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Introduction

The concept of prediction for strictly stationary sequences of random
variables has been introduced in [12] by K. Urbanik who obtained an
analogue of the Wold decomposition into deterministic and completely
non-deterministic components. Moreover, he gave a representation of
completely non-deterministic sequences by moving averages. The aim of
the present paper is to extend some of Urbanik’s results to stationary
random fields. Chapter I is derated to the classical case of random fields
indexed by the n-tuples of integers. In Chapter ITT we consider random
fields defined on a countable lattice being also a group. In Chapter IT
a new concept of a Banach space of random variables is introduced.
It generalizes the concept of LJ-spaces. The problem of prediction of
a stationary-in-norm random field is discussed.



I. Prediction of strictly stationary random fields

Let {o,}, t = (%, 13, ..., ") € Z", where Z™ is the set of n-vectors with
integer components, be a strictly stationary random field, or, shortly,
a stationary field, defined on a fixed probability space (2, #,P). By
the definition of a stationary field, for any ¢, ¢,,¢t,, ..., t,, € Z", the multi-
variate distribution of the random variables @ .¢, @ity ...y %, 4 18
independent of ¢.

Let [m,] denote the linear space generated by all random variables
@, t € Z", and closed with respect to the convergence in probability. In
the sequel we shall identify the random variables which are equal almost
surely. Of course, [¢,] becomes a complete metric space under the Fréchet
norm defined by

||
1+ ol

To each stationary field there corresponds a unique shift group {T},
t e Z", of continuous linear operators in [x,] preserving the probability
distribution and independence of random variables and z; = T, for all
t € Z*. Conversely, every such group {T}, t € Z*, in connection with a ran-
dom variable z defines a stationary field #, = T,z ([2], p. 462, Chapter X).

Now we introduce some notations concerning the set Z". We shall
write t < 8 (! < 8), wheret, s eZ"andt = (1, t2,...,1"),8 = (s, 8%, ..., 8"),
if the inequalities 1 < 8% 12 8%, ..., 1" <<8" (<8, 12 <88, ...,1" < 8")
simultaneously hold. Clearly, < is a partially ordered relation in Z", Fur-
ther, if t, & € Z", we define min (¢, 8) and max (¢, 8) as (min (¢!, 8!), min (¢2, s?),
.e., min(t*, ") and (max(t*, s!), max(t3, #7), ..., max(t®, s")), respectively.
Moreover, we shall write t > —oo, t € Z*, if t > —ooforallj =1,2,...,n.
Let 7y, 74, ..., 7, be a system of numbers from the set {1,2,...,n} such
that r, < ry < ... < r,. We define the projection in Z" by

— r r. v n
P, r(8)=10,...,0, 81, 0,...,0, §7, 0,...,0, &%, 0,...,0)€Z
r1th place roth place ri.th place

lell = &

where s = (8!, 8% ..., 8") € Z". The unit vectors in Z" will play an impor-
tant role and we distinguish them by writing ¢, = (1,0,...,0), ¢,
=(0,1,0,...,0),e, =(0,0,...,0,1).
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By [«,, t<8] we shall denote the closed linear subspace of [#,] span-
ned by the random variables 2, ¢ < 8. We say that a stationary field {a;}
admits a prediction if, for every s € Z", there exists a continuous linear
operator A, from [®;] onto [#,,?< 8] such that:
(i) 4,2 = ¢ whenever z € [, t < 8].

(ii) For every z e[z] and y €[o,t<8] the random variables
o— A,z and y are independent.

(iii) If for every ¥ € [x,,t< 8] the random variables # and y are
independent, then A4, = 0.

(iv) For any ¢, s € Z" the operators A, and A, satisfy the equation
A4, = Amng,e)-

The random variables A,z can be regarded as a linear prediction of #
based on the full past of the random field {z;} up to the time ¢ = 8. The
operator A, will be called a predictor based on the full past of the random
field {x;} up to the time ¢ = s. It is easily seen that the conditions (i), (ii)
and (iii) determine the predictor 4, uniquely. An optimality criterion is
given by (iii). Moreover, (iv) is a condition of consistency of predictors.
In the case » = 1 conditions (i), (ii) and (iii) imply that (iv) is always
satisfied (see [12], Lemma 1). In general, however, this is not necessarily
true, even if {z,} is a Gaussian stationary random field with zero mean.
In this case, the concepts of independence and orthogonality are equiv-
alent and square-convergence and convergence in probability are equiv-
alent; hence the orthogonal projector A, from [z,] onto [, t < 8] always
satisfies conditions (i), (ii), (iii). One can prove that the Gaussian stationary

random field {z,}, t € Z", n > 2, with zero mean and the covariance funec-
tion given by

2 t=0,
1 t=(1, —1,0,...,0 or
R(t) = Bx,z, — 1, y0,...,0)
t=(-1,1,0,...,0),
0 otherwise

does not satisfy (iv).
Let {x,;}, t € Z", be a strictly stationary random field admitting a pre-

diction. Then the predictors A,, s € Z", and the shifts T}, t € Z", induced
by {»,} satisfy the equation

(I.l) A"l" = TOA‘T—Q (8 GZ").

A stationary field {r,} admitting a prediction is called deterministic
if Agx = x for every z € [z,]. Further, it is called completely non-determa-
nigtic if lim Apima: = 0 for every ze[®] and j =1,2,...,n.

{——o00



8 Prediction problems

Now we begin our study by proving the following lemma concerning
a general vector field.

LEMMA 1.1. Suppose that X 18 a linear space and a,, t €Z™, i8 a vector
field in . Then, for every 8 € Z" such that 8 <0 the following equality holds:

n
= k+1
(L2) a= D a— Y D (-1) D gt
IO IO k=1 r<rg<:-<rp
LT = 1:2,..0

n

+ 2( - 1)k+l 2 aprlrz...rk("'(lvl""'l))'

k=1 F1<ro< - <Pp
P12l =1,250. 070

Proof (by induction). For n = 1, it is easy to see that equality (I.2)
holds for all 8 < 0. On the other hand, for every n =1, 2, ..., equality (1.2)
holds for 8 = (0,0,...,0) eZ”

Suppose that (I.2) holds for all p € Z* with p < 0 and k < n. More-
over, suppose that for a fixed 8 € Z” such that 8 < 0 equality (I.2) holds.
We shall prove that (1.2) is true if we replace ¢ in (1.2) by 8 —~¢;,5 =1, 2, ...
..., n. By the symmetry of the right-hand side of (1.2), it suffices to prove
that (1.2) holds for 8 —e;.

Denoting the right-hand side of (I.2) by f(s) we have

f(S—Gl) = 2 @ — 2 2(—1)1‘-“ 2 a“‘rl-‘fz-...—‘fk+

8<U<0 a0 k=1 ry<re<...<rp
+ 2 Bl g2, em) —
tlagl-y
<120
sM<I"<0
n
k+1
- 2 2(—1) 2 at-e,l-c,z—...—c,.k+
tlaglat k=1 r<r<..<rg
s2<t2<0
aNIN<O
n
k+1
+2(_1) 2 Q5! -2,0,...,0, a"2-1, 0,...,0, 8'*~1, 0,...,00 T
k=1 ry=1<ry<... <rg rothplace 7t place
n
k+1 1
+Z(—1) Z ®,....0, 811, 0,...,0, 83~1, 0,...,0, 2'k-1)
k=1 1< <Py<... <tk rythplace rgthplace rxthplace
n
_ k+1
=[ Y a- D) D(-1 D ey +
s<t<0 sI<0 k=1 r<rg<..<frp

n

+ (=0 3 ap )] =

k=1 1<ra<..<fg
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n
- "Zt‘( —1)* 2 a’P,l,z_“,.k(c—(l.l.....l)) +

fl<fz< <fL

+ D) s

lagl-1
2<i?<o

............

n
2 Z(—l)k“ 2 Bal-2,02,... 4~ €py~ = Crp

tlagl_y k=2 1<rg<...<rp
a2<t2<o

a"<l"<o

- 2 Bial-z,¢2,....4m) —

------------

- 2 2(_1)k+1 2 at-e,l—a,.z—...—e,.k"}'

Hagl_q k=1 1<rn<...<rp

‘FZ:(—]-)H'1 2 Gigl_sp,...,0, 873-1, 0,...,0, a%~1, 0,..,0)F

k=1 1<Py<.e <P rothplace rrthplace

+ @p_sp,....0

n—
k41

+ 2:(—1) Z, @,....0, ¢'1-1, 0,....0 a"2=1, 0,...,0 2'%—-1, 0,...,0)

T 1 1<ry<...<fr "ﬂ-h place rpth place rith pluoo .

By the induction assumption, the expression in square brackets is
equal to a,. On the other hand, again by the induction assumption, the
expression

- 2 Bol_z,2,...,4%) —
az<l’<o

a"<t"'<o

n
DD C Ve N S

.2<‘2<° kw2 l<'2<-u.<'k

n"<t"<o

n
+2(—1)"+l 2 Qgl_z,0,....0, 8'2-1, o,...,0, 8'%—1, 0,...,0)

k=2 1<ry<...<rp, roth place rxth place
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is equal to —a,_,,,. - Therefore,

J(8—e;) = ay—
n
- 2 (—1)+! 2 a(,...0,8"-1,9,....0,6™—1,9,..,0 +
k=] f1<f’<-.-<'k
+ 2 Ggl_p02,...,4%) —
<120
'-’;<¢"’<o
n—1
_ _1\k+1
(-1) at-e,l—s,z—...-c,k"'
laglay k=1 1<P)<Pe <.0e <P
2<itgo
a"zt-'."<o
n—1
+ 2 (=1 2 Bl y,0,....0, o'1-1, 0,...,0, 8 k-1, o.....o)] -
k=1 1<) <...<ry, rjth place rathplace

n—1
- Z (=1)+ 2 Q1 1,0,....0, 871=1, 0,..,0, %=1, 0,...,0)F
rithplace

k=1 1<py < <rg rythplace
n-1
k+1
2(—1) E &,....0, 8’11, 0,...,0, a"¥=1, 0,...,0)¢
k=1 1<r <. <rg, rythplace rithplace

By virtue of the induction assumption the expression in the square
brackets is equal to a,1_,,,. .. Hence

fle—e) = Qo+ Qg1ng,....00 —

n
— _ 1\k+1 _
Z (—1) Z GP, ry...p (80— (11sees))
k=1 r<re<...<rg
n—1
k+1
—Z(—l) 2 Ap1_1,0,...,0, $1-1, 0,..,0, o k=1, 0,...,0)
ka1 1<r<...<rg rythplace rxthplace
n—1
_1yk+1
+ 2 (—1) 2 aP,.l'.z_“,.h(l-(l.l.....l))
k=1 1<r<...<fg
= Gyt Qyl_y0,....0)—
n
k+1 \ ]
—2(_1) 2, A(g1_1,0,...,0, ¢'2=1, 0,...,0, ¢ %=1, 0,...,0)
k=1 rg= 1< r9<... <rg "thpm 'kthplm

n—-1

= (=1 ) R R b

k=1 1<r<...<rg
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n—1
— 2( — 1)’¢+l 2 Gel—1,0,...,0, 1o, 0,...,0, o' k—1, 0.....0)+
k=1 1<r < <ry rithplace rpthplace
n—1
k+1
+ 2( —1) Z anl,-z_,,,-k(l-(l.l.--..1))
k=1 1<r <... <P

J— ao + a(.l—l.o.---.o) -

n
"'2(—1)“'1 2 Bl_1,0,...,0, 8731, 0,...,0, 8'%=1, 0,...,00

k=2 1<ry<...<rg rqth place rxthplace

— Bgl_1,0,-,0) —

n—-1
k41
—2(_1) 2 @41 10,...,0, a'1-1, 0,...,0, s*—1, 0,..,0= To-
k=1 1<r) < <ry r1th place rithplace

The lemma is thus fully proved.

LEMmA 1.2. 0 is the only constant random variable belonging to the
space [2,].

Proof. Let ¢ be a constant random variable belonging to [z,]. For

every positive number e there exists a linear combination Z a @y, with
real coefficients such that

Hc_é a,a:,j” < s.

Setting = max(t,,?,, ..., t,) and taking into account that ¢ is invariant
under the shift group {7} induced by the stationary field {z;}, we have
the inequality

m m
e ot =fo- Sandl <.
J=1 Je=1
m

Since ) g @, g € [#;,1<0] and ¢ was arbitrarily chosen, the relation
J=1

¢ € [x;, 1< 0] is established. Thus, by (i), 4,0 = ¢ and by (ii), 4,¢ = 0.
Consequently, ¢ = 0, which completes the proof.
Now we quote some results due to K. Urbanik ([12], Lemmas 3, 5, 6).
LemmA 1.3. Let {y,}, k =1,2,..., be a sequence of independent ran-
dom variables such that 0 is the only constant random variable belonging to [y ].

o0
If the series D'y, converges with probability 1 when cenired, then it conver-
k=1

ges with probability 1, regardless of the order of summation.
LemmA I.4. Let {v}, t € Z", be a random field of independent random
variables such that 0 is the only constant random variable belonging to [v,]-
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For every x € [v,] there exisis a system {a,}, t € Z", of real numbers such that

w=2(l‘v‘,

tezn
where the series converges with probability 1, regardless of the order of summa-
tion.

LeMyA 1.5. Suppose that for every k = 1,2, ... the random variables x,
and y, are independent. If 0 ig the only constant random variable belonging

to [x,], then the convergence x; +y, — 0 in probability implies the conver-
gence x, — 0 in probability.

For any 8, | € Z" such that I > 0, we define an operator 4,; on [#,] by
n
(1.3) A, =I-[[I—-4, pg)
=]

where I denotes identity and the symbol ” denotes the composition of
relevant operators.

In view of the condition of consistency of predictors the expression
on the right-hand side of (1.3) can be written as

n

(I.4) .A,', = 2 Aa—P,(l) - 2 ‘A'"‘Prlrz(” +

r=1 1. fg= 1
rj<ry

+ 2 'A'“Pnrzrg(')—“‘+(—1)u+lAl—l

fsfe, Y= 1
f1<f2 <f3
or, as
(I.5) A, =4, poyt+ A, p,p(I—4,_p )+

+4, pyy(I—Ay p )T — A4, pyg)+ ... +
+4._p,0) ﬁl (I—4,_p@)-

Consequently, by (I.4), the following equation holds:

(I1.6) A4,, =T,4,,T , (seZ™).

The following lemma gives a characterization of the operator 4, ;.
LEMMA 1.6. For any 8,1 e€Z" such that 1 > 0, A,, ia a unique oonti-

nuous linear operator from [x;] onto the closed subspace 2 [, t < 8—Py(1)]
j=1
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where ) denotes the complew sum of relevant subspaces, and suoh that

(I) A, 2 = @ whenever & € ) [3y, t < 8—Py(1)];
n j-l
(II) If for every ye > [m,1<8—P;(1)] the random variables x
J=1

and y are independent, then A, ;v = 0;

(III) For every ye D [z,t<8—P;()] and ze[z] the random
=1

variables x — A, ,x and y are independent.
Proof. By (1.5) it follows that for every z € [z],

A,me ) [@,t<s—P,D)]

im1

n
Suppose now that ze ) [z;,?< 8—P;(1)]; then x can be represented as
=1

=2, +Ty+ ... +2, where e[z, t<es—FPy(l)], j=1,2,...,n.
In view of (I.3),

n

4,2 =a—[| T-A,_pe)@:+20+ ... +3,)

J=1

n n

=4 2 ” ( _AO—P;(I)) (I _'An—P,(l))wr =T,

rm]l fal
ikr

which proves (I). Assertion (II) is easily obtained from (I1.6). In order
to prove (III) we suppose that

y eZ [2,t<8—Py(l)] and zelz].

j=1
Putting
n—1
yl=Aa-P1(l)y1 Y= Aa—Pz(l)(I —Aa—Pl(l))yy ey Yn = As—Pn(l) n (I —Ao—Pj(l))y
j=1

we infer that the random variables ¥,, ¥3, ..., %, are independent and
Yy =Y +9Ys+ ... +¥,. On the other hand, since for j =1,2,...,n the
random variables y; and #—A,,r are independent and (III) is thus
proved. The uniqueness of the operator 4,; follows immediately from
(I), (II) and (III). The lernma is thus proved.

In the sequel we shall be dealing with the following operators B,
and O, defined by B,=4,,,,.. .1,%8€2" and C, =4,_,, ueZ"
and % < 0.
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By the definition of operators B,; we have the formulas

(L.7) B, =I-[[(I-4,.) (se2
=1
and
(1.8) 0, = I-—”(I—Apj(,)) (v € 2" and u< 0).
I=1
LeMMA 1.7. For any 8, u € Z" the following equations hold:
. __| B, whenever 8 < 4,
(1.9) A,B, = B,A, = { Aoen  othorwise.

Proof. Formula (I.7) implies that B,4A, = A,B, = B, for every & € Z™.
Suppose % < ¢ and % % 8. There exists an index j such that w/ <8/ —1
and by (1.7) we have the equations

AB,=A,~[[(I-4,  )I-4

I—CJ)'Au
rel
rosf
n
= A4,- H (I—Ao-e,)(Au_'Amln(a-ej.u)) =4,.
rel1
rei

Thus, if <& and » # 8 then A,B, = B,A, = A,. In general, for any
%, 8 € Z"” we have, by the foregoing arguments,

-A-uBa = -Au(AaBl) = (4,4,)B, = Agnl.n(u,c)-Bl

_| B, whenever min(u, 8) = g,
" |4min,s Otherwise,

which is equivalent to (I.9), and thus the lemma is proved.
LeMMA 1.8, For any u < 8 < 0 we have

(L10) Blou—(l.l,....l) = A,O —(1,1,.0.,1)
and

(I11) 0,B, = 0,4, = B,0, = A,C, = O,
where u < 0.

Proof. For every j =1, 2,...,n we have, by Lemma 1.7 and (I.1),
the equations

A.;’j(u—(l,l.....l))Bl = Amin(a,Pj(u—(l,l.....l))) = AnAP,(u—(l.l.....l)) .

Consequently, for every ze[s] and yeln,t<P(u—(1,1,...,1))]
the random variables A,#— B,z and y are independent. Further, let y
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n
be an arbitrary element in 3 [#,, t < P;(x—(1,1,...,1))]. Then, by (L.5), ¥
=1
can be decomposed into y,’s such that

Y =%+Y+ ... +¥n
where

-1
Yy = APj(u-(l.l,....I)) ”(I—APr(u—(l.l,....l)))y
re=1

and hence, ¥,, Y5, ..., ¥, are independent. On the other hand,
y; €lm, t<Py(u—(1,1,..,1)], j=1,2,..,n.

By the foregoing arguments, for every z €[#,] the random variables
A,z— B,z and y are independent. By virtue of Lemma 1.6, we infer that

Cu—(l,l.....l) (A,x—B,z) =0,

which implies equation (I.10). Equations (I.11) are simple consequences
of (I1.7) and (1.8). The lemma is thus fully proved.

For an arbitrary but fixed y € [#,] we define y, = 2 — Bz, y, = A,z —
—B,r,8 < 0and ¢ # 0. By Lemma 1.1 it follows that

Yy, Wwhenever e<r (reZ”, 82" 8<0),

112 Ay, =
(1.12) r¥s {0 otherwise.
Let 3,, 8,...,8, <0 and distinct (3,eZ2", j =1,2,...,n). Let Aoyy Aogs
«eey 4 be @ system of real numbers. It is easily seen that there exists

an index s from the set {s,, 8,, ..., 8,} such that the relation s; < & holds
if and only if s; = s. Consequently, by (I.12),

A, X a,) =o,
.1#'

which implies that the random variables 4,y, and )’ 1, ;Ys, 2O independent.
8178
Further, ’

Hexpi (g{’ }.,jy,’) = Fexpi(A,y,) Bexpi ( .g Ao, Ys, ).

By induction, we have the equation
m m
(1.13) Bexpi( 3'h9,) = [] Bexpit,,),

which shows that the random variables y,, ¢ < 0, are independent.
Suppose now that v <8< 0, %, s € Z*. By (1.10) and (I.11) it follows

that for every s such that u<<e<0 0,_,,,..., ¥ = 0. Since the ran-

dom variables y,, 8 <0, are independent, for every z € [¢,] the random
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variables C,_,,....,# and ¥,, ¥ <8< 0, are independent. Thus, we
have proved the following lemma.

LeMMA L9, If x i8 a fizved element of [2,] and yy = 2 —Byz,y, = A,0—
—B,z, 830 and 8 # 0, then for every u < 0 and 2 € [z;], the random vari-
ables C,_(,1,...,1y2 ond Y, u < 8 < 0, are independent.

LEMMA I.10. There exists a continuous linear operator C_, on [z]
commuting with the shifts induced by {x;} and such that for every z € [x,]

(1.14) lim O,z =C__=.
U=
Proof. Given z € [¢;], we define y,, 8 <0, in the same way as in
Lemma I.9.
Putting ay =1, ¢; = 4,, t € Z" and t # 0, and taking into account
Lemma 1.1, we have the equation

@y = 2 @y — 2 Z‘(_:l-)":+l 2 at—erl—c,.z—...—e,k'i'

[2<14; SISO kw1 710200 =1
r1<r<...<fp

. k
U Y e ey

k=1 F1TZ0e e, =1
r1<re<...<rg

In view of (I.4), (I1.7) and (1.8), we find that

(I1.15) G = Z (a':_Bt)+0—(1.l.....1)-
s<l<0

Consequently, for z € [z,],

(1.16) a@) =2 = Y (4—B)2+C,_q,,...1,

IO

which implies the equation

(L17) &= ) %+0Ciqp...nT

a<U<0

By virtne of Lemma 1.9, the random variables C,_,,....,2

and ¥, 8 <1< 0, are independent and hence the series )y, converges
<o
with probability 1 when centred (see [2], Theorem 2.8, p. 119). Since, by
Lemma 1.2, 0 is the only constant random variable belonging to [#],
the series ) y;, according to Lemma 1.3, converges with probability 1,
t<o
or, equivalently, converges in probability. Hence and from (I1.17) it fol-

lows that the limit in probability

C_,x = lim O,z

8—+»—00
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exists. It is clear, by the Banach Theorem (see [1], Theorem 4, p. 23)
that C_, is a continuous linear operator on [z,].

Now we shall prove that C__, commutes with the shift operators
T., u € Z". First, suppose that 4 < 0. By (1.16) it follows that

T, =T, 2, (4;—Bya+ T (¢ —Byz) + T,0s_q,....10 %
a<i<0
t#0

or, equivalently, by definition of 4,/s and by (I.6), the following equa-
tion holds:

(1.18) Tud? = 2 (At+u_Be+u)Tum+Tua;_BuTuw+TuCS—(l.l.....!)x‘

s<IsO
i#£0

On the other hand, by (1.15),
(I.19) Tuw = Z (At"-Bt)Tuw'*‘Tum—BoTuw+Ga~(l.1.....1)Tuw'

EEE]
$5t0

Therefore, by (1.18) and (1.19), we have the equation
(1'20) Ga—(l.l,....I)Tum_TuCa—(l,l.....l)w = 2 ('Al+u'_Bl+u)Tuw+

8KI<0
%0

+Two~B,T,a— ) (4,—B)T,o—(T,&—B,(T,z)).

<0
10

Denoting the right-hand side and the left-hand side of (1.20) by z, and g,,
respectively, we can casily see, by the assumption % < 0, that

n
2, eZ[a:,,tgP,(s—(l,l, .., 1))

i=1
On the other hand, by virtue of Lemma I9 if v<s8+u—(1,1,...,1)
then, by (1.20), the random variables g, and z, are independent. Let s < 0
be fixed and » > —oo. Then, the random variables ¢_ T, 2—T,0_
and g, arc independent for every s < 0. Letting 8 > —oo and denoting
lim g, = g, we infer that the random variables C_ T,z —T,C_,x and g

8+—00

are independent. However, by (1.20), we have ¢ = C__T,C_, 2. Conse-
quently, C_ T,2—T,0_, 2 is a constant random variable. Since 0 is
the only constant random variable belonging to [x,], we conclude that
C_T,z—T,0_,2 =0, which implies the equation

(1.21) C_.T,=T,C_, (ueZ" and u<0).

Let s be an arbitrary element of the set Z". For a sufficiently large
negative u the inequality % +8 < 0 holds. Hence and by (1.21), O_,T,,,
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=T,,0_, or, equivalently, ¢_ 71.,T, =T, T,C_,. Again by (I.21)
and taking into account the fact that T, is an 1-1 transformation, we
infer that C_, T, = T,C_,, for every & € Z", which completes the proof.

LEMMA 1.11. The stationary field {z;} 18 completely non-deterministic
if and only if for every @ € [z;]
(1.22) lim O,z = 0.

U—>— 00

Proof. By (L.8) it is clear that if {#,} is completely non-deterministic
then (I1.22) holds. Conversely, suppose (I.22) holds. In view of (1.5) we
infer that for every j =1,2,...,n and « € [#,] the random variables
Apj(,)a: and O;» are independent, which by (I.22) and Lemma 1.5, implies
that lim A,,(,,m = 0 in probability. Consequently, {z,} field is com-

U—>—00

pletely non-deterministic. The lemma is thus proved.

THEOREM 1.1. Hach stationary field admitting a prediction 18 the sum
of two independent stationary fields admitting a prediction, one deterministic
and the other completely non-deterministio. Moreover, if 3, = o, +x; i8 such
a decomposition, then [3,] 18 a direct sum of subspaces [@;] and [@;'].

Proof. Let {r,} be a stationary field admitting a prediction. The
limit operator C_, defined in Lemma I.10 satisfies, by virtue of (I.11),
the equations

O_wdo =400 0 =0 _o

and by Lemma 1.10, C__ commutes with the shifts; hence
(1-23) G_“A‘ = C_QT‘A‘,T_‘ - T‘C_onT_‘ = T‘G_“T_‘ = 0_0’

which, by (I1.4), implies that C__C, = 0_, for every 4 < 0. Now letting
% — —oo, we get the equation

(I.24) e =0C_qo
and consequently
(1.25) I-C_)=1I-C_,

where I denotes the unit operator.
For every t € Z" we set

(1.26) o =C_pooy and m =(I—C_g).
It is clear that

(1.27) @ = x;+2,

and, by (I.24) and (1.25),

(1.28) (@] = O_old, [2)] =(I-0C_g)[=].
Moreover

(129) [#],1<0] = O_o[7,t<0], [4,t<0] = (I—0_u)[z,t<0]
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and
(1.30) C_ ¥ =9, (I-0_y" =y"

whenever ¥’ € [z;] and ¥’ € [0}'].
Since the operator O_, commutes with the shifts T, induced by the
stationary field {2}, we have

T,zy =T,0_o@ = 0_o, T,z = O_o2, = x,.
Consequently, by (1.27),
T,z = T,(2—a,) = ax,—a, =, .

Thus, the random fields {#;} and {®,'} are both stationary.

Let ¥’ € [x;] and y" € [#;']). In view of Lemma 1.6, for every u e Z"
such that % << 0, the random variables (,y’ and (I —0C,)y’’ are indepen-
dent, whence the independence of C_, %' and (I—0_,)y"’ follows. Hence
and by (I.34) the random variables ¥’ and y’’ are independent. In other
words, the random fields {z;} and {#;} are independent.

It is easily seen that the operator A, restricted to [@;] and [] is
a predictor of {z;} and {r;'} based on the full past up to the time ¢ = 0
and hence, the random fields {#;} and {#;'} admit a prediction. On the
other hand, since 4, = I on {o;}, the field {#;'} is deterministic. Further,
let ¥’ € [@,'], we have, by (1.24), the equation

Oy =0_o(I—-C_,)y =0,

which, by virtue of Lemma 1.11, shows that the field {z;'} is completely
non-deterministie.

Finally, since 0 is the only constant random variable belonging
to [#,] and moreover, {z;} and {»;,'} are independent, the equation [z;]
= [@;]+ [«;'] holds, which completes the proof.

The following theorem gives a characterization of @ completely non-
deterministic stationary field.

THEOREM 1.2. Let {2,} be a completely stationary non-deterministio
field. Then, there exists a field {v;}, t€Z", of independent identically distrib-
uted random variables such that [v,,t < 0] = [x;, 1 < 0] and x, 13 & moving
average
(I.31) &, = 2“"”‘“ (s €2™),

i<o
where the series converges in probability, regardless of the order of summation.

Conversely, if {v,} i8 a random field of independent identically distrib-
uted random variables such that 0 is the only constant random variable in [v,],
then the moving average (1.31) is a completely non-delerminisiio stationary
random field if [x,, 1 < 0] = [v,, 1< 0]
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Proof. Let {z,}, te€Z", be a stationary completely non-determi-
nistic random field. Put

(1.32) 0‘ = w‘_ B‘w‘ (t € Zn).

By Lemma 1.9, the random variables v,, { € 2", are independent.
Moreover, by (I.6), we have the equation

(1.33) Ty = Ty(2o— By2o) = 0, — T ByT_7; = 2y— Byw, = v,

which shows that the random variables v,, ¢t € Z", are identically distrib-
uted.
Setting y, = @ — By%y, ¥y = A,x,— Bz, for every t< 0 and ¢t #0,
we have, by (1.17), the formula

(1.34) B = ) %+0qu..n% (8<0).
IO

Moreover,

(L.35) yelp,u<<t] (t<0).

Further, by Lemma 1.7, 4,B; = B,, we find that
(1.36) By, =0 (t<0).
Now, by (1.36), there exists a sequence of linear combinations

a®2,, k=1,2,...,t<0 and t #0,
(—=ky—k,...,~k)<u<t
n times

tending to y, in probability as ¥ - oo. Replacing, in (1.32), &, by v,+ Bz
and denoting the expression

a¥ g, + of” B,z
(—k,~k,...— k) <u<s
n times uyé

briefly by 2{*), we get the convergence

(1.37) a0+ >y, (<0,t#0)
in probability as k¥ - oo. Since
L]
49 € Y@y, u<t—Py(1,1,...,1)]

i=1

we have, by (I1.32),
") = By(af'0,+2"),

which, by (1.36), implies that z{*) > 0 in probability as k — co. Conse-
quently, by (L.37), ofv, >y, in probability as k¥ - oo, which implies
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that there exists a constant a, such that y,=av,, <0 and ¢ # 0.
Setting, in addition, a, = 1, we obtain from (I1.34) the equation

Ty = 2 @ +Csq,...p% (8<0).
IO
Since {z;} field is completely non-deterministic and by Lemma I.11 the
last equation yields
To = Z @ Vg
i<o

where the series converges in probability regardless of the order of sum-
mation. Hence and from (I1.33) formula (I.31) follows. Consequently,
[z, 1 < 0] = [v;, t < 0], which together with the relation w», e[z, t< 0]
implies the identity [x;, ¢ < 0] = [v,, t < 0]. The first part of the theorem
is thus proved.

Suppose now that {v,}, teZ", is a random field of independent ident-
ically distributed random variables such that 0 is the only constant
random variable belonging to [9,]. Let T, be the shift transformation
defined by means of the formula T,v, = v,,,, ¢, 8 € Z". Further, let {z;}
be a random field of moving average (I.31) satisfying the condition
[z,,t< 0] = [v,t<0]. Of course, T,», = =x,,,, which shows that {z,}
is a stationary random field. Moreover, [z,] = [%]. Thus, by Lemma I.4,
each element z in [,] permits a representation

(1.38) o= D B,
teZ®

which converges in probability regardless of the order of summation.

It should be noted that this representation is unique except the trivial

case v, = 0, t € Z™. Since in this case, {#;} is obviously a completely non-

deterministic stationary field, we shall assume in the sequel that v, 0.
For an element # having the expansion (I.38), we put

(1.39) 42 = D' B0,
<0

We shall prove that A, is the predictor for {z,} based on the past up
to the time ¢ = 0. First of all, we note that the operator 4, is a continnous
linear operator from [#,] onto [w;, ¢ < 0]. Further, conditions (i) and (iii)
are obvious, which, by the fact that 0 is the only constant random vari-
able in [2,], implies that condition (ii) is also fulfilled. Finally, it is easily
seen by (I.39) that the operators 4, defined by A, = T,4,T_,, teZ",
patisfy condition (iv). Consequently, 4,, ¢ € Z"%, constitute a family of
predictors. Now, for z given by (1.38),

Ap o) = 2 pivy, s8€2%j=1,2,...,n,
‘<Pj(l)
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which implies that
i Apfmw = 0.
§=>—00

Thus, the field {®;} is completely non-deterministic, which completes
the proof of the theorem.

The proof of the following theorem is similar to that of Theorem 3
in [12].

THEOREM 1.3. Let {a,}, t € Z", be a stationary random field admitting
a prediction. Then there ewists a norm |- |, on [®;] invariant under the shifis
induoced by {o;} and such that convergence in the norm |- ||, i equivalent to
oonvergence in probabililty. Moreover, for every @ in [2,] and for every pre-
dictor A,, 8 € Z™, the following formula holds:

(1.40) ke — A,lly = inf{llz —ylo: ¥ €[z, t < 8]}.

Now we are dealing with a stationary Gaussian random field {a},
teZ", with zero mean. It is well known that the correlation function
R(t) = Ba, 2, is a positive definite function on Z™ and, by the theorem
of Herglotz and Bochner, it has the following representation:

11 1
(L.41) B(t) = [[ ... fo*m@H et gp (20, 20, ., A7)
00 0

where ¢ = (#,1,...,t") and o is a finite Borel measure on [0,1]",
being the spectral measure of the random field {z;}. Moreover, the random
field {®,} can be represented as a random integral as follows:

.

1

1
oozl (teZ)
0

where Z is a set function with orthogonal increments on the Borel sets,
on [0,1]", which is related to » by

BZ(A) =0, EZ(A)Z(4,) =9(4;,n4,).

The following theorem is an analogue of Theorem 4.1 ([2], p. 569).

THEOREM 1.4. Let {z,}, t € 2", be a stationary Gaussian random field.
Then it admits the linear least square prediction and it is completely non-
deterministio if and only if the speciral measure v is absoluiely continuous
with respect to the Lebesgue measure on [0, 11" and the speotral demsity

do "

= = b
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satisfies the conditions
(1) 2(3) = Eo.a""(*“‘+*"’+---+w),
>0

(2) B(A) > 0 a.e. Lebesgue,
where the series on the right-hand side of (1) converges in L,[0, 1T

II. Prediction of stationary-in-norm fields
in Banach spaces of random variables

§ 1. Banach spaces of random variables

Before introducing the conception of a Banach space of random
variables we introduce the convention that the random variables we
study in this chapter are defined on a fixed probability space (2, &, P)
and the equality » = y of random variables » and y means 2(w) = y(w)
for almost all w.

A Banach space B whose elements are random variables is said to
be a Banach space of random variables if the following conditions are satis-
fied:

(i) For any non-zero independent random variables z and y the
following inequality holds:

e +yll > max ([l llyl),

where ||:|| denotes the norm in B.

(ii) For any sequences {v,} and {u,} in B converging in norm ||-|| to v
and «, respectively, if for every » =1,2,... the random variables v,
and %, are independent, so are v and u.

(iii) Every series ) @, of independent random variables is boundedly
complete, i.e. if n=1
k
sup|| 3'a, || < oo
E a1
then
o0
2 x, converges.
=1

As can be seen, a relation between a probability property and a Banach
space property is brought out. Namely, (i) expresses a strictness of the
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norm |-|| with respect to independent random variables, (ii) gives the
behaviour of independent sequences in infinity and (iii) is a criterion of
the convergence of series of independent random wvariables.

We now begin our study by mentioning the following results.

LeMMA 1.1. 0 t8 the only constant random variable belonging to a Banach
space of random variables B.

Proof. Let ¢ be a constant random variable belonging to B. Then,
by (i), 0 = [lo—c]| = |joll. Consequently, ¢ = 0, which completes the proof.

LevMA 1.2. Let {z,} and {y,} be sequences of random variables in a Ba-
nach space of random variables such that for every n,», and y, are inde-
pendent. Then, the equation

limfiz,+9,l =0 implies lim|w,| = 0.

Proof. This is an easy consequence of (i).

LEMMA 1.3. Let z,, @,, ... be a sequence of non-zero independent random
variables in a Banaoh space of random variables B, Then v,, @,, ... consti-
tute a basis sequence.

Proof. Given a system of real numbers 4,, 4,, ..., 4, and an integer
m < n. By condition (i) we have

| Srel <] Sam]

Consequently, by [9], {z,} i8 a basis sequence in B which completes the
proof.

We now illustrate Banach spaces of random variables by the follow-
ing examples.

ExampLE 1.1. Let L} (Q2, £ 5, P) be a space of random variables z
with mean zero and (E|o?)"? < oo for a fixed p such that 1< p < .

Then LJ(2, #,,P) is a Banach space of random variables under the
norm defined by

=l = (B |o[?)"®

(see [8], p. 263, problem 2).

ExampPLE 1.2 (Symmetric stable processes). Let 8 be a linear space
of symmetric stable random variables of index a with 1 < a < 2. By the
definition of such a space, the characteristic function of a random wvari-
able z in 8 is of the form
(%) ch. f(z, %) = exp[—[b|[u[*], (b real, 1<a<2).

We shall assume that the space § is closed under convergence in prob-
ability. Following Schilder [11] we define the norm ||-||g by

lkellg = [B1'"
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whenever » has the characteristic function (+). Then, § becomes a Banach
space of random variables.

ExampLE 1.3 (Finite-dimensional space of random variables). Let
Dy, Lay ...y T,y be a system of linear independent and stochastic indepen-
dent non-Gaussian random variables. Let L be a linear space generated
by z,, z4, ..., ,. We define the norm ||-||, by

Wl = D layl

i=1

whenever ¥ = a,0,+a;#3+ ... +@,2, (¢; € R). Then, as can easily be
geen, L becomes a Banach space of random variables.

ExAMPLE 1.4 (Stochastic integrals). Let M be a symmetric atomless
random measure defined on the s-algebra of all Borel subsets of the unit
interval I = [0,1] (see [14]). Let L(M) be the set of all M-integrable
functions, where those functions which are equal M almost everywhere
will be identified. It is well known that L(M) becomes an Orlicz space
under a suitable norm determined by a non-decreasing continuous func-
tion @ on the right half-line vanishing only at the origin. An interesting
fact is that L (M) is a Banach space if and only if the function @ is equiv-
alent to a convex function which is also non-decreasing continuous on
the right half-line vanishing only at the origin.

In the sequel we shall identify the space L(M) with the space of all
random variables ¢ of the form z =Iff(a).M(da) (f e L(M)). Of course

the correspondence z « f is 1-1. Moreover, the equation limz, = 0 (in
=00

probability) holds if and only if limf, = 0 (in Orlicz norm).
According to a suggestion made by prof. K. Urbanik the Luxemburg

norm |-| defined by
el [ofl£0
|w—gubﬁl)<4

whenever & = J' f(8)M (ds), satisties conditions (i) and (ii). Consequently,
1

L(M) is a Banach space of random variables.

§ 2. Prediction of stationary-in-norm sequences of random variables

A sequence of random variables @,, n € Z, where Z is the set of all
integers, in a Banach space of random variables B is said to be stationary-
im-norm if for any systems a,, ay, ..., a,, of real numbers and n, n,, Ny, ...,
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...y n, of integers the following equation holds:

m m
"2 Oy ny |} = " X By Dn;+n
Sl =1

It is clear that for Hilbert spaces this definition is equivalent to the classical
definition of stationary sequences in a wide sense.

By [,] and [#,, n < k] we shall denote the subspaces of B spanned
by the random variables @ ,n € Z, and o,, n < k, respectively.

Following K. Urbanik [12], we say that the sequence {@,} admits
a prediction if there exist linear operators A,, k € Z, from [2,] onto [z,,
n < k], respectively, such that for every @ in [2,] and for every v in [z,,
n < k] the random variables # — 4,0 and y are independent.

For a fixed % € Z the random variable 4,2 ean be regarded as a linear
prediction of » based on the full past of the sequence {w,} up to the time .
Then the operator 4, can be called a prediotor based on the full past of
the sequence {#,} up to the time k.

It should be noted, by the definitions of a Banach space of random.
variables and of a stationary-in-norm sequence admitting a prediction,
that for every « € [@,] the prediction 4,2 is the best approximation of z
in the norm ||| by elements from the subspace [z,,n < k]. Moreover,
in a general Banach space of random variables, the predictor A4, satis-
fies the following conditions:

(2.1) Ax =2 whenever 2e€(2,,n<Fk];

(2.2) it for every y € [@,, n < k] the random variables # and ¥ are inde-
pendent, then 4, = 0, which can be inferred directly from the fact
that 0 is the only constant random variable belonging to a Banach space
of random variables.

To each stationary-in-norm sequence {z,} there corresponds a shift
transformation To», = ,,,, » €Z. Bince

|2 5 esms)l = 3esms,

the transformation T can be extended to an isommetrio transformation T
on the whole [2,]. Oonversely, every isommetric transformation 7' in
a Banach space of random variables B in connection with a random vari-
able @ € B defines & stationary-in-norm sequence z,= T"». It can easily
be shown that the predictor 4, and the shift transformation satisfy the
equation

(2.3) A, = T*A,T-*,
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Furthermore, for k < r the predictors satisfy the equation
(2.4) 'A'l: = AEA' = A'A.k.

The proof of equations (2.4) is similar to the proof of Lemma 1 [11].

LemwmA 2.1. Let A, k €Z, be predictors for a stationary-in-norm se-
quence. There exists a bounded linear operator A_,, on [@,] commuting with
the shift T induced by {»,} and such that for every o € [,]

(2.5) limd_,o = A__x
k~»c0

where the convergenoce is +n norm |- ||

Proof. Given an element # € [#,], weput ¥y, =0—A_,2,y, = A, ;0—
—A_,» (j=2,38,...).Bince, by (2.4),y,= A, ;0—A_,4, , (j =2,3,...),
we infer, according to the definition of a stationary-in-norm sequence
admitting a prediction, that for ¥ = 1,2, ... the random variables
Y1y Yay -y Yp aDd A_, 2 are independent. Furthermore,

k
(2.6) 2= Dy+4_ 0 (k=1,2,..).

i=1

From the last equation and by (i) we deduce that

@7 sup | f}y,l[s loll < oo
=1

Oonsequently, by the definition of a Banach space of random variables,
[- ]
the series )2 y, converges in the norm |l
-]
Hence and from (2.6) the following limit exists:

(2.8) A__ o = lim A_,=.
k—++400

It is clear, by the Banach Theorem, the operator A__ defined by the last
formula is & bounded linear one.

Finally, from the fact that A_,T = TA_,_, it follows that A__T
= TA__, which completes the proof.

We say that two sequences {»,} and {#,} of random variables are
independent if the random variables ¥’ and y’’ are independent whenever
y' € [2,] and y” e[y)).

A stationary-in-norm sequence {»,} admitting a prediction is called
deterministio if Ajo = x for every @ € [@,]. Further, it is called completely

non-deterministio if lim 4,0 = 0 whenever z € [2,].
k-»—00
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Given a stationary-in-norm sequence {z,} admitting a prediction
with predictors A, k € Z, we can define, according to Lemma 2.1, a boun-
ded linear operator A__, on [z,]. Put

(2-9) w;; = -A-—aowfu :L‘;: = (I—A-m)mn (” EZ)’

where I denotes the unit operator.

It is easy to show that {z,} and {z,} are stationary-in-norm sequences
admitting a prediction. Furthermore, {z,} is deterministic and {x,} is
completely non-deterministic and they are independent.

We shall demonstrate these results by means of the following theorem,
which is well known as Wold’s decomposition theorem.

THEOREM 2.1. FEach stationary-in-norm sequence admitting a predic-
tion is the sum of two independent stationary-in-norm sequences admitting
& prediction, one deterministic and the other completely mon-deterministic.

Now, using the same method of K. Urbanik ([12], Theorem 2) and
by above results we can prove the following theorem.

THEOREM 2.2. Let {z,} be a stationary-in-norm completely non-deter-
ministic sequence. Then, there extists a stationary-in-norm sequence {v,}
of independent random variables such that [v,,n < 0] = [2,,n < 0] and z,
i8 a moving average

(2.10) 2, = D av,, (neZ),
j=—00
where the series converges in norm | -||, regardles of the order of summation.

Conversely, if {v,} 18 a stationary-in-norm sequence of independent random
variables, then the moving average (2.10) is completely non-deterministic
provided [z,, n < 0] = [7,,n < 0].

§ 3. Markov optimization property of stationary-in-norm sequences

Let {z,} be a stationary-in-norm sequence in a Banach space of
random variables.

We say that the sequence {z,} has the Markov optimization property
if for any ¢,t,, ¢, ...,t, €Z such that ¢t > ¢, > ... > t, the following equa-
tion holds:

(3.1) et ‘_2:11-:»:‘ | = Infle+ 2, 1.

This definition says that the precise kmowledge of the present (2,
gives the best information about the future (z,).
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More generally, the sequence {z,} i3 said to have the Markov opti-
mization property of ramk k=1 if, for any t>uzu—k+1>1,> ...
..>1,, we have the equation

(3.2) i z,,en ”mrl‘z ‘}’ta’u—a‘}‘/_, }'le,-”
LTI

V01?15 .rk_leﬂ

”a"l‘l"Z Vi u—i"

?o-*‘p W ¥k—1 fe=0
and, in addition, for every s such that 0 < 8 < k there exist ¢, w € Z with
t > « such that

8—1

(3.3) |+ 2 rou| < Ilw‘+ 2 Dy

Vo-Vln “¥Pk—1

It should be noted that the rank of the sequence {z,} is uniquely de-
termined.

In the sequel a sequence {,} is said to be non-trivial if all z,’s are
linear independent and, for the sake of simplicity, a non-trivial station-
ary-in-norm sequence admitting a prediction and having the Markov
optimization property of rank k will be called a stationary sequence admit-
ting a k-dimensional prediction.

LevMMA 3.1. Let z, be a stationary sequence admitting a k-dimensional
prediction. Then, there exist umique sequences {f("}, t =1,2,..., and
i=1,2,...,k—1, of real numbers such that for any u <<t the following
equation holds:

k—1
(3.4) A2, = D {00,
{=0
where f~1 £ 0.
Moreover, the sequences {f{"} satisfy the equations
(3.5) FORED =530t =1,2,..)
and
(3.6) ﬂo)ﬁ‘)+f§‘+l’= 121 (t=1,2,...,,1=0,1,...,k-2).
Proof. Let the sequence {,} satisfy the assumptions of the lemma.
Then, by (3.2), we have the equations

|X,— Aozl = Inf |iz—yll = |+ Z,‘m_.

3‘|‘<0] 701710 o ¥lp—1
which 1mply the existence of unique real numbers f“’, t=1,2,..., and
1=1,2,...,k—1, such that

k-1
Aoz = 3 fP2.; (=1,2,..).

=0

Next, from condition (3.3) it follows that f*~V 3 0.
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Now, for any ¢t > u we have

k-1 k-1
'Auw! =t,4,%_, = Tu( Zfl(-‘-)uw—{) = Zjl“—)uwu—i'
=0 -

Consequently, equation (3.4) holds.
Let t > 0. We have, by the fact that 4,4, = 4, and by (3.4), the
equations

Ay, = Ao d 7y,

i=0

k-1 k-1
= 4o( 3 00, = f Aozt 3 [0,
fm=1

k-1 k—2
=10 ) 2+ D fi+Va_,,
=0 =0

which together with (3.4) imply (3.5) and (3.6). The lemma is thus proved.

LEMMA 3.2. For a stationary sequence admitting a k-dimensional predic-
tion we have the equations

Ao(lin(wu t> 0))= -Ao(lin(“’l’ Tyy oeey a"k)) = lin(@y B_1y ...y Bogq1)s

where lin(+) denotes the linear manifold generated by the random variables
in braokets.

Oonsequently, A,z,, AyTy, ..., Agz, are linear independent.

Proof. It suffices to show that for every ¢ =0,1,..., k—1 we
have v_se Y = A,(lin(z;, @,, ..., 2,)). Contrary to this let us suppose that
there exists an index r such that 1 <r< % and z_,,, ¢ Y. Then, as can
easily be seen,

Y < lin{z;,4s =0, —1,..., —k+1 and § # r}

and consequently, by (3.4), f*? =0 for every t =1,2,..., %k Hence
and by (3.8) we have f{* "+) = 0 for every t =1,2,...,k—1. In the
same way we can prove that f*"*» = ¢ for every t =1,2,...,k—2.
Proceeding successively, we infer by induction, that f*-" = 0 for every
t=1,2,...,k—r+1, which contradicts the fact that f* # 0. Hence,
for every ¢ =0,1,...,k—1, 2_, € Y, which completes the proof.

THEOREM 3.1. Every stationary sequence {x,} admilting a k-dimensional
prediction is completely non-deterministic.

Proof. By virtue of Theorem 2.1, the sequence {z,} can be decom-

posed into independent components {z;} and {z;'} such that the first one
is deterministic and the second is completely non-deterministic. On the
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other hand, by (3.4),

k-1 k-1
A =A@ +3)) = ) ot o+ D fRui s = o+ Au3] .

(=0 =0

k-1

Consequently, 4,2, = Y fi%,2,_, and since {z;'} is a completely non-
f=0

deterministic sequence, we have, for a fixed ¢ € Z,

k—-1
lm 4,9 = lm Y fi0,2, =0,
Y¥—->—00 YU——00 (o
which, by & simple reasoning, implies that for every ¢+ =0,1,...,k-1,
Lmf{" = 0. Finally, the last equation implies that
{-+00

k-1
lim A o, = lim Zf}‘_’um =0,
Y—>—00 U—R0 40
which means that the sequence {w,} is completely non-deterministic.
Thus the theorem is fully proved.

LeMMma 3.3. Let {o,} be a stationary sequence admitting a k-dimensional
prediction. Then, the sequences {f{"}, t =1,2,... and i =0,1,...,k—1
in Lemma 3.1 satisfy the following difference equations:

1

(3.7) DM =% (t=1,2,...0nd 0<j<k—-1)
t=0

and

k-1
(3.8) DO =1 G =k k+1,k+2,...).

t=0
Moreover, let

0
(3.9) o= D a0, (te2)
j=—o00

be the representation of {x,} as in Theorem 2.2; then for everyt =0,1,2, ...
(3.10) f=a_, with [ =a,=1.

Proof. From equation (3.9) we have

0
Aom‘ = 2 a,_"vj (t > 0),

Jm=—00
which together with the equations
k—1

k-1 —i
Agzy = Zf“)‘”-t = Zf“) 2 G419

t=0 $=0 J=—o00
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iniplies the equations

1
(3.11) fo‘)a,_, =a_,_, whenever 0<j<k-1
f=0
and
k=1
(3.12) 2 fa_s =a_;,_, whenever j>k.
f=0

In particular, putting j = 0 in (3.11) we get equation (3.10) and by (3.10),
(3.11), (3.12) equations (3.7) and (3.8) hold. The lemma is thus proved.
LEMMA 3.4, Let the sequences {f{"'} be the same as in Lemma 3.1. Then
(£} does mot satisfy any difference equation of rank s < k with real coef-
Sficients.
Proof. Suppose that there exist real numbers 4, 4,, ..., 4,_, with
8 < k and for every j > 8 we have

2 (o) = +n

f=0

which together with (3.7) implies

Sn Srts = 3 asin,

for0<j<k—1.
Hence, if 0 <j< k—1 and ¢ > s, the following equation holds:

)

2(2 }-rf’q )fﬁi = +!+1

(=0 ra=0

Hence and by (3.7) we have

8—1
Y, =f% (=0,1,..,k-1and t>3s),

r=0

By putting yo =24y 1 =4y s%c1 =41y ¥ =0,..0; %1 =0
in the last equation we have

k—1
2 v =f, (i =0,1,..,k=1,1>k).
r=>0
Taking into account the fact that the matrix {f{,};, 01 k1
is non-singular (Lemma 3.2), we infer from the last equation and (3.8)
that f{) = y,,r =0,1,2,..., k—1. Consequently, 4, = f{ for r =0, 1,
..,8—1and f¥ =0, f&+V =9, ..., f* Y = 0, which, of course, contra-
dicts the fact that f*~? £ 0. The lemma is thus proved.
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In order to give a representation of a stationary sequence admitting
a k-dimensional prediction it suffices to characterize the sequence {f{"},
which satisfies the difference equation (3.8) with coefficients f{”, fiV, ...

., f%*V and with the initial conditions £, (¥, ..., f{’ which are solu-

tions of the equations (3.7).

Let us form the characteristic equation of the difference equation (3.8)
as follows:

k-1

(3.13) PR et P U A

=0

which we shall call the characteristio equation of the {x;} sequence.
Let z, = r,(cos¢, +ising,), where r, = [2,| and ¢, = argz,, s=1, 2,
.., p < k, be the solutions of equation (3.13). Suppose every solutlon z,,

has multiplicity a, with a;+ay3+ ... +a, = k. Then, the solution of the
difference equation (3.8) will be given by

P ag—1
(3.14) =Y D) ™ (clcosty, + ofihsinig,)
8m] Me=0
(t=1,2,...)wherec{’),, c?) (m =0,1,..., g,—1) are some real constants
which are fully determined by the initial conditions f{, fi”, ..., 1 (see [5],

Theorem 1, p. 59 and also p. 70).
LeEMMA 3.5. AR solutions of the characterisiio equation of a stationary
sequence admitting a k-dimensional prediction have moduli less than 1.
Proof. Let {z;} be a stationary sequence admitting a k-dimensional
prediction. By virtue of Theorem 3.1 it is completely non-deterministic.
Hence and by (3.4) we have hm 9 — 0. Suppose now that there exists

a solution z, of equation (3.13) anoh that r,, = |7,,| = max(r,: 8 =1, 2,
o p)> 1. DlVld.mg both sides of (3.14) by 5 and letting ¢t -+ oo, we obta.m
alo—l
l:’m;g; t™(0f;) m0O0BYp, + 0{) n8inty, ) = 0.

Consequently, c), =), =0 (m =0,1,...,a,—1) and hence
ag—1

= 2 7 2 1™ (0} C081p, +- o} 8intp,)

sc{l2s..,P1\(89) =0

which, of course, satisfies a difference equation with real coefficients of
rank %k, < k. However, this is impossible because of Lemma 3.4 and we
deduce that |z,| <1 for every 8 =1,2,...,p.
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Further, suppose that there exists a solution 2, (1 < 8 < p) of equa-
tion (3.13) such that [z, | = 1. In view of (3.14) we infer that

a.o—l

i ,.2.: T (4ym 08 py, + 0l mSiDIg,,) = O,
which implies that of,, = ¢{,, =0 (m =0,1,...,a, —1) and we have
the same contradiction as above. Therefore, for every s =1,2,...,p,
r, = |2,/ <1, which completes the proof.

To formulate a representation theorem for a stationary sequence
admitting a k-dimensional prediction we need the following definition.
Let Ay, A3y ...y A, Do a finite system of real numbers such that 1, , # 0
and every solution of the equation

k-1
(3.15) g — Y Akt =0

T=0
has moduli less than 1. Further, let f; ({ =1, 2,...) be a solution of the
difference equation

k-1
(3.16) O Mis=fun (U =1k, k+1, k+2,..)

=0

where the initial values f,, fs, ..., f; and the coefficients Ay, 4,,..., 4;_;
satisfy the equations

J
(3.17) D Myi=frn (G=0,1,..,k-1)

i=0
with fo = 1.

Then, the sequence {f};_o,1,,.. i8 called a correlation sequence of
rank k. In particular, every correlation sequence of rank 1 is of the form
fo = @" where 0< |p| < 1. It should be noted that for every sequence
fo=0%n=0,1,2,..., there exists a stationary Markovian sequence {z,}
of random variables with normal distribution such that Bz, = 0, Fo? =1
and Ez,z, = ¢*~¥ for which, of course, the sequence f, = o" is the se-
quence of correlation coefficients (see [2], p. 96). Hence the name “corre-
lation sequence of rank k” given here has its origin in the classical case.

THEOREM 3.2 (Representation Theorem). Let {w,} be a non-trivial
stationary-in-norm sequence admilling a prediction and having the Markov
optimization property of rank k. Then there exists a non-trivial stationary-
in-norm sequence of independent random variables and a correlation sequence
{fI"} of rank % such that x, is a moving average

(3.18) o= D %o, (te2)

j-—on
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where the series converges in norm |- || regardless of the order of summation.

Conversely, let {v;} be a non-irivial stationary-in-norm sequence of
independent random variables and lot {f{"},_, ... be a correlation sequence
of rank k. Then the moving average (3.18) is a non-irivial stationary-in-norm
sequence admitling a prediction and having the Markov oplimization prop-
erty of rank k.

Proof. Suppose {r,} is a stationary sequence admitting a k-dimen-
sional prediction. Then, by virtue of Theorem 3.1, it is completely non-
deterministic and has a representation (3.9) with a_, = f{¥ (¢ = 0,1,2,...).
Moreover, as has been shown, {f{”} is a correlation sequence of rank &
and equation (3.18) holds.

Oonversely, if {7,} is a non-trivial stationary-in-norm of independent
random variables and if {f{”} is a correlation sequence of rank k given
by (3.14), then, by the fact that the numbers r,, 8 =1,2,...,p in (3.14)
are less than 1, series (3.18) converges in norm ||-|| regardless of the order
of summation.

Proceeding successively, we show that [z,t<0] = [v, t<0]
with 2,’s given by (3.18). First, it is clear that [z,,1< 0] < [v,t < 0].
On the other hand, by (3.16), (3.17) and (3.18), we have the equation

k=1
v = ‘”t—z Ao, (teZ),

=0

which implies the inclusion [o,,ft<0] c [@;,? < 0]. Consequently,

[v, t < 0] = [x,, t < 0]. Finally, by virtue of Theorem 2.2, {z,} is a com-

pletely non-deterministic sequence. Moreover, let 4, be the predictor

based on the past up t(; time ¢ = 0. Then, by (3.16), (3.17) and (3.18),
-1

it follows that A,», = ) A,@_;, which, of course, is equivalent to the
i=0

‘“‘Markov optimization property of rank k” of {z;} sequence. Thus, the
theorem is fully proved.

Now we consider a particular case of our study. Suppose that {z}
is a symmetric stable sequence with index a, 1 < a << 2 (see [11]). Let [x;]
denote the linear space generated by all z, and closed under convergence
in probability. Then, by Example 1.2, [#;] is a Banach space of random
variables.

THEOREM 3.3. Let {x;}, t € Z, be a stationary symmetric stable sequence
with inder a (1 < a < 2) admitting a prediction. Then it has the Markov
optimization property if and only if forany t >u > t, > ... > 1, the follow-
ing equalion holds a.s.:

(3.19) Elz |2, Tpps o009 @y, ] = Elz|2,].
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Proof. Buppose {r;} admits a 1-dimensional prediction. There exists
a real constant a4 such that, for any ¢ > u, 4,2, = a" “@,. On the other
hand, A, o, = F[e;|x,: 8 < 4]. Consequently, equation (3.19) holds.

Oonversely, if (3.19) holds then for any ¢ > « we have A, 2, = H[a|z,].
By virtue of the Kanter Theorem (see [3], Theorem 1.4) there exists a real
constant a,, such that P[z|s,] = a;,2, a.8. Bince {z;} is stationary,
we infer that a,, = a'~* for a real constant a. Finally, A z, = a' o, for
all ¢ > u, which completes the proof.

THEOREM 3.4. Let {x,}, t€Z, be a non-trivial siationary symmeirio
stable sequence with indexr a, 1 < a < 2. Then {o;} admits a prediction and
has the Markov optimization property if and only if for every n > 0 the joint
characteristio function of random variables ,, z,, ..., z, i8¢ of the form

(3.20)  oh.f(@py Tp_1y +ees Toj Ay Ayoyy -oey Fo)

n-1 k
=exp[—{—la% 3| 3 40t
k=0 (=0
where 0 = |xyll* and 0 < la| < 1.

Proof. Suppose {z;} admits a 1-dimensional prediction. There exists
a real number a, 0 < |a| < 1, such that for any f > u we have 4,2, = a'~“a,.
Hence and by Lemma 3.1 ([11]) it follows that

—10gCh. f(Zpy Tp_yy +ony Toj Any A1y oovy do) = ”‘Z":"‘m‘”‘.
-0

= |4,° |18y — amo[" + (82 + Ap_ ) @y — B (aA, + A, _)) 205+
+a(a2,+ A1) Tp_at Ay 3@a_st+ ... +AH%I°
= |2|° |2y — azo|® + |ad, + A, _,[° 2, — a2y ||® +
+”a((aln+ln—1)+1n—z)“’n-:+’-n—a”n—a+ +;-o”o“'-
This yields by induction

°0

a +I§:1‘a‘

"21‘0,:"‘___ "-’”1—0-%““:2:: a(a ... (8(ah+20 1)+ 4 s)+ ... )+;"‘-bl. N

+la(a(... (@A + A ) +Aucs) + ... )+ 40| Haal?,
which implies equation (3.20) because

oy — azol|® = (1 — [a]®) limoll®
Conversely, suppose that for every n >0 the joint characteristic

function of random variables z,, z,_,, ..., %, is given by (3.20). We define
the operator 4, by

(3.21) a¢'z, whenever t>0,

x whenever i < 0.

Aow.==
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Sinoce the sequence {#,} is non-trivial, the operator 4, can be extended
to a linear operator on the whole lin(z;,t e Z). Moreover, as can easily
be seen, 4, can be extended to a linear continuous operator mapping [2;]
onto [z,, ¢t < 0] and satisfying the conditions of a predictor. Consequently,
the sequence {z;} admits a prediction. Furthermore, by (3.21), we infer
that the sequenoce {z,} has the Markov optimization property, which com-
pletes the proof.

§ 4. Definition of a stationary-in-norm random field admitting a prediction

Let B be a Banach space of random variables. A random field {z,},
t=(%..,1" eR", where R* is the n-dimensional Euclidean spaoce
and @, € B, is said to be stationary-in-norm it for any 21,, 4,, ..., 4, € R?
and ¢,%,,t,,...,1, € R* the following equation holds:

(4.1) “ gz:"‘“"i | =1 g; Ay

where ||-|| is the norm in B.
In what follows we shall assume that {z,} is continuous in the norm [|- ||,
i.e. lim|o,—a,| =0 (¢, 2 € R*), and, for simplicity, a continuous statio-
t-ve

nary-in-norm random field will be called stationary-in-norm.

We now introduce some notations concerning the space R". For any
t,seR* with ¢t = (4, 1,...,t") and & = (8%, 8%,...,8") we ghall write
t< ¢ (¢ < 8)if the inequalities #* << 8,12 << 83, ..., 1" < 8" (P < 8, 12 < 8%, ...
.«.y " < 8") gimultaneously hold. Of course, < is a partially ordered rel-
ation. The notions max (¢, 8) and min(¢, 8) are obviously defined by <.
Given a system of 7,,7y,...,7, of numbers from the set {1,2,...,n},
we define a projector p,.,. .., in R" by

Pripg.eg@® = (0,...,0, 1, 0,...,0, 7, 0,...,0, ¢, 0,...,0)eR"
rith *plnoo roth ‘l)lloo rkth‘ place
(te R").

Further, we shall write ¢ > — oo (! € R") if, for every j =1,2,...,n,
t! - oo. Finally, let #, denote the ring of all n-dimensional bounded semi-
closed intervals in R®, i.e. the intervals of the form I,; = {te R": s—1
< t< 8} with 8, € R" and ! > 0. Sometimes, for the convenience of writing,
if s,, 8, € R* with 8, < &, we shall use the symbol (s, 8,] to denote the
semiclosed interval I, ,_,,.

By [#;] we shall denote the subspace of B spanned by all random
variables «,, t € R*. Further, for every a € R® let [, < a] denote the
subsp ace of [z;] spanned by the random variables z;, t < a.
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We say that a stationary-in-norm random field {z;} admits a predic-
tion if, for every a € R", there exists a linear operator 4, from {®] into
[#, t < a] such that:

(4.i) For every xe[x] and ye[2,?<a] the random variables
¢—A,» and y are independent.

(4.ii)) For any a,b e R"
Agdy = Appiap)-

It should be noted that this definition is a modification of one given
by K. Urbanik [13] for a strictly stationary process.

The random variables 4, can be regarded as a linear prediction of »
based on the full past of the random field {®;} up to the time ¢{ = a (with
respect to the relation <) and the operator 4, will be called a predictor
based on the full past of {z,} up to the time ¢ = a. This implies by (4.i) that
for every z € [¢,] and a € R*, A, is & unique element in [#,, ¢t < a] such
that
(4.2) lz—A,0l = Int Jz—yl.

ve{zg.t<a)

Moreover, (4.ii) is a condition of consistency of the random field,
which immediately implies that the operators 4,, a € R*, commute.
It is very easy to show that, in a general Banach space of random vari-
ables B, if n =1 then condition (4.ii) can be derived from (4.i). Generally,
however, it i8 not necessarily true even if {z,} is a Gaussian stationary
random field with mean zero. In this case, convergence is determined
by the squares-norm and the concepts of independence and orthogonality
are equivalent. Therefore, an admissible predictor A, is simply the ortho-
gonal projector from [#,] onto [@,, ¢t < a] and consequently, an admissible
prediction is the least-squares prediction. For instance, let {z;}, t € R*
and n > 2, be a Gaussian stationary random field with mean zero and the
correlation function R(t), ¢t € R", given by

2 t=0,
B B! t=(1, -1,0,...,0) or
R(l) = Hz,2,y, = t=(-1,1,0,...,0),
0 otherwise.

One can show, by a simple calculation, that this random field does
not satisfy (4.ii).

Proceeding successively, let us note that in the definition of a station-
ary-in-norm random field admitting a prediction we do not assume the
continuity of the operators 4,, a € R", but, in fact, this property can
be derived from (4.i). Further properties of A,'s can be derived from the
following lemma.
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LeEMMA 4.1, Let & be a subspace of [x,] and let A be a linear operator
from [z;] into & such that for every « € [x,] and y € & the random variables
z — Ax and y are independent. Then, A is a conlinuous operator from [@,] onto
Z and

(a) Ax = @ whenever z € X,

(B) if for every y € & the random variables » and y are independent,
then Az = 0.

Proof. Given z €[], we have r = v— Az+ Axr, and since the
random variables # —Ar and Az are independent, we have, by (1.i),
ll4z|| < |ke]l, which shows that 4 is bounded. Next, suppose z € Z'; we have
z— Az € ¥ and hence » — Az is independent of itself. Therefore, 2 — A»
is a constant random variables and by Lemma 1.1 we conclude that Az = z,
which proves (x).

Now using again the equation # = v — A2 4 Az, we infer that 2 — Ao
and Az are independent. Hence A2 is a constant random variable and
consequently Az = 0. The lemma is fully proved.

Let {z;}, t € R", be a stationary-in-norm random field. Then there
exists a unique strongly continuous shift group {T,}, ¢t € R% of linear
isommetric operators in [#;] such that Ty, = z; for every ¢t € R*. Oon-
versely, given an element £ € B and a strongly continuous group {T}},
t € R®, of linear isommetric operators in B, we can define a stationary-
in-norm random field {z,} by setting z, = Ty.

For every stationary-in-norm random field {z;}, ¢ € R®, admitting
a prediction, predictors 4,, ¢t € R*, and shift operators T,, ¢t € R", satisfy
by (4.2) the equation

(4.3) A‘ = T‘AQT_‘ (t € R”).

A stationary-in-norm random field {z,}, ¢t € R", admitting a predic-
tions is called determimistic if Aqo = x for every z € [#,]. Further, it is
called completely mon- determmwtw if hm Ap T =0 (te R™) for every
rze([r] and j =1,2,

§ 5. Decomposition Theorem

Suppose {z,}, t € R", is a stationary-in-norm random field admitting
a prediction with predictors 4,, ¢t € R™.

For any 8,1 e R" such that I > 0 we define an operator 4,, acting
on [x] by

(5.1) Ay =I-[]T—4, 50

=1
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where I denotes the identity and the symbol [] denotes the composition
of relevant operators.

In view of the condition of consistency (4.ii) the expression on the
right-hand side of (5.1) can be written as

n n
(5.2) Ay =D (-1 3 Auy,, 0

k=] 'l""""'k-l
N<ry<..<rp

or, as
(83) 4,;,= A--m(n +A‘-Pa(1)(I—A‘ -m(l)) +

n—1
+ 4,y (I—Ayp )T =44 o)+ ... +4, 5.0 n (I-4,_50)

i=1

Consequently, by (4.3), the following equation holds:
(5.4) A.J = T.Ao.lT_.-

The following lemms gives a characterization of the operator 4, ;.
LEMMA 5.1. For any 8,1 € R™ such that 1 > 0, A, ; it a unigue continu-
]

ous linear operalor from [w,] onto the oclosed mbapm’z: (@), t < 8 —p,(D)],
where ' denotes the complex sum of relevamt spaces and such that

(6.i) A,,x = v whenever x € 2':‘ [z, t < 8—ps(1)]
j=1

n
(.ii) If for every y € ) [#,t < 8—p,(1)] the random variables z and y
=1
are independent, then A,, = 0.

(B.iii) For every ye J [#, t < 8—py(1)] and @ € [z,] the random

=1

variables v —A,,x and y are independent.
Proof. From (5.3) it follows that A,; maps [#,] into 2',‘ [2,t< 83—
—p4(1)). By virtue of Lemma 4.1 it suffices to prove (5.iii)I.-l
Accordingly, suppose ¥ eé‘l [#,t<8—p,(})] and @€ [2]. Setting

n-1

Va1 =A.—p,a)!h Ys =Aa-p,(z) (I —Aa-p,m)y,---r!ln =Aa-p,,(x) ’”1 (I —A--p,(x))!h
we infer that the random variables ¥,,¥s, .--, ¥, are independent and,

by (6.3), ¥ = ¥:1+¥:+ ... +¥Y,. On the other hand, since for every
j=1,2,...,n the random variables y, € [z, t < 8 —p,(})] and a—A4, ,z
are independent, the random variables z—4,,;7 and y are independent.
The uniqueness of the operator 4,; follows immediately from (5.i), (B.ii)
and (5.iii). The lemma is thus proved.
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For any bounded semiclosed interval I,; € #, we put
(6.5) AL, = A,—A4,,

and, in addition, 4(@) = 0.
It is clear that

(5.6) A(L,) =T, A(I,)T_,
and
(8.7) T,A(L,) = A(L,+0T, (teR").

In the sequel we need the following remark. Let I,
intervals from #&,. Then, I ,lnI,",, # @ if and only if

‘1.

vl and I,z.,’ be

(6.8) min (s,, 8,) > max (s, —1;, 8,—-1,).

Moreover, in this case

(5'9) Ial-ll nIc,.l, = Im!n(al. 83),min(s,, 83)—max(s;—1;, s3—l3)

LEMMA 5.2. For any l,, 1, € R™ such that 1,,1, > 0 the following equa-
tton holds:

(5.10) Aoy Aoy, = Aoy, +Aog,— Ao,mingy.iy)-
Proof. By the definition of operators 4,; we have

Aoy A= [I- ﬂ -4 p|[1- ﬂ (T~ 4_p0))]

=I-[J(I-A )~ [[T—A )+ ﬂ (I—A_pap) (I —A_gay)
=1 -]

=1

= Ao+ 4oy, — I+ [[T—A_pq WI—A4_p4,).

J=1
On the other hand,
(I—A_pq)I—A_pq,) =I—4_p0)—A4_pa)+A_papd-pa
=I—A4_50)—A_p )+ 4 _max(pyt;).2;0)

=I—A_; ming,iy)s
Consequently, by the foregoing results we get the equation

A0.11A0.12 = Ao.ll + ‘Ao,’z —I + ” (I _A—'pj(mln('p‘z)) ) ?

j=1

which, by (5.1), completes the proof.
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LEMMA 5.3. For any u, 8,1 € R" such that l > 0 we have

y.| _ whenever min(u,8)—8+1>0
631) Ayl =L b w0141,
A v otherwise.

Proof. First, we suppose that 8 > u > 8 —I. Then, by (5.2), we have

n n
_ k
(6.12) 4,4, = A..( "2 (—1) 2 An—p,l,,...,,,m)
=] fp',,-...fk-l
rI<rg<: <fg
n n
=21 Y Amne gy ®)
k=1 PLfyrcor?p=1

r1<rg<...<rg

= ,‘Z: ( - 1)k+1 2 A“-p'l'z---'g(“"-‘)

Prefarofg=1l
r<rg<:<rg

= Au.u—cH‘

Next, we suppose that & > « and the relation ¥ > ¢ —1 does not hold.
In this case there exists an index j such that /< s/ —V. Consequently,

(5.18) A4,4,, =4, (I -[1a —A--m,(l)))

k=1

=4,—[[T—-4, )4~ 4,4, 50)
k=1
k+]

=4, = [[(I— A4, p0) 4y~ 4,) = 4,.
k=1
kwni

In general, let &, %,! e R" be arbitrary with I > 0. Since 4,4,;, = 4,;
we have the equation

-AuAn,l = A“.A,A,'; = Amln(u.c)Ac,h

which together with equations (5.12), (5.13) completes the proof.

LEMMA 5.4. Let 8,, 8,, I, Iy € R™ such that I, > 0, I, > 0 and min(s,, 8,)
> max(8; —1;, 8;—1,). Then

(b.14) Aoty Aayty = Aminiey,0g)min(eye-oy+1; T
+ Amin(al.a,).m-ln(lpﬂz)-':'“z -

- Am.ln(q.a,),m.ln(ll.lg)-ml‘l(ll“'l"a"'z) :
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Proof. Since 4,4, , =A4,, and A4,A4,,
by the condition of consistency (4.ii), the equation

A Ay, —A A, A, A A A,

= 4,,1,, we have,

a2 Y

sk
= Amhl(ll.lz) AllJlAm-ln(lp 'z) Alz. " ;

hence and by Lemma 5.3 the following equations hold:

Aoy Aoy, = Aminiey, sp,miniey, s9)-y+4 Arntaey,ag).min(oyeg) -y +1;
=T, min(s;,85) Ao.ml.u(q.a,)-—a,-rﬁ Ao.mln(al.a,)—c,+l,T ~min(s;,8;)

Consequently, by Lemma 5.2, it follows that

A, A1, = Ttngey, o) [Ao,minge;a9) -y 41, + Ao,min(e;0)— 89413 —
— Ao, minmin(e; +45) -8y +1;, min(e;,ag—s5+19)) ] L —min(e;,e9)
=T min(s),8;) [A°-m1n('|-’:)"1—11 + 'A°-min(01-'a)-'z+': -
— A, rnin(ey,05)~max(e;—1;,05—15) ] L~ min(s; a9

which, by (6.4), implies (8.14). Thus, the lemma is proved.

LEMMA B5.5. For any 8,, 8,4, l,, I, € R" such that 1,,1,> 0

(a) ¢f min(s,, 8,) > 8, —1, and the relation min(s,, 8,) > 84—, does
not hold, then
(6.15) A, 1 Aty = Amingey,e5), mingey, 608, +1; 5

(b) if nesther of the relations min (s,, 8,) > 8, — 1, and min(s,, 8,) > 8, —1,
holds, then
(5.16) A‘IJIA.!'h: Am“l'.’)-

Proof. Suppose that condition (a) holds. By virtue of Lemma 5.3
it follows that

All.'lAlznlz = Amhl(ll.‘ﬂ‘AllJl'Am(ll,lz)'AI:J,
= -Am.ln(al.lz).mln(al.lz)-ll+ll Am.ln(q.l,)

= Amln(q.u,).min(al,n,)—-alﬂl!

which proves (6.15).
Now suppose that condition (b) is satisfied, we have, by Lemma 5.3,
the equation

Allpll 'AO’;lz = Amln(ll.c,) AIIJI Amm(lp'g) A.:-',

= Amln(al.s,)Ami.n(a,.cz) = Am.ln(cl.lz)r
which proves (5.16). The lemma is thus proved.
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LEMMA 5.6. For any bounded semiclosed intorvals 1, , omd I, , in R®
the following equation holds:
(5'17) A(Icl.'l)‘A(Iﬂz.lz) = ‘A(Il].llnIl’.',)'

Proof. Suppose I,b,!nI,’,,’ #0; we have, by (5.6), (5.8), (5.9)
and Lemmas 5.3 and 5.4, the equations
A(Iﬂl.ll) A(I.’.l’) = (A.l —A’.llll)('A"’ —Alzgl’)

=4,4,—-4,4,,—4,4,, +4,,, A'z-'z

= Amin(e,,05) = Aminey,aq),minier,eg)-sy+1 —
— Autngey ap),min(ey -0+ + Aminge ey, mings; 09)-y+5 T
+ A rin(ey, 090 min(ey.a5)- 3 +1y — Ammin(ey,aq)miniey,eq)-maxs)~iy.eg-1s)
= Am.ln(q.o,) - Amln(cl.s,).ml.n(al.a,)-mx(ll— 11,80—13)
= A (Lnin(ey.05),min(ey.09)~max(e, 1,041
=4 (Ial,ll N Ia,,l,) ’
which proves (5.17) for the case I, ; N1, ; #@.

Suppose now that I, ; N1, ; = 9. Then, by (5.8), it follows that one
of the following cases must occur:

(3) min(s,, 8,) > 8;—1, and the relation min(s,, s,) > 8;—1, does
not hold or

(b) min(s,, 8,) > 8;—1, and the relation min(s,, 8,) > 8, —1, does
not hold or

(¢) neither of the relations min(s,, 8;) > &,—1, and min(s,, 3,)
> 83— 1, holds.

In case (a) we have, by virtue of Lemma 5.3 and (5.15), the equation

A(Ill.ll)A(Icz,l') = (Aal —A'l"l) (A.’ —Aa,.l,)

= Am.l.n(nl.az) - A:I A-o,.lz - 'Alell.ll + Aa;.ll Ac,.l,

= Amtn(q.a,) - Amln(al.az) - Amm(cl,c,).mln(cl.og)-clﬂl +
+Am(.p‘2)lmm(‘p‘2)-'1+ll = 0 ¢
Further, it is exactly the same to prove that if (b) holds then
AL 1) A(L,) = 0.

Finally, let us suppose that (¢) holds. Using again Lemma 5.3 and
equation (5.16), we have

4 (Icl.ll)A (Iu,.l,) = ‘Amln(ﬁl-lz) —4

= Am.ln(al. l’) - 'Amln(al .l’) - Am.in(al .lz) +Am1n(l1. .g) = 0 ’

Aoty —Agy A g+ 440 4,0,

o

which completes the proof of the lemrna.
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LuevmMA 5.7. Let 8y, 8,,8;, by ¥y, I € R* such that 1,,1,,1,>0. If
there exists an index 3, 1 < 1 < n, such that

8, = 8, —p(l,),
B =U  whenever j £4,j =1,2,...,n,
Iy =L+:i(l),

8 =&,

(8.18)

then the following equation holds:
(5.19) A‘! = A‘l"l+A ,I’_A.’l"

Proof. Denote the right-hand side of (5.19) by A4; we have, by (5.1)
and (5.18), the equations

A—Ayy = [[I—4, 50— H (I—Ag_py)

j=1

n
= ” (I _Aq—rj(l:)) [A4y-py0) = Aoy~ p,0y]

Jm=1
It

= [4,,— 44 _p1)] ﬂ (I—A4,p,0y)-
-]

Consequently, for every o €[o], 42—A4,,, 2¢€[z,?<s] Hence the
operator 4 maps [#,] into [@,, ¢ < 8,]. On the other hand, by virtue of
Lemma 5.3 we have

4=A4,4=A4,4,, =4,4,,—4,4,; =4, +4,,—4,, = 4,,

ls.ls
which completes the proof.
LEMMA 5.8. For any intervals I,

oy sls = “enhy

oyt Loty and L, in R® such that

I, VI, the following equation holds:

1h

(520) A (Ic,,l.) =A (Il ) + 4 (Ia,,l,) .

Proof. From the assumptions of the lemma it follows that either
8y, < 8y Or 8, < 8;. Let us suppose 8, < &;,. Then, there exists an index ¢,
1 < ¢ < n, such that relations (5.18) are valid. Hence and by (5.19)

1l

Ay —Apgpy = Ay — Ay + 4, — A, 4,
or, equivalently,
4 (Ic,.l,) =4 (Ill.ll) +4 (Iaz.l,) ’
which completes the proof.
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Let us denote the unbounded interval {te R": ¢ <8} by I,, and
put A(Z, ) = A,. It is clear that
(5.21) L0 N g0 = Imingeye0),00
and
(5.22)
I AL . = Imm(al.a,).min(al.a,)—nz+12 whenever min(s,, $,) —8,+1;> 0,
sy’ erh %] otherwise.
Lemwa 5.9. A(I, Nn1,,,;,) = A(1,,.)A(1,,,,)
Proof. The lemma follows immediately from (5.22) and Lemma 5.3.
LevMA 5.10. For any disjoint intervalsin R*I, ;,1I 1,

lt‘l’ .zol’""', m.l,,.!Io,,H,l.oo
and for any Y, Yay--.» Y € (@] the random variadbles A(I, )y,

A (Ia’,l,) Yay -+ 4 (Iawlm) Yms A (Ilm+1.eo)ym+l are indepmdmt.

Proof. Let a,, agy ...y Gy Gy, be a system of real numbers. Then,
by Lemma 5.9, we infer that

AL, | EA(I”"’)"’) =4, .| ,_Z:A(I-f.y)w) =0.

m
Consequently the random variables ap,, A4 (I, | | c0)Yms120d 3 0y A(L,, 1)y,
J=1

are independent. In the language of the characteristic function we can
write

m
(5.28)  Hexpi| ,Zl 4 A (L) Yyt amir A Ly, o) Yt

m
= Bexpiop, 4 (L,, , «)¥ms1 Bexpi ) g A(L,,)Y;-
J=1

Further, there is an index 7, 1 < r < m such that foreveryj =1, 2, ...
.,mand j #r

I,

oy < BN o, ie, I,

]
Of course we may assume that r = m. Then, since

NI, ,o=0.

Alm(amA (Iam,lm)ym) = a, 4 (Iam,lm)ym and Ac,,. (2 a4 (Il’.lj)yj) =0,
Jj=1

m—1
the random variables a,4 (I, , ) and } ;A (I,,;)y; are independent.
Consequently, =1

m—1

m
Bexpi(}' a,A(1,,)y)) = Bexpiay A (I,,,1,)¥n Bexpi( ) 64(I,4)y,).
Je=1 Jm1
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By induction we have

m m
Eexpi (12; 4 A (L)Y = H Bexpia A(I, )y,

which together with equation (5.23) completes the proof.

LEMMA 5.11. There evists a bounded linear operator A on [x,] commuting
with shift operators T, t € R™, and such that for every o € [x;]

limAdy,;» = Az.
o

Proof. Given an element # € [#,] and a sequence 0 =1, > ¢, > t,> ...
of elements of R" tending to — oo, we put, for every & = (8%, 8%, ..., 8")
with non-negative integer components s?, s, ..., 8",

I ={=(08 ..., eR* th_<¥<th, j=1,2,...,n}.

It is clear that the intervals I, are disjoint. Hence and by Lemma 5.10

the random variables 2, = A(l,)o, 8 €Z™ and &> 0, are independent.

Let % be an arbitrary positive integer. Then, by Lemma 5.10, the random

variables z,, 0 < s < (k, k, ..., k) and 4, _, z are independent. Moreover,
times

_lk
-
from Lemma 5.8 it follows that

a= D AlL)e=A(,_y)o,
0<s<(kok, . ) o<s<(krks. . k)
which, by virtue of (5.5), implies the equation
(5.24) 4= ) z+4, .
0<s< (KoK, .00 k)

Hence and by the definition of a Banach space of random variables we
have the relation
w| 3

(DTN e |
n-times

< 00,

Consequently, by the definition of a Banach space of random variables,
the series ) z, converges in the norm ||+ |. By virtue of equation (5.24) the

seZn

limit ~ *>°
(5.25) Az = limd,,

koo
exists for every « € [x,].

Now from the fact that [|4, _, | =1,% =1, 2, ..., and by the Banach
Theorem, the operator A defined by (5.25) is a linear bounded one.

Proceeding successively, we shall show that 4 commutes with the
shift operations 7,, » € R".
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First, let us suppose that 4 < 0. By virtue of (5.24) and (5.7) we have
the equation

(5.26) ATo= Y A(L+wT.a+T,A4,

o< (k. k,. .. k)
n-times

_‘k

On the other hand, replacing # in (5.24) by T, we get the equation

(5.27) A(To) = ) A(I)T.o+A4,.,T
ook, k..., k)
From (5.26) and (5.27) it follows that
(5°28) Ao,—l‘(Tuw) —T.A.,_‘.m

= A(T2)—A(Tu)+ Y [AL,+wTw0—A(L)T,2].

ook, k, ... k)
Denoting the right-hand side of (5.28) by ¢, and the left-hand side by
h,, we infer, by virtue of the assumption u < 0 that g, € ' [z, t < p,(t:)].
J=1

Hence for every r =1, 2, ... such that ¢, < ¢, 4 4 the random wvariables g,

and b, are independent. Let ¥ =1, 2, ... be fixed and r - oo. Then, the

random variables AT o —T Az and h, are independent. Letting ¥ — oo

and denoting limh, = A, we infer that the random variables AT »—T Acx
oo

and k are independent. However, by (5.28), we have h = AT o—T Axz.
Consequently AT,0—T, Ao is a constant random variable. Since 0 is
the only constant random variable belonging to [2,], we oconclude that
AT o —-T,A» = 0, which implies the equation

(5.29) AT, =T, A (4<0).

Now for any s € R* and & sufficiently large negative u € R" the ine-
quality &+ 4 < 0 holds. Hence and by (5.29) AT,,,=T,,.4, or equiv-
alently AT, T, = T,T,4, which, by the fact that T, is an 1-1 transfor-
mation, implies the equation AT, = T, A for every s € R*. The lemma is
thus proved.

LeEvMA 5.12. A stationary-in-norm random field {w}, ¢t € R", is ocom-
pletely non-deterministio if and only if for every @ € (o]

(6.30) lim4, 2 = Ao = 0.
100

Proof. It is clear by (5.2) that if {z,} is completely non-deterministic
then (5.30) i8 valid. Conversely, suppose that (5.30) is true. In view of (5.3)
we infer that for every j =1,2,...,n and & € [7;] the random variables
Ap@ and A, _2— A, are mdependent Hence and by Lemma 1.2
we have hm Apj(,,a: = 0, which completes the proof.
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We say that two random fields {#;} and {z;'} are independent if the
random variables y’ and y” are independent whenever y’ e [#;] and
y" € [a)'].

We now formulate the main result of this section.

TEEOREM 5.1. Hach stationary-in-norm random field admitting a pre-
diction is the sum of two independent stationary-in-norm ramdom fieclds ad-
mitting a prediction, one determinisiio and the other completely non-determs-
nistic.

Proof. Let {z,}, ¢t € R", be a stationary-in-norm random field admit-
ting a prediction. The limit operator 4 defined in Lemma 5.11 satisties,
by virtue of (5.11), the equation

A, A =44, =4 (ueR")
and hence

(5.31) A* = A, (I—-A) =1I-4,

where I denotes the unit operator.
Putting o; = Ao, and z;" = (I — A)x, for every ¢t € R®, we have the
formula

(5.32) o =0+ .

Moreover, it can easily be seen that the random fields {z;} and {z;'}
are independent. Now, using the fact that the operator A commutes
with the shift operators T,, s € R", induoced by the stationary-in-norm
tield {@,}, we infer that the random tields {z;} and {;'} are both stationary-
in-norm.

This implies that the operator A, (a € R*) restricted to [z;] and [2;']
is a predictor of {x;} and {;'}, respectively, based on the full past up to
the time ¢ = a. Since the condition of consistency is obviously satistied,
we conclude that {#;} and {z;'} admit a prediction. Finally, for every
aeR" A,= I on [z,], and hence {z;} is deterministic and because of the
fact that Ay’ = A(I—A)y"” =0 {x;} is completely non-deterministic.
Thus the theorem is fully proved.

§ 6. Stochastic measures

Let B be a Banach space of random variables and let # denote the
ring of all bounded Borel subsets of R".

A set function M: # — B is said to be a stochastic measure if

(6.i)) For any A4,,4,,...,4,, € such that A;,n4; = O for i #},
the random variables M(A,), M(4,),..., M(4,) are independent,

4 — Disvertationes Mathematicae 163
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(6.ii) For any sequence {4,}, m =1,2,..., of disjoint sets in & such
that | J 4,,€® we have

M=

2 u An) = 2M(Am>,

m=1

where the series on the right-hand side converges in the norm |- |.

From the definitions of a stochastic measure and a Banach space
of random variables it follows that for any A, B e® such that A < B
we have

(6.1) IM(A) < IM(B)II,

which, according to ([1], Lemma 4, p. 320 and Lemma 5, p. 321), implies
the existence of a non-negative Borel measure 4 on ®# such that

(6.2) s(B)<IM(E) (BeR)
and
(6.3) 1M (B)]j—>0

whenever the sets K are bounded in common and u(H)—+ 0.

In the sequel every countable union of subsets of sets B e® with
M (E) = 0 will be called an M-null s¢t. Of course, this is the same as a x-null
set. Consequently, saying “M-almost everywhere” is the same as saying
“u-almost everywhere”.

Modifying the well-known definition of integration with respect
to & vector-valued measure ([3], p. 239), K. Urbanik [13] has defined
a stochastic integral of functions on R, which, by changing the symbols,
can be generalized to the integral of real functions on the space R" with
respect to a B-valued stochastic measure defined on the ring #. Namely,
we put

m
(6.4) [fwM@u) = Y M (EnE))
E j=1
whenever f is a simple function of the form f = Z A Xg, where B, E; e R
and H’s are disjoint.

A real function f is said to be integrable over R" with respect to M if
there exists a sequence {f,} of simple functions convergent to f M-almost
everywhere and such that for every increasing sequence F, = F; =
of sets ln A the sequence { J JSm(®)M (du)} converges in the norm. Putting

E = UE we define

M1

(6.5) [ M(@s) = tim [ fu(u) M (au).
E m—+c0 Hn
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Let us denote by L(M) the space of all real functions integrable
over R" with respect to the stochastic measure M, where the functions in
L(M) which are equal M-almost everywhere will be identitied. From the
definition of a Banach space of random variables and (6.5) it follows that

for any disjoint sets E,, H,, ..., B, ¢ ® and for any f,,fs, ..., s € L(M)
the random variables

[finM@du), [fHiwM(du), ..., [fa(w)M(du)
E Ey Ep

are independent.

Let [M] denote the subspace of B spanned by all random variables
M(E), E ¢ ®. Using the same method of K. Urbanik ([13], Theorem 2.1),
we can derive the following theorem.

THEOREM 6.1. For every stoohastio measure M the equaiion

(M) = { [fu)M(du): f e L(M))
B"
holds. Moreover, each element of [ M] 48 uniquely represeniable as an integral
J1(w) M (@u).
B»

Now, let {z,};,;rn = B be a stationary-in-norm random field admitting
a prediction. Then the operator-valued interval function A(Z,;) defined
by (5.5) in conjunction with a random variable z € [@;] defines a [z]-
valued stochastic interval function N on the set &, of all semiclosed
bounded intervals in R". Namely,

(6.6) -N(Ic.l) = A(Ic.l)m (Ia.l ER,).

Of course, for every independent disjoint intervals I,!‘ vy j=1,2,...,m,
the random variables N (I,’,,,),_ j =1,2,...,m, are independent. On the
other hand, by (5.20), N(I, ; VI,,,) = N (I, )+ N(I,,;) whenever I, ,

!
are disjoint with I, UI,m,, €A,. Moreover o

rh
(6.7) lim N((a, 0]) = N((a, b])
o—d
ce>b
for all intervals (a, b] € R,.
LeMma 6.1, Lot I, ;,1,,.,,... bo a sequence of disjoint bounded
semiolosed intervals contained in a bounded semiclosed interval I, Then

the series > N (I,
=

i) oonverges tn the norm ||-|.

Proof. It suffices to note the relation

(6.8) sup | f‘N(I.,,,,,,) | < I¥ @ i< .
m kw1
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THEOREM 6.2. The [x,]-valued stochastic interval funotion N (-) defined
by (6.6) can be extended lo a wmique [o,]-valued stochastio measure M on R
suoch that M(I) = N (I) whenever I € R,.

Proof. Let us denote the ring of all finite unions of intervals from R,

by ®, and set N( |J I,)= Y N(I;) for disjoint intervals I,,I,,...
=1 =1

cory Iy €Ry. We remark that the stochastic set function N(-) defined in
such a way satisfies

(6.9) IN(B)I<N(E,)I for H,cE,

and is countably additive on &,. In fact, inequality (6.9) is obvious.
On the other hand, for any linear functional F in [7,] a scalar-valued set
function Ny(-) on &, defined by N (B) = F(N(H)) is finitely additive
on A, and, by (6.9) is bounded on every interval from ®,. Moreover, by
(8.7), lng, ((a, 6])= Ny ((a, b]) and from ([1], p. 97) it follows that Np(-)

o>b
is countable additive on #,. Now, for any sequence E,, H,, ... of disjoint

sets from R, with O E, €A, the series ) N(H,), by Lemma 6.1, con-
k=1 kwl
verges in norm and for any linear functional F' in [2,] we have
L) 00 C oo
B3 N(E) = Y FrB) = NUR,) = FF(UB,)
I T3 k=l - -
Consequently,

f,‘N(E.) - N(an.),

which shows that N (-) is countably additive on ®#,. Hence and by the
Kas extension theorem (see [6]) there is a unique vector-valued set
function M on # such that M(H)= N(E) whenever B e®,. Finally,
using the method of Prékopa [10], we can show that M is a stochastic
set function on &#. The theorem is thus proved.

§ 7. Completely non-deterministic random fields

In this section we are dealing with a non-zero completely non-deter-
ministic random field {®,}, which in the sequel will be called non-trivial.
For such a random field we have, by the equation @, = A (I,;)@o+ 44,2
and Lemma 5.12, the relation

zy € [A(I)x: I € Ry, z € [2)]].]
Consequently,

(7.1) (2] = [A(I)a: I Ry, @€ [a]].
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LeMmA 7.1. Let F be a bounded linear functional in [®,], g a scalar
continuous function defined on an interval (—a,a)] = R* with g(0)+ 0,
and y an element of [2,]. If for all I, J € R, contained in the interval (—a, a]
we have the equation

(7.2) F(A(D) [g0)T,A()ydt)=o,
then -
F(4(0,a])y) =0,
where the symbol f means j; 1" and the integral in (7.2) is taken in

the Bochner sense.
Proof. Given m =1,2,3,... we divide every 1l-dimensional in-
terval (0, a’] on the jth axes, j=1,2,...,n, into m disjoint intervals

a’l (& 24 (m—1)a! ma!
0,"‘ 13 ok el ALY ) ’ .
m m' m m m

It is clear that such a decomposition induces & decomposition of the
interval (0, a] = R" into m™ disjoint intervals of the form

Isat ra?  rpa®y @ with 7,74, ...,7, €{1,2,..., 5},
m ' m . om '™

which, for simplicity, we denote by I,, I,,...,I,n. Moreover, we may

assume that a/m +h < a, where h € R" is supposed to be given and A > 0.

Put

J,= ij+h”+;¢ﬁ16,a whenever I = Ia,.%'

Then, for every feR" such that ¢ (—% - h,% +h], we have

I, (J,+1) =@ and consequently 4 (I) T, 4(J,) = 0 whenever ¢ ¢ (_ ;“ _

— b= +h].
m
Therefore the following equation holds:
(7.3) A(I) f g(WTA(J,)ydt = 0.
(-a.al\(—i-b.%ﬂ]
Hence

(14) AL [g() T, A(J)yat

k
=A(I) [T AWJ)ydt+AL) [ gOT A(J)ydt.
~h (oMt NER
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Now, for every te(—h,h], we have
I’n((t, a+t]\(ay—h+t,b+h+2))=0,
which yields the equation
A(I,)T.A((O, 6]\J) =0 whenever ¢e(—h,h]
and henoce

A
(18)  A(L) [ g()T,A((0,a))ydt = A(L) [g(O)T A(J,)ydt.
(=A.h) oy
Oonsequently, by (7.4), we have the formula

(16)  A(La) [ 9(®T,A(0,a)ydt
(=MA]

=241 [ sOTAJ)ya
-l (-

A

=)Z‘A(I,) [omT, AW )yat—

- ]2A<I,) 9OT, AWy dt.
A.—+»]\( AA]

Furthermore, since the intervals I’n(J,+¢), j=1,2,...,m", are dis-
joint, we have

DA 1l g(OT,AWJ,)ydt
] (—_ﬂ.-h.iu]\(-u.n]
n®
( f . g(t)A(ﬁ‘;(I, N(J,+1))T,ydt.
S—ASHANBA

Consequently, by virtue of (7.6),

h
F(A(La) [9()T,AL,.)yd)
=A

= —F g(H)A n'"(I N(J;+ 1)) Toydt
(('%-h-ij:*"]\(—u.n (g: i) )
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and, hence

|17 (4(Za,a) { 9T, AL, )ydt)|

< |Fll-g- 4 (s, Iyl

where ¢ = max|g(?)] and |H| denotes the Lebesgue measure of the set

1134
EcR. 7
Since m can be arbitrarily chosen, we have the equation

( —%—h,%+h]\(—h, A]

A
F(A(L,) [o T A(I,.)yd)= 0,

which, after dividing by 2"hA?... A" and passing to the limit as A — 0,
implies, in view of the assumption g(0) + 0, the equation F (4 (I, ,)y) = 0.
The lemma is thus proved.

LeMMA 7.2. Suppose that the random field {@;} is nmon-trivial. The
[z,)-valued stoohastioc interval function M, defined on R, by the formula

(7.7) M, ((a, b])= 4 ((¢,3]) [ ¢ T,z dt,

where a,b e R", a<<b and the symbol o~ denotes o~W++-+" yhenever
t = (8,1, ...,t"), can be extended to an [z;)-valued stochastio measure on R.
The class of My-null sets coinotdes with the olass of Lebesgue null sets. More-
over, for any interval I € R,, we have the equation

(1.8) [My(J): J eRy, J < I = A(I)[a,]
and for BeR, f e L(M,)

(7.9) A [flu)My(du)= [ f(u)Mo(du).
E Enl

Proof. It should be noted that for every ¢ < a we have
A((a, b))o, = 0.

Consequently, for all ¢ < a,
(7.10) My((a, b)) = 4 ((a, b]) [ o~'T,m,dt.
(4

Hence, in particular, it follows that M, is really a stochastic interval
function, since it is defined by (6.6), which by Theorem 6.2 can be exten-
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ded to an [@,]-valued stochastic measure on ®#. Moreover, this extension
is unique. Further, from (5.7) and (5.17) we get the equations

A(DM,(J) = My(Ind), TMy(I)=éeMy(I+t) for all I,Jea,.

Hence, taking into account the uniqueness of the extension of M, onto &,
we obtain the equations

(7.11) A(DM(E) = My(InE), TM,(E) = ¢M,(E+1)

(I ey, E €R); a8 a consequence of the first equation we get formula (7.9)
for simple functions. The general case can be obtained by an approxi-
mation of M,-integrable functions by simple ones.

Now we shall prove the relation

(7.12) A((a, b)) fo-'T,zdt € [M,]

for all » € [4,,1 < 0] and a < b with a,b € R".
This implies that the set of elements o satisfying (7.12) is a subspace
of the space [#,]. If A < 0 and A € R™, then by (7.7)

(7.13) A((a, b)) f ¢! T, Tyaodt = 6* A ((a, b]) f ' T,w,dt
a a+h
= ¢*M,((a, b))
and, consequently, all elements T, with h < 0 satisfy (7.12), which
shows that (7.12) is true.

The inclusion [My(J): J = &, J = I] c A(I)[#] i8 obvious. By
the second equation of (7.11) it suffices to prove the converse inclusion
for intervals I of the form (0, a] (a € R® and & > 0). Suppose that there
exists an element y in A ((0, a])[#,] which does not belong to [M,(J):
J e®Ry, J = (0, a]]. There is then a linear functional F on [;] vanishing
on [My(J): Jed, J c(0,a]] and such that F(y) =1. Given two
intervals I, J € #, contained in (0, a], we put

(7.14) e(I,J) = A(I) [ o' T\T_, A(J)ydt.
0
Since T_,A(J)y € [#;, t < 0], we have, by (7.11) and (7.12), the relation
(7.15) z2(I,J) €[ Mo(U): Uedy, U < (0,a]].
Thus
(7.16) F(e(I,d)) = 0.

Further, from the equation A4((0,a))T;4(J) =0 for t>a we get the
formula

(7.17) 2(I,J) = A(I) [o ‘T, A(J)ydt.
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Hence and by (7.16) and Lemma 7.1 we get the equation
F(A((0,a])y) =0.

However, A((0,a])y =y, and hence F(y) = 0, which contradicts the
equation F(y) = 1 and thus (7.8) is proved. From (7.1) and (7.8) it follows
that the stochastic measure M, is not identically equal to zero. Conse-
quently, the non-negative measure x4, associated with M, does not vanish
identically and, by (7.11), the class of M -null sets, like the class of u,-
null sets, is invariant under translations. Thus, it coincides with the class
of Lebesgue null sets, which completes the proof.

Let {T )}, gn be a strongly continuous group of linear isommetrio
operators in B. A B-valued stochastic measure M is said to be {T,}-homo-
geneous if for each set F e R we have the equation

T,M(E) = M(E+t), teR".

Here E -+t denotes the set {u-t: v € H}.

LEMMA 7.3. For each completely non-deterministic random field {@,}
there omists am [w)]-valued {T,}-homogemeous stochastio measure M such
that for any interval I € R,

(7.18) [M(J): J eR, J = I] = A(I)[2].

Proof. For a trivial random field {z;,} the trivial measure M satis-
fies the assertion of the theorem. Suppose the random field {z,} is non-
trivial. First we shall prove that there exists an element y, belonging to
A4 ((0, 6]) [@;] such that

(7.19) A((0,0)) [ T,ydt #0
where ¢ = (1,1, ...,1) € R*, Contrary to this let us suppose that
A((0,6)) [Tizdt =0 for all ze4((0, ¢])[x].

Given an element y 5 0 in 4 ((0, 6]) [#,], there exists & linear functional F
on [@] with F(y) = 1. Sinoce, for any interval J €4, contained in (0, 6]

A((0,¢)) [TAWydE =0,
we have, by (5.17),

A(I) [T A(J)yat =0
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for all intervals I e #, contained in (0, ¢). Hence and by Lemma 7.1
F(4((0,0])y) =0,

which, in view of the formula A4((0,¢])y =y, contradicts the equation
F(y) = 1. Thus (7.19) holds for an element y, in 4 ((0, e]) [;].
Putting

b
(7.20) M((a, b)) = A((a, b)) [ Tyyodt
and taking into account the formula 4 ((0, 6]}y, = ¥,, We get the equation
3
(1.21) M((a, b)) = A((a,b]) [ T.yodt for d>b and o<a—e.

Hence M is a stochastic interval function on &#,. Moreover,
(7.22) ADM(J) = M(InJ)

for all I,J e®,. By Theorem 6.2, the function M can be extended to
a stochastic measure on # and this extension is uniqne. Furthermore,
T,M(I) = M(I+t) for all I ef®,. Taking into account the umniqueness
of the extension, we have the formula T\M(E) = M(E +t) for all £ e€A.
Thus, the stochastic measure M is {T,}-homogeneous.

Now let us note, by (7.22), that

(7.28) [M(J): J ey, J = I] = A(I)[2,].

Let M, be the stochastic measure defined by formula (7.7). Then, there
exists a function g € L(M,) satisfying the equation

(7.24) M(E) = fg(u)M,(du) (HeR).

E
Since M ((0,1]) # 0 the class of M-null sets is the class of Lebesgue
mesasure gzero and, consequently, coincides with the class of My-null sets.

Thus, the function g differs from zero almost everywhere with respect
to each of the measures M and M,. From (7.24) we get the formula

(7.26) [Fw) M (du)= [ f(u)g(u)M,y(du)
E E

for all sets ¥ e ® and all simple functions f. Let {f,} be a sequence of
simple functions such that |f,(%)| < |g(4)|”" and lmf, (%) = g(u)~'! M,
N~

almost everywhere. Then, by the theorem on dominasted convergence
and formula (7.25), we get the relation

(7.26) My(I) = ]imff,(u)g(u)Mo(du) e([M(I): Jedy, J < I],
n- 1

which together with (7.23) implies (7.18). The lemma is thus proved.
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Now we shall prove a representation theorem for non-trivial comple-
tely non-deterministic random fields.

THEOREM 17.1. Lét {m} be a non-irivial completely non-deterministio
random field. Then there exists an [x,]-valued non-trivial {I'}-homogeneous
stochastio measure M and a funociion f belonging to L(M) such that

(7.27) (M(J): JeRy, J c {teR*: 1< 0}] = [, < 0]
and

[
(7.28) @ = j flu—t)M(du) (teR"),

' 4 4 tn
where the symbol [ with teR* denotes [ [ [ whenever
t= (11, 8%, ..., t").

Oonversely, if M is a non-irivial {T',}-homogeneous stoohastio measure
and f e L(M), then the random field (7.28) ts non-trivial and completely
non-deterministio provided (7.27) Rolds.

Proof. Given a non-trivial completely non-deterministic random
tield {z,}, there exists, by Lemma 7.3, a non-trivial [z,]-valued {T}}-
homogeneouns stochastic measure M satisfying the condition (7.27). Hence
and by Theorem 6.1 there exists a function fe L(M) such that z,

[
= [ f(w)M(du). Oonsequently, by the translation property of {T,}-

homogeneous measures
[]
(7.29) o = Tz = f flu—t)M(du) (t € R").

Now suppose that M is a non-trivial {7,}-homogeneous stochastic
measure, that f € L(M) and that the random field {®,} defined by (7.28)
satisties (7.27). Then, of course [#,] = [M] and, by Theorem 6.1, each
element @ € [#,] has an integral representation » = J; g(w)M (du) where
g € L(M). Put, for ¢ e R",

(7.30) A,0 = ff(u)M(du).

Then, by (7.27), the linear operator A, transforms [x;] onto [, t< 8].
Further, it is clear that for every @ € (#,] and y € [7,, ¢ < 8] the random
variables 2 — A, and y are independent. Next, if 8, ¢ e R® we have, by
(7.30),
¢ min(i,s)
44,8 = [ g quqf()M(@u) = [ fu)M(du) = Appgya-
—o0 -

Therefore the condition of consistency is also satisfied. Finally, by (7.30),
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limA,,“,w = { for every z €[] and j =1,2,...,n. Thus the random
t~+—c0

field (7.28) is completely non-deterministic. Obviously, it is non-trivial.
The theorem is thus proved.

III. Prediction of strictly stationary random fields
on groups

Let (@, +) stand for a countable additive Abelian group. Let < be
a partial ordering on @ such that:

(1) For any ¢,8, % €@ the relation s <t implies s+ u << t+u.

(2) For t, s € @G the elements ¢ A8 (minimal) and tvs (maximal) exist
and uA (tve) = (uAl)V(uas).

(3) For arbitrary ¢, ¢ € G the set {u € @: & < u < t} is finite,

For every te@ let U, denote the down-neighbourhood of ¢ with
respect to the relation <. This means that U; = {u e @: u<tand ¥ #¢
and for # € G the relation ¥ < 8 < ¢ implies either 8 = u or 8 = t}.
It is clear by (3) that U, is non-empty and U; = ¢+ U,, where 0
denotes the zero element of the group @ and ¢+ U, = {t+u: u e Uy}
Consequently, card(U;) = constant for ¢ e€@. Since G is countable, we
can write U, = {6,, 65, ...} With eard (U,) < oo. Moreover, from the de-
finition of the set U, we infer that e;A 6; = ¢, ¢, for i # j. Consequently,
U, is a generator of G and hence either G o~ Z" or @ =~ ZY, where Z" is
the set of all n-veotors with integer components and ZY is the set of
all finite sequences of integers, depending upon whether card (U,) = n < oo
or card(U;) = oo. In the case G oz Z" the prediction problems for strictly
stationary random fields have been solved. Therefore, in the sequel,
we suppose that card(U,)= co. Then @ can be identified with ZY and the
element ¢, € U, can be identified with (0, ..., O,M—h 0,...)eZy.

| 2

In the sequel we need the following lemma.

LevmvA IIT. 1. Suppose & is a linear space and a;,t €@, i8¢ a veclor
field with a, € X for all t. Then, for any n,m =1,2,... with n<m and
for every sysiom 8, 8%, ..., 8" of positive integers the following equality holds:

(s761) A (8%6g) A <0 A(SPeq IS0

m
1
- 2 (—1)+ Z Gyt AepyheeeAtpy, T
1 ”, 1778 Tk
(olep)A(s2eg)A .. A(Pan)SE<O ke ] P <rg<... <rg

oad
+2 ( "'1)&“ 2 Oy 0p ) Ayt Ases Al¥pytyy)?

FloPgsace .'.- 1,94000,18
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where

_[¥+1 for j<m,
=11 for i>n.

Proof (by induction). In the case m = n equality (III.1) holds by
Lemma I1.1. Let us denote the right-hand side of (II1.1) by P,, and suppose
that for a fixed m > n P,, = a,. We shall prove that P, , = 6.

Acocordingly, we have

P--H = -Pn -
m+l
_ __1yk+1
2 2 (=1) 2 Bisop Aerehtyy _ Abmpr T
(ol A(s3eg) A - A (8% ep) U0 k=3 £1<P3< <P 1T
m+1
__1\k+1

* ,,2 (=1) Z Freyse A Ay _sor,_JAemt1

-y 'l<'2<"'<'k—l<“
- Gttemtr + Fem+1

(8l6)A... A(s™ep) IO

m
— 11k
=Fat [ 2 2, (—1) 2 Biiap A hepAtmpr
(16 A ... A(3™0)<I<O k=1 P <Py <. . <F
L0 T ,rk-l.’-....m

="
_ k41
2( 1) 2 a(yrlofl)A"‘A("hefk)Acﬂl‘*‘l —
| T F]<rg<..,<rg
Lo Clg TRXTTL S 3l L300,
- 2 a‘+°m+1] +aﬁn+1‘

(B16)) A... A(8%ep) <I<O

By the induction assumption the expression in the square brackets
is equal to — Gy Hence and by the last equation we have P, ., = P,
= a, and we are done.

Let {®,},,g be a strictly stationary random field, or, shortly, a sta-
tionary field. By the definition of a stationary field for any ¢,t,,¢,, ...
+++y l € G the multivariate distribution of the random variables @; ., @, .1
«ey @4 4¢ 18 Independent of t.

Let [@,] denote the linear space generated by all random variables ;,
t € @G, and closed with respect to convergence in probability. In the sequel
we shall identify the random variables which are equal almost surely.
Of course, [7;] becomes a complete metric space under the Fréchet norm

. ||
defined by || E1+I£DI'

To each stationary field there corresponds a unique shift group
{T}ieq Of continuous lincar operators in [@,] preserving the probability
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distribution and the independence of random variables and #,= Tz, for
all t e @. Conversely, every such group {T} in conjunction with a random
variable z defines a stationary field z,= T\x (see [2], p. 462, Chapter X).

By [z, t < 8] we shall denote the closed linear subspace of [#;] span-
ned by the random variables z;, t < 8. We say that {z,} field admits a pre-
diotion if for every s € @ there exists a continuous linear operator A, from z,
onto [, ¢t < a] such that

(i) A, = whenever ze[z,t< 8]

(i) For every ze[x;] and y e[, t< 8] the random variables z —A,x
and y are independent.

(iii) ¥ for every y €[, t< 8] the random variables # and y are
independent, then 4,2 = 0.

(iv) For any ¢t,8 €@

A.A‘ = A.A‘ = A‘Al'

The random variable 4,z can be regarded as a linear prediction of =
based on the full past of the random field {z,} up to the time {= 8 (with
respect to the relation <). Hence the operator A, can be called a predic-
tor based-on the full past of the random field {x,} up to the time t = 3.

Let {z,};,c be a stationary field admitting a prediotion. Then the
predictors A,, s € @, and the shift operations T, t € @, induced by {r;}
satisfy the equation

(IIL.2) A, =T, A,T_, (se@).

Moreover, 0 is the only constant random variable belonging to the
space [z].

LEMMA II1.2. Let ky, kyy ... be an arbitrary sequence of positive inie-
gors. Then there exists a unique operator Ay from {z] onto a closed sub-
space Xy, of [@,] such that:

(I) A(,,m}m =& whenever v € X ;.
(II) For any « € [z;] and y € X, , the random variables o— Ay v
and y are independent.

(IIX) If for every y € X , the random variables x and y are indepen-
dent, then A, ,z = 0.

Moreover, for every x € [x,]

(I11.3) Ay 2 =lim (I- ﬁ (I-—A,‘m))m
n—00 J=1

where I denotes the identity.
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Proof. For every n =1,2,... we define an operator A(:L} via
the formula

(I11.4) AR, =1-[J(I-4,,).
Jm=1

It is clear by condition (iv) that

(II1.5) Ab’:,’,‘} = 2,‘('-1)""'l 2 A(k,le'l)/\(krza,:)f\...I\(k,pe,.’)

p=1 r1<re<... <"
L4 04 T2 .."- 1,8;...,8

and
(I11.6) Af:,),.} = Akze,(-l —'Aklel) +

n-1
t Ay (T~ Ay )T —Ape)+ ... + Ay, ﬂ (I—Apg).

Oonsequently, for every « € [z;] the random variables

n—1
wl = Akl‘lw, w. b Am(I'— Akl,l)w, ceey w” = Akﬁaﬁn (I—A%)@

are independent. Moreover, A[,':’).} is 2 unique operator from [z,] onto the
subspace Z [y, t < K;¢;], where )’ denotes the complex sum of relevant
spaces, such that for every we[@] and y e 2 [2;, t < k,¢;] the random
variables —AfY) o and y are mdependentj Hence, for every z e [z,]
the random variables z,, @,,...,2, and ” (I—A4,,)o are independent.

=1

On the other hand, from equa,tion (I11.6) we get the formula
k)
(IIL.7) o= 3+ [[(I-Ay,)2,

n

which, by Theorem 2.8 ([2], p. 119), implies that the series )’ #; conver-
f=1

ges with probability 1 when centred. Since 0 is the only constant random

n
variable belonging to [#,], the series ) «;, according to Lemma 3 [12],
i=1
converges with probability 1. Hence and from (III.7) the limit in prob-
ability

Ao =lim (Z- ﬁ (I—4y,)) @
~»00 j’ﬂl

exists, and it is clear that the operator 4, _) defined by the last formula
is linear continuous.
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We now prove (I), (II) and (III). It is easily seen by the fact that 0
is the only constant random variable belonging to [«,] that (II) implies
(I) and (III). To prove (IT) let us take an arbitrary o € (o] and y € X,
where X, , = dg ,([#,]). By virtue of the foregoing arguments the
random variables A{}),y and o —A{) , are independent. Letting n —+ oo,
we get the independence of the random varisbles y =limAfY),y and
m——A{,,‘,z, which completes the proof.

In the sequel we shall be dealing with the following operators B, = A, ,
with ¥, =1 for every m =1,2,... and O,= A, , with k, = n, k=1,
veiy kg =n and k; =1 for j > n. Furthermore, we put

(]I[.S) B‘= T‘BQT_.t (t EG).
LeMMA ITI.3. For any 8, uec@

B, whenever 8 < u,

A,B, = B,A, = |A .
une Otherwise.

Proof. First let us note that A,B, = B,A, = B, for every s e@.
Suppose now that « < ¢ and v # 8. Then there exists a 5,5 =1,2,...,
such that ¥ < #+¢; and by (IIL.3) we have the equation

AB, =lim (4,— 4, f] (I—4,4,))

k=1

n

. ljm ('A“—(A“-A“(‘+‘,))ﬂ(I—A."'ek)) = A".
-l
kay

In general, let u, s be arbitrary. By the foregoing arguments we have
A‘HBI = Au(Aan) = (AsAa)Bc = AuAch

B, whenever uAs8 =8,
- A,,, otherwise,

which completes the proof.
LEMMA IIT.4. For any s such that (ne;)A (ne)A ... A(ne,) <80
we have
B-0n+l = 'Alon+1
and
C.B, =0,4,=0C,
for al n =1,2,...
Proof. The lemma follows directly from the definitions of the oper-
ators 4,, B, and O,.
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LEMMA ITT.5. If @ 18 a fized element of [2,] and yo= @ — By, y,= A, —
~B,z for 3<0 and s # 0, then for every n =1,2,.., and 2z € [x,] the
random variables C, .,z and y,, (ne;) A (ney) A ... A (ne,) <8< 0, are inde-
pendent,

Proof. Let 4,, 4,,, (¢ < 0) be a system of real numbers. By Lemmas
I11.2 and II1.4 it follows that the random variables

An410n412  and 2 4,9,
(neg)A ... A(ney,) <80
are independent. On the other hand, by Lemma IIL3, it can easily be

seen that the random variables A,y, are independent. Consequently, we
have

EexPi ( Z‘ laya + Zﬂ+10n+lz)
(ne)A... A(ney)<s<0
= Bexpi(Ausi0n®): ] Bexpi(4,y,),
(nep) Avec A (ney) <O
which completes the proof.

LEMMA ITI.8. There exists a oontinuous Uinear operator Uy on [z,]
commuting with the shifts {T,}q induced by {m;} and such that for every
in [x,]

lim0,» = 0 .
A—+00

Proof. Given z € [}, we define y,, 8 <0, in the same way as in
Lemma ITL.5.

Let us fix m > n. Putting @, = I, ¢, = A, for te@ and ¢ # 0, and
taking into account Lemma ITI.1, we have the equation

Oy = 2 (a,— Z‘(—l)’”’1 Z “¢+c,1/\.../\e,.k) +

(ne)A e A(ney)<UO k=1 FLPeenfp=l
r1<re<...<r
m m
k+1
+ 2 ( - 1) 2 a(‘y'lcrl) Aeee A(yfke') ]
ka1 Plfasec,fp=1

P1<ra<cec <Py

where y;, =n+1 i j<nand y, =1if j > n.
Letting m — oo, we have, by the definition of the operators B, and O,,,
the equation

(TIL.9) I= ) (@—B)+0u.
(Rep)A.s A(ney) <I<0
Consequently, for « €[]

(II1.10) r = P Y+0,,.e.
(ney) A... A(nag) IO
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By virtue of Lemma IIL5 and ([2], Theorem 2.8, p. 119) the series ) y,
150

converges with probability 1 when centred. Since 0 is the only constant
random variable belonging to [z,], the series 3 y, converges with proba-
<0

bility 1. Hence and from (II1.10) the limit in probability

Coz =1imC, @
i~

exists. It is clear that C, is a linear continuous operator.

Now by the same technique as in the proof of Lemma 1.10 we can
prove that 0, commutes with the shifts induced by {z,} field. The lemma
is thus proved.

Let {z,};c be a stationary field admitting a prediction. Then it
is called deterministic if Agx = x for every 2 € [®;]. Furthermore, it is
called completely non-deterministic if for every z € [@]

Cpo2 =1im0,z = 0.
n—+o0

Next we say that two random fields {z;} and {z;'} are independent
if arbitrary 2’ € [z;] and #" € [z; ] are independent.

THEOREM II1.1. Fach stationary field {x},.q admitting a prediction is
the sum of two independent slationary fields admitting a prediction, one
deterministic and the other completely non-deterministic.

Proof. Let {z},¢ be a stationary field admitting a prediction.
Then the stationary fields z; = C, 2, and «; = (I —0,)x,, where C,
is the limit operator in Lemma II1.6, admit a prediction with predictors 4,,
t € @, restricted to the subspaces [z;] and [z;'], respectively. Moreover,
since O 4, = O, and O (I —0,) = 0 the random field {;} is determi-
nistic and {a;'} completely non-deterministic. The theorem is thus proved.

Now we shall prove a representation theorem of a completely non-
deterministic stationary field.

THEOREM IIL.2. Let {Z,}iq be a completely non-deterministio stationary
field. Then there exists a random field {v,},.g of independent identically
distributed random variables such that [v,,t< 0] = [2,,t < 0] and =z, is
a moving average

(IT1.11) 2, =Yan,, @@
<O
ted
where a's are real and the series converges in probability, regardless of the
order of summation.
COonversely, if {v}iq 18 a random field of tdentically distributed random
variables such that 0 18 the only constant random variable in [v,], then the
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moving average (II1.11) ¢s a completely non-deterministic stationary field
provided [9;, 1 < 0] = [9;, 1 < 0].

Proof. Let {z},o be a stationary completely non-deterministio
random field. Put

(II1.12) w=x—Bix; (te@),

where B, is the operator defined by (IIL.8). This implies, by Lemma IIL.5,
that the random variables v, ¢t € @, are independent. Moreover, by (IIIL.8)
we have the equations

T0y = Ty (0o — By®y) = 2y — T, By T_,0,= wy,

which shows that the random variables are identically distributed.
Now setting yo= 1y —ByT,, ¥;= Ao — B,x, for every ¢t < 0 and {0,
we have, by (II1.10), the formula

(IIL13) o, = > Y+ 0, 1T (2 =1,2,...).

(ne)) A... Alne,) <I<0
Using the same method as in the proof of Theorem 2 in [12], we infer
that there exists a sequence of real numbers {aq;};,, such that y, = a1,
for every ? < 0. Then equation (III.13) yields

Ty = 2 a9+ 0, 1 %0,
(ney) A... A(ney)<i<o
which, by letting n — oo, implies (III.11). The first part is thus proved.

The second part is clear and, for details, the reader is referred to [12],
Theorem 2.

We now consider a stationary Gaussian random field {#},, with
mean zero. It is well known that the correlation function R(t) = Ez, 2,
is a positive definite function on @ ~ Z¥ and, by the theorem of Herglotz
and Bochner, it is easy to show that R(f) has the representation

R(t) = ™y (da)
T

where T is the infinite product [0,1] % [0,1] X ... and for 4 = (1}, 2%,...)
el and ¢ = (8, ...,t™0,...)e2), M=204+22+... +1™™ and
v(dA) is a finite Borel measure on T, being the spectral measure of the
random field {z,;}. Furthermore, {z,} can be represented as 2 random inte-
gral as follows:

o = [e™Z(dA) (teZd)
T

where Z is a set function with orthogonal increments on the Borel sets on
T which is related to v by

EZ(A) =0, EZ(A)Z(4,) = v(4,n4,).
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Since for a Gaussian random field {w} with mean zero the concepts of
independence and orthogonality are equivalent, the orthogonal projector A,
from [o,] onto [, t < 8] always satisfies conditions (i), (ii) and (iii). Conse-
quently, the random field {#;} admits a prediction if and only if, for any
t,8e@, A,A, = 4,,,. Finally, using the classical method for a statio-
nary completely non-deterministic Gaussian sequence z,,n =0, +1, 42,

and by Theorem III.2, we obtain the following theorem.

THEOREM ITT.3. Let {,}i.ov be a stationary Gaussian random field with
mean zero. Then it admits a prediction and it i3 completely non-determi-
nistio if and only if the spectral measure v i8 absolutely continuous with respeot
to the Lebesgue product measure dA on T and the spectral density

dy

=7 = A
satisfies the conditions
() BA) = o™ (qeR),
8) h(2) >0 a.e. Lebesgue,

where the series on the right-hand side of () converges in LD,
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