ be a locally
compact group and I" a closed subgroup of ¢. We shall take for A the group
algebra L'(@) viewed as an A-I-bimodule, with the action of I'" via right
translations. Given a representation (o, V) of I' we produce the represen-
tation (1°, A®,V) in accordance with the general method described in
Section 2. If V is assumed to be a Fréchet space we have L'(G)®V
= L'(@)®V. Being so, the original space L'(G)®YV becomes isomorphic
to the function space L'(@, V) (Grothendieck [12], p. 59) viewed as a
G-module with respect to left translations i(g) and with the action L}(@)
by means of convolution operatgrs

Me)f = [o9)ig)fdg, geL'@), feING, V).
q

It is our purpose to legitimate the method used in case of the regular
representation in 2(@, V), and to prove that the representation of G on

AQV is equivalent to the regular representation on the space I,(L'(&, V)).
‘We recall

(5.2) L(N(9) = [ (8r/d6) () a(v)f (gy)dy .
Ir

5.6. LEMMA. Let (o, V) be a representation of I' on a Fréchet space
V, such that the set of operators {(85/dg) "2 (y)a(y): ye I't € L(V) i3 equi-
continuous. Then for dg almost all g the integral (5.2) does ewist and the
Sfunction g—1.f(g) is locally integrable on Q.

Proof. We apply a version of formula (3.3) (see e.g. Bourbaki [3],
VII, § 2) which is concerned with functions on G valued in a Banach space.
Let us fix a seminorm ¢ on V, denote by %, the natural map of V into the
Banach space V, obtained by the completion of V/Kerq in the norm gq.
For every fe¢ L'(@, V), the function i,f belongs to L'(&, V,) and the
mentioned theorem is in force. It states that for dg almost all g the function

h(g, ): I'> y—iof(gy) e (g7)e V,
is dy integrable.
Moreover, the function

GII'> g~ [h(g, )ye V,
r



42 Reoiprocity theorems in the theory of representations

is Bochner integrable with respect to the quasi-invariant measure du
related to the rho-function ¢ and the following formula holds

(5.3) [flgrag = [du(gD)e(@)™ [ e (nf(gr)dy.
G GQ/r r

Consequently the natural lift of this function te the group G is lo-
cally integrable. Since the topology of V is determined by a countable
family of seminorms, the assertions remain true when f is viewed as V-
valued function. ‘

By our hypotheses, for every seminorm p there exists a seminorm
g on V such that

p(e(»)o()?) < q(v).
The function '

I'sy—=o " (y)a(»)f(gy)e V,p
is for dg almost all g dy-measurable and.by the inequality
{6.4) ple (M e)f(gy) < e (M a(fgn) < ale(9) h(g, ¥)

it is dy-integrable. Accordingly, formula (5.2) defines a measurable func-
tion on G. On the other hand formula (5.4) implies that the function
p(l.f(g)) satisfies the inequality

(6.5)  p(Lf(9)< [e )P (e figy)dy < [ () a(flgy))dy.
r r

As we have mentioned above the right-hand side of (5.5) is a locally
integrable function on G. This completes the proof of the lemma.

5.6. LEMMA. Kerl, coincides with the closed linear span of the set

W={feL'(&,V): f(g) =7(»)9(9) — (8r8c)"(») o () p(g),
for some peL'(G,V),yeI}.

Proof. Let us define a family of seminorms on L'(@, V) by the formula

A,,(f) = [ v(@p(Lf(9)dg, yeCo(@.
J ,

Taking into account formulas (5.5) and (5.3) we obtain

A, (N < [ v(@)( [ e (alflgr)dy)dg

< sup v’ (9) [ a(f)(g)dg, where pI”(9) = [ Ipl(gy)dy.
G r
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Therefore A, , is a continuous seminorm on L'(@, V). The function I,f
equals zero for dg almost all g iff 4, ,(f) = 0 for all p and y. Equivalently

Kerl, = hKerA,.,

P, ¥

and it becomes clear that Kerl, is closed. The assertion of the lemma follows
now by direct computations which are quite similar to this ones, which we
have performed while proving Lemma 3.7.

The above lemmas give rise to an identification of the space
ARV = ATP) and the image of the operator I,. .

It is easily verified that every fel,L'(@, V) satisfies the following
conditions:

1° f is measurable;

2° for dg almost all g

. flgry = (8r/86)* (») o (¥ ™ )f(9);

3° for every continuous seminorm ¢ on V there exists a non-nega-
tive measurable function y? such that

(a) o~ 'y? is right y-invariant,

(b)w{w du(gT) e (9)¥*(9) < oo,

(€) 4(f)(9) < v¥(g) dg almost everywhere.

Denote by L° the space of all functions verifying 1°, 2°, 3° and de-
termine a locally convex topology in L° by means of the family of seminorms

11£1llg = inflle™ ¥*llzyarr,m
v

where y? ranges over the family of all functions verifying (a), (b), (c).
5.7. PROPOSITION. Let G/I' be paracompact. Then 1,(L'(G, V)) = L°.
Proof. We have to prove that I, is surjective. To this end we follow

on the lines of our proof of Lemma 3.8.

Well now, let {0;} denote a locally finite covering of the space G/I"
by open sets in each of which there exists a continuous section of the
bundle G—>G/I'. Let @; be a continuodus partition of unit subordinate to

this covering and let ¢ be a continuous compactly supported function on
I' such that

fg‘mtpdy =1.
‘We define i
(g =Y ®(gl)y(s:(97)"g)alg~"s;(gT)) f(s:(9T).
)

Plainly the series makes sense and the function f# is measurable.
The formal computation leads to the formula I,(f#) = f. In order to legiti-
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mate this calculus and complete the proof it remains to show that f*
« LY(G, V)

Gf (¥ () dg - /£~ au(gT)e™ (g) [a( @uaD)) v(e(gl)g7) x
r [
- xolyT g a(gT) fls(gI))dy

< [dugl)e(g) 2 o,(gT) f ¥ (8:(97) " g7)(3r/86) ™ ()

GII'

XQ(U(?- g 8¢(g1’)))f(8‘(gl’))dy
< [ap(gl)e(g) 2¢,(gr> f v(8:(9T) " 97) (3r/80)" x

G/P
X (8:(gT) "' 97) (8r/86) (V) Ay ¢ (f (1)),

where we have employed equicontinuity property of operators a(y)-
Finally, using 3° we obtain

[a(F(9)dg< [du(gD)e™ g 2 @;(9T)(d/55) (2(gT) 2) 47 (3,(gT"))
G

G/|Ir

= [du(gl)e(g) 2 D, (g0 (9) = [dulgl) e (9)y7 (9)-
air Gir
The algebraic leectlon between A @,V and L° is then established:
Moreover, the latter inequality states, that the inverse mappinge
L°>A®;V is continuous. Since both spaces are Fréchet spaces th.
proof follows by Banach theorem.
Finally the reciprocity Theorem 5.2 takes in this case the form:

Lyg(L°, E') = Lp(V, E')

for any representation of I" satisfying hypotheses of Lemma 5.5 and any
continuous representation of G connected with a continuous representa-
tion of L'(@).

The space L° was introduced by Rieffel in the case of Banach space
isometric representation (o, V).

The objective of the Rieffel treatment is the Frpbemus reciprocity
for representations of a Banach algebra A induced (in ‘the sense of the
present work) by isometric representations of such subalgebras of A which
contain an approximate unit for A.

The theorem of Rieffel asserts then the isometry

(5.6) L,(A®gV,E) = Lg(V, E)

for any isometric representation (o, V) of B and isometric representation
(=, E) of A.
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Our Theorem 5.2 concerns much larger class of induced representa-
tions, however as the representation (s, F) merely contragredient repre-
gentations are (‘z, E') are admitted. If this assumption on (%, E) is removed
the isomorphism fails to be true, as a theorem of Wendel shows (L, (4, 4)
# A in case of A = L'(@) for nondiscrete group G).

The theorem (5.6), in contrast to our duality Theorem 5.2, is not
directly applicable to investigations of group representations, because
there is no correspondence between (nonopen) subgroups of G and subal-
gebras of the group algebra L'(@). Nevertheless, Rieffel investigated
independently representations of the algebra L'(@) induced by a repre-
sentation of a subgroup I'" c @, and found a sufficient condition, for (, H)
the duality,

Lg(L°, E) = Lp(V, E)

to be valid for all (¢, V) and all I' = @. This condition is formulated as
follows:

I(L(@), E) = F;

if it is satisfied, the module F is called corepresenting.

Corollary 5.3 applied to the algebra L'(G@) implies that all I_-epresenta-
tions contragredient to essential Fréchet space representations are co-
representing.

At the same time Rieffel has conjectured that the isomorphism

LA(Ay W) =W

holds for any A-module W which is the dual of a Banach space. Now,
Corollary 5.3 gives an affirmative answer to the conjecture, as far as
contragredient representations of 4 on E’ are concerned.

6. The Frobenius reciprocity in the theory
of square-integrable representations of Hilbert algebras

An associative *-algebra A provided with a prehilbert structure
{(-1*) is called a Hilbert algebra if the following axioms are satisfied
(6.1) (aly) = (y*12*);
(6.2) (oy|2) = (yla*2), @,y,2¢A4;
(6.3)  the left regular representation is continuous and essential.

Throughout what follows A will denote a separable Hilbert algebra. The
completion of A in the norm (-|-)** is denoted by #(A4). The isometric
antihomomorphism * extends uniquely to the antilinear isometry on 5 (4)
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denoted by J. Accordingly, the operators of the left (right) regular repre-
sentation extend to operators on s (A), which are denoted by U_ (respec-
tively V,). The following identities result less or more immediately from
the axioms: g

6.1. LeMmA ([6]). 1° UL = U, Vo = Vo, we A;

2°JUd = Vo JV,J =Up.

As proved by Godement [11] the axiom (6.3) is equivalent to the
following one

(6.3") A admits a bounded approvimate unii.

The algebra multiplication (@, y)—>oy does not in general extend to
a bilinear map on #(A). The objective of the preliminary study in the
theory of Hilbert algebras is a maximal subspace of 5#(4) which acquires
the continuous multiplication extending the original multiplication from
A. More precisely, a vector ae 5 (4) is said to be bounded if there exists
a bounded operator U,e L{#(A)), such that U,z = V,a, v< A. The
linear space of bounded elements is called the fulfillment of A and denoted
by 4. Plainly A c 4. In order 0o see that 4 admits a structure of *-al-
gebra we need the following

6.2. LxMmA ([6]). An element ae #°(A) is bounded iff there exisls an
operator say Ve L(#(A)), such that V,o = U,a, ve A. Moreover

(6.4) Ve=V,,=JU0,J
and
(6.5) Uy = Us.

By the above lemma the space A4 is invariant under the action of
the operator J. Consequently, we can define on A the structure of Hilbert
algebra putting

ab:=U,b =Vya and a*:=Ja.
One proves that 4 — 4. A Hilbert algebra satisfying 4 = A is called
a full algebra.

Let #(A) (resp. ¥'(A)) denote the von Neumann algebra generated
by the family U,, ac A, of operators (resp. V,, aec A). If ¢ c L(o#(4)),
o' will denote the commutator of ¢. The following theorem plays a funda-
mental role in the theory of Hilbert algebras.

6.3. COMMUTATION THEOREM ([11]). #(4) = 7 (4), ¥ (4) = %(4).

6.4. LEMMA, Suppose Te % (A) and ae A. Then Taec A and Upy = TU,.
Respectively for Te ¥ (A) we have Vyp, = TV,.

In particular, any projective operator P commuting with the left
regular representation of A satisfies

(6.6) (P#(A))n A — PA < 4.
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Thus every closed subspace of )#(A) which is invariant under the
action of the left (right) regular representation contains a dense subset
of bounded elements. .

ExampLEs. 1. Let G be a unimodular locally compact group, and
let A = L'NnL3(G) bé viewed as a convolution algebra with the involution
2*(g) = o(¢g~"). It is easily verified that A is a Hilbert algebra relative
to the scalar product induced by L&(@).

More generaly, let z be a central (u(@+y) = u(y»a)) positive definite
measure on G. Then the quotient space Cy(@)/N, where N = {@: u(z*»z)
= 0} can be turned into a Hilbert algebra with the following rules

([@]1[y]):=p(a*»y) and [2](y]:m=[owy], [2]*:=[2*].

The previous example corresponds to the case u = 4,.

2. One may expect that Hilbert algebras which satisfy #(4) = 4
are of special interest. This is the case if in the first example we assume
in addition G to be a compact group. Since the Haar measure is then fi-
nite, we have L%c L1, and therefore, the convolution is well defined
for all z, ye ¥ (4).

3. Consider now the space HS(H,, H,) of all Hilbert—Schmidt opera-
tors from H, to H,. Werecall: T« L(H,, H,) is said to be a Hilbert—Schmidt
operator if there exists an orthonormal basis {h;} in H, such that

D ITe i = D) (T* Tegley< oo.
i 1
.One proves that for every T, S¢e HS(H,, H,) the series

(6.7) (T18):= ) (Tey| Ses)

is convergent and defines a sesquilinear form on HS(H,, H,) which is
independent of the choice of an orthonormal basis.

The space HS(H,):=HS(H,, H,) provided with the structure of
*-algebra induced by L(H,) and with the scalar product (6.7) is a Hilbert
algebra. ' : :

The algebras described in examples 2 and 3 are the special cases of
H*-algebras. A *-'a.,lgebra, which is a Hilbert space is called H"-algebra
if these two structures are connected by the axioms (6.1), (6.2) and z*z = 0
implies # = 0. If a Hilbert algebra is complete it is a H*-algebra since
the latter condition is authomatically satisfied. In fact, taking an approxi-
mate unit for A we state

0 = (z*2|2,) = (2|22,)~>|z|,

what was to be proved.

-
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It was W. Ambrose [L] who proved the fundamental structure
theorem for H*-algebras. Before we formulate this result we{ recall some
basic terminology. An element ec A is called idempotent if o3 = ¢, it is
self-adjoint if e* = e. An idempotent ¢ is said to be minimal provided that
every - decomposition of ¢ into a sum of mutually rorthogonal idempo-
tents is a trivial one. Because the norm of an idempotent is no less than 1,
every idempotent admits a decomposition into a finite sum of minimal
ones.

6.5. THEOREM ([1]). Let A be a H*-algebra. Then

1° A = @ A,, where A, are minimal two-sided ideals in A,
2° there is an orthonormal system of self-adjoint idempotents {az} such
that
Aa =@ Aaa,ﬂ.
B

The constituents A,as,, of the decomposition are easily seen to be
irreducible with respect to the left regular representation. When applied
to the group algebra L*(@) of a compact group ¢ the theorem leads to
the Peter~Weyl theorem.

Now, we define what we will mean in this section by a square-integra-
ble representation of a Hilbert algebra.

Let (x, H) be a unitary representation of a Hilbert algebra A in
a Hilbert space H. A vector he H is called square-integrable if the operator
8,: A»a—->xn(a)he H is confinuous. By a square-integrable representation
of A we shall mean an essential representation (=, H), such that every
vector in the carrier space H is square-integrable. Fundamental theorems
concerning the structure of square-integrable representation have been
derived by M.A. Rieffel in [28]. We shall set down these results in a form
convenient to our applications.

First of all we remark that the set of square-integrable vectors corres-
ponding to the left regular representation of A in #(A) is identical with
the fulfillment of A. On the other hand, a continuous operator 7: H,—~H,
intertwining for the representations n, and =, maps square-integrable
vectors of the representation =, into square-integrable vectors associated
with the representation =,.

6.6. PrROPOSITION (see [14]). Let (x, H) be a cyoclic square-integrable
representalion of the algebra A. Then (n, H) i3 unitarily equivalent to & sub-
representation of the left regular representation of A on A.

Proof. Let us denote by A, the cyclic vector in Z. The mapping
Sx,2 A > 9—>5(2)h, is & continuous operator intertwining for U and =. The
Hilbert space adjoint operator §3 is a continuous operator from H in
X (A) intertwining for = and U. It is injective. In fact,

(831 18) = (B'183,8) = (K’ |7(a) ).
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Since h, is eyclic 83 &' = 0 implies b’ = 0. The polar decomposition
8y = IT consists of injective operators. Thus I is just the desired iso-
metry intertwining for = and U. Now, by the remarks preceding the propo-
sition the proof follows. ‘ _

As proved by Rieffel a representation n of 4 admits a square-integrable
cyclic vector iff it is equivalent to a subrepresentation of the left regular
representation of A on 3 (A).

Now we direct our attention in more detailed study of unitary irre-
ducible representations of A.

Let (n, H) denote an irreducible representation and suppose he H
to be square-integrable. The operator §,8}: H—>H commutes with opera-
tors of the irreducible representation =, hence it is proportional to the
identity operator. There exists a positive constant ¢;, such that

(6.8) (SRB'|SR") = en(h'|h")g.

At the point we make the following observation. The operator S,
X#(A)—>H, being proportional to the adjoint operator of the isometry
Shey ' appears to be surjective and partially isometric.

Therefore there exists k, ¢ H such that 8, (By) = By (By denoting
the unit ball in the Hilbert space X).

Putting »' = &"" = h, in (6.8) we obtain

Cy(hy|by) = HS;hﬂlz = sup I(M&‘.’h)\’ Z'SUPI(Sh“Ihl)P
acBy aeB /4

= sup |(w(a)h|hy)]* = sup |(k z(a*)h,)}
aeB4

aeB 4

= sup|(h|z(a)hy)[* = sup |(A[H')[2 = [IhI2.
acB 4 NeBg
Formula (6.8) takes the form
(6.9) (Sph'|S3h") = |yl 2 (| h) (B |B").

The constant n, = ||h,||? is called the formal dimension of the repre-
sentation n for reasons which will be explained in the due course. The
formula is valid for all 2, "'« H and h ranging over the set of square-in-
tegrable elements of H which constitute at least a demnse subset of H.
Using the polarization formula we can turn (6.9) into:

(6.10) (S0 |Syh") = n7'(y o) (W |B").

Thus we have at once

18Il = ISR =z |Ih]
and consequently
(@) kil < n iR flall,

4 — Dissertationes Mathematicae CXXVI
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for a, h ranging over dense subsets of #(4) and H, ‘regpectively. Then
the formula extends in a unique manner to the whole H, what means
that all vectors in H are square-integrable.

6.7. THEOREM. Let (n, H) be an irreducible unitary representation
of A which have a square-integrable vedctor. Then (n, H) is square-integrable
and the orthogonality relations (6.10) are valid for all z,y,h',h'" ¢ H.

Now we return to our main subject, namely the Frobenius duality.

6.8. THEOREM. Retain the assumptions of Theorem 6.7. Then the mapping

H> _h-»n;‘”S,,e LU, =)

18 an isometric 18omorphism.

Proof. After orthogonality relations (6.10) it suffice to prove that
this mapping is surjective. To this end it suffice to verify @(H) = H
and then apply Theorem 1.14. Recall that ®(H) = a(AQH) and a(a ®h)
= 8, a. Since both 4 and H are normed spaces and H is complete we have
the isomorphism ARH = AQH = #(A)®H. This implies G(H)
= a(#(A)®H), and in particular P(H) > 8,(#(4)) = H. Now, in
virtue of Theorem 1.14 every intertwining operator Te L (U, =) determi-
nes a functional = (h|-)e H', such that for every ¢ H

(T(a)|2) = n(n(a*)z) = (hin(a*)2) = (x(a)h|2) = (Spa|w),

and T = 8, as desired.

Each wunitary irreducible square-integrable representation of A
is equivalent to a subrepresentation of the left regular representation
of A (Proposition 6.6). For simplicity we may assume H c 4. Denote
by Py the orthogonal projector on H. Because Py is the intertwining
operator for U and =, it follows by Theorem 6.8 that Py = §, for some
he H. It is easy to verify that fundamental properties of a projector:
P,Py = Py and Pz = Py are equivalent to A% = h and h* = h.

It means that each irreducible component of the regular representa-
tion is determined by a self-adjoint idempotent. Plainly, this idempotent
satisfies S,(B,4) = Bg, hence the norm of the idempotent connected
with the representation = is equal to n}2.

Before presenting more advanced results along this line we give
fundamental examples, which motivate the terminology introduced by
M. A. Rieffel.

Let A be the group algebra L'NL%(G) of a separable locally compact
group G. Let (n, H) be a representation of A defined by a unitary repre-
sentation of G. A vector he H is square-integrable iff the mapping

4> f— [ n(g)f(g)hdg
G
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is continuous in the L*-norm. In particular, for every &' ¢ H the functional
45 f— [ f(g)(n(g)h|W)dg
(3

is continuous in the norm L?. By the Fréchet—Riesz theorem, it follows
that the matrix element

G>g—(n(g)h|h') =:wpn(g)

is a _square-integréble function on G.
The operator 8} assigns to h'¢ H the matrix element w,; ¢ LI*(G).
The orthogonality relations are now turned into the form

[ @aw () 0ngnr(9)dg = 3 (hylBy) (W (B”).
qd

When compared with the orthogonality relations of matrix elements
of irreducible representations of a compact group the formula shows
that in this special case the formal dimension is equal to the “true” dimen-
sion of a representation.

If the supposition of irreducibility in Theorem 6.8 is dropped the
duality fails to be true. At any rate the set of operators constitutes a linear
subspace of L, (U, =) which admit a natural Hilbert structure inherited
from H. The problem that interests us is to describe this structure without
referring to the correspondence k—S,. The solution of this problem rests
on a closer study of the structure of unitary algebras from the point
of view of the theory of traces.

Let # be a von Neumann algebra, and #* the cone of positive ele-
ments of 4. A function on #* with values >-0 finite or infinite is called
a trace if the following conditions are satisfied :

1° o(8+T) = (8) +o(T);

20 ¢(a8) = ap(8), a >0, 8, Te %* (convention: 0:-co = 0);

30 9(88") = ¢(8*8), Se.

A trace is said to be normal if ¢ (supT;) = supg(7;) for every bounded
increasing net {7} in #*. A trace ¢ is called faithful if ¢(T) = 0 implies
T = 0; it is called semi-finite if every non-zero T e %™ majorizes 2 non-zero
Se#*, with ¢(8) < oc.

For a given faithful, semi-finite, normal trace ¢ there exists a two-
sided ideal m in #, such that

(mPnat = {Te¥": ¢(T)< oo}.

The trace ¢ extends to a linear functional on- m: = (m"®)?, such
that ¢(8T) = ¢(T'S). The ideal m"* has the prehilbert structure defined by

(6.11) [SIT]:=¢(8*T).
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6.9. LEMMA ([6]). Let (A, (-|')) be a Hilbert algebra and v (A) the
von Neuman algebra generated in L(.?f (A)) by the operators V. of right multi-
plioation. Then there ewists a unique trace on ¥ (H (A4)), whioh is faithful,
normal and semi-finite and such that

1° m'? = {V,:ae 4},

2° for every T, Sem'” such that T = V,, 8§ = V, we have

@(T*8) = (alb)..

Conversely, for. every faithful, normal and semi-finite trace on % the
ideal m'”* provided with the. scalar product (6.11) is a Hilbert algebra.

Let us give a simple illustration. An orthogonal projector P onto
the space of an irreducible subrepresentation of (U, A) has the form P
= V,, for some symmetric idempotent he 4. Thus

#(P*P) = ¢(P) = [z = n,.

As expected the trace of the projector is equal to the formal dimension
of the representation.

Let (=, H) be a unitary representation of a Hilbert algebra A with
the canonical trace ¢. If Te L (U, n) then T*°Te #(A)' = ¥ (A) by the
commutation theorem.

DEFINITION. L% (U, n) = {Te L, (U, n): T*T e m}.

The elements of the space L* (U, x) will be referred to as the Hilbert—
Schmidt operators, relatively to the trace ¢.

There is an inner product on L% (U, =) defined by the formula

[T]8] = ¢(T*8).

The formula makes sense since T* 8em by the polarization formula.

6.10. THEOREM. Let (=, H) be a unitary square-integrable représenta-
tion of a Hilbert algebra A. Then the mapping .

-H? h—)S"G LA(U’ ﬂ)

is a linear isometry of H onto L’ (U, x).

Proof. Let us first suppose that (x, H) is a cyclic subrepresentation
of U with H < A. This being the case the operator 8, coincides with V,,
thus in virtue of Lemma 6.9 S,¢ L% (U, 7).

Conversely, if Te L (U, x) then by the lemma we have T = V, for
some he A. Denoting by P the orthogonal projection onto H, we obtain
PV, = V,, and since Pe¢ (#(4)) = ¥ (A), we have by Lemma 6.4

VPh =PVh = Vh'
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Since the regular representation is faithful, we conclude he H, as
desired. The isometry of the mapping at hand follows immediately by.
Lemma 6.9.

Turning to the general case, let H = @ H; be a decomposition of the
separable space H into an orthogonal sum of subspaces invariant and cyclic
relative to =, and let P; denote the orthogonal projector onto Hj.

Given Te L*(U,n), we have

T=;‘P¢T=:;‘T,, with  T,e I4(U, n).

In virtue of the former result, together with Proposition 6.0, we
have T; = 8, with h;e¢ Hy, and [||Tll| = Al (II]-]I| denoting the L*-norm).

Since KerT; = CokerT;, we see that T, | T; in L% for ¢ #j, and
consequently

ITIE = DITdE = 3 Ihi? =,  where h = D'h;.
L]

This completes the proof of the theorem.

In a large treatise [29], M. A. Rieffel has shown that unitary represen-
tations of locally compact groups induced from a compact subgroup can
be defined in terms of certain Hilbert module tensor products. This con-
struction is quite similar to that given in Section 2. The difference is that
by using Hilbert space tensor product instead of the inductive tensor
product one obtains unitary representations of groups. '

We give a brief summary of notation and basic results which will
be needed in the sequel. Let A be a Hilbert algebra and assume #°(A)
to be an A-S-bimodule. Let V be a Hilbert space S-module. We denote
by A ®V the Hilbert space tensor product of A and V, i.e. the completion
of the algebraic tensor product A ® V with respect to the unique inner
product, whose value on elementary tensors is given by

(6.12) (6@, @) = (a|a)(v|v')yp.

By AQ®gV we denote the quotient space 4 Q®gV /Y, where Y is
the closed subspace spanned by elements of the form as @v—a ® sv, ae A,
vV, 8¢8. The space A @y V becomes a unitary representation of A, when
the action ae A is defined by [a' ®@v]—>[(aa’) ®v'].

In this section, (U®9, H"S) will denote the representation of A
on AQgV. If § is an empty set we write simply (U”, HY). In order to de-
termine a (pre)Hilbert structure on the space of operators intertwining
for U5 and a square-integrable representation U, we.are looking fqr
& natural trace on the commutator (UY)'. Although we deal entirely with
bounded operators we find it convenient to employ methods and termino-
logy of non-commutative integration of I. Segal. Let ¢ denote as before
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a normal faithful semi-finite trace on  and m — # the ideal of traceable
operators in 4. One can define a norm on m by the formula

|TM, = suple(8T).
Se¥
ISI=1
The norm ||, has the following properties:

STy, < ISHITl,,  ITSl, < TN ISI, Tem, Se#;
ITl, = IT*;, = ¢(|T}) where |T| = (T°T)".

, The completion of m in this norm is denoted by L'(#, ¢) and referred
to as the space of integrable operators (relative to ¢). The theory of Segal
provides motivation for the terminology. To each Te L'(%,¢) there
is associated in a unique manner a closed, densely defined operator on H.
The domain of T has additional properties called strong density relative
to #.

A linear subspace F c H is called strongly dense in H if

1° UE < E for every unitary operator Ue %',

2° there exists a sequence of increasing subspaces K, c E such
that each of E, has the property 1° and

3° for every », and a partially isometric operator Se %, from SE,
c E, it follows 8 =id on E,

4° EXN0.

The functional ¢ extends uniquely to a symmetric positive and con-
tinuous functional on L'(%, ¢) called the integral. The formulas (6.13)
are valid for all Te L'(%, ¢) and Se %.

Now we formulate an analogue to the ¥ubini theorem, developed
by Segal [33] and Stinespring [34]. As in the measure-theoretic situation
the theorem asserts that the iterated integral equals the double integral.

Let (H;, %, ;) be two von Neumann algebras with the traces ¢
and let %, ® %, denote the von Neumann algebras in L(H,® H,) gener-
ated by elementary operators T, ®T;, T;c %;. Then the formula

(T, ®T;) = ¢1(T1)@a(T)
defines a trace on %, ® %, and consequently the space L'(%,Q® ¥, ¢).
As proved by Stinespring, each Te L'(%, ® #,, ¢) determines a function
gr: Hy @H,—C, defined on a strongly dense set by means of the formula:
gr(v): =<Tv|v).

6.11. TuroREM ([34]). Let Te L'(%, @ ¥y, ¢). Then

(1) There evists a strongly dense subset E, c H, such that for every
y<€ H, there exists unique operator YT <« L' (%,, ¢,) such that

("Tz|2) = ¢r(2®Y).

(6.13)
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(2) There exists an operator £(T)e LY(%,, ) such that
(6(T)y) = e ("T).

(3) o(T) = ¢a(&(T)).

ExAMPLE 1. Let L(H) = %, and let us define a trace on %, putting
¢s(Pg) = AimE, where Py denotes the orthogonal projection on the
subspace F c H. It is easy to verify that the only strongly dense (relative
to ¢,) subspace of H is H itself. The space L'(%,, ¢,) consists of operators
which are traceable in the usual sense; the ideal m'* consists of Hilbert—
Schmidt operators. The integral corresponding to this trace will be
denoted by trT. B

ExaMPLE 2. Let %, be the von Neumann algebra ¥"(A) associated
with the Hilbert algebra A. It was proved by Segal that for every ae A
there exists a closed (strongly) dense defined operator V, such that V,z
= ga@. Moreover, V.V, is well defined on a strongly dense domain and
belongs to L'(¥"(A), ¢,) and

91(Va Vo) = (ala).

In what follows (%, ¢) will denote the tensor product of measures
described in Examples 2 and 1. To each operator Te L,(ARsV) we
assign the unique operator T¢ L, (A ®V) defined by the formula

[T(a®v)] = T([a @) |
and the condition T(x)e ¥ (= [0]%). Since the spaces ¥ and Y! are U,
invariant, the assignment
L,(H">T>Te L, (H")
is well defined and injective.

6.12. LEMMA. If Te L (H" ) then Te v (4) QL(YV).

Proof. Since T commutes with operators U, ® id, we have

Te(#(4)® Cid) = #(A) ®L(V) (see Dixmier [6], p. 26)

=% (4)Q®L(V) by Commutation Theorem.

DEFINITION. Let (z, H) be a representation of A on a Hilbert space H.
We denote by L% (U9, n) the subspace of L (U™, x) of operators
which satisfy

T*Te LI(Q{, ®).
We provide L% (U9, ) with the norm ||Tjly = ¢(T*T)".
6.13. THEOREM. Let (A, (-|')) be a Hilbert algebra and let 5 (A) be

an A-8-bimodule. Suppose that the carrier space of a unitary square-inle-
grable representation (n, H) i8¢ a S-module such that

(6.14) n(as)h = n(a)sh, acAd, seS, he H.
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Let (U7, HY:5) be the representation of A induced by an S-module
V. Then we have an isometry

Ly ("D, H) = HS4(V, H)
determined by the formula
(6.15) T([a®v]) = n(a)n(v)
- for TeLzA(-H(V'S)’ H), ne H34(V, H).
Proof. First of all we show that the assignment Tz is correct.
It is clear that for fixed ve V and Te L (H"*S, H) the formula
Asa—>i’(a®v)eA@V

defines a continuous operator, say "Q. Now we apply Theorem 6.11.
Due to Theorem 6.11 (1) for every veV there exists a unique integrable
operator °T on s#(4) such that

("Tala) = (T(a®v)|T(a ®v)) = ("Q(a)°Q(a)) = ("@*°Q(a)|a).

Thus "Q*’Q = °T is integrable, that is, Qe L*(U, n). Thanks to
Theorem 6.10 there exists 5(v)e H such that formula (6.15) holds. Moreover,
with the aid of Theorem 6.11 (2) we state that there exists a traceable
operator £(7T)e L(V) such that for every ve V

(E(Dviv) = 9(*Q™*Q) = (1(0) In(0))s-

The latter equality follows by Theorem 6.10. Therefore the operator
n*n = &(T) has a finite trace, that is, ne H3(V, H). From Theorem 6.11
(3) it follows in turn that

ITIE = @(T*T) = lin*nll, = llinll®

where |{[-||| denotes the Hilbert—Schmidt norm in HS(V, H). In order
to prove that 5 is an intertwining operator for the action of § on H and
V we observe that for every ae A, ve V, 8¢ S we have

(6.16) 0 = T(as ® v—a ® 8v) = n(as)n(v)-- n(a)7(sv)
= n(a)8n(v) —n(a)n(sv).
In particular,

((a) |87 (v) —n(sv)) = 0

for all ae A, he H, and the assertion is proved.

- It remains to verify that the mapping T'-># defined by (6.15) is sur-
jective. Given ne¢ HSg(V, H), we define T, on A®V by the formula
Ty(a®v) = m(a)n(v). In order to prove that this operator is bounded on
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A®YV, let us choose orthonormal bases in #°(4): {a;} and in V: {v;}. The
basis {a;} can be chosen in such a way that a;e 4.

617)  D)|(@IT(a;® v))af = D |(@|n(@)n(v))a = D) |(8:67 In(v))al*
1,7 [ ¥ 3]

= Y'|(af 18Z0m(w) = > 1830 n (vl
%] i
Here we have made use of the fact that {a;} is also an orthonormal
basis in #(A4) and the Parseval formula is in force. The final series is
convergent since the operator S%o7 is a Hilbert-Schmidt operator. Now,
it is easy to observe that the series (6.17) is equal to the norm of the
functional

\ AQV>y—~(x|T,y).
Thus we have proved that the formula
Hx(AQV)> (z,6® v)—>(z]|Ty(a® )

defines a bilinear form, which is separately continuous with respect to

the topology induced in A®V by AQV. This form extends to & con-

tinuous form on H x (A ®V) and defines the operator Tge L(A QV, H).
We define T by the formula

T([a®v]) = To(a@v).

To verify that this formula is correct it suffice to observe that read-
ing (6.16) in the opposite direction we find that 7, vanishes on Y.
We have yet to show that the operator TG T, is integrable. Since it is
& bounded positive definite operator, it suffice to verify that ¢ (T, T,) < oc.
Write X = Ty T, and define *X: = "Q*°Q.

Then *XeL'(#(A),p,) by Theorem 6.10 and moreover ¢;(°X)
= (n*nv|v)y. The operator %'y = £(X) is traceable and the following
formula makes sense '

ITol? = @(X) = tr&(X) = |lInll]*< oo,

since by Theorem 6.11 the double integral at hand is equal to the iterated

integral ¢(X). This completes the proof.
It is worth indicating that in the case of an irreducible representation

n the formula (6.17) together with the orhogonality relations (6.11) lead
to the isometry of the map T'-> relative to the usual operator norm on
L,(H"S, H).

~ 6.14. THEOREM. Retain assumptions of the preceding theorem and
assume in addition that (x, H) i8 an.irreducible representation with the
formal dimension n,. Then the mapping T->n; "%y determines the isometry
from L HYS H) into HSg(V, H).



58 Reciprocity theorems in the theory of representations

As we have mentioned above the construction of the representation
U™ ig especially applicable to the investigation of unitary representa-
tions of groups induced from compact subgroups. It was proved by
M. A. Rieffel that taking L'NL3(@) for A and a unitary representation
(a, V) of a compact K < @ for (V, 8) one obtains the representation U(**9
which is unitarily equivalent to the representation U” induced by oin the
sense of Mackey. The action of K on H by means of the operators n(k)
satisfies condition (6.14). We obtain

6.15. COROLLARY. Let (n, H) be a unitary square-integrable represen-
tation of a unimodular group G, and let (o, V) be a unitary representation
of a compact subgroup K = G. Then there exists an isometry

I3(U°, n) = HSg(a, 7).

With the aid of Théorem 6.14 we obtain in turn

6.16. CoroLLARY (K. and L. Maurin [19]). Let G, K, (o, V) be as
before and let (n, H) be a unitary irreducible square-integrable representation
of Q. Then there exists an isometry

Lg(U®, n) = HSg(o, =).

Plainly, the latter result (as well as Theorem 6.14) may be obtained
without referring to the theory of non-commutative integration. The
simple proof was given by J. Szmidt [37].

In the case of a compact group G we obtain the result mentioned
in the introduction.

6.17. CoroLLARY (M. A. Rieffel [29]). Let (o, V) be a unilary repre-
sentation of a subgroup K of a compact group G and let (n, H) be a unitary
representation of G. Then we have the following isometry

HSg(U’, n) = HSg(o, 7).

The proof follows by the observation that in the case of a compact
group G the space L'(¥ (A), ¢) consists of operators which are traceable
in the usual sense.
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