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Abstract

We develop an almost orthogonal wavelet-type expansion in R? which is adapted to polar
coordinates. We start by defining a product Fourier—-Hankel transform f and proving a sampling
formula for f such that f is compactly supported. For general f, the sampling formula and
a partition of unity lead to an identity of the form f = Zﬂ)k7m<f, ‘Pukm>wukmv in which each
function ¢ ,,xm and ¥, ,m is concentrated near a certain annular sector, has compactly supported
product Fourier—Hankel transform, and is smooth away from the origin.

We introduce polar function spaces Ag‘q, analogous to the usual Littlewood—Paley spaces. We
show that AgQ ~ LP, 1< p< 0o. We prove that f € AJ? if and only if a certain size condition on
the coefficients {(f, @ukm) } 11,k,m holds. A certain class of almost diagonal operators is shown to
be bounded on Ag‘q, which yields a product Fourier—Hankel transform multiplier theorem. Using

this, we identify a polar potential operator P® which maps qu isomorphically onto A;’,‘Jrﬁ’q.
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1. Introduction and main results

In the last decade or so, there has been a rapid development of wavelet theory, as
both a theoretical and practical method in areas as diverse as harmonic analysis, signal
and image processing, numerical partial differential equations, turbulence theory, con-
structive quantum field theory, fluid mechanics, statistics, and fractal geometry. A few
of the many references are [D2], [M2], [R], [Ch], and [BF]. In standard wavelet theory,
a function f on R™ is written as a linear combination of representing functions of the
form v, () = 2#"/24(2"x — k), where the scale parameter p runs through Z, and &,
the location parameter, runs through Z". The coefficient of 9, is (f, ¢uk), where the
analyzing functions {¢,x} are obtained from a single ¢ by translation and dilation as for
Yk We single out three critical features of the wavelet expansion. First, ¥, and ¢, are
spatially localized, decaying rapidly, on a scale of 27#, away from the point 2~#k. Second,
the Fourier transforms of ¢, and ¢, are localized near the band where || ~ 2#. Third,
by methods based on Littlewood-Paley—Stein theory, f belongs to LP, 1 < p < oo, if
and only if the magnitudes of the wavelet coefficients satisfy a certain size condition (and
similarly for other spaces, e.g. Hardy and Sobolev spaces). See [M2] or [FJW] for precise
statements. Note that the standard wavelet decomposition is based on the dyadic grid,
although there are variations based on more general lattices (see e.g. [Str]).

Recently there has been interest in wavelets tailored to specific situations. One ex-
ample is the construction of wavelets on closed sets by Meyer ([M3]). Another is Battle
and Federbush’s construction ([BaF]) of divergence-free vector wavelets in R3. Federbush
uses this ([F]) in finding solutions to Navier—Stokes equations.

In [EF], we consider the decomposition of radial functions or tempered distributions
on R3 in terms of radial wavelets. This decomposition retains the three properties above
of spatial localization (near annuli this time), frequency localization, and the existence
of explicit function space norm characterizations. To obtain this decomposition, we were
not able to mimic Meyer’s original construction of orthonormal wavelets [M1] or its sub-
sequent generalizations ([Ma], [D1]), since these all seem to rely on an underlying lattice
structure. Instead we followed the slightly earlier approach related to the ¢-transform
[FJ1-3], which used sampling theory to obtain an almost orthogonal expansion of the
same form as the wavelet expansion.

In this paper we present a polar coordinates wavelet decomposition in two dimensions
which is an extension of the radial wavelet transform, and which is suitable for problems
that are best treated in polar coordinates. In particular our polar wavelet decomposition
satisfies appropriate analogues of the three basic properties noted above. Further, we
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develop a polar Littlewood—Paley theory which supplies the right context for certain
precise relationships we obtain relating the properties of f to the size of its polar wavelet
coefficients.

We follow the sampling theory approach noted above, except that the role usually
played by the Fourier transform is now taken by what we call the product Fourier—-Hankel
transform (abbreviated FHT). For f : R? — C, ¢ € [0,00), and n € Z, we define the FHT

f formally by

R o0 2T do
(1.1) flo,n) = S Sf(sew)Jo(sg)efmeﬂsds,
00

where Jj is the Bessel function of order 0 (see §2 for the definition). Note we write se?’

for points in R2 ~ C. If f € L%(R?), then f(g,n) € L*([0,00) X Z), defined with the

natural inner product
o0

(1.2) (F,G) =" | Flo,n)Gle,m)edo.

neZ 0
We reserve the notation * throughout for the FHT; we use F to denote the Fourier
transform Ff(§) = SR2 f(z)e~®¢dx. The inverse product Fourier-Hankel transform,
denoted V, is defined on R? \ {0} formally for g : [0,00) X Z — C by

o0

(1.3) g(re®y =>" | glo,n) Jo(or)edoe™.
n€ez 0

If f € L?(R?) we have f = (f)v in the L?-sense. For this (and the precise definitions),
see Lemma 2.3.

Since the FHT is not standard, but plays a central role in this paper, a few comments
are in order. The FHT does have a close relative in classical Fourier analysis. Suppose
we expand,

f(rew) = Z gn(T)eme = Z S F(o,n)Jn(or)odo eim97
nez n€Z 0

where J,, is the Bessel function of order n. Let hy(re?) = g,,(r)ei. Then Fh,(0e'¥) =
27 (—i)"e™? F(o,n) (cf. [H], p. 81). Because of the simple interpretation of F(p,n) in
terms of the Fourier transform on R2, it is tempting to work with the map f — F
instead of f — f. The problem is that we do not obtain a sampling formula (like our
Theorem 3.1) connected with f +— F, due to the mixing of the different order Bessel
functions. The FHT, however, also has a simple interpretation. For r > 0,

2m
gn(r) = | flre®)e " do /2r
0
is the nth Fourier coefficient of the restriction of f to the circle {x € R? : |z| = r}.
If g is the radial extension of g, to R?, then f(o,n) = S;O gn(r)Jo(ro)r dr is the R?

Fourier transform of g&** (see (2.3)). In particular, if f is radial to start with, then
go(r) = f(re??) for any 6 and g,(r) = 0 for n # 0, so f(p,0) = Ff(0e?) for any 6. In
general f(p,n) gives a joint analysis of the angular and radial variations of f. Note that
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the FHT simultaneously diagonalizes the differential operators 9/96 and

2 10

or2  ror

(the radial part of the Laplacian). Indeed, for nice enough f, integration by parts shows
that

A, =

afr\" o
AR
and, since Jy satisfies J§/(t) + 1 J5(t) = —Jo (%),

(ATf)/\(Qun) = _Q2.]/[\(Q7 n)

Most sampling theorems require supp F f to be compact. Thus our basic sampling
result is perhaps of interest in its own right because it holds under the assumption that
the FHT f is compactly supported. For B > 0 and N € N, we say that f : R?2 — Cis
(B, N)-bandlimited if supp f C [0,B] x {n € Z: =N <n < N —1}. If f € L?(R?), so
that f € L2([0,00) x Z), then bandlimitedness of f implies f € L'([0,00) x Z). Then
(F)V(x) is defined and continuous at each z € R2\ {0}. In this case we identify f with
the representative (f)v of its L2-equivalence class, so that the sample values of f away
from 0 are defined. Let j; < j2 < ... < jir < ... be the positive zeroes of Jy, and set
by = V/2/J1(ji), where J; is the Bessel function of order 1 (see §2).

THEOREM 3.1 (Polar sampling formula). Let B > 0 and N € N. Suppose f,g €
L?(R?), and f and g are (B, N)-bandlimited. Then

14)  (f9)"(re®)

oo N-1 N—-1 B
1 s AaTm -~ - in(f—mm
:WZ S W fGke™ N /B) > G0 n)Jo(ike/ B)Jo(re)edo ™ =mmIN),
k=1m=—N n=—N 0

The sum on the right side of (1.5) converges uniformly on R?\ {0} to the left side. If also
g € L(R?), the convergence is in L? as well.

To see this as a sampling theorem, take g identically 1 on suppf, so the left side of
(1.4) is just f. We obtain a formula analogous to the classical Shannon sampling theorem,
with the sinc functions replaced by functions of the form

N-1 B _
Z S Jo(jro/B)Jo(ro)o doe™O=mm/N),
n=—N 0

Then (1.4) shows that f is determined by its sample values

{f U emm/N/B)}keN,ngmSNfl'

Note that these points form an approximate polar grid (see (2.7)). This formula should
be compared with the result in [H], p. 81.

The ¢-transform identity is obtained by applying a partition of unity to the Fourier
transform, and using a standard rectangular sampling theorem (see [FJ1] or [FTW]). We
do the same thing with the FHT and Theorem 3.1. It turns out to be convenient to
construct the FHT partition of unity from the usual one for the Fourier transform. We
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select radial functions @, ¥, p, 1 € S(R?) such that

cp,z/J,@,!I/ES(R2),

p, Y, P, ¥ are radial,

supp F@, F¥ C {{: [€] < 1},

supp Fop, Fip C{§: 1/4 < [§] < 1},

[(F)(EI, [(FE)(E)] = ¢ > 0if [¢] < 5/6,
(Fe)E) I(F)(E)] = e¢>01if 3/10 < [¢] < 5/6,

(vi)) (FR)E)(FP)(E) + ) (Fo)RH(FP)(27#6) = 1, VE e R%.
p=1
(This is possible; see e.g. [FJ3], §12.) Now regard (9,n) € [0,00) X Z as a point in the
right half-plane of R2, and define {eutozo and {u )52, by

(16) @0(95”) = (‘F@)(Qv TL), 12;0(97 n) = (fW)(g,n),
and for p > 1,

(1.7) Pulo,n) = (Fp)(27"0,27"n),

(1.8) Pulo,n) = (F) (270,27 n).

Since @, and 121\# are bounded with compact support, ¢, = ($,)" and ¢, = (J#)v are
defined pointwise on R? \ {0}. Our definitions easily imply that

(1.9) supp Bo, supp o C [0,1] x {0},

(1.10) suppcﬁu,suppzzH C {(o,n) €[0,00) X Z : 272 < (0 + n?)1/2 < 21},

for p > 1, and

(1.11) Z @M(g,n)zzu(g, n)=1 forall (o,n) €[0,00) X Z.
pn=0

By (1.11) we have, formally,
(1.12) f=> @ubuh)
pn=0

This is our analogue of the Calderén formula. We will see (Lemma 2.10) that for f € LP,
1 < p < o0, (1.12) holds a.e. and in the sense of LP convergence.

Let Ay ={ne€Z:—-2¢<n<2¢—-1} For p e Ng=NU{0}, ke N, me A,, and
re? € R%\ {0}, define

b 2 3u/2 T , .
(113) (Pukm('r‘e Oke T Z S n)Jo TQ)JO(]k2 Iz )ng et (0—m27"m)
n€eZ 0
and similarly
) b 2 3p/2 o0 _ B
(114) wukm(re ‘9 ke T Z S JO TQ)JO(]k2 Iz )ng ein(0—m27Hm)

neZ 0
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Note that the sums and integrals in (1.13)—(14) are actually finite, by (1.9)—(1.10). Define
@ukm and Y, to be 0 at the origin, since they cannot be made continuous there. We
will see (after Lemma 2.5) that for r > 0 and each M > 0, there exists cps > 0 such that

(1.15) [ @ukm (re)], [urm (re®))|

< earbp2%2 (14 2| — 7)) M (14 20 — 2785 )M Jmax (27, ji).
It follows that
(116) ||(puk:m||L2, ||¢ukaL2 <cg,

with ¢ independent of u, k, and m.
We obtain our basic identity by applying Theorem 3.1 to each term in (1.12). For
convenience, we state an L? version, although later this will be generalized.

THEOREM 3.2 (Polar wavelet identity). Suppose f € L*(R?). Then

(117) f: ZZ Z <f; Sﬁ,ukmﬁ/),ukma

pn=0k=1meA,
where the sum over k converges uniformly on R?\ {0} and in L? for each u, and the sum
over u converges a.e. and in L?. If also f € LP, 1 < p < oo, the sum converges in LP.

For 1 € No, k € N, and m € A, define the annular sector
(1.18) Ry = {re’® € R? : 27151 < r < 27Hj), and 27 #rm < 0 < 27 F7(m + 1)},

where we use the nonstandard convention that jo = 0 (so R, is a fact a circular wedge
rather than an annular sector). Then (1.15) shows that ¢,km and ¥k, are concentrated
near R,im, decaying at a scale of 27# away from R, in both the angular and radial
directions. In fact they are C'*° away from the origin and satisfy

al om " al om "
(19) |51 g om0 3y g e ()

< a2 G214 20l — )M (1 2ty — 97

)

for r>0 and each [ >0, n>0, and M >0. This is the basic spatial localization property
of the identity (1.17) that we regard as natural for polar analysis.

Observe that if we set gm0, 1) = Jo(j2 " 0)e™ ™2 "™ then
Pukm = bk273#/2(2\/%)71(@u9ukm)v and 1/’,ukm = bk273#/2(2\/%)71(1/’u9ukm)v-
Hence supp @uxm C supp @, and supp %Lkm C supp 15#; ie. by (1.9)—(1.10),

SUPP Pokm , SUPP Yokm C [0, 1] x {0},
and R
SUPD Pukm s SUPP Yukm C {(0,n) € [0,00) x Z: 272 < (g, n)| < 2V},
This is our polar analogue of the frequency localization property for standard wavelets.
Another property of interest is that

(1.20) | ouim =0=\ Y forallp>1, k€N, and m € A,
R2 R2
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Now we turn to the key issue of how the function space properties of f are reflected
in the size of its coefficients {(f, ¢km)}uk,m in (1.17). In the standard ¢-transform or
wavelet case, results for many classical spaces (e.g. LP, 1 < p < oo, Hardy, and Sobolov
spaces) can be generalized and treated systematically by considering the Triebel-Lizorkin
spaces F*¢ (see [T1] and [FJ3]). These are defined via the norm

)

> . 1/q
1 lrgony = 125 e + || (o @ lon+ 7))
p=1
where ¢ (z) = 2" p(2"z), with ¢ and @ as above. For example, FJ* ~ L?, 1 < p < o0,
by Littlewood—Paley methods (see [T1]). For the polar setting, the analogue of the
convolution ¢? * f is the FHT multiplier (¢, f)Y. For a € Rand 0 < p, ¢ < oo, we define
(initially for f € L?(R?))

7o = || (3 @) |
=0

e

We define A2? to be the completion of A3? = {f € L? : [ fllaze < oo} with respect to
|- ||A;3‘q- Then A7 is a quasi-Banach space in general and a Banach space if 1 <p, g<oo.

We will show (Theorem 5.5) that A7? is independent of the choice of {¢,,}72,, given
that {¢,}52 is obtained from some ¢ and @ satisfying the conditions in (1.5). Also, the
following shows that the A7 scale does intersect the classical spaces.

THEOREM 8.8. For 1 < p < oo, L? ~ A%,

Here ~ means the spaces are isomorphic and the norms are equivalent.
We define sequence spaces a;? associated with A7 in analogy to the spaces fy'¢
associated to the Triebel spaces F;*? (see [FJ3]). For a sequence

§= {S#km}MENo,kEN,meAuv

define y
_ q
Isllage = | (32 @ syt Kuem)?) -
wik,m
where X,km = |Rukm|_1/2XRukm- Clearly ag‘q is a quasi-Banach space (Banach if
1<p,q< ).

THEOREM 6.3. Suppose o € R, 0 < p,q < oo and f € L*(R?). For u € Ng, k € N,
and m € A, let Supm = (f, 0uem) and let s = {Supm b k,m- Then

(1.21) [ fllags ~ |[s]lage-
We can then extend this and Theorem 3.2 to all of Ag‘q.

THEOREM 6.4. Suppose o € R, 0 < p,q < oo and f € AJ9. Let s be as in Theorem
6.3. Then (1.17) and (1.21) hold. The equality (1.17) holds in the sense that if

N N
fN = ZZ Z <f7 (pukrm>wukm7

n=0k=1meA,

then fn converges to f in the AJ? quasi-norm.



Polar wavelets and Littlewood—Paley theory 11

Having this relationship between AJ? and the sequence space a;? allows us to study
linear operators on A2? in terms of corresponding matrices, as in the rectangular case of
Fg?and fp7 (see [FJ3] and [FJ4]). A matrix B acting on ag? has the form B={b,in;km },
with v, € No, [,k € N,n € A, and m € A,. For s = {Sukm }u,k,m, define

(Bs)vln = Z buln;,ukms,ukm

pok,m

and Bs = {(BS)uin}, if the series converges absolutely for each v,l, and n. In [FJ3],
there is a condition, called almost diagonality, on the decay of a matrix, that implies its
boundedness on f. We have a similar result. For o € R and 0 < p, ¢ < oo fixed, set
J = 2/min(1,p,q). Also, for j € Z, define x; on N by setting x; = 0 if j < 0, while if
j>0,let x;(k) =1if 1 <k <27 and y;(k) = 0 otherwise. For ¢ > 0, define

(1.22)  Wotnikm (€) = [Rutn| 2| Ry | /220 min (2 =1 (I +2) o(n—v)e)
X (14 min(2#,2) |2 "™ — 72 m ) T1=e= /2 (1 L omin(2K,2Y)[27V 5 — 27 H]) T E
x(1+ VM2 — 1)y, ().

We say that a matrix B = {byin;pukm } 1S almost diagonal on ay? if there exists some € > 0
and ¢ > 0 such that

|buln;uk:m| S c wuln;ukm(g)
for all v,l,n, u, k, and m.

THEOREM 4.2. Suppose a € R, 0 < p, g < 00, and B is an almost diagonal matriz on

ag‘q. Then B is bounded on ag‘q.

Associated with a linear operator T' on AJ? (which we assume is L?-bounded, for
simplicity) is the matrix B = {byin;pukm }, Where

buln;uk:m = <T¢uk¢mu SDVln>'

Theorems 6.3 and 6.4 easily imply that if B is bounded on a9, then T is bounded on
A7, We say that T is almost diagonal on Aj? if the associated matrix is almost diagonal
on ay?. Such an operator T" is bounded, by Theorem 4.2. We use this fact to obtain a
criterion for boundedness of an FHT multiplier operator. A bounded function m(p,n),

0 € [0,00), n € Z, is called an FHT multiplier for Ag‘q if the operator T}, defined by

Tonf = (mf)V satisfies [T fllage < cllfllagae for f € L?. If so, Ty, extends to a bounded
operator on all of AP?.
For € Ny and g : [0,00) X 27#Z — C, define the difference operator D, ¢ by

(Dueg)(0,€) = 2"[g(0, &) — glo, & —271)].

THEOREM 7.2. Suppose « € R, 0 < p,gq<oo, L€ 2Z, L >J+2, and K > J/2+1,
where J = 2/min(1, p,q). Suppose m :[0,00) x Z — C is given. Define m* : R? x Z — C
by m*(x,n) = m(|z|,n). For p € N, let m};(z,§) =m*(2"x,2"). Assume also

o8 HB2

1.23 Bm*(z,n) = ——m
2 omem = ey

*(w,n) ewists and is continuous for x € R?,
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for each n € Z and each multi-index 3 = (1, B2) such that |B| = B1+ B2 < L,

(1.24) max S 10%m*(x,0)| dz < oo,
|BI<L
{m:|w|<1}
and
— kaB,  *
(1.25) sup | max 27 V> (o) alm (@, €)Ix(, &) da < oo,
1BI<L Rz £e21Z

where x(x,€)=1if 1/4< (|z|? +€)2< 1 and 0 otherwise. Then Ty, is almost diagonal,
hence m is an FHT multiplier, on Ap?.

The conditions (1.23)—(1.24) are analogous to the L!-Mikhlin condition for bounded
Fourier multipliers on F;*7 in [FJ3], Example 9.19. We have adapted the procedure there
because it is relatively simple and yields a result satisfactory for most purposes. However,
in §10 of [FJ3] there are some sharper results in the F*¢ context, including the familiar
Hoérmander result. Probably these methods can be adapted to the FHT setting to sharpen
Theorem 7.2.

We can now describe the meaning of the a index for the spaces A;?. In the rect-
angular case, the Bessel potential J, defined by (FJ,f)(€) = (1 + |£]?)"*/2Ff(€) is
an isomorphism from qu to F;‘*ﬁvq. For the A7 spaces, J, is replaced by a potential
operator P® defined via the FHT by

(Pf)No.n) = (1+ 0> +12) /2 f(0,n).

We use a boundedness result that follows from Theorem 7.2 to establish the following.

THEOREM 7.3. Suppose a,, 3 € R and 0 < p,q < co. Then
a . AB a+p,
P AJT — AT

is a topological isomorphism.

As noted above, if f is radial, then f(g, n) = 0 for n # 0 and f(g, 0) = Ff(oe®).
Hence in this case P®f = Jo f. Then Theorems 7.3 and 8.8 imply that ||f[as2 ~ || f[| Lz
fora € Rand 1 < p < oo if f is radial.

The remainder of the paper is organized as follows. Section 2 contains a number of
basic facts and technical estimates that are needed throughout the paper. The basic sam-
pling theorem and polar wavelet identity are proved in §3. In §4 we prove the boundedness
of almost diagonal matrices on the sequence spaces a;?. We obtain an analogue for Ap?
of Peetre’s maximal function characterization of F*¢ ([P]) in §5. This result is used to
prove the main norm-equivalence result in §6. The FHT multiplier theorem is proved in
§7, as is Theorem 7.3 concerning P*. In §8 we prove that AY? ~ L? for 1 < p < oo.
Finally, in §9 we describe some open problems and directions for further research.

2. Preliminaries

We begin with some basic facts about Bessel functions which can be found in many
places, e.g., [W], [SW], or summarized in [EF].
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Let do; denote (unnormalized) Lebesgue measure on the circle {z € R? : |z| = t}, i.e.,
so that Sdat = 2nt. Let Jy be the Bessel function of order 0, defined for x € R by

1
(2.1) Jo(z) = % | (1)1 a.

Then for ¢ € R?,

(2.2) (Foe)(€) = 2mt Jo(t[¢])-

If f:R? — Cisradial, i.e. f(z)= fo(Jz]), then

(2:3) (F1)(©) =27 | fole)Jo(el¢])edo.
0

This suggests the definition of the Oth order Hankel transform H. For fy : [0,00) — C,
define H fy : [0,00) — C (initially on L'([0,0), rdr) and extended to L? as below) by

(2.4) Hfo(r) = | fole)Jo(er)ede.
0

If we define f: R? — C by f(z) = fo(|z]), then by (2.3) we have, for any 6 € R,

(2.5) Hfo(r) = 2n) " H(Ff)(re?) = 2n(F 1 f)(re?),
and, hence,
(2.6) H o H is the identity operator.

To be precise about this, note that fo € L?([0,00), 0dp) if and only if f € L?(R?), and
similarly for L. So for fo, H fo is the limit in L? as ¢ — 0 of Si/g fo(o)Jo(or)odo (which
is defined pointwise for each € > 0) and (2.6) holds on L?([0, ), 0 dp).

Let j1 < j2 < ... be the positive zeroes of Jy (usually denoted jp j instead of jyi).
Then

(2.7) Jr=(k—=1/4)7+ O(1/k).
For k € N, let b, = \/§/J1 (Jk), where J; is the Bessel function of order 1, and let
(28) hk(ilf) = kaO(jkzzr).

The collection {hy}$2, forms a complete orthonormal basis for L2([0, 1], odg). The con-
stants {by}72 , satisfy (see [EF])

1/2
(2.9) || ~ 5./2,
where &~ means that there are constants ci,co > 0, independent of k, such that ¢; <

Ibi/L/% < ¢y for all k.
We also need the following estimate.

LEMMA 2.1. Suppose f : R? — C satisfies |f(x)| < (1 + |z|)=M =1 for all z € R2, for
some M > 0. Then for 0 < e < M there exists cpr < 0o such that

|f * doy(2)| < enre min(L, 6)(1+ [|z] —t]) =M+

for all z € R? and t > 0.
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Proof. For ¢t > 1, this is Lemma 2.3 in [EF] (stated there for f radial, but clearly
the result follows for f having the stated radial majorant). For ¢ < 1, if |y| = ¢ we have
[f(@ —y)l < e+ |2)7472, s0

frdo@) < | [f@—y)ldo(y) < e+ o))~ 2{doy,
{ly|=t}
giving the result. m

The next lemma gives an estimate that will be used repeatedly. Recall the definition
of D, ¢ (before the statement in §1 of Theorem 7.2) and let
0? n 10
d0* 0o

LEMMA 2.2. Suppose p € No, L, K € Z, L > 1, and K > 0. Given f : [0,00)x27 "7 —
C, define F : R? x 271Z — C by F(x,&) = f(|z|,€). Suppose OPF(x,&) exists and is
continuous on R?, for each & € 27H7Z, and

(2.10) S Z |0P F (2, )| dz < oo,
R2 €217
for all B = (B1,B2) such that 51 + B2 < 2L. Define

o0

A, =

=0,L
=0,K 0 £€2-HZ

Then there exists ¢ independent of v such that

1) | 3§ S0 e (2 ) Jo(2 0s)odo
£e2-17Z 0

< 2B, (14 2#[e® — 1)) 75 (1 + 2%)r — s]) 722 /max(1, 2"r, 2¢5)
for each r,s > 0 and 0 € R.

Proof. Let go(z) = > cco-uz F(x,€)e" for € R. Then gg is a radial L' function
on R%. By (2.2),

(2.12) go(x)Jo(2"r|z]) = (2n2"r) L F 1 (Fge * dou,)(x).
Let v(z) = go(x)Jo(2"r|x|) and let |(x)| denote the left side of (2.11). By (2.3) and (2.12),
we have, for any ¢ € R,

(2.13) () = (2m) " H(Fy)(2"se™?) = (2m) 2 (.7:99 * %do’gur) (2"se"%).

We want to apply Lemma 2.1 to Fgo. We have |Fgo(y)| < [|goll11(r2), for any
y, and our assumption (2.10) allows us to integrate by parts to obtain |Fge(y)| =
ly| 2| AP gg|| 11, where A is the usual Laplacian in R?. Let

cg = max(||gol L, A" go| 1).
Then |Fgo(y)| < ¢ cg(1 + |y|)~2E, so by (2.13) and Lemma 2.1,
|(¥)] < ¢ cg(1 4275 —r[) 7272 /max(1, 247).
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Also, we can interchange s and r in this estimate by symmetry. Hence it suffices to prove
(2.14) cg < 2MB,(1+ 2" — 1)K
To prove this, first note that for any function h(x 5)

Z h 2“502,u Z h 12"(§+2*“)(~)_ei2"59]
E€2 1T £€2—H
= > 2[h(x,& —27H) = h(x, &))"
£e2—+7
Y Dughlz, €)™,
£e2—17

by a change of summation index. For I = 0 or L and k = 0 or K, we apply this repeatedly
to obtain

28k (¢ — 1)E AW gy (a Z Al) £)ei2 €0 (21 (et _ 1))
£e2-+17,
= Z (_1)k(Du,£)(k)AEQ)F($af)eiwfe-
£e2—17
Thus _ o
(2.15) 1AD go ]l ey < 271 —1)7F | Y DAY P(x,€)] da.
R2 £€2—HZ

However, for |z| = o, F(z,£) = f(0,§) is radial 50 Ay F(x,8) = Apf(o,€) by writing
the Laplacian in polar coordinates A = A, + 2 892 Taking k = 0 if [e?® — 1| < 27 and
k = K otherwise, (2.15) yields (2.14). m

We now give the discussion of the product Fourier-Hankel transform that was prom-
ised in the introduction. Recall the definition of f(g, n) (i.e. (1.1)), the inner product on
L%([0,00) x Z) (i.e. (1.2)), and the definition (1.3) of f.

LEMMA 2.3. (A) Suppose f € L*(R2). Then f € L2([0,00) x Z),

(2.16) 1Fllze = @m) =2 £ e,
and f = (f)V in the L? sense.
(B) Suppose g € L?([0,00) x Z). Then g € L?(R?),
(2.17) 1312 = 2m)' 2 |gll 2,
and g = (§)" in the L? sense.
Proof. First note that by (2.5) and Plancherel’s formula (|| Ff|z2 = 27| f] L2 in
R?), we have, for any g : [0, 00) — C,

(2.18) S lg(r)|rdr = S |Hg(r)*r dr,
0 0
by considering the radial extension to R? of g. If f € L?(R?), let
27
fu(r) = S f(rei?ye= ™0 do /2.

0
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Note that f,, € L%([0,00),rdr), so we can define

~

(2.19) f(rin) = (H fn)(r).
By Parseval’s theorem, S(Q)ﬂ |f(re®)[2df =27y, .7 | fn(r)]?. Hence by (2.18),
1F132 =20 > \ () Prdr =20 37\ [H £ (r)Prdr,
neZ 0 nezZ 0

so (2.16) follows from (2.19).
Similarly, if g € L2([0,00) x Z), let g,(r) = g(r,n). By Parseval’s theorem,

27
| g(re®)2 do = 27 >~ [Hga(r)]?,
0 neZ
SO o
13132 =27 > { [Hgn(r)Pr dr = 27]|g]|3.
neZ 0

Returning to f € L?(R?) and fn(r) as above, we have f(re’) =% _, fu(r)e™ in
the L?([—m,m)) sense for a.e. r > 0. Then by (2.6), (2.19), and the definition of the
inverse FHT,

(2.20) f(re'®) =" H(H fo)(r)e™ = (F)"(re"),
nez
with convergence in L? of the symmetric partial sums of the middle term.

Finally, for g € L?([0,00) x Z), apply (2.20) to § € L*(R?) to get g = ((§)")¥. This
implies g = ()" by (2.17). m

We now consider the kernel of an FHT multiplier. If f € L?(R?) and m(o,n) €
L>=([0,00) x Z), then by Lemma 2.3, Tp, f = (mf)" € L2(R2) and

(2.21) [T fllLz < llmllze]f]lz2-

LEMMA 2.4. Suppose m € L*([0,00) X Z), > .7 S;o |m(o,n)|ode < oo, and [ €
L' N L?(R?). Then forr >0 and 6 € R,

27 oo
(2.22) Ty f(re?) = S S Lo (re% | 5€') f(5¢'%)s ds dip,
00
where -
(2.23) Ly (re?, se') = (2m) 71 S m(o,n)Jo(s0)Jo(ro)odoe™ =),
n€eZ 0
Proof. By definition,
Tnf(re®) = (mf)" (re")
< oo 2w . o d .
= Z S m(o,n) S S f(se“")Jo(sg)eﬂ”“"ﬁs ds Jo(ro)odoe™,
neZ 0 00

and our assumptions justify the application of Fubini’s theorem needed to complete the
proof. m
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We are concerned in particular with the operators
(2.24) Ruf = (@uf)’ and Suf=(@,4uf)",

for p € Ng and @,,, zZH as defined in (1.6)—(1.8). These multipliers have compact support,
so Lemma 2.4 applies. The corresponding kernels are

oo

(2:25) Ku(re?,se'?) = 2m) ™" " | @u(e,n) Jo(s0)Jo(ro)odoe™ =)
n€ezZ 0
and
(226)  Gu(re”,se’?) = 2m)~" Y7 | Bl n)dule,n)Jo(se)Jo(re)ede ™).

n€zZ 0
We use Lemma 2.2 to estimate the kernels.
LEMMA 2.5. For M > 0, there exists cpy < oo such that for each u € Z, r,s > 0, and
0,p R,
(2.27) K (re® se™)|, |G . (re', se'?)|
< e 231+ 21| — €)M (1 4 20 — s|) ™M /max(1, 2"r, 2"s).

Proof. First take u > 1. By (1.7),

o0

K, (re? se™) = (2m) ! Z S Fo(27"0,27n)Jo(s0)Jo(ro) o doe™ =%
n€ezZ 0

= (@2m)712% N | Fop(o,§)e (O p(2"50) o (2 r0) 0 do.
£e2-+7, 0

Since ¢ € S(R?), Fy(o,&) is defined for all (p,&) € R? and F¢ belongs to S(R?). For
r € R? and ¢ € R, define F(z,£) = Fo(|z|,£). Since ¢ is radial, we have F € S(R?).
Let B, be as defined in Lemma 2.2, except with f replaced by Fe. If |z| = o, then
AD Fo(0,8) = AV F(x,€), where A, = 92/022 + 02922 as usual, since F is radial in .
So

— -1 - (k) A()

By = (2m)7" max 27" VS DAl F(a,6)| da.
k=0,K R2¢€2-+Z

By the mean value theorem,

DeAVF(2.€) = £ AV F(a.¢ 027

for some 6 € (0,1). By a repetition of this we obtain
DAY F(,6)] < cxy

since F € S(R3). However, supp F(z,£) C B(0,1), since the same is true for Fe.
Therefore the sum over £ contains at most ¢2* non-zero terms. Hence (2.10) holds and
B, < cp,kx. This is true for arbitrary L and K, so (2.27) follows from Lemma 2.2, for

w > 1and K,. For pp = 0, replace $ with @ in this argument, and similarly for G,
consider &1 and V. w
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We note, since we will use this later, that estimates (2.27) and (2.29) below hold, by
the same proof, for the kernel of any FHT multiplier operator with multiplier
Fh(27*p,27Hn), for any radial h with Fh € D(R?).

As an application of this, note that by the definitions (1.13) and (2.25),

(2.28) Ok (1€0) = /mbR 272K, (ret? 27 jret? T,
Using Lemma 2.5 and noting that the same estimates apply to ¥,xm, we obtain (1.15).
This gives, for arbitrarily large M,

27
ot 132 < earbfig 2% | (14 2] — e "™ ) =M dg { (1 + 2¢|r — 2715 |) M r .
0 R

The first integral is bounded by 27#, the second by 272#j; (see e.g. Lemma 3.1 in [EF]).
Then (2.9) yields (1.16).
In addition, we will need estimates on the derivatives of K,,.

LEMMA 2.6. Suppose M > 0, and k,n € Ng. Then there exists carpn < 00 such that
for all p € No, 7,8 >0, and 0, p € R,

6k " 6 i
WwKﬂ(Te , S€ ‘P)

< cMﬁkﬁnZ“(""'k""B)(l + 2“|ei9 - ei“’|)_M(1 + 2M|r — s|)_M/maX(1, 2Ms).

(2.29)

Proof. This proof is a variation on the proofs of Lemmas 2.2 and 2.5. Suppose p > 1
first, and apply the formula for K, at the start of Lemma 2.5 to obtain

%Ku(rew,sew’)zﬂw)_lf“ Z (a2re)™ Sfcp(g,f)e’?“(‘9—“’)5J0(2“sg)J0(2“rg)gdg.
£e2—17 0

For z € R?, let F(x,&) = (i246)"Fp(|z],€) and set
Gop@)= 3 Pl )09,
[P
Since supp Fe C B(0,1), ¢ € S(R?), and ¢ is radial, we have supp F C B(0,1), F €
S(R3), go—, € S(R?), and gg_, is radial. Let
V(@) = go—p () Jo(2"s]x]),
which is also radial. So by (2.3),

O Kplre,sc') = (2m) 22 (Fy)(2'r1),
for 1 = (1,0) € R2. Hence
ANCA 0 i 202, 0"
(*) = WWKH(T@ , S€ ‘/’) = (27T) 2 Ma—wlf[]:’y(2uflf)]|z:(ho)

= (2m) 7222 (—i2")*[F (2} (2)))(2r1).
Let h(z) = 2¥go_,(z) and 5 1, = max(||h| 11, | AP A L1). Then as in (2.12)—(2.13),
(2.30) |(%)] < 2HCHR) (21 6) L (Fh % dogu ) (24r1))]
< ep 2GR (1 4 205 — 7)) 7242 /max(1, 24s),
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using Lemma 2.1. Similarly to (2.15), then for m =0 or m = K,

(60— —-m m l
1ADR| L < @)= 1= | S~ (DY A (2h F(x,€))] da.
R2 (€217
Recall F(z,&) = (i286)"Fo(|z|,€). Since 2FE"Fo(|z],€) is C> on R? and supported in
B(0,1), we obtain, for each £, as in the proof of Lemma 2.5,

| 1D A (@b F (2.9l de < e a2t
R2
Since there are at most ¢2* nonzero terms in the sum on &, by taking l = 0 and | = L,
we obtain
e < ep g2t (1 4 21 — eie)) K
Since L and K are arbitrary, the result follows from (2.30) for p > 1. If ;= 0, replace ¢
by @ in the above argument. m

Using (2.28), Lemma 2.6 implies (1.19) for ¢ukm, and ¢,y clearly satisfies the same
estimates.

Recall the assumptions in (1.5) on ¢, ® € S(R?). With (1.6) and (1.7), these imply
that there exist constants c1,co > 0 such that

o0
<Y |Pulen)]’ < e
pn=0

for all (p,n) € [0,00) x N. Hence by Lemma 2.3,

171 2egey =20 3 VIFem)Pede~ 3 § S 18,0, m)PIF(o.n) Pode
n€Z 0 n€Z 0 p=0

= S 18I oy = @)1 Y IR
pn=0 n=0

B o 3 0 1/2)2
= @07 [ Y IRE = em | (X 1Ra)
R2 p=0 pn=0
Notice by our definitions that
> 1/q
(2.31) 1lage = | (Do @tmarne) | .

pn=0
So we have proved that
(2.32) L? ~ A%,
i.e. the norms are equivalent. In §8, we extend this to obtain LP ~ AgQ, 1<p<oo.
Define operators R, and T}, on L2(R2) by

(2.33) Ruf = @,0)" and Tof = @),
Then S, = INEMTH. By (1.11), for f € L* we have

(2.34) f= Z Suf = ZIN{MTMJC’
n=0 n=0



20 J. Epperson and M. Frazier

with convergence in L? norm, by Lemma 2.3. This is our analogue of the Calderén formula
(see e.g. [FJW] for a discussion of the classical Calderén formula).

We will extend (2.34) to LP, 1 < p < co. First we must define our operators on LP.
Lemma 2.5 implies that

27 oo
(2.35) sup S S |K . (re?? | se')|rdr df < oo
set?€R? o ¢
and
27 oo
(2.36) sup S S |K,(re?, se®)|sds dp < oo,
re?? eR2 00

and similarly for the kernels of S,,, }N%# and T),. By a standard result (e.g. [Fol, p. 1), the

operator
27 oo

(2.37) f— S S K,u(-,5e) f(se'?)s ds dy
00

is bounded on LP(R?) for 1 < p < co. By Lemma 2.4, it coincides with R, f on L' N L2,
hence on all of L?. Thus (2.37) gives the continuous extension of R, to LP, 1 < p < o0,

which we still denote R,,. Similarly we extend S, T},, and }NEM to LP, 1 < p < .

To proceed much further, we need an appropriate maximal function which controls our
operators S, etc. To do this, we adapt the usual Hardy-Littlewood maximal operator
M to the polar grid. Let M denote the collection of all sets in R? that are either an
admissible annular sector (or wedge if 7o = 0) of the form

IZ{T‘eie20§7‘0<T‘<’f‘1,90<6‘<6‘1,T‘1—T‘0:6‘1—6‘0§2ﬂ',90ER}
or an admissible annulus (or ball if rg = 0) of the form

I:{T€i020§T0<T<T1, 0eR, r >rg+ 27}
If z € R?\ {0} and f € L{ (R?), we define

loc

1
(2.38) MPf(z) =  sup —
{IeM:zel} |I|

V@)l dy.

1

We also have an analogue of the strong maximal function My (see e.g. [CF] for a
discussion of My). Let N denote the collection of all open annular sectors, i.e., all sets
of the form

I:{T€i96R2ZO§T‘0<T‘<T‘1, 6‘0<9<91, 6‘0,91 ER}
For f € Li (R?) and = € R?\ {0}, define MP! by

1
MPf(zx) = sup  —

dy.
{IeN:zel} |I| S|f(y)| Y

I
We call MP°! the strong polar maximal function. Obviously
(2.39) MPOUf (x) < MPOUf ().

The next lemma is analogous to the standard domination of a convolution integral by
the usual maximal operator.
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LEMMA 2.7. Let 1 € Ng, Ay > 0 and A2 > 1. Suppose D,, : R? — C satisfies
(2.40) D, (re, se™)| < 231 (1 4 21 [e? — ") A (1 + 24| — s]) 72 /max(1, 2"r, 25)
forr,s >0 and 0,0 € R. Define H,, : LP(R?) — LP(R?), 1 < p < o0, by
21 00
H,f(re?) = S S D, (e se'?) f(se™)s ds dy
00
forr >0 (H, is bounded on L? by the analogue of (2.35)—(2.36) following from (2.40).)
Then there exists ¢ = cx,,x, < 00, independent of p, such that
(A) if A, A2 > 2, then |H, f(re')| < cMPO f(re) for allr > 0 and 6 € R, and
(B) if \1 >4 and Ay > 3, then |H, f(re'®)| < cMPO f(re') for all r > 0 and 6 € R.
. Proof. Recall the definition (1.18) of the annular sectors { R km }keN,mea, - Suppose
re? € Rukom, for some ko, mo. By the rotational properties of (2.40), MP°! and MP°!, we

can (and do) assume mo = 0 (else we need to re-index { R xm } to run over m—mg € A,,).
By (2.40), if se’? € Ry m, we have

(241)  |Du(re®, se’?)| < 2 (1 + |m|) "M (1 + |k — do|) 2 /max(jk, i, ),

since |1 — | = || for —7 < o < 7.

Let R, denote the annular sector (i.e., element of ) of smallest measure con-
taining R,x,0 and Rykm. Then Rka
27" max(ji, jk, ), and angular variation 27#x(1 + |m/|). Hence

|R;km| < 02_3M(1 + |jl€ _jk()')max(jkujko)(l + |m|)

has inner radius 27* min(jx—1, jk,—1), outer radius

By (2.41), then,

“ |D,.(re®, se?) f(se'?)|s ds dy
Rikm
1

)\2 X
Bl o |} 1£(se™)]s ds dyp

< 023”(1 + |m|) ™M (L + |jk — jio )™
|’y

N max(jk, jro )

.

whkm
< (14 [m) (1 + [ = g )2 MEO f (re™®).

Summing over m € A, and k € N (using (2.7)) yields (A).

For (B), let km D€ the admissible annular sector of smallest measure containing
Ryuko0 and Ry . 1 max (i —jro—1 ko —Jk—1) = m(1+|m|), then Ry}, has inner and outer
radius as for Ry, , and angular variation < e27#(1+ [jx — ji,|). So [R}},,[ < 2731 (1 +
[ = Jrol)? max(jr, o) I max(ix — jro—1, ko — Jk—1) < m(1 + |m]) < max(jx, jr, ),
then R}, has angular variation a = 27#m(1 + |m|), outer radius 8 = 27" max(ji, jk, ),

and inner radius § — a. Using §° — (8 — @)® < 2af, we obtain |R%;, | < c27%(1 +

*

|m|)? max(jg, jk,) in this case. In the remaining case, R} is a wedge with inner radius

0, and outer radius and angular variation both 7(1 + |m|), so |[Ry7,, | < e2731(1 + |ml)3.
In all cases we obtain

| Rpkm] < 27 (14 [m])* (1 + |k — jko|)* max(jk, jky)-

Now the same argument as for (A) gives (B). =
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In the F'? theory, the Fefferman-Stein vector-valued maximal inequality ([F'S]) plays
a critical role (see e.g. [FJ3]). We require a similar control of MP°! and MP°!. The simplest
way to obtain this control is to use a weighted vector-valued maximal inequality for
doubling measures. A (measurable) function w(z) > 0 on R™ is called a doubling weight
if there exists ¢ > 0 such that for all z € R™ and r > 0, w(B(z, 2r)) < cw(B(z,r)), where
w(E) = S pwdz, for F measurable. The corresponding weighted maximal operator M, is
defined by

(2.42) M, f(x) = sup L

Queq w(Q) VIF@)lw(y) dy,

Q

for f € L] (w) and the sup is over all cubes @ in R" containing x. Then (see [JT] or
adapt the proof in [S2], §2) if 1 <p < oo and 1 < ¢ < oo,

e (S, 2o (S
=1 =1

LEMMA 2.8. Suppose 1 < p < o0, and 1 < ¢ < co. Then there exists cp 4 < 00 such
that for any locally integrable sequence {f;};en on R,

Lr(wdx)

L) . 1/q s o 1/q
e [(Zeta) g <[ (),
i 1/q
<cpg (Zlfi|q> ’LP(R%'

=1

Proof. Of course the first inequality follows from (2.39) and is just stated for em-
phasis. For each i, define f} : R? — C as follows. If z < 0 or |0| > 3, let f(z,0) = 0.
Otherwise let f7(x,0) = f;(ze?). Let w(z) = |z| for x € R; then w is a doubling weight
on R. Define M, by (2.42), and let My be the usual maximal function on R (i.e. (2.42)
with w(x) = 1 for all 2). Let I be an annular sector containing re®®, —7 < 6 < 7. Then
I can be written (not uniquely, but this is not necessary) as I = {re? : 0 < ro < r < rq,
—3m <6y <0 <0; <3m, 0, —06y <2r}. Let I* = (rg,7m1) X (6, 01) be the corresponding
true rectangle in R?%. Then |I| = w((ro,1))(01 — 6p). So

1 ip 1 )
mSIS|fi(se )|sdsdp = m§§ | £ (x, p)|w(z) dx dp
1 o 1 1 .
T 0 S w((ro,m1)) S i (2, p)w(z) dz de

6o To

< M9(2)M£;1)fi*(7”a 0),
where Mu()l) acts in the first variable, M9(2) in the second. Therefore forr > 0, —7 < 0 < 7,
MPOf(re?®y < M MO £ (r, 6).

Hence the pth power of the middle term of (2.44) is dominated by
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(S a2y g6 0r) " avrar < e, NS (S 152 ro)p) e ds

RR =1 RR i=1

s (S,

Lr R2)
by an iteration of (2.43). m
Of course we now obtain LP boundedness
(2.45) [ MP f Il poray < IMPOfllomey < cpll fllpomz)y, 1 <p < oo,

the case p = oo being trivial. By Lemmas 2.5 and 2.7 we have
(246) |R,uf|7 |S,uf|7 |R,uf|7 |Tltf| S CMpOlf S CMspOlfa

since the proof of Lemma 2.5 applies to the kernel of }N%# and T}, as well. Although in
some cases (e.g., Lemma 2.7), MP°' gives a sharper result, MP°' is still useful because it
is of weak type (1,1) (see §8).

We can now discuss the convergence of our Calderén formula (2.34) when f € LP,
1< p< oo. For N € Ny, let

N N v
HNf:ZSuf:(Z;B#"ZHf) .
n=0 pn=0

Define h € S(R?) by Fh = FOFV for ®,¥ as in §1. By (1.7), (1.8), and (1.11),

Fhlo,n) = (Bovo)(e,n) =1= > (B, 0u)(0.n) =1 Y (FpFy)(2 "0, 27"n).
p=1 n=1

Similarly, then,

N ')
S @u)en)=1- > @iu)(en)
pu=0 pn=N+1
=1- Y (FpFy)2 0,2 "n) = Fh(2 Vo, 2 Vn).
pn=N+1

So the kernel Dy of Hy is as in (2.23) with m(o,n) = Fh(27N0,27%n). The proof
of Lemma 2.5 applies to give the same bounds on D, as for K, in (2.27). Hence by

Lemma 2.7,
(2.47) |Dnf| < eMPO'f,

with ¢ independent of N. We need one more basic fact about Hy to show that it behaves
like a standard approximate identity.
LEMMA 2.9. For N € Ny, (Dy1)(re?®) =1 for all v >0 and 6 € R.

Proof. Note that the kernel estimates for Dy imply the analogue of (2.36), so Dy1
is defined pointwise on R? \ {0}. By the dominated convergence theorem,
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(Dn1)(ret?)
21 oo
= lim S S DN(rew,seig)e*“zs dsdy
e—0
00
27 oo o]
= lim (27) ! Fh(27N0,27Nn)Jo(s0)Jo(ro ngei"(e_“")e_”2s ds dy
0
- 0 0 nez o
= hr% S Fh(27N0,0)J0(ro) S 67552‘]0(5@)5 ds odo,
E—

0
by integrating out ¢ and using Fubini’s theorem. Define f. and gy : R2—C by f.(x) =
e~l" and gn(z) = Fh(2=V|z|,0). By (2.3),

o0

S e Jo(so)sds = (2m) "' Ff.(0e¥),  for any ¢ € R.
0

Since h is radial, (2.5) and the above equality imply

(Dy1)(re’) = lim F~ (g Ffe)(re”) = lim(Fgn = f2)(re”) = | F g,
R2

by the dominated convergence theorem. But

| 77 gn = gn(0) = Fh(0) =1,
R2
by (1.9)—(1.11) and the definition of h. =

The same proof shows that for all » > 0 and 6 € R, Rol(re??) = F&(0) and, for
uweN, Rul(rei‘g) = 0. By the same argument, or by the symmetry in (2.25), we have

2T oo
S S K, (re, se)rdrdf =0
00
for p € N, and the integral is identically F&(0) if 1 = 0. By (2.28), this implies (1.20) for
Oukm, and ¥, has the same property for the same reasons. For p = 0, (2.28) implies
that
S Pokm = VT b FP(0),
R2
and similarly for ¢. In fact, by (1.9)—(1.10), the same methods show that a stronger
orthogonality property holds:
27 oo
S S 0y ind —
Oukm (re*?)e" rdrdf = 0
0 0
unless 2#72 < |n| < 2* in the case u € N, and unless n = 0 if 4 = 0 (and similarly for
¥). The case p = 0 shows that @okm, and Yok, are radial, which can be readily seen by
(1.9), (1.13), and (1.14).
Finally, we come to the main convergence result concerning (2.34).
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LEMMA 2.10. Suppose 1 < p < oo and f € LP(R?). Then
N N N v
HNf = Zsuf = ZﬁuTuf = (Zéu{b\uf)
n=0 n=0 n=0
converges to f a.e. and in LP? as N — oo.

Proof. By Lemma 2.9, we have

27 oo

(2.48) (Hnf = )(re) = | | Dn(re? se™®)(f(se™) = f(re'))s ds dgp.
00

Fix re? € R?\ {0} and p large enough that r > 27#, and define sets
B,={se¥eR*:r -2 <s<r+27" 0-2"F<p<f+27H}.
Taking N > p and M > 1 and applying (2.27) for Dy gives

“ |Dy (e, 5e)|s ds dyp
R2\B,
<c | | 22N+ 2Ne? — )M (14 2V — s))Mdipds
|s—r[>2-1 [9—p] >2-
< 2 2N-W(OI-1)

which goes to 0 as N — oo. From this and the analogue of (2.36), and (2.48), it follows
easily that if f € Cy(R?) (i.e. continuous with compact support), then Hy f converges to
f a.e. as N — oc.

Now let f € LP(R?). For § > 0, pick fo € Co(R?) such that || f — fo|L» < J. Then a.e.

we have

G =limsup Hy f —lgnianNf = limsup Hy(f — fo) —I%HianN(f — fo)
—00 N—o00 —00

N—oo

< 2eMP(f — fo),
by (2.47). Hence by (2.45),
IGllr < 2ccp|lf — follzr < 2ccpd.

Since § > 0is arbitrary, G = 0 a.e., and Hy f — f a.e. Then by (2.47) again, |f—Hy f|? <
2P(| f|P4|MPOL £|P) € L', so the dominated convergence theorem implies || f—Hy f||» — 0
as N — 00. m

We can extend the a.e. convergence in Lemma 2.10 to p = 1 by the usual argument
([S1], §1.5) once we have (Lemma 8.1) that MP°! is of weak type (1,1).

3. The sampling theorem and polar wavelet identity
We are now in position to prove our main results. We begin with the FHT sampling

formula (Theorem 3.1) and the polar wavelet identity (Theorem 3.2), both stated in the
introduction.



26 J. Epperson and M. Frazier

Proof of Theorem 3.1. Let B,N, f and g be as stated. As in the Shannon
sampling theorem, the key step is to expand f in terms of an orthonormal basis. Equip
L?([0, B] x {—N,..., N — 1}) with the inner product

N-1 B

(F,G) = Z SF(T, n)G(r,n)r dr.

——No
For ke N, m,n€ {—N,...,N —1}, and r € [0, B], let
ag,m(r,n) = bk(2N)_1/QB_1Jo(jkr/B)e_”m"/N.
Then {ak,m}k,m is a complete orthonormal basis for L2([0, B] x {—N,..., N —1}), since
{(2N)=12e=immn/NANTL and {br, B~ Jo(jxr/B)}ren are complete orthonormal bases

for (2({—N,...,N — 1}) and L?([0, B],r dr) respectively (using a dilation and the fact
stated after (2.8)). By Lemma 2.3,

N-1 B

<.]/[\7ak,m>: Z SAQu
n 0

i
=N
= b B~ (2N)2(F)Y (jee™ N/ B)
= b B~ (2N) 2 f (e ™™ | B)
since f is (B, N )-bandlimitgd and, as noted in the introduction, we identify f with its
continuous representative (f)¥. Hence for (¢,n) € [0, B] X {—N,...,N — 1},

(31) Z Z fuakm akm(Qa )

keNm=—N

_ Z Z b2 f( mm/N/B)JO(jkQ/B)efiwmn/N.

keNm=—N

n)bx B~ Jo(jro/B)(2N) ™/ 2emmn/N o 4y

Since g is (B, N)-bandlimited, we can use (3.1) to substitute for fin (fﬁ)v and obtain
(1.4).
To be more precise about convergence, let
M N-1

,]/[\ Z Z b2 2N lf(]kem’m/N/B)JO(jkg/B) urmn/N'

k=1m=—N
Then by our derivation, L
(3.2) I r—
The partial sum over k = 1,..., M instead of k& € N on the right side of (1.4) is just
(f39)" (re’), and

(F9)" = (Fu@) | < [ Jollo D VI(F = Far)(e,m)l[G(e, m) o do

neN 0
< | Jolle=llf = faellzellgllzz — O.
M —o0

o (fag)Y converges uniformly to (fg§)¥ on R?\ {0}, as stated in Theorem 3.1. If
g € L*(R?) then g € L*> and a similar argument gives the L? convergence. m
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Proof of Theorem 3.2. We write
(33) F=Y RTuf = (F3,0n)",
n=0 pn=0

with convergence in L? by Lemma 2.3, and a.e. by Lemma 2.10. Lemma 2.10 also gives
convergence in LP if f € LP, 1 < p < oco. For each p, @, and 1, are (2*, 2#)-bandlimited,

J/“Tﬁ“ € L?, and @M € L'N L?. So by Theorem 3.1,

(34)  (FB0)Y (re) =271 N N B 3,)V (27 ke ™)

keNmeA,

Xy Swu (0,1)Jo(27"jr0) Jo(re)odo e~ ")
neA, 0

= VAN N b ()Y (2 ke ™ M o (e,

keNmeA,

with the convergence stated in the theorem. By polarizing (2.16) (or a simple direct
proof) and using the observation ¢, pm = bk2_3“/2(2ﬁ)_1(<ﬁugukm)v stated prior to
(1.20), we obtain

(35)  (f,Purm)=27(], sﬁukm>

—ZWZS b2 2 (2y/m) 718, (0,m) Jo(2 o) o do ™ "
nezZ 0

—\/_2 3“/2bk(f ) (2 ‘ujke T2 Hm).

Substituting this in (3.4) and the result in (3.3) yields (1.17). m

4. Boundedness of almost diagonal matrices on ay?

Here we will prove Theorem 4.2, that an almost diagonal matrix is bounded on the
sequence space ay?. Recall from the introduction the definitions of ay?, of the action of
a matrix on a;?, and of an almost diagonal matrix. Theorem 4.2 is of interest in its own
right, but in addition it will be used in the proof of the norm equivalences (Theorem 6.3)
for the polar wavelet identity and in our FHT multiplier result (Theorem 7.2). We follow

the same general strategy as in [FJ3]. First we need a technical lemma.

LEMMA 4.1. Suppose 0<a <1, \y >1+1/a, A2 >2/a, un,v€Z, s= {Sukm}keN,meAu
(recall that A, = {—=2",...,2" —1}) is a sequence of complex numbers, r > 0, and 6 € R.
Let

C={keN:k>2"""}x A,

and
D={keN:k<2'""} x A,.

Then there exists ¢ < 0o, ¢ depending only on a, A1, and Ao, such that
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41) > [suem| (14 min(2#,2¥)]e" — &™) TN (L4 min(2,2%) [ — 274 i)

(k,m)eC
. 1/a
< 220 (a2 (N7 st X ) (r6))
(k,m)eC
and
(42) > suem|(1+min(2#,27)]e’ — e )7 (1 4 min (29, 27)|r — 27 i) 72
(k,m)eD

. 1/a
< CQ(#*V)+3/¢1 (MSPOI( Z |S,ukm|aXRMkm)(Tew)) 7
(k,m)eD
where x4 = max(x,0).

Proof. If p<wv, the statement is independent of v (and (4.2) is void), so it is sufficient
to prove the case u > v, as follows. Pick Iy € N and ng € A, such that re?® € Avion,- We
consider (4.1) first. Forn € A, let

Cgm = {(k,m) € N x AH 20TV < K, 2_ij_1 < 2_Vj2, and

27"n <27HPm <27 (n+ 1)}
and, for leN, [ >3, andn € A4,

Cin = {(k,m) € N x A# D2HTY <k 27V < 27HjGr1 < 27Y5; and

27" <27*m <277 (n+ 1)}
(We have used this definition of Cs ,, just so we could formulate the theorem in terms of
the set C without reference to jj, and ji.) Note that if (k,m) € Cj,,, then |e? —ei™ "mo| <
27V, et _eim2T N | < 2 |p =27V | < 277, and |27 M, — 27| < ¢277. Hence

(4.3) 142%r =27 4| = 14+ 212751, — 27751l = 1 + |1, — Jil
and . o o o

. + e’ —e ~ 1+ e —e = 0,(n — nog),
4.4 1 v 0 T2 H*m 1 v T2 Y no 2" "n b

where we set b, (t) = 14 2¥[e?™ "t — 1] (note that for |t| < 2¥, b,(t) =~ 1+ |t|, and b, (t)
is 2v*1-periodic).

Note that if (k,m) € Cip, then k > 2 so |Rugm| ~ 2731j, > 272427754 >
c2721277 ;. Hence
4.5 B, = in | Rupm| > c- 2721275,
(4.5) I, (k,nrf}é%l,n' ukem | 2 ¢ i

Let R}, be the smallest annular sector containing R,;,», and U(k m)ECrn Rykm. The

*

angular spread of R}, is equivalent to 27"b,(n — ng) (to see this, take ng = 0, so the
spread is equivalent to 277 (1 4 |n — ng|); the general case is the periodized form of this).
For [ > 2, the inner radius of R}, its greater than or equal to 27" min(j;—1, ji,—1), and
the outer radius is less than or equal to 27 max(ji,, j; + ¢) for some absolute constant
c. For | = 2, the outer radius is less than or equal to 2% max(ji,,c) < 277(1 + ji,) ~
277 (1+ji, — j21), and we bound the inner radius below just by 0. In all cases we obtain

(46) |R;ln| < C2_3V(1 + |jl - jlol) ma'x(jlujlo)bl/(n - no).
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By (4.3)—(4.4) we obtain

Fin= Y |sueml(L+27]e? — ™ )N (L g2V | — 2Ry
(k,m)eC
< e(boln—10) L+ it =D S sl
(k,m)eC
. o “ 1/a
< elbo(n=n0) (1 Lty =D (D0 Jsueml®)
(k,m)eC

since a < 1. Now by (4.5)—-(4.6),

S lswenl® < B L D Isukml" XA

(k,m)eCy pn (k;m)eCy n
SRS BLMEN D skl X ) (re”)
(k,m)eC
< 220 max(1, i, /1)be(n — 10) (1 + |51 — jio|)
M2 [l X ) (r6).
(k,m)eC

So altogether
(47) (i < 2207 max(1, iy /1) bu(n — ng) 1/
x (14 |, _jl|>—)\2+l/a(MSpol( Z |S#km|aXRukm>(T€i0))l/a_
(k;m)eC
Since A1 > 1+ 1/a,
S (buln —no)) M x 37 (14 n)) M+ <

neA, neA,

Let [lo/2] denote the greatest integer in lo/2. Then

oo

> max(L, i, /)Y (1 + [y — ail) Ve <,
1=[lo/2]+1

since j; &~ wl by (2.7) and A2 > 2/a > 1+ 1/a. For I <[lo/2], 1 + |1, — Ji| = Ji,, SO

[to/2]

. . . Cy— —Ao+2 .
S Gio /i) (1 Lt = )T < ey og i, < e,
=1

since A2 > 2/a. Hence summing (4.7) over {,n implies (4.1).
For (4.2) the argument is similar. Let

D,={(kkm)eNxA,:E<2¢"Vand 27"n <27*m <27"(n+1)}

for n € A,. For (k,m) € D, we have 27"j, ~ 27"k < 2% ~ 27%j;, which implies
[27Hj —27741] < €277, so (4.3) holds with j; replaced by ji, and (4.4) holds as stated.
However, we can only obtain min, ,,)ep,, | Ry | > c273# since k = 1 is possible. If R*

vin
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is as above except with D,, in place of Cy p, then |R%;, | < ¢27% 57 b, (n—ng). Now denote

by (*), the sum on the left side of (4.2) with D replaced by D,,. Then

- a —v)/a o a 1 1/a
(#)n < c(by(n — no))dlﬂ/a]jol\ﬁw 23n=v)/ (Mf 1( Z E XRWn)(Te 9)) ,
(k,m)eD

Since jl;)‘2+2/a < ¢, summing on n as above gives (4.2). m

Proof of Theorem 4.2. Suppose re® € R,j,. Then |r — 27| < 27" and

e — eim2"n| < ¢. 277, Hence, with x; as in the statement of the theorem,

|(Bs)uln| S Z Z Wvln;ukm(5)|5ykm|

u=0 (k,m)eNx A,

< |Ruln|1/2 Z 9(n—v)a min(Q(V*#)(JJrﬁ)7 2(#*1’)6)
pn=0

x Z(l + (2(U_H)J/2 - 1)XH—V(k))|3ukm| ) |Rukm|_l/2

k,m
X (1 +min(2#,2)|e? — ™2 ") =I/271=5 (1 £ min(2H,2Y)|r — 27 |) .
There exists a > 0 such that a < min(1, p,q) and

, . J 1 2 3J 3
f=min|{=>—--+eJ—-"+4+g - +¢e|>0.
2 a a 2 a

Apply Lemma 4.1 with this a, \; = % +1l+e>14+e+1/aand g =J+e>& +2/a.
We obtain

o , a . 1/a
[(B)utnl < el 37 20027 (M (3 I Kk ) ()
n=0 k,m

since the {Rxm }rm are disjoint for each p. Hence

oo

(S @ UB T (re®))?)

v=0
c( i (i 9—lu—vle’ (Mé)ol ( Z 2W|S#km|;#km)a(rew)) 1/a) q) 1/q

1/q

<
v=0 p=0 k,m
s _ a o Na/ay1/q
(55 (S 2 ) ) )
n=0 k,m

by flaxblles < [laller[bllen if g > 1 and by axbllen < [[la]? % [b]7][,{* < [lal]ea[B]}en if g < 1.

Taking the L? norm, writing p/q = (a/q)-(p/a), noting p/a, ¢/a > 1, and applying (2.44)
yields the boundedness of B on ay?. m

We remark that Theorem 4.2 can be slightly sharpened by a duality argument. We
omit this result, since it is more technical and not needed later.
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5. Peetre’s maximal inequality

A maximal inequality due to Peetre [P] plays an important role in the theory of Fj*
spaces. The main point is to use facts about functions of exponential type to control the
sx¢-maximal function, which in turn gives a strong pointwise control. Here we adapt to
our polar situation the presentation in Triebel ([T1], pp. 16-17) of Peetre’s result.

Our analogue of exponential type is defined using the FHT. For v € Ny, let

E, ={f € L*R?: f(g,n) =0 for (o® +n?)Y/% > 2"},
LEMMA 5.1. Suppose v € Ny and f € E,. Then f € L™ and
(5.1) 1 fllzee < 2%72(|f]| -

Proof. By (1.10)—(1.11), we have

u+2_ AV
F=(3%.0uF) = Hosaf,
pn=0
for Hy defined as above, after Lemma 2.8. As noted there, the kernel D, 2 of Hy, o
satisfies (as in (2.27))
|D, 1o(re? 5e)| < 2% (14 2v 2| — )M (1 4 2" F2|r — 5|) ™™ /max(1,2"r, 2"s).

So, taking M sufficiently large,

27 00
[f(re®)| < S S |D, 1o(rei? ) se™)|| f(se)|s ds dg
00
27 00
; ; 1/2
< clfllee [ S S 2%V(1 4 2"2|e? — ef?|)72M (1 + 2V 2| — 5|)72Mds dga}
00

< 2% f|| 2. m

Recall from (2.24) the operator R,, with FHT multiplier ¢,, and kernel K, satisfying
(2.27) and (2.29). For v € Ng, A1, A2 > 0, r > 0, and 6 € R, we define our analogue R}*
of Peetre’s xx-maximal function by

Ry f(re) = sup (L42"[r —s|)" M (1+2"[e" — e?[) 72| R, f(se™?)]
s>0,0€R

(we suppress the dependence on A1, \2). Regarding R, f(re??) as a function of the real
variables r and 6, define

, OR,f ., .. OR,f,6 .
0\ 10 v 10
Vot () = (2o o), 20l o))
and set
VIR f(re?) = sup (142 — s) (14270 — €] (V0 Ry f(5079)].

$>0,0€R

As in the case of exponential type functions, we can control the derivatives by the function
in the following sense.
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LEMMA 5.2. Suppose v € Ny and f € L*(R?). Then
(5.2) ViR, f(re?) < 2V R:* f(re'),
forr >0 and 0 € R, with ¢ independent of v, f,r, and 6.

Proof. We write the proof of 9/9dr; the proof for 9/96 is exactly the same since all
that is used are the analogues of (2.27) and (2.29) for the kernel D, of H, (defined in
§2), which follow by the same argument. Recall that the FHT multiplier of H, 2 is 1 on
supp(R, /)", so R, = H, 2R, . Using the trivial inequality 1+a+b < (1 +a)(1 +b) for
a,b>0,

, . OR, .
(142 = ) (14 2] — o)) 2| e (i)
T
27 0o . .
ODusa o | (1+27]s —t)N (14 2¢|ei® — eif]))e .
< i N . , R, f(te®)|tdtd
= §§ g e te )'(1+2”|r—t|)’\1 (4 2| — | | B/t dtdf
27 oo
<emRyf(re) | | 22 (14275 — ) MM (14 27’ — )M
00

< VR f(ret?),
by taking M sufficiently large. Taking the sup on the left side yields (5.2). m
Now we come to the key estimate.

LEMMA 5.3. Suppose f € L?, v € Ng, a > 0, \; > 2/a, A\y > 1/a, 7 >0, and 0 € R.
Then _ _
(5.3) Ry f(re®) < e(MPU(|R, f1*)(re)) e,

where ¢ depends on a but not on v, f,r, or 6.
Proof. Fixr,s>0and 6,p € R. For § € (0,1] to be fixed later, let
Fs={te? cR*:s<t<s+2"dand p < f < p+27"6}.

Note that
(5.4) |Fs| = 272Y6%(s + 2777 16) ~ 272Y6% max(s, 2776).

For te’’ € Fj, the mean value theorem implies

Ry f(s¢")| < Ry f(te’”)| + 278 sup [V, 0 R, f|.
Fs

Taking the ath power of both sides and averaging over te’’ € Fj gives

(5:5)  [Ruf(se*®)|* < c| B VI Ru £ (te™)| "t dtdB + c(2776)" sup [V, Ry ]
Fs Fs

By definition

OR, f
or

However, for te*? € Fy,

(1427t —r)™ < (A4 2Y|t — s))M (1 +27]s — )M < (1 +27|s — r|)™,

(teiﬁ)‘ < (142"t — 7“|)>‘1 (1+ 2"|eiﬁ - ei0|)>‘2V:ﬁ*Ryf(rei0).
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and similarly for the factors involving 6, 8 and ¢. Also R, f/00 satisfies the same esti-
mates. Using Lemma 5.2 then gives

(5.6) sup |V, g Ry f| < ¢2V(1+2%|s — r[) (1 4 2¥[e — )2 RE* f(re'?).
Fs

To consider the other term on the right of (5.5), let Is be the smallest annular sector
containing Fs and re?®. The inner radius of Is is min(r, s), the outer radius is max(r, s +
277§) < max(r, s)+2774, and the angular spread is bounded above by c(|e? —e??|+27V§).
Hence . .

(5.7) [I5| < 2721 4 2"|r — s|)(1 + 27[e — ™)) (r + 5 +2776),
since § < 1. If r < 2s, then

r+s+2770 < 3s+ 2770 < 3max(s,2779),
while if r > 2s, then r = |r — 5], so

r4+s+2770 <276+ 2"r — s]) < =(1 4 2¥|r — s|]) max(s, 2779).

¢
)
Hence by (5.4) and (5.7),

| s - |F5|71 < 0573(1 +2%|r — 5|)2(1 + 2V|ei0 . ewD'

Therefore
Es) VIR £kt dtdp < |Fs| 7 (R0 f(te) |t dt dp
Fs Is

< | - (B[ 7 ME( R £ (re™)

< b1+ 2V — 8|21+ 27 — ) MPU(IR, f1) (re®).
Substituting this and (5.6) in (5.5) and using Ay > 2/a, Az > 1/a gives

(1+2"|r = s ™M (1L +27]e" — €)% R, f(se™))|
< e YU (MEN( R fI")(re )V + SRS f(re®).

Taking the sup over s > 0, ¢ € R on the left side gives
(5.8) Ry f(re') < e~/ (MP(|R, f1°) (re )V + SRy f (re”).
Since f € L?, we have R, f € E,. So by Lemma 5.1, R, f € L. Hence R}*f € L>. Pick
d so that ¢/6 = 1/2 and subtract in (5.8) to obtain (5.3). m

This and the polar vector-valued inequality now give us the maximal characterization
of A7 that we need.

THEOREM 5.4. Suppose a € R and 0 < p,q < oco. Define R} for p € No with
A1 > 2/min(p, q) and A2 > 1/min(p, q). Then for f € L*(R?),

3

Lr

659) g = || (i 1) ]
u=0

with constants depending only on o, p,q, A1 and As.

Proof. One direction is trivial since R, f(re’) < R%*f(re'®). For the other, our
assumptions allow us to select @ > 0 such that a < min(p, ¢) but A\; > 2/a and Ay > 1/a.
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Then Lemma 5.3 gives that the right side of (5.9) is dominated by

1/a

H( > o)) |

Lp/a'

Since p/a,q/a > 1, applying (2.44) allows us to remove MP° and obtain the other
inequality in (5.9). =

This result is critical for the main norm-equivalence results (Theorems 6.3 and 6.4).
In addition, it gives an easy way to see that A7 is independent of the choice of ¢ and ¢
satisfying the conditions in the introduction (cf. Peetre [P]).

THEOREM 5.5. Fori = 1,2, suppose o9 and &9 satisfy the conditions in (1.5), and
define corresponding {gp#)} > o as in (1.6)—(1.7). Define operators {RS)}HENU acting on
f € L?(R?) by R(l) (A(l)f) . Fora€R,0<p,q<ooand f € L?, let

o ) 1/q
I£llageco = [ (Do 12emr19) |
pn=0
Then
(5.10) [f1lageqry = 11 Lage (),

with constants depending on o, q,p, o, d1) o2 and &3 but not f.

Proof. By assumption, there exist ©)(2) and ¥ as specified in (1.5) such that with
{w,(f)}ff:o defined as in (1.6), (1.8), we then have the analogue of (1.11). Taking the

conjugate of this and defining ﬁ?) f= (Eg)f)v, we obtain
P> ROERS
v=0

So (by L? continuity and convergence, e.g. (2.34)),

pt1
(5.11) RVf= > RPTPRPY,
v=p—1
since multiplier operators commute and R(l)R(z) 0 if |u —v| > 1 by (1.9)—(1.10).

Setting v = p + 7, j € {—1,0,1} (or j € {0,1} if u = 0), R;(L )T'? has multiplier

B2 (0,m) = FpV (270,27 ) Fyp® (2777 0,274 In) = Fhy(2 0,2 "n)

for h; defined by Fh;(¢) = Fp)(&)Fp@(279¢), by (1.6)-(1.8), if u # 0 and v # 0.
If © = 0, substitute Q')(l) for o and if v = 0, substltute v for (). Note that h; is

radial and Fh; € D(R?). So by the remark after Lemma 2.5, the kernel H; ,, of RLI T,S2)
satisfies the analogue of (2.27). Hence

27 o0

2 2 i 0 2
IRDTDRE) Fre®)| < |\ 1H u(re?, se™)| - R, f(s6™)|s ds dp
00
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27 00

< RO re®) | 1H; (e, se9)](1+ 24| — s (142049 — 725 ds dp
0 0

2) %% i
< CR;(»—i)-j f(re'),

by (2.27), where we take A\; and Ay as in Theorem 5.4 and pick M large enough in (2.27).
Here the constant ¢ is independent of . So by (5.11) we have

+1
1 (2)%x
|R;(t)f| =c Z R;Hrj f
j=-1

Multiplying by 2#¢_ taking the LP(£9) norm, and applying Theorem 5.4 gives one direction
in (5.10). By symmetry we have the other direction. m

6. Norm characterizations

We are now ready to obtain the precise characterization of the size of the coefficients
(f, Yukm) in the polar wavelet identity (1.17) in terms of the function space behavior of
J with respect to the A7 scale of spaces. It is useful to introduce our version S, of the
p-transform (cf. [FJ1-3]), which is defined initially on L? but will eventually be extended
to all of Ap9. For f € L2, let S, f be the sequence {(Spf)ukm} ueNo,keN,mea, » Where

(Ssaf)ukm = <f7 @ukm%

which makes sense by (1.16).
LEMMA 6.1. Suppose f € L*(R?), a« € R and 0 < p,q < co. Then

(6.1) 190 fllags < el fllage,
where ¢ does not depend on f.
Proof. Let }N%#f = (aﬁuf)v as before. By (3.5),

(f ukm) = VT 27 2h R, F(27H e ™).
By (2.9), 273/2b, ~ (2735)2 ~ |R.pm|Y?. Also, for re® € Rupm, we have
|r —27Hjk| < 27# and |e?? — ™2 "™ < 27, So
By F2 5™ ™) < (1 27— 27l (1 24 — 72 e fre?)
< cR;*f(rei‘g),

where we take A1, Ao as in Theorem 5.4. Hence

Z Z |<f7 <P,ukm>|;,ukm < CR;*f

k=1meA,

Since the {Rkm }reN,mea, are disjoint for each fixed u, we obtain

1S fllase < c

M Lp AP
/J,_—O
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using Theorem 5.4 and the observation that the conditions on ¢ and & in (1.5) are

invariant under complex conjugation, so that by Theorem 5.5, replacing R, by R, gives
an equivalent definition of the A7¢ quasi-norm. m

The inverse p-transform Ty, is defined formally on a sequence s={5,.km } Ny keN,me A,

by
Td,S = ZZ Z S,ukmw,ukm-

pn=0k=1meA,

Initially we define T, on sequences s with only finitely many nonzero terms. The next
lemma allows us to extend Ty to 2 = {s : (Zukm|5ukm|2)1/2 = ||s|lz < oo}, and
eventually T, will be extended to all of a;?.

LEMMA 6.2. Suppose a € R, 0 < p,q < o0, and s € £2. For N € N, let sV = {sﬁ’km}
where sﬁ]km =Suem O p <N, 1<k<N,andme Ay, and sﬁ[km = 0 otherwise.
Then limpy 00 Tys™ = limy o0 Zﬁf:o Zivzl ZmGAu SukmWUukm exists in L2(R?). If we
denote this limit by
(6.2) Tps =33 > SurmWukm,

pn=0k=1meA,
then
(6.3) [Ty sl age < cllslage,
with ¢ independent of s.

Proof. Suppose first that s = {Sukm }ukm has only finitely many nonzero terms.
Then for v € Ny,

v+1 e’}

(6.4) R, (Tys)(re? Z Z Z Sukm Ry (Ypukm ) (re’),

p=v—1k=1meA,

since R, ¥ukm = 0 if | — v| > 1 by (1.10). By the observation that
{/J\ukm = bk:273#/2(2\/%)71{[;uguk:m
stated just prior to (1.20), we have

Ry ($yutem) (r€”) = (B Wyt ) (re™®)
= (2v/m) 2

x> § )P (0,n)Jo(2 " jro)e ™™ " Jo(or)o do €™
neZ 0

Let v = pu+j, j € {-1,0,1}, and let 7, € S(R?) be defined so that Fr;(§) =
Fo(2796)Fp(€) if u,v > 1, and similarly with ¢ replaced by @ if v = 0 and 1 replaced
by ¥ if p = 0. By ( 6) (1.8)7

Pv (o, ”)@u(gan) =Fv; (270,27 Hn).
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Changing variables gives

oo

Ry (W) (re”) = (20/m) 105202 37§ (o, ) 02T g0 (2 0) Jo(jro) o do.
£e2-+7 0

Let B, be as in Lemma 2.2, but with f(o,§) replaced by Fv;(0,&). The argument in the
proof of Lemma 2.5 shows that for any L and K, B, < ¢y, ;. Hence by Lemma 2.2,

| Ry ($ukm ) (re')|
< a2 (14 27" — e ) TM (1 4 20 — 271 )M /max (g, 207).
Fix M > 2/min(1, p, q), and define, for v,u € No, k,l e N, n€ A,, and m € A4,
butnsatom = by * (L -+ 217 — ™7 )M (1 2|27y — 275 )M
if |p—v| <1 and byipukm = 01if | —v| > 1. Let
B = {buln;ukm}-
By (2.9) and (1.22), B is almost diagonal, hence bounded, on ag4. For re” € Ry, we
have |r —27"j;] < 27" and |e? — ™ " < 277, 50
|RU(¢ukm)(Tei9)| < C23M/2j;1/2buln;ukm < C|van|_l/2buln;ukm

if [u —v| < 1. So by (6.4), for a.e. re?? € R?,

v+1 (e’

Ro(Tys)(re) < e 37 ST 3 st | R (i) (re™®)|

p=v—1k=1meA,

o
Z Z |5,ukm|bvln;,ukm%vln - CZ Z (B|5|)vln%uln7

1 neA, u,k,m l=1neA,

IN

o0
c
1=
where |s| is the sequence with |s|km = |Sukm|. Since the {R.n}i,» are disjoint for each
v, this gives
[Tysllage < cl|Blslllazs < cll|slllags = clls]lag
by Theorem 4.2.

Now suppose s € /2. By definition, l[sllag2 = [Is]|¢2 and as we noted in (2.32), L? ~ AP
Clearly {s™}%_, is Cauchy in £2, so by (6.3) for finite sequences, {Tys" }3°_, is Cauchy
in L?. So Tys = limy_,0 Tyys™ exists in L2(R?). By the continuity of R, on L2, (6.4)
still holds, and the previous argument carries over verbatim to yield (6.3) in general. m

Proof of Theorem 6.3. For a,p,q, f, and s = {Sukm } as in the statement of the
theorem (see §1), we have

l[sllage < cll fll age
immediately by Lemma 6.1. Also since f € L?, taking a = 0 and ¢ = p = 2 gives that
s € 2. By Theorem 3.2, f = Tys, so (6.3) gives the other inequality. m
It is worth noting that for f=3_ ;. Sukm¥ukm, we do not in general have || f|| 45
~ ||sllaga, due to the non-orthogonality of the expansion in Theorem 3.2. In fact, since
Vuin = Zu,k,mwvlm Oukm)Vukm We see that 0 can be represented nontrivially as
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> Lkem SukmWukm. Theorem 6.3 only gives equivalence of norms for the particular repre-
sentation where s,tm = (f, pukm). However, Lemma 6.2 carries more information since
it guarantees that one of the estimates, namely

|5 st

.k,m

oo < Clslge

holds for any sequence s € 2 (and even this restriction on s will eventually be dropped).

Recall that A% = {f € L*(R?) : [fllage < oo} and Aj? is the completion of A}
with respect to the AJ? quasi-norm. It is now a formal matter to extend S, to A4, Ty, to
a,?, and obtain Theorem 6.4. However, it is worthwhile to be precise about the resulting
definitions.

First, suppose f € Ag?. Pick {f,}72; a sequence of elements of A5? such that
limy, oo || fn = fllage = 0. Then {f,}72, is Cauchy in A}?, so by Lemma 6.1, {S, fn }n24
is Cauchy in aj?. But ag? is complete, so define S, f to be the limit in ag? of { S, fr }72 ;-
Now for any sequence s = {S,km},

|Sukm| < 277 Rt /277 |5 e,

SO .
<f7 (puk:m> = nll—>n<§o<fn7 (puk:m>

exists in C for each p, k, and m. It is easy to see that this value is independent of the
choice of { f,}52;, hence agrees with the usual meaning of (f, p,rm) if f € A5%, and that
with the above definition of S, f we still have

S%’f = {<fa @ukm>}#km-
Also S, : Ag‘q —ag?is bounded.

Similarly we can extend Ty. For s € ag?, define {sV}%%_, as in Lemma 6.2. By the
dominated convergence theorem,

. N _
Jim_fls =¥ g0 =0.

So by Lemma 6.2, {T,s™ }3_; is Cauchy in A3?. We define

N N
Ts— 1 N _ 1
i Jim T = i 305 syt
n=0k=1meA,
and we denote this limit in A3? as -,
and agrees with the former definition on ag? N¢2. Finally, Ty0S5,, : Ap? — Ap?is bounded
and agrees with identity on the dense subspace AJ? of Aj?, hence Ty, 0.5, is the identity
on A%9.
3

Proof of Theorem 6.4. Let sukm = (f, @uem) and s = {Sukm tu.k,m, for f as
given in the theorem. Then fy as given there is just Tys™. But by the above,

SpkmYyukm- Then Ty : ag? — AJ? is bounded

Tyl = 9l age < ells™ — sllgo — 0.
So (1.17) holds in the required sense. Also

[fllage = 1T S fllags < cllSpfllage < cll fllags,
so (1.21) holds. m
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7. FHT multiplier and potential operators

Theorem 6.4 can be used to study linear operators on Aj?. This is analogous to the
classical case of F'!, as in e.g. [FJ3]. The following is trivial to obtain formally, but
requires some care to make precise. Recall that A7? = L?nN Ape.

LEMMA 7.1. Suppose « € R, 0 < p,q < oo, and T is a linear operator which is bounded
on L?(R?). Define a matriz B = {byin;pkm } for p,v € No, I,k € N, n € A, and m € A,
by
buln;uk:m = <T¢uk¢mu SDVln>'

Suppose B is bounded on ay?. Then for f € Aj?, we have

Tf=TyBS,f,
for Sy and Ty, defined as in §6. Hence T' extends to be a bounded operator on Aj9.

Proof. Let f € A7 and set s = S, f, i.e. Sukm = (f, Pukm). For N € N, define s,
the truncation of s, as in Lemma 6.2. Let

N N
fN = ZZ Z Sukmwukm = TwSN-

pn=0k=1meA,

Then Tf = limy_.o T fn in L. For each N,

N N
TfN = ZZ Z S,ukaU),ukm-

p=0k=1meA,

But by Theorem 3.2,

Twukm = Z Z Z <T¢ukm7 (puln>¢ulnu

v=0Il=1 ncA,
with 32°° S interpreted as the L2 limit as M — oo of S0 57 . So we can

interchange the limy;_, ., with the finite sum to get

Tfn= Z Z Z (Bs™)uintvin = Ty Bs™.

v=0Il=1neA,
So

|ITfx = TyBs|lags = |TpB(s™ = 5)|lagr < e B(s™ = s)llags < clls™ — s]lqge,

by the boundedness of T\, and B. By the dominated convergence theorem, we have
limy oo ||sN — 8llaga = 0. Hence T'fy converges to Ty Bs in A7?. But B is also 02
bounded. (In fact, by L? convergence and the L? boundedness of T, we have, for s € (2,

<T(Tws)7(puln> = < Z Suka¢ukmu SDVln> = Z Sukmbuln;ukma
wik,m wk,m

or B =S,TT,.) So by the same argument 7' fx converges to Ty Bs in L?, so T f = T}, Bs,
as required. Then the boundedness of S, and Ty imply that 7" is bounded on AJ?. =
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With this, Lemma 2.2, and Theorem 4.2, we can now prove our FHT multiplier
theorem, i.e. Theorem 7.2 stated in §1.

Proof of Theorem 7.2. Corresponding to T' = T}, is the matrix B = {byin;ukm },
where R
buln;,ukm = <T1/},ukm7 <Puln> = 27T<m1/),ukm; @vln%
by polarizing (2.16). This is zero if |u — v| > 1 by (1.9)—(1.10). For | —v| < 1, let
v=p+j,j€{-1,0,1}, and define v; € S(R?) by v;(x) = F(x)Fp(2~Iz), for x € R?,
if p,v > 1, and similarly with ¢ replaced by ¥ if u = 0 and ¢ replaced by @ if v = 0.
Then by the characterization of @k and Y,ukm, before (1.20) and by (1.6)—(1.8),

buln;,ukm = 2772 S Q t bk2 3M/2(2\/_) 11/)“(9, )JO(2 ij@) —im2 " Hmt

t=0 0
x 0272 (2y/m) 718, (0.t) o (27 o)™ o do
1 T =
_ = n/26—3v/2 i i 227 Frm—2""7n)
= Shubi2/?2 > [ mre,24¢)7;(0.9)e
£e2-+7 0

x Jo(jre)Jo(277 io)o do.
For p € Ny, and L, K as in the statement of the theorem, let

B, = max 277 | 37 [(Due)®(A,))(m (20, 2"€);(0.€)) o do.
l;BbLI/(z 0 (€217

We claim that sup,~ By, < oo. Assuming this for the moment, note that for z € R?,
v (z,8) = v;(|zl, f) is C°° and compactly supported as a function of z, and by assumption

m*(z, &) = m(|z|,€) € CL(R?), for each £. Hence we can apply Lemma 2.2 to obtain

|bvln;,ukm|
< Cbkb123ﬂ/22_31//2j;;1(1 + 2u|ei2**‘7rm _ ei27’/7rn|)—K(1 + 2u|2—ujk _ 2_Ujl|)_L+2-

Since |p —v| < 1, by =~ j;/2 (see (2.9)), |Rukm| &~ 27344y, and similarly for |R,;,|, we

have by the definition (1.22) that B is almost diagonal on ag?. So by Theorem 4.2, B is
ay? bounded. Therefore by Lemma 7.1, m is an FHT multiplier on Ap9.

It remains to check that SUP,>0 B,<oo. If p=v=0(soj= O) then yg = FUFP
is C*°, radial, and supported in {z € R2 |z] < 1}. So vo(e,n) = 0 for n # 0, and the
term (Dg ¢)* ) can be dropped. Looking at the radial extension in the first variable to R?
(i.e. for z € R?, looking at m*(z, &)y} (z,€)), and replacing A, by the usual Euclidean
Laplacian A;, we get

~ l * *
B xex, RS |(4)' [m* (&, 076 (, 0)]| dav.

By the Leibniz rule and the properties of g, (1.24) implies that By < co. Now suppose
that either p # 0 or v # 0. Then v;(0,&) = 0 unless 1/4 < (¢? + ¢2)Y/2 < 1. As for By,
we consider the radial extensions to R? in the first argument, and replace the integral by
an equivalent integral on R?. We then use the chain rule and the formula

Dy e(FG)(0,€) = F(0,€)DyueG(0,6) + G(o,§ —27")Dyy e F(0,€)
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repeatedly, with F' the term involving m* and G the term involving 77. Then the prop-
erties of y; show that B, is dominated by the left side of (1.25) for all u € N. m

This result provides the key step in the proof of Theorem 7.3, stated in §1. First
we need to be careful about the definition of P% on qu, since the FHT multiplier
(1 + 0% +n?)~2/2 for P* is not necessarily bounded (i.e. when a < 0). However, P® is
defined, by L? considerations,on E = {f € L? : supp fis compact}, and by Theorem 6.4,

ENn qu is dense in qu. We will prove that for any o, 3 € R, 0 < p,q < oo and f € F,
(7.1) 1P g0 < el gz

with ¢ independent of f. Hence we can extend P® to a continuous map P< : Azﬁ)q —
Ag-i—ﬁ,q,

Proof of Theorem 7.3. Suppose we prove (7.1). Since o and 3 are arbitrary,
we can extend P~ to P~% : Ag‘*ﬁ*q — qu continuously. Then P®o P™® and P~ o P¢
are the identity on dense subspaces, hence on their domains, by continuity. So Theorem
7.3 will follow from (7.1).

To prove (7.1), let 7 : R? — [0,00) be C*, radial, and satisfy n(x) = 1 for |z| > 1/2
and n(z) = 0 for |x| < 1/4. Define v, : R? — [0,00) by

aa) = L:Z'Q)_a/znu).

Regarding (o,n) € [0,00) x Z as a point in R?, define the FHT multiplier m,, by

1402 +n? —a/2
ma(0,n) = %z(Qan) = (W 77(9=”)~

We claim that m, satisfies the conditions of Theorem 7.2 (for any K, L) and hence that
the associated FHT multiplier operator T, is bounded on AS9. First, (1.24) is clear
since

my(w,0) = (1+ [2[72)=*/(|a], 0).
Second, for 1/4 < (|z|? +€2)'/2 < 1 and p > 1 we have n(2"|z|, 2*¢) = 1, so

my 2k, 24€) = (14272 (|z|* + £2)~1) /2.

Using the chain rule to handle 07 and the mean value theorem to handle (Duyg)(k), it is
straightforward to check that

(D) M 07) (m (22, 21€))| < cro

for all (z,¢) with 1/4 < (|z|? 4+ €2)Y/2 < 1, and ¢}, independent of y. We see that (1.25)
holds, since there are at most c2* nonzero terms in the sum on &.

Now the theorem will follow from Theorem 5.5, which says that A;? is independent
of the choice of test functions ¢, ¢, P, and ¥ satisfying (1.5). With such functions given,
define alternate functions ¢, ™1 &M and () by

FoM (&) = |g|72Fp(€), FypD(€) = |¢|*Fyp(€),
FOD (&) = (1+ [¢)"2FD(€), and FEL(€) = (1 + [¢)/2Fw ().
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Note that these functions are still radial, belong to S (since 0 & supp Fo, F1)), and satisfy
(1.5). Now as in (1.6) and (1.7), define {}”}52 by

25 (0.n) = FoW (g,n) = (1 + ¢ + n2) "2 Fd(g,n) = (1 + ¢* +n?)~*/*Go (0. n)
and, for pu > 1,
P (0n) = Fpl (270,27 n) = 2%(0% + n®) "2 Fp(27" 0,2 "n)
= 20> +n*)"**@, (0, n).
Hence for f € EN Azﬁ,q,

1Pl gos0 2 [[(Bole, m) (1 + 0% +1%) =2 ) 1o

+HI(Z '2“(“+5)<%<g,n)<1+g2+n2)-a/2f)v|q)1/q’

p=1

= @)l +H( > ma) 1)

(111 gpn + HTmafHqu),

by Theorem 5.5. The boundedness of T}, completes the proof. m

Lr

Lr

8. Equivalence of LP and Ag2, l1<p<oo

This section is devoted to the proof of Theorem 8.8, that Ag2 ~ LP for 1 < p < 0.
The proof is an adaption to the polar grid of the standard Littlewood—Paley arguments
based on vector-valued Calderén—Zygmund theory (as in [S1], §4). We will refer to the
literature for the portions of the proofs that follow the usual lines.

We begin with a discussion of the polar maximal operator MP°!, defined by (2.38).

First we define polar regions E(rew, 0) for each 7,6 > 0 and § € R. If § < 7, let
B(rei? 5) = {se’¥ € R? : max(0,r — 6) < s < max(r +6,28), 0 — 6 < ¢ < 0 +d}.
If 6 > =, let
B(re'? §) = {se’¥ € R? : max(0,r — §) < s < max(r + 6,20), o € R}.

Observe that the class M of admissible sets, defined in §2, coincides with {B(re®, §) :
r,d > 0,0 € R}. Notice that

(8.1) if & > §/2 and B(re?,8') N B(se'¥,8) # 0, then B(re®,5) C B(se'?,55).
Also note that |B(re®, §)| = 46 max(r, §) min(4, 7), and hence

(8.2) |B(re'?,56)| < 125|B(re®, §)|.

(1

LEMMA 8.1. MP°! is of weak-type
f € LYR?) and X >0,

,1); d.e., there exists ¢ < oo such that for all

[ € R0} : MY f(2) > )] < S0 o
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Proof. We follow the proof in [S1], pp. 6-10, the only possibility for problems coming
from the fact that |B (re“’ 0)| depends on r as well as 4. In the covermg lemma ([S1],
p. 9), we still pick I; = B(IJ ,d;) inductively to be disjoint from U Il and to have §; at
least % the maximum possible among such sets. If 3°7%, [I;| < oo then lim; .« |;| =0,
so from 46% min(d;, 7) < |I;| we get lim; .o, §; = 0. So the same argument applies. m

LEMMA 8.2. Suppose f € L (R?). Then almost every x € R*\{0} has the prop-

erty that for any sequence {I} C . of admissible sets such that x € I; for all j and
lim;_. |I;| =0,

Tim ﬁ | sy = 1)

Proof. This follows from Lemma 8.1 as in [S1], §1.5. =

We have a notion of dyadic admissible sets. For pp € Z, let A, = {—2#,... 2" — 1} if
pw>0and A, ={0}if p <0. For p€Z, k€N, and m € A, let

Lim = {re® € R?*: (k—1)27#n < r < k27" 7, and 27 mm < 0 < 27 F71(m + 1)}
if p >0, and
Lo = {re? e R?: (k—1)27 1 <r < k27"m, € R}

if u < 0. Then for each p € Z, the sets {Ixm } k,m are disjoint and open with J, ,, f#km =
R?. We call a set I dyadic if and only if I = I,4,, for some u, k, m. The dyadic sets have
the nesting property:

(8.3) if I and J are dyadic and I N.J # (), then either I C J or J C I.

This leads to a version of the Calderon—Zygmund lemma.

LEMMA 8.3. Suppose f € L'(R?) and A\ > 0. Then there exist disjoint dyadic sets
{I;}; such that

(8.4) [f()| <A fora.e. xERQ\UIj,
J
(8.5) ST IF Il /A
J
and

(8.6) VIf@)de <8\ for ail j
I

1

|Z;]
Proof. Let O = {I dyadic: ||} S |f(y)ldy > A}. Let {I;}52; be the maximal sets
in O, i.e., those not contained in any larger set in 0. The disjointness follows by (8.3),
(8.4) follows by Lemma 8.2, and (8.5) by the definition of A and the disjointness, all in the
usual manner (see [S1], §3.2). Then (8.6) follows by the maximality as usual. The number
8 arises because |Ikm| > k272~ !7% min(2,27#) and if I}, is the unique dyadic set
| <8k272 173 min(2,277). So |I%,. |/ Lukm| < 8. m

We can now set up the notation needed for the proof of Theorem 8.8. Recall that for
peNgand feLP, 1< p< oo, we have defined operators R, and T), by R, f = (¢, f )"

and T, f = (¥,f), for {1320 and {¢,}52, as in (1.6)(1.8). The kernel K, of R,

I,,—1,j containing I,pm, then |I

pkm pkm
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satisfies the estimates (2.27) and (2.29), and the kernel of f#, which we will call L,
satisfies the same estimates. We define a map R on LP, 1 < p < oo, by

(8.7) Rf = {R#f}ff:o
and a map T on LP(€*) = {{fu};Zo : [{fulpZollzrez)y < o0}, where [[{fu}rollLe(ey =
1200 [ £ul?) 2 ore), by

(8:8) T{fulpe Z Tufu

It is not immediately clear how to interpret the right side of (8.8), but for p = 2 the next
lemma resolves this, and Lemmas 8.5 and 8.6 will handle the remaining cases. Note that

(8.9) [f1lag2 = 1Rl Lo (e2)-

LEMMA 8.4. (A) R: L?(R?) — L%(¢?) is bounded.
(B) T : L*(¢?) — L?*(R?) is bounded.

Proof. (A) follows immediately from (2.32). The proof of (B) is similar. The condi-
tions on ¢ and ¥ in (1.5) imply that there exist ¢1, 2 > 0 such that

a1 < (Z [Pule, ”)|2>1/2 < e
pn=0

for all (p,n) € [0,00) x Z. Using this and Lemma 2.3,

| iiqu; - %Zﬂiaw,n)ﬁ(g,n)\gm
=0 —
<oy S ZWM o,n)|? Zlfu o,n)*edo

nEZ 0 u=0
<ey S S 1o n)Pode = ¢ 3 V1l = cl{fudull ) m
neZ 0 p=0 u=0R2

The next step is the difficult part. We could treat both cases at once with a general
vector-valued approach (as in [S1]), but for simplicity we prefer to give an explicit argu-
ment in the first case and merely indicate the changes needed for the second. Of course
we are following the classical Calderén—Zygmund approach ([CZ]).

LEMMA 8.5. (A) R is of weak-type from L to L*(¢?); i.e., there exists ¢ < oo so that
for all f € LY(R?) and A > 0,

o (élRuf(w)|2)1/2> N

(B) T is of weak-type from L'(¢%) to L'; i.e., there exists ¢ < oo so that for all
{fu}oy € LY(£?) and A > 0,

{o+ | X Tutu@)| > 2} < S bl
neZ



Polar wavelets and Littlewood—Paley theory 45

Proof. (A) Fix f € L' and A > 0. Apply Lemma 8.3 to obtain disjoint {I;}32, and
properties (8.4)—(8.6). Forz € I}, let g(2) = fr, = |I;|~* Szv f(y)dy and b(z) = f(x)—f1,.
J
For x ¢ |J; I, let g(z) = f(z) and b(z) = 0. So f =g +b.
As in the standard case (see [S1], p. 31), (8.4)—(8.6) imply
(8.10) lgllZ= < eAll Sz
Then setting Rg(z) = {R.g(z)}72o, Chebyshev’s inequality, Lemma 8.4(A), and (8.10)
imply that
c
[{z - |Rg(@)llez > A/2} < Tl e

By Minkowski’s inequality for ¢2, it suffices to obtain a similar estimate for Rb(z). Write

I; = B(s;e'1,6;) and set I = B(s;e'#7,26;). By (8.5),
Uz
J

Let Vi = {z € R*\U, I} : [[Rb(x)[,> > A/2}. So the proof will be complete if we show
that

c
(s.11) Vil < Sl
Let bj = bxy,;. Then b = Zj b; and Sbj = 0 for each j. By Chebyshev’s and Minkowski’s

inequalities we have

2 2
(8.12) Vil < 5 | IRb@) e do <> 3 | 11Rb;(@)lee dav.
R2\Z; 17 J R2\17

&
< — 1.
< SIfll.

Since R, has kernel K, and Sbj = 0, we obtain

\11Rb;(@)le2 da
R2\I*
i . . _ _ _ 2\ 1/2
= S (Z‘ S[Kﬂ(reze,se“") — K, (re", s;e"9)|b;(se’?)s ds dw’ ) rdrdf
R\ #=0 I,
< S b (s€')|A;(se"?)s ds dyp
I;
for oo 1/2
Aj(se™?) = S (Z | K, (re?, set?) — K#(reie,sjei“’j)F) rdrdf,
R2\I* n=0
by Minkowski’s inequality and Fubini’s theorem.
Let B; = {re’ € R*\I : |[r —s;| > 26; and m > |0 — @;| > 26;}, C;j = {re €
RA\I¥ : |r — s;| > 26; and [0 — ;| < 26;}, and D; = {re® € R*\I7 : |r — s;| < 20; and
7> |0 — ¢;| > 28;}. So R®\I = B; UC; U Dj;. Fixing j for the moment, note that

oo ) ) ) . 1/2
()= (3 1Kulre?, 5¢') = K(re?, et
pn=0

o0
< Z |K#(T6w, se'?) — K#(Tew, s5;€"%7)).
pn=0
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If re’ € Bj and s'¢*®’ € I;, we have |r — §'| = |r — s;| and |e? — ¢¥¢'| = |¢? — ei%].
We apply the mean value theorem and note the symmetry of (2.25) and (2.29) under the
interchange of re'? and se’ to obtain, for se’? € 1;,

(%) < c8; > 2% (14 2¢]r — 5;[) 711 + 24’ — e"ei )7 (20r)
pn=0

Let k € Z be such that 27%~! < max(|r — s;|, ¥ — €¥]) < 27%. If k < 0, we have

(¥) < cdjr? ( Z 2‘”) 24k < céjr_123k <esirtr — 5j|_3/2|ei‘9 — ei“"f|_3/2.

pn=0
If £ >0,
k 0o
(%) < criléj(z 231 4 Z 27“24]“) < er10;2%F < edirr — 55732 — eei| 732,
pn=0 pn=k+1
Hence

S (+)rdr df < cd, S Ir— 5|73/ dr S 10— ;%2 d6
B;j lr—s;1>24; 10—¢;1>26;

< o020 = e

If re’® € C; and s'¢’?’ € I, then |r — s'| = |r — s, so

(%) < cd; Z 24 (1 4 21| — s4]) 4 (2Mr) L.
pn=0
Let k € Z satisfy 27%71 < |r —s;| < 27F. If k <0,
() < edjr 2% < ed 23R < edir T r — 547
If £ >0,

k o
() < cdjr? ( Z 2% + Z 2_“24]“) < edirm 23R < edir e — 557
pn=0 p=k+1

S (*)rdrdf < cf; S Ir —s;|"%dr S df < 05j6;26j =c.
¢ =226 10— p;1<25;

If re’® € Dj and s'¢’?’ € I, then [¢? — ¢’ | = |e? — i3], s0
oo
(%) < cd; Z 241 (1 4 2”|ei0 —etei|)Th(2rr) Tt < céjr_1|ei‘9 — eiPi |73,
pn=0
similarly to the C; case. So

S () drdf < cf; S dr S 0 — ;|2 do < c6§5;2 =c.
Dj Ir—s;1<28;  [0—p;]229;
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Therefore A;(se’?) < ¢, with ¢ independent of j and se’? € I;. Using this estimate above
gives

V IRb @) do < o { oyl d=c | |f = fr,| < {111

R2\ 1% I; I; I
So, by (8.12),
= c
Vil < ZS < 5l
: Ij

establishing (8.11) and completing the proof of (A).

We only outline the modifications needed to prove (B). We apply the Calderén—
Zygmund lemma (Lemma 8.3) to f = (372, |fu|?)'/? € L'. Then for each u we let
9u(x) = fu(z) if 2 & U, 1, gu(z) = (fu)r; if @ € I}, and set b, = f, — g,. Minkowski’s
inequality shows that

B > 1/2 2
(8.13) S0P < (1L (Y 1u@)?) dz) < ex?
HEZ I]‘ n=0
by (8.6) for f. So the usual methods give
{gu}ullrzez) < Al{fulllLrez)-

By Lemma 8.4(B) this gives the desired weak-type estimate for ZZOZO Tugw
We let b, ; = bux1, for each p, j We then have {, b, ; = 0. Then |{J; IF] is controlled

as above. Let V) = {z € R2\U D OT bu(z)] > A/2}. Then

2 ~
(8.14) Vil < B\ Z S ‘ Z Tyuby | da
J R2\1¢ n=0

Therefore for re® & I* (with I; = B(s;e'?3,6;), I7 similarly with 24;)

Z |Tubu7j (rei9)|

n=0

= 3 | VILulre se'®) = Lu(re', 5,670, (5¢"%) s ds do

IN
NN
/
[]e
=~

, , . , 1/2 4 & , 1/2
u(re® 5e') = Lu(re® s ) (3 ug(se)[?) s dsdo,
pn=0

which can be handled as above, since L, satisfies the same estimates as K,. Using this
estimate in (8.14) and integrating as above gives

W= 5T (o) 2 52§ (S 18E) " < Sl

j=11; p=0 j=11; np=0

where we have used [|b,,,jlle> < || fullez +1/(fu)1; |2 on I, and the first part of (8.13). The
estimate for |V}\| completes the proof. m

The rest follows easily now.
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THEOREM 8.6. Suppose 1 < p < 2. Then

(8.15) R: LP(R?) — LP(¢?) is bounded,
(8.16) T : LP(£%) — LP(R?) is bounded,
and

(8.17) A22 ~ LP.

Proof. A straightforward adaptation of the Marcinkiewicz interpolation theorem
([S1], pp. 20-22) to the vector-valued case gives (8.15)—(8.16). Hence if f € LP then
[fllagz < cl[f][zr by (8.9) and (8.15). Conversely, if f € A% (= L? N AY?) then since

ZZOZO @#(g,n){b\#(g, n) = 1 (the conjugate of (1.11)), we have the Calderén identity
f= Zzozo TuRuf =ToR(f). So
[ flle =T 0 R(f)lzr < | Rf||Loezy = cll f]| a2

by (8.16) and (8.9). So || fllzr = [ f]| a2 on the set L?NLP = [? N AY?, which is dense in
both L? and A9?. So we can identify LP with A%* and obtain (8.17). m

Duality provides the last step.

THEOREM 8.7. Suppose 2 < p < co. Then (8.15)—(8.17) hold.

Proof. Let p’ be the conjugate index to p, i.e., p~! +p'~! = 1. Suppose f € LP. Let

B={g={gu};z0: ”{g#}HLP’(g?) <1}

By the well-known duality (L?(£2))* ~ L¥' (£2) (see e.g. [E], 8.20.5), we have
RS buloceny ~ sup| S (R f, 90|
geEB u=0
Letting EH be defined by (2.33), we have, by a polarization of (2.16),

(Ryuf g =27 YV (8.F5,) (0, n)odo = (f, Rug,).

n=0

But éu has all the properties of 1;# (their definitions being indistinguishable), so by the
analogue of (8.16),

[ee)
|52 s, < lltadidlen < e
l[,:

So -
R Yl oy = sup [(£.37 Rugu )| < ell s
geB u=0

by Hoélder’s inequality. This proves (8.15). For (8.16), the argument is similar but easier
since we only need (LP)* ~ LY, (Tyufu,9) = (fu,Tpug), the Cauchy-Schwarz inequality,
Hélder’s inequality, and (8.15) for 7}, in place of T),. Finally, (8.17) follows from (8.15)-

(8.16) as in Theorem 8.6. m
We have therefore proved Theorem 8.8, stated in §1.
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9. Conclusion

Here we discuss some problems suggested by this paper. We start with the particular
and work toward the general and open-ended.

For the usual Triebel-Lizorkin spaces F5¢, we have F)> ~ L?, 1 < p < cc. So from
§8, we have A? ~ F)?, 1 < p < co. Does this continue to hold for 0 < p < 1, for which
it is well known that F£2 ~ HP? Is it true for ¢ # 2 that qu ~ ng? The a index in A7
reflects the action of the nonstandard potential operator P® based on A, +9?/36?; that

is, by the discussion of the FHT in §1,

~

P2f=((1+®+n¥)f(o,n)Y = (I - A, — 0%/06%) .

For the F* spaces, the a index reflects the action of the usual potential operator based
on the standard Laplacian A, +r729%/902, so we do not expect an equivalence between
Ap? and F? to carry over to a # 0.

A technical issue is raised by comparison with the fact that the F;*Y norm is defined
(possibly co) for all f € &', since it is defined via convolution with a test function. What
is the corresponding distribution class for A7?? Similarly for the ¢-transform or Meyer’s
wavelets, the coefficients (f, o) are defined for all f € S’ since ¢, € S. However, in
the polar case, ¢, rm is not continuous at the origin. This is the reason for resorting to
the completion of L? to define Ap9. Moreover, this is our only reason to avoid defining
Ap? when g = oo, since we do not expect the density of L? in this case.

There are many other aspects of the F? theory that could be studied in the Aj?
context. Many of them should be straightforward, such as duality and interpolation.
Other aspects may not be so easy to carry over. For example, what is the atomic and
molecular theory for A%? (cf. [FJ3], [FJ4], and the radial case in [EF], §3). How much
operator analysis, as in [FJ3], §10, carries over? What form does the T1 theorm ([DJ])
take in this context?

With Meyer’s orthonormal wavelets in mind, we must naturally ask if there is an
orthonormal decomposition with the same three basic properties we have noted in §1 for
our polar wavelet decomposition. If so, we expect the Littlewood-Paley theory of A4
developed here to be the natural function space framework for such a decomposition.

We have only considered R? in this paper. What is the analogous theory for R",
n > 27 Presumably the spherical harmonics play the role of the trigonometric system.
Still the generalization is by no means obvious. For example, it is trivial to evenly space
out sample points on the unit circle S C R2, but not so clear how to pick a good sample
set in S"1 C R", n > 2.

Beyond this, for what sort of manifolds can something like this be carried out? The
sampling theory approach avoids a dependence on an underlying group structure, which
seems to be necessary for orthonormal wavelet analysis. Some aspects of the Triebel-
Lizorkin theory on manifolds are discussed in [T2]. We expect this and the work in [Se-S]
to be helpful in any further work in this direction.

We hope to return to some of these questions in the future.
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