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Introduction

It has variously been noted that the Boolean powers, bounded and
unbounded, of A. L. Foster may be described in terms of suitable continuous
functions, i.e. that the bounded power of an algebra A by a Boolean
algebra B is essentially the algebra of continuous functions on the Stone
space QB of B with values in the discrete algebra A, operations defined
pointwise, and that the Boolean power of A by a complete Boolean
algebra B can be obtained somewhat analogously by using the continuous
functions on dense open sets of 2B with values in the discrete algebra A.
For bounded Boolean powers, this seems first to have been remarked on
by Jonsson [33], and both cases are treated by Ribenboim [44], but there
only for sets rather than for algebras. For unbounded Boolean powers
of arbitrary structures (involving relations as well as operations) this obser-
vation also occurs in Daigneault [17]. In addition, either case, or both,
have been mentioned by Comer [16], Davey [19], Higgs [30], Quackenbush
[43], Volger [51], and possibly others. Despite “all . this, these natural and
convenient descriptions of Boolean powers have never actually been used as
a basis for their study; for instance, Ribenboim, in characterizing certain
lattice-ordered groups as Boolean powers of the integers in the second part
of [44], employs their original definition by Foster, and Daigneault [17],
who constructs elementary extensions by means of Boolean powers, treats
the subject via polyadic algebras.

The object of this paper'is to present a systematic study of Boolean
powers in terms of their topological description. It is our belief that this
approach leads to a substantial simplification of the known theory as well
as interesting new results, and places the subject into a much more
transparent conceptual framework.

The paper begins with a detailed exposition of the connection between
the two different views of Boolean powers (Section 1). This is followed by
a discussion of the functors which arise from associating with each topo-
logical space X and each algebra A either the algebra C(X, A) of all
continuous A-valued functions on X or the algebra E(X, A) which is the
quotient of the algebra of all A-valued functions of X continuous on some
dense open set modulo coincidence on some dense open set (Section 2).
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Among other things, we show, for any continuous map f: X — Y that the
associated homomorphism C(f, A): C(Y, A)— C(X, A) is a pure embedding
whenever jit is an embedding, thus establishing a similarity between these
C(f, A) and homomorphisms of Boolean algebras, and we characterize the
contravariant functors, on the category of Boolean spaces, of the form
C(—, A). Next, we give a detailed account of the congruences on C(X, A4)
and E(X, A) which naturally arise from filters of open-closed, or regular
open, sets in X, respectively (Section 3). In particular, we characterize the
algebras for which all congruences are obtained in this fashion. As an
application we obtain a wide class of algebras 4 for which some Boolean
power fails to be embeddable into a power of A. In Section 4, we investigate
to what extent the exponent law (A¥)* ~ A**Y for sets X and Y and any
algebra A, carries over to the functors C(—, A), E(—, A), and the Boolean
filter powers E(X, A), given by taking E(X, A) modulo the congruence
associated with any filter § of regular open sets in X. In particular, we
characterize, for any algebra A, the spaces X for which the exponent law
holds for E(—, A) with respect to any discrete Y, and obtain a restricted
exponent law for Boolean ultrapowers.

Following this, we deal with the functor C(—, 4) in the special case of
finite A, with particular attention to quasi-primal 4, equationally compact
algebras in the equational class generated by A, and primal A4, including
a short proof of the basic results of Hu [31], [32] for the latter (Section 5).
In the next section, we first provide a £.0§ type result concerning the first
order properties of Boolean ultrapowers and then present a proof of
Mansfield’s [38] characterization of elementary equivalence in terms of the
latter (Section 6). In the final section, we obtain the preservation of ele-
mentary equivalence and elementary embeddings by various different functors
arising from C(X, A) and E(X, A) and characterize those Boolean spaces X
for which C(X, A) and E(X, A) are elementarily equivalent for all A.

Concerning general background, we refer the reader to Bourbaki [10]
for topology, Chang-Keisler [15] for model theory, Gritzer [28] for universal
algebra, and MacLane [36] for category theory. Further, the basic facts
concerning equational compactness and purity may be found in Mycielski
[39] and Weglorz [53], respectively, or alternatively in Banaschewski and
Nelson [7]. Also, we adopt .the general convention that all algebras
considered are of finitary type.

Finally, we wish to thank Paul Bankston for some help and advice,
Walter Taylor for his encouraging interest, and the National Research
Council of Canada for its generous financial support without which this
work could n¢t have been undertaken. Also, we gratefully acknowledge Stan

Burris’ paper on Boolean powers [12] as the main source of motivation
for this study.
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1. Fundamentals

For any topological space X, £X will be the Boolean algebra of
open-closed subsets of X. Note that the correspondence X ~— £X is the
object part of a contravariant functor € from the category TOP of all topo-
logical spaces and continuous maps to the category Boo of all Boolean
algebras and their homomorphisms, £f: 2Y— £X given by U ~ f~1(U),
for any continuous map f: X — Y. On the other hand, one has the contra-
variant functor 2: Boo — TOP which associates with each Boolean algebra
A its ultrafilter, or Stone, space QA4 and with each homomorphism h: 4 - B
of Boolean algebras the continuous map Qh: QB — QA, given by P ~—» h™1(P).
Here the points of QA are the ultrafiltres P < A and the topology is given
by the basic open sets {PlacPeQA} for ae A.

The contravariant functors £: TOP — Boo and Q: Boo — TOP are
adjoint to each other on the right, and the spaces QA4 are exactly the
Boolean (= zero-dimensional compact Hausdorff) spaces; moreover, restricted
to the full subcategory BooS of TOP given by the latter, & and @ provide
the familiar dual equivalence due to M. H. Stone, ie. Stone Duality.
(Stone [47].) We shall not distinguish notationally between the full and the
restricted versions of these functors.

Another Boolean algebra associated with any topological space X is
KX, the Boolean algebra of all regular open subsets of X, i.e. those subsets
U for which U = IT'U, where I and I" are the interior and closure operator,
respectively, on the space X. We recall the following familiar facts concerning
KX (Sikorski [46], Halmos [29], Banaschewski-Bruns [5]): RX is complete,
the meet given by A\ U; =1\ U; and the join by \/ U, = II'|J U;. The
complementation in KX is U ~» ICU (C for set complementation). For
Boolean X, KX is the completion of X as well as the injective hull
of £X. Also, for Boolean X, RX = 2X iff X is extremally disconnected,
i.e. closures of open sets in X are open.

For a topological space X and an algebra A, C(X, A) is the algebra
of all functions from X into A continuous with respect to the discrete
topology on A, with pointwise defined operations. It should be noted that,
for any A, C(X, A) only depends on the component space Y of A, ie.
C(X,A) ~ C(Y, A). Also, if X is discrete, then C(X, A) ~ A*.

In the special case where 4 is the two-element Boolean algebra 2, one
evidently has C(X,2) ~ 2X for all spaces X, and thus also, from Stone
Duality, C (2B, 2) ~ B, for all Boolean algebras B.

For compact X, each ueC(X, A) has finite image, and so determines
a function @#i: A - X, #i(a) = u~'{a}, with the following properties:

(1) @ has finite support, i.e., maps all but finitely many elements of A to Q.

() \/Imia = X.
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(3) For u ¢ b in A4, i(@nipd) = Q.

In view of the fact that every function from X into A which is constant
on the blocks of a partition of X into open-closed sets is continuous, the
map u ~— ii produces a one-to-one correspondence between C (X, 4) and the
set of all functions A » 2X with the above three properties.

Moreover, if A is one of the fundamental operations of the algebra A
(of arity n, say) and uy, ..., u,€ C(X, A), then for each ae A4,

Mgy ) (@) = Ay, -.r w) ™ {0}
= {xEXll(ula"wun)(x) = a}
= {xeXM(ul ()C), ...,u,,(x)) = d}

= U ila)n.. nig(ay).

Now recall (see Foster [23] or Gritzer [28]) that, for an algebra A
and a Boolean algebra B, the bounded Boolean power (alias bounded Boolean
extension) A[B]* of A by B is the algebra of all functions u: A - B of
finite support such  that \/ Imu=1and u(@Aaub)=0 for a# b in A;
with the operations given by the following formula, reminiscent of the
definition of the convolution product in semi-group rings:

(*) Aug, nu)@ =\ w(a) A A tg(ay)

Aay,...ay)=a

for each lundamental operation A of arity n, and all u,, ..., u,€ A[B]*, the
join being meaningful since all the #; have finite support.

The preceding discussion establishes the basic fact that, for any compact
X, C(X, A) ~ A[LX]* Incidentally, this implies C(X, A) ~ C(QLX, A) for
compact X, since LQLX ~ 2X.

There is another “algebra of continuous functions” associated with each
topological space X and algebra A4, namely E(X, A) = D(X, A)/~, where
D(X, A) is the algebra of all functions X — 4 continuous on some dense
open subset of X, with pointwise operations, and ~ is the equivalence
relation on D(X, A) identifying any two functions which agree on some
dense open set. D(X, 4) is indeed a subalgebra of the set of all functions
from X into A4, and ~ is a congruence, since all operations are finitary
and finite intersections of dense open sets are dense open.

Alternatively, one has the direct limit (= updirected colimit) represen-
tation

E(X, A) = Em C(U,A) (U dense open in X)

for the direct system determined by the restriction maps C (U, A) — C(V, A),
for any dense open U and V such that V = U. Here the colimit maps
C(U, 4)—» E(X, A) are given by first mapping C(U, A) into D(X, A) by
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arbitrarily extending the ueC(U, A) to functions on all of X and then
passing to the quotient. It is clear that the resulting homomorphisms are
embeddings, and E (X, A) is the union of their images. '

For the case U = X this provides an embedding C(X, A)— E(X, 4).
We shall show later that this embedding is always pure, and elementary
for extremally disconnected Boolean spaces X.

Note that, for discrete X and its Stone-Cech compactification X,
E(fX,A) ~ E(X,A) ~ C(X, A) ~ A*. Also, if A is finite and X extremally
disconnected, then C(X, 4) = E(X, A) since any ue D(X, 4) is ~-congruent
to veC(X, A), where v(x) = a iff xeI'(u™'{a} ~ Du).

Il X is extremally disconnected Boelean, then E(X, A) can also be
described as an algebra consisting of continuous functions defined on all
of X for infinite A in the following way: Let 4* be the extension of A
obtained by adjoining a new element *, taken to be absorbing with respect
to the operations, i.e. for any fundamental operation A, of arity n, A(xy,...
...y Xn) = * whenever some x; = *. Then, let C,(X, A*) be the set of all
those functions u: X — A* which are continuous for the topology on A*
which makes * the point at infinity for the one-point compactification of A
viewed as a discrete space, and which are A4-valued on some dense open
set, i.e. u~1(A) is dense in X. Now, if 1 is any fundamental operation of A,
of arity n, and u,, ..., u,€ C, (X, A*), then the [unction

X~ Auy (x), ooy 4y (%),  xeW =uH(A)n ..o nuy H(A)

on the dense open set W < X has an extension, necessarily unique, to
a continuous function u: X - A* since the topology on A4* is compact
Hausdorff and X = BW, the latter by basic properties of extremally discon-
nected spaces (Gillman-Jerison [24], p. 86). Thus one may define the
operation 4 on C,(X, A¥) by putting u = A(uy, ..., 4,). The resulting algebra
C.(X, A*) is isomorphic to E(X, A), for if hy: C(W,A)— Cu(X, A¥),
W < X dense open, is the map associating with each ueC(W, A) its
continuous extension u*: X — A*, then hyy is clearly a homomorphism, and
these homomorphisms have the properties that characterize them as colimit
maps for the diagram of the C(W, A).

It should be noted that the operations of C,(X, A*) are not defined
pointwise, ie. C (X, A*) is not a subalgebra of (4*)*. However, this will
be the case for any A such that A* with the one-point compactification
topology given above, is a topological algebra, and this holds whenever A
satisfies the Finite Factorization Condition, i.e. for any ae 4 and any funda-
mental operation A (arity n) of A, the set of all x,,...,x, such that
A(xy, ..., X,) = a is finite (Banaschewski [4]).

For arbitrary X and A, the following considerations give a convenient
description of the congruence ~. For each function u: X — A, let Du be the
domain of continuity of u, ie. xeDu iff u is continuous on some neigh-
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bourhood of x. Du is cleary an open subset of X, and ueD(X, 4) iff Du
is dense. Further, for u,veD (X, A), u ~ v iff u|Durn Dv = v|Dun Dv: the
sufficiency is clear; on the other hand if u|W = v|W for dense open W,
then ulDunDvAW = v|DunDvnW and so, in view of the fact that
DunDvn W is dense in Dun Dv, it follows that u and v coincide on
DunDv.

Each function ueD (X, A) determines a function #i: A — KX, such that
\/Imi =X and d(a)nii(b) = @ for a# b in A; @ is defined by i(a)
= Il (u"'{a} nDu). In view of the fact that for a function h: 4 - KX,
\/Imh = X iff (JImh is dense, it [ollows that every function h: A - KX
with \/Imh = X and h(@)nh() = @ for a# b in A is equal to @ for
some ueD (X, A). Moreover, for u, veD(X,A), u~v iff i =10: if u ~ v,
then u|Dun Dv = v| Dun Dv and so for each aeA, ii(a) = I (u™' {a} N Du)
= Il'(u"*{a} nDunDv) = Il (v~ *{a} " Dunr Dv) = IT (v~ " {a} n Dv) = B(a);
on the other hand if @i =, then II'(u™'{a}nDunDv) = II'(v~'{a}n
N Dun Dv) for all ae A and consequently u|Dun Dv = v|Dun Dv.

If u,...,u,eD(X,A) and U = Du;n ... nDu,, then for each funda-
mental operation A of arity n,

Aty ooy ty) (@) = 1T (A(uy, ..., u) "' {a} n V)
= II'{xe U[A(u; (x), ..., s (x)) = a}
=1 U ul{a}nn...out{a}nU

AMayp,....,ap)=a

=Ir U ITui'{a}n..nut{a}nU)

Aay,...ap)=a

=Ir' U ITur'{a}nU)n..nIlu, {a,} " U)

Maq,.nay)=a

= \/ (@) A ... Adly(a,).
Aaq,...ay)=a

Now recall (Foster [23] or Gritzer [28]) that for an algebra A and
a complete Boolean algebra B, the Boolean power of A by B, A[B], is
the set of all functions u: A— B with \/Imu =1 and u(a) A u(b) = O for
a # b in A, with the fundamental operations defined by

Aluy, ..., u,) (@) = y \/ L (@) A oo A U, (ay).
@1y.ay)=a

The preceding discussion has established that, for any topological space X,
E(X,A) = A[®X]. In particular, if X is extremally disconnected and
Boolean, then E(X, 4) = A[2X] since 2X = KX for such X. Moreover,
for any X, there is an isomorphism E (X, 4)— E(QRX, A), on the basis of
the natural isomorphism KX ~ 2QRX = KQKX, explicitly given as fol-
lows: for any ueD(X, A), the open-closed sets X, € QKX, ae A, which
consist of all A such that #i(a)eW, are disjoint and have dense union,
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the latter by the meet continuity of Boolean algebras and the fact that
\/ii(a) (aed) = X in RX. Hence any u': QKX - 4 such that v'(¥) = a
for WelX, belongs to D(QKX, A) and therefore determines an element
ue E(QR]X, A). The correspondence u ~ i is clearly an onto homomorphism;
further, u ~ v iff # ~ 0 iff ' ~ ¢’ for any u, veD(X, 4), and thus u~— 7
induces an isomorphism E(X, A)— E(QKX, A).

We close this section with a comment on the significance of E(X, A4)
in a special situation. For any Boolean algebra B, KOB ~ C(QKQB, 2)
~ E(R2KQB,2) ~ E(02B, 2), and thus E(2B, 2) represents the completion of
B ~ LQB. This observation also follows from entirely different facts: by
Brainerd-Lambek [9], the completion of B is the maximal ring of quotients
of B, for B viewed as Boolean ring, and the construction of maximal rings
of quotients given in Banaschewski [2], when applied to a Boolean ring B,
exactly produces E (2B, 2). Indeed, it follows from [2] that, more generally,
E(X, K) is the maximal ring of quotients of C(X, K) {or any Boolean
space X and finite field K.

2. Functorial aspects

For any given algebra A, the correspondence X ~— C (X, 4) from topo-
logical spaces to algebras is actually the object part of a contravariant
functor C(—, A) from the category TOP to the category SP {4} of all
algebras embeddable into a power A’ of A and their homomorphisms,
the algebra homomorphism C(f, A): C(Y, A)— C(X, 4) corresponding to
a continuous map f: X — Y being u ~— yf. This functor C(-, 4) has an
obvious adjoint on the right: for any algebra BeSP{A}, let H(B, A) be
the topological space whose points are the homomorphisms 4#: B—+ A4 and
whose topology is obtained from the product topology of A'®l, where A
is given the discrete topology, |B| being the underlying set of B. It is clear,
then, that H (B, A) is a subspace of A'"!; in fact, this subspace is closed:
since the operations of A are finitary, the condition that an heA!® be
a homomorphism can be described in terms of continuous maps from
A" — A, and the latter is Hausdorff. Moreover, any homomorphism f: B— C
determines a map f: H(C, A) -» H(B, A) such that f(h) = hf and f is in fact
continuous since the maps f(h)(b) = h(f (b)) on H(C, A) are continuous for
all b e B. It is clear, then, that the correspondences B ~» H (B, A) and f ~— f
define a contravariant functor H(—, A): SP {4} — TOP. Now, any continuous
map f: X — H(B, A) determines a homomorphism f*: B— C(X, A) such
that f*(b)(x) = f(x)(b), since each x ~— f(x)(b) is continuous, and each
b ~ f(x)(b) is a homomorphism. Analogously, any homomorphism h:
B—- C(X,A) determines a continuous map h*: X - H (B, A) such that
h” (x)(b) = h(b)(x) since each b ~> h(b)(x) is a homomorphism, and each
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h(b) is continuous. It is obvious that (f*)* =f and (g*)* = g for all
continuous f: X — H (B, A) and all homomorphisms g: B - C(X, 4). More-
over, the required naturality conditions are obviously satisfied and hence
the functor H(—, A) is adjoint on the right to the functor C(—, A).

In the following, we shall consistently assume that the algebra A4 is
non-trivial for otherwise the functor C(—, A) would be of no interest.

The fact that every embedding of Boolean algebras is pure is a special
case of the following result: ‘

ProrosiTION 1. For a continuous f: X — Y the following are equivalent:

(1) C(f, A) is a pure embedding,

(2) C(f, A) is an embeddiny,

(3) Im (f) meets every open-closed subset of Y.

Proof. (1)=(2) and (2)=(3) are trivial.

(3)=(1): Suppose S is a finite set of equations with constants u,, ..., u,€
eC(Y, A) and k variables, and that there are v,,...,p,€eC(X, A) with
plyfyestiy fo Opseennty) = quy f,.su, f, vy, .., 1) for all (p,q)eS. Let
Y= (JU, be a partition of Y into- open blocks on which all the u; are
constant; then each U, is open-closed and so there exists x,eX with
f(x)eU,. But then p(uy,..., ty, Dyy-.ny D) = qUy, ..cy Uy, Uy, ..., T,) for all
(p, 9)€S, for the functions 7;: Y— 4 which are constant on each U, with
value v;(x,), and this provides a solution of § in C(Y, 4), as required.

Since E(X, A) = lim C(U,.A) (U € X dense open) and direct limits of
pure embeddings are again such (Banaschewski [3]), we have the following

COROLLARY. The natural embedding C(X, A)— E(X, A) is a pure embed-
ding for any space X and any algebra A.

Remark. Condition (3) of the above proposition is cleary equivalent
with C(f, 2) being an embedding. This provides the first of many instances
to be encountered in this paper, where 2 acts as a general test object,
expressed by the slogan

What ho.lds Jor 2 holds for all algebras.

J. Mycielski has informed us that this principle was already noticed
some years ago by the Polish school of algebraists.

In view of the discussion in the previous section, the restriction of the
functor C(—, A) to the category BooS is of particular concern to us. For
this, we first have the [ollowing simple observations:

(1) C(=, A) is faithful on BooS. To any distinct maps f,g: X = Y in
BooS, there exists an x € X such that f(x) # g(x) and hence an open-closed
set U < X such that f(x)eU and g(x)¢ U; then any two-valued map k:
Y— A constant on U and the complement CU of U is in C(Y, A) and
C(f, A)(h) # Clg, A)h).
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(2) For any map f: X - Y in BooS, C(f, A) is an embedding iff f is
onto. This is an immediate consequence of Proposition 1.

(3) For any map f: X - Y in BooS, f is an embedding iff C(f, A) is
onto. The continuous maps X — A separate the points' of X, but the
continuous maps X 5 Y — 4 only separate the points of X which f separates,
and hence if f is not an embedding, then C(f, A) is not onto. The converse
results from the fact that the image of a continuous map X — A is finite
and finite Boolean spaces are projective in Boo.

Next, we present a characterization of the functors C(—, A) on BooS in
purely categorical terms. In this we shall use the following terminology:
If X =IlimX, is a limit in a category K, with limit maps h,: X — X,,

then a contravariant functor T on K is said to copreserve this limit iff
TX = lim TX, with colimit maps Th,: TX, —» TX. The copreservation of

colimits is defined analogously.

PROPOSITION 2. A contravariant functor T from BooS injo the category
of all algebras of given type is equivalent to a functor C(—,A) iff T
copreserves finite coproducts and projective limits.

Proof. (=) Forany X and Y in BooS, themap C(X | Y, A) —» C(X, A)x
x C(Y, A) resulting from the coproduct maps X, Y— X || Y is an isomorphism,
and hence C(—, A) copreserves finite coproducts. On the other hand if
X = liln X, is a projective limit, with limit maps h,: X — X, and diagram
maps h,;: X, = X,, then £X = {J h; '(2X,) by Stone Duality, hence any
open-closed partition of X is the inverse image of such a partition of some
X, by h,, and thus any continuous map from X to a discrete space factors
through some h,. As a result, C(X,A4) = Im C(h,, A). Moreover, for
each o, Ker C(h,, A) = |J Ker C(hy, A) (B = a): if uh, = vh, for u, v:
X,— A, then take f > a such that the partition of X by the sets
(uh,)~'(a) = (vh,)"'(a) (ac4) is the inverse image of a partition of X,
by hy; then uh,, = vh,,. It now follows, by the familiar characterization
of direct limits of algebras, that li_rp C(X,,A) = C(X, A), with colimit maps

C(h,, A). Hence C(—, A) copreserves projective limits.

(<) For any functor T of the stated kind, let A = T1,1 the one-element
Boolean space; we show that T is equivalent to C(—, 4) on BooS. The first
step towards this is to define the required natural isomorphism #y:
TX - C(X, A) for finite spaces K. For this, consider the following diagram

T1 5 C(1, A)
T 1 T2 (xe K),
TK — C(K, 4)
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where j.: 1~ K is the map with value x, j¥ = C(j,, 4), n, is the obvious
isomorphism, and the isomorphism 7y is uniquely determined by the require-
ment that the diagram commute for each xe K, since both, Tj, and j¥ are
product projections in view of the fact that the j, are coproduct injections.
The naturality of the nx thus defined follows from the diagram
T1 s C(1, A)
Tie ] 1
TK = C(K, A)
71 1T
TL —— C(L, A)

L[

for any map f: K—L, since jE(mTf)=mn T Tf = i T(Jj) = (fi)*n,
= j*(f*»n,) for all x. Now, for -any XeBooS, let vz: X = X/R be the
quotient map for any closed equivalence relation R on X with finite
quotient, and vgs: X/R — X/S the induced map for any pair of such
relations where R = §. Then, X is the projective limit of the X/R, with
limit maps vp: X — X/R, and hence 75, can be defined by the following
diagram

TX <5 C(X,A4)

T 1 ' 7 o
T(X/R) =% C(X/R, A)
Toys T T VA

T(X/S) —> C(X/S, 4)

N

where the left-hand side and the right-hand side are direct limit diagrams,
and the bottom square commutes so that one has an isomorphism of
diagrams: put #, = liin Nx;r- 10 check naturality, consider the diagram

"y

TX C(X, A
71 T

TY - C(Y, A)
™ 1 f

T(Y/R) —— C(Y/R, A)

for any continuous map f: X - Y in BooS, and any quotienl map v,:
Y— Y/R modulo a closed equivalence relation R on Y with finite quotient,
Since the latter represent Y as projective limit, the maps Ty, are jointly
onto, and thus the desired condition n, Tf = f*n, will follow il it is shown
that ny Tf Tvg = f*ny Ty, i€ 0y T(vp /) = (vg f)* 1y for all R. This, how-
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ever, amounts to considering just the case where Y is finite, for which one
has the following diagram

TX — n — C(X, A)
T T(X/S) s C(X/S, A4) | 1
S ™~
TY . >y C(Y, A)

where S = Ker (f) and f = gvs the decomposition X — X/S— Y of f. Here,
the two triangles commute trivially, the top square commutes by definition
of ny, and the bottom square by what has already been shown; hence the
desired resulit.

Remark. The object part of the equivalence T~ C(—, T1) is also
contained in Gonshor [26] in its version for Boo— A. An application of
this, as shown in [26], is that, for general linear groups, GL,(B)
~ C(©2B, GL,(2)) for Boolean rings B. Analogously, M,(B) = C(2B, M, (2))
for matrix rings of degree n.

CoroLLARY. For each X eBooS, C(X, A) = lim AR (Re X), where X is

the set of closed equivalence relations on X with finite quotient, and thus
C(X, A) is a direct limit of finite powers of A.

We next give a characterization of the image of the functor C(—, A4)
on BooS, essentially due to Foster [23], and Gould and Gritzer [27].
In the following, the pointwise quaternary discriminator on a power A’
is the quaternary operation Q on A’ for which Q(t, u, v, w) is the function
on I with value v(i) if t(i) = u(i) and value w(i) otherwise.

ProrosiTION 3. A subalgebra S = A’ is isomorphic to C(X, A) for some
X eBooS iff S contains the constant functions, each member of S has finite
image, and S is closed under the pointwise quaternary discriminator.

Proof. For any XeBooS, C(X, A) clearly contains the constant maps,
and each ueC(X, A) has finite image by the compactness of X. Now, if
t,u,v,weC(X, A), then there is an open-closed partition U,,..., U, of X
such that ¢, u, v, and w are all constant on each of the U;. But then the
function r: X = A for which r|X; = v|X; if t|X; = u|X;, and r|X; = w|X;
otherwise, is obviously continuous, and r = Q(t, u, v, w).

On the other hand, if S < A’ has the above three properties, then S

is also closed under the pointwise (2n+2)-ary discriminator, for all n > 1, ie.
if £, .ty Uy, ooy ty, 0, WES, then Qu(t;, ..., by, Uy, ..., Uy, U, W E S, where

v(@)  if t;(0) = w(i) for all j < n,
w(i) otherwise.

Qn(tla“-s Lpy Upy ooy Uy, D, W) (l) = {
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This follows from the fact that the Q, can be defined inductively by
Ql = @, and
Qn+1 (tls vy Inr 1 Upy eeny Uy, U, W)
= Q(tn+lv Uy+1, Qn(tl- vemy Dyy Uyyoeny Uy, U, W), W)

for each n > 1. From this we conclude that any function u: I - A for
which Ker v 2 Keru, n... n Ker u, for some uy,...,u,eS belongs to S:
Since all u; have finite image, there is a partition I,,..., I, of I such that,
for each i < n and j < m, w|l; is constant, with value b;;, say, and con-
sequently u}l; is constant, with value a;, say. We may assume that b;; = by
for all i < 2 implies j = k. Let vy = Qu(ty,.cos thya byyseeey by, ay, uy), and
for each j > 1, v; = Q,(Uy, ..., thy hyjy .oy byjuaj 052 ); it follows inductively
that 4 = v,, belongs to §.

Now, for each finite subset F < S, &, = () {Ker ujue F} is an equivalence
relation on I with finite quotient I, = I/@,, and if G & F there are natural
maps I — I; and A'“— A'F providing an inverse system of finite sets and
a corresponding direct system of algebras; morcover, it follows from the
preceding paragraph that S = li_xp A'F, hence we have, by Proposition 2,

C(X, A) ~ lim C(Iy, A) = lim A'v = § for the Boolean space X = limI,.

Besides the functors C(—, A), one also has functors of the form
C(X, —), for any topological space X: if .o/ is any class of algebras
(of the same type) closed under formation of products and subalgebras,
then C(X, A)e.«/ whenever Aes/ and for any homomorphism h: 4+ B
one hgs the homomorphism C (X, h): C(X, A)— C(X, B) such that C(X, h)(u)
= hu.

An interesting property of the functors C(X, —) is as [ollows:

ProrosITION 4. For any space X, if h: A= B is a pure embedding,
then C(X,h): C(X,A)- C(X,B) is a pure embedding.

Proof. C(X, A) is the direct limit of the C(X/R, A), where R ranges
over the equivalence relations on X providing open partitions of X, and
C(X/R, A) = A*'R_ Now, il h: A— B is pure, then all h*/®; 4Y/R _, BXIR zre
pure and C(X,h) is the unique map making all diagrams

AX/R - C(X, A)
Wi T T Cixm

B — C(X,B)

commute, i.e. C(X,h) = lim k¥R which implies C(X,h) is also a pure
embedding. -

The discussion of the functors C(—, A) leads one to consider what
functorial properties the correspondence X — E(X, 4) might have. Evidently,
in order to associate a suitable homomorphism E(Y, A)— E(X, 4) with
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a given continuous map f: X — Y, it would be convenient to first have
a way of obtaining a homomerphism D(Y, A)— D (X, A) from f, and for
this it is natural to consider only those f: X — Y for which the inverse
images of dense open sets are dense. Given this property, the correspondence
u ~ fu does indeed provide a homomorphism D (Y, 4)—» D(X, A), and the
composite of this with the quotient map D(X, A) clearly factors through
E(Y, A) to give a homomorphism E(f, A): E(Y, A)— E(X, A). Since E(X, A)
is the direct limit of the C(U, 4) for the dense open U < X, it is evident
that this determines a functor E(—, 4): TOP, — Horn {4}, where TOP, is
the category of all topological spaces and those continuous maps for which
inverse images of dense open sets are dense, and Horn {4} is the universal
Horn class generated by A, ie. the smallest class of algebras which contains
A and is hereditary, productive, and closed relative to direct limits. The fact
that E(X, A)e Horn {A} is also given in Burris [12]. We note that Gritzer
[28], p. 147, seems to claim E(X, A) belongs to SP {4}, this is, of course,
obvious for finite A in which case SP {4} = Horn {4}, but it does not hold
for arbitrary A, as will be shown in the second remark following Prop-
osition 8.

However, E(X, A) does belong to a (possibly proper) subclass of
Horn {4}, namely the N;-implicational huil of A (Banaschewski—Herrlich
[6]), i.e., the class of all algebras which satisfy the same universal Horn
“sentences” with countably many premises as A does, the latter being of the
form (/\ px = @) > p = q, where p,...,q are elements of the absolutely

ke :

free algebra of the type of 4 with countable basis. To see this, consider
u = ()eD (X, A)”, where X is Boolean, such that p,(u) ~ g.(u) for all kew
and suppose that p(u) ~ q(u). Then there exists an open W< X on which
p(u) and gq(u) are constant, with different valuess On the other hand, p.(u)
and g, (u) coincide on () Du; which is dense by the Baire category theorem
(Bourbaki [10], p. 193). It follows that there exists xe Wn[) Dy, and then
p(u(x) # q(u(x) but p(u(x) = g(u(x) for all kew for u(x) = u(x)e 4°.
This shows that any sentence of the above form not satisfied by E(X, A)
also fails in 4. As an example, we note that the abelian group Q of rational
numbers does belong to Horn{Z} but not to the N;-implicational hull
of Z, the latter since (/\ nx, = x) » x =0 holds for Z and not for Q.

There remains the following problem: If E(X, A)¢SP{A4} it cannot
belong to all N,-implicational hulls of A since their intersections is, in fact,
SP {4} (Banaschewski—Herrlich [6]); what, then, is the first « such that,
for some X and A, E(X, A) does nét belong to the N,-implicational hull of A?

Since E(X, A) ~ E(QKX, A) one is particularly interested in the restric-
tion of the functor E(—, A) to the (full) subcategory of TOP, determined
by the extremally disconnected Boolean spaces. Here, it turns out that

a map f: X — Y between such space ngs to TOP, iff it is the Stone
By
2 — Dissertaliones Mathem. 179 L/V
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dual of a complete homomorphism [rom ¥Y = RY to £X = KX. Since
a Baolean algebra A4 is complete iff Q4 is extremally disconnected (Halmos
[29]), the subcategory of TOP, in question is the dual of the category
CBoo of complete Boolean czlgebrds and complete homomorphisms; we shall
call this category CBooS. Note that Stone Duality now pr ovides the lunctor
E(Q-, A): CBoo--»Horn {4},

The fact that E(X, 4) = E(QRX, A) for all spaces X is actually part
of a more general property of the functor E(—, A). Indeed, there is a [unctor
TOP, — CBooS, extending the correspondence X ~— QKX, such that for
any /: X = Y in TOP,, the diagram

E(X,A) —— E(Q8X, A)

1 1
E(Y,A) —— E(QRKY, A)

commutes, where the horizontal arrows are the natural isomorphisms and
the upward ones correspond to f and the map Q&K' QK/X — QKY which
results from /. The latter is obtained by the observation that, for f: X —» Y
in TOP,, the correspondence U ~— ITf~' U provides a complete Boolean
homomorphism from KRY to KRX; the less obvious part of this assertion,
ie. the preservation of arbitrary joins, results from the fact that, for any
U,e Y, W = |J U,uCr'y U, is dense open and

(ITyU)ynw =y U,
so that
ITUf Uy = ID(f T U U nf~H W) = ITf~1(Ir | U,)

since /=1 (W) is dense by hypothesis. It follows that the functor E(—, A)
on TOP, is entirely deterfnined by its restriction to CBooS. We note in
addition that the above functor TOP, — CBooS is a retraction, up to
natural equivalence.

3. Congruences

In this section, we present some results concerning the congruence
lattices of algebras of the form C(X, A) and E(X, A), with particular
emphasis on bounded and arbitrary Boolean powers. We begin with a discus-
sion of certain general aspects of congruence lattices.

For any type t of algebras, there is a contravariant functor €: Alg(r)
- PoEns from the category Alg(r) of all algebras of that type and their
homomorphisms to the category PoEns of all partially ordered sets and
order preserving maps which results from the [ormiation of congruence
lattices: for any algebra AeAlg(t), €4 is the (complete) partially ordered
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set of all congruences on A, partially ordered by set inclusion, and for
any homomorphism h: A - B in Alg(z), €h: €B—> €A is the map such
that €h(0) = (hxh)~'(6) = Ker(vh), where v: A - A/0 is the quotient map.
It is obvious that this does, indeed, define a functor as claimed.

Recall that a direct limit 4 = li_rp A, ts strict iff all diagrams maps

Ay, = A; are embeddings, and that this implies that the colimil maps
A, —» A are embeddings. Then one has

LeEMMA 1. The functor €: Alg(t) — PoEns copreserves strict direct limits.

Proof. It is enough to consider the case where 4 =) 4, for an
up-directed family of subalgebras A4, = 4. Then, lil_n €A, may be represented

by all (0,)e [T1C€A, such that 0, = 6,|4, whenever A, © A4,. Clearly, for such
a family, |) 0, is a congruence on A, and the maps (0,) ~ (J), and
0 ~— (0| A,) are order preserving and inverse to each other. This proves that
G4 = li.m €A,, the limit maps €4 — €A, given by restriction.

Another functor which is relevant in the present context is the con-
travariant functor @: Boo — PoEns which -associates with each Boolean
algebra B the lattice ®B of all filters in B, and with each homomorphism
h: B — C in Boo the map ®h: ®C — ®B for which ®h(F) = h™ ' (F) (Fe ®().
An argument similar to the proof of Lemma 1 then shows that & also
copreserves strict direct limits. Actually, though, this could also be viewed
as a special case of Lemma 1, by virtue of the familiar relationship
between filters and congruences for Boolean algebras.

Now, for any space X and any algebra A, one has a natural map
eLX —» CC(X, A), given by § ~- 0Oy, where (u, v)e by iff the set Eq(u,v)
= {x|u(x) = v(x)} belongs to §. It is easily checked that for fixed A, these
maps determine a natural transformation between the two functors ®{ and
CC(—, A) from TOP to PoEns. Note that if X is discrete, ¢, is the usual
filter congruence determined by the filter ¥ in £X = X, the power set
of X, on C(X, A) = A*. In general, one has the following basic fact:

PrOPOSITION 5. For any space X and any algebra A, the natural map
PLX - €C(X, A) is a complete lattice embedding.

Proof. For any family (&,) in #2X and any u,veC(X, 4), il & = ) .
then (u, v)e0; iff Eq(u,v)e®, for all «, and hence Oy = ) U, Le. arbitrary
meets are preserved. Regarding joins, we first note that a similar straight-
forward argument shows

Oyz, = U b5,

for any up-directed family (&,) in #2X; the general result is then a conse-
quence of the preservation of finite joins which is obtained as follows:
If (u,v)€0;,4, then Equ,v) = UnV for some Ue§F and Ve®, and if
weC(X, A) is defined such that w|U = u4|U and w|CU = »[CU, then
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Eq,w)2 U and Eq(w,v)2 V so that (u,w)ef; and (w,v)€ 8, and
therefore (u, v)ef; 00, S 05 v 8. This shows Oy, s < Uy v 6, and hence one
has equality, the reverse inclusion being obvious. It remains to show that
the map is an embedding, but this immediately results from the observation
that § = {Eq(u, v)|(u, v)€bfy} since any Ue£X is of the form Eq(u,v), the
algebra A being non-trivial.

If one associates with each closed subset of a space X, the collection
of all its open-closed neighbourhoods one obtains an order-inverting map
from the lattice §X of all closed subsets of X into X, ie. a map
(FX)* - OLX of partially ordered sets, where ( )* indicates dual. Note that
this preserves arbitrary meets but in general nothing else. However, for
Boolean X the map is actually an isomorphism whose inverse is given by
mapping each FePLX to its intersection: in this case, each Fe¥X is the
intersection of its open-closed neighbourhoods, and ¥ = () § implies Ve §F
for any Ve QX and FePLX.

The complete meet-homomorphism (FX)* —» #LX in general determines
a map ¥: (FX)* - €C(X, A) by composition with the natural map PLX
— €@C(X, A), such that (u,v)e¥ (F) iff F = Eq(u,v), i.e. ¥Y(F) is the kernel
of the homomorphism C(X, A) - C(F, A) given by restriction u ~— u|F to the
closed subspace F < X. It therefore follows that C(X, A)/¥Y (F) & C(F, A)
for any closed subspace F & X. For Boolean X-the embedding C (X, A)/¥ (F)
— C(F, A) is actually an isomorphism since any continuous u: F — A then
has a continuous extension to X: The image of u is finite, and finite
Boolean spaces are injective. (See also Burris [12].)

Combining these facts, we now have the following consequence of
Proposition 5, also given in Burris [12]:

CoroLLARY. For Boolean X and any algebra A, ¥: (X)* - CC(X, A)
is a complete lattice embedding.

It is natural to ask when the above ¥ is actually an isomorphism;
which would mean that C (X, 4) does not have any “surprising” congruences.
The following considerations are devoted to this question.

An algebra 4 will be called powersimple iff all congruences on powers
of A are filter congruences, i.e. for any discrete space X, the natural map
PLX - C€C(X, A) is an isomorphism. Note that this implies 4 is simple
since A ~ C(1, A) and ®L1 is the two-element chain. Moreover, it implies
that € (4") ~ 2" for all natural numbers n — this being the special case
for finite X. If the latter holds A will be called finitely powersimple.

We remark that powersimplicity is a categorical property of an algebra
A in HSP {4} since it amounts to the condition that for any regular
epimorphism A’ — B there exists a monomorphism B — A®, the latter being
a filter power of A [or some filter § on I, such that the composite
A" > B> A® is the natural map.
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Concerning the existence of powersimple algebras, we have the following:

ExAMPLE 1. Any field is powersimple. Because of the correspondence
between ideals and congruences for rings this amounts to saying that, for
a field K, any ideal J of a power K’ is given by a filter § on I such that
uelJ iff the zero set Z(u) belongs to §. To see this onme notes that for
any ueJ one has a veK' such that Z(u) = Z(uv) and w is idempotent,
and that for idempotent e, feK' Z(e)nZ(f) = Z(e+f—ef). It follows then
that the Z(u), ueJ form a filter &, and that any feK' such that Z(f)e
belongs to the ideal J.

EXAMPLE 2. Z as lattice-ordered ring with unit is powersimple. Analo-
gously to the case of fields, it is enough to show that any l-ideal J of any
power Z' is determined by a filter § on I such that ueJ iff its zero set
Z (u) belongs to §. Since Z (u) = Z (ju]), where [u| = u v (—u), and Z (1) Z (w)
= Z (v v w) for non-negative v, weZ’, it follows that the sets Z(u), uel,
form a filter basis. Moreover, for any subset S = I such that S 2 Z(u)
(uel), S = Z(wu) for the characteristic function w of the complement of S,
and therefore Se since wueJ. Thus, § is a filter. Finally, if ueJ and w
is the characteristic function of the complement of Z(u), then w = |w| < |y
and hence welJ; it follows, for any veZ’, that veJ whenever Z (v) = Z(u)
for some ueJ since the latter implies that v = vw. In all, this shows ueJ
iff Zu)ey.

EXAMPLE 3. Any (possibly infinite) quasi-primal algebra is powersimple.
Such an algebra A has the quaternary discriminator as derived operation,
and hence also the (2n+2)-ary discriminator ), which has been used in the
proof of Proposition 3. Now for any.congruence 6 on an arbitrary sub-
algebra B = A’, let u, veB be such that Eq (u v) 2 ) Eq(y;, v;) for finitely
many (y, v,)€0. Then

(Qn(ul: LERE] un: ul’ R unsu: l)), Qn(ul’ ey uns vls ey Una u, U))EB:

but by the pointwise properties of Q, and the hypothesis on u and v this
is just (u,v). It follows that 8 = 6 for the filter § on I generated by the
sets Eq (u, v) for (u, v)e 0. Note that this proves more than the powersimplicity
of A: Since B/0 = A®, and the latter algebra belongs to Horn {4}, we have
HSP {4} = Horn {A} for quasi-primal A. In addition, if A is finite, Horn {A}
= SP {4}, and hence HSP {4} = SP {4} for finite quasi-primal 4, a result
originally due to Pixley [40].

EXAMPLE 4. Any simple algebra in a congruence-factorable equational class
is finitely powersimple, where congruence factorability means that all congru-
ences on a product A xB of algebras in the class are of the form

{((a,b), (@, b")I(a,a)eb, (b, b)e A}
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for some 0e€A and AeCB. Regarding the usefulness of this observation,
we note that an equational class is congruence — factorable whenever all
congruence lattices occurring are distributive, and that any non-trivial equa-
tional class contains simple algebras (Magari [37]).

We now return to the question raised above, providing the following
answer:

PrOPOSITION 6. For any algebra A the natural map ®8X — CC(X, A)
is an isomorphism for all spaces X iff A is powersimple.

Proof, In one direction this is obvious, and in the other we have to
show the map in question is onto. From the strict direct limit representation
C(X,A) = lim C(X/R, A) = li_rp AYR R ranging over the equivalence re-

lations on X with open blocks, we obtain the projective limit representation
C€C(X, A) = lim €(A*/?). Further, the quotient maps v;: X — X/R determine
a strict direct limit representation B (X/R) - £X and therefore a projective
limit representation ug: ®LX — dP(X/R). Hence one has the following
commuting square of partially ordered sets

PX —2 OP(X/R)

! !
CC(X,A) —— E(A¥k)

where the vertical maps are the natural ones under discussion, the bottom
one is the limit map, and the map on the right is an isomorphism, for
any R, by hypothesis. It follows that the map on the left is an isomorphism.

Note that if A is the (powersimple!) two-element Boolean algebra 2,
then the isomorphism ®£LX — €C(X, 4) is just the known isomorphism
between filter and congruence lattices for Boolean algebras, and hence
Proposition 6 states that what is true for 2 regarding €C(X, —) holds for
any powersimple A.

If the algebra A is merely finitely powersimple, the above argument
still works for compact X: compactness permits one to consider only those
R for which X/R is finite. Hence:

CoroLLARY L. If A is finitely powersimple, then the natural map ®LX —
—CC(X, A) is an isomorphism for any compact X.

A further consequence of this is

CoroLLARY 2. Any finite, finitely powersimple algebru is powersimple.

Proof. For such algebras A4, the natural map PLEX — CC(BX, A)
1s an isomorphism for any discrete X by the preceding corollary; now,
in addition, one also has the isomorphism ®PX - GLAX and C(X, A) »
- C(BX, A), the latter given by extending the X — A continuously to fX

(4 finite!), and the natural map ®PX — € (4%) is then a composite of
isomorphisms.
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Note that the converse of Corollary 2 does not hold: any simple
modular lattice M containing an infinite chain, with the property that
for all x < y in M, the length d(x,y) of a maximal chain from x to y
is finite, provides a counterexample: M, being a simple algebra in a congruence
distributive equational class, is finitely powersimple. The modularity of M
implies that d(xAz,yAz)<d(x,y) and d(xv z,yv z) < d(x,y) for any
x < y and zeM; consequently, any principal congruence # on M* generated
by a pair (u, v) with u < v and sup {d(u(n), u(n))|new} finite has the property
that sup {d(s(n), t(n))|new) is finite for any (s, t)ed with s < r. Thus the
congruence on M“ generated by any pair (u,v) of constant functions with
u < v is not a filter congruence, which proves the point.

Now, putting Corollary 1 together with the above observations concerning
the map (FX)* - #LX, we obtain the following result which also appears
in Burris [12], and, for more restricted 4, in Davey [19].

CoROLLARY 3. If" A is finitely powersimple and X Boolean, then V.
(FX)* - CC(X, A) is an isomorphism.

The following consequence of the preceding corollary is a counterpart
to a result in Burris [12]:

CoroLLARY 4. If A is finitely powersimple, then, for any Boolean spaces
X and Y, X ~ Y whenever C(X, A) = C(Y, A).

Proof. The hypothesis provides a lattice isomorphism FX = §Y, and
for Boolean spaces, as actually for much more general spaces, this implies
X ~ Y (for compact T,-spaces for instance, see Bourbaki [10], p. 148).

In this corollary, nothing is said as to how the given isomorphism
C(X, A) = C(Y, A) might be related to the isomorphism which results [rom
the homeomorphism X — Y obtained from it. Somewhat related to this
point is the following

CoRrOLLARY 5. For finitely powersimple A, the functor C(—, A) provides
a dual equivalence between BooS and the subcategory of SP {A} given by
all C(X, A) and all constant preserving homomorphisms between them.

Prool. Since it has already been noted that C(—, A) is faithful on
BooS, and since all homomorphisms of the form C(f, A) clearly preserve
the constants, it remains to show that each constant preserving homomorphism
h: C(X, A)— C(Y, A) results from a continuous map ¥ — X. Since A is simple,
the evaluation homomorphism e¢,: C(Y, A)— A, for any zeY, determines
a unique xeX such that Ker(e,h) = ¥ {x}, by Corollary 3. Il /. Y- X
is the resulting ser map, and ueC(X,A),zeY, and a = u(f(z)), then
(u,a)e ¥ {f(z)} and hence (h(u), a)e Ker (¢,) so that h(u)(z) = u(f(z). This
shows h(u) = uffor all ue C(X, A), which first establishes the continuity of f,
since the topology of X is the weak topology relative to C(X,A) by
Booleanness, and then h = C(/, A).

A special case of this corollary, in its variant formulation for Boo
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instead of Boo§S is treated in Ribenboim [44], where A is the lattice-ordered
abelian group Z of integers; there, an internal characterization is given of
the range of the functor C(—, Z).

The final consequence of Proposition 6 in this sequence concerns
equational compactness. We are in particular interested when the functor
C(Q—, A) reflects this property, which means, by Stone Duality, when the
equational compactness of C(X, A) implies that XeBooS is extremally
disconnected. Evidently, it requires conditions on A for this to hold, for
if we take the algebra with empty type (i.e. just sets) then all C(X, A)
"are equationally compact. But we have:

COROLLARY 6. If A is finitely powersimple, then C(Q—, A) reflects
equational compactness. '

Proof. Suppose C(X, A) is equationally compact, and let p: X - X
be the projective cover of X in BooS. Then C(p, A): C(X, A)— C(X, A)
is pure by Proposition 1, and hence it has a left inverse h: C(X, A)—
— C(X, A). Now, by the above Corollary 3, there is a closed set F € X
such that h(u) = h(v) iff u|F = v|F for all u,veC(X, A). Suppose F # X,
and hence p(F) # X, since p: X — X is the projective cover; then, there
is an open-closed U € X not meeting p(F), and if u, v: X — A are constant
on U and CU with equal value on the latter and different values on the
former, then u and v are continuous such that up|F = vp|F, and hence
u = h(up) = h(vp) = v, a contradiction. This shows F = X, thus Ker (h) is
trivial, and therefore C(p, A) is an isomorphism; this implies p is a homeo-
morphism, and hence X is extremally disconnected.

We now turn to the congruence on the algebras E(X, A). In this
setting one has, for any space X and any algebra A, a natural map
PRX ->CD (X, A), given by § ~- 0y, where (u,v)ef; iff there is a dense
open U< D(uynD(@) and a Ve such that u|lUnV =0lUNV, or,
equivalently, u|D(w)nD@)nV =v|Dw)nD@®)NV, ie. Eq(u,v) 2 Du)n
ND@)nV for some Ve. One readily sees that, for fixed 4, these maps
provide a natural transformation between the funtors ®R and €D (—, A)
from TOP, to PoEns. Moreover, the congruences 63 on any D(X, A)
obviously contain ~ and hence we also have ¢RX — CE(X, A).

PROPOSITION 7. For any space X and any algebra A, the natural map
OPRX -+ CE(X, A) is a complete lattice embedding.

Proof It is clear that one only has to consider ¢#RX — ED(X, A)
since the sublattice of the latter consisting of all the congruences above ~
is isomorphic to €E(X, A). That arbitrary meets and up-directed joins are
preserved is easily checked in essentially the same way as this was done
in the proof of Proposition 5. The preservation of joins is seen as follows:
Given that Eq(u,v) 2 WA UNV for some dense open V < D(u)n D(v),
Ue® and Ve®, restrict to the dense open set Wo = Wn(UuICU)N
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NV UICV) so that Wy U and W,V become open-closed in W,, and
then use the same argument as in the proof of Proposition 5 on the
space W,. Finally, that the map is an embedding results from the fact
that, for any Ue KX, any function constant on U and on ICU belongs
to D(X, A).

Now, if one associates with any closed subset of the space X the
collection of its regular open neighbourhoods one obtains, analogously to
the previously considered (FX)* — ®LX, an order-preserving map (FX)* —
— @RX. For XeCBooS, this is a complete lattice isomorphism, simply
because KX = £X in that case.

Hence, we have, by composition with the natural map #RX = CE(X, A)
(see also Burris [12]):

CoroLLARY. For XeCBooS and any algebra A, the map A: (FX)* -
—GQE(X, A) is a complete lattice embedding.

Note that, for any closed F = X, the congruence A(F) is induced by
all the pairs (u, v) in D (X, A4) such that u|D(u)nD@W)NV = v|DW)NDE@)NV
for some regular open neighbourhood V of F.

Incidentally, if one is given that the map (FX)* —» P KX by taking regular
open neighbourhoods is a complete lattice embedding, then one can prove
that X is extremally disconnected, compact, normal, and T; provided it is Ty;
thus, for Ty-spaces X, if this map is a complete lattice embedding, then
X e CBooS. Hence, the same conclusion follows if A4 is a complete lattice
embedding, providing the converse of the corollary, for T,-spaces X. We
omit the details, but make the following observation:

If a space X has the property that the map A: (FX)* - CE(X, A) is
a complete lattice embedding for A = 2, the two-element Boolean algebra,
then it has this property for all algebras A: in view of the isomorphism
K|X - E(X,2) and the correspondence between congruences and filters for
Boolean algebras, if (FX)* — CE(X, 2) is a complete lattice embedding, then
the same holds for the map (FX)* - ®#RX which, as was noted, implies
that Xe CBooS (for T,-spaces X), and then the above corollary applies.
This provides another instance where 2 acts as a general test object.

As in the case of C(X, A), we now consider the question when the
map from filters to congruences is an isomorphism.

ProrosiTION 8. For any algebra A, the natural map ®RX — CE(X, A)
is an isomorphism for all X e CBooS iff A is powersimple.

Proof. In one direction this is obvious since the case X = fY for
discrete Y just amounts to the condition of powersimplicity. For any
powersimple A4 and X € CBooS, consider the following diagram

PRY —2 5 PQU

l |
E(X,A) —— C(U, A)
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where the unnamed maps are the obvious ones and ¢y maps any FePKRX
to the filter {W|IT'We®} in QU. The congruence on C(U, 4) which the
latter determines is then the set of all (u,v) such that Eq(u,v) 2 W for
some We QU, where I'We§, but this is obviously the same as the set
of all (u,v) such that Eq (u,v) 2 UnV for some Ve § since Eq (u, v)e LU,
and hence the above square commutes.

Now, notice that KX = li_r’n QU (U ranging over the dense open sets

of X) is a strict direct limit in the category Boo, the colimit maps being
W ~— IT'W, and hence ® }X = lim $L2U, by the remarks [ollowing Lemma 1,

the limit maps being the above o,;. This now implies that ®RX — CE (X, A)
is an isomorphism since all QU —» €C(U, A) are isomorphisms by Propo-
sition 6.

We now have the following analogue to Corollary 4 of Proposition 6,
in view of the basic isomorphism X — Q28X for Boolean spaces:

CoroOLLARY 1. If A is powersimple, then, for any X and Y in CBooS,
X ~ Y whenever E(X, A) ~ E(Y, A).

A noteworthy consequence concerning the embedding i: C(X, 4)—
— E(X, A) is the following

CoroLLARY 2. If A is powersimple and X e CBooS, then the map Gi:
CE(X,A)— CC(X, A) is an isomorphism.

Proof. This results from the commuting triangle

PRX = PLX

- ™~

EX,4) ——— CX,4)

whose downward maps are isomorphisms by Propositions 6 and 8.
Incidentally, it should be noted that, for powersimple A4, the map

CE(X,A)—CC(X, A) is onto for any space X, although, obviously, there

may be many congruences on E (X, A) having the same restriction to C(X, A).
Remark 1. Proposition 8 actually holds for any space X, rather than

for the Xe CBooS only. To see this, we consider the following square of
complete lattice homomorphisms

PRY  —— CE(X, A)

l |
PROKX ——— CE(QRX, A)

where the horizontal maps are the natural ones, and the vertical maps are
the isomorphisms which result from the natural isomorphisms !X — 2Q KX
= KRQKX and E(X, A)> E(QRKRX, A) of Boolean algebras and algebras,
respectively. Evidently, by Proposition 8 for E(QKX, 4), the map #RX —
- CE(X, A) will be an isomorphism, for any powersimple 4, if this square
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commutes. To see the latter, we recall that the isomorphism E(X,A)-
— E(Q8X, A) may be described by associating with each ue C(W, A),
W< X dense open, the function u*: W* — 4, where W* < QRX is the
(dense open!) set consisting of all A which contain some ITu™(a) (aeA),
and u* (N) = aﬁfor these . Then, for any filter ¥ in KX, the congruence
on E(X, A) associated with § is determined by the u, ve C(W, 4) such that
IT {x|u(x) = v(x)}e &. Now, this holds iff

IrJu Ya)nv Ya)eF

ae.l
and hence also iff
V E,€§ (E, = IT'v"*(a)n IT'v™ (a))
acA

where the join is in KX. On the other hand, the analogous condition
for u* and v* is that (I and I" now in the space QKX)

Ir | {(N|Irw™ (@)~ ITv™ ! (a)e A}
aeA
belong to the filter corresponding to § via the isomorphism &X — RQKX.
The latter is given by V~>Q, = {UA|VeWUeQKX}, and thus the above
holds iff

\/IQ,fae{Q,,lVe{S’-},
where the join is in KQKX; clearly, this is equivalent to the previous
condition for u,ve C(W, A), and this proves the assertion.

Remark 2. For any infinite, powersimple, rigid algebra A and any
compact metrizable space X without isolated points, E(X, A)¢ SP {4}, in fact,
there is no homomorphism ¢: E(4, X)- A. For any such ¢, Ker (@) is
determined by an ultrafilter U in KX, and the map @ : C(W, A)~
— E(X, A)— A (W < X dense open) resulting from ¢ preserves the constants,
by the hypotheses on 4. Hence, if ¢y () = a for ue C(W, A), then there
exists a VeU such that u|Vn W is constant with value a. In particular,
if W is the union of disjoint W), W,,... in KX and u is taken constant
on each W, with different values for different i, then VAW =V W, for
some i, SO that @ = UnW=UnW, for all U< V in U, and hence
W,eU. Tt follows that A is countably complete, a contradiction, since any
countable basis U, o U, > ... of open neighbourhoods of x = lim U deter-
mines the join X = \/ICU; in {X which belongs to U whereas ICU ¢ U
for all i. Algebras to which this applies are: the fields Q and R as rings
with unit, Z as lattice-ordered ring with unit, and any infinite powersimple
algebra with its elements added as nullary operations. The case of Z, based
on a somewhat different argument, was communicated to us by K. Keimel.
It might be added that the above proof still works if the rigidity of A4 is
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relaxed to the condition that all monomorphisms 4 —» A are onto since this
suffices to show that ¢y (1) = @y (v) for some constant v.

We close this discussion with the remark that no counterpart to
Corollary 6 of Proposition 6 is to be expected in the present setting:
Nothing meaningful can be proved concerning the reflectign of equational
compactness by E(Q2—, A) since any infinite Xe CBooS is a non-trivial
projective cover of some YeBooS which is then not extremally disconnected
but for which, of course, E(Y, A) ~ E(X, A) for all A. The reason for the
existence of such Yis that the Boolean spaces which do not have a proper
irreducible Boolean image are just the one-point compactifications of discrete
spaces (Flachsmeyer [22]), and they are never extremally disconnected.

4. Exponent laws

For the powers of an algebra A lby sets, one has the exponent law
(AN ~ A**Y, for any sets X and Y, the isomorphism given by the familiar
adjointness map u ~—#, where #i(x, y) = u(x)(y) for all xeX and ye¥,
which results from the cartesian closedness of the category of sets. Here
we are interested in analogous results concerning the iterates of the functors
C(X, —-), E(X, —), and variants of the latter.

For any topological spaces X and Y, the above correspondence u ~— i
does indeed determine a homomorphism C(X, C(Y, A)) = C(X xY, A): given
any (x,y)e X x Y, there exists a neighbourhood V of x such that u|V is
constant and then a neighbourhood W of y such that u(x) is constant on
W, # is then constant on the neighbourhood Vx W of (x, y), and hence
ue C(X x Y, A). Moreover, u ~- ii is obviously an embedding, and therefore
the only question concerning the exponent law in this case is whether this
map is onto, i.e. whether each ve C(X x Y, A) is a # for some ue C(X, C(Y, 4)).
Now, for any continuous map v: X x Y — A the maps v(x, —) are continuous
for any xe X, so that v = # iff x ~» v(x, —) is a continuous map from X
to C(Y, A), the latter taken in the discrete topology. If Y is compact, then
the discrete topology on C(Y, A) coincides with the compact-open topology,

and for the latter, the map x ~» v(x, —) is always continuous (Bourbaki [10],
p. 302). This proves

PROPOSITION 9. If Y is compact, then the adjointness map C(X,C(Y, A)~
= C(Xx Y, A) is an isomorphism for any algebra A.

Remark 1. The converse of this proposition does not hold, ie. the
exponent law does not characterize Y as compact: for rather trivial reasons,
the law also holds for any connected Y, with arbitrary X: analogously, it
holds for any Y and connected X. On the other hand, if Y is infinite
discrete, then one can find a Boolean X such that the exponent law fails
for C(X xY,2): take X with a point which has a neighbourhood basis of
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the same cardinality as Y. It should be noted, that any composite C(X, —)o
o C(Y, —) can be expressed as a limit power with the set |X|x|Y| as exponent,
by Weglorz [55]; however, this is quite different from the exponent law
for C(X xY, —).

Remark 2. The basic argument in the prool of Proposition 9 was
pointed out to us by Brian Davey. The result for X and Y Boolean also
appears in Burris [12]; however, there the following fact form Quackenbush
[42] is used which we obtain here as a consequence of the exponent law:

CoroLLARY. For any Boolean algebras B and C,B[C]* = B 1L C.

Proof. This follows immediately from the proposition since C(Y,2)
=~ {Y for any space Y.

We note that Quackenbush actually proved an analogous result for
bounded distributive lattices, of which the above is a special case; a topo-
logical statement of that result appears in Davey [18].

The case of the functor E(X, —) we want to consider in more general
form. Recall from the preceding section that any filter § in the Boolean
algebra KX determines a congruence 6; on D(X, A); in the following,
Ez(X, A) will be the Boolean filter power D(X, A)/6y of the algebra A.
For an ultrafilter % in KX, Ey(X, A) is also referred to as a Boolean
ultrapower of A.

It is clear that Eg(X, A) can also be described & la Foster as the
quotient of A [ RX] modulo the congruence consisting of all (u, v) such that
\/ u(a) A v(a) (ac A) belongs to §. In particular, this shows that our Boolean
ultrapowers are in fact the same as those of Mansfield [38]. Note, on the
other hand, that E;(X, 4) = E(X, A) if § is the smallest filter, consisting
only of X. The basic isomorphism E(X, A4) ~ E(QKX, A) (see the first
section) induces analogous isomorphisms for Boolean filter powers as follows:

LEMMA 2. For any space X and any algebra A, if § is a filter in ]X,
and X the filter of regular open neighbourhoods in QRX of the closed set
{UIF < NeQKX}, then Ey(X, A) = E; (QRX, A).

Proof. Let u ~» v’ be the map D(X, A) = D(QKX, A) considered in the
first section, i.e. v/ (A) = a iff u~!{a} n DueW. Then for any u,veD(X, A4),
if Eq (u,v) = DunDvn W for some We{ it [ollows that Eq (#',v") 2 Du'n
N Dv'n W*, where W* = [UWeWeQKRX}, which belongs to 2. Conversely,
if (v, v')e 0y, then there is a We § such that Eq (u'v') 2 Du' n Dv' n W*, and
this implies u and v coincide on Dun Dvn W. This shows the map u ~» v’
makes 6, on D(X, A) and 8; on D(Q2KX, A) correspond to each other,
and the assertion is an immediate consequence of this.

The following simple observation will be useful in our study of Boolean
ultrapowers.

LEMMA 3. The natural embedding 2 — E;(X,2) is an isomorphism iff &
is an ultrafilter on KX.
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Proof. If & is an ultrafilter, then for each feD(X,2) since the sets
IT(f~1{0} " Df) and II'(f~'{1} n Df) have dense union, one of them
belongs to . But IT'(f~*{a} n Df)e & implies that f is congruent, modulo
0. to the constant function with value a; consequently the map 2 — E; (X, 2)
is onto, and hence is an isomorphism.

Conversely, il this map is an isomorphism, then for Ue KX, the map
/+ X =2 which is constant on U, with value I, and constant on CU with
value 0, is congruent, modulo 65, to a constant function g. If g has walue 0,
then for some Ve, [|Vn (U u ICU) is constant with value 0, and so V= U
which implies Ue ; if g has value 1, then CUe & and this shows that ¥
is an ultrafilter,

Il & and ® are any filters in KX and K'Y, respectively, for any spaces
X and Y, we let &«® be the filler consisting of all Se 8(X x Y) such that
ITISe®, where S is the set of all xeX for which IT [y|(x, y)eS}e®.

That this is indeed a filter follows from the fact that (i) SANT =8nT
because & is filter, and (ii) the topological operator II'l preserves finite
intersections. Note that the sets UxV, Ue® and Ve®, belong to F*®;
also, if § = {X} and ® = {Y}, then ¥=® = {X x Y}, since IS cannot be
dense in X for any Se & (X x Y) different from X x Y.

Now, for any algebra A, and any spaces X and Y, the adjointness
map u~—ii maps D(X,D(Y, A) into D(XxVY,A): let U, X be open
such that u is constant on each U, and |J U, is dense in X; now, for
xeU,, u(x) is continuous on some dense open V, = Y, and hence & is
continuous on |J U, x V,, which is dense open in X x Y.

Prorosition 10. For any spaces X and Y, any algebra A, and any
filters § in KX and G in RY, the adjointness map induces an embedding
Ey(X,E;(Y, A) > Er s (X X Y, A).

Proof. Consider the diagram

P

D(X,D(Y,A) ————— D(XxY, A

n l
D (Xa E(\';(Ya A)) ¢

v l l
Ey(X,Es(Y, A4) — =~~~ = Epo (X XY, A)

where ¢ is the adjointness map, v and ¢ are the quotient maps, and [ is
induced by the quotient map u: D(Y, A) = Eq (Y, A). The claim, then, is that
Ker (vi) = Ker (¢¢) since this will imply that g¢ factors through the onto
homomorphism v such that the factoring map is an embedding.

If (u, v)e Ker (v@a), then v (uu) = v(u), and therefore Eq (uu, uv) 2 UV,
where U is dense open and contained in D(uu)n D(uv), and VeF. Let
U = U, be an open partition of U such that uu and uv are constant on
each U,. For xe U, NV, one then has u(u(x)) = u(v(x)) and therefore there
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exists an S,e® and a dense open W, < Du(x)n Dv(x) such that u(x)|S,
NW,=v(x)|S;nW,. Now, let T={J(VnU,)x S, and S = IT'T. We claim
that SeF=®: if xeU,nV, then S, = !y|(x,)eS!, and since S,e® this
shows that U,nV < S for all 2; hence Un V< S, and therefore V
S ITU V)< ITIS, so that ITISeq, which shows Sed#®. Finally,
consider any (x, y)e Tri W, where W= | U, x ;. which is casily seen 1o
be dense open and contained in Doy DE. Then xe U, lor a unique a, hence
(x, VeVnU,)x(S, " W,), and this implies u(x, y) = 0{x,y) by the choice
of §, and W,. It follows that Ker(vu) = Ker(ogp). For the reverse inclusion,
consider now any (u, v)eKer(gp). Let U = {J U, be a dense open set with
an open decomposition such that v and v are constant on each U,, and
W, € Y dense open and contained in Du(x)n Dv(x) for xel/,, so that, as
before, &# and v are continuous on the dense open set W= ) U,xW,.
Now (u,v)e Ker () implies that g|S W = T|S n W [or some SeF+®,
and if xeSA U, and yeVr W, for V= p|(x, v)eS], then a(x, y) = B(x, y),
so that u(x)[Vn W, = v(x)|Vn W, lor xe§ n U,. By continuity it then [o]lows
that u(x)|W, IV = v(x)|W,nIT'V, and since xe&S, and therefore IT'Ve ®,
this implies that p(u(x)) = p(v(x)). In all, this shows that upulSAU
= uw|S~ U which implies, again by continuity, that uu|U ~ITIS = p|U
NIT'IS, where ITISe® by definition of F+®. It now follows that v(uu)
= v(uv), and hence (u, v)e Ker(vu).

In particular, for the filters § = (X} and & = {Y}, one has

CoroLLARY 1. For any spaces X and Y, and any ualgebra A, the adjointness
map induces an embedding E(X, E(Y, A)) > E(X x Y, A).

If ¢ in the above diagram is onto modulo ~ then g¢ is onto for
any & and 6, which yields:

CoroLLARY 2. If the embedding E(X,E(Y, Ay = E(Xx Y, A) is an iso-
morphism, then for all filters § in KX, ® in KY, the embedding
E.(X, Es(Y, A)) = Eg,6(X x Y, A) is an isomorphism.

Of particular interest is the case when both ¥ and & are ultrafilters;
the next corollary, together with the one above, provides an exponent law
for Boolean ultrapowers.

COROLLARY 3. If the embedding E(X,E(Y,2))— E(XxY,2) is an iso-
morphism, then §+® is an ultrafilter whenever & and G are ultrafilters in
KX and KY respectively.

Proofl Il § and ® are ultrafilters, then by Lemma 3, the embedding
2 - Ey(Y,2) - E;(X, Eq(Y, 2)) is ari isomorphism and hence by Corollary 2,
the embedding 2 -+ E;..(X x Y,2) is also an isomorphism, and this, by
Lemma 3, implies that F«=® is an ultrafilter.

We are interested in conditions which ensure that the map E (X, E(Y, A))
= E(X x Y, A) is an isomorphism; incidentally, here is a situation in which
the fact that something holds for A =2 need not imply the same for
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arbitrary A. There is one simple case in which this exponent law holds:
if X is discrete then the dense open subsets of X x Y are exactly the sets
{x}xV,, where V; is dense open in Y, and this implies the desired result
for all A. Below, we give a characterization of the ontoness of E(X, E(Y, A))
— E(X x Y, A) for arbitrary X and discrete Y. For this, recall that a complete
Boolean algebra is called (m, n)-distributive, where m and n are any cardinal
numbers, iff, for any family (@;))i<m, j<» In the algebra, one has the distri-
bution law

A \V oay = \/m I\ o

i<m j<n wen" i<m

Note that a complete Boolean algebra is (m, n)-distributive iff \/ /\ ig iy

pen™ {<m

= 1 whenever (e;);<m,j<» 15 a family in the algebra with a;; A a3 = O for
j# kand \/ a;=1 for all i <m (Sikorski [46], 19.2 and the remark

. Jj<n
following 20.3). A Boolean algebra is called (m, oo)-distributive iff it is
(m, n)-distributive for all .

ProrosiTioN 11. For any space X, any discrete Y and any non-trivial
algebra A, the following are equivalent:

(1) The embedding E(X, E(Y, A)) = E(X x Y, A) is an isomorphism.

(2) &KX is (Y], |A|)-distributive.

(3) The embedding E(X, E(Y, B)) - E(X x Y, B) is an isomorphism for all
algebras B with |B| < |A|!Y!,

4) |]X is (Y], |A|"")-distributive.

Proof. (1) = (2): Suppose (U,,) (ye Y, a€ A) are regular open subsets of
X such that U,nU, = @ for a# b and |J U,,(ac 4) is dense for each
yeY. Let u,: X — A be functions such that u,|U,, is constant, with value a.
Then u: X x Y~ A given by u(x, y) = u,(x) is continuous on (J ¥, x {y},
where V, = (J U,, is open dense in X, and thus ueD(XxY, A). By (1),
there exists veD (X, D(Y, A)) with 5 ~ u. Then for each peA’ = D(X, A),
since p,v is continuous on Dv,p,: D(Y,A)—» A the yth projection, it
follows that

v~ (@)n Do

Qy (py0)" e (¥) N Dv

< N II"((p}_.v)‘l (@ (¥) N Doy Vy)
ye¥

= NI (47 (@ ()N Do V)

veY

= Usotn)
yeY
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and consequently v™!(p)nDv S I ﬂ U, Thus it follows that \/ /\ Usoin

tpeA

=1Ir (J 1IN Uy, =2IT U, v 1 (@ NDv = I'Dy = x, and by the above

peA yeY tpsA
remark, this is sufficient to prove (2).
(2) = (1): Assume (2), and suppose ue D(X x Y, A). Then Du = U ¥V, x{y}
yeY

for ¥, = X open dense, and if Uy, = {xeV,|u(x, y) = a}, then | U,,x{y}

y
= u~'{a} n Df is open, and consequently, U,, is open for each y and a.

Since |) IT'U,, 2 V,, which is open dense, it follows from hypothesis (2)
yeY

that Il J [ ﬂ Irv,,., = X. Now the sets W, = I ﬂ Iru,,,, for ge A,

peEA yeY
are pairwise disjoint regular open sets with dense opcn union; and so any
v: X = D(Y, A) with v|W, constant, with value ¢, belongs to D(X, D(Y, A4)),
and then 7 ~ u.

(1)= (4): Assuming (1), we have the following natural isomorphisms:

E(X, E(Y, E(Y, A))) E(X,E(Yx Y, A) because Y is discrete,
E(Xx(YxY), A) since |Y|=|Yx Y|,
E(Y,E(X x Y, A)) by discreteness of Y,
E(Y,E(X,E(Y,4)) by (1),

E(XxY, E(Y, A) by discreteness of Y.

e fie fe e 1

But now the proof of (1)=(2) above implies that KX is (|Y], |4|'"!)-distri-
butive.

(4)= (3): Same argument as (2) = (1) above.

(3)=(1): Trivial.

CoroLLARY 1. For any space X, the embedding E(X, E(Y, 2)) - E(XxY,2)
is an isomorphism for all discrete Y iff {X is completely distributive.

CoroLLARY 2. &X is (| Y|, co)distributive iff the embedding E (X, E(Y, A))
— E(X x Y, A), for discrete Y, is an isomorphism for all A.

Although there is no general exponent law for Boolean ultrapowers,
we have the following special result of this sort as a consequence of
Corollary 2, and Corollaries 2 and 3 of Proposition 10.

CoroLLARY 3. If RX is (Y|, oo)-distributive and Y is discrete, then for
all ultrafilters N in KX and B in KY, UV is an ultrafilter in K(X xY)
and Ey(X, Ea(Y, A)) = Ey,a(X XY, A) for all algebras A.

Remark. That the embedding E(X, E(Y, A)) - E(X x Y, A) may fail to
be an isomorphism for !X (| Y|, oco)-distributive but Y non-discrete is shown
by the following example: If XeCBooS, then for Y = SZ (Z discrete) the
embedding E(X, E(Y, 2)) > E(X x Y, 2)) being an isomorphism would imply
that E(B(X xZ),2) = E(XxfZ,2) since E(X,E(Z,2) = E(XxZ,2) ~

3 ~ Dissertationes Mathem. 179
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E(B(X xZ),2), the latter because QR(X xZ) = QRX)* = ]7[ X = (X

xZ), and hence B(X xZ) ~ X xBZ which does not hold for infinite Z
(Glicksberg [25]).

5. Finite A

In this section we investigate the special properties of the functor
C(—, A) for a finite algebra A. The most notable and immediate con-
sequence of the finiteness of A is that the adjoint H(—, A) of C(—, A)
maps SP {4} into BooS since H (B, A) is a closed subspace of the Boolean
space A®, and hence C(~,A) determines a (contravariant) adjointness
between BooS and SP{A}. (See also Davey [19].) It might be noted that
this fact characterizes the finite A: for infinite A, the [unctor C(—, A)
restricted to BooS cannot have an adjoint on the right as one immediately
sees by considering infinite coproducts in BooS. Throughout the remainder
of this section, the algebra A will always be finite.

An obvious consequence of the above observation is that the functor
C(2—, A) = C(—, A)Q: Boo — SP {4} has a left adjoint, namely £H (—, A4);
this also occurs in Day [20], although a somewhat different description
of the adjoint is given there. Now, right adjoint functors preserve equational
compactness (Banaschewski [3]), and thus C(Q2—, A) has this property,
a fact first proved by Burris [12] who further notes that this no longer
holds, either for C(Q2-, A) or for E(Q—, A), if A is infinite.

Since the equationally compact Boolean algebras are exactly the complete
ones, it also follows that C(X, 4) is equationally compact for X e CBooS.
Alternatively, this, and hence the preservation of equational compactness by
C(Q—, A), follows from the fact that C(X, 4) is a retract of a power of
A for any XeCBooS: If D is the discrete space with the same points as
X, BD its Stone-Cech compactification, f: BD — X the continuous map
determined by the identity map D — X, and g: X —» D a continuous right

inverse of f by the projectivity of X in BooS, then the sequence of
homomorphisms

CX,A)»A° > C(BD,A) > C(X,A), u~>un~> pu=uf~>(fu)g = u,

provides a retraction of A" to C(X, A) (see also Davey [19]). In particular,
this shows C (X, A) is injective in SP {4}, or some equational class containing
A, whenever A is, and, in any case, C(X, A) is equationally compact.

In the following, we give a sufficient condition for injectivity in SP{A4}
under suitable additional assumptions on A.

ProrosiTion 12. If A is finitely powersimple, then any injective in SP {A}
is isomorphic to some C(X, A) with X e CBooS.
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Proof. Since the evaluation map B — C(H (B, 4), 4) is clearly an em-
bedding for all BeSP{A}, any injective B is a retract of C(H (B, 4), A)
and hence isomorphic to C(X, A) for some closed subspace X of H (B, A),
by Corollary 3 of Proposition 6 and the remarks preceding the corollary
ol Proposition 5. Now, if Y— X is the projective cover of X in BooS,
then the corresponding embedding C (X, A) - C(Y, A) has a left inverse which
clearly preserves the constants; hence Corollary 5 of Proposition 6 implies
that X is a retract of Y and therefore extremally disconnected.

Remark 1. In particular, the above proposition applies to quasi-primal
A; moreover, in that case the information actually concerns HSP {4} since
this is then equal to SP{A} by Pixley [40].

Remark 2. If A is rigid, ie. the identity map A— A is its only
endomorphism, in addition to being powersimple, and SP{4} has any
non-trivial injectives at all, then 4 is injective and consequently, as noted
earlier, so are all C(X, A) for Xe CBooS. The point is that rigidity makes
A an absolute retract in SP{A4}, and for any non-trivial injective B of
SP{A} one has an embedding 4 — B by the proposition.

It should be added that, in general, algebras of the form C(X, A),
where XeCBoos and A is finitely powersimple, need not be injective in
SP{A}; in fact, any simple non-distributive lattice 4 is not injective in
SP{A} since any such A contains a 3-chain, and the latter retracts to
a 2-chain. .

Concerning equational compactness, we have the following charac-
terization:

ProposiTION 13. The equationally compact algebras in the equational class
o/ generated by a quasi-primal algebra A are, up to isomorphism, precisely
the finite products of algebras C(X, B), where X e CBooS and B is a sub-
algebra of A.

Proof. Evidently, by the above remarks, every such product is equation-
ally compact. On the other hand, since each algebra in ./ has a pure
embedding into a product Af{1x ... x Al», where the A; are subalgebras
of A (Taylor [50]), any equationally compact Be.o/ is a retract of such
a product. Now .o/ has [actorizable congruences, and hence the kernel of
this retraction is a product of congruences 0, on the factors Aj', so that
B = I1A!1/0,; further, since each A, is quasi-primal, one has A}/, = C(X;, A)
for some Boolean space X;, by the fact that A =~ C(BI,, A)), the third
corollary of Proposition 6 and the remark preceding the corollary of
Proposition 5. It follows that each equationally compact algebra in .
is a product C(X,, A;)x ... xC(X,!A,), where the A4, are subalgebras of
A and the X;eBooS; it remains to show that the X; are extremally
disconnected.

Now, for such a product, let p;: X; = X; be the projective cover of X
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in BooS. Then C(p;, 4): C(X;, A) = C(X;, A;) is pure for each i; products
of pure embeddings being again pure, it follows that IIC(p;, A;): IIC(X;, A)
— [IC(X,, A;) is pure, and so there is a retraction r: [IC(X;, 4) - IC(X,, A).
Next, since .o/ has factorizable congruences and each of the 4, is quasi-
primal, there exist closed Y; € X; such that r(u,,..., %) = r(vy,...,v,) iff
u;| Y, = v;|Y; for all i < n. Finally, an argument analogous-~to that in the
proof of Corollary 6 of Proposition 6 establishes that ¥; = X; for all i and
so r is one-one, yielding the desired result.

CoroLLARY. [If A is quasi-primal without subalgebras, then the equationally
compact algebras in HSP{A} are precisely the C(X, A) for XeCBooS.

Remark. The above proposition generalizes in the following way: The
proof of Theorem 1.6 of Taylor [50] can easily be modified to show, for
quasi-primal algebras A4, ..., 4, whose quaternary discriminators are given
by one and the same derived operation, that every algebra in HSP {A4,, ..., 4,}
has a pure embedding into a product of subalgebras of the A;. The
above argument then shows that the equationally compact algebras in
HSP {A,,..., A,} are precisely the finite products of algebras C(X, B),
where X e CBooS and B is a subalgebra of one of the A;. This result
was announced in Bulman-Fleming and Werner [11].

We close this section with a brief discussion of the well-known connection
between Boolean powers and primal algebras due to Hu [31], [32]. An
algebra A is, by definition, primal iff it is finite, non-trivial, and every
function A"— A is a derived operation, ie. equals p, for some pe
F,(xy,...,x,), the free algebra on x;,...,x, in the equational class gen-
erated by A, where p,(ay,...,q,) is the image of p under the homo-
morphism F,(x,,..., x,) > A mapping x; to a;.

If A is primal, then it is quasi-primal and thus HSP{A4} = SP{A4}.
Also, A is rigid and finitely powersimple and hence by Corollary 5 of
Proposition 6, C(—, A): BooS - HSP {4} is a dual equivalence.

For the converse, suppose the functor C(—, A): BooS — HSP {4} is
a dual equivalence. Then A4 is non-trivial, and finite since any element of
any A' has only finitely many different images with respect to the homo-
morphism A’ — A4, this being so for the C(X, A), XeBooS. Now, let
u: A"~ A be any function. Since the free algebras in HSP{A} are
isomorphic to algebras C(X, A), there exists X € BooS and u,, ..., u,e C(X, A)
such that C(X, A) is the free algebra on {u,,...,u,} in HSP{A}. Define
p: X > A by p(x) = u(u;(x),..., u,(x)) so that peC(X, A), as a composite
of continuous maps. But then, for a,,...,a,eA4, the homomorphism h:
C(X,;A)~ A mapping u; to a; must, in view of the fullness of C(—, A),
be evaluation at some xeX, and consequently u(ay, ..., a,) = u(u;(x), ...
oy Uy (X)) = p(x) = h(p) = p,y(ay,...,a,). Thus every function A"— A is a



5. Finite A4 37

derived operation, and so A is primal. Note that the entire argument still
holds for SP {A} in place of HSP {4}.

Finally, if T: BooS — &/, is any dual equivalence, for any equational
class &/, then T is naturally equivalent to C(—, T1) by Proposition 2, and
s/ = SP {T1} since any XeBooS is a quotient of a copower of 1. Hence,
T1 is primal, by the preceeding discussion.

6. Boolean ultrapowers

This section deals with the first order properties of Boolean ultrapowers,
and presents a proof of Mansfield’s characterization of elementary equivalence
in terms of Boolean ultrapowers [38]. First, we provide a criterion for
satisfaction in Boolean ultrapowers, where X is an arbitrary topological space.
The special case for X € CBooS and atomic formulae was given in Daig-
neault [17].

Throughout this section we write “[u]” for the image of u under the
quotient map D (X, A) = Ey(X, A).

ProprosITION 14, For any algebra A, any formula ¢ in the language of A
with n free variables, any ultrafilter W in KX and uy, ..., u,e D(X, A),

E‘J((X’A)*: (P([ul]s""[un]) iﬁ IF{XEU|A#= cp(ul(x),...,u,,(x))}e‘ll

for some dense open U = X on which all the u; are continuous.

Proof. Note that if the latter condition holds for some dense open U
on which all the u; are continuous, then it holds for all such dense open U.

The proof is by induction on the complexity of the formula ¢.

For an atomic formula, i.e. equation (p, q), if p ([uy],...., [t]) = q([u1], ...
vy [4,]), then p(ug (x), ..., uy(x) = q(ug (x), ..., 4, (%)) for all xeUnV for
some Ve, where U = Du; ~ ... 0 Du,, and so IT {xe Ul|p(uy(x), ..., u,(x))
= q(u; (%), ..., Uy (x))} € W. Conversely, if the latter holds for appropriate U,
then W = {xe Ulp(uy(x), ..., 4y (x)) = q(t; (), ..., 4, (x))} and W' = U—-W
are disjoint open sets by the continuity of the 4, on U, and so W' nIT'W = Q,
which implies that p (i, (x), ..., 4,(x)) = q(u; (x), ..., t(x)) for all xe U nIT'W
from which it follows that p([u,], ..., [4,]) = g ([us], ..., [us]).

The induction step [or negation (indicated by “717) employs the fact
that for any dense open U on which u,...,u, are continuous, I’ IxeU|A
E @y (x),....uy(x)] and IT{xeU|AE @(u;(x),..., 4, (x)}} are disjoint
regular open sets whose join in ®X is X, and hence exactly one of them
belongs to .

The induction step for disjunction is a straightforward consequence of the
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fact that, for any open sets U and V, IFT(UuV) = IF(Iruulirv) and the
latter is the join in &X of IT'U and IT'V.
Re existential quantification: If

E‘II(Xs A) }= (3 Z)QJ(Z, [ul]s ety [un])a

then ¢ ([¢], [41], ..., [4,]) holds in Ey(X, A) for some ueD(X, 4) so that
the induction hypothesis implies IT' {x€ U4 | @ (u(x), u; (x), ..., u, (X))} € A
and consequently IT {xeU|A [ (32) ¢(z, uy (x), ..., 4, (x))} € ¥, where U is
any dense open set on which u and all the u are continuous. Conversely,
if for a dense open U on which all y are continuous,

V=II{xeUlAE (32) o(z, 4y (x), ..., t, (x))} € A,

then for any partition of U into open blocks U; (A€ A) on which each of
the u; is constant, let u: X - A be any function which is constant on each
U, such thatif xe U, and A |= (3 2) ¢ (z, uy (%), ..., ty(x)), then @ (u(x), u, (x), ...
..., ty(x)) holds in A. Such a u is continuous on U, and IT {xeU|A|=
@ (u(x), ug (x), ..., 4y (x))} = Ve U and hence by induction Ey (X, 4) = ¢ ([ul,
(4], ..., [u.]) so that (32) ¢ (z, [u1], ..., [u.]) holds in Ey(X, A), completing
the proof.

We now have the following immediate consequence of the proposition
(see also Daigneault [17]).

CoOROLLARY. For any ultrafilter W in }X and any algebra A the embedding
A= Ey(X, A) is elementary.

For the next proposition, recall that an ultrafilter in a Boolean algebra
is called countably incomplete whenever it fails to be closed under countable
meets, and that an algebra A is NX,-saturated iff any countable set of
formulae with constants from A in one free variable is simultaneously
satisfiable in A whenever this is the case [or each of its finite subsets.

ProrositioN 15 (Mansfield [38]). Boolean ultrapowers with respect to
countably incomplete ultrafilters are ¥ ,-saturated.

Proof If U is countably incomplete, then there exist.U,eW (new)
with U, 2 U,,, for all n and IN U, = Q.

Suppose ¢, (n€w) are formulae with one free variable, possibly with
constants from Ey (X, A), such that {(3 z) ¢,(z)|n € w} is finitely satisfiable in
Ey(X,A). We may assume without loss of generality that ¢,,, — ¢, is
a tautology for all n (otherwise replace @, by @, A @u-1 A ... A @g). Thus
there exist u,€ D(X, A) such that Ey(X, A)E ¢,([u,]), ie, I {xeDu,|A
E ou(u, (x)} e A.

Let V, = {xeU,nDugn ... n DulA = ¢ (1 (x)) for all k < n}. Then for
all n, V, is open, IT'V,e« (this follows from the fact that II' distributes
over finite intersections of open sets) and V,., S V,. Also INII'V,c
INU, = 0. Now let W, = ¥,nICV,,,; then the W, are pairwise disjoint
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open sets. For any u: X — A with u|W, = u,|W, and u|C|J W, constant,
Du 2 YW,uICu W, which is open dense and hence ueD(X, 4). Also,
{xeDuld k= @, (u(x)} 2 U {xe Wl4 | ¢,(u(x)}

kzn

= U {xeWMl4E 0, (1))

kzn

o kL))"{xe Wil A £ o (ux(x))}
- U W.

k2n

Now an easy induction shows that for all k>n, W,u..uW
= hnICV,nU, for some open dense U,, and thus I'(W,u ..U W)
=T'(V,nICV,). Consequently I' |y Wo 2 ( I'(V,nICV) =2 V,n | ICV.

kz2n kzn kzn
Now
ryicv,=r ricv,=r\ CIl'V,=TC (\ ITV,=CI (\ II'V, = X,

k2n kzn kzn k=n k=n

and soI' Y Wy2I'(V,n Y ICV,) = I'V,; and the reverse inclusion is triv-

kZn k2n

ial. Finally, this implies IT' |) W, = IT'V, and so IT' {xeDu|A = @,(u(x))}

kzn
e W which means Ey (X, A)E ¢,([u]). This holds for all new, and so we
have the desired result.

An analogue of the following lemma is implicitly used in Mansfield [38],
and a generalization and partial converse can be found in Bankston [8].
We include a proof for the sake of completeness.

ProposiTiON 16. If a topological space X has a basis of open sets
which is closed under countable intersections, such that the intersection of
any countable decreasing sequence of non-empty basic open sets is non-empty,
then }X is (N, co)-distributive.

Proofl. Note that the hypotheses imply that the intersection of any
countable collection of open sets is open. Further, if U, (new) are open
dense subsets of X and V is a non-empty basic open set then a simple
induction produces a decreasing sequence of non-empty basic open ¥, with
V,eVAU;n..nU, and hence @ # NV, = Vn U, and so U, is
dense. Thus the union of countably many closed nowhere dense sets is
nowhere dense.

But then [or all open U, € X (new)

NIrU,~nCI U, = (\ ITU,~IC (\ U,
= I(NITU,nJCU,) = I(UTU,nCU,) =

which implies N Ir'U, < '\ U, and so II'U, < I () U,; the reverse
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inclusion being trivial it follows that II' distributes over countable inter-

sections of open sets.
Consequently, if U,;eX (new,iel), then

AV Un= INITY Uy = IFN YUy
n i n { n
=II' U N U = ”"UIQUmp(n)

pel® N @
=V AU
P n

The following result and the basic ideas used in its proofs, are contained
in Mansfield [38].

PrOPOSITION 17. For N -saturated algebras A and B, A is elementarily
equivalent with B iff there exists a topological space X with )X (N, o0)-
distributive such that Ey(X, A) ~ Ey(X, B) for all filters A in KX.

Proof. (=): Let X be the topological space whose underlying set
consists of all partial elementary maps from A to B, ie. the graphs of
all functions f: S— B, where S = A and A, with the elements of S as
additional nullary operations, is elementarily equivalent with B with the
elements f(s) (seS) as corresponding nullary operations, such that X has
as basis for open sets, the sets

/1= {teX|f = 1},

where f is any at most countable partial function rom 4 to B. Note
that [f] # @ iff f is a partial elementary function.

Then for countable f,e X (new) either | f, is a partial elementary map,
and so N[A]=[Uf]#® or {J f, is not elementary for some mew,

asm

and then ) [f,] = @. It then follows from the above proposition that

n<m
X is (N, oo)-distributive.
For (a,b)eAxB, [(a,b)] = [{(a,b)}] is open, and consequently
U, = Lb}[(a,b)] = {teX|aedom (1)} is open in X. Since A = B, it follows

from the Wi -saturicity of A and B that for each at most countable te X
there exists /' = ¢t with feX and ae dom (f), so that [f]n U, # @, which
shows that U, is dense for each ae A.

Define ¢: D(X, A)— D(X, B) as follows: for ue D (X, A), let ¢ (u) be any
function X » B with @ )| Dunu~'{a} " U, = ev (d), the evaluation map at
a (ie. oW)(t) = t(a) for aeDunu='{a}~U,) lor each acA. T is clear
that the sets Dunu™'{a} n U, are pairwise disjoint and open (for ae A);
moreover, for beB

ey b} nDunu{a} AU, = [(a,b)] " Duru? la} " U,
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which is open, and consequently ¢ (u) is continuous on UDun u‘i{a} NnU,,

which in view of the fact that Du and all the U, are open dense, is
itself open dense.

Y: D(X,B)—> D(X, A) is defined analogously, that is, for veD(X, B),
¥ @)() = t~'(b) for each teDvnv~'{b} NV, where ¥, = {J [(a, b)].

aeA

Since for each teX, t~' is a partial elementary map from B to A,
it follows that ¢ (u) ~ u and Yo (u) ~ u for all u in D(X,B) or D(X, A)
respectively.

Moreover, for all u,veD(X, A), there exists an open dense U < X
with UnEq (1, v) € Eq (¢ (u), ¢ (v) (where Eq (u,v) = {xeX|u(x) = v(x)});
this can be seem as follows: Let U = (JDunDvnu~'{a}nU,. Then U is

a

open dense, and f(or teU, u(t) = v(t) = a, say, implies ¢ (u)(t) = (a)
= ¢ (v)(t), which proves the point.

Now suppose that A is an n-ary operation of the type of A4, and that
uy, ..., u,€ D(X, A). Then there exist open W, (xel) with (J W, dense, and
each u; constant on W,, say with value o;. Let o,y = A(ety, ..., o,). Then

for te W,nU, n...nU, nU, ,,

Aoy, s @ ) (1) = (e () (1), ..., () (1))
= A(t(al)’ ey t(d,,)) = t(’l(al, ceey an))
= t(an+l) = (P(A(ula ...,u,,))(t).

Since each U,, is dense, it follows that () W,nU, n...nU,,,, is dense,

zel

and this establishes the fact that, up to ~, ¢ is a homomorphism.
Analogously, i is, up to ~, a homomorphism.

But now these facts, together with the facts that ¢y and ¢ are, up
to ~, identity maps, and that for u, ve D(X, A) there exists an open dense
U with Eq (u,v)n U = Eq (¢ (), ¢ (v)), and the analogous fact for y, imply
that for any filter U in KX, ¢ and Y factor through E,(X,A) and
Ey (X, B) to produce homomorphisms which are inverse to one another,
and this implies Ey (X, A) = Ey (X, B). '

The reverse implication is trivial.

CoroLLARY (Mansfield [38]). Two algebras are elementarily equivalent
ifl they have isomorphic Boolean ultrapowers.

Prool. If A = B, then [or any non-principal ultrafilter % on w, U s
countably incomplete, and E,(w, A) and Ey(w, B) are W;-saturated besides
being elementarily equivalent. The result then follows [rom the proposition
and the restricted exponent law for Boolean ultrapowers expressed in Corol-
lary 3 of Proposition 11.

We now consider certain properties of Boolean ultrapowers with respect
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to countably complete ultrafilters; the appropriate setting for this deals with
the language L, ,, which allows countable disjunctions (and conjurn. iions)
of formulae in addition to the usual first order rules for formatiin
formulae, and its extension L,,,,, which in addition allows simultanco:
quantification over countably many variables.

ProposITION 18. For any algebra A, any formula ¢ in the L, ., language
of A with n free variables, any countably complete ultrafilier U in KX
and any uy, ..., u,€ D(X, A),

EyX, A o([u]....[w)) i IM{xeUldE o(u (), ..., u(x)} e
for any open U on which all the u; are continuous.

Proof. The proof is the same as that of Proposition 14, except for the
additional induction step for countable disjunction which relies on the fact
that for open U, (new), I' YU, = I'J II'U,,, where the latter is the join
in 8X of the sets II'U,, and the fact that, for a countably complete
ultrafilter A, U,eYU for some n whenever \/ U,e¥.

CoroLLARY. For U a countably complete ultrafilter in }X the embedding
A — Ey(X, A) is L, -elementary.

If RX is Ny, oo)-distributive, then the intersection of any countably
many dense open sets has dense interior, and so for any u,e D(X, A) (n€ w)
there is a dense open U < X on which all the u, are continuous. But
then for such X the argument in the proof of Proposition 14 can be
extended to L,,,, formulae, to show the following

'PROPOSITION 19. For any algebra A, any countably complete ultrafilter
A in KX, any formula ¢ in the L, , -language of A, any u,eD(X, A)
(new), if KX is (N, oo)-distributive, then

Ex(X, A ¢ ([theo) i IT {xeUlAF ¢(((th (neu)} €A
for some dense open U on which all the u, are continuous.

CoroLLARY. For U countably complete and RX (N, o)-distributive, the
embedding A — Ey(X, A) is L, -elementary for any algebra A.

The above corollary generalizes a result on ultrapowers, see Chang-
Keisler [15], p. 183.

Next we direct‘ our attention to certain rather special L, w-formulae,
namely those of the form

(%) (Jxy) ... Ax,) (Vyy)... (Vyk)\/ On (X1 eey Xy Vs oeer Vi),

where the ¢, are first order formulae in m+k free variables.
Note that if an N;-saturated algebra A satisfies (x), then it satisfies

(axl) (3 xm) (Vyl) (Vyk) \</ (pn(xlv e Xy Y1y eens yk)

nsr
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for some finite r. This can be seen as follows: suppose a, ..., a,e A and for
each r, the formula =1 \/ ¢@,(ay, ..., Gy, y1, ..., ) is satisfiable in 4. Now,
<

nxr

A being N;-saturated implies that every countable set of formulae with
finitely many constants from A and k free variables is simultaneously
satisfiable in 4 whenever every finite subset has this property (see Chang-
Keisler [15], p. 98), and hence A satisfies

(a yl) (ayk) ] \"/ q)n(al: cos Qpy Yisenes yn)

contradicting ().

Consequently if P is a property of algebras definable by a sentence
of the form (x), then any ¥,-saturated algebra with property P satisfies
a P-sentence (see Burris and Jeffers [13]), i.e. a sentence, each of whose
models has P.

Combining this with the previous results we have:

ProrosiTiON 20. For a countably complete ultrafilter U in KX, and
a (x)-property P, an algebra A has P iff Ey(X, A) has P; moreover, Ey(X, A)
has P for W countably incomplete iff Ey(X, A), and hence also A, satisfies
a P-sentence.

Now, it follows from Mal’cev’s characterization of principal congruences
(see Taylor [49]) that for any at most countable type 7 of finitary algebras,
if Y, (x,y,u,v) (new) is an enumeration of all formulae of type 7, in four
free variables, of the form

(Axy)...(dx) (v = py

(X,y,xi,..., xk) AV = pm(y’x’xls""xk) A
AN PYs X5 X15 s Xi) = Pied (X, Y5 X150, X))
txm

the p; (i < m) being derived Operations, k, mew, then for any algebra A
of type t and a, b, ¢, de A, (a, b)eb(c, d) (the principal congruence generated
by (c,d) if A \/ Ya(a,b,c,d). Consequently an algebra A is simple iff

for all a, b, c,deA, either (a,b)ef(c,d) or c = d, ie. iff
Ak \/ YEa,b,c,d),

where y*(a,b,c,d) = Y,(a,b,c,d) v (c = d).
Further, the congruence lattice of A4 is atomic (i.e. every non-zero
element contains an atom) with at most m atoms iff A satisfies

(3a,)-.. (an) @b1) . @b,) (Va) (V) \/ V2 @, i, 0,b)

(For m = 1 this means A is subdirectly irreducible.)
Consequently, as an application of the above proposition, we obtain
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the following result which is contained in Burris and Jeffers [13] for the
special case of simplicity and subdirect irreducibility.

COROLLARY 1. For U a countably complete ultrafilter in KX, A is simple
or the congruence lattice of A is atomic with exactly n atoms, iff’ Ey(X, A)
has the same property; moreover, for a countably incomplete ultrafilter U in KX
if Ex(X, A) is simple, or has an atomic congruence lattice with at most m
atoms, then A satisfies a sentence, each of whose models has this property.

Since each Boolean ultrapower of a powersimple algebra is simple,
a lurther consequence of the proposition is the following:

COROLLARY 2. Every powersimple algebra satisfies a simplicity sentence.

Note that the converse of this does not hold in general, the two-el-
ement group providing a counterexample, but does hold in special cases:

COROLLARY 3. In a congruence factorable equational class, every algebra
satisfying a simplicity sentence is powersimple.

Proof. If A satisfies a simplicity sentence, then every Boolean ultrapower
of A by a countably incomplete ultrafilter is both X;-saturated and simple,
and so it, and hence also A, satisfies \/ WX, y, u,v) v (x ='y) for some

n<r

finite r, where the s, are the formulae discussed immediately after Prop-
osition 20, and characterize principal congruences in algebras of the
type of A.

To show that A4 is power simple, it is enough to show that every prin-
cipal congruence on a power A’ is a filter congruence. For u,ve A’, let
S = {ieIlu(i) = v(i)} and let T = I—S§, then A" ~ A" x A® and the congru-
ence on A° generated by (u|S,v|S) is just the diagonal. By congruence
factorability, it is enough to show that the congruence on A" generated by
(u|T,v|T) is a filter congruence. For this, consider any t, we A”. For each
ie T, A satisfies y, (u(i), v (i), w (i) for some n < r, and thus there is a partition
Sy,.... 8, of T such that A4 satisfies y,(u(i), v(),t(), w(i)) for all ieS,.
Consequently (t|S,, w|S,) belongs to the congruence on A5+ generated by
(u]S,, vlS,), and so by congruence factorability, (¢, w) belongs to the con-
gruence on A" generated by (u|T,v|T) which proves that this congruence
is ATx AT,

It might be pointed out that all that was needed for the above proof
was that A satisfied a simplicity sentence, and every congruence on a product
A'x A’, any I and J, was a product of congruences from A’ and A’

As an application of Corollary 3, we see that the lattice M, consisting
ol »x pairwise incomparable elements together with a 0 and 1 are power-
simple for % > 3 since they satlsfy the simplicity sentence “L is a lattice
with at least five elements in which all chains contain at most three
elements”.

A further application provides an alternative prool that the lattice
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ordered ring Z of integers is powersimple: every partially ordered ring with
unit satisfying

Vx)x#0->x21v —x>1)
is simple.
One might point out that in general the fact that an algebra A4 has
a (»)-property P does not imply that all its Boolean ultrapowers (or even
ultrapowers) have P. Regarding simplicity, this is the case for any infinite
simple equationally compact algebra since such an algebra is a retract

of each of its ultrapowers; the existence of such groups, for instance, is
mentioned in Taylor [48].

7. Elementary properties

In this section we apply the extension to the limit reduced powers,
of the Felerman—Vaught techniques [21] for proving elementary equivalence
of products in the setting of Boolean powers and bounded Boolean powers,
both of these being special cases of limit reduced powers.

For a filter §§ on IxI and an algebra A, the limit power A'|¥ is the
subalgebra of A’ consisting of all functions u: I » A with Ker ue&. Note
that these u are exactly the functions I - A which are uniformly continuous
with respect to the unilormity on I generated by the equivalence relations
belonging to §, A taken with its discrete uniformity. Since A is finitary,
this implies. that A’|¥ is a subalgebra of A'. Also, 'A'|§ is a direct limit
of powers of A, namely A'|§ = lim A'% (Ee, equivalence relation).

For any space X, let Wy, be the filter on X xX generated by the
equivalence relations on X with open blocks. Then, U, is a uniformity
on the underlying set |X| of X and the continuous functions X — A are
precisely the [lunctions uniformly continuous with respect to UA,. Hence
C(X, A) = AN,

Every limit power of A evidently contains the constant maps, and is
closed under the pointwise quaternary discriminator (since Ker Q(t, u, v, w)
o Kert nKer un Ker v Ker w) and so, by Proposition 2, if 4 is finite
then the limit powers of A are precisely the bounded Boolean powers of A.

Now il J is a filter on I, and § a filter on Ix I, then the limit reduced
power A% is the image of A'|§F under the quotient map v: A' — A®,
where v(v) = v(v) iff u and ¢ agree on a set in 9.

Our interest in this notion lies in the fact that E(X, A) is a limit
reduced power far any space X and‘any algebra A. To see this, let ® be the
filter on X x X generated by the filter basis of all kernels of maps from
X to a discrete space which are continuous on an open dense subset of X.
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Then D(X, A) = A¥|®, and every ue A*|® factors through a map from X
to a discrete space which is continuous on an open dense subset, and hence
is itsell continuous on an open dense subset. This shows that D(X, 4)
= A¥|®. But then if 3 is the filter on X generated by the open dense
sets, we evidently have E(X, A) = A®|®. Note that the choice of § and
® does not depend on A! Analogously, if § is any filter in KX, then
E; (X, A) = A®|® for the filter § generated by § on X.

For each formula 6 in the language L, of algebras of the (finitary)
type 1, with n free variables, each algebra A4 of type 7, and uy, ..., u,c A"| &
(&% any filter on Ix I) we define a function |0] (uy,...,u,): I =2 by

6 Uy, .oy u) (@ =1 iff Ak 0(u(@),...,u, () for ael.
Since ()} Keruy; < Ker |0 (uy,...,u,), it follows that 0| (u,, ..., u,)e
1<i€n
e2!|¥.

The proof of the following proposition can be obtained by adapting
the proof for the special case of reduced powers, as it appears in Chang—
Keisler [15], Proposition 6.3.2. The preposition is also derived in Burris—
Werner [14] as a corollary to a result attributed to Comer. Further, it
appears implicitly in Volger [51].

ProOPOSITION 21. For every formula ¢ of L, with n free variables there
is a “determining sequence” (o,Y¥,...,¥m), where o is a Boolean algebra
Sformula with m free variables, and ., ..., ¥, are formulae of L, with the
same free variables as ¢, such that for all t-algebras A, all filters § on
IxI,9 onl, and all uy,..., u,c A'|§.

A(S)J% §= q)(y(ul), cees lu(un))

»
2UF b (Wl s orer ) (Wl (1, e ),

where p: A'—» A and v: 2! - 2 are quotient maps.

It might be added that the method of assigning a determining sequence
to each formula in L, is constructive, so that this proposition can be used
to obtain a variety of decidability results from the corresponding result for
Boolean algebras. Some investigations along these lines can be found in
Burris [12], Comer [16], Werner [56], and Burris and Werner [14].

The next two corollaries are further instances of the principle that
whatever holds for 2 holds for every algebra A.

CoroLLARY 1. For algebras A, C, of the same type, filters % on I, €
on &I\mig on IXI, 3 on JxJ, if A=C and 2¥|F = 29|®, then AM|F
= CYG.

Part of the above oorollary appedrs in Weglorz [55], and Waszkiewicz
and Weglorz [52].
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Given filter 3 on I, € on J, § on IxI, ® on JxJ, suppose f: J— I
is a set map such that for all Sed, f~!(S)e€ and for all Ue§, £ 2(U)e®.
Then for any algebra A there is a homomorphism A’ — A’ given by u ~ uf:
if Ker ue®, then Ker ufe®, and if v and v coincide on a set Se9, then
uf and uf coincide on f~!(S)e€; consequently there is a homomorphism
Sa: A®IF - A9 6 such that for all ueA |, f,(v(u) = u(u), where
v: A" A® p: 47 > A are the quotient maps.

CoroLLary 2. If fi J — I is compatible with the filters 9, €, & and
in the aboye sense, and if f,: 2¥|F - 29|/® is an elementary embedding,
then f4: AP|E — A6 is an elementary embedding for all algebras A.

The correspondence 4 ~— A®|F, for any filters § on IxI and 9 on I,
is actually functorial on the category of all algebras of any given type:
If f: A— C is a homomorphism, then clearly Ker fue @& whenever Ker ue,
for all ueA’, and so there is a homomorphism A'|§ — C'|F, given by
u ~ fu. Moreover, if u, ve A’'|F agree on some subset of I, then so do fu
and fv and hence there is a homomorphism f®|F: A®F - C¥|F such
that f®|F (v4 () = vc (fu), where v4: A’ = A® and ve: C'— C® are the
quotient maps.

CoROLLARY 3. If f: A—> C is an elementary embedding, then for all
filters § on Ix1, 9 on I, fO|F: ANF —» C®|F is an elementary embedding.

We now have the following results (also see Ash [1], Burris [12],
Comer [16], Volger [S51]), by first using Corollaries 1 and 3, and then the
fact that C(2B,2) =~ B for any Be Boo and E(2B, 2) = B for any Be CBoo,
together with Corollary 2.

ProposITION 22, The functors C(X, =), E(X, —), and Ez(X, —) for any
space X and any filter § in KX, and, for any algebra A, the functors
C(Q—, A) on Boo and E(Q—, A) on CBoo all preserve elementary equivalence
and elementary embeddings.

As a further application of Corollaries 1 and 2, we have

ProrosITION 23. For any space X and Y, C(X,A) = C(Y, A) for all A
whenever this holds for 2, and likewise for E(X,A). Similarly, for any
continuous map f: X = Y, C(f, A): C(Y, A) = C(X, A) is elementary for all
A whenever this holds for 2, and likewise for E(f, A) provided inverse images,
relative to f, of dense open sets are dense.

As a consequence of Proposition 22, and the fact that A Il B ~ C (24, B)
for any Boolean algebras A and B, one obtains that coproducts of Boolean
algebras preserve elementary equivalence, a result which can also be found
in Burris [12], Olin [41], and Weglorz [54]. This contrasts rather sharply
with the fact that coproducts do not preserve elementary equivalence in any
non-trivial equational class of lattices (Jonsson and Olin [34]).

Proposition 23, together with the first corollary of Proposition 21 and
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the exponent law for C(—, A), also leads to the following result of Weglorz
[55]: For any algebra A, and any filters 9 on I, & on IxI, & on J
and  on J xJ, (A" %%)6 = (496)"|F. The proof of this is based on
the equivalences

AYF6 = C(Y, 49| F) = C(Y, C(X, 4)),

where Y = Q(29|6) and X = Q(2”|F), so that, for instance, A |F =
C(X, A) since 2¥|F¥ = C(X,2). :

We conclude this section with a discussion as to when the natural map
C(X,A)~ E(X, A) is elementary, and when C(X, A) = E(X, A), for any
Boolean space X. Since the natural map C(X,2)— E(X,2) corresponds (o
the natural embedding £X — KX, which is the injective hull (alias MacNeille
completion) of LX, it follows that C(X, A)— E(X, A) is an elementary
embedding for all A iff the embedding of £X into its injective hull is
elementary, and C(X, A) = E(X, A) for all 4 iff LX is elementarily equivalent
with its “injective hull. In actual fact, it will turn out that these two
conditions on f£X are equivalent, as was first pointed out to us by
Phil Olin.

Since injective Boolean algebras are complete, it is clear that if a Boolean
algebra B is elementarily equivalent to its injective hull, then the set of all
atoms in B has a least upper bound in B, say a, and a' is then atomless,
so that every element of B is the join of an atomic and an atomless element.
Such Boolean algebras are called separable. Conversely, if B is separable,
then 1 = a v @', where a is atomic and 4’ is atomless and then « is the least
upper bound of the set of all atoms in B. Now the theory of separable
Boolean algebras with additional unary predicates Q, Py, P;,... such that
Q(x) iff x is atomic, and P,(x) iff x contains at least n atoms, admits
elimination of quantifiers (Kreisel-Krivine [35], p. 65 ) and consequently,
by Sacks [45], Theorem 13.1, an embedding f: B — C, for separable
Boolean algebras, is elementary iff for all beB, b is atomic iff f(b) is
atomic, and either f(b) contains the same finite number of atoms in C
as b does in B, or both contain infinitely many atoms. Since the embedding
of a Boolean algebra B into its injective hull is join-dense, the atoms of B
are precisely the atoms in the injective hull, and so this embedding has the
above property. Consequently, the embedding of any separable Boolean algebra
into its hull is elementary.

Since the atoms of B corrtvd to the principal ultrafilters, and so (o
the isolated points of QB, it is easy to see that the set of atoms in B
has a least upper bound (i.e. B is separable) ifl the closure in QB of the
set of isolated points is open. This proves:

PROPOSITION 24. For a Boolean space X, the following conditions are
equivalent:

1° The natural map C(X, A) —» E(X, A) is elementary for all algebras A.
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2' C(X, A) = E(X, A) for all algebras A.
3 X is separable.
4" The closure of the set of isolated points of X is open.

We note that these conditions hold, in particular, for extremally discon-
nected Boolean spaces X: £X is complete and hence separable.

Concluding remarks

Although we have restricted our attention to Boolean powers of algebras,
it is clear that the definitions of C(X, 4) and E(X, 4) are applicable to
arbitrary finitary structures A having both, relations and operations. All the
foregoing results hold in this wider setting, with the exception of the three
corollaries of Proposition 20; for a considerable part of them this is
immediate, and the only cases where additional considerations are needed
at all are those involving congruences. In particular, it has to be specified
what relations will be considered as congruences. Since the Boolean powers
of any structure A always belong to Horn{A}, the natural choice for
congruences in this setting are the kernels of homomorphisms to structures
belonging to Horn {A4}. The properties of Horn {4} then ensure that arbitrary
intersections and direct unions of such congruences are again such con-
gruences. Moreover, it is obvious that the congruences & considered in Sec-
tion 3 are indeed of this type. The only difficulty with these congruences is
that there is no description of principal congruences of the type available
in the case of algebras, and it is for this reason that the proofs of the
corollaries of Proposition 20 do not apply here.

A generalization of the results presented here, in a different direction
deals with the following modification of the E(X, A): for each infinite
cardinal m, let D, (X, A) < D(X, A) consist of those ueD(X, A) for which
Du is the union of fewer than m open-closed sets, and let E, (X, A) be the
corresponding subalgebra of E(X, A). It is easy to see that, for suitable
Boolean spaces X, E,, (X, A) has a description a la Foster, and then E, (X, 4)
is A[£X],, in the notation of Ash [1]. Since C(X, A) € E,(X, A) = E(X, A),
all results on congruences which hold for both C(X, 4) and E(X, A) also
hold for E, (X, A), and since E, (X, 4) is a limit reduced power of A, the
same applies to the results on elementary properties, some of which are
given in Ash [1].
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