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Abstract

We develop an almost orthogonal wavelet-type expansion in R2 which is adapted to polar
coordinates. We start by defining a product Fourier–Hankel transform f̂ and proving a sampling
formula for f such that f̂ is compactly supported. For general f , the sampling formula and
a partition of unity lead to an identity of the form f =

∑
µ,k,m〈f, ϕµkm〉ψµkm, in which each

function ϕµkm and ψµkm is concentrated near a certain annular sector, has compactly supported
product Fourier–Hankel transform, and is smooth away from the origin.

We introduce polar function spacesAαqp , analogous to the usual Littlewood–Paley spaces. We
show that A02

p ≈ Lp, 1< p<∞. We prove that f ∈Aαqp if and only if a certain size condition on
the coefficients {〈f, ϕµkm〉}µ,k,m holds. A certain class of almost diagonal operators is shown to
be bounded on Aαqp , which yields a product Fourier–Hankel transform multiplier theorem. Using

this, we identify a polar potential operator Pα which maps Aβqp isomorphically onto Aα+β,q
p .
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1. Introduction and main results

In the last decade or so, there has been a rapid development of wavelet theory, as
both a theoretical and practical method in areas as diverse as harmonic analysis, signal
and image processing, numerical partial differential equations, turbulence theory, con-
structive quantum field theory, fluid mechanics, statistics, and fractal geometry. A few
of the many references are [D2], [M2], [R], [Ch], and [BF]. In standard wavelet theory,
a function f on Rn is written as a linear combination of representing functions of the
form ψµk(x) = 2µn/2ψ(2µx − k), where the scale parameter µ runs through Z, and k,
the location parameter, runs through Zn. The coefficient of ψµk is 〈f, ϕµk〉, where the
analyzing functions {ϕµk} are obtained from a single ϕ by translation and dilation as for
ψµk. We single out three critical features of the wavelet expansion. First, ψµk and ϕµk are
spatially localized, decaying rapidly, on a scale of 2−µ, away from the point 2−µk. Second,
the Fourier transforms of ψµk and ϕµk are localized near the band where |ξ| ≈ 2µ. Third,
by methods based on Littlewood–Paley–Stein theory, f belongs to Lp, 1 < p < ∞, if
and only if the magnitudes of the wavelet coefficients satisfy a certain size condition (and
similarly for other spaces, e.g. Hardy and Sobolev spaces). See [M2] or [FJW] for precise
statements. Note that the standard wavelet decomposition is based on the dyadic grid,
although there are variations based on more general lattices (see e.g. [Str]).

Recently there has been interest in wavelets tailored to specific situations. One ex-
ample is the construction of wavelets on closed sets by Meyer ([M3]). Another is Battle
and Federbush’s construction ([BaF]) of divergence-free vector wavelets in R3. Federbush
uses this ([F]) in finding solutions to Navier–Stokes equations.

In [EF], we consider the decomposition of radial functions or tempered distributions
on R3 in terms of radial wavelets. This decomposition retains the three properties above
of spatial localization (near annuli this time), frequency localization, and the existence
of explicit function space norm characterizations. To obtain this decomposition, we were
not able to mimic Meyer’s original construction of orthonormal wavelets [M1] or its sub-
sequent generalizations ([Ma], [D1]), since these all seem to rely on an underlying lattice
structure. Instead we followed the slightly earlier approach related to the ϕ-transform
[FJ1–3], which used sampling theory to obtain an almost orthogonal expansion of the
same form as the wavelet expansion.

In this paper we present a polar coordinates wavelet decomposition in two dimensions
which is an extension of the radial wavelet transform, and which is suitable for problems
that are best treated in polar coordinates. In particular our polar wavelet decomposition
satisfies appropriate analogues of the three basic properties noted above. Further, we
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develop a polar Littlewood–Paley theory which supplies the right context for certain
precise relationships we obtain relating the properties of f to the size of its polar wavelet
coefficients.

We follow the sampling theory approach noted above, except that the role usually
played by the Fourier transform is now taken by what we call the product Fourier–Hankel

transform (abbreviated FHT). For f : R2 → C, ̺ ∈ [0,∞), and n ∈ Z, we define the FHT

f̂ formally by

f̂(̺, n) =

∞\
0

2π\
0

f(seiθ)J0(s̺)e
−inθ dθ

2π
s ds,(1.1)

where J0 is the Bessel function of order 0 (see §2 for the definition). Note we write seiθ

for points in R2 ≈ C. If f ∈ L2(R2), then f̂(̺, n) ∈ L2([0,∞) × Z), defined with the
natural inner product

〈F,G〉 =
∑

n∈Z

∞\
0

F (̺, n)G(̺, n)̺ d̺.(1.2)

We reserve the notation ∧ throughout for the FHT; we use F to denote the Fourier
transform Ff(ξ) =

T
R2 f(x)e−ix·ξ dx. The inverse product Fourier–Hankel transform,

denoted ∨, is defined on R2 \ {0} formally for g : [0,∞) × Z → C by

ǧ(reiθ) =
∑

n∈Z

∞\
0

g(̺, n)J0(̺r)̺ d̺ e
inθ .(1.3)

If f ∈ L2(R2) we have f = (f̂ )∨ in the L2-sense. For this (and the precise definitions),
see Lemma 2.3.

Since the FHT is not standard, but plays a central role in this paper, a few comments
are in order. The FHT does have a close relative in classical Fourier analysis. Suppose
we expand,

f(reiθ) =
∑

n∈Z

gn(r)e
inθ =

∑

n∈Z

∞\
0

F (̺, n)Jn(̺r)̺ d̺ einθ,

where Jn is the Bessel function of order n. Let hn(re
iθ) = gn(r)e

inθ . Then Fhn(̺ eiϕ) =
2π(−i)neinϕF (̺, n) (cf. [H], p. 81). Because of the simple interpretation of F (̺, n) in
terms of the Fourier transform on R2, it is tempting to work with the map f 7→ F
instead of f 7→ f̂ . The problem is that we do not obtain a sampling formula (like our
Theorem 3.1) connected with f 7→ F , due to the mixing of the different order Bessel
functions. The FHT, however, also has a simple interpretation. For r > 0,

gn(r) =

2π\
0

f(reiθ)e−inθ dθ/2π

is the nth Fourier coefficient of the restriction of f to the circle {x ∈ R2 : |x| = r}.
If gext

n is the radial extension of gn to R
2, then f̂(̺, n) =

T∞
0
gn(r)J0(r̺)r dr is the R

2

Fourier transform of gext
n (see (2.3)). In particular, if f is radial to start with, then

g0(r) = f(reiθ) for any θ and gn(r) ≡ 0 for n 6= 0, so f̂(̺, 0) = Ff(̺eiθ) for any θ. In

general f̂(̺, n) gives a joint analysis of the angular and radial variations of f . Note that
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the FHT simultaneously diagonalizes the differential operators ∂/∂θ and

∆r ≡
∂2

∂r2
+

1

r

∂

∂r

(the radial part of the Laplacian). Indeed, for nice enough f , integration by parts shows
that (

∂f

∂θ

)∧

(̺, n) = inf̂(̺, n)

and, since J0 satisfies J ′′
0 (t) + 1

t J
′
0(t) = −J0(t),

(∆rf)∧(̺, n) = −̺2f̂(̺, n).

Most sampling theorems require suppFf to be compact. Thus our basic sampling
result is perhaps of interest in its own right because it holds under the assumption that
the FHT f̂ is compactly supported. For B > 0 and N ∈ N, we say that f : R2 → C is
(B,N)-bandlimited if supp f̂ ⊆ [0, B] × {n ∈ Z : −N ≤ n ≤ N − 1}. If f ∈ L2(R2), so

that f̂ ∈ L2([0,∞) × Z), then bandlimitedness of f implies f̂ ∈ L1([0,∞) × Z). Then

(f̂ )∨(x) is defined and continuous at each x ∈ R2 \ {0}. In this case we identify f with

the representative (f̂ )∨ of its L2-equivalence class, so that the sample values of f away
from 0 are defined. Let j1 < j2 < . . . < jk < . . . be the positive zeroes of J0, and set
bk =

√
2/J1(jk), where J1 is the Bessel function of order 1 (see §2).

Theorem 3.1 (Polar sampling formula). Let B > 0 and N ∈ N. Suppose f, g ∈
L2(R2), and f and g are (B,N)-bandlimited. Then

(f̂ ĝ)∨(reiθ)(1.4)

=
1

2NB2

∞∑

k=1

N−1∑

m=−N

b2kf(jke
iπm/N/B)

N−1∑

n=−N

B\
0

ĝ(̺, n)J0(jk̺/B)J0(r̺)̺ d̺ e
in(θ−πm/N).

The sum on the right side of (1.5) converges uniformly on R2 \{0} to the left side. If also

g ∈ L1(R2), the convergence is in L2 as well.

To see this as a sampling theorem, take ĝ identically 1 on supp f̂ , so the left side of
(1.4) is just f . We obtain a formula analogous to the classical Shannon sampling theorem,
with the sinc functions replaced by functions of the form

N−1∑

n=−N

B\
0

J0(jk̺/B)J0(r̺)̺ d̺ e
in(θ−πm/N).

Then (1.4) shows that f is determined by its sample values

{f(jk e
iπm/N/B)}k∈N,−N≤m≤N−1.

Note that these points form an approximate polar grid (see (2.7)). This formula should
be compared with the result in [H], p. 81.

The ϕ-transform identity is obtained by applying a partition of unity to the Fourier
transform, and using a standard rectangular sampling theorem (see [FJ1] or [FJW]). We
do the same thing with the FHT and Theorem 3.1. It turns out to be convenient to
construct the FHT partition of unity from the usual one for the Fourier transform. We
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select radial functions Φ, Ψ, ϕ, ψ ∈ S(R2) such that

(i) ϕ, ψ, Φ, Ψ ∈ S(R2),

(ii) ϕ, ψ, Φ, Ψ are radial,

(iii) suppFΦ,FΨ ⊆ {ξ : |ξ| ≤ 1},
(iv) suppFϕ,Fψ ⊆ {ξ : 1/4 ≤ |ξ| ≤ 1},
(v) |(FΦ)(ξ)|, |(FΨ)(ξ)| ≥ c > 0 if |ξ| ≤ 5/6,

(vi) |(Fϕ)(ξ)|, |(Fψ)(ξ)| ≥ c > 0 if 3/10 ≤ |ξ| ≤ 5/6,

(vii) (FΦ)(ξ)(FΨ)(ξ) +
∞∑

µ=1

(Fϕ)(2−µξ)(Fψ)(2−µξ) = 1, ∀ξ ∈ R
2.

(1.5)

(This is possible; see e.g. [FJ3], §12.) Now regard (̺, n) ∈ [0,∞) × Z as a point in the
right half-plane of R2, and define {ϕµ}∞µ=0 and {ψµ}∞µ=0 by

ϕ̂0(̺, n) = (FΦ)(̺, n), ψ̂0(̺, n) = (FΨ)(̺, n),(1.6)

and for µ ≥ 1,

ϕ̂µ(̺, n) = (Fϕ)(2−µ̺, 2−µn),(1.7)

ψ̂µ(̺, n) = (Fψ)(2−µ̺, 2−µn).(1.8)

Since ϕ̂µ and ψ̂µ are bounded with compact support, ϕµ = (ϕ̂µ)
∨ and ψµ = (ψ̂µ)

∨ are
defined pointwise on R

2 \ {0}. Our definitions easily imply that

supp ϕ̂0, supp ψ̂0 ⊆ [0, 1]× {0},(1.9)

supp ϕ̂µ, supp ψ̂µ ⊆ {(̺, n) ∈ [0,∞) × Z : 2µ−2 ≤ (̺2 + n2)1/2 ≤ 2µ},(1.10)

for µ ≥ 1, and

∞∑

µ=0

ϕ̂µ(̺, n)ψ̂µ(̺, n) = 1 for all (̺, n) ∈ [0,∞) × Z.(1.11)

By (1.11) we have, formally,

f =
∞∑

µ=0

(ϕ̂µψ̂µf̂ )∨.(1.12)

This is our analogue of the Calderón formula. We will see (Lemma 2.10) that for f ∈ Lp,
1 < p <∞, (1.12) holds a.e. and in the sense of Lp convergence.

Let Aµ = {n ∈ Z : −2µ ≤ n ≤ 2µ − 1}. For µ ∈ N0 ≡ N ∪ {0}, k ∈ N, m ∈ Aµ, and
reiθ ∈ R2 \ {0}, define

ϕµkm(reiθ) =
bk2

−3µ/2

2
√
π

∑

n∈Z

∞\
0

ϕ̂µ(̺, n)J0(r̺)J0(jk2
−µ̺)̺ d̺ ein(θ−π2−µm)(1.13)

and similarly

ψµkm(reiθ) =
bk2

−3µ/2

2
√
π

∑

n∈Z

∞\
0

ψ̂µ(̺, n)J0(r̺)J0(jk2
−µ̺)̺ d̺ ein(θ−π2−µm).(1.14)
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Note that the sums and integrals in (1.13)–(14) are actually finite, by (1.9)–(1.10). Define
ϕµkm and ψµkm to be 0 at the origin, since they cannot be made continuous there. We
will see (after Lemma 2.5) that for r > 0 and each M > 0, there exists cM > 0 such that

|ϕµkm(reiθ)|, |ψµkm(reiθ)|(1.15)

≤ cM bk2
3µ/2(1 + 2µ|eiθ − eiπ2−µm|)−M (1 + 2µ|r − 2−µjk|)−M/max(2µr, jk).

It follows that
‖ϕµkm‖L2 , ‖ψµkm‖L2 ≤ c,(1.16)

with c independent of µ, k, and m.
We obtain our basic identity by applying Theorem 3.1 to each term in (1.12). For

convenience, we state an L2 version, although later this will be generalized.

Theorem 3.2 (Polar wavelet identity). Suppose f ∈ L2(R2). Then

f =

∞∑

µ=0

∞∑

k=1

∑

m∈Aµ

〈f, ϕµkm〉ψµkm,(1.17)

where the sum over k converges uniformly on R2 \ {0} and in L2 for each µ, and the sum

over µ converges a.e. and in L2. If also f ∈ Lp, 1 < p <∞, the sum converges in Lp.

For µ ∈ N0, k ∈ N, and m ∈ Aµ, define the annular sector

Rµkm = {reiθ ∈ R
2 : 2−µjk−1 < r < 2−µjk and 2−µπm < θ < 2−µπ(m+ 1)},(1.18)

where we use the nonstandard convention that j0 = 0 (so Rµ1m is a fact a circular wedge
rather than an annular sector). Then (1.15) shows that ϕµkm and ψµkm are concentrated
near Rµkm, decaying at a scale of 2−µ away from Rµkm in both the angular and radial
directions. In fact they are C∞ away from the origin and satisfy

∣∣∣∣
∂l

∂rl
∂n

∂θn
ϕµkm(reiθ)

∣∣∣∣,
∣∣∣∣
∂l

∂rl
∂n

∂θn
ψµkm(reiθ)

∣∣∣∣(1.19)

≤ cM2µ(l+n)bkj
−1
k 23µ/2(1 + 2µ|eiθ − eiπ2−µm|)−M (1 + 2µ|r − 2−µjk|)−M

for r>0 and each l≥0, n≥0, and M>0. This is the basic spatial localization property
of the identity (1.17) that we regard as natural for polar analysis.

Observe that if we set gµkm(̺, n) = J0(jk2
−µ̺)e−iπ2−µmn, then

ϕµkm = bk2
−3µ/2(2

√
π)−1(ϕ̂µgµkm)∨ and ψµkm = bk2

−3µ/2(2
√
π)−1(ψ̂µgµkm)∨.

Hence supp ϕ̂µkm ⊆ supp ϕ̂µ and supp ψ̂µkm ⊆ supp ψ̂µ; i.e. by (1.9)–(1.10),

supp ϕ̂0km, supp ψ̂0km ⊆ [0, 1] × {0},
and

supp ϕ̂µkm, supp ψ̂µkm ⊆ {(̺, n) ∈ [0,∞) × Z : 2µ−2 ≤ |(̺, n)| ≤ 2µ}.
This is our polar analogue of the frequency localization property for standard wavelets.
Another property of interest is that\

R2

ϕµkm = 0 =
\

R2

ψµkm for all µ ≥ 1, k ∈ N, and m ∈ Aµ.(1.20)
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Now we turn to the key issue of how the function space properties of f are reflected
in the size of its coefficients {〈f, ϕµkm〉}µ,k,m in (1.17). In the standard ϕ-transform or
wavelet case, results for many classical spaces (e.g. Lp, 1 < p < ∞, Hardy, and Sobolov
spaces) can be generalized and treated systematically by considering the Triebel–Lizorkin
spaces Fαqp (see [T1] and [FJ3]). These are defined via the norm

‖f‖Fαq
p (Rn) = ‖Φ ∗ f‖Lp +

∥∥∥
( ∞∑

µ=1

(2µα|ϕ∗
µ ∗ f |)q

)1/q∥∥∥
Lp
,

where ϕ∗
µ(x) = 2µnϕ(2µx), with ϕ and Φ as above. For example, F 02

p ≈ Lp, 1 < p < ∞,
by Littlewood–Paley methods (see [T1]). For the polar setting, the analogue of the

convolution ϕ∗
µ ∗f is the FHT multiplier (ϕ̂µf̂ )∨. For α ∈ R and 0 < p, q <∞, we define

(initially for f ∈ L2(R2))

‖f‖Aαq
p

=
∥∥∥
( ∞∑

µ=0

|2µα(ϕ̂µf̂ )∨|q
)1/q∥∥∥

Lp
.

We define Aαqp to be the completion of Aαq
p = {f ∈ L2 : ‖f‖Aαq

p
< ∞} with respect to

‖ · ‖Aαq
p

. Then Aαqp is a quasi-Banach space in general and a Banach space if 1≤p, q<∞.
We will show (Theorem 5.5) that Aαqp is independent of the choice of {ϕµ}∞µ=0, given

that {ϕµ}∞µ=0 is obtained from some ϕ and Φ satisfying the conditions in (1.5). Also, the
following shows that the Aαqp scale does intersect the classical spaces.

Theorem 8.8. For 1 < p <∞, Lp ≈ A02
p .

Here ≈ means the spaces are isomorphic and the norms are equivalent.
We define sequence spaces aαqp associated with Aαqp in analogy to the spaces fαqp

associated to the Triebel spaces Fαqp (see [FJ3]). For a sequence

s = {sµkm}µ∈N0,k∈N,m∈Aµ
,

define

‖s‖aαq
p

=
∥∥∥
( ∑

µ,k,m

(2µα|sµkm|χ̃µkm)q
)1/q∥∥∥

Lp
,

where χ̃µkm = |Rµkm|−1/2χRµkm. Clearly aαqp is a quasi-Banach space (Banach if
1 ≤ p, q <∞).

Theorem 6.3. Suppose α ∈ R, 0 < p, q < ∞ and f ∈ L2(R2). For µ ∈ N0, k ∈ N,
and m ∈ Aµ, let sµkm = 〈f, ϕµkm〉 and let s = {sµkm}µ,k,m. Then

‖f‖Aαq
p

≈ ‖s‖aαq
p
.(1.21)

We can then extend this and Theorem 3.2 to all of Aαqp .

Theorem 6.4. Suppose α ∈ R, 0 < p, q < ∞ and f ∈ Aαqp . Let s be as in Theorem

6.3. Then (1.17) and (1.21) hold. The equality (1.17) holds in the sense that if

fN =

N∑

µ=0

N∑

k=1

∑

m∈Aµ

〈f, ϕµkm〉ψµkm,

then fN converges to f in the Aαqp quasi-norm.
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Having this relationship between Aαqp and the sequence space aαqp allows us to study
linear operators on Aαqp in terms of corresponding matrices, as in the rectangular case of
Fαqp and fαqp (see [FJ3] and [FJ4]). A matrix B acting on aαqp has the form B={bνln;µkm},
with ν, µ ∈ N0, l, k ∈ N, n ∈ Aν and m ∈ Aµ. For s = {sµkm}µ,k,m, define

(Bs)νln =
∑

µ,k,m

bνln;µkmsµkm

and Bs = {(Bs)νln}, if the series converges absolutely for each ν, l, and n. In [FJ3],
there is a condition, called almost diagonality, on the decay of a matrix, that implies its
boundedness on fαqp . We have a similar result. For α ∈ R and 0 < p, q < ∞ fixed, set
J = 2/min(1, p, q). Also, for j ∈ Z, define χj on N by setting χj ≡ 0 if j < 0, while if
j ≥ 0, let χj(k) = 1 if 1 ≤ k ≤ 2j and χj(k) = 0 otherwise. For ε > 0, define

ωνln;µkm(ε) = |Rνln|1/2|Rµkm|−1/22(µ−ν)αmin(2(ν−µ)(J+ε), 2(µ−ν)ε)(1.22)

×(1 + min(2µ, 2ν)|eiπ2−νn − eiπ2−µm|)−1−ε−J/2(1 + min(2µ, 2ν)|2−νjl − 2−µjk|)−J−ε
×(1 + (2(ν−µ)J/2 − 1)χµ−ν(k)).

We say that a matrix B = {bνln;µkm} is almost diagonal on aαqp if there exists some ε > 0
and c > 0 such that

|bνln;µkm| ≤ c ωνln;µkm(ε)

for all ν, l, n, µ, k, and m.

Theorem 4.2. Suppose α ∈ R, 0 < p, q <∞, and B is an almost diagonal matrix on

aαqp . Then B is bounded on aαqp .

Associated with a linear operator T on Aαqp (which we assume is L2-bounded, for
simplicity) is the matrix B = {bνln;µkm}, where

bνln;µkm = 〈Tψµkm, ϕνln〉.

Theorems 6.3 and 6.4 easily imply that if B is bounded on aαqp , then T is bounded on
Aαqp . We say that T is almost diagonal on Aαqp if the associated matrix is almost diagonal
on aαqp . Such an operator T is bounded, by Theorem 4.2. We use this fact to obtain a
criterion for boundedness of an FHT multiplier operator. A bounded function m(̺, n),
̺ ∈ [0,∞), n ∈ Z, is called an FHT multiplier for Aαqp if the operator Tm defined by

Tmf = (mf̂ )∨ satisfies ‖Tmf‖Aαq
p

≤ c‖f‖Aαq
p

for f ∈ L2. If so, Tm extends to a bounded
operator on all of Aαqp .

For µ ∈ N0 and g : [0,∞) × 2−µZ → C, define the difference operator Dµ,ξ by

(Dµ,ξg)(̺, ξ) = 2µ[g(̺, ξ) − g(̺, ξ − 2−µ)].

Theorem 7.2. Suppose α ∈ R, 0 < p, q < ∞, L ∈ 2Z, L > J + 2, and K > J/2 + 1,
where J = 2/min(1, p, q). Suppose m : [0,∞)×Z → C is given. Define m∗ : R2 ×Z → C

by m∗(x, n) = m(|x|, n). For µ ∈ N, let m∗
µ(x, ξ) = m∗(2µx, 2µξ). Assume also

∂βxm
∗(x, n) =

∂β1

∂xβ1

1

∂β2

∂xβ2

2

m∗(x, n) exists and is continuous for x ∈ R
2,(1.23)
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for each n ∈ Z and each multi-index β = (β1, β2) such that |β| = β1 + β2 ≤ L,

max
|β|≤L

\
{x:|x|≤1}

|∂βxm∗(x, 0)| dx <∞,(1.24)

and

sup
µ∈N

max
k=0,1,...,K

|β|≤L

2−µ
\

R2

∑

ξ∈2−µZ

|(Dµ,ξ)
k∂βxm

∗
µ(x, ξ)|χ(x, ξ) dx <∞,(1.25)

where χ(x, ξ)=1 if 1/4≤ (|x|2 +ξ2)1/2≤ 1 and 0 otherwise. Then Tm is almost diagonal ,
hence m is an FHT multiplier , on Aαqp .

The conditions (1.23)–(1.24) are analogous to the L1-Mikhlin condition for bounded
Fourier multipliers on Fαqp in [FJ3], Example 9.19. We have adapted the procedure there
because it is relatively simple and yields a result satisfactory for most purposes. However,
in §10 of [FJ3] there are some sharper results in the Fαqp context, including the familiar
Hörmander result. Probably these methods can be adapted to the FHT setting to sharpen
Theorem 7.2.

We can now describe the meaning of the α index for the spaces Aαqp . In the rect-

angular case, the Bessel potential Jα defined by (FJαf)(ξ) = (1 + |ξ|2)−α/2Ff(ξ) is
an isomorphism from F βqp to Fα+β,q

p . For the Aαqp spaces, Jα is replaced by a potential
operator Pα defined via the FHT by

(Pαf)∧(̺, n) = (1 + ̺2 + n2)−α/2f̂(̺, n).

We use a boundedness result that follows from Theorem 7.2 to establish the following.

Theorem 7.3. Suppose α, β ∈ R and 0 < p, q <∞. Then

Pα : Aβqp → Aα+β,q
p

is a topological isomorphism.

As noted above, if f is radial, then f̂(̺, n) = 0 for n 6= 0 and f̂(̺, 0) = Ff(̺eiθ).
Hence in this case Pαf = Jαf . Then Theorems 7.3 and 8.8 imply that ‖f‖Aα2

p
≈ ‖f‖Lp

α

for α ∈ R and 1 < p <∞ if f is radial.
The remainder of the paper is organized as follows. Section 2 contains a number of

basic facts and technical estimates that are needed throughout the paper. The basic sam-
pling theorem and polar wavelet identity are proved in §3. In §4 we prove the boundedness
of almost diagonal matrices on the sequence spaces aαqp . We obtain an analogue for Aαqp
of Peetre’s maximal function characterization of Fαqp ([P]) in §5. This result is used to
prove the main norm-equivalence result in §6. The FHT multiplier theorem is proved in
§7, as is Theorem 7.3 concerning Pα. In §8 we prove that A02

p ≈ Lp for 1 < p < ∞.
Finally, in §9 we describe some open problems and directions for further research.

2. Preliminaries

We begin with some basic facts about Bessel functions which can be found in many
places, e.g., [W], [SW], or summarized in [EF].
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Let dσt denote (unnormalized) Lebesgue measure on the circle {z ∈ R2 : |z| = t}, i.e.,
so that

T
dσt = 2πt. Let J0 be the Bessel function of order 0, defined for x ∈ R by

J0(x) =
1

π

1\
−1

(1 − t2)−1/2eixt dt.(2.1)

Then for ξ ∈ R2,
(Fσt)(ξ) = 2πt J0(t|ξ|).(2.2)

If f : R2 → C is radial, i.e. f(x) = f0(|x|), then

(Ff)(ξ) = 2π

∞\
0

f0(̺)J0(̺|ξ|)̺ d̺.(2.3)

This suggests the definition of the 0th order Hankel transform H . For f0 : [0,∞) → C,
define Hf0 : [0,∞) → C (initially on L1([0,∞), rdr) and extended to L2 as below) by

Hf0(r) =

∞\
0

f0(̺)J0(̺r)̺ d̺.(2.4)

If we define f : R2 → C by f(x) = f0(|x|), then by (2.3) we have, for any θ ∈ R,

Hf0(r) = (2π)−1(Ff)(reiθ) = 2π(F−1f)(reiθ),(2.5)

and, hence,
H ◦H is the identity operator.(2.6)

To be precise about this, note that f0 ∈ L2([0,∞), ̺ d̺) if and only if f ∈ L2(R2), and

similarly for L1. So for f0, Hf0 is the limit in L2 as ε→ 0 of
T1/ε
ε

f0(̺)J0(̺r)̺ d̺ (which

is defined pointwise for each ε > 0) and (2.6) holds on L2([0,∞), ̺ d̺).
Let j1 < j2 < . . . be the positive zeroes of J0 (usually denoted j0,k instead of jk).

Then
jk = (k − 1/4)π +O(1/k).(2.7)

For k ∈ N, let bk =
√

2/J1(jk), where J1 is the Bessel function of order 1, and let

hk(x) = bkJ0(jkx).(2.8)

The collection {hk}∞k=1 forms a complete orthonormal basis for L2([0, 1], ̺ d̺). The con-
stants {bk}∞k=1 satisfy (see [EF])

|bk| ≈ j
1/2
k ,(2.9)

where ≈ means that there are constants c1, c2 > 0, independent of k, such that c1 ≤
|bk|/j1/2k ≤ c2 for all k.

We also need the following estimate.

Lemma 2.1. Suppose f : R2 → C satisfies |f(x)| ≤ (1 + |x|)−M−1 for all x ∈ R2, for

some M > 0. Then for 0 < ε < M there exists cM <∞ such that

|f ∗ dσt(x)| ≤ cM,εmin(1, t)(1 + ||x| − t|)−M+ε

for all x ∈ R2 and t > 0.
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P r o o f. For t ≥ 1, this is Lemma 2.3 in [EF] (stated there for f radial, but clearly
the result follows for f having the stated radial majorant). For t < 1, if |y| = t we have
|f(x− y)| ≤ c(1 + |x|)−M−2, so

|f ∗ dσt(x)| ≤
\

{|y|=t}

|f(x− y)|dσt(y) ≤ c(1 + |x|)−M−2
\
dσt,

giving the result.

The next lemma gives an estimate that will be used repeatedly. Recall the definition
of Dµ,ξ (before the statement in §1 of Theorem 7.2) and let

∆̺ =
∂2

∂̺2
+

1

̺

∂

∂̺
.

Lemma 2.2. Suppose µ ∈ N0, L,K ∈ Z, L ≥ 1, andK ≥ 0. Given f : [0,∞)×2−µZ →
C, define F : R2 × 2−µZ → C by F (x, ξ) = f(|x|, ξ). Suppose ∂βxF (x, ξ) exists and is

continuous on R2, for each ξ ∈ 2−µZ, and\
R2

∑

ξ∈2−µZ

|∂βxF (x, ξ)| dx <∞,(2.10)

for all β = (β1, β2) such that β1 + β2 ≤ 2L. Define

Bµ = max
l=0,L
k=0,K

2−µ
∞\
0

∑

ξ∈2−µZ

|(Dµ,ξ)
(k)(∆̺)

(l)f(̺, ξ)|̺ d̺.

Then there exists c independent of µ such that

∣∣∣
∑

ξ∈2−µZ

∞\
0

f(̺, ξ)ei2
µξθJ0(2

µr̺)J0(2
µ̺s)̺ d̺

∣∣∣(2.11)

≤ c2µBµ(1 + 2µ|eiθ − 1|)−K(1 + 2µ|r − s|)−2L+2/max(1, 2µr, 2µs)

for each r, s > 0 and θ ∈ R.

P r o o f. Let gθ(x) =
∑
ξ∈2−µZ

F (x, ξ)ei2
µξθ for θ ∈ R. Then gθ is a radial L1 function

on R2. By (2.2),

gθ(x)J0(2
µr|x|) = (2π2µr)−1F−1(Fgθ ∗ dσ2µr)(x).(2.12)

Let γ(x) = gθ(x)J0(2
µr|x|) and let |(∗)| denote the left side of (2.11). By (2.3) and (2.12),

we have, for any ϕ ∈ R,

(∗) = (2π)−1(Fγ)(2µseiϕ) = (2π)−2

(
Fgθ ∗

1

2µr
dσ2µr

)
(2µseiϕ).(2.13)

We want to apply Lemma 2.1 to Fgθ. We have |Fgθ(y)| ≤ ‖gθ‖L1(R2), for any

y, and our assumption (2.10) allows us to integrate by parts to obtain |Fgθ(y)| ≦
|y|−2L‖∆(L)gθ‖L1 , where ∆ is the usual Laplacian in R2. Let

cg = max(‖gθ‖L1 , ‖∆(L)gθ‖L1).

Then |Fgθ(y)| ≤ c · cg(1 + |y|)−2L, so by (2.13) and Lemma 2.1,

|(∗)| ≤ c · cg(1 + 2µ|s− r|)−2L+2/max(1, 2µr).
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Also, we can interchange s and r in this estimate by symmetry. Hence it suffices to prove

cg ≤ c2µBµ(1 + 2µ|eiθ − 1|)−K .(2.14)

To prove this, first note that for any function h(x, ξ),
∑

ξ∈2−µZ

h(x, ξ)ei2
µξθ2µ(eiθ − 1) =

∑

ξ∈2−µZ

h(x, ξ)2µ[ei2
µ(ξ+2−µ)θ − ei2

µξθ]

=
∑

ξ∈2−µZ

2µ[h(x, ξ − 2−µ) − h(x, ξ)]ei2
µξθ

= −
∑

ξ∈2−µZ

Dµ,ξh(x, ξ)ei2
µξθ,

by a change of summation index. For l = 0 or L and k = 0 or K, we apply this repeatedly
to obtain

2µk(eiθ − 1)k∆(l)gθ(x) =
∑

ξ∈2−µZ

∆
(l)
(x)F (x, ξ)ei2

µξθ(2µ(eiθ − 1))k

=
∑

ξ∈2−µZ

(−1)k(Dµ,ξ)
(k)∆

(l)
(x)F (x, ξ)ei2

µξθ.

Thus
‖∆(l)gθ‖L1(R2) ≤ (2µ|eiθ − 1|)−k

\
R2

∑

ξ∈2−µZ

|D(k)
µ,ξ∆

(l)
(x)F (x, ξ)| dx.(2.15)

However, for |x| = ̺, F (x, ξ) = f(̺, ξ) is radial, so ∆(x)F (x, ξ) = ∆̺f(̺, ξ) by writing

the Laplacian in polar coordinates ∆ = ∆̺ + 1
̺2

∂2

∂θ2 . Taking k = 0 if |eiθ − 1| ≤ 2−µ and

k = K otherwise, (2.15) yields (2.14).

We now give the discussion of the product Fourier–Hankel transform that was prom-
ised in the introduction. Recall the definition of f̂(̺, n) (i.e. (1.1)), the inner product on
L2([0,∞) × Z) (i.e. (1.2)), and the definition (1.3) of f̌ .

Lemma 2.3. (A) Suppose f ∈ L2(R2). Then f̂ ∈ L2([0,∞) × Z),

‖f̂‖L2 = (2π)−1/2‖f‖L2,(2.16)

and f = (f̂ )∨ in the L2 sense.

(B) Suppose g ∈ L2([0,∞) × Z). Then ǧ ∈ L2(R2),

‖ǧ‖L2 = (2π)1/2‖g‖L2,(2.17)

and g = (ǧ)∧ in the L2 sense.

P r o o f. First note that by (2.5) and Plancherel’s formula (‖Ff‖L2 = 2π‖f‖L2 in
R

2), we have, for any g : [0,∞) → C,

∞\
0

|g(r)|2r dr =

∞\
0

|Hg(r)|2r dr,(2.18)

by considering the radial extension to R2 of g. If f ∈ L2(R2), let

fn(r) =

2π\
0

f(reiθ)e−inθ dθ/2π.



16 J. Epperson and M. Frazier

Note that fn ∈ L2([0,∞), r dr), so we can define

f̂(r, n) = (Hfn)(r).(2.19)

By Parseval’s theorem,
T2π
0

|f(reiθ)|2 dθ = 2π
∑
n∈Z

|fn(r)|2. Hence by (2.18),

‖f‖2
L2 = 2π

∑

n∈Z

∞\
0

|fn(r)|2r dr = 2π
∑

n∈Z

∞\
0

|Hfn(r)|2r dr,

so (2.16) follows from (2.19).
Similarly, if g ∈ L2([0,∞) × Z), let gn(r) = g(r, n). By Parseval’s theorem,

2π\
0

|ǧ(reiθ)|2 dθ = 2π
∑

n∈Z

|Hgn(r)|2,

so

‖ǧ‖2
L2 = 2π

∑

n∈Z

∞\
0

|Hgn(r)|2r dr = 2π‖g‖2
L2.

Returning to f ∈ L2(R2) and fn(r) as above, we have f(reiθ) =
∑

n∈Z
fn(r)e

inθ in
the L2([−π, π)) sense for a.e. r > 0. Then by (2.6), (2.19), and the definition of the
inverse FHT,

f(reiθ) =
∑

n∈Z

H(Hfn)(r)e
inθ = (f̂ )∨(reiθ),(2.20)

with convergence in L2 of the symmetric partial sums of the middle term.
Finally, for g ∈ L2([0,∞) × Z), apply (2.20) to ǧ ∈ L2(R2) to get ǧ = ((ǧ)∧)∨. This

implies g = (ǧ)∧ by (2.17).

We now consider the kernel of an FHT multiplier. If f ∈ L2(R2) and m(̺, n) ∈
L∞([0,∞) × Z), then by Lemma 2.3, Tmf = (mf̂ )∨ ∈ L2(R2) and

‖Tmf‖L2 ≤ ‖m‖L∞‖f‖L2.(2.21)

Lemma 2.4. Suppose m ∈ L∞([0,∞) × Z),
∑
n∈Z

T∞
0

|m(̺, n)|̺ d̺ < ∞, and f ∈
L1 ∩ L2(R2). Then for r > 0 and θ ∈ R,

Tmf(reiθ) =

2π\
0

∞\
0

Lm(reiθ, seiϕ)f(seiϕ)s ds dϕ,(2.22)

where

Lm(reiθ , seiϕ) = (2π)−1
∑

n∈Z

∞\
0

m(̺, n)J0(s̺)J0(r̺)̺ d̺ e
in(θ−ϕ).(2.23)

P r o o f. By definition,

Tmf(reiθ) = (mf̂ )∨(reiθ)

=
∑

n∈Z

∞\
0

m(̺, n)

∞\
0

2π\
0

f(seiϕ)J0(s̺)e
−inϕ dϕ

2π
s ds J0(r̺)̺ d̺ e

inθ ,

and our assumptions justify the application of Fubini’s theorem needed to complete the
proof.
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We are concerned in particular with the operators

Rµf = (ϕ̂µf̂ )∨ and Sµf = (ϕ̂µψ̂µf̂ )∨,(2.24)

for µ ∈ N0 and ϕ̂µ, ψ̂µ as defined in (1.6)–(1.8). These multipliers have compact support,
so Lemma 2.4 applies. The corresponding kernels are

Kµ(re
iθ, seiϕ) = (2π)−1

∑

n∈Z

∞\
0

ϕ̂µ(̺, n)J0(s̺)J0(r̺)̺ d̺ e
in(θ−ϕ)(2.25)

and

Gµ(re
iθ , seiϕ) = (2π)−1

∑

n∈Z

∞\
0

ϕ̂µ(̺, n)ψ̂µ(̺, n)J0(s̺)J0(r̺)̺ d̺ e
in(θ−ϕ).(2.26)

We use Lemma 2.2 to estimate the kernels.

Lemma 2.5. For M > 0, there exists cM <∞ such that for each µ ∈ Z, r, s > 0, and

θ, ϕ ∈ R,

|Kµ(re
iθ , seiϕ)|, |Gµ(reiθ , seiϕ)|(2.27)

≤ cM23µ(1 + 2µ|eiθ − eiϕ|)−M (1 + 2µ|r − s|)−M/max(1, 2µr, 2µs).

P r o o f. First take µ ≥ 1. By (1.7),

Kµ(re
iθ , seiϕ) = (2π)−1

∑

n∈Z

∞\
0

Fϕ(2−µ̺, 2−µn)J0(s̺)J0(r̺)̺ d̺ e
in(θ−ϕ)

= (2π)−122µ
∑

ξ∈2−µZ

∞\
0

Fϕ(̺, ξ)ei2
µ(θ−ϕ)ξJ0(2

µs̺)J0(2
µr̺)̺ d̺.

Since ϕ ∈ S(R2), Fϕ(̺, ξ) is defined for all (̺, ξ) ∈ R2 and Fϕ belongs to S(R2). For
x ∈ R

2 and ξ ∈ R, define F (x, ξ) = Fϕ(|x|, ξ). Since ϕ is radial, we have F ∈ S(R3).
Let Bµ be as defined in Lemma 2.2, except with f replaced by Fϕ. If |x| = ̺, then

∆
(l)
̺ Fϕ(̺, ξ) = ∆

(l)
x F (x, ξ), where ∆x = ∂2/∂x2

1 +∂2/∂x2
2 as usual, since F is radial in x.

So
Bµ = (2π)−1 max

l=0,L
k=0,K

2−µ
\

R2

∑

ξ∈2−µZ

|D(k)
µ,ξ∆

(l)
x F (x, ξ)| dx.

By the mean value theorem,

Dµ,ξ∆
(l)
x F (x, ξ) =

∂

∂ξ
∆(l)
x F (x, ξ − θ2−µ)

for some θ ∈ (0, 1). By a repetition of this we obtain

|D(k)
µ,ξ∆

(l)
x F (x, ξ)| ≤ ck,l

since F ∈ S(R3). However, suppF (x, ξ) ⊆ B(0, 1), since the same is true for Fϕ.
Therefore the sum over ξ contains at most c2µ non-zero terms. Hence (2.10) holds and
Bµ ≤ cL,K . This is true for arbitrary L and K, so (2.27) follows from Lemma 2.2, for

µ ≥ 1 and Kµ. For µ = 0, replace ϕ̂ with Φ̂ in this argument, and similarly for Gµ

consider ϕ̂ψ and Φ̂Ψ̂ .
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We note, since we will use this later, that estimates (2.27) and (2.29) below hold, by
the same proof, for the kernel of any FHT multiplier operator with multiplier
Fh(2−µ̺, 2−µn), for any radial h with Fh ∈ D(R2).

As an application of this, note that by the definitions (1.13) and (2.25),

ϕµkm(reiθ) =
√
πbk2

−3µ/2Kµ(re
iθ , 2−µjke

i2−µπm).(2.28)

Using Lemma 2.5 and noting that the same estimates apply to ψµkm, we obtain (1.15).
This gives, for arbitrarily large M ,

‖ϕµkm‖2
L2 ≤ cM b

2
kj

−2
k 23µ

2π\
0

(1 + 2µ|eiθ − eiπ2−µm|)−M dθ
\
R

(1 + 2µ|r − 2−µjk|)−Mr dr.

The first integral is bounded by 2−µ, the second by 2−2µjk (see e.g. Lemma 3.1 in [EF]).
Then (2.9) yields (1.16).

In addition, we will need estimates on the derivatives of Kµ.

Lemma 2.6. Suppose M > 0, and k, n ∈ N0. Then there exists cM,k,n <∞ such that

for all µ ∈ N0, r, s > 0, and θ, ϕ ∈ R,
∣∣∣∣
∂k

∂rk
∂n

∂θn
Kµ(re

iθ , seiϕ)

∣∣∣∣(2.29)

≤ cM,k,n2
µ(n+k+3)(1 + 2µ|eiθ − eiϕ|)−M (1 + 2µ|r − s|)−M/max(1, 2µs).

P r o o f. This proof is a variation on the proofs of Lemmas 2.2 and 2.5. Suppose µ ≥ 1
first, and apply the formula for Kµ at the start of Lemma 2.5 to obtain

∂n

∂θn
Kµ(re

iθ , seiϕ)=(2π)−122µ
∑

ξ∈2−µZ

(i2µξ)n
∞\
0

Fϕ(̺, ξ)ei2
µ(θ−ϕ)ξJ0(2

µs̺)J0(2
µr̺)̺ d̺.

For x ∈ R2, let F (x, ξ) = (i2µξ)nFϕ(|x|, ξ) and set

gθ−ϕ(x) =
∑

ξ∈2−µZ

F (x, ξ)ei2
µξ(θ−ϕ).

Since suppFϕ ⊆ B(0, 1), ϕ ∈ S(R2), and ϕ is radial, we have suppF ⊆ B(0, 1), F ∈
S(R3), gθ−ϕ ∈ S(R2), and gθ−ϕ is radial. Let

γ(x) = gθ−ϕ(x)J0(2
µs|x|),

which is also radial. So by (2.3),

∂n

∂θn
Kµ(re

iθ , seiϕ) = (2π)−222µ(Fγ)(2µr1),

for 1 = (1, 0) ∈ R2. Hence

(∗) ≡ ∂k

∂rk
∂n

∂θn
Kµ(re

iθ , seiϕ) = (2π)−222µ ∂
k

∂xk1
[Fγ(2µx)]|x=(r,0)

= (2π)−222µ(−i2µ)k[F(xk1γ(x))](2µr1).

Let h(x) = xk1gθ−ϕ(x) and ch,L = max(‖h‖L1, ‖∆(L)h‖L1). Then as in (2.12)–(2.13),

|(∗)| ≤ c2µ(2+k)(2µs)−1|(Fh ∗ dσ2µs)(2
µr1)|(2.30)

≤ c · ch,L2µ(2+k)(1 + 2µ|s− r|)−2L+2/max(1, 2µs),
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using Lemma 2.1. Similarly to (2.15), then for m = 0 or m = K,

‖∆(l)h‖L1 ≤ (2µ|ei(θ−ϕ) − 1|)−m
\

R2

∑

ξ∈2−µZ

|D(m)
µ,ξ ∆

(l)
(x)(x

k
1F (x, ξ))| dx.

Recall F (x, ξ) = (i2µξ)nFϕ(|x|, ξ). Since xk1ξ
nFϕ(|x|, ξ) is C∞ on R3 and supported in

B(0, 1), we obtain, for each ξ, as in the proof of Lemma 2.5,\
R2

|D(m)
µ,ξ ∆

(l)
(x)(x

k
1F (x, ξ))| dx ≤ cm,l2

µn.

Since there are at most c2µ nonzero terms in the sum on ξ, by taking l = 0 and l = L,
we obtain

ch,L ≤ cL,K2µ(n+1)(1 + 2µ|eiθ − eiϕ|)−K .
Since L and K are arbitrary, the result follows from (2.30) for µ ≥ 1. If µ = 0, replace ϕ
by Φ in the above argument.

Using (2.28), Lemma 2.6 implies (1.19) for ϕµkm, and ψµkm clearly satisfies the same
estimates.

Recall the assumptions in (1.5) on ϕ,Φ ∈ S(R2). With (1.6) and (1.7), these imply
that there exist constants c1, c2 > 0 such that

c1 ≤
∞∑

µ=0

|ϕ̂µ(̺, n)|2 ≤ c2

for all (̺, n) ∈ [0,∞) × N. Hence by Lemma 2.3,

‖f‖2
L2(R2) = 2π

∑

n∈Z

∞\
0

|f̂(̺, n)|2̺ d̺ ≈
∑

n∈Z

∞\
0

∞∑

µ=0

|ϕ̂µ(̺, n)|2|f̂(̺, n)|2̺ d̺

=
∞∑

µ=0

‖ϕ̂µf̂‖2
L2([0,∞)×Z) = (2π)−1

∞∑

µ=0

‖Rµf‖2
L2

= (2π)−1
\

R2

∞∑

µ=0

|Rµf |2 = (2π)−1
∥∥∥
( ∞∑

µ=0

|Rµf |2
)1/2∥∥∥

2

L2
.

Notice by our definitions that

‖f‖Aαq
p

=
∥∥∥
( ∞∑

µ=0

(2µα|Rµf |)q
)1/q∥∥∥

Lp
.(2.31)

So we have proved that
L2 ≈ A02

2 ,(2.32)

i.e. the norms are equivalent. In §8, we extend this to obtain Lp ≈ A02
p , 1 < p <∞.

Define operators R̃µ and Tµ on L2(R2) by

R̃µf = (ϕ̂µf̂ )∨ and Tµf = (ψ̂µf̂ )∨.(2.33)

Then Sµ = R̃µTµ. By (1.11), for f ∈ L2 we have

f =

∞∑

µ=0

Sµf =

∞∑

µ=0

R̃µTµf,(2.34)



20 J. Epperson and M. Frazier

with convergence in L2 norm, by Lemma 2.3. This is our analogue of the Calderón formula
(see e.g. [FJW] for a discussion of the classical Calderón formula).

We will extend (2.34) to Lp, 1 < p < ∞. First we must define our operators on Lp.
Lemma 2.5 implies that

sup
seiϕ∈R2

2π\
0

∞\
0

|Kµ(re
iθ , seiϕ)|r dr dθ <∞(2.35)

and

sup
reiθ∈R2

2π\
0

∞\
0

|Kµ(re
iθ , seiϕ)|s ds dϕ <∞,(2.36)

and similarly for the kernels of Sµ, R̃µ and Tµ. By a standard result (e.g. [Fo], p. 1), the
operator

f →
2π\
0

∞\
0

Kµ(·, seiϕ)f(seiϕ)s ds dϕ(2.37)

is bounded on Lp(R2) for 1 ≤ p ≤ ∞. By Lemma 2.4, it coincides with Rµf on L1 ∩ L2,
hence on all of L2. Thus (2.37) gives the continuous extension of Rµ to Lp, 1 ≤ p ≤ ∞,

which we still denote Rµ. Similarly we extend Sµ, Tµ, and R̃µ to Lp, 1 ≤ p ≤ ∞.
To proceed much further, we need an appropriate maximal function which controls our

operators Sµ, etc. To do this, we adapt the usual Hardy–Littlewood maximal operator
M to the polar grid. Let M denote the collection of all sets in R2 that are either an
admissible annular sector (or wedge if r0 = 0) of the form

I = {reiθ : 0 ≤ r0 < r < r1, θ0 < θ < θ1, r1 − r0 = θ1 − θ0 ≤ 2π, θ0 ∈ R}
or an admissible annulus (or ball if r0 = 0) of the form

I = {reiθ : 0 ≤ r0 < r < r1, θ ∈ R, r1 ≥ r0 + 2π}.
If x ∈ R2 \ {0} and f ∈ L1

loc(R
2), we define

Mpolf(x) = sup
{I∈M:x∈I}

1

|I|
\
I

|f(y)| dy.(2.38)

We also have an analogue of the strong maximal function Ms (see e.g. [CF] for a
discussion of Ms). Let N denote the collection of all open annular sectors, i.e., all sets
of the form

I = {reiθ ∈ R
2 : 0 ≤ r0 < r < r1, θ0 < θ < θ1, θ0, θ1 ∈ R}.

For f ∈ L1
loc(R

2) and x ∈ R
2 \ {0}, define Mpol

s by

Mpol
s f(x) = sup

{I∈N :x∈I}

1

|I|
\
I

|f(y)|dy.

We call Mpol
s the strong polar maximal function. Obviously

Mpolf(x) ≤Mpol
s f(x).(2.39)

The next lemma is analogous to the standard domination of a convolution integral by
the usual maximal operator.
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Lemma 2.7. Let µ ∈ N0, λ1 > 0 and λ2 > 1. Suppose Dµ : R2 → C satisfies

|Dµ(re
iθ , seiθ)| ≤ 23µ(1 + 2µ|eiθ − eiϕ|)−λ1(1 + 2µ|r − s|)−λ2/max(1, 2µr, 2µs)(2.40)

for r, s > 0 and θ, ϕ ∈ R. Define Hµ : Lp(R2) → Lp(R2), 1 ≤ p ≤ ∞, by

Hµf(reiθ) =

2π\
0

∞\
0

Dµ(re
iθ , seiϕ)f(seiϕ)s ds dϕ

for r > 0 (Hµ is bounded on Lp by the analogue of (2.35)–(2.36) following from (2.40).)
Then there exists c = cλ1,λ2

<∞, independent of µ, such that

(A) if λ1, λ2 > 2, then |Hµf(reiθ)| ≤ cMpol
s f(reiθ) for all r > 0 and θ ∈ R, and

(B) if λ1 > 4 and λ2 > 3, then |Hµf(reiθ)| ≤ cMpolf(reiθ) for all r > 0 and θ ∈ R.

P r o o f. Recall the definition (1.18) of the annular sectors {Rµkm}k∈N,m∈Aµ
. Suppose

reiθ ∈ Rµk0m0
for some k0,m0. By the rotational properties of (2.40),Mpol, andMpol

s , we
can (and do) assume m0 = 0 (else we need to re-index {Rµkm} to run over m−m0 ∈ Aµ).
By (2.40), if seiϕ ∈ Rµkm, we have

|Dµ(re
iθ , seiϕ)| ≤ c23µ(1 + |m|)−λ1(1 + |jk − jk0 |)−λ2/max(jk, jk0),(2.41)

since |1 − eiϕ| ≈ |ϕ| for −π ≤ ϕ ≤ π.
Let R∗

µkm denote the annular sector (i.e., element of N ) of smallest measure con-

taining Rµk00 and Rµkm. Then R∗
µkm has inner radius 2−µmin(jk−1, jk0−1), outer radius

2−µmax(jk, jk0), and angular variation 2−µπ(1 + |m|). Hence

|R∗
µkm| ≤ c2−3µ(1 + |jk − jk0 |)max(jk, jk0)(1 + |m|).

By (2.41), then,\\
Rµkm

|Dµ(re
iθ, seiϕ)f(seiϕ)|s ds dϕ

≤ c
23µ(1 + |m|)−λ1(1 + |jk − jk0 |)−λ2

max(jk, jk0)
|R∗
µkm| 1

|R∗
µkm|

\\
R∗

µkm

|f(seiϕ)|s ds dϕ

≤ c(1 + |m|)1−λ1(1 + |jk − jk0 |)1−λ2Mpol
s f(reiθ).

Summing over m ∈ Aµ and k ∈ N (using (2.7)) yields (A).
For (B), let R∗∗

µkm be the admissible annular sector of smallest measure containing
Rµk00 andRµkm. If max(jk−jk0−1, jk0−jk−1)≥π(1+|m|), then R∗∗

µkm has inner and outer

radius as for R∗
µkm, and angular variation ≤ c2−µ(1+ |jk − jk0 |). So |R∗∗

µkm| ≤ c2−3µ(1+

|jk − jk0 |)2 max(jk, jk0). If max(jk − jk0−1, jk0 − jk−1) ≤ π(1 + |m|) ≤ max(jk, jk0),
then R∗∗

µkm has angular variation α ≡ 2−µπ(1 + |m|), outer radius β ≡ 2−µmax(jk, jk0),

and inner radius β − α. Using β2 − (β − α)2 ≤ 2αβ, we obtain |R∗∗
µkm| ≤ c2−3µ(1 +

|m|)2 max(jk, jk0) in this case. In the remaining case, R∗∗
µkm is a wedge with inner radius

0, and outer radius and angular variation both π(1 + |m|), so |R∗∗
µkm| ≤ c2−3µ(1 + |m|)3.

In all cases we obtain

|R∗∗
µkm| ≤ c2−3µ(1 + |m|)3(1 + |jk − jk0 |)2 max(jk, jk0).

Now the same argument as for (A) gives (B).
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In the Fαqp theory, the Fefferman–Stein vector-valued maximal inequality ([FS]) plays

a critical role (see e.g. [FJ3]). We require a similar control ofMpol andMpol
s . The simplest

way to obtain this control is to use a weighted vector-valued maximal inequality for
doubling measures. A (measurable) function ω(x) ≥ 0 on Rn is called a doubling weight

if there exists c > 0 such that for all x ∈ Rn and r > 0, ω(B(x, 2r)) ≤ cω(B(x, r)), where
ω(E) =

T
E
ω dx, for E measurable. The corresponding weighted maximal operator Mω is

defined by

Mωf(x) = sup
Q:x∈Q

1

ω(Q)

\
Q

|f(y)|ω(y) dy,(2.42)

for f ∈ L1
loc(ω) and the sup is over all cubes Q in Rn containing x. Then (see [JT] or

adapt the proof in [S2], §2) if 1 < p <∞ and 1 < q ≤ ∞,

∥∥∥
( ∞∑

i=1

|Mωfi|q
)1/q∥∥∥

Lp(ω dx)
≤ cp,q,ω

∥∥∥
( ∞∑

i=1

|fi|q
)1/q∥∥∥

Lp(ω dx)
.(2.43)

Lemma 2.8. Suppose 1 < p < ∞, and 1 < q ≤ ∞. Then there exists cp,q < ∞ such

that for any locally integrable sequence {fi}i∈N on R2,

∥∥∥
( ∞∑

i=1

|Mpolfi|q
)1/q∥∥∥

Lp(R2)
≤

∥∥∥
( ∞∑

i=1

|Mpol
s fi|q

)1/q∥∥∥
Lp(R2)

(2.44)

≤ cp,q

∥∥∥
( ∞∑

i=1

|fi|q
)1/q∥∥∥

Lp(R2)
.

P r o o f. Of course the first inequality follows from (2.39) and is just stated for em-
phasis. For each i, define f∗

i : R2 → C as follows. If x < 0 or |θ| > 3π, let f∗
i (x, θ) = 0.

Otherwise let f∗
i (x, θ) = fi(xe

iθ). Let ω(x) = |x| for x ∈ R; then ω is a doubling weight
on R. Define Mω by (2.42), and let Mθ be the usual maximal function on R (i.e. (2.42)
with ω(x) = 1 for all x). Let I be an annular sector containing reiθ, −π < θ ≤ π. Then
I can be written (not uniquely, but this is not necessary) as I = {reiθ : 0 ≤ r0 < r < r1,
−3π ≤ θ0 < θ < θ1 ≤ 3π, θ1 − θ0 ≤ 2π}. Let I∗ = (r0, r1)× (θ0, θ1) be the corresponding
true rectangle in R2. Then |I| = ω((r0, r1))(θ1 − θ0). So

1

|I|
\\
I

|fi(seiϕ)|s ds dϕ =
1

|I|
\\
I∗

|f∗
i (x, ϕ)|ω(x) dx dϕ

=
1

θ1 − θ0

θ1\
θ0

1

ω((r0, r1))

r1\
r0

|f∗
i (x, ϕ)|ω(x) dx dϕ

≤M
(2)
θ M (1)

ω f∗
i (r, θ),

whereM
(1)
ω acts in the first variable,M

(2)
θ in the second. Therefore for r > 0, −π < θ < π,

Mpol
s fi(re

iθ) ≤M
(2)
θ M (1)

ω f∗
i (r, θ).

Hence the pth power of the middle term of (2.44) is dominated by
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R

\
R

( ∞∑

i=1

|M (2)
θ M (1)

ω f∗
i (r, θ)|q

)p/q
dθ r dr ≤ cpp,qc

p
p,q,ω

\
R

\
R

( ∞∑

i=1

|f∗
i (r, θ)|q

)p/q
r dr dθ

≤ 3 cpp,qc
p
p,q,ω

∥∥∥
( ∞∑

i=1

|fi|q
)1/q∥∥∥

p

Lp(R2)
,

by an iteration of (2.43).

Of course we now obtain Lp boundedness

‖Mpolf‖Lp(R2) ≤ ‖Mpol
s f‖Lp(R2) ≤ cp‖f‖Lp(R2), 1 < p ≤ ∞,(2.45)

the case p = ∞ being trivial. By Lemmas 2.5 and 2.7 we have

|Rµf |, |Sµf |, |R̃µf |, |Tµf | ≤ cMpolf ≤ cMpol
s f,(2.46)

since the proof of Lemma 2.5 applies to the kernel of R̃µ and Tµ as well. Although in
some cases (e.g., Lemma 2.7), Mpol

s gives a sharper result, Mpol is still useful because it
is of weak type (1,1) (see §8).

We can now discuss the convergence of our Calderón formula (2.34) when f ∈ Lp,
1 < p <∞. For N ∈ N0, let

HNf =
N∑

µ=0

Sµf =
( N∑

µ=0

ϕ̂µψ̂µf̂
)∨

.

Define h ∈ S(R2) by Fh = FΦFΨ for Φ, Ψ as in §1. By (1.7), (1.8), and (1.11),

Fh(̺, n) = (ϕ̂0ψ̂0)(̺, n) = 1 −
∞∑

µ=1

(ϕ̂µψ̂µ)(̺, n) = 1 −
∞∑

µ=1

(FϕFψ)(2−µ̺, 2−µn).

Similarly, then,

N∑

µ=0

(ϕ̂µψ̂µ)(̺, n) = 1 −
∞∑

µ=N+1

(ϕ̂µψ̂µ)(̺, n)

= 1 −
∞∑

µ=N+1

(FϕFψ)(2−µ̺, 2−µn) = Fh(2−N̺, 2−Nn).

So the kernel DN of HN is as in (2.23) with m(̺, n) = Fh(2−N̺, 2−Nn). The proof
of Lemma 2.5 applies to give the same bounds on Dµ as for Kµ in (2.27). Hence by
Lemma 2.7,

|DNf | ≤ cMpolf,(2.47)

with c independent of N . We need one more basic fact about HN to show that it behaves
like a standard approximate identity.

Lemma 2.9. For N ∈ N0, (DN1)(reiθ) = 1 for all r > 0 and θ ∈ R.

P r o o f. Note that the kernel estimates for DN imply the analogue of (2.36), so DN1
is defined pointwise on R2 \ {0}. By the dominated convergence theorem,
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(DN1)(reiθ)

= lim
ε→0

2π\
0

∞\
0

DN(reiθ , seiθ)e−εs
2

s ds dϕ

= lim
ε→0

(2π)−1

2π\
0

∞\
0

∑

n∈Z

∞\
0

Fh(2−N̺, 2−Nn)J0(s̺)J0(r̺)̺ d̺ e
in(θ−ϕ)e−εs

2

s ds dϕ

= lim
ε→0

∞\
0

Fh(2−N̺, 0)J0(r̺)

∞\
0

e−εs
2

J0(s̺)s ds ̺ d̺,

by integrating out ϕ and using Fubini’s theorem. Define fε and gN : R
2→C by fε(x) =

e−ε|x|
2

and gN(x) = Fh(2−N |x|, 0). By (2.3),

∞\
0

e−εs
2

J0(s̺)s ds = (2π)−1Ffε(̺eiϕ), for any ϕ ∈ R.

Since h is radial, (2.5) and the above equality imply

(DN1)(reiθ) = lim
ε→0

F−1(gNFfε)(reiθ) = lim
ε→0

(F−1gN ∗ fε)(reiθ) =
\

R2

F−1gN ,

by the dominated convergence theorem. But\
R2

F−1gN = gN (0) = Fh(0) = 1,

by (1.9)–(1.11) and the definition of h.

The same proof shows that for all r > 0 and θ ∈ R, R01(reiθ) = FΦ(0) and, for
µ ∈ N, Rµ1(reiθ) = 0. By the same argument, or by the symmetry in (2.25), we have

2π\
0

∞\
0

Kµ(re
iθ , seiϕ)r dr dθ ≡ 0

for µ ∈ N, and the integral is identically FΦ(0) if µ = 0. By (2.28), this implies (1.20) for
ϕµkm, and ψµkm has the same property for the same reasons. For µ = 0, (2.28) implies
that \

R2

ϕ0km =
√
π bkFΦ(0),

and similarly for ψ. In fact, by (1.9)–(1.10), the same methods show that a stronger
orthogonality property holds:

2π\
0

∞\
0

ϕµkm(reiθ)einθr dr dθ = 0

unless 2µ−2 ≤ |n| ≤ 2µ in the case µ ∈ N, and unless n = 0 if µ = 0 (and similarly for
ψ). The case µ = 0 shows that ϕ0km and ψ0km are radial, which can be readily seen by
(1.9), (1.13), and (1.14).

Finally, we come to the main convergence result concerning (2.34).
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Lemma 2.10. Suppose 1 < p <∞ and f ∈ Lp(R2). Then

HNf =

N∑

µ=0

Sµf =

N∑

µ=0

R̃µTµf =
( N∑

µ=0

ϕ̂µψ̂µf̂
)∨

converges to f a.e. and in Lp as N → ∞.

P r o o f. By Lemma 2.9, we have

(HNf − f)(reiθ) =

2π\
0

∞\
0

DN (reiθ , seiϕ)(f(seiϕ) − f(reiθ))s ds dϕ.(2.48)

Fix reiθ ∈ R2 \ {0} and µ large enough that r > 2−µ, and define sets

Bµ = {seiϕ ∈ R
2 : r − 2−µ < s < r + 2−µ, θ − 2−µ < ϕ < θ + 2−µ}.

Taking N > µ and M > 1 and applying (2.27) for DN gives\\
R2\Bµ

|DN (reiθ, seiϕ)|s ds dϕ

≤ c
\

|s−r|≥2−µ

\
|θ−ϕ|≥2−µ

22N (1 + 2N |eiθ − eiϕ|)−M (1 + 2N |r − s|)−Mdϕds

≤ cM2−2(N−µ)(M−1),

which goes to 0 as N → ∞. From this and the analogue of (2.36), and (2.48), it follows
easily that if f ∈ C0(R

2) (i.e. continuous with compact support), then HNf converges to
f a.e. as N → ∞.

Now let f ∈ Lp(R2). For δ > 0, pick f0 ∈ C0(R
2) such that ‖f−f0‖Lp < δ. Then a.e.

we have

G ≡ lim sup
N→∞

HNf − lim inf
N→∞

HNf = lim sup
N→∞

HN (f − f0) − lim inf
N→∞

HN (f − f0)

≤ 2cMpol(f − f0),

by (2.47). Hence by (2.45),

‖G‖Lp ≤ 2ccp‖f − f0‖Lp ≤ 2ccpδ.

Since δ > 0 is arbitrary,G = 0 a.e., andHNf → f a.e. Then by (2.47) again, |f−HNf |p ≤
2p(|f |p+|Mpolf |p) ∈ L1, so the dominated convergence theorem implies ‖f−HNf‖Lp → 0
as N → ∞.

We can extend the a.e. convergence in Lemma 2.10 to p = 1 by the usual argument
([S1], §1.5) once we have (Lemma 8.1) that Mpol is of weak type (1, 1).

3. The sampling theorem and polar wavelet identity

We are now in position to prove our main results. We begin with the FHT sampling
formula (Theorem 3.1) and the polar wavelet identity (Theorem 3.2), both stated in the
introduction.
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P r o o f o f T h e o r e m 3.1. Let B,N, f and g be as stated. As in the Shannon
sampling theorem, the key step is to expand f̂ in terms of an orthonormal basis. Equip
L2([0, B] × {−N, . . . , N − 1}) with the inner product

〈F,G〉 =

N−1∑

n=−N

B\
0

F (r, n)G(r, n)r dr.

For k ∈ N, m, n ∈ {−N, . . . , N − 1}, and r ∈ [0, B], let

ak,m(r, n) = bk(2N)−1/2B−1J0(jkr/B)e−iπmn/N .

Then {ak,m}k,m is a complete orthonormal basis for L2([0, B]× {−N, . . . , N − 1}), since
{(2N)−1/2e−iπmn/N}N−1

m=−N and {bkB−1J0(jkr/B)}k∈N are complete orthonormal bases
for ℓ2({−N, . . . , N − 1}) and L2([0, B], r dr) respectively (using a dilation and the fact
stated after (2.8)). By Lemma 2.3,

〈f̂ , ak,m〉 =

N−1∑

n=−N

B\
0

f̂(̺, n)bkB
−1J0(jk̺/B)(2N)−1/2eiπmn/N̺ d̺

= bkB
−1(2N)−1/2(f̂ )∨(jke

iπm/N/B)

= bkB
−1(2N)−1/2f(jke

iπm/N/B)

since f is (B,N)-bandlimited and, as noted in the introduction, we identify f with its

continuous representative (f̂ )∨. Hence for (̺, n) ∈ [0, B] × {−N, . . . , N − 1},

f̂(̺, n) =
∑

k∈N

N−1∑

m=−N

〈f̂ , ak,m〉ak,m(̺, n)(3.1)

=
∑

k∈N

N−1∑

m=−N

b2kB
−2(2N)−1f(jke

iπm/N/B)J0(jk̺/B)e−iπmn/N .

Since ĝ is (B,N)-bandlimited, we can use (3.1) to substitute for f̂ in (f̂ ĝ)∨ and obtain
(1.4).

To be more precise about convergence, let

f̂M (̺, n) =

M∑

k=1

N−1∑

m=−N

b2kB
−2(2N)−1f(jke

iπm/N/B)J0(jk̺/B)e−iπmn/N .

Then by our derivation,
‖f̂ − f̂M‖L2 −→

M→∞
0.(3.2)

The partial sum over k = 1, . . . ,M instead of k ∈ N on the right side of (1.4) is just

(f̂M ĝ)
∨(reiθ), and

|(f̂ ĝ)∨ − (f̂M ĝ)
∨| ≤ ‖J0‖L∞

∑

n∈N

∞\
0

|(f̂ − f̂M )(̺, n)||ĝ(̺, n)|̺ d̺

≤ ‖J0‖L∞‖f̂ − f̂M‖L2‖ĝ‖L2 −→
M→∞

0.

So (f̂M ĝ)
∨ converges uniformly to (f̂ ĝ)∨ on R2 \ {0}, as stated in Theorem 3.1. If

g ∈ L1(R2) then ĝ ∈ L∞ and a similar argument gives the L2 convergence.
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P r o o f o f T h e o r e m 3.2. We write

f =

∞∑

µ=0

R̃µTµf =

∞∑

µ=0

(f̂ ϕ̂µψ̂µ)
∨,(3.3)

with convergence in L2 by Lemma 2.3, and a.e. by Lemma 2.10. Lemma 2.10 also gives
convergence in Lp if f ∈ Lp, 1 < p <∞. For each µ, f̂ ϕ̂µ and ψ̂µ are (2µ, 2µ)-bandlimited,

f̂ ϕ̂µ ∈ L2, and ψ̂µ ∈ L1 ∩ L2. So by Theorem 3.1,

(f̂ ϕ̂µψ̂µ)
∨(reiθ) = 2−3µ−1

∑

k∈N

∑

m∈Aµ

b2k(f̂ ϕ̂µ)
∨(2−µjke

iπ2−µm)(3.4)

×
∑

n∈Aµ

2µ\
0

ψ̂µ(̺, n)J0(2
−µjk̺)J0(r̺)̺ d̺ e

in(θ−π2−µm)

=
√
π2−3µ/2

∑

k∈N

∑

m∈Aµ

bk(f̂ ϕ̂µ)
∨(2−µjke

iπ2−µm)ψµkm(reiθ),

with the convergence stated in the theorem. By polarizing (2.16) (or a simple direct
proof) and using the observation ϕµkm = bk2

−3µ/2(2
√
π)−1(ϕ̂µgµkm)∨ stated prior to

(1.20), we obtain

〈f, ϕµkm〉= 2π〈f̂ , ϕ̂µkm〉(3.5)

= 2π
∑

n∈Z

∞\
0

f̂(̺, n)bk2
−3µ/2(2

√
π)−1ϕ̂µ(̺, n)J0(2

−µjk̺)̺ d̺ e
iπ2−µmn

=
√
π2−3µ/2bk(f̂ ϕ̂µ)

∨(2−µjke
iπ2−µm).

Substituting this in (3.4) and the result in (3.3) yields (1.17).

4. Boundedness of almost diagonal matrices on aαqp

Here we will prove Theorem 4.2, that an almost diagonal matrix is bounded on the
sequence space aαqp . Recall from the introduction the definitions of aαqp , of the action of
a matrix on aαqp , and of an almost diagonal matrix. Theorem 4.2 is of interest in its own
right, but in addition it will be used in the proof of the norm equivalences (Theorem 6.3)
for the polar wavelet identity and in our FHT multiplier result (Theorem 7.2). We follow
the same general strategy as in [FJ3]. First we need a technical lemma.

Lemma 4.1. Suppose 0<a≤ 1, λ1> 1+1/a, λ2> 2/a, µ, ν ∈Z, s= {sµkm}k∈N,m∈Aµ

(recall that Aµ = {−2µ, . . . , 2µ−1}) is a sequence of complex numbers, r > 0, and θ ∈ R.

Let

C = {k ∈ N : k > 2µ−ν} ×Aµ

and

D = {k ∈ N : k ≤ 2µ−ν} ×Aµ.

Then there exists c <∞, c depending only on a, λ1, and λ2, such that
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∑

(k,m)∈C

|sµkm|(1 + min(2µ, 2ν)|eiθ − eiπ2−µm|)−λ1 (1 + min(2µ, 2ν)|r − 2−µjk|)−λ2(4.1)

≤ c2(µ−ν)+2/a
(
Mpol

s

( ∑

(k,m)∈C

|sµkm|aχRµkm

)
(reiθ)

)1/a

,

and
∑

(k,m)∈D

|sµkm|(1 + min(2µ, 2ν)|eiθ − eiπ2−µm|)−λ1(1 + min(2µ, 2ν)|r − 2−µjk|)−λ2(4.2)

≤ c2(µ−ν)+3/a
(
Mpol

s

( ∑

(k,m)∈D

|sµkm|aχRµkm

)
(reiθ)

)1/a

,

where x+ = max(x, 0).

P r o o f. If µ≤ν, the statement is independent of ν (and (4.2) is void), so it is sufficient
to prove the case µ ≥ ν, as follows. Pick l0 ∈ N and n0 ∈ Aν such that reiθ ∈ Aνl0n0

. We
consider (4.1) first. For n ∈ Aµ, let

C2,n = {(k,m) ∈ N ×Aµ : 2µ−ν < k, 2−µjk−1 < 2−νj2, and

2−νn ≤ 2−µm < 2−ν(n+ 1)}
and, for l ∈ N, l ≥ 3, and n ∈ Aµ,

Cl,n = {(k,m) ∈ N ×Aµ : 2µ−ν < k, 2−νjl−1 ≤ 2−µjk−1 < 2−νjl and

2−νn ≤ 2−µm < 2−ν(n+ 1)}.
(We have used this definition of C2,n just so we could formulate the theorem in terms of

the set C without reference to jk and j1.) Note that if (k,m) ∈ Cl,n, then |eiθ−eiπ2−νn0 | ≤
c2−ν , |eiπ2−µm−eiπ2−νn| ≤ c2−ν, |r−2−νjl0 | ≤ c2−ν , and |2−µjk−2−νjl| ≤ c2−ν . Hence

1 + 2ν |r − 2−µjk| ≈ 1 + 2ν |2−νjl0 − 2−νjl| = 1 + |jl0 − jl|(4.3)

and
1 + 2ν|eiθ − eiπ2−µm| ≈ 1 + 2ν |eiπ2−νn0 − eiπ2−νn| ≡ bν(n− n0),(4.4)

where we set bν(t) = 1 + 2ν |eiπ2−νt − 1| (note that for |t| ≤ 2ν , bν(t) ≈ 1 + |t|, and bν(t)
is 2ν+1-periodic).

Note that if (k,m) ∈ Cl,n, then k ≥ 2 so |Rµkm| ≈ 2−3µjk ≥ c2−2µ2−νjl−1 ≥
c2−2µ2−νjl. Hence

Bl,n ≡ min
(k,m)∈Cl,n

|Rµkm| ≥ c · 2−2µ2−νjl.(4.5)

Let R∗
νln be the smallest annular sector containing Rνl0n0

and
⋃

(k,m)∈Cl,n
Rµkm. The

angular spread of R∗
νln is equivalent to 2−νbν(n − n0) (to see this, take n0 = 0, so the

spread is equivalent to 2−ν(1 + |n− n0|); the general case is the periodized form of this).
For l > 2, the inner radius of R∗

νln its greater than or equal to 2−ν min(jl−1, jl0−1), and
the outer radius is less than or equal to 2−ν max(jl0 , jl + c) for some absolute constant
c. For l = 2, the outer radius is less than or equal to 2−ν max(jl0 , c) ≤ c2−ν(1 + jl0) ≈
c2−ν(1+ |jl0 − j2|), and we bound the inner radius below just by 0. In all cases we obtain

|R∗
νln| ≤ c2−3ν(1 + |jl − jl0 |)max(jl, jl0)bν(n− n0).(4.6)
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By (4.3)–(4.4) we obtain

(∗)l,n ≡
∑

(k,m)∈Cl,n

|sµkm|(1 + 2ν |eiθ − eiπ2−µm|)−λ1(1 + 2ν |r − 2−µjk|)−λ2

≤ c(bv(n− n0))
−λ1(1 + |jl0 − jl|)−λ2

∑

(k,m)∈Cl,n

|sµkm|

≤ c(bv(n− n0))
−λ1(1 + |jl0 − jl|)−λ2

( ∑

(k,m)∈Cl,n

|sµkm|a
)1/a

,

since a ≤ 1. Now by (4.5)–(4.6),
∑

(k,m)∈Cl,n

|sµkm|a ≤ B−1
l,n

\ ∑

(k,m)∈Cl,n

|sµkm|aχRµkm

≤ |R∗
νln|B−1

l,nM
pol
s

( ∑

(k,m)∈Cl,n

|sµkm|aχRµkm

)
(reiθ)

≤ c22(µ−ν) max(1, jl0/jl)bv(n− n0)(1 + |jl − jl0 |)
×Mpol

s

( ∑

(k,m)∈C

|sµkm|aχRµkm

)
(reiθ).

So altogether

(∗)l,n ≤ c22(µ−ν)/amax(1, jl0/jl)
1/abv(n− n0)

−λ1+1/a(4.7)

× (1 + |jl0 − jl|)−λ2+1/a
(
Mpol

s

( ∑

(k,m)∈C

|sµkm|aχRµkm

)
(reiθ)

)1/a

.

Since λ1 > 1 + 1/a,
∑

n∈Aµ

(bv(n− n0))
−λ1+1/a ≈

∑

n∈Aµ

(1 + |n|)−λ1+1/a ≤ c.

Let [l0/2] denote the greatest integer in l0/2. Then

∞∑

l=[l0/2]+1

max(1, jl0/jl)
1/a(1 + |jl0 − jl|)−λ2+1/a ≤ c,

since jl ≈ πl by (2.7) and λ2 > 2/a ≥ 1 + 1/a. For l ≤ [l0/2], 1 + |jl0 − jl| ≈ jl0 , so

[l0/2]∑

l=1

(jl0/jl)
1/a(1 + |jl0 − jl|)−λ2+1/a ≤ cj

−λ2+2/a
l0

log jl0 ≤ c,

since λ2 > 2/a. Hence summing (4.7) over l, n implies (4.1).
For (4.2) the argument is similar. Let

Dn = {(k,m) ∈ N ×Aµ : k ≤ 2µ−ν and 2−νn ≤ 2−µm < 2−ν(n+ 1)}
for n ∈ Aµ. For (k,m) ∈ Dn, we have 2−µjk ≈ 2−µk ≤ 2−ν ≈ 2−νj1, which implies
|2−µjk − 2−νj1| ≤ c2−ν, so (4.3) holds with jl replaced by j1, and (4.4) holds as stated.
However, we can only obtain min(k,m)∈Dn

|Rµkm| ≥ c2−3µ, since k = 1 is possible. If R∗
νln



30 J. Epperson and M. Frazier

is as above except with Dn in place of Cl,n, then |R∗
νln| ≤ c2−3νj2l0bv(n−n0). Now denote

by (∗)n the sum on the left side of (4.2) with D replaced by Dn. Then

(∗)n ≤ c(bv(n− n0))
−λ1+1/aj

−λ2+2/a
l0

23(µ−ν)/a
(
Mpol
s

( ∑

(k,m)∈D

|sµkm|aχRµkm

)
(reiθ)

)1/a

.

Since j
−λ2+2/a
l0

≤ c, summing on n as above gives (4.2).

P r o o f o f T h e o r e m 4.2. Suppose reiθ ∈ Rνln. Then |r − 2−vjl| ≤ c2−ν and

|eiθ − eiπ2−νn| ≤ c · 2−ν . Hence, with χj as in the statement of the theorem,

|(Bs)νln| ≤
∞∑

µ=0

∑

(k,m)∈N×Aµ

ωνln;µkm(ε)|sµkm|

≤ |Rνln|1/2
∞∑

µ=0

2(µ−ν)αmin(2(ν−µ)(J+ε), 2(µ−ν)ε)

×
∑

k,m

(1 + (2(ν−µ)J/2 − 1)χµ−ν(k))|sµkm| · |Rµkm|−1/2

× (1 + min(2µ, 2ν)|eiθ − eiπ2−µn|)−J/2−1−ε(1 + min(2µ, 2ν)|r − 2−µjk|)−J−ε.

There exists a > 0 such that a < min(1, p, q) and

ε′ = min

(
J

2
− 1

a
+ ε, J − 2

a
+ ε,

3J

2
− 3

a
+ ε

)
> 0.

Apply Lemma 4.1 with this a, λ1 = J
2 + 1 + ε ≥ 1 + ε′ + 1/a and λ2 = J + ε ≥ ε′ + 2/a.

We obtain

|(Bs)νln| ≤ c|Rνln|1/2
∞∑

µ=0

2(µ−ν)α2−|µ−ν|ε′
(
Mpol

s

( ∑

k,m

|sµkm|χ̃µkm
)a

(reiθ)
)1/a

,

since the {Rµkm}k,m are disjoint for each µ. Hence

( ∞∑

ν=0

(2να|(Bs)νln|χ̃νln(reiθ))q
)1/q

≤ c
( ∞∑

ν=0

( ∞∑

µ=0

2−|µ−ν|ε′
(
Mpol

s

( ∑

k,m

2µα|sµkm|χ̃µkm
)a

(reiθ)
)1/a)q)1/q

≤ c
( ∞∑

µ=0

(
Mpol

s

( ∑

k,m

2µα|sµkm|χ̃µkm
)a

(reiθ)
)q/a)1/q

,

by ‖a ∗ b‖ℓq ≤ ‖a‖ℓ1‖b‖ℓq if q ≥ 1 and by ‖a ∗ b‖ℓq ≤ ‖|a|q ∗ |b|q‖1/q
ℓ1 ≤ ‖a‖ℓq‖b‖ℓq if q < 1.

Taking the Lp norm, writing p/q = (a/q) ·(p/a), noting p/a, q/a > 1, and applying (2.44)
yields the boundedness of B on aαqp .

We remark that Theorem 4.2 can be slightly sharpened by a duality argument. We
omit this result, since it is more technical and not needed later.
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5. Peetre’s maximal inequality

A maximal inequality due to Peetre [P] plays an important role in the theory of Fαqp
spaces. The main point is to use facts about functions of exponential type to control the
∗∗-maximal function, which in turn gives a strong pointwise control. Here we adapt to
our polar situation the presentation in Triebel ([T1], pp. 16–17) of Peetre’s result.

Our analogue of exponential type is defined using the FHT. For ν ∈ N0, let

Eν = {f ∈ L2(R2) : f̂(̺, n) = 0 for (̺2 + n2)1/2 > 2ν}.

Lemma 5.1. Suppose ν ∈ N0 and f ∈ Eν . Then f ∈ L∞ and

‖f‖L∞ ≤ c23ν/2‖f‖L2.(5.1)

P r o o f. By (1.10)–(1.11), we have

f =
( ν+2∑

µ=0

ϕ̂µψ̂µf̂
)∨

= Hν+2f,

for HN defined as above, after Lemma 2.8. As noted there, the kernel Dν+2 of Hν+2

satisfies (as in (2.27))

|Dν+2(re
iθ , seiϕ)| ≤ cM23ν(1 + 2ν+2|eiθ − eiϕ|)−M (1 + 2ν+2|r − s|)−M/max(1, 2νr, 2νs).

So, taking M sufficiently large,

|f(reiθ)| ≤
2π\
0

∞\
0

|Dν+2(re
iθ , seiϕ)||f(seiϕ)|s ds dϕ

≤ c‖f‖L2

[ 2π\
0

∞\
0

25ν(1 + 2ν+2|eiθ − eiϕ|)−2M (1 + 2ν+2|r − s|)−2Mds dϕ
]1/2

≤ c23ν/2‖f‖L2.

Recall from (2.24) the operator Rµ with FHT multiplier ϕ̂µ and kernel Kµ satisfying
(2.27) and (2.29). For ν ∈ N0, λ1, λ2 > 0, r > 0, and θ ∈ R, we define our analogue R∗∗

ν

of Peetre’s ∗∗-maximal function by

R∗∗
ν f(reiθ) = sup

s>0,ϕ∈R

(1 + 2ν |r − s|)−λ1(1 + 2ν |eiθ − eiϕ|)−λ2 |Rνf(seiϕ)|

(we suppress the dependence on λ1, λ2). Regarding Rνf(reiθ) as a function of the real
variables r and θ, define

∇r,θRνf(reiθ) =

(
∂Rνf

∂r
(reiθ),

∂Rνf

∂θ
(reiθ)

)
,

and set

∇∗∗
ν Rνf(reiθ) = sup

s>0,ϕ∈R

(1 + 2ν|r − s|)−λ1(1 + 2ν |eiθ − eiϕ|)−λ2 |∇r,θRνf(seiϕ)|.

As in the case of exponential type functions, we can control the derivatives by the function
in the following sense.
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Lemma 5.2. Suppose ν ∈ N0 and f ∈ L2(R2). Then

∇∗∗
ν Rνf(reiθ) ≤ c2νR∗∗

ν f(reiθ),(5.2)

for r > 0 and θ ∈ R, with c independent of ν, f, r, and θ.

P r o o f. We write the proof of ∂/∂r; the proof for ∂/∂θ is exactly the same since all
that is used are the analogues of (2.27) and (2.29) for the kernel Dν of Hν (defined in
§2), which follow by the same argument. Recall that the FHT multiplier of Hν+2 is 1 on
supp(Rνf)∧, so Rν = Hν+2Rν . Using the trivial inequality 1 + a+ b ≤ (1 + a)(1 + b) for
a, b > 0,

(1 + 2ν |r − s|)−λ1(1 + 2ν |eiθ − eiϕ|)−λ2

∣∣∣∣
∂Rνf

∂r
(seiϕ)

∣∣∣∣

≤
2π\
0

∞\
0

∣∣∣∣
∂Dν+2

∂r
(seiϕ, teiβ)

∣∣∣∣
(1 + 2ν |s− t|)λ1

(1 + 2ν |r − t|)λ1

(1 + 2ν|eiϕ − eiβ |)λ2

(1 + 2ν |eiθ − eiβ |)λ2
|Rνf(teiβ)|t dt dβ

≤ cMR
∗∗
ν f(reiθ)

2π\
0

∞\
0

23ν(1 + 2ν|s− t|)−M+λ1 (1 + 2ν |eiϕ − eiβ |)−M+λ2 dt dβ

≤ c2νR∗∗
ν f(reiθ),

by taking M sufficiently large. Taking the sup on the left side yields (5.2).

Now we come to the key estimate.

Lemma 5.3. Suppose f ∈ L2, ν ∈ N0, a > 0, λ1 > 2/a, λ2 > 1/a, r > 0, and θ ∈ R.

Then

R∗∗
ν f(reiθ) ≤ c(Mpol

s (|Rνf |a)(reiθ))1/a,(5.3)

where c depends on a but not on ν, f, r, or θ.

P r o o f. Fix r, s > 0 and θ, ϕ ∈ R. For δ ∈ (0, 1] to be fixed later, let

Fδ = {teiβ ∈ R
2 : s < t < s+ 2−νδ and ϕ < β < ϕ+ 2−νδ}.

Note that
|Fδ| = 2−2νδ2(s+ 2−ν−1δ) ≈ 2−2νδ2 max(s, 2−νδ).(5.4)

For teiβ ∈ Fδ, the mean value theorem implies

|Rνf(seiϕ)| ≤ |Rνf(teiβ)| + c2−νδ sup
Fδ

|∇r,θRνf |.

Taking the ath power of both sides and averaging over teiβ ∈ Fδ gives

|Rνf(seiϕ)|a ≤ c|Fδ|−1
\\
Fδ

|Rνf(teiβ)|at dt dβ + c(2−νδ)a sup
Fδ

|∇r,θRνf |a.(5.5)

By definition
∣∣∣∣
∂Rνf

∂r
(teiβ)

∣∣∣∣ ≤ (1 + 2ν |t− r|)λ1 (1 + 2ν|eiβ − eiθ|)λ2∇∗∗
ν Rνf(reiθ).

However, for teiβ ∈ Fδ,

(1 + 2ν |t− r|)λ1 ≤ (1 + 2ν|t− s|)λ1(1 + 2ν |s− r|)λ1 ≤ c(1 + 2ν|s− r|)λ1 ,
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and similarly for the factors involving θ, β and ϕ. Also ∂Rνf/∂θ satisfies the same esti-
mates. Using Lemma 5.2 then gives

sup
Fδ

|∇r,θRνf | ≤ c2ν(1 + 2ν |s− r|)λ1 (1 + 2ν |eiϕ − eiθ|)λ2R∗∗
ν f(reiθ).(5.6)

To consider the other term on the right of (5.5), let Iδ be the smallest annular sector
containing Fδ and reiθ . The inner radius of Iδ is min(r, s), the outer radius is max(r, s+
2−νδ) ≤ max(r, s)+2−νδ, and the angular spread is bounded above by c(|eiθ−eiϕ|+2−νδ).
Hence

|Iδ| ≤ c2−2ν(1 + 2ν |r − s|)(1 + 2ν|eiθ − eiϕ|)(r + s+ 2−νδ),(5.7)

since δ ≤ 1. If r ≤ 2s, then

r + s+ 2−νδ ≤ 3s+ 2−νδ ≤ 3 max(s, 2−νδ),

while if r > 2s, then r ≈ |r − s|, so

r + s+ 2−νδ ≤ c2−ν(δ + 2ν |r − s|) ≤ c

δ
(1 + 2ν |r − s|)max(s, 2−νδ).

Hence by (5.4) and (5.7),

|Iδ| · |Fδ|−1 ≤ cδ−3(1 + 2ν |r − s|)2(1 + 2ν |eiθ − eiϕ|).
Therefore

|Fδ|−1
\\
Fδ

|Rνf(teiβ)|at dtdβ ≤ |Fδ|−1
\\
Iδ

|Rνf(teiβ)|at dt dβ

≤ |Iδ| · |Fδ|−1Mpol
s (|Rνf |a)(reiθ)

≤ cδ−3(1 + 2ν |r − s|)2(1 + 2ν |eiθ − eiϕ|)Mpol
s (|Rνf |a)(reiθ).

Substituting this and (5.6) in (5.5) and using λ1 > 2/a, λ2 > 1/a gives

(1 + 2ν |r − s|)−λ1(1 + 2ν |eiθ − eiϕ|)−λ2 |Rνf(seiϕ)|
≤ cδ−3/a(Mpol

s (|Rνf |a)(reiθ))1/a + c′δR∗∗
ν f(reiθ).

Taking the sup over s > 0, ϕ ∈ R on the left side gives

R∗∗
ν f(reiθ) ≤ cδ−3/a(Mpol

s (|Rνf |a)(reiθ))1/a + c′δR∗∗
ν f(reiθ).(5.8)

Since f ∈ L2, we have Rνf ∈ Eν . So by Lemma 5.1, Rνf ∈ L∞. Hence R∗∗
ν f ∈ L∞. Pick

δ so that c′δ = 1/2 and subtract in (5.8) to obtain (5.3).

This and the polar vector-valued inequality now give us the maximal characterization
of Aαqp that we need.

Theorem 5.4. Suppose α ∈ R and 0 < p, q < ∞. Define R∗∗
µ for µ ∈ N0 with

λ1 > 2/min(p, q) and λ2 > 1/min(p, q). Then for f ∈ L2(R2),

‖f‖Aαq
p

≈
∥∥∥
( ∞∑

µ=0

(2µα|R∗∗
µ f |)q

)1/q∥∥∥
Lp
,(5.9)

with constants depending only on α, p, q, λ1 and λ2.

P r o o f. One direction is trivial since Rµf(reiθ) ≤ R∗∗
µ f(reiθ). For the other, our

assumptions allow us to select a > 0 such that a < min(p, q) but λ1 > 2/a and λ2 > 1/a.
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Then Lemma 5.3 gives that the right side of (5.9) is dominated by

∥∥∥
( ∞∑

µ=0

(Mpol
s ((2µα|Rµf |)a)(reiθ))q/a

)a/q∥∥∥
1/a

Lp/a
.

Since p/a, q/a > 1, applying (2.44) allows us to remove Mpol
s and obtain the other

inequality in (5.9).

This result is critical for the main norm-equivalence results (Theorems 6.3 and 6.4).
In addition, it gives an easy way to see that Aαqp is independent of the choice of ϕ and Φ
satisfying the conditions in the introduction (cf. Peetre [P]).

Theorem 5.5. For i = 1, 2, suppose ϕ(i) and Φ(i) satisfy the conditions in (1.5), and

define corresponding {ϕ(i)
µ }∞µ=0 as in (1.6)–(1.7). Define operators {R(i)

µ }µ∈N0
acting on

f ∈ L2(R2) by R
(i)
µ = (ϕ̂

(i)
µ f̂ )∨. For α ∈ R, 0 < p, q <∞ and f ∈ L2, let

‖f‖Aαq
p (i) =

∥∥∥
( ∞∑

µ=0

|2µαR(i)
µ f |q

)1/q∥∥∥
Lp
.

Then

‖f‖Aαq
p (1) ≈ ‖f‖Aαq

p (2),(5.10)

with constants depending on α, q, p, ϕ(1), Φ(1), ϕ(2), and Φ(2), but not f .

P r o o f. By assumption, there exist ψ(2) and Ψ (2) as specified in (1.5) such that with

{ψ(2)
µ }∞µ=0 defined as in (1.6), (1.8), we then have the analogue of (1.11). Taking the

conjugate of this and defining T̃
(2)
µ f = (ψ̂

(2)
µ f̂ )∨, we obtain

f =

∞∑

ν=0

R(2)
ν T̃ (2)

ν f.

So (by L2 continuity and convergence, e.g. (2.34)),

R(1)
µ f =

µ+1∑

ν=µ−1

R(1)
µ T̃ (2)

ν R(2)
ν f,(5.11)

since multiplier operators commute and R
(1)
µ R

(2)
ν = 0 if |µ − ν| > 1 by (1.9)–(1.10).

Setting ν = µ+ j, j ∈ {−1, 0, 1} (or j ∈ {0, 1} if µ = 0), R
(1)
µ T̃

(2)
ν has multiplier

(ϕ̂(1)
µ ψ̂(2)

ν )(̺, n) = Fϕ(1)(2−µ̺, 2−µn)Fψ(2)(2−µ−j̺, 2−µ−jn) = Fhj(2−µ̺, 2−µn)

for hj defined by Fhj(ξ) = Fϕ(1)(ξ)Fψ(2)(2−jξ), by (1.6)–(1.8), if µ 6= 0 and ν 6= 0.
If µ = 0, substitute Φ(1) for ϕ(1) and if ν = 0, substitute Ψ (1) for ψ(1). Note that hj is

radial and Fhj ∈ D(R2). So by the remark after Lemma 2.5, the kernel Hj,µ of R
(1)
µ T̃

(2)
ν

satisfies the analogue of (2.27). Hence

|R(1)
µ T̃

(2)
µ+jR

(2)
µ+jf(reiθ)| ≤

2π\
0

∞\
0

|Hj,µ(re
iθ , seiϕ)| · |R(2)

µ+jf(seiϕ)|s ds dϕ
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≤ R
(2)∗∗
µ+j f(reiθ)

2π\
0

∞\
0

|Hj,µ(re
iθ, seiϕ)|(1 + 2µ+j |r − s|)λ1(1 + 2µ+j |eiθ − eiϕ|)λ2s ds dϕ

≤ cR
(2)∗∗
µ+j f(reiθ),

by (2.27), where we take λ1 and λ2 as in Theorem 5.4 and pick M large enough in (2.27).
Here the constant c is independent of µ. So by (5.11) we have

|R(1)
µ f | ≤ c

+1∑

j=−1

R
(2)∗∗
µ+j f.

Multiplying by 2µα, taking the Lp(ℓq) norm, and applying Theorem 5.4 gives one direction
in (5.10). By symmetry we have the other direction.

6. Norm characterizations

We are now ready to obtain the precise characterization of the size of the coefficients
〈f, ϕµkm〉 in the polar wavelet identity (1.17) in terms of the function space behavior of
f with respect to the Aαqp scale of spaces. It is useful to introduce our version Sϕ of the
ϕ-transform (cf. [FJ1–3]), which is defined initially on L2 but will eventually be extended
to all of Aαqp . For f ∈ L2, let Sϕf be the sequence {(Sϕf)µkm}µ∈N0,k∈N,m∈Aµ

, where

(Sϕf)µkm = 〈f, ϕµkm〉,
which makes sense by (1.16).

Lemma 6.1. Suppose f ∈ L2(R2), α ∈ R and 0 < p, q <∞. Then

‖Sϕf‖aαq
p

≤ c‖f‖Aαq
p
,(6.1)

where c does not depend on f .

P r o o f. Let R̃µf = (ϕ̂µf̂ )∨ as before. By (3.5),

〈f, ϕµkm〉 =
√
π 2−3µ/2bkR̃µf(2−µjke

iπ2−µm).

By (2.9), 2−3µ/2bk ≈ (2−3µjk)
1/2 ≈ |Rµkm|1/2. Also, for reiθ ∈ Rµkm, we have

|r − 2−µjk| ≤ c2−µ and |eiθ − eiπ2−µm| ≤ c2−µ. So

|R̃µf(2−µjke
iπ2−µm)| ≤ (1 + 2µ|r − 2−µjk|)λ1 (1 + 2µ|eiθ − eiπ2−µm|)λ2R̃∗∗

µ f(reiθ)

≤ cR̃∗∗
µ f(reiθ),

where we take λ1, λ2 as in Theorem 5.4. Hence

∞∑

k=1

∑

m∈Aµ

|〈f, ϕµkm〉|χ̃µkm ≤ cR̃∗∗
µ f.

Since the {Rµkm}k∈N,m∈Aµ
are disjoint for each fixed µ, we obtain

‖Sϕf‖aαq
p

≤ c
∥∥∥
( ∞∑

µ=0

|2µαR̃∗∗
µ f |q

)1/q∥∥∥
Lp

≤ c‖f‖Aαq
p
,
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using Theorem 5.4 and the observation that the conditions on ϕ and Φ in (1.5) are

invariant under complex conjugation, so that by Theorem 5.5, replacing Rµ by R̃µ gives
an equivalent definition of the Aαqp quasi-norm.

The inverse ϕ-transform Tψ is defined formally on a sequence s={sµkm}µ∈N0,k∈N,m∈Aµ

by

Tψs =

∞∑

µ=0

∞∑

k=1

∑

m∈Aµ

sµkmψµkm.

Initially we define Tψ on sequences s with only finitely many nonzero terms. The next
lemma allows us to extend Tψ to ℓ2 = {s : (

∑
µ,k,m |sµkm|2)1/2 = ‖s‖ℓ2 < ∞}, and

eventually Tψ will be extended to all of aαqp .

Lemma 6.2. Suppose α ∈ R, 0 < p, q <∞, and s ∈ ℓ2. For N ∈ N, let sN = {sNµkm}
where sNµkm = sµkm if 0 ≤ µ ≤ N , 1 ≤ k ≤ N , and m ∈ Aµ, and sNµkm = 0 otherwise.

Then limN→∞ Tψs
N = limN→∞

∑N
µ=0

∑N
k=1

∑
m∈Aµ

sµkmψµkm exists in L2(R2). If we

denote this limit by

Tψs =

∞∑

µ=0

∞∑

k=1

∑

m∈Aµ

sµkmψµkm,(6.2)

then

‖Tψs‖Aαq
p

≤ c‖s‖aαq
p
,(6.3)

with c independent of s.

P r o o f. Suppose first that s = {sµkm}µkm has only finitely many nonzero terms.
Then for ν ∈ N0,

Rν(Tψs)(re
iθ) =

ν+1∑

µ=ν−1

∞∑

k=1

∑

m∈Aµ

sµkmRν(ψµkm)(reiθ),(6.4)

since Rνψµkm = 0 if |µ− ν| > 1 by (1.10). By the observation that

ψ̂µkm = bk2
−3µ/2(2

√
π)−1ψ̂µgµkm

stated just prior to (1.20), we have

Rν(ψµkm)(reiθ) = (ϕ̂ν ψ̂µkm)∨(reiθ)

= (2
√
π)−1bk2

−3µ/2

×
∑

n∈Z

∞\
0

ϕ̂ν(̺, n)ψ̂µ(̺, n)J0(2
−µjk̺)e

−iπ2−µmnJ0(̺r)̺ d̺ e
inθ .

Let ν = µ + j, j ∈ {−1, 0, 1}, and let γj ∈ S(R2) be defined so that Fγj(ξ) =
Fϕ(2−jξ)Fψ(ξ) if µ, ν ≥ 1, and similarly with ϕ replaced by Φ if ν = 0 and ψ replaced
by Ψ if µ = 0. By (1.6)–(1.8),

ϕ̂ν(̺, n)ψ̂µ(̺, n) = Fγj(2−µ̺, 2−µn).
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Changing variables gives

Rν(ψµkm)(reiθ) = (2
√
π)−1bk2

µ/2
∑

ξ∈2−µZ

∞\
0

Fγj(̺, ξ)ei2
µξ(θ−2−µπm)J0(2

µr̺)J0(jk̺)̺ d̺.

Let Bµ be as in Lemma 2.2, but with f(̺, ξ) replaced by Fγj(̺, ξ). The argument in the
proof of Lemma 2.5 shows that for any L and K, Bµ ≤ cL,K,γj . Hence by Lemma 2.2,

|Rν(ψµkm)(reiθ)|
≤ cMbk2

3µ/2(1 + 2µ|eiθ − eiπ2−µm|)−M (1 + 2µ|r − 2−µjk|)−M/max(jk, 2
µr).

Fix M > 2/min(1, p, q), and define, for ν, µ ∈ N0, k, l ∈ N, n ∈ Aν , and m ∈ Aµ,

bνln;µkm = bkj
1/2
l (1 + 2µ|eiπ2−νn − eiπ2−µm|)−M (1 + 2µ|2−νjl − 2−µjk|)−M/jk

if |µ− ν| ≤ 1 and bνln;µkm = 0 if |µ− ν| ≥ 1. Let

B = {bνln;µkm}.
By (2.9) and (1.22), B is almost diagonal, hence bounded, on aαqp . For reiθ ∈ Rνln, we

have |r − 2−νjl| ≤ c2−ν and |eiθ − eiπ2−νn| ≤ c2−ν, so

|Rν(ψµkm)(reiθ)| ≤ c23µ/2j
−1/2
l bνln;µkm ≤ c|Rνln|−1/2bνln;µkm

if |u− v| ≤ 1. So by (6.4), for a.e. reiθ ∈ R2,

|Rν(Tψs)(reiθ)| ≤ c

ν+1∑

µ=ν−1

∞∑

k=1

∑

m∈Aµ

|sµkm||Rν(ψµkm)(reiθ)|

≤ c

∞∑

l=1

∑

n∈Aν

∑

µ,k,m

|sµkm|bνln;µkmχ̃νln = c

∞∑

l=1

∑

n∈Aν

(B|s|)νlnχ̃νln,

where |s| is the sequence with |s|µkm = |sµkm|. Since the {Rνln}l,n are disjoint for each
ν, this gives

‖Tψs‖Aαq
p

≤ c‖B|s|‖aαq
p

≤ c‖|s|‖aαq
p

= c‖s‖aαq
p
,

by Theorem 4.2.
Now suppose s∈ℓ2. By definition, ‖s‖a02

2
= ‖s‖ℓ2 and as we noted in (2.32), L2 ≈ A02

2 .

Clearly {sN}∞N=1 is Cauchy in ℓ2, so by (6.3) for finite sequences, {TψsN}∞N=1 is Cauchy
in L2. So Tψs = limN→∞ Tψs

N exists in L2(R2). By the continuity of Rν on L2, (6.4)
still holds, and the previous argument carries over verbatim to yield (6.3) in general.

P r o o f o f T h e o r e m 6.3. For α, p, q, f , and s = {sµkm} as in the statement of the
theorem (see §1), we have

‖s‖aαq
p

≤ c‖f‖Aαq
p

immediately by Lemma 6.1. Also since f ∈ L2, taking α = 0 and q = p = 2 gives that
s ∈ ℓ2. By Theorem 3.2, f = Tψs, so (6.3) gives the other inequality.

It is worth noting that for f =
∑
µ,k,m sµkmψµkm, we do not in general have ‖f‖Aαq

p

≈ ‖s‖aαq
p

, due to the non-orthogonality of the expansion in Theorem 3.2. In fact, since
ψνln =

∑
µ,k,m〈ψνln, ϕµkm〉ψµkm we see that 0 can be represented nontrivially as
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∑
µ,k,m sµkmψµkm. Theorem 6.3 only gives equivalence of norms for the particular repre-

sentation where sµkm = 〈f, ϕµkm〉. However, Lemma 6.2 carries more information since
it guarantees that one of the estimates, namely

∥∥∥
∑

µ,k,m

sµkmψµkm

∥∥∥
Aαq

p

≤ c‖s‖aαq
p

holds for any sequence s ∈ ℓ2 (and even this restriction on s will eventually be dropped).
Recall that Aαq

p = {f ∈ L2(R2) : ‖f‖Aαq
p
< ∞} and Aαqp is the completion of Aαq

p

with respect to the Aαqp quasi-norm. It is now a formal matter to extend Sϕ to Aαqp , Tψ to
aαqp , and obtain Theorem 6.4. However, it is worthwhile to be precise about the resulting
definitions.

First, suppose f ∈ Aαqp . Pick {fn}∞n=1 a sequence of elements of Aαq
p such that

limn→∞ ‖fn−f‖Aαq
p

= 0. Then {fn}∞n=1 is Cauchy in Aαq
p , so by Lemma 6.1, {Sϕfn}∞n=1

is Cauchy in aαqp . But aαqp is complete, so define Sϕf to be the limit in aαqp of {Sϕfn}∞n=1.
Now for any sequence s = {sµkm},

|sµkm| ≤ 2−µα|Rµkm|1/2−1/p‖s‖aαq
p
,

so
〈f, ϕµkm〉 ≡ lim

n→∞
〈fn, ϕµkm〉

exists in C for each µ, k, and m. It is easy to see that this value is independent of the
choice of {fn}∞n=1, hence agrees with the usual meaning of 〈f, ϕµkm〉 if f ∈ Aαq

p , and that
with the above definition of Sϕf we still have

Sϕf = {〈f, ϕµkm〉}µkm.
Also Sϕ : Aαqp → aαqp is bounded.

Similarly we can extend Tψ. For s ∈ aαqp , define {sN}∞N=1 as in Lemma 6.2. By the
dominated convergence theorem,

lim
N→∞

‖s− sN‖aαq
p

= 0.

So by Lemma 6.2, {TψsN}∞N=1 is Cauchy in Aαqp . We define

Tψs = lim
N→∞

Tψs
N = lim

N→∞

N∑

µ=0

N∑

k=1

∑

m∈Aµ

sµkmψµkm

and we denote this limit in Aαqp as
∑
µ,k,m sµkmψµkm. Then Tψ : aαqp → Aαqp is bounded

and agrees with the former definition on aαqp ∩ℓ2. Finally, Tψ◦Sϕ : Aαqp → Aαqp is bounded
and agrees with identity on the dense subspace Aαq

p of Aαqp , hence Tψ ◦Sϕ is the identity
on Aαqp .

P r o o f o f T h e o r e m 6.4. Let sµkm = 〈f, ϕµkm〉 and s = {sµkm}µ,k,m, for f as
given in the theorem. Then fN as given there is just Tψs

N . But by the above,

‖Tψ(sN − s)‖Aαq
p

≤ c‖sN − s‖aαq
p

−→
N→∞

0.

So (1.17) holds in the required sense. Also

‖f‖Aαq
p

= ‖TψSϕf‖Aαq
p

≤ c‖Sϕf‖aαq
p

≤ c‖f‖Aαq
p
,

so (1.21) holds.
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7. FHT multiplier and potential operators

Theorem 6.4 can be used to study linear operators on Aαqp . This is analogous to the
classical case of Fαqp , as in e.g. [FJ3]. The following is trivial to obtain formally, but
requires some care to make precise. Recall that Aαq

p = L2 ∩Aαqp .

Lemma 7.1. Suppose α ∈ R, 0 < p, q <∞, and T is a linear operator which is bounded

on L2(R2). Define a matrix B = {bνln;µkm} for µ, ν ∈ N0, l, k ∈ N, n ∈ Aν and m ∈ Aµ
by

bνln;µkm = 〈Tψµkm, ϕνln〉.
Suppose B is bounded on aαqp . Then for f ∈ Aαq

p , we have

Tf = TψBSϕf,

for Sϕ and Tψ defined as in §6. Hence T extends to be a bounded operator on Aαqp .

P r o o f. Let f ∈ Aαq
p and set s = Sϕf , i.e. sµkm = 〈f, ϕµkm〉. For N ∈ N, define sN ,

the truncation of s, as in Lemma 6.2. Let

fN =
N∑

µ=0

N∑

k=1

∑

m∈Aµ

sµkmψµkm = Tψs
N .

Then Tf = limN→∞ TfN in L2. For each N ,

TfN =

N∑

µ=0

N∑

k=1

∑

m∈Aµ

sµkmTψµkm.

But by Theorem 3.2,

Tψµkm =

∞∑

ν=0

∞∑

l=1

∑

n∈Aν

〈Tψµkm, ϕνln〉ψνln,

with
∑∞
ν=0

∑∞
l=1 interpreted as the L2 limit as M → ∞ of

∑M
ν=0

∑M
l=1. So we can

interchange the limM→∞ with the finite sum to get

TfN =

∞∑

ν=0

∞∑

l=1

∑

n∈Aν

(BsN )νlnψνln = TψBs
N .

So

‖TfN − TψBs‖Aαq
p

= ‖TψB(sN − s)‖Aαq
p

≤ c‖B(sN − s)‖aαq
p

≤ c‖sN − s‖aαq
p
,

by the boundedness of Tψ and B. By the dominated convergence theorem, we have
limN→∞ ‖sN − s‖aαq

p
= 0. Hence TfN converges to TψBs in Aαqp . But B is also ℓ2-

bounded. (In fact, by L2 convergence and the L2 boundedness of T , we have, for s ∈ ℓ2,

〈T (Tψs), ϕνln〉 =
〈 ∑

µ,k,m

sµkmTψµkm, ϕνln

〉
=

∑

µ,k,m

sµkmbνln;µkm,

or B = SϕTTψ.) So by the same argument TfN converges to TψBs in L2, so Tf = TψBs,
as required. Then the boundedness of Sϕ and Tψ imply that T is bounded on Aαq

p .
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With this, Lemma 2.2, and Theorem 4.2, we can now prove our FHT multiplier
theorem, i.e. Theorem 7.2 stated in §1.

P r o o f o f T h e o r e m 7.2. Corresponding to T = Tm is the matrix B = {bνln;µkm},
where

bνln;µkm = 〈Tψµkm, ϕνln〉 = 2π〈mψ̂µkm, ϕ̂νln〉,
by polarizing (2.16). This is zero if |µ − ν| > 1 by (1.9)–(1.10). For |µ − ν| ≤ 1, let
ν = µ+ j, j ∈ {−1, 0, 1}, and define γj ∈ S(R2) by γj(x) = Fψ(x)Fϕ(2−jx), for x ∈ R2,
if µ, ν ≥ 1, and similarly with ψ replaced by Ψ if µ = 0 and ϕ replaced by Φ if ν = 0.
Then by the characterization of ϕ̂µkm and ψ̂µkm before (1.20) and by (1.6)–(1.8),

bνln;µkm = 2π

∞∑

t=0

∞\
0

m(̺, t)bk2
−3µ/2(2

√
π)−1ψ̂µ(̺, t)J0(2

−µjk̺)e
−iπ2−µmt

× bl2
−3ν/2(2

√
π)−1ϕ̂ν(̺, t)J0(2

−νjl̺)e
iπ2−νnt̺ d̺

=
1

2
bkbl2

µ/22−3ν/2
∑

ξ∈2−µZ

∞\
0

m(2µ̺, 2µξ)γj(̺, ξ)e
i2µξ(2−µπm−2−νπn)

× J0(jk̺)J0(2
−jjl̺)̺ d̺.

For µ ∈ N0, and L,K as in the statement of the theorem, let

Bµ = max
l=0,L/2
k=0,K

2−µ
∞\
0

∑

ξ∈2−µZ

|((Dµ,ξ)
(k)(∆̺)

l)(m(2µ̺, 2µξ)γj(̺, ξ))|̺ d̺.

We claim that supµ≥0Bµ < ∞. Assuming this for the moment, note that for x ∈ R2,
γ∗j (x, ξ) ≡ γj(|x|, ξ) is C∞ and compactly supported as a function of x, and by assumption

m∗(x, ξ) = m(|x|, ξ) ∈ CL(R2), for each ξ. Hence we can apply Lemma 2.2 to obtain

|bνln;µkm|
≤ cbkbl2

3µ/22−3ν/2j−1
k (1 + 2µ|ei2−µπm − ei2

−νπn|)−K(1 + 2µ|2−µjk − 2−νjl|)−L+2.

Since |µ − ν| ≤ 1, bk ≈ j
1/2
k (see (2.9)), |Rµkm| ≈ 2−3µjk, and similarly for |Rνln|, we

have by the definition (1.22) that B is almost diagonal on aαqp . So by Theorem 4.2, B is
aαqp bounded. Therefore by Lemma 7.1, m is an FHT multiplier on Aαqp .

It remains to check that supµ≥0 Bµ < ∞. If µ = ν = 0 (so j = 0) then γ0 = FΨFΦ
is C∞, radial, and supported in {x ∈ R2 : |x| ≤ 1}. So γ0(̺, n) = 0 for n 6= 0, and the
term (D0,ξ)

(k) can be dropped. Looking at the radial extension in the first variable to R2

(i.e. for x ∈ R2, looking at m∗(x, ξ)γ∗j (x, ξ)), and replacing ∆̺ by the usual Euclidean
Laplacian ∆x, we get

B0 ≈ max
l=0,L/2

\
R2

|(∆x)
l[m∗(x, 0)γ∗0 (x, 0)]| dx.

By the Leibniz rule and the properties of γ0, (1.24) implies that B0 < ∞. Now suppose
that either µ 6= 0 or ν 6= 0. Then γj(̺, ξ) = 0 unless 1/4 ≤ (̺2 + ξ2)1/2 ≤ 1. As for B0,
we consider the radial extensions to R2 in the first argument, and replace the integral by
an equivalent integral on R2. We then use the chain rule and the formula

Dµ,ξ(FG)(̺, ξ) = F (̺, ξ)Dµ,ξG(̺, ξ) +G(̺, ξ − 2−µ)Dµ,ξF (̺, ξ)
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repeatedly, with F the term involving m∗ and G the term involving γ∗j . Then the prop-
erties of γj show that Bµ is dominated by the left side of (1.25) for all µ ∈ N.

This result provides the key step in the proof of Theorem 7.3, stated in §1. First
we need to be careful about the definition of Pα on Aβqp , since the FHT multiplier

(1 + ̺2 + n2)−α/2 for Pα is not necessarily bounded (i.e. when α < 0). However, Pα is

defined, by L2 considerations, on E = {f ∈ L2 : supp f̂ is compact}, and by Theorem 6.4,
E ∩Aβqp is dense in Aβqp . We will prove that for any α, β ∈ R, 0 < p, q <∞ and f ∈ E,

‖Pαf‖Aα+β,q
p

≤ c‖f‖Aβq
p

(7.1)

with c independent of f . Hence we can extend Pα to a continuous map Pα : Aβqp →
Aα+β,q
p .

P r o o f o f T h e o r e m 7.3. Suppose we prove (7.1). Since α and β are arbitrary,
we can extend P−α to P−α : Aα+β,q

p → Aβqp continuously. Then Pα ◦P−α and P−α ◦Pα
are the identity on dense subspaces, hence on their domains, by continuity. So Theorem
7.3 will follow from (7.1).

To prove (7.1), let η : R2 → [0,∞) be C∞, radial, and satisfy η(x) = 1 for |x| > 1/2
and η(x) = 0 for |x| < 1/4. Define γα : R2 → [0,∞) by

γα(x) =

(
1 + |x|2
|x|2

)−α/2

η(x).

Regarding (̺, n) ∈ [0,∞) × Z as a point in R2, define the FHT multiplier mα by

mα(̺, n) = γα(̺, n) =

(
1 + ̺2 + n2

̺2 + n2

)−α/2

η(̺, n).

We claim that mα satisfies the conditions of Theorem 7.2 (for any K,L) and hence that
the associated FHT multiplier operator Tmα is bounded on Aβqp . First, (1.24) is clear
since

m∗
α(x, 0) = (1 + |x|−2)−α/2η(|x|, 0).

Second, for 1/4 ≤ (|x|2 + ξ2)1/2 ≤ 1 and µ ≥ 1 we have η(2µ|x|, 2µξ) = 1, so

m∗
α(2µx, 2µξ) = (1 + 2−2µ(|x|2 + ξ2)−1)−α/2.

Using the chain rule to handle ∂σx and the mean value theorem to handle (Dµ,ξ)
(k), it is

straightforward to check that

|((Dµ,ξ)
(k)∂σx )(m∗

α(2µx, 2µξ))| ≤ ck,σ

for all (x, ξ) with 1/4 ≤ (|x|2 + ξ2)1/2 ≤ 1, and ck,σ independent of µ. We see that (1.25)
holds, since there are at most c2µ nonzero terms in the sum on ξ.

Now the theorem will follow from Theorem 5.5, which says that Aαqp is independent
of the choice of test functions ϕ, ψ, Φ, and Ψ satisfying (1.5). With such functions given,
define alternate functions ϕ(1), ψ(1), Φ(1), and Ψ (1) by

Fϕ(1)(ξ) = |ξ|−αFϕ(ξ), Fψ(1)(ξ) = |ξ|αFψ(ξ),

FΦ(1)(ξ) = (1 + |ξ|2)−α/2FΦ(ξ), and FΨ (1)(ξ) = (1 + |ξ|2)α/2FΨ(ξ).
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Note that these functions are still radial, belong to S (since 0 6∈ suppFϕ,Fψ), and satisfy

(1.5). Now as in (1.6) and (1.7), define {ϕ(1)
µ }∞µ=0 by

ϕ̂
(1)
0 (̺, n) ≡ FΦ(1)(̺, n) = (1 + ̺2 + n2)−α/2FΦ(̺, n) = (1 + ̺2 + n2)−α/2ϕ̂0(̺, n)

and, for µ ≥ 1,

ϕ̂(1)
µ (̺, n) ≡ Fϕ(1)(2−µ̺, 2−µn) = 2µα(̺2 + n2)−α/2Fϕ(2−µ̺, 2−µn)

= 2µα(̺2 + n2)−α/2ϕ̂µ(̺, n).

Hence for f ∈ E ∩Aβqp ,

‖Pαf‖Aα+β,q
p

≈ ‖(ϕ̂0(̺, n)(1 + ̺2 + n2)−α/2f̂ )∨‖Lp

+
∥∥∥
( ∞∑

µ=1

|2µ(α+β)(ϕ̂µ(̺, n)(1 + ̺2 + n2)−α/2f̂ )∨|q
)1/q∥∥∥

Lp

= ‖(ϕ̂(1)
0 f̂ )∨‖Lp +

∥∥∥
( ∞∑

µ=1

|2µβ(ϕ̂(1)
µ mαf̂ )∨|q

)1/q∥∥∥
Lp

≤ c(‖f‖Aβq
p

+ ‖Tmαf‖Aβq
p

),

by Theorem 5.5. The boundedness of Tmα completes the proof.

8. Equivalence of Lp and A02p , 1 < p <∞

This section is devoted to the proof of Theorem 8.8, that A02
p ≈ Lp for 1 < p < ∞.

The proof is an adaption to the polar grid of the standard Littlewood–Paley arguments
based on vector-valued Calderón–Zygmund theory (as in [S1], §4). We will refer to the
literature for the portions of the proofs that follow the usual lines.

We begin with a discussion of the polar maximal operator Mpol, defined by (2.38).

First we define polar regions B̃(reiθ , δ) for each r, δ > 0 and θ ∈ R. If δ ≤ π, let

B̃(reiθ , δ) = {seiϕ ∈ R
2 : max(0, r − δ) < s < max(r + δ, 2δ), θ − δ < ϕ < θ + δ}.

If δ > π, let

B̃(reiθ , δ) = {seiϕ ∈ R
2 : max(0, r − δ) < s < max(r + δ, 2δ), ϕ ∈ R}.

Observe that the class M of admissible sets, defined in §2, coincides with {B̃(reiθ , δ) :
r, δ > 0, θ ∈ R}. Notice that

if δ′ > δ/2 and B(reiθ, δ′) ∩B(seiϕ, δ) 6= ∅, then B(reiθ , δ) ⊆ B(seiϕ, 5δ′).(8.1)

Also note that |B̃(reiθ , δ)| = 4δmax(r, δ)min(δ, π), and hence

|B̃(reiθ , 5δ)| ≤ 125|B̃(reiθ , δ)|.(8.2)

Lemma 8.1. Mpol is of weak-type (1, 1); i.e., there exists c < ∞ such that for all

f ∈ L1(R2) and λ > 0,

|{x ∈ R
2\{0} : Mpolf(x) > λ}| ≤ 125

λ
‖f‖L1.
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P r o o f. We follow the proof in [S1], pp. 6–10, the only possibility for problems coming

from the fact that |B̃(reiθ, δ)| depends on r as well as δ. In the covering lemma ([S1],

p. 9), we still pick Ij = B̃(xj , δj) inductively to be disjoint from
⋃j−1
l=1 Il and to have δj at

least 1
2 the maximum possible among such sets. If

∑∞
j=1 |Ij | <∞ then limj→∞ |Ij | = 0,

so from 4δ2j min(δj , π) ≤ |Ij | we get limj→∞ δj = 0. So the same argument applies.

Lemma 8.2. Suppose f ∈ L1
loc(R

2). Then almost every x ∈ R2\{0} has the prop-

erty that for any sequence {Ij}∞j=1 of admissible sets such that x ∈ Ij for all j and

limj→∞ |Ij | = 0,

lim
j→∞

1

|Ij |
\
Ij

f(y) dy = f(x).

P r o o f. This follows from Lemma 8.1 as in [S1], §1.5.

We have a notion of dyadic admissible sets. For µ ∈ Z, let Aµ = {−2µ, . . . , 2µ − 1} if
µ ≥ 0 and Aµ = {0} if µ < 0. For µ ∈ Z, k ∈ N, and m ∈ Aµ, let

Iµkm = {reiθ ∈ R
2 : (k − 1)2−µπ < r < k2−µπ, and 2−µπm < θ < 2−µπ(m+ 1)}

if µ ≥ 0, and

Iµk0 = {reiθ ∈ R
2 : (k − 1)2−µπ < r < k2−µπ, θ ∈ R}

if µ < 0. Then for each µ ∈ Z, the sets {Iµkm}k,m are disjoint and open with
⋃
k,m Iµkm =

R
2. We call a set I dyadic if and only if I = Iµkm for some µ, k,m. The dyadic sets have

the nesting property:

if I and J are dyadic and I ∩ J 6= ∅, then either I ⊆ J or J ⊆ I.(8.3)

This leads to a version of the Calderón–Zygmund lemma.

Lemma 8.3. Suppose f ∈ L1(R2) and λ > 0. Then there exist disjoint dyadic sets

{Ij}j such that

|f(x)| ≤ λ for a.e. x ∈ R
2\

⋃

j

Ij ,(8.4)

∑

j

|Ij | ≤ ‖f‖L1/λ,(8.5)

and
1

|Ij |
\
Ij

|f(x)| dx ≤ 8λ for all j.(8.6)

P r o o f. Let O = {I dyadic : |I|−1
T
I
|f(y)|dy > λ}. Let {Ij}∞j=1 be the maximal sets

in O, i.e., those not contained in any larger set in O. The disjointness follows by (8.3),
(8.4) follows by Lemma 8.2, and (8.5) by the definition of A and the disjointness, all in the
usual manner (see [S1], §3.2). Then (8.6) follows by the maximality as usual. The number
8 arises because |Iµkm| ≥ k2−2µ−1π3 min(2, 2−µ) and if I∗µkm is the unique dyadic set

Iµ−1,jl containing Iµkm, then |I∗µkm| ≤ 8k2−2µ−1π3 min(2, 2−µ). So |I∗µkm|/|Iµkm| ≤ 8.

We can now set up the notation needed for the proof of Theorem 8.8. Recall that for
µ ∈ N0 and f ∈ Lp, 1 < p <∞, we have defined operators Rµ and T̃µ by Rµf = (ϕ̂µf̂ )∨

and T̃µf = (ψ̂µf̂ )∨, for {ϕµ}∞u=0 and {ψµ}∞µ=0 as in (1.6)–(1.8). The kernel Kµ of Rµ
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satisfies the estimates (2.27) and (2.29), and the kernel of T̃µ, which we will call Lµ,
satisfies the same estimates. We define a map R on Lp, 1 < p <∞, by

Rf = {Rµf}∞µ=0(8.7)

and a map T on Lp(ℓ2) = {{fµ}∞µ=0 : ‖{fµ}∞µ=0‖Lp(ℓ2) < ∞}, where ‖{fµ}∞µ=0‖Lp(ℓ2) =

‖(∑∞
µ=0 |fµ|2)1/2‖Lp(R2), by

T ({fµ}∞µ=0) =

∞∑

µ=0

T̃µfµ.(8.8)

It is not immediately clear how to interpret the right side of (8.8), but for p = 2 the next
lemma resolves this, and Lemmas 8.5 and 8.6 will handle the remaining cases. Note that

‖f‖A02
p

= ‖Rf‖Lp(ℓ2).(8.9)

Lemma 8.4. (A) R : L2(R2) → L2(ℓ2) is bounded.

(B) T : L2(ℓ2) → L2(R2) is bounded.

P r o o f. (A) follows immediately from (2.32). The proof of (B) is similar. The condi-
tions on ψ and Ψ in (1.5) imply that there exist c1, c2 > 0 such that

c1 ≤
( ∞∑

µ=0

|ψ̂µ(̺, n)|2
)1/2

≤ c2

for all (̺, n) ∈ [0,∞) × Z. Using this and Lemma 2.3,

∥∥∥
∞∑

µ=0

T̃µfµ

∥∥∥
2

L2
= 2π

∑

n∈Z

∞\
0

∣∣∣
∞∑

µ=0

ψ̂µ(̺, n)f̂µ(̺, n)
∣∣∣
2

̺ d̺

≤ 2π
∑

n∈Z

∞\
0

∞∑

µ=0

|ψ̂µ(̺, n)|2
∞∑

µ=0

|f̂µ(̺, n)|2̺ d̺

≤ c
∑

n∈Z

∞\
0

∞∑

µ=0

|f̂µ(̺, n)|2̺d̺ = c

∞∑

µ=0

\
R2

|fµ|2 = c‖{fµ}µ‖L2(ℓ2).

The next step is the difficult part. We could treat both cases at once with a general
vector-valued approach (as in [S1]), but for simplicity we prefer to give an explicit argu-
ment in the first case and merely indicate the changes needed for the second. Of course
we are following the classical Calderón–Zygmund approach ([CZ]).

Lemma 8.5. (A) R is of weak-type from L1 to L1(ℓ2); i.e., there exists c <∞ so that

for all f ∈ L1(R2) and λ > 0,

∣∣∣
{
x :

( ∞∑

µ=0

|Rµf(x)|2
)1/2

> λ
}∣∣∣ ≤ c

λ
‖f‖L1.

(B) T is of weak-type from L1(ℓ2) to L1; i.e., there exists c < ∞ so that for all

{fµ}∞µ=0 ∈ L1(ℓ2) and λ > 0,
∣∣∣
{
x :

∣∣∣
∑

µ∈Z

T̃µfµ(x)
∣∣∣ > λ

}∣∣∣ ≤ c

λ
‖{fµ}µ‖L1(ℓ2).
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P r o o f. (A) Fix f ∈ L1 and λ > 0. Apply Lemma 8.3 to obtain disjoint {Ij}∞j=1 and

properties (8.4)–(8.6). For x ∈ Ij , let g(x) = fIj = |Ij |−1
T
Ij
f(y) dy and b(x) = f(x)−fIj .

For x 6∈ ⋃
j Ij , let g(x) = f(x) and b(x) = 0. So f = g + b.

As in the standard case (see [S1], p. 31), (8.4)–(8.6) imply

‖g‖2
L2 ≤ cλ‖f‖L1.(8.10)

Then setting Rg(x) = {Rµg(x)}∞µ=0, Chebyshev’s inequality, Lemma 8.4(A), and (8.10)
imply that

|{x : ‖Rg(x)‖ℓ2 > λ/2}| ≤ c

λ
‖f‖L1.

By Minkowski’s inequality for ℓ2, it suffices to obtain a similar estimate for Rb(x). Write

Ij = B̃(sje
iϕj , δj) and set I∗j = B̃(sje

iϕj , 2δj). By (8.5),
∣∣∣
⋃

j

I∗j

∣∣∣ ≤ c

λ
‖f‖L1.

Let Vλ = {x ∈ R
2\⋃

j I
∗
j : ‖Rb(x)‖ℓ2 > λ/2}. So the proof will be complete if we show

that
|Vλ| ≤

c

λ
‖f‖L1.(8.11)

Let bj = bχIj . Then b =
∑

j bj and
T
bj = 0 for each j. By Chebyshev’s and Minkowski’s

inequalities we have

|Vλ| ≤
2

λ

\
R2\ΣjI∗j

‖Rb(x)‖ℓ2 dx ≤
∑

j

2

λ

\
R2\I∗

j

‖Rbj(x)‖ℓ2 dx.(8.12)

Since Rµ has kernel Kµ and
T
bj = 0, we obtain\

R2\I∗
j

‖Rbj(x)‖ℓ2 dx

=
\

R2\I∗
j

( ∞∑

µ=0

∣∣∣
\
Ij

[Kµ(re
iθ , seiϕ) −Kµ(re

iθ , sje
iϕj )]bj(se

iϕ)s ds dϕ
∣∣∣
2)1/2

r dr dθ

≤
\
Ij

|bj(seiϕ)|Aj(seiϕ)s ds dϕ

for

Aj(se
iϕ) =

\
R2\I∗

j

( ∞∑

µ=0

|Kµ(re
iθ , seiϕ) −Kµ(re

iθ , sje
iϕj )|2

)1/2

r dr dθ,

by Minkowski’s inequality and Fubini’s theorem.
Let Bj = {reiθ ∈ R2\I∗j : |r − sj | ≥ 2δj and π ≥ |θ − ϕj | ≥ 2δj}, Cj = {reiθ ∈

R2\I∗j : |r − sj | ≥ 2δj and |θ − ϕj | < 2δj}, and Dj = {reiθ ∈ R2\I∗j : |r − sj | < 2δj and

π ≥ |θ − ϕj | ≥ 2δj}. So R2\I∗j = Bj ∪ Cj ∪Dj . Fixing j for the moment, note that

(∗) ≡
( ∞∑

µ=0

|Kµ(re
iθ , seiϕ) −Kµ(re

iθ , sje
iϕj )|2

)1/2

≤
∞∑

µ=0

|Kµ(re
iθ, seiϕ) −Kµ(re

iθ , sje
iϕj )|.
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If reiθ ∈ Bj and s′eiϕ
′ ∈ Ij , we have |r − s′| ≈ |r − sj | and |eiθ − eiϕ

′ | ≈ |eiθ − eiϕj |.
We apply the mean value theorem and note the symmetry of (2.25) and (2.29) under the
interchange of reiθ and seiϕ to obtain, for seiϕ ∈ Ij ,

(∗) ≤ cδj

∞∑

µ=0

24µ(1 + 2µ|r − sj |)−4(1 + 2µ|eiθ − eiϕj |)−4(2µr)−1.

Let k ∈ Z be such that 2−k−1 ≤ max(|r − sj |, |eiθ − eiϕj |) < 2−k. If k ≤ 0, we have

(∗) ≤ cδjr
−1

( ∞∑

µ=0

2−µ
)
24k ≤ cδjr

−123k ≤ cδjr
−1|r − sj |−3/2|eiθ − eiϕj |−3/2.

If k > 0,

(∗) ≤ cr−1δj

( k∑

µ=0

23µ +

∞∑

µ=k+1

2−µ24k
)
≤ cr−1δj2

3k ≤ cδjr
−1|r − sj |−3/2|eiθ − eiϕj |−3/2.

Hence \
Bj

(∗)r dr dθ ≤ cδj

\
|r−sj |≥2δj

|r − sj|−3/2 dr
\

|θ−ϕj|≥2δj

|θ − ϕj |−3/2 dθ

≤ cδjδ
−1/2
j δ

−1/2
j = c.

If reiθ ∈ Cj and s′eiϕ
′ ∈ Ij , then |r − s′| ≈ |r − sj |, so

(∗) ≤ cδj

∞∑

µ=0

24µ(1 + 2µ|r − sj |)−4(2µr)−1.

Let k ∈ Z satisfy 2−k−1 ≤ |r − sj| < 2−k. If k ≤ 0,

(∗) ≤ cδjr
−124k ≤ cδjr

−123k ≤ cδjr
−1|r − sj |−3.

If k > 0,

(∗) ≤ cδjr
−1

( k∑

µ=0

23µ +

∞∑

µ=k+1

2−µ24k
)
≤ cδjr

−123k ≤ cδjr
−1|r − sj |−3.

So \
Cj

(∗)r dr dθ ≤ cδj

\
|r−sj|≥2δj

|r − sj |−3 dr
\

|θ−ϕj|<2δj

dθ ≤ cδjδ
−2
j δj = c.

If reiθ ∈ Dj and s′eiϕ
′ ∈ Ij , then |eiθ − eiϕ

′ | ≈ |eiθ − eiϕj |, so

(∗) ≤ cδj

∞∑

µ=0

24µ(1 + 2µ|eiθ − eiϕj |)−4(2µr)−1 ≤ cδjr
−1|eiθ − eiϕj |−3,

similarly to the Cj case. So\
Dj

(∗)r dr dθ ≤ cδj

\
|r−sj |<2δj

dr
\

|θ−ϕj|≥2δj

|θ − ϕj |−3 dθ ≤ cδ2j δ
−2
j = c.
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Therefore Aj(se
iϕ) ≤ c, with c independent of j and seiϕ ∈ Ij . Using this estimate above

gives \
R2\I∗

j

‖Rbj(x)‖ℓ2 dx ≤ c
\
Ij

|bj | dx = c
\
Ij

|f − fIj | ≤ c
\
Ij

|f |.

So, by (8.12),

|Vλ| ≤
c

λ

∞∑

j=1

\
Ij

|f | ≤ c

λ
‖f‖L1,

establishing (8.11) and completing the proof of (A).
We only outline the modifications needed to prove (B). We apply the Calderón–

Zygmund lemma (Lemma 8.3) to f̄ = (
∑∞
µ=0 |fµ|2)1/2 ∈ L1. Then for each µ we let

gµ(x) = fµ(x) if x 6∈ ⋃
j Ij , gµ(x) = (fµ)Ij if x ∈ Ij , and set bµ = fµ − gµ. Minkowski’s

inequality shows that

∑

µ∈Z

|(fµ)Ij |2 ≤
(
|Ij |−1

\
Ij

( ∞∑

µ=0

|fµ(x)|2
)1/2

dx
)2

≤ cλ2(8.13)

by (8.6) for f̄ . So the usual methods give

‖{gµ}µ‖L2(ℓ2) ≤ cλ‖{fµ}‖L1(ℓ2).

By Lemma 8.4(B) this gives the desired weak-type estimate for
∑∞

µ=0 T̃µgµ.

We let bµ,j = bµχIj for each µ, j. We then have
T
Ij
bµ,j = 0. Then |⋃j I

∗
j | is controlled

as above. Let Vλ = {x ∈ R2\⋃
j I

∗
j : |∑∞

µ=0 T̃µbµ(x)| > λ/2}. Then

|Vλ| ≤
2

λ

∑

j

\
R2\I∗

j

∣∣∣
∞∑

µ=0

T̃µbµ,j

∣∣∣ dx.(8.14)

Therefore for reiθ 6∈ I∗j (with Ij = B̃(sje
iϕj , δj), I

∗
j similarly with 2δj)

∞∑

µ=0

|T̃µbµ,j(reiθ)|

=

∞∑

µ=0

∣∣∣
\
Ij

[Lµ(re
iθ, seiϕ) − Lµ(re

iθ , sje
iϕj )]bµ,j(se

iϕ)s ds d̺
∣∣∣

≤
\
Ij

( ∞∑

µ=0

|Lµ(reiθ , seiϕ) − Lµ(re
iθ, sje

iϕj )|2
)1/2( ∞∑

µ=0

|bµ,j(seiϕ)|2
)1/2

s ds dϕ,

which can be handled as above, since Lµ satisfies the same estimates as Kµ. Using this
estimate in (8.14) and integrating as above gives

|Vλ| ≤
c

λ

∞∑

j=1

\
Ij

( ∞∑

µ=0

|bµ,j |2
)1/2

≤ c

λ

∞∑

j=1

\
Ij

( ∞∑

µ=0

|fµ|2
)1/2

≤ c

λ
‖{fµ}µ‖L1(ℓ2),

where we have used ‖bµ,j‖ℓ2 ≤ ‖fµ‖ℓ2 +‖(fµ)Ij‖ℓ2 on Ij , and the first part of (8.13). The
estimate for |Vλ| completes the proof.

The rest follows easily now.
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Theorem 8.6. Suppose 1 < p ≤ 2. Then

R : Lp(R2) → Lp(ℓ2) is bounded ,(8.15)

T : Lp(ℓ2) → Lp(R2) is bounded ,(8.16)

and

A02
p ≈ Lp.(8.17)

P r o o f. A straightforward adaptation of the Marcinkiewicz interpolation theorem
([S1], pp. 20–22) to the vector-valued case gives (8.15)–(8.16). Hence if f ∈ Lp then
‖f‖A02

p
≤ c‖f‖Lp by (8.9) and (8.15). Conversely, if f ∈ A02

p (= L2 ∩ A02
p ) then since

∑∞
µ=0 ϕ̂µ(̺, n)ψ̂µ(̺, n) ≡ 1 (the conjugate of (1.11)), we have the Calderón identity

f =
∑∞

µ=0 T̃µRµf = T ◦R(f). So

‖f‖Lp = ‖T ◦R(f)‖Lp ≤ c‖Rf‖Lp(ℓ2) = c‖f‖A02
p

by (8.16) and (8.9). So ‖f‖Lp ≈ ‖f‖A02
p

on the set L2 ∩Lp = L2 ∩A02
p , which is dense in

both Lp and A02
p . So we can identify Lp with A02

p and obtain (8.17).

Duality provides the last step.

Theorem 8.7. Suppose 2 < p <∞. Then (8.15)–(8.17) hold.

P r o o f. Let p′ be the conjugate index to p, i.e., p−1 +p′−1 = 1. Suppose f ∈ Lp. Let

B = {g = {gµ}∞µ=0 : ‖{gµ}‖Lp′(ℓ2) ≤ 1}.

By the well-known duality (Lp(ℓ2))∗ ≈ Lp
′

(ℓ2) (see e.g. [E], 8.20.5), we have

‖{Rµf}µ‖Lp(ℓ2) ≈ sup
g∈B

∣∣∣
∞∑

µ=0

〈Rµf, gµ〉
∣∣∣.

Letting R̃µ be defined by (2.33), we have, by a polarization of (2.16),

〈Rµf, gµ〉 = 2π

∞∑

n=0

\
(ϕ̂µf̂ ĝµ)(̺, n)̺d̺ = 〈f, R̃µgµ〉.

But ϕ̂µ has all the properties of ψ̂µ (their definitions being indistinguishable), so by the
analogue of (8.16),

∥∥∥
∞∑

µ=0

R̃µgµ

∥∥∥
Lp′

≤ c‖{gµ}µ‖Lp′(ℓ2) ≤ c.

So

‖{Rµf}µ‖Lp(ℓ2) ≈ sup
g∈B

∣∣∣
〈
f,

∞∑

µ=0

R̃µgµ

〉∣∣∣ ≤ c‖f‖Lp

by Hölder’s inequality. This proves (8.15). For (8.16), the argument is similar but easier

since we only need (Lp)∗ ≈ Lp
′

, 〈T̃µfµ, g〉 = 〈fµ, Tµg〉, the Cauchy–Schwarz inequality,

Hölder’s inequality, and (8.15) for Tµ in place of T̃µ. Finally, (8.17) follows from (8.15)–
(8.16) as in Theorem 8.6.

We have therefore proved Theorem 8.8, stated in §1.
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9. Conclusion

Here we discuss some problems suggested by this paper. We start with the particular
and work toward the general and open-ended.

For the usual Triebel–Lizorkin spaces Fαq̺ , we have F 02
p ≈ Lp, 1 < p < ∞. So from

§8, we have A02
p ≈ F 02

p , 1 < p < ∞. Does this continue to hold for 0 < p ≤ 1, for which
it is well known that F 02

p ≈ Hp? Is it true for q 6= 2 that A0q
p ≈ F 0q

p ? The α index in Aαqp
reflects the action of the nonstandard potential operator Pα based on ∆r + ∂2/∂θ2; that
is, by the discussion of the FHT in §1,

P−2f = ((1 + ̺2 + n2)f̂(̺, n))∨ = (I −∆r − ∂2/∂θ2)f.

For the Fαqp spaces, the α index reflects the action of the usual potential operator based
on the standard Laplacian ∆r + r−2∂2/∂θ2, so we do not expect an equivalence between
Aαqp and Fαqp to carry over to α 6= 0.

A technical issue is raised by comparison with the fact that the Fαqp norm is defined
(possibly ∞) for all f ∈ S′, since it is defined via convolution with a test function. What
is the corresponding distribution class for Aαqp ? Similarly for the ϕ-transform or Meyer’s
wavelets, the coefficients 〈f, ϕµk〉 are defined for all f ∈ S′ since ϕµk ∈ S. However, in
the polar case, ϕµkm is not continuous at the origin. This is the reason for resorting to
the completion of L2 to define Aαqp . Moreover, this is our only reason to avoid defining
Aαqp when q = ∞, since we do not expect the density of L2 in this case.

There are many other aspects of the Fαqp theory that could be studied in the Aαqp
context. Many of them should be straightforward, such as duality and interpolation.
Other aspects may not be so easy to carry over. For example, what is the atomic and
molecular theory for Aαqp (cf. [FJ3], [FJ4], and the radial case in [EF], §3). How much
operator analysis, as in [FJ3], §10, carries over? What form does the T1 theorm ([DJ])
take in this context?

With Meyer’s orthonormal wavelets in mind, we must naturally ask if there is an
orthonormal decomposition with the same three basic properties we have noted in §1 for
our polar wavelet decomposition. If so, we expect the Littlewood–Paley theory of Aαqp
developed here to be the natural function space framework for such a decomposition.

We have only considered R2 in this paper. What is the analogous theory for Rn,
n > 2? Presumably the spherical harmonics play the role of the trigonometric system.
Still the generalization is by no means obvious. For example, it is trivial to evenly space
out sample points on the unit circle S1 ⊆ R

2, but not so clear how to pick a good sample
set in Sn−1 ⊆ Rn, n > 2.

Beyond this, for what sort of manifolds can something like this be carried out? The
sampling theory approach avoids a dependence on an underlying group structure, which
seems to be necessary for orthonormal wavelet analysis. Some aspects of the Triebel–
Lizorkin theory on manifolds are discussed in [T2]. We expect this and the work in [Se-S]
to be helpful in any further work in this direction.

We hope to return to some of these questions in the future.
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[T2] —, Theory of Function Spaces II , Monographs Math. 84, Birkhäuser, Basel, 1992.
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