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Introduction

The notion of a foliation was first introduced by Ch. Ehresmann and
G. Reeb in 1944, in [9]. Since then numerous mathematicians have dealt
with topics concerning foliations, concentrating in four: the intrinsic struc-
ture (holonomy groups, stability, etc.; cf. [32], [35]), the existence of foli-
ations (in general or with some additional properties; cf. [39], [40]), the
classification (cf. [14], [15]) and the theory of characteristic classes (and,
more generally, invariants) of foliations. For more information and a bibli-
ography, see [28].

The characteristic classes have been introduced as an important tool for
classification of foliations. The first example of such a class is due to C.
Godbillon and J. Vey ([12]). There have been many independently discover-
ed approaches to characteristic invariants, among them those of Bernstein
and Rosenfeld [2], [3], Bott and Haefliger [4], [5], [16], Godbillon and Vey
[11], [41] and Kamber and Tondeur [20]-[24]. The last mentioned seems to
be the most clearly geometrical. In papers [20]-[24] F. Kamber and Ph.
Tondeur construct characteristic classes and invariants of foliated bundles.
The concept of foliated bundles has been introduced in [18] and [19].

The present paper also concentrates on characteristic invariants of
foliated bundles. We construct a new family of characteristic invariants which
are elements of some abstract homology groups determined by the projected
foliation of a foliated bundle. In Chapter 0 we prove those abstract homo-
logy groups are in fact cohomology groups of the base manifold with
coefficients in some sheaves. We also give some necessary preliminaries.

In Chapter 1 we examine the category of foliated bundles with a
reduction of structure group (shortly, RF-bundles). This is the category on
which the characteristic invariants are defined. By definition, an RF-bundle is
a family (P(M, G), E, H, &), where P(M, G) is a smooth principal bundle, E
is a flat partial connection in the bundle, H is a closed subgroup of G and ¢
is 2 homotopy class of sections M — P/H ; £ can be regarded as a class of H-
reductions of the structure group.

In Chapter 2 (cf. Theorem 2.3) we construct a characteristic diagram in
the category of RF-bundles. It is a contravariant functor (cf. Theorem 2.9)
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with assigns to any RF-bundle (P(M, G), E, H, ¢) a commuting diagram of
linear mappings, of the form

kerigy o I(G) - I(H) — cokerigy

l l l l
A - B - H'M > C,

where I(G) and I(H) are the algebras of invariant polynomials on g and
respectively, ig y: 1(G) — I(H) is the restriction map, A, B and C depend on
the foliation of M induced by E only, the rows are exact and the columns
1(G) —» B and I(H) —» H* (M) are algebra homomorphisms (‘primary charac-
teristic homomorphisms’ of the RF-bundle). The first of these homomor-
phisms is characteristic for the foliated bundle (P(M, G), E) (cf. Definition 2.1),
whereas the second is the Chern—-Weil homomorphism for each of the H-
reductions of P(M, G) determined by elements of £. ‘Primary’ (‘secondary’)
characteristic invariants are the elements of B and H™ (M) (respectively, of 4
and C) contained in the images of the columns. The secondary character-
istic homomorphisms kerig , - A and cokeri§ ; — C appear as a result of
comparing the two independent structures attached to the principal bundle
P(M, G) — those structures are reflected by the primary characteristic
homomorphisms. Consequently, the secondary characteristic invariants
vanish if there is a section 6 such that E is reducible through o.

In the rest of the chapter, we follow [25] and [37] and give the local
description of our characteristic homomorphism I(G) —» B. We also deform
the flat partial connection and study the behaviour of the characteristic
invariants.

In Chapter 3 we apply the above constructions to foliations and to
framed foliations. We take advantage of the fact that the principal normal
bundle of a foliation carries a canonical structure of a foliated bundle.
Moreover, this bundle admits a canonical homotopy class of reductions of
structure group to the orthogonal group (to the unit subgroup of the linear
group if the foliation is framed). We define ‘Pontrjagin classes’ and ‘second-
ary Pontrjagin classes’ of foliations and study their properties (P. Molino
[30] has constructed some Pontrjagin classes for foliations admitting a
transversally projectable connection: they are different from the ones con-
sidered in the present paper). Secondary Pontrjagin classes prove to be
obstructions to the existence of a bundle-like metric. We give a geometrical
description (cf. Theorems 3.11 and 3.12) of foliations whose first Pontrjagin
class, or first secondary Pontrjagin class, vanishes. We also notice that the
classical characteristic classes (the exotic classes) of any foliation can be lifted,
by using the Pontrjagin classes and the secondary Pontrjagin classes, to the
homology groups of some ideals of differential forms vanishing on the
foliation. Similarly the holonomy ring on a leaf (cf. [13], [38]) can be
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determined if the Pontrjagin classes and the secondary Pontrjagin classes of
the foliation are given.

Starting from the classical definition of concordance between two
foliations of the same codimension (cf. [28]), we introduce the notion of
concordance over a common subfoliation (cf. Definition 3.19) and find some
invariants of this relation (cf. Theorem 3.21).

In Chapter 4 we study pairs composed of a foliation and its subfoliation.
We introduce the concept of a Bott partial connection related to such a pair
(cf. Definition 4.2) and use it to obtain ‘relative Pontrjagin classes’ and
‘relative secondary Pontrjagin classes’. We prove (cf. Theorem 4.5) some
formulae similar to the well-known multiplicative formula p(&) = p(y)-p(&/n)
in H*(M), where n < £ are vector bundles over a manifold M and p is the
total Pontrjagin class (here, on the category of vector bundles).

Finally, given a pair of foliations (F', F), F < F, we find some
conditions necessary for the existence of a foliation F” such that F = F'n F”,
and some weaker conditions necessary for the existence of two foliations F
and F” such that F = F ~n F” and F is concordant over F with the foliation
F’ (cf. Theorem 4.13). The nature of those conditions is the same as that of
the Bott vanishing theorem (cf. [4]).

0. Preliminaries

0.1. Foliations. All the differentiable manifolds, mappings, vector bundles,
the principal bundles and foliations considered in the present paper are
assumed to be smooth (i.e. C*). We follow [26] in denoting classical objects
related to a manifold.

DerinmmioN 0.1.1. A foliation F of codimension q of a manifold M is a
partition {L,},., of M into connected sets L, (leaves) with the following
property:

For every point in M there is a neighbourhood U and a chart x
=(x',...,x": U>R", n=dimM, such that for each leafl L, the
components of L, U are described by the equations x! = const, ..., x
= const.

Such a chart will be called an integrating chart for F.

Each leaf carries the canonical structure of an imbedded submanifold of
M. The set of all vectors tangent to the leaves of F determines a subbundle
Ey of the tangent bundle TM of M. It is referred to as the rangenr bundle of
F. The quotient Qp = TM/E; is a vector bundle of dimension ¢, called the
normal bundle of F. Its dual QF can be identified with a subbundle of the



8 Some characteristic invariants of foliated bundles

cotangent bundle T* M of M. Namely, elements of Qf will be regarded as :
covectors annihilating the appropriate fibres of E.. We shall denote by
'Ir = A*(M) the ideal of differential forms on M generated by the set I'(QF)
of all global sections of QF.

DerFinmTioN 0.1.2. A subbundle E of the tangent bundle TM of a
manifold M is involutive if for any open U « M and any two local sections
X,Yel'(U,E) of E over U

[X, Y]eI'(U, E).

The following question arises naturally:

Given a subbundle E of TM (or, equivalently, Q* of T* M), does there
exist a foliation F of M such that E = Ep (respectively, Q* = Q¥)?

The answer is given by the following classical result:

- THEOREM OF FroBENIUS 0.1.3. On a manifold M, the assignments F — E,
F+—Qp yield a 1-1 correspondence between
(i) foliations F of M,
(ii) involutive subbundles E of TM, and
(i) subbundles Q* of T* M such that the ideal generated in A*(M) by the
set I'(Q*) of all global sections of Q* is closed under the exterior derivative.

DerFinmioN 0.14. A mapping f: M > M, M’ and M being any
manifolds, is transverse to a foliation F of M if

(0.1.1) S (TM)+Egn Ty ,M =T,,,M for peM.

ProposiTioN 0.1.5. If f: M’ — M is a mapping transverse to a foliation F
of M, then there is a unique foliation f*F of M’ such that the union

U (fap) " (Er n Ty M) = TM'
peM’ )
coincides with the tangent bundle of f* F, Furthermore, codimf* F = codim F
and f*(If) < Iy, if f*: A*(M) > A*(M’) is the co-induced homomorphism.
Let F be a foliation of a manifold M. The sheaf of germs of (smooth)
sections of QF generates in the sheaf GA* (M) of germs of differential forms

on M the ideal GI; of germs of differential forms vanishing on F. Obviously,
I = I'(GIg). We put

E=T@GlY for k=1,2,...,

where GI} means the kth power of the sheaf of algebras GIp. For
completeness, we set IS = A*(M). We shall write GIt" and I¥* to denote the
intersections GIt N GA*(M) and I ~ A*(M), respectively, for k, h=1, 2, ...,
k < h. Observe that '

It = I(GIi")
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and
AM(MY/I%* = [(GA*(M)/GI¥"), for all Kk and h.

By Theorem 0.1.3, the exterior derivative d gives rise to differentials

d: GIt - GI%
and
d: GA*(M)/GIX - GA*(M)/GI%,
for k=0,1,2,...

LEMMA 0.1.6. Let F be the foliation of J", J =(—1, 1) = R, composed of
the sets {a} xJ"™ 9% aeJ9. For any positive integer k, the following two
sequences

() Iet S rt o [ g kb it g

(i) A5 AN S AL 4

...—PA"_I/I;-"'_I _E’Ah/lg,h_i’Ah+l/I:_,h+l —...,
where A* = A*(J") and the homomorphisms are induced from the exterior
derivative, are exact.

Proof. In the natural coordinates (x!, ..., x") on J", I is generated by
the forms dx!,...,dx%. Any differential form ¢ on J" is uniquely expressible
as

(0.1.2) ¢ =) ¢ AdxK,
K

where the summation index K runs over all subsets of the set {1,..., g}, the
forms ¢@x do not involve dx/ with j < q and

dxX =dx* A ... AdXK

if K=1{k',...,k') and k! <... <K',
For any form ¢ on J" which does not involve dx’, j < q, we define its
truncated derivative d'¢ by

do =(do)o = .~2>:., dx' n L2 o,
so that do—d @elp. Here L stands for the Lie derivative.

As in the classical proof of the Poincaré lemma (cf. [8]), we consider a
homotopy g: RxJ"—J" (s, x)+=(1 —s)x. For any form @€ A"(J"), the in-
duced form g*@eA*(RxJ" is uniquely expressible as g* ¢ =ds A a+p,
where @ and # do not involve ds. We put

)= { a,
[0,1]

which means that we integrate the coefficients of a with respect to the
variable s. Then, for h > 1, dgo = 0 implies ¢ = —dy (o).
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If we consider another homotopy ¢: RxJ"—=J" of the shape
(s, (x, x"))—(x', (1-5)x"), where we identify J" with J9xJ""% then the
corresponding mapping x' (constructed as y above) satisfies the following
condition:

if dp, degp =1, is defined and d'¢ =0, then ¢ = —d'y'(¢).

(i) If @el%*, h >k > 1, then expression (0.1.2) reduces to

e=3 Y oxndxs,

izk cardK=i

where card K means the number of elements of K. Since

do— Y d'og Andxtelpt
card K=k
we have d'py =0 for all K such that card K = k provided d¢ = 0.
Assume that @el%" is a closed form. Consequently

ok = —d'y'(px) for cardK =k,
and

e:=0+d( Y x(px) AdxF)elth

card K=k

It is easy to check that y(@)elt" ! if gelt*!". Thus

p=—dx@+ Y x(pn) A dx¥)
card K=k
and so sequence (i) is exact.
(i) Consider an arbitrary form @eA*(J"), h >k > 1, and assume that

doelt**!. We shall construct by induction some forms y,, ¢, ...
ooy W€ AP 1(J™ such that

(0.1.3) o+d(W+ ... +y)eld  for all i <k.

For i = 1, the only term outside I in (0.1.2), is ¢q. As do—d'poc I¢, we
have d'¢yel, and therefore d’'py = 0. We set ¥, = 7' (@)

Suppose that we have constructed forms ¥,, ..., ¥;, 1 <i <k, such that
(0.1.3) holds. Then

Gi=o+dW,+ ... +¥)= Y Pgrdxk

card K 2i

and d'®y =0 for cardK =i, as dp = dpel} and

dp— Y d'pg ndxFeli!.

carl K=i
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Since deg oy = h—cardK > 1 if card K = i, we have ¢, = —d'y’(Py), and we
may take

Yis1 = Z 1 (@g) A dxX.
card K=1i
Putting i = k in (0.1.3), we get @ +d (Y, + ... +¥,)eIt". This proves that
sequence (ii) is exact.
The next proposition follows directly from Lemma 0.1.6.

ProrosiTioN 0.1.7. Let F be a foliation of a manifold M and k a positive
integer.

(i) The homology groups H***(I%), h =0, 1, ..., of the differential subal-
gebra (I%, d) of (A*(M), d) are canonically isomorphic to the cohomology
groups of M with coefficients in the sheaf GI* ~d™'(0) of closed germs from
GIk*:

H**"(IY) = H*(M; GIt*nd™'(0)) for h=0,1,...

(i) The homology groups H***(A*(M)/I}), h=0,1,..., of the differ-
ential quotient algebra (A*(M)/I%, d), d being induced from the exterior
derivative d, are canonically isomorphic to the cohomology groups of M with
values in the sheaf d~! GI¥* = GA*~ ' (M):

H"“'(A"‘(M)/l)"'H"“(M d 'GI¥) for h=0,1,...

Proof. By Lemma 0.1.6, the sequences of sheaves

0> Gl nd ' (0) o GIF* S G+ 4
and
0-d™'GI¥* o GA*™ ! & GAYGIE & GA**GIE 1 &

where GA* = GA*(M), are resolutions of GI¥*~d~'(0) and of d~ ! GI%*,
respectively. This ends the proof.

There is a simple criterion to decide whether a form ¢ e A"(M) belongs
to the subspace It* or not.

ProrosiTiON 0.1.8. A4 differential form @ € A"(M) belongs to I%* if and only
if
0.1.4) oWy, ...,0) =0

whenever at least h—k+1 of the vectors vy, ..., v,€ T, M are tangent to F, for
all peM.

Proof. Since the proposition is of local character, we may restrict
ourselves, by using an integrating chart, to the elementary foliation F of J",
as in Lemma 0.1.6. In the natural coordinates (x!,..., x", the ideals I%,
k < g, are generated by all dx¥ with K = [1,...,q) and card K = k. Thus
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@€ A"(J") belongs to I% if and only if in the decomposition (0.1.2) all @, with
card K < k vanish. If this is the case, then ¢ obviously satisfies (0.1.4).

To prove the converse, assume that (0.1.4) holds. Let ! denote the largest
integer < k (possibly 0) such that ¢@elr. There is a multiindex K,
= {ky, ..., ki}, ky <... <k, such that g # 0 (K, = @ if [ = 0). This means
that @x (Wy,...,w,-) #0 for some vectors w,,...,w,_;€T,J" peJ" Let
vy, ..., Uy—; denote the projections of w,,...,w,_,, respectively, onto the

subspace /
) é ¢ .
Ep1= LIH{WP, ’ﬁL} [ 7;.] 5
tangent to F, parallel to the decomposition
. e ¢
7;,.’ = Lm{ﬁ p, . ﬁ P}@E’,.

Then, there is

0 ¢
@ vl,---’vh—hﬁ a'--,ﬁ

) = (Pxo(vl, S

P
= (pKO(wla AERE) wh—l) # 0,
which contradicts (0.1.4) unless ! = k. This ends the proof.

0.2. Foliated bundles. Throughout the paper, a principal bundle with
structure group G, total space P and base manifold M will be denoted by
P(M, G). To denote the projection we shall use the letter z.

A pair (f,f) of mappings f: P> P and f: M'—> M is a principal
bundle homomorphism from P'(M’, G') to P(M, G), associated with a group
homomorphism f* G' > G, if nof =fon’ and f(u'g") =f () f(g) for u'eP’
and g'eG’ (cf. [26], p. 53).

DEerINTION 0.2.1. (cf. [25]). A partial connection in a principal bundle
P(M, G) is a subbundle E = TP such that

(i) E,nG, = {0} for every ue P where G, is the tangent space to the
fibre through u;

(i) E,, = (R)), E, for every ue P and geG, R, being the right action of g
on P.

The vectors in E will be called partially horizontal.

DeFmniTioN 0.2.2 (cf. [25]). A connection I’ in a principal bundle
P(M, G) is adapted to a partial connection E in P(M, G) if I contains E as
subbundles of TP.

It follows from the definition that a partial connection E in P(M, G)
projects onto a subbundle n,E < TM. E is uniquely determined by its
projected subbundle n, E < TM and any of the adapted connections. If a



0. Preliminaries 13

curve in M is tangent to =, E, then its horizontal lifts do not depend on the
choice of the adapted connection. ’

DerFINITION 0.2.3 (cf. [25]). A partial connection E in P(M, G) is flat if
the subbundle E < TP is involutive.

DerFINrion 024 (cf. [25]). A foliated bundle is a pair (P(M, G), E),
where E is a flat partial connection in the bundle P(M, G).

If a partial connection is flat, then its projected subbundle is involutive.
By Theorem 0.1.3, a foliated bundle (P(M, G), E) gives rise to a pair of
foliations of P and M respectively.

DermurioNn 0.2.5. For a foliated bundle (P(M, G), E), a projected
foliation is a foliation F of M such that Ef ==, E.

ProrosiTion 0.2.6 (cf. [25]). Given a foliation F of a manifold M and a
family € of connections in a principal bundle P(M, G), there exists a unique
subset E of TP such that n ,(ENT,P)=ErnTM for ueP and the
connection forms of connections from € annihilate E, if and only if, for any two
connections I', I €€, their connection forms w, @'.satisfy

(0.2.1) (@-0)®) =0 if n,veEs.

E, if it exists, is a partial connection in P(M, G) and all the connections
in ¥ are adapted to E. E is flat if and only if

0.2.2) Qw,w)=0 for v, we TP such that =, v, n, weE,

2 being the curvature form of some (equivalently, any) connection from %.

Any foliation F of codimension g of a manifold M generates a canonical
partial connection in the principal bundle LQ# (M, Gl(g)) of all linear frames
in the fibres of Qf.

DerFiniTioN 0.27. A Bott connection in the bundle LQF(M, Gl(g)) is
the unique partial connection such that F is its projected foliation and,
for any integrating chart x =(x!,..., x") on an open subset U of M, the
partially horizontal vectors are tangent to the image of the mapping
Uspr(dx,,...,dx})e LQ}.

As has been shown in [25], a connection in LQ# (M, Gl(g)) is adapted
to the Bott connection if and only if the corresponding covariant derivative
V in QF satisfies the condition

0.23) - Voo =1,(dp) for @el(QF) and veE,,

1 being the interior product. Since the Bott connection is flat, the bundle
LQ# (M, Gl(q)) admits a canonical foliated bundle structure.

The following proposition will frequently be referred to in Chapters 1
and 2.
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ProrosrTioN 0.2.8 (cf. [26], pp. 79-82). Let ([, f): P'(M’, G) - P(M, G)
be a principal bundle homomorphism associated with a group homomorphism

f: G -G.

(i) Let I'" be a connection in P'(M’, G'), @' the connection form and Q' the
curvature form of I''. If f is a diffeomorphism of M’ onto M, then there is a
unique connection I' in P(M, G) such that the horizontal subspaces of I'' are
mapped into horizontal subspaces of I by f. If @ and Q are, respectively, the
connection form and the curvature form of I', then f*w = f* ow' and
70 =f o0.

(i) Let ' be a connection in P(M, G), w the connection form and Q the
curvature form of T'. If f maps G' isomorphically onto G, then there is a unique
connection I'" in P'(M’, G") such that the horizontal subspaces of I'' are mapped
into horizontal subspaces of T by f. If o' and Q' are, respectively, the
connection form and the curvature form of I’, then f*w = f;ow’ and
f*Q=f,o00.

The symbol f: above stands for the induced homomorphism of Lie
algebras.

Lemma 0.29. Let (f,f): P(M', Gl(g)) > P(M, Gl(g)) be a homomor-
phism of principal bundles, q being a positive integer. Suppose that I'" and I are
connections in P'(M’, Gl(g)) and P(M, Gl(g)) respectively, such that the
horizontal subspaces of I'' are mapped into horizontal subspaces of T’ by f. Let
Q’ and Q be the vector bundles associated with the above principal bundles,
corresponding to the standard action of Gl(q) on R, and let g: Q' — Q be the
homomorphism induced from f. If V' and V are the covariant derivatives in Q'
and Q, determined by I'' and I respectively, then

gV,0) =V, .0,

Jor all sections o' of Q' and o of Q, such that cof = goa’ on a neighbourhood
of the origin of ve TM'. o

Proof. Let v be any vector in TM’ and assume that 60f =god’ on a
neighbourhood of the origin of v. v is of the form p, for some curve t+— p, in
M'. Let t+—u, be its horizontal lift in P’. By the hypotheses, the curve
t—f () is a horizontal lift of the curve t—f(p,). We have g(u(£)) =1 (w)(£)
for all ue P’ and £ R and so

g B (4ou, * (o' (P))—0 (Po)):l = l(f' (uo) f(u)"'god'(p) —g0 o’ (p,))

~

1
=~ (o) )™ o 0f (p) =0 0f (o))

for all ¢t # 0. If ¢ tends to 0, then the above equality gives
g(V:,O") = Vf‘va-’
which concludes the proof.
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Remark 0.2:10. If a mapping f: M’ — M is transverse to a foliation F
of M, then f gives rise to a canonical homomorphism f: Qf¢ — QF which
covers f and is an isomorphism on the fibres. Namely, the mapping a: f*Qf
— Qfp of the shape

[*QF = M x4, QF 3(p, @) wof,€ Q%

is a vector bundle monomorphism (by (0.1.1), if w annihilates f,(T, M')
and Ern T;,, M, then w =0) and so, as codim f*F = codimF, it is an
isomorphism. f is the superposition of a~! with the projection into QZ.
Consequently, f determines a canonical principal bundle homomorphism
(F.1): LQ}p (M, Gl(g)) = LQ¥ (M, Gl(g)), g =codimF. As we could have
expected, this homomorphism transfers the Bott connection from one bundle
into another.

ProposiTION 0.2.11. Let f: M' > M, F, f and f be as in Remark 0.2.10.
For any connection T in LQ¥(M, Gl(q)) adapted to the Bott connection, the
only connection I' in LQf(M', Gl(q)) whose horizontal subspaces are mapped
into horizontal subspaces of T by f, (cf. Proposition 0.2.8) is also adapted to
the Bott connection. .

Proof. By Lemma 0.2.9, the covariant derivatives ¥’ in Qf¢ and F in
QF, determined by I" and I respectively, are related in the sense that

SV, f*e)=V,,p and, equivalently, V, f*¢ =a(p, V;,0)=(V;,@)0f,,
for veTM, p=n(v) and el (QF). Thus, for veE .,

(0.2.4) . Vof*e =0, ,do)of, =1,d(f* ).

The identity f* ¢ = ao(idy., ¢of) for all eI’ (QF), together with the
fact that a is an isomorphism, implies what follows:

(025 if (¢',..., 99 is a section of LQ¥(M, Gl(g)) over an open subset U
of M, then (f*¢',....,f*¢% is a section of LQJ(M’, Gl(q)) over
SH).

Consequently, any section ¥ of Qfp is locally expressible as a linear
combination Y a; f*¢'. By (0.24), V,y =1,dy for all veEpp, which ends
the proof.

03. Chern—Weil homomorphism. Let G be a Lie group with Lie algebra
g. Let I*(G) denote the real vector space of all symmetric G-invariant k-linear
mappings a: gx ... xg— R, where G acts on g by the adjoint represen-
tation. Any mapping a€l*(G) is uniquely determined by the values a(f):
=a(t,...,t) for teg. The direct sum

6= ¥ MO, IG)=R
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is the algebra of G-invariant polynomials on g. The multiplication is given by
the formula

1
@b)(ty,....th4) = m Z a(tagrys -5 Lo) Dtos1)s -+ -» Lo+ )

for ael*(G) and bel'(G), where the summation is taken over all
permutations o of the set {1,...,k+1}.

Any group homomorphism f: G’ -+ G determines an algebra homo-
morphism f*: I(G) = I(G’) such that f*(a) =ao(f, x ... xf,) for acl(G),
fo: o' — g being the induced homomorphism of Lie algebras. If H is a closed
subgroup of a Lie group G, then we shall use the symbol ig 4 to denote the
inclusion map. For any positive integer g, the following facts are well known:

() 1(Gl(@)) = R[py, ..., p,), where p,e(Gl(g)), i=1,...,q, are defined
by the identity

q
det(A+4l)= Y p(A)A2?~' for Aegl(g) and AeR.
i=0

Here I, is the unit matrix and p, = 1. One sets p, =0 for i >gq.

(ii) 1(O(q)) = R(P2, Pas ---» Paygny}, Where py; = idy0(P2) for i=
L, ..., [4/2]. Moreover, for i odd, g0 (P) = 0.

(iii) 50 1(O (@)51 (SO(q)) for g odd.

(iv) 1(SO(q)) = R[p3, s> -- -, Py 2, €], where e€ 192 (SO (g)) is the Pfaffian
(cf. [29], p- 309), and

Bawsow(P2) =Pu for i=1,...,9/2-1,
Ba)s000 (P3) = €,

if g is even.

Consequently, keridy, o = keridigso 15 the ideal generated by
P> P3; Ps,---» coker ial(q),SO(q) =0 and

. 0 for q odd,
coker igyg.s0i = R[e)/(e®) if q is even.

Given a polynomial aeI*(G) and g-valued differential forms ¢, ..., ¢,
on a manifold P, G being any Lie group and g its Lie algebra, one defines a
form a(¢g,,..., ¢) on P so that

r

(0.3.1) (@@= Y a(Eh,...,E,.)(p{‘A...A(pi'
Jpredy=1
if

¢ = Z ¢!®Eja i=l,'--’k’

j=1



0. Preliminaries 17

for any basis E,, ..., E, of g, k being any positive integer. If ¢ is a g-valued
form of even degree, then

(ab)(o,....,9) =a(p,...,0) A b(p,....,9) for a,bel(G).

Consider any principa! bundle P(M, G). We know that if g-valued forms
@1, ..., @ on P are G-equivariant and aeI*(G), k being any positive integer,
then there is a unique form a[¢,,...,¢,] on M such that a(g,,..., @)
=n*al@,,....,¢) f 1: M>U— P is a local section of the bundle, then

03.2) aley,..., 0 ]IU =a(t* oy, ..., ™ @)

ProrosiTiON 0.3.1 (cf. [42]). Let 2 be the curvature form of a connection
in P(M, G).

(i) For each acI*(G), k=1, 2,..., the 2k-form a[Q]:=a[R,...,Q] is
closed. :

(i) The de Rham cohomology class w(a)€ H2X (M) of the form a[2] does
not depend on the choice of the connection.

(iii) w: I(G) = H*'(M) = ®HZ (M) is an algebra homomorphism (the
Chern—Weil homomorphism associated with P(M, G)). '

For the proof see [6], [7].

We recall a geometrical construction, due to R. Bott [4] and H.
Shulman [37], which is fundamental for the existence of the Chern—Weil
homomorphism. Consider a family I'°, I'',...,I'" of connections in a
principal bundle P(M, G). Let o° w?,...,®" respectively, be their
connection forms. For any ¢ =(t;,...,t,)e R* the form

(03.3) w;:=(1- Zti)w°+ Ztlw"

is a connection form on P(M, G) and therefore the collection of all w,, t e R,
determines a g-valued 1-form w®'* on R*x M, which is the connection
form of some connection I'*!~* in the bundle (R* x P)(R* x M, G) induced
from P(M, G) by the projection R*x M — M.

Let T, denote the vector field on R*xM tangent to all the lines
Tty .esticgs Ty ting, .-ty p) for i=1,..., h. For any BeA**s(R*x M),
s=0,1,...,

03.49) ir, - ir, Be A (R* x M),

where 1 denotes the interior product. In fact form (0.3.4) is only defined

on R*x M whereas its values are covectors tangent to M. One defines an
operator *: A***(R*xM)—> A*(M), s =0, 1, ..., by putting

(0.3.5) "B = j ir, .- ir, B___for fe A*(R*x M),
/B b

2 - Dissertationes Mathematicae CCXXII W
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where the integration is taken over the standard h-simplex

At ={(ty,....,t)eRt, .., 1,20,) 1, <1}
i

We have
h

(0.3.6) ffod+(—1**'doft = z (=1 "~ Lo(g x idy)*,
i=0

where &g,...,6,: R*"! — R" are of the form

Eo(sl, ...,S,,_l) =(1—ZSI, Sy, ""sh—l)
i

and '

cl-(sl,...,s,,_l)=(s,,...,s,~_1,O,S,-,...,s,,_l) for i=1, 2,...

Turning back to the family of connections in P(M, G) which we have
been considering we define a linear mapping

A(r°, I, ..., I(G) - A*(M)

as follows. For the case h = 0, let 1(I"°)(a) = a[2°] for each aeI(G), where
Q° is the curvature form of I'°. For the general case, set

AT, ..., I @) = (— 1) 2 (ot (a).
On using (0.3.5), we see that for each ael*(G), k=0,1,...,
(03.7)  A(L°,...,IM(a)
k!

=—(k_—h)!J‘a[a)l_mo,...,a)"_wo,Q',...,Q,], h <k,

&

where Q, is the curvature form for w, as in (0.3.3), and that
(0.3.8) A(r®,...,M@=0 if h>k.
Moreover, doA(I'® =0 and, by (0.3.6),

h
039) doi(r°,....,M= Y (-1yare,...,M,..,r for h>1,
i=0

where the symbol “” means that the term is omitted.

ProrosiTioN 0.3.2. Let (f, f): P'(M’, G)) - P(M, G) be a homomorphism
of principal bundles, associated with a group homomorphism f: G' > G. Let
re,....,r¥ and re°,...,r* be two families of connections in P'(M', G') and
P(M, G), respectively. If their connection forms %,..., 0" and «°,..., »"
respectively, satisfy f*w’ =f, ow" for i=0,1,..., h, where f,: o' > g is the
induced homomorphism of Lie algebras, then : '

frol(I®, ...’ =A(rv,...,r*)of*.



0. Preliminaries 19

Proof. The hypotheses imply that for any t =(t,, ..., t,)€ R, the con-
nection forms o, =(1- Y 1)0%+Y ;0" and o, =(1- ) )0’ +) ;&' are
related in the same way as o' and o':

f* w, =f*060;.
By [26], p. 81, this yields f*Q, = f;oQ,’ for the curvature forms.
Consequently
f*a(w'-w? ...,0"-0° Q,...,Q)
=a(f*o'—f*u", ....[*0"—[*0’,f*Q,,....f*Q)
=a(f,o(@" —®),.... 0@ —0*),f,09Q, ..., /L0 Q)
=(f*a) (0" —0%,...,0" -0, Q, ..., Q),
which gives
f*alow'-0° ..., 0"-0°%Q,...,2]
=(f*g[o' -a?,...,0" -0, 2, ..., 2]
for any ael*(G), k> h, and any teR*. By (0.3.7), this ends the proof.
The following lemma will be necessary in Chapter 2.

Lemma 0.3.3. If I'°, ..., I'* are connections in P(M, G) adapted to a flat
partial connection E, then

A, ..., (@elk?**  for acl¥G),

h,k=0,1,...,h< k. Here F stands for the projected foliation.

Proof. If aeI*(G), then A(I°,..., ') (a)e A*"*(M). By Proposition
0.1.8, we only have to prove that

A(FO’ RS ] Fh)(a)(vb AR ] sz—h) =0

if vy,...,05-4,€T,M, peM, and v,,...,0;_4,, are tangent to F. We shall
show that a[w!'-w?,...,0"-0°Q, ..., Q2]1(vy, ..., v5-4) = 0 for all reR"
Indeed, choosing w,,...,wy,_,€T, P such that v; =mn,(w) for all i, and
Wi, ..., Wy_p+1 €EE. u being an element of the fibre =~ ' (p) = P, we get

alo'—w’, ..., "% Q,, ..., 2 (v, ... Vag~p)

= a((‘ol _w0; teey wh_mO’ Qn ey Ql)(wls LERE] w2k—h),

which vanishes by (0.3.1) and Proposition 0.2.6, since w, given by (0.3.3) is
the connection form of some connection adapted to E for all e R* (observe
that Q, appears in the above formula k—h times only).

We have observed that the mapping A(I'): I(G) » A* (M), I' being any
connection in the bundle P(M, G), is an algebra homomorphism. On the
other hand, the linear mapping A(I"g, I'y): 1(G) = A*(M) cannot be a homo-
morphism of algebras (excluding trivial cases) for any two connections I
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and I'; in P(M, G). The following proposition gives a “derivational rule” for
ALy, I'y)(ab), a, bel(G).

ProrosiTioN 0.34. Consider any two principal bundles P(M,G) and
?"(M, G’) over the same base. Let I'y,I'y, Iy and I'y be connections in
P(M, G) and P'(M, G') respectively, and let w,, w,,wy and w;j be their
connection forms. For t real, we put o, =tw,+(1—t)wy, and w; =tw|+
+(1-Nwy. Let Q, and Q, be the curvature forms determined by w, and w,,
respectively. For any ael*(G) and bel'(G), k, | any positive integers, there
exists a differential form @e A**'~2(M) such that

I @[] A Ib[w; —wh; U] +kalw —wo; 2] A b[R])
0<t<1
= A(F' @) A AT, 1) (b)+A(Fo, I'h)(a) A A(To)(b)+de.
Here, a[w, —wo; Q] = a[w; Xwq, Q,, ..., 2,] and, similarly, b[w| —w}; 2]
=blw|—wp, 2, ..., 2] _
If the principal bundles coincide and I'; =T} for i =0, 1, then
(0.3.10) A(Fg, I'})(ab)
=A(I')(a) A AT, T)(B)+A(Tg, T1)(@) A A(To)(b)+dop.

Proof. Integrating by parts, we get

| (a[R]).A Ib[w;—wo; 2D

DESES |

; |
—alr | Ib[w-wyQ]- | (.—a[Q,JA | :b[w;-w;,;g;])
- o<r<1 osrgi \ (I o<s<t

= A(l'))(@) A ATy, Ty)(b)~
- (d(ka[wll—wo;Q:]) A J Ib[wy—awg; Q)
o<t<1 0<s<t

=MIy)(@) A AT, T)(b)~d  [f  (ka[w;—wo; Q] A Ib[w)—wo; Q)

O€sst<€]

— | (ka[o,—w0; 1 A [ d(ib[w;—wh;2])

os1s1 0<sst

= A(T')(@) A A(Fo, T'1)(b)+do+A(To, I'y)(a) A A(To)(b)—
= | (kaloy—wo;R] A b[QD,

osr<1
where

p=— [[ (kalw~we;R] A Ib[o]—awp; 2]

0ssxt£1
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In the above reasoning, we have taken advantage of the identities
¢
dikalw, —wo;Q]) = al] and d(lb[w) —wo; 2] = b[9;]

(cf. [43], p. 113).

If, in particular, the principal bundles coincide and I'; = I for i =0, 1,
then (0.3.10) follows from the identity

a[Q] A b[w, —wo; Q] +kalw, —wo; 2] A b[R]
=(k+l)(ab)[w; —wq: RQ,].

To show this identity, we consider the principal bundle (R x P)(R x M, G)
and the G-equivariant form Q on Rx P such that Q = dr » (w, —we)+ L, at
points of the set {t] x P, for teR, dt being the differential of the pro;ectlon
onto R. Since elements of I(G) are multilinear, we get

(ab) [2] = (ab) [R]+d!r A (k+])(ab) [w, —we; 2]
and, on the other hand,

(ab)[2] = a[Q] ~ b[Q2]
=(a[Q]+dt A ka[w,—we;2]) » (b[Q]+dr Alblw;—we:2,])

on {t} x M, for te R. Comparing the terms which involve dt, we obtain the
required identity and conclude the proof.

1. Category of RF-bundles

If P(M, G) is a principal bundle and H a closed subgroup of G, then
there is a canonical 1-1 correspondence between global sections a: M — P/H
of the fibre bundle associated with P(M, G) with standard fibre G/H, and
subbundles Q(M,H) of P(M,G) given by the assignment o~—Q
= {ueP; o(n(w) =uH} (cf. [26], p. 58). Such a Q will be denoted by P,.

DeFiNITION 1.1. Sections 64, 0,: M — P/H are homotopic if there exists a
(smooth) mapping : M x R— P/H such that t(-,1): M - P/H is a section
for any real t, (", 0) = 64, 7(:, 1) = ¢, and 7(p, 1) is independent of ¢ for (p, 1)
in some neighbourhood of M x {0, 1].

Observe that the principal bundles P, (M, H) and P, (M, H) are then
isomorphic.
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The homotopy between sections M — P/H is obviously an equivalence
relation. The equivalence classes will be called homotopy classes of
H-reductions of P(M, G) (of the structure group of P(M, G)).

DeriNnITION 1.2. A foliated bundle with a reduction of structure group,
shortly an RF-bundle, is a collection (P(M, G), E, H, &) where (P(M, G), E) is

a foliated bundle, H is a closed subgroup of G and ¢ is a homotopy class of
H-reductions of the bundle P(M, G).

DEerFiNiTION 1.3. For any two RF-bundles B’ = (P’(M’, G),E,H, 5’) and
B =(P(M,G),E, H,¢),atriple (f.f.f), withf: P’ > P,f: M'> M and f: G’
— G, is an RF-morphism of B into B, to be denoted as (f,f,f): B — B, if

(i) f is a group homomorphism and f(H’) c H,

(i1) the pair (f,f) is a principal bundle homomorphism of P'(M’, G)
into P(M. G). associated with f

(i) f, (E,) < Efy, for '€ P, and

(iv) for any sections ¢'e&’ and o€, the mappings

(idy:, 00f), (idy:, f/00"): M'— M X P/H

are homotopic sections of the associated bundle f*P/H - M’, f*P = M'x
X .m P being the total space of the principal bundle (f* P)(M’, G) induced
from P(M, G) by f (cf. [26], p. 60). Here f/ stands for the quotient mapping
P'/H' - P/H induced from f, and the symbol x, denotes the Whitney
product.

Condition (iv) can be re-formulated as follows:

(iv’) for any sections ¢’ ¢, and o€, there exists a mapping 1. M' xR
— P/H such that wot =fopry,t(:,0)=60f, t(;1)=f/00c’, and 1 is
independent of ¢ on a neighbourhood of M’ x {0, 1}. Here @ and pr,, stand
for the projections P/H - M and M’ x R — M’, respectively.

DeriniTioN 1.4, For any two RF-morphisms
(f.f.)): B—~B and (3.9.9): B'~B,

their  superposition (f.f./)oG,g,4): B'’—B is defined as the triple
(fog,fog,fod).

Observe that the triple of the superpositions satisfies the condi-
tions of Definition 1.3. Indeed, if B” =(P'(M",G"),E’',H",t"), B
=(P'(M',G),E,H,¥) and B=(P(M,G),E,H,¢), and the homotopy
classes &, & and ¢ are represented by ¢”, ¢’ and o, respectively, then the
sections (idy, 6o(fog)), (idy-,(fog)/ oa”): M" = M" x ., P/H are both
homotopic to (id,, f/ 006’ 0g) and so they are homotopic, which proves (iv).
Conditions (i)-(iii)) are obvious.

DEFINITION 1.5. A category RFB of foliated bundles with a reduction of
Structure group is a category whose objects are RF-bundies, morphisms are



1. Category of RF-bundles 23

determined by RF-morphisms and the superposition map is as in Definition
14. '

A foliated bundle (P(M, G), E) can be identified with the RF-bundle
(P(M, G), E,G, !id}), id: M 5 P/G being the canonical diffeomorphism.

Derinimion 1.6, An RF-bundle B =(P(M,G),E, H,¢) is reducible if
there are a foliated bundle (P(M, H), E), with n_E =n_E, and an RF-
morphism (f, idy, ic.x): (P(M, H), E, H, !id}) - B, i, being the inclusion
HcG. '

In other words, the reducibility of (P(M G), E, H, &) means that the
partially horizontal subspaces are tangent to P, c P for some oe¢ (cf. [26],
p- 84).

We shall now try to elucidate the meaning of Definition 1.3.

ProposiTioN 1.7. (i) Let B =(P(M,G), E, H, &) be any RF-bundle, F' a
JSoliation of a manifold M’ and f: M’ — M a mapping satisfying f,(Eg.) < n, E.
Then there exists a uniqgue RF-bundle (f, F')*B ={(P(M',G),E, H,¢&) such
that P(M', G) = (f* P)(M', G) is the bundle induced from P(M,G) by f, 7, E
= Er. and (g.f,idg): (f, F)*B— B, for g: P =M’ x,, P — P the projection
into the second factor.

(ii) If, moreover, P'(M’, G) is a principal bundle over M’ and a pair (f,f)
is a principal bundle homomorphism of P'(M’, G) into P(M, G), then there is a
unique RF-bundle B’ =(P'(M',G),E',H,{) such that n,E =E; and
(f.f.idg): B' > B.

Proof. We recall the formula for the tangent space of a Whitney
product. If M,, M, and M are manifolds and f;: M;- M, i=1,2, are
mappings transverse to each other, then the projections of the Whitney
product N = M, x ., M, = i(p,9)eM; xM,; f1(p) =/>(g)] into M, and
M, give rise to an isomorphism

(1.1) Toa N> TMix¢ . s TMa,  peM,, geM,,
(cf. [36]).

If w is a connection form on P(M, G), then, by Proposition 0.28, ®
=g*w is a connection form on P(M’,G). The corresponding curvature
forms Q and Q satisfy Q = g* Q. By Proposition 0.2.6, if w and w’ are the
connection forms of connections adapted to E, then

(@-@)(v)=(w-0)@FG,v)=0 and Q(,w)=Q(g,v,7,w) =

for v, we TP such that 7, v, T, we Eg., since then n, g, v, n, g, wen, E. Here
t stands for the pro_;ectlon P — M'. Thus, also by Proposition 0.2.6, there is a
unique subset E of TP such that

Ry(ENT,,P)=E.nT,M for all (p,u)eP
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and all the connection forms @ = g*w with w adapted to E annihilate E,
and this subset is a flat partial connection in P(M’, G). On the other hand,
each g* w annihilates (7,)” ' (E) and, as we shall see, (%,)” ' (Ep) N (g,)” " (E)
projects onto Ejp.. Indeed, let (p, u) be any point of P and ve Eg. n T, M’ any
vector tangent to F' at p. We have f,  ven, En T;,, M and so f,,v=mn,w
for some weE,. By (1.1), the pair (v, w) forms a vector in T, P, such that
g.(v,w) =weE. Thus we get

v= ﬁ.(p,u)(v’ W) and (U, W)G(J.(p',,,)_ ! (Eu),
which proves that

Taouw (@) ER) N @) " (E) N Tyy P) = Ep n T, M.

Consequently, (w,)” l(E,r)h(g,)“(E) and E must coincide. In particular,
7, (E) = E. We see that E is the desired partial connection. If a flat partial
connection in-the bundle P(M’, G) projects onto E. and is mapped into E
by g, then all the connection forms g* w with w adapted to E annihilate it
and so the flat partial connection must be equal to E. To end the proof of (i)
let us observe that all the sections

(idy,060f): M'>M'x, P/H=P/H for o€l

are in the same homotopy class £, which is uniquely determined by any of
them.

If, moreover, (f,f) is principal bundle homomorphism of P'(M’, G) into
P(M, G), then the canonical isomorphism

(', ]),idp): P(M',G) 5 P(M’,G), where (n',f)(u) = (n’(u),f(u))e P

for ue P, transfers the RF-bundle structure from P(M’, G) to P'(M’, G). This
proves (if) and ends the proof of the proposition.

ProrosiTioNn 18. Let B'=(P'(M',G),E',H',¢) be any RF-bundle
and let P(M’',G) be a princigal bundle over M'. For any principal bundle
homomorphism (h, idy.): P'(M’, G') > P(M’, G) associated with a group homo-
morphism f: G' - G, and any closed subgroup H of G containing f(H), there is
a unique RF-bundle B=(P(M',G),E,H,& such that #,E=%,E and
(h,idy.f): B > B.

Proof. By Proposition 0.2.8, any connection I" in P'(M’, G') determines

~a unique connection I' in P(M’,G) such that h maps the horizontal
subspaces of I" into horizontal subspaces of I'. If @ and @ are the
connection forms of I' and I respectively, then h*® = f,ow where f,
— g is the induced homomorphism of Lie algebras. Similarly, h*Q = f.oQ’
for the curvature forms. Thus the family of all connections in P'(M’, G')
adapted to E’ determines some family % of connections in P(M’, G). We
check the hypotheses of Proposition 0.2.6.
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Let w and ' be the connection forms of any two connections
adapted to E. We shall denote the corresponding connection forms on
P by @ and @' respectively. Consider arbitrary vectors v, we Ty, P such that
T v, A, wen, E. We have T, v =m,v" and T, w =n, w for some v',weE,.
Here u stands for any point of P. The vectors v—h,v" and w—h,w' are
vertical and therefore we get

(@—@)(v) = (@—@)(h,v) =f, (0~ (v)) =
and

Qv,w)=Q(h, v, h,w)=F,(Q,w)) =0

where Q and Q are the curvature forms corresponding to w and @,
respectively. Thus we have verified conditions (0.2.1), (0.2.2) over the image of
the mapping h, which meets every fibre of the bundle P(M’, G). Since the
forms @—@' and Q are G-equivariant, the hypotheses of Proposition 0.2.6
are satisfied and thus there exists a unique flat partial connection E in
P(M’, G) which projects onto &, E’ and is such that any connection in % is
adapted to E. We shall show that h maps E’ onto E. For any veE,, ueP,
we have 7, h,ven, E’ and @(hyv) =f, (@) =0if ®€¥ corresponds to w,
and so h,veEg,. If weEy,, then #,w =n, w for some weE], and w
=h,w as T ,(w—h,w)=@d(w—-h,w)=0 for any @e%. Consequently,
h, (E,,) = Ey,, for all ueP.

Any partial connection in P(M’, G) which agrees with E on the image of
h must coincide with E since hi(P’) meets every fibre of the bundle P(M’, G).

Finally, let us observe that the sections h/oo’: M’ - P/H, o’€&’, are in
the same homotopy class &, which is uniquely determined by any of them.
This ends the proof.

ProrosiTiON 1.9. For any two RF-bundles B’ = (P(M',G),E,H, &) and
= (P(M, G), E, H, £), any RF-morphism (f,f,f) of B' into B factors through

(@'.f)idy../): B —>(f,F)*B and (.f,idg): (f,F)*B~ B,
where (f, F)*B and g are as in Proposition 1.7 (i) and F' is the projected
foliation of M'.

Proof. We have (f,F)*B=(P(M',G),E,H,§), where P=f*P
=M'x,qoP, E=(@) '(n,E)n(g,) "(E) and (idy,c0f)e& for cet.
Thus all we need to show is (n',f)/oc’e& for o'e¢, and

(7', f)o(E) = (7,)" ' (ny EY N (g,) " (E).
Since go(n',f) =f and @o(n',f) = n’, the above inclusion is equivalent to

Jo(E) © E, the latter being obviously satisfied as the triple (7, f,f) is an RF-
morphism. By the same argument, (n',f)/00’ = (id,.,f/00d")e&.



26 Some characteristic invariants of foliated bundles

2. Characteristic diagram for RF-bundles

In this chapter we shall construct a contravariant functor from the
category RFB of RF-bundles to a category of commuting diagrams

Ay = A; = A3 - A,
Lol |
B, - B, - B; —» B,

with exact rows. Namely, with any RF-bundle (P(M, G), E, H, &) we associ-
ate (in the way described below) a commuting diagram

kerity <— [(G) “SH [(H) — cokerity
(2.1) e v I [RZ ,
@HE Y A*(MYT;) 3 @HY (Y 5 HY(M) B @HY (4% (ML)

where i§ , is the restriction map, the lower row is a direct sum of the
appropriate parts of the long exact homology sequences associated with

(2.2) 01 & Ax(M) L A* (ML -0 for i=0,1,...,

and F is the projected foliation of M. Moreover, w{ is the Chern-Weil
homomorphism of any subbundle P,(M, H) of P(M, G), o €. Since homo-
topic sections M — P/H give rise to isomorphic subbundles, wi is indepen-
dent of the choice of .

DerINITION 2.1. The generalized Chern—Weil homomorphism

we: 1(6)~ @ H¥(Ip)
of a foliated bundle (P(M, G), E) is a mapping represented on the cbchain
level by A(I) for any connection I' adapted to E:

wg(@) = [A(N(a)],eH*(%) for ael*(G), k=0,1,...

Here F stands for the projected foliation and the indexed braces [ ], denote
the homology class in a homology group of It for k=0,1,...

By Lemma 03.3, A(N(a)elt if acl*(G) and I is adapted to E. By
(03.9), if ael*(G) and I'° and I'' are any two connections in P(M,G)
adapted to E, then

A(I) (@)= A(r%)(a) = dA(T°, T')(a),

and A(I'°, I')(a)e I, as stated in Lemma 0.3.3. This provés the correctness
of Definition 2.1.
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Observe that the direct sum @ H?*(I%) carries a canonical structure of a
graded commutative ring. The multiplication structure is standard:

(ol ¥ = [o A ¥lias.

Obviously, ¢ » yeli™ if pell and yelk: This structure makes w; a
graded algebra homomorphism.

DeriNiTiON 2.2, For any RF-bundle B = (P(M, G), E, H,¢) its left (right)
‘primary’ characteristic homomorphism w) = wj (B) (respectively, wi = w{(B))
coincides with the generalized Chern-Weil homomorphism of (P(M, G), E)
(the Chern—Wetl homomorphism of any of the subbundles P,(M, H),o€().
The values of w) and of wy are primary characteristic invariants of B.

Comparing the primary characteristic homomorphisms of an RF-bundle,
we get the following

THEOREM 23. Let B =(P(M,G),E, H,¢() be an RF-bundle. There is a
unique commuting diagram (2.1) such that wi and w{ are the primary charac-
teristic homomorphisms of B and for any pair (I',, I’} of connections in the
principal bundle P(M,G) such thar I' is adapted to E and I', is reducible to
P,(M, H), o being any element of ¢,

wi(a) = [A(T,, (@) +1F]

for aekerig ,, " I*(G), k =1,2,... Here F stands for the projected foliation of
M, and the braces denote the homology class.

Proof. To start with, let us observe that the diagram

1(G) LR 1(H)

oL

a

®H™(Iy) = H™(M)

where the mapping «, is induced from sequence (2.2), commutes. Indeed, it
follows from Definition 2.1 that a, ow) is the Chern—Weil homomorphism of

P(M, G). The commutativity is a consequence of naturality of the Chern-
Weil homomorphism.

We divide the proof of the theorem into two lemmas.

LEMMA 24. There exists a unique linear mapping
wy: cokerig ; — i@ HZ(A* (M)/I})
sucl_l that the diagram
I(H) - coker i 4
k2! ke ,

H (M) % @H™(4* (MY/I)
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where the upper arrow is the projection and B, is induced from the sequence
(2.2), commutes.-

Proof. We have B, ,owjoi§, =pg,0x,0w; =0, and so the super-
position B, ow{ annihilates imi¢,. Thus it factorizes uniquely through
the projection I(H) — I(H)/imi¢ , = cokerig .

LeMMA 2.5. Let I' and I', be connections in P(M,G) such that T is
adapted to the partial connection E and T, is reducible to P,(M, H), o being
an element of &. Then the linear mapping A(I,, I'): 1(G) = A* (M) gives rise to
a homomorphism

w kerif y — @ H¥ "' (A% (MY/I5),
wi(a) = [A(Fy, N(@)+1F] for aekerif g I(G),
which depends on the given RF-bundle only. Moreover, the diagram
keriggy <— I(G)

lw'z lwi

SH ™ (A*(M)/I}) 5 @H(1}),
where the mapping d, is induced from the exterior derivative, commutes.

Proof. If I, is thf. restriction of I', to P,(M, H), and &, and w, are the
connection forms of I', and TI', respectively, then if w, = ig y, 0®,, Where
i,: P, < P is the inclusion (cf. Proposition 0.2.8). By Proposition 0.3.2,

A(ra) = ;‘(f'a)oit‘i.ﬂ’
which proves that
di(T,, I')(a) = A(N(a)—A(T,)(a) = A(IN){a)

if aekeri$ y. By Lemma 033, A(I',, N(a)+1§ is a cocycle if ackeri zn
NI*(G), and so w, is well-defined. Moreover, there is

d, ow3(a) = [dA(T,, I (@) = [A(N)(@)]; = W} (a)

for aekerif yNI*(G), k=1,2,...
(i) Independence of the choice of the adapted connection I'. Let I'" be a
connection in P(M, G) adapted to E and different from I. By (0.3.9)

AL, I')(@)— AL, N(a) = A(T', I")(@)—dA([,, T, ) (a)
for all a. Thus we get
[A(F,, N (a)+ 1] = [A(F,, M)(a)+1}]

since A(I, M(a)elf if ael*(G) (cf. Lemma 0.3.3).
(ii) Independence of the choice of the reducible connection I',. Let I', be
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a connection in P(M, G) reducible to a connection f} in P,(M, H) and
different from I',. By Proposition 0.3.2, A(I",, I'y) = A([,, I',)oi& 4 and so

ATy, N (@)= A(T,, IN)(a) = dA(T,, I, (@) —A(Ty, To)(a)
=di(l',, I';, I')(a)
for aekerig y (cf. (0.3.9)). This proves
[A(T,, D(@)+IF) = [A(I,, D(@)+1] if ael*G).

{(iii) Independence of the choice of the reducing section oef. Let t:
M xR - P/H be a homotopy between ¢ =1(-,0) and o' =1(-, 1),0'€é. 1
determines a section
(t,prp): MxR—-(PxR)/H,

with (Px R)(M x R, G) being the principal bundie induced from P(M, G)
by the projection MxR— M. Let I', be a connection in the bundle
(Px R) (M x R, G) reducible to the subbundle (P x R, (M % R, H). Let i,
and i, teR, be the injections M3p—(p,t)e M x R and Paur—»(u t)e Px R,
respectively. By Proposition 0.2.8, the principal bundle homomorphism (3, i,)
pulls I', back to some connection I'; in P(M, G), reducible to P,., (M, H),
for all re R. Moreover, if @, and @} are the connection forms of I', and T
respectively, then ! =i*w, for teR. We extend I'! trivially to some
connection I'; in (P x R)(M x R, G) such that its connection form w;, sat-
isfies @, = pr¥w}, prp being the projection Px R— P. I', is reducible to
(P, x R (M x R, H).

Since I', and I, are both reducible to principal bundles with structure
group H,

dA(I;, I) (@) =AM ) (@) —A(T)(a) =

for ackeri¢ y. Furthermore, by Proposition 0.3.2, we get

iSoA(l,, )= A}, Wheréas oAl I)y=Ar., rHh=0

(observe that w! =i*w, for all teR). In the de Rham cohomology, the
induced homomorphisms i§,if: H*(M x R) > H*(M) coincide. Thus, for
every ackeri$ 4, A(I'?, I'!)(a) is an exact form. If, moreover, I' is an adapted
connection, then the form

ALY, N(@)—- A7, N(@) = A7, F‘)(a)+d/1(l"?,r3,r)
is also exact, which proves
[A(TY, D(@)+ 1] = [A(T7, N(a)+1}],

for ackerif ynI*(G), k=1,2,... This concludes the proof of the
lemma and of Theorem 2.3 as well.

DeriniTioN 2.6, For any RF-bundle B=(P(M, G),E,H, é) its Ieft
(right) ‘secondary’ characteristic homomorphism w’ = wj(B) (respectively, w
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= w3 (B)) is the linear mapping constructed as in Lemma 2.5 (Lemma 24).
The values of w, and wj are ‘secondary’ characteristic invariants of B.

DeriniTION 2.7. For any RF-bundle B = (P(M, G), E, H, &) its character-
istic diagram is the diagram given by Theorem 2.3.

ProrosiTiON 2.8. Let B =(P(M, G),E H, é) be any RF-bundle. If w
= w) (B) and w = w,(B) are the left characteristic homomorphisms of B, then

wjy(ab) = wy(a)-wi(b) for ackerig y, and bel(G),
where the multiplication is as f[ollows:
HE =1 (A (MYT)@H? (1) - H D=1 (A% (M) IF),
[o+F1®M]— [0 A Y +IF],

for i=1,2,...and j=0,1,...

Proof. Let I' and I', be as in Theorem 2.3. By (0.3.10), A(I",, I')(ab)
= A(l,. N(a) A A(I')(b)+ @, where ¢ is an exact form on M, if ackeri} y
and bel(G). Consequently, we get

[A(T,, N(ab)+ Ii*7] = [A(T,, N (@) A A(N)(b)+ I*1]
= [A([,, N(@)+1F]-[A(D)(b)];
if aeI'(G) and beF(G). This ends the proof.

THEOREM 2.9. Let (f.f,f): B'— B be an RF-morphism of an RF-bundle
B =(P'(M',G),E,H,¢&) into another RF-bundle B =(P(M,G),E, H,¢).
Then, the diagram,

2.3)

ker 2, ws () ® HY-NA' M)/ )
w! (8) 2 / _
1(6) ® H2 (1)
7 (8)
I(H) d - H(M)
w?(8) e
coker iz, —>=® HY(A'M)/I;)
e 4 ?‘l wy(8') if. r” r a
coker i3, ——=® HZ(A*(M)/I})
IH) wile' - H(M)
Y / wy (8') : \ o
IiG" > @ H2 (IL)
w3 (8’) \ \

ker i3, = @ H(A" (M) /1),
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commutes. Here the left “wall” is induced from f*: 1(G)~1(G) and
(fIHY*: I(H)— I(H'), and the right “wall” is a direct sum of mappings
induced, on the homology level, from the homomorphisms

015 o A%(M) — AX(MYIE -0

lﬁll'fv I ! :

0— 1% o A*(M) — A*(M)/I5% - 0

k=0,1,..., between short exact sequences of differential algebras, F and F'
being the projected foliations of M and M’ respectively. For the sake of clarity,
all the mappings which form the “walls” are denoted by the same symbol — f*
and f* respectively.

Proof. What we need to prove is

[*owy(B) = wy(B)of ¥,
f*owi(B) =w;(B)of*,
S*owy(B) = wi(B)of*,
f*ow3(B) = wi(B)of*.

We shall show that the above four mappings coincide with the ap-
propriate characteristic homomorphisms of the RF-bundle (f, F)*B
=(P(M',G),E,H,&) (cf. Proposition 1.7). Assume the notation of
Proposition 1.9.

(i) Let I" and I', be connections in P(M, G) such that I is adapted to E
and I', reduces to a connection I, in P,(M, H), for some ceé. Let 0, w,
and @, be their respective connection forms. It follows from the proof of
Proposition 1.7 that @:= §* w is the connection form of some connection T,
adapted to E, in the induced bundle P(M’, G). By Proposition 1.7, &:
=(idy-,0c0f) is an element of £. As § maps the total space P, of the
subbundle determined by & into P,,

P; ={(p,u)e M'x P; f(p) = n(u) and &(p) = (p, u)H}
= {(p, e M’ x P; f(p) = n(u) and o (f(p)) = uH}
=g '(P,),

the forms w; = 3* w, and @; = (g| P;)* @, are the connection forms of some
connections I'; and I; in P(M',G) and P;(M’, H), respectively (cf.
Proposition 0.2.8). Obviously, I'; is an extension of I';. By Proposition 0.3.2,
we get
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A(ri’ r') =f*oj'(ro" r);
AN =f*oA(D),
and
AT, =[*ol(f,,).

Consequently

wo((f; F)* B)(a) = [A(Ts, D@+ 131 = [f* A(T,, D(a)+1§]
=f*[AT e, N(@)+1E] = f* w3 (B)(a)

for ackerif ynI*(G), k=1,2,...,

wi((f, F)*B)(@) = [A(D)(@)], = [f*A(N(@)]
=f*[A(D)(@)] =f*w|(B)(a)
for aclI*(G), k=0,1,...,

wi((f, FY* B)(b) = [A(T (D) = [f* AT )by =f* WE'(B)(b)
for bel(H), and

wi((f, F)* B)(b+imi% z) = [A(F;)(b)+1%]
=[/*A(F)®B)+1%]
=*[AL,) (b)) +1%]
=/*w;(B)(b+imi} y)

for bel*(H), k=1,2,...

(ii) For 6'e&’, let I'" and T, be connections in P'(M’, G') such that I'" is
adapted to E’ and I',. reduces to a connection I',. in P,.(M’, H'). Let o', @,
and @, be their respective connection forms. Set

G =(id ., f/od): M'>f*P/H,

so that e by Proposition 19. The principal bundle homomorph-
ism (', f),idy): P'(M’, G') - P(M’, G) carries P., (M, H') into P,(M’, H).
Namely, if ueP,, then (n,f)(u)=(n'(u),f(w))eP; since (f/oa’)(n'(u))
=f/(uH)=f(uyH and therefore &(n’(4)) =(n'(u),f(w))H. Thus we can
transfer the connections I, I',, and [, from P'(M’,G’) and P, (M’, H)
to P(M’, G) and P;(M’, H) respectively. Let T, I'; and I'; be the respective
transferred connections and let @, w; and @; denote their connection forms.
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By Propositions 1.8 and 1.9, I' is adapted to E. Obviously, I'; is an extension
of I';. The connection forms are related as follows:

(n',[)*@ =f* ow',
(', ])* 0; =f, 0@y,
and A
(v, N Py )* @5 =fy 00,
By Proposition 0.3.2, we get
M5 D) =Ty, I')of*,
A(N) = A(IM)of *
and
AF5) = A o(fIH)*.
Consequently
wa ((f, FY* B)(a) = [A(I's, N(@) +I}]
=[A(Ty, ) f*(a) + I§] = w3(B) [*(a)
for aekerif g nI*(G), k=1,2,...,
wi ((f, FY*B)(@) = [AD)(@)], = [AU7) [* (@ = wi (B) f*(a)
for ael*(G), k=0,1,...,
w{((f. F'y* B)(b) = [T (b)) = [A(F ) (1 HY* ()] = wi(B)(f | H)* (b)
for belI(H), and
w3 ((f. F)* B)(b+imig n) = [A(F3)(b) + 1]
= [T (JI1H)* () +1F]
= w3(B)((f1 H)* (b)+imig u)
for bel*(H), k = 1,2,... This ends the proof of the theorem.

CoroLtary 2.10. If B=(P(M,G), E, H, £) is a reducible RF-bundle (cf.
Definition 1.6), then its secondary characteristic homomorphisms vanish:

wy(B)=0 and w3(B)=0.

Proof. The statement is obvious since kerif; y = 0 = cokerifj 4.

The secondary characteristic invariants are therefore obstructions to the
reducibility of RF-bundles.

Our constructions are based on the existence of global connections
in a principal bundle. In the complex analytic or algebraic case no global
complex analytic or algebraic connection need exist. On the other hand,

3 — Dissertationes Mathematicae CCXXII
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however, such connections are always constructible locally. This is one of the
motivations for a local construction of the primary characteristic
homomorphisms. Here the word “local” means that the construction arises
from a family of local connections in a principal bundle. Such a construction
for the Chern—Weil homomorphism (= the right primary characteristic
homomorphism) is well-known (cf. [8], [37]). The resulting homomorphism
takes its values in the Cech-de Rham cohomology of the base space. We
shall define in a similar way some Cech—de Rham-type cohomology groups
which will be canonically isomorphic to Hi**(I%), i,k =0, 1, ..., for a given
foliation F.

Let F be a foliation of a manifold M, k any nonnegative integer and #
= !1U,)zea an open covering of M. We define a double chain complex
C¥*(GI%) where

C#GI = 1 TI'Usn ... NV, GIE*9

@g...a)

(cf. Section 0.1), the product being over all ordered (p+ 1)-tuples
(2o, ...,ap)eA"“ such that U, n...nU, # @, and the differentials
C”(GI )—»C”“"(GI)
': CRI(GI%) - CBa* Y (GI: ), p,q=0,1,..

are as follows:
p+1

(dl (p)(ao.....ap+ " Z (— 1)' (p(ao e ) ' Uao N...N Uapﬂ

and
(d” (p)(ao.....a,) =(- l)pd(p(ao ..... ap)
Notice that there is a canonical injection

Iy**¢ < [] I'(U,, GI¥**%) = C3*(GI})

acA
for g=0,1,... By standard methods, we find the sequence
0— Ik 5 CI(GIY) & CLI(GIY) & ..
exact for each ¢q. Consequently, the chain mapping
ey: It o CY*(GIY) < C4(GIY),

the last term being the total complex of C¥%*(GI%), induces an isomorphism
in homology (cf. [8], p. 14).

If a covering ¥" = [V}zp of M is finer than # and u: B— A is any
function such that V; c U, for feB, then the formula

(1* Phgy....8) = Piuiboh,...uty| Voo O --- NV,
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for ¢ €C%(GI%) defines a chain homomorphism
' *. Cu*(GI%) > C+*(GIY)
which satisfies y*oe, = e,, and is such that the mapping
: HC%(GIY) - HC*(GI¥)

induced from p* in the homology of the total complexes does not depend
on the choice of u. Moreover, if # is any covering of M finer than ¥
then t¥ =t} 0t?. Obviously, t¥ = id. Thus the family of all the homology
groups HC *(GIL), ¥ being any open covering of M, togcther with the
mappings ty for "I/ finer than %, form a direct system. Its limit H*, (M ; GI%)
is canonically isomorphic to H***(I¥) (cf. Proposition 0.1.7) and the
isomorphism is established by the family of all the homomorphisms

£ H* (1% 5 HCY(GIY),

# being any open covermg of M.

THeOREM 2.11. Let (P(M, G), E) be any foliated bundle and let %
= (U, )sea be an open covering of M. If I' = {I,},., is a family of connections
in the restricted bundles P(M, G)|U,, a€ A, respectwely, such that each I', is
adapted to the partial connection E{U,, then for any acI*(G), k =0,1, ...,
the chain

=

Mn@ = ¥ (~1OrN@e © CF-r(GI) = CLGI,

where

1"(”(0)«.0.. p) = )‘( agr c ra)(a)’

is a cycle and its homology class in HC%(GI}) coincides with e} (wg(a)).
Thus any family of local connections adapted to E suffices for deter-
mining wy with values in @ H%,(M; GI%).

Proof of the theorem. First observe that A(I')(a) is a cycle for every
acl*(G), k=0,1,... We have

(@ (128 (N (@,
(=102 S (“)ATay i P ,I)(@)
i=0
= (=0 dA(T,,, ..., T, ) (@)

= —(@ (- 1D (@)),,..a
for p=1,...,k, |

(d" 2°(N{a)), = dA(I)(a) = 0
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and
(¢ ,i"(l")(a))u(,_,_,,am, =di(l,, ..., T, )a =0,

by (0.3.8). Consequently, we get
k -
@+dVaN@= Y (-1 r 1 ny@+d (-1 e =o.
p=1

Let I' be a global connection adapted to E. We set

k—1 - k-1 L
Ar,N@= Y (=)0, Naye @ Co-1-7(GIY) = ¢4 1(GIY),
p=0 p=0

where
ln(r’ r)(a)(au....,a,,) = A(r’ raoa M ra,)(a)’

for aeI*(G). We have
(@ (= DO a1, DN (@
(=@ ¥ (—1yar, Taooor Fap ey o) (@)
i=0
= (-10@(r,,, ..., F)(@—dAT, T, ..., T,) (@)
= (=02 @—-d' (=0, D@y,
for p=1,...,k—1,
(=1 11, ) = (- 1O (),
and
(@ 2°(T, N)(a)), = dA(T, T,)(a)
= Al )(@—-A(N(a)] U,
= (2°(N) (@)= ey A(N)(@)-
Consequently, we obtain

(d +d")A(T', N)(a) = A(D)(a)—e, A(N)(a) for ael*G),

which proves that the homology classes of A(I')(a) and e, A(I")(a) coincide.
This concludes the proof.

Remark 2.12. It can be shown that each foliated bundle (P(M, G), E)
admits a family {y,!,., of local trivializations y,: n~'(U,) » U, xG such
that the G-coordinate of ¥, is constant on the components of L nzn~*(U) for
any leaf L of the foliation of P determined by E. Then the connections I', in
P(M,G)|U,, 2e A, which arise from the trivial flat connections in the
bundles (U, x G}(U,, G), are all adapted to E. Applying Theorem 2.11 to the
family |I',!,.4, We are able to describe w; in terms of the transition functions.
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Remark 2.13. If G is a Lie group with a finite number of components
and K is its maximal compact subgroup, then any principal bundle with
structure group G admits a unique homotopy class of K-reductions (cf. [26],
p. 58, Th. 5.7). Thus a foliated bundle (P(M, G), E) gives rise to a unique RF-
bundle (P(M, G), E, K, &), and ¢ consists of all sections M — P/K. Since all
the maximal compact subgroups of G are conjugate, the secondary character-
istic invariants do not depend on the choice of K. Indeed, for any geG, the
right multiplication R P> P, ur—ug, and the adjoint automorphlsm
ad(g™") of G, x+>g~ ! xg, determine an RF-isomorphism

(R, idy, ad(¢™")): (P(M, G), E, K, &)= (P(M, G),E, K", ),
where K' =g ! Kg and ¢ is the class of all sections M — P/K’.

Remark 2.14. If (P(M, G), E) is a foliated bundle and T is a connection
in P(M, G) adapted to E, then the homomorphism A(I): I(G)— A*(M)
preserves the filtration:

ADFPIG k. for FPIG=@IG), p=0,1,...
k=p

Here F stands for the projected foliation. Thus A(I') induces a map of the
spectral sequences associated with the corresponding filtered complexes. The
induced mappings are

A I*(G) —» Abk/BUK,
where A“* =im(H*(I}/I}*") - H*(I§/I+"")) and
Bi,k — 1m(6 HZk‘l(I:_+l—i/I;_) — HZk(I;_/I:jl))

for i,k=1,2,...; A(a) is the image of wg(a) under the superposition
H*(I}) —» A'* - A"*/B'** for ae I*(G). Thus those of the derived characteristic
classes (for the definition, see [23]) which are determined by A(I') can be
described in terms of the primary characteristic invariants.

For any RF-bundle its secondary and left primary characteristic homo-
morphisms take values in some homology groups which depend, in general,
on the projected foliation. If one deforms the flat partial connection, leaving

the projected foliation fixed, then the following question arises: what is the
behaviour of the corresponding characteristic invariants?

THeoreM 2.15. Let B,=(P(M,G),E,, H,§), teR, be a family of RF-
bundles such thar all the projected foliations coincide with a given foliation F of
M. Assume that, for any uc P and any vector ve Ep N Ty, M, the partially
horizontal lifts v,e E,n T, P, tcR, form a smooth curve in T,P. Then

(i) the right characteristic homomorphisms wy(B,) and w5(B,) do not
depend on t;

(i1) the superpositions

l(B()

Ik(G) HZk(Ik) HZh(Ik 1)
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and

’ k
w2(By) HZ*—I(A*(W/I;:)&:-" Hz"'l(A*(A/f)/I:'_l)r

kerig 4 N I*(G)
where the mappings af_, and Bi_, are induced from the inclusion It < It~ !,
for k=1,2, ..., are independent of t.

Proof. Statement (i) is evident since wj(B,) is determined by w/(B),
which depends on ¢ only.

It follows from the hypotheses that E,, te R, can be joined to give a
(smooth) subbundle E of T(P x R). Indeed, if X,, ..., X, form a local basis of
E; over some open subset U of M, then their partially horizontal lifts
X, (0),..., X, (t) form a basis of E,|n~'(U) for teR. Since the lifts depend
smoothly on t, they determine a basis of E|n~!(U)x R. Clearly, E is a flat
partial connection in (P x R)(M x R, G). Indeed, if I'" is a connection adapted
to E, and w and  are its connection form and its curvature form,
respectively, then the canonical injection (i, i): P(M, G) - (P x R)(M x R, G)
pulls I' back to a connection I', in P(M, G), for te R. Here i,: P —» P xR and
iy M—> M xR put t at the second place. It follows from the fact that i*
and i* Q are, respectively, the connection form and the curvature form of I,
that I', is adapted to E,, and that

Qo,w=0 if ov,weE,,, for (ut)ePxR.

That is why E is flat.

We extend the H-reduction structure (common for all B,) trivially onto
the bundle (P x R)(M x R, G). Let B =((Px R)(M xR, G), E, H, n) be the RF-
bundle which embraces the above two structures. For every te R, we have
(i, i, idg): B, » B and so, by Theorem 2.9,

it owy (B) = wi (B)
and
it ow(B) = w3 (B)).
To end the proof it suffices to show that the superpositions

af-y0if: H* (I » H*(I4Y)
and
Bi_yoi¥: H* 1(A*(M x R)/I% . g) ~ H*~ Y (A*(M)/IE 1)

are independent of teR for k = 1, 2, ... Here F x R stands for the projected
foliation of E — it consists of the sets L x {t] « M xR, where L is any
leaf of F and t ranges over R. Observe that the ideal I, g is generated
in A*(MxR) by pr¥ Iy and dt = dprg, where pry,: MxR— M and prg:
M x R — R are the. projections.
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Any differential form pe A"(M xR), h =0, 1, ..., is uniquely expressible
as

(2.4) ¢ =dt A Y+,

where ¢ and ¢ satisfy i1y =1 % =0, T being the unit vector field on M x R
tangent to all the lines {p] x R, pe M. Applying i1 to both sides of (2.4), we
see that ¢ = 17 ¢. Here 1 denotes the interior product. & = @ —dt A 17 ¢ will
be referred to as the free part of ¢. For ¢ such that 17 ¢ = 0, we shall denote
the free part of dg by d'¢ (cf. the proof of Lemma 0.1.6). Observe that di*¢
=itde =ird o for teR.

Let pelt” ¢ be a closed form, k > 1. By (2.4), we get

O=—-dt Ad'(ir@)+dt nipdp+d .
This implies d'(i; ) = i1+d@, and so, for any seR,
(25) i+ d (17 ) = i* 17 d.

The left-hand side of (2.5) is equal to di*(i; ¢) whereas the right-hand
side satisfies
(i 17d@)(Xy, ..., X))(P) =(dP)(T, Yy, ..., V)(p, s)
el
=ES(P(Y1’ IARE) Y;,)(P, t)

(i o) (X4, ..., X4)(p)

for pe M and any vector fields X,,...., X, on M, Y,,...,Y, being their
extensions onto M xR such that Y, =i.X, for all teR and all i
Integrating both sides of (2.5) with respect to s, we get

26 ire—ite= [ ditGro)=d [ i¥Gre) for o<1,

l0$S$ll lo$s$ll

By Proposition 0.1.8, since
FOr@) (01, s 0ho1) = @(Tip g, 1. V15 - oy gy Vp— ) = 0

if at least h—1—(k—1)+1 = h—k+1 of the vectors v, ...,v,-, € T, M, pe M,
are tangent to F, we conclude that i*(1; @) eI~ "~ Thus, for any t,, t, €R,
the difference (2.6) is a boundary in I£™!, and consequently the mapping
af_, oi* is independent of t.

Now, let pe A2* (M x R) satisfy dpelt. g, k= 1. By (24)

dop=dt A(—d (17 0)+1,dP)+d'P.
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As above, dpelk, p implies i*(iydp)e %!, which means that
i¥(—d'(r @) +1rd@)eli™ !,

and so

0
—dif (ir 9)+ o

(@ p)ely !
for se R. Consequently,

0
it qo—i* Q= (__
" fo los;(Stl ot

(i:'qo)—di:(w))+d [ i*(ro)
s rOSsstl

and

ito—ito=d § it0r¢) (modIy™!) for to<1y.

ty Sty

Finally, the homology class of i* ¢+It~! does not depend on t. This
concludes the proof of (i) and of the theorem as well.

3. Pontrjagin classes of foliations

For any foliation F of codimension g of a manifold M, the dual normal
principal bundle LQ¥(M, Gl(q)) of all linear frames in Q¥ admits a canonical
structure of a folated bundle. The canonical flat partial connection in
LQ¥(M,Gl(q)) is the Bott connection given by Definition 0.2.7. As the
orthogonal group O(q) is a maximal compact subgroup of the linear group
Gl(q), there is a unique homotopy class of O (q)-reductions of LQ¥(M, Gl(q)).
Clearly, any O(qg)-reduction corresponds to a fibre metric in Qf and the
correspondence is 1-1. If the foliation F is transversely orientable.(which
means that QF is an orientable vector bundle), then, on choosing an
orientation form eel'(A9QF) c AI(M), we fix a homotopy class of SO(qg)-
reductions. In any case, the bundle L.Q¥(M, G(q)) is given an RF-bundle
structure. The RF-bundles obtained in that way will be denoted by B(F) and
B(F, ¢) respectively.

DerinitioN 3.1. Let F be a fohation of codimension g of a manifold M.
The Pontrjagin classes of F are the elements

pi(F)=w  (B(F)(p)eH*(Iy), i=0,1,...

The sum
P(F) =14, (F)+ ... +p,(F)e ® H*(I})

is a rotal Pontrjagin of F.
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The secondary characteristic invariants
s25+1(F) i = w3 (B(F))(pzj+ ) e HY 1 (A*(MYIP*Y),  j=0,1,...,

of B(F) are secondary Pontrjagin classes of F.

By Proposition 2.8 and the fact that w)(B(F)) is an algebra homo-
morphism, all the characteristic invariants of F (i.e. of B(F)) can be described
in terms of the Pontrjagin classes and the secondary Pontrjagin classes ol F.

Derinimion 3.2, If the codimension g of F is even, F is a transversely
orientable foliation and an orientation form ¢ is given, then the only
nontrivial right characteristic invariant of B(F,¢),

e(F,¢):= wj(B(F, &))@ e H (4* (M) IY?),

where Zecoker if, so 18 the coset containing the Pfaffian e, is an Euler
class of the pair (F,z¢).
Obviously, e(F, —¢) = —e(F, ¢).

ProrosiTiON 3.3. If a smooth mapping f: M' > M s transverse to a
Joliation F of M, then there is

p(f*F)=f*p(F)

and
S2jrt (f*F)=[*s53;11(F) for j=0,1,...

If F is transversely orientable and € is an orientation form, then

e(f*F,f*e)=f*e(F,e¢).

Proof. It is a straightforward consequence of Theorem 2.9 and the fact
that, by Proposition 0.2.11, the triple (f,f,idg,,) is an RF-morphism of
B(f*F) into B(F) (of B(f*F,f*¢) into B(F,¢), in the oriented case), f/ being
as in Remark 0.2.10, and g = codim F = codimf* F.

ProrosiTioN 3.4. If a foliation F of a manifold M admits a bundle-like
metric (for the definition, see [33)), then the secondary Pontrjagin classes of F
vanish. If moreover, F is transversally orientable and its codimension is even,
then also each of the Euler classes of F vanishes.

Proof. A. Morgan ([31]) has proved that F admits a bundle-like metric
if and only if there exists a Riemannian metric g on M such that its Levi-
Civita connection I is adapted to the Bott connection E in LQ#(M, Gl(g)).
Since I' is reducible to the subbundle of orthonormal frames, so is E. Thus
the RF-bundle B(F) (B(F,¢) if ¢ is an orientation form) is reducible in the
sense of Definition 1.6, and so we are able to apply Corollary 2.10 to it.

For any vector bundle Q over a manifold M, we shall identify local
sections ¢ of the principal bundle LQ(M, Gl(g)) of linear frames in Q, g
being the fibre dimension of Q, with sequences (¢!, ..., a9 of local sections of
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Q such that a(p) = (p; 6" (p), ..., *(p)) for all p, and call them local trivializ-
ations of Q. ’

LeEmMaA 3.5. Let LQ (M, Gl(q)) be the principal bundle of linear frames in a
g-dimensional vector bundle Q over a manifold M. Let ¢ = (o', ...,0% be a
trivialization of Q over an open subset U of M. For any connection I in
LQ (M, Gl(g)) with the connection form w, the corresponding covariant derivat-
ive V in Q satisfies

Voo' =Y o*(w)@)o’(p) for i=1,...,q and ve T M, peU.
- .

Here @ =) o\@®E!l, where Elegl(q) is a matrix such that the entry at the i-th
column and the j-th row is 1 and other entries are all zero for i,j=1,...,q.

The lemma is a straightforward consequence of [27], Chap. V.
Under the above assumption, we shall use the notation

\9;=l9laj:=a*(a){) for i7j=1)"'aq’
SO

V,o8 =Y %i(voi(p) for veTM, p=mn(v), and all i.
j

We shall denote the form
c*w=) HE]
i

by 3 = 3, and refer to it as the coefficient form of V (with respect to the local
trivialization ¢). For the curvature form Q =) Q/® E} of I, the forms

R}=R:j:=a*9{, i,j=11""q9
satisfy

Ri=d¥-Y % A%
k
for all i and j. We shall denote the form
*Q=) Ri®E;
ij

by R = R, and refer to it as the curvature form of ¥ (with respect to o). We

shall use the matrix notation, 9 = [9j;i,j <q] and R =[R};i,j < q].
Applying (0.3.2) to (0.3.7), we get A(I')(a)| U = a(R) for acI(Gl(q)) and,

if I' is another connection in LQ (M, Gl(g)) with the corresponding coefficient

form 3 on U,

AN D@U= [ ha(3=9,R,....,R) for ael*(Gl(g), h=0,1,...

ost<1
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Here R, =[Rj;;i,j <q], Ry =d%;—Y % A 95 and 9, =(1—1) 9] +13; for
i,j=1,...,9 and te[0,1]. The above formulac are our motivation for
writing 4(F) and A(F, V) instead of A(I') and A(I", I') respectively, ¥ being the
covariant derivative in Q determined by I, in the situation described above.
Thus

(3.1) A(M(@)| U = a(R)

and

3.2) AV, P)(@)|U = j ha(3—9,R,,..., R)
o<i1<1

for acI*(Gl(q)), h=1,2,...

DEeriniTION 3.6. Let Q be a vector bundle over a manifold M and
LQ(M, Gl(g)) the frame bundle associated with Q, g being the fibre dimen-
sion of Q, and let E be a flat partial connection in the principal bundle
LQ(M, Gl(g)). A covariant derivative V in Q is adapted to E if the connec-
tion determined in the frame bundle by ¥V is adapted to E.

Sometimes a foliation F of codimension ¢ of a manifold M is described
by a family { f;,; Ue % of submersions f;;: M o U — R? locally constant on
the leaves of F,% being an open covering of M. For each Ue%, the
differentials dfy, i =1, ..., g, of the coordinates of f, form a local trivializ-
ation of Qf.

LEMMA 3.7. A covariant derivative V in QFf, F being a foliation of
codimension q of a manifold M, is adapted to the Bott connection in
LQO# (M, Gl(q) if and only if, for any local trivialization (y*,...,¥% of QF
composed of closed 1-forms on an open subset U of M, the coefficient form 3
=[9:i,j < q] of V satisfies $;eI'(U, GIg) for all i and j.

Proof. If ¥ is adapted to the Bott connection, then (0.2.3) holds: ¥, ¢
= 1,(dy) for ve Er and for all sections ¢ of QF. This implies V,y' = 0, and
so 9j(v) = 0, for veEg|U and i,j=1,...,q. Consequently, all 9; are local
sections of GIj.

To prove the converse, let us fix an arbitrary point pe M. Assume that
Y',..,¥%dy' =0 for all i form a basis of sections of Q¥ over some
neighbourhood U of p and that the corresponding coefficient form 9 of V
satisfies 3(v) =0 for veEp|U. This means that ¥ ' =0 for veEp|U, i
=1,...,q. If ¢ is a section of QF, then there are functions a;, i =1, ..., g, on
U such that ¢|U =Y «;-¢', and so we get

Voo =V, Z ai'/’i = Z U(ai)\/’; =y Z do; A 'V =1,(do)

for veEpnT,M. Since p is arbitrary, V,¢ =1,dp for all veEg. This
concludes the proof.
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We shall now examine the first Pontrjagin class p, (F)e H?(If) and the
first secondary Pontrjagin class s, (F)e H' (4*(M)/I).

Each foliation F of a manifold M determines a canonical 2-fold covering
Mg of M. M, is the unit O-dimensional sphere bundle in A7Q¥, ¢ = codim F,
which means that

Mg = A°QF/R",

where R* acts on A9Q¥ by multiplication. Let ng: My — M be the pro;ec-
tion. We shall denote the canonical nontrivial involution in the fibres ng ! (p),
peM, by “—": if pen;'(p), then ng'(p) = !p, —Pp}.

Obviously, if F is transversely orientable, then My is a disjoint union of
two copies of M. The induced foliation n¥ F of M is always transversely
orientable.

DeriniTioN 3.8. For any foliation F of a manifold M, a global nowhere
zero section @ of the induced bundle nf AYQFf, q =codimF, is a 2-folded
orientation form of F if w(—p) = —w(p) for pe M.

Any fibre metric g in A9Q} determines a unique 2-folded orientation
form @ of F such that for each unit covector ue A7Q¥, w(uR*) =u. The
correspondence g+—w is 1-1 and onto.

Lemma 3.9. For any 2-folded orientation form w of a foliation F of a
manifold M there is a 1-form n on M such that

do =nfn » w.

Proof. Let w be a 2-folded orientation form of F. We fix a family
Ixy; Ue¥} of integrating charts xy; =(x},...,xp): U—>R" for F,
n=dim M, % being an open covering of M. The forms dx}, A ... A dx{ are
nowhere zero local sections of A?Qf and, thus there are nonvamshmg
functions fy: ng ' (U) — R such that

o|n; ' (U) =fyn¥dxy A ... A dx]),
for Ue #. Consequently,
do\np'(U)=dlog|fy) A wlrg*(U) for Uew.

Let {¢y;Ue #) be a partition of unity subordinate to the covering #.

Since each fy satisfies f, (—p) = —fy(p) for pe Mg, we have |fy| = n¥ hy for
some function hy: U —> R*, Ue#, and we get

=nf( ) eydloghy) A

Ue¥

This ends the proof.
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LemMma 3.10. If w is a 2-folded orientation form of a foliation F of a
manifold M, and n is a 1-form on M such that do = n¥n A w, then

(3.3) s1(F) = [n+1g]e H' (4*(M)/IF)
and therefore

pi (F) = [dn], e H*(If).

Proof. First observe that the class [n+1I;] does not depend on the
choice of @ and #. Indeed, if any other 1-form ' satisfies dw = 7fn’ A w,
then n¥(n—n) A w =0 proves that y—u'el;. On the other hand, for any
two 2-folded orientation forms » and @’ of F there is a function f: M
— R\ !0} such that ' =zf f-w. If dw = nfn A w, then

do' =n¥df n w+n} f-do =nf(dlog|f|+n) A w.

Obviously, the homology classes [n+Ir] and [dlog|f|+n+1g] in
H' (A* (M)/I}) coincide.

Now, let g be a Riemannian metric on M and w, the corresponding 2-
folded orientation form of F composed of all unit covectors in A1Q¥. If x
=(x',...,x"): M>U—->R" n=dimM, is any integrating chart for F, then

w,(edx) A ... AdXER*) =e(det[g"(p);i,j < q))”V2dx) A ... A dxE
for peU, e = +1. Here g = g(dx', dx’) for i, j < q. Differentiating the above
equality, we get
34) dw,|ng ' (U) = nf(—3dlogdet [¢”;i,j < q]) A w,|ng (V).
Let 9 be the covariant derivative in QF given by the orthogonal projection
of the Levi—Civita covariant derivative ¥ in T*M onto Q}f = T* M,

P,o—Voe(@F)* for veTM and oel(Q}).
Since
’ Vejoadx® = — I dx-,

where I, a,b,c =1, ..., n, are the Christoffe] symbols, the coefficient form
3 =[%;b,c<n] of V satisfies 3 = —I'5.dx* for all b and c. Here and
below we use the classical Einstein summation convension. We assume that
the indices a, b, ¢, ... run from 1 to n, whereas the indices i, j, k, ... run
from 1 to gq.

It follows from the definition that

l');jzgjkgakg:;’ [,j: 1,.-.,q,
for the coefficient form 3, = [9:'11.;,‘, j < q] of 7. Here

[3,:i,i<ql:=[¢";i,j<q] "
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Consequently,

(3.9 85 = —18:;9” 8 (Gabie + bcla — Gaerp) dX°
= - 'i'gij gajgib Gab)c dx*
= %gij g"j 9ab gff dx*
= %gij dgij

ldlogdet[g”;i,j < q].

According to Lemma 3.7, if ¥ is a covariant derivative adapted to the
Bott connection in LQ# (M, Gl(g)) and 8 = [9;;i,j < q] is its coefficient form
with respect to the section (dx!, ..., dx%): U — LQ¥, then (3.4) and (3.5) give

dw,|ng ' (U) = nf (% — %) A ogl np ' (U).

This means that dw, = nf A(V, V)(p;) A w, on iz ' (U) and so everywhere on
M; since U is the domain of an arbitrary integrating chart. Notice that p,
= trace: gl(q) — R.

By definition, s, (F) = [A(F?, V)(p,)+IF]. Consequently, (3.3) holds, as
was to be shown.

THEOREM 3.11. Let F be a foliation of a manifold M. The following
conditions are equivalent :

(1) s, (F)=0;

(i) F admits a closed 2-folded orientation form,

(iii) for any Riemannian metric g on M, there exists a positive function a
on M such that the distribution (subbundle) orthogonal to Eg is minimal (i.e. its
mean curvature tensor vanishes) with respect to the metric ag;

(iv) there is a Riemannian metric g on M such that the distribution
orthogonal to Eg is minimal. ‘

If F is transversely orientable, then (ii) means that F is defined by a closed
nonvanishing g-form on M.

Proof. (i) = (iii) Let x, w,, V%, ¥ and the corresponding coefficient forms
9, and 9 be as in the proof of Lemma 3.10. According to (i), there is a real
function f on M such that dA(F?, ¥)(p;)—dfelf, and so

9-9.—df|\Uel'(U, GIj).
By Lemma 3.7, the above relation reduces to
idlog[detg’;i,j < q)+df |Uel'(U, Gly),
which immediately gives
d((det[g":i,j < q)"*e')e (U, GIy).

Thus the Riemannian metric ag, a = e~ %4, satisfies
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d(det[(ag)’;i,j < ql) "? Adx' A ... Adx1=0.

This means the 2-folded orientation form w,, determined by the metric ag is
closed over U. Since U is the domain of an arbitrary integrating chart,
dw,, = 0.

By [1], this is equivalent to the minimality (with respect to ag) of the
orthogonal complement of E; in TM.

(1) =(iv) It is evident.

(iv) = (i) It is a straightforward consequence of [1].

(it) = (i) It follows from (3.3).

The first secondary Pontrjagin class s, (F) appears in [38], where the
equivalence (i) <>(ii) is also pointed out.

THEOREM 3.12. Let F be a foliation of a manifold M. The following
conditions are equivalent :

(@) py(F)=0;

(ii) for any 2-folded orientation form w of F, there is a closed 1-form n on
M such that '

do =7fn A o;

(iii) there is a family | fy; U € #} of submersions fy = (f¢,....fJ): U~ R?
locally constant on the leaves of F, q = codimF, such that the “transition
Junctions” kyy,, U, Ve, defined by

(3.6) dfif A ..ondff=kgdf A...Adf¥ on UnV,

are locally constant, 4 being an open covering of M.

By [10], a foliation F of codimension 1 satisfies the condition (ii) if and
only if it is transversely affine (cf. [10] for the definition).

Remark 3.13. Condition (ii)) of Theorem 3.11 can be expressed as
follows: there is such a family { f;; Ue %} of submersions f;,: U — R? locally
constant on the leaves of F that the “transition functions” kg, U, Ve#,
defined by (3.6), take the values +1 only.

Proof of Theorem 3.12. (i) =(ii) Let w be a 2-folded orientation form
of F and assume that there is dw = n¥n A @, ne A'(M). By Lemma 3.10,
if p;(F) =0, then dy =d¢ for some pel}'. Thus dw = n¥(n—¢) A ® and
d(n—¢)=0.

(i1) = (iii) Let @ be a 2-folded orientation form of F, and {x;;Ue%} a
family of integrating charts x; = (x},...,x}): U > R"for F, n=dimM, %
being an open covering of M. We assume xy,(U) =(—1,1)" for all Ue#.

For each Ue#, there is a real function ay on U such that

w(edxp, A ... A dxf,R*) =eay(p)dxp, A ... A dxf,
for peU, ¢ = +1. Thus, do* = ngn A @ implies

nU—dloglayle'(U,GI) for Ue%.
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If, moreover, dn = 0, then there are functions fy: U — R such that »|U
=df, and By— By is locally constant on UnV, for U, Ve .

For U € #, we shall modify the submersion (x},, ..., x{): U —» R so0 as to
obtain another one, fy = (fy,...,ftf), such that
(3.7) dft A ... Adff =age Pudxl A ... Adxy.

If all f,, Ue#, satisfy (3.7), then
EvOdfl A o A dff, = o(dxy, A ... A dx],RY)
=w(e(p)dxy, A ... Adx§,RY)

=e(p) P df} A .. A dfS,

for peUnV, U, Ve #. Here ¢ = signdet [(x};/dx) : i, j < q]. Thus (3.6) holds
for kyy = eef¥~#U which is locally constant.
To get (3.7), let us observe that

d(xye Pv) = aye Pu(dlog|ay| —n|U)e Lin ldx}, ..., dx})
and therefore the form
q I
oy =aye Pudxi+ ¥ (t [ (e V) oxi i) (1, ta, ..., t)dr)o xydxiy
i=2 0
is closed for Ue%. Here t=(ty,...,t,) ranges over xy(U)=(—1,1)".
Since elements of % are contractible, there exist functions f;': U — R such
that dfy = ¢y, Ue%. We set fi =xi, fori=2,...,q, UeZ.
(iii) = (i) Let | fy;; Ue #} be a family of submersions such as in (iii), and
assume that o is any 2-folded orientation form of F. Let ay: U >R be a
function defined by

w(edfy, A ... Adff,R) = eay(p)dfy, A ... Adff,

for peU and e = +1, Ue#. We have ay(p) = ta,(p)kyy(p) for peUnV,
and so |ay| = |ay|lkyyl on UnV, U, Ve#. Since the functions k;, are
locally constant, there is a global 1-form # on M such that 5|U = dlog|al|
for all U. Furthermore,

do =7fn A .

By Lemma 3.10, p,(F) =0 as dn = 0. This ends the proof.

If the dual normal bundle Qf of a foliation F of a manifold M is trivial,
then any homotopy class r of trivializations of QFf together with the Bott
connection E gives rise to a well-defined RF-bundle B(F,t)=
(LQ¥(M,Gl(q)), E, {I,},1),q = codim F. Here I,eGl(q) stands for the unit
matrix. This gives us an opportunity to define and study (left) characteristic
invariants on the classical category of framed foliations.

DeriNITION 3.14. A framed foliation is a pair (F,t) composed of a
foliation F and a homotopy class t of trivializations of QF.
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DerFiniTioN 3.15. For any framed foliation (F,t) of a manifold M, its
secondary Pontrjagin classes are the left secondary characteristic invariants

s;(F,1):=wy(B(F,0)(p)e H¥ 1 (A*M)/IF), i=1,2,...,
of B(F,1).
By Proposition 2.8, any other secondary characteristic invariant of
B(F, 1) (and therefore of the framed foliation) can be described in terms of
si(F,1) and p;(F), i,j=1,2,...

ProrosiTioN 3.16. If (F, t) is a framed foliation of a manifold M, and M’ is
another manifold and a mapping f M’ - M is transverse to F, then there is a
canonical homotopy class f*t of trivializations of Qf-p such that

S(f*F,f*0)=f*s;(F,1) for i=12,...

Proof. According to (025), if ¢y=(@W'...,¢y9et, then
¥y :=(f*Y',....f*y9 is a trivialization of Qfr. The homotopy class
of f*¢ is independent of the choice of Yy — we shall denote it by f*r. It
follows from Lemma 0.2.9 that, if ¢ is parallel with respect to a connection
I in LQ#(M,Gl(g)), then f*y is parallel with respect to the connection
induced from I' by the canonical principal bundle homomorphism (f,f):
LONe (M, Gl(g)) » LO#(M,Gl(g)) (cf. Remark 0.210). Consequently,
(ffi ). B(f*F,f*t)—>B(F,t), and the proposition follows from
Theorem 29. :

Remark 3.17. It follows from the theorem of Frobenius that, for any
trivialization ¢ = (', ..., ¥9 of Qf, there are 1-forms ¥, i,j < g, such that

=% Ay for i=1,..,4q.

As before, we use the Einstein summation convention. Observe that the
covariant derivative V' in Qf such that 3 =[9};i,j < q] is its coefficient form
(with respect to ) is adapted to the Bott connection. Indeed,

Vo, ' = v(a) ¥, +a;(p) 9 (W) ¥) = 1,d (e, ¥/)

for any real functions a;e #(M), i=1,...,q, and all veE;, p=n(v) (cf.
(0.2.3)). On the other hand, there is a flat covariant derivative in QF such that
¢ is parallel, and so its coefficient form (with respect to ) is 0. Thus, by
(3.2), .
wy(BF,))@=[ | a(%R,....,R)+I}]
oses1

for ael*(Gl(g)h, k=1,2,..., where R, =[Ri;i,j<q), R,=1d%-
—129, A 9 for teR, and ¢ is the homotopy class of .

It follows from the above that the Pontrjagin classes and the secondary
Pontrjagin classes of a framed foliation realize what has been postulated in
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[34] — they are invariants of the foliation, described in terms of the coeffi-
cient forms ¥, i,j <gq. For some purposes, they seem to be the most
elementary invariants.

ProrosiTioN 3.18. Ler (F,t) be a framed foliation of a manifold M. The
odd secondary Pontrjagin classes of (F,t) do not depend on t. More precisely,

(3.8) Sur1(Fy) =534 (F)  for k=0,1,...

Proof. Let yet, y = (', ..., ¢9, be a trivialization of QF. There is a
unique fibre metric g in Qf such that (), ..., % is an orthonormal frame
for every pe M. In other words, the section ¥: M — LO¥ composed with the
projection LQF — LQF/O(q) gives rise to a section M — LQ¥/0(q) of the
associated quotient bundle. Thus the identity mapping determines an RF-
morphism B(F,t) —» B(F), and (3.8) follows directly from Theorem 2.9.

DerFinimioN 3.19. If F and F;, i =0, 1, are foliations of a manifold M
such that Qf,, QF < QF and codimF, =codimF}, then F, and F) are
concordant over F if there exists a foliation F' of M x R such that

(i) the injections i;: M > M x{s} o M xR are transverse to F’' and
F.=i*F for s=0,1, and :

(i) one has QFf < Q¥.p, FxR=|Lx!s};(L,s)eF xR} being a foli-
ation of M xR.

Framed foliations (Fi,t;), i =0, 1, are concordant over F if there is
a framed foliation (F’,t) of M x R such that F’ satisfies (ii) and

(") the injections i, are transverse to F’' and (F., t,) =(i*F',i*t) for
s=0,1.

If F is a trivial pointwise foliation, then Fy and F) are concordant over
F if and only if they are concordant in the classical sense ([28]).

If F' and F are foliations of a manifold M such that Qf < Qf, then
Proposition 1.7(ii) applied to B(F’) (B(F',t) if t is a homotopy class of
trivializations of Qf), to the identity mapping LQ¥(M,Gl(q))
— LQ¢ (M, Gl(q), ¢'-= codim F, and to the foliation F of M, give us a well-
defined RF-bundle with F as the projected foliation. We shall denote that
RF-bundle by B(F’)|F (respectively, by B(F’, 1)|F).

' ProrosiTioN 3.20. If F' (F', t)) and F are foliations of a manifold M such
that Qf < QF, then

wi (B(F))|F) = if ow} (B(F"))
and

w3 (B(F')|F) = if ow (B(F")
(respectively, wy(B(F', t)|F) = if ow,(B(F',t))), where i stands for the suit-
able one from among the homomorphisms @ H*(I%.)—> @ H¥*(IY) and
D@ H* 1 (A*(M)/I}) > @ HE 1 (A*(M)/I}), induced from the inclusion
Ip o lf. :
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Proof. It is a straightforward consequence of Theorem 2.9.

TueoreM 3.21. (i) If foliations Fy and Fy of a mahifold M are concordant

over a foliation F of M, then the superpositions
F

@ FGI@) T gy ) S g,
and
FS
w2(B(Fg) 'F

(b)  I'(Gl(@)) nkeriggroqy —

Fg

L e (4 () s e a ay ),

HZI l(A*(M)/II )__’

where q' = codim Fy, are independent of s =0, 1 for i =1,2,... Here al_, and
i_, are the homomorphisms induced from the inclusion If sl‘{‘.
(i) If t, is a homotopy class of trivializations of Qf,, s =0, 1, and the

framed foliations (Fy,t,) amd (Fy,t,) are concordant over F, then the
superposition

: . F i
2(B(Fg,t5) {

() I(Glg)) =———= H¥~ ' (4*(M)/I},) E, HE Y (ax (ML) B

_ HY~ ' (A*(MY/IFY)
is also independent of s =0, 1.

Proof. Let F' be a foliation of M xR realizing the concordance
of Fy and F) over F. Given a connection in the bundle LQ¥ (M x R, Gl(g"),
a parallel displacement glong the lines {p} x R, pe M, give rise to a diffeo-
morphism «: LQF, xR LQF since LQF, is canonically diffeomorphic to

i§ LQF (cf. Remark 0.2.10). Consequently, we obtain a principal bundle
lsomorphlsm

(@,idy «g): (LQF, x R)(M x R, Gl(q)) > LQ} (M x R, Gl(q)).

Since Qf < Qf.g, we have Ep,p < Ep. =n, E, where E is the Bott
connection in LQ¢ (M x R, Gl(g)). Thus we may apply Proposition 1.7(ii) to
the principal bundle homomorphism

(@07, i): LO¥, (M, Gl(q)) - LOE (M x R, GI(¢)),

to the foliation F of M, and to the RF-bundle (LQ,";, (MxR,Gl(q")),E, H, é),
where H = O(q’) and ¢ is the class of all O(q')-reductions (if F; is provided
with a homotopy class t; of trivializations of Qf, i =0, 1, then H is the
unit subgroup and £ =t is a homotopy class of trivializations of Qf such

that t, = i3t and t, = i¥t) for se R. As a result, we get a 1-parameter family
of RF-bundles,

B, = (LQ}. (M,Gl(q)), E,, H,£), seR.
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Observe that ¢, is independent of s. Indeed, if 6: M xR -~ LQ}/H
represents &, then &, is represented by
o M- LQF/H, o,=(m,(x0iy)) ' olidy,o0i),
where
(idy,00i): M > Mx; o LOE/H
and (m, (x0iy)/) is the bundle difffomorphism
LQ¥. /HauH —(n(u),a(u, ) H)eM x;_ LQr/H for seR.

Consequently, all the sections o, seR, are homotopic. As the partial
connections E,, se R, can be put together to obtain a partial connection in
(LQEF, x R)(M x R, Gl(q), the family of all B, seR, satisfies the hypotheses
of Theorem 2.15 and so the superpositions

(@) I{(GI(g)) —= HA (1) 2=+ HA (157,
and _
(b) I'(Glg)n

2, B2 (4 (MY1E) S HE S (4 My,
i=1,2,..., are independent of seR. It now sufficies to observe that B, is
isomorphic to B(F,)|F or to B(F,,t)|F) for s =0,1. In conclusion, the
theorem follows from Proposition 3.20.

;%
~ker g n

Remark 3.22. The Bott characteristic homomorphism ([4]) for a foli-
ation F of a manifold M maps the homology groups of some graded
differential algebra WO0,, q =codimF, (W, for a framed foliation) into
H}gp (M). One has

woq = R[cly vy cq]q@‘/l(ulqu’ teey uZ[(q+1)/2]—l)1

where degc; = 2i, degu; = 2j—1, dc; =0 and du; = ¢; for j odd and all i. Here
R[cy,...,¢c ], is the truncated algebra of polynomials modulo elements of
degree greater than 2g. Similarly,

W,=R[cy,...,cly ® A(uy, uy, ..., u,),
where degc; = 2i, degy; = 2i—1, dc; = 0 and duy; = ¢;, for all i.
The exotic characteristic classes of the foliation (i.e. those which are
not Pontrjagin classes of QF) are the values of the Bott characteristic homo-
morphism on the subspace of H(WO,) spanned by the monomials

Cruy =¢, ...c,-.@)ujI A Ay,

where I =(iy,...,4), i < ... <0, and J =(1,....Ja) J1 < ... <Jj, are se-
quences such that

k

Z is+jl >q,

s=1
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k and | being any positive integers. Obviously, all the Bott characteristic
classes of a framed foliation are exotic.
Taking advantage of the products

P HO ()@ HE (A* (M)/1) — H (1),
[0l ®WY+IE1—[0 A ¥ls,

defined for b+d > g, we can associate any monomial ¢, u; with some class in

H*(IM), |l =i+ ... +i,, in the way described below. We associate
cu; e WO, with

(pr5)) (F): = p"™n(, 5, (F))o ..o g1 (-5, (F))(py (F)),

where p,(F) = p, (F)...p;, (F). Similarly, for a framed foliation (F,r), we
associate ¢, uy e W, with

(PrSF., 1) = (-, 5, (F, 0)o ..o Mt (-, 5, (F, 0)(py (F)).

It follows from the construction of the Bott characteristic homomorph-
ism for F and for (F,t) that the exotic characteristic class corresponding to
c;u; coincides with the image of (p,s,)(F) and that of (p,;s,)(F, t), respecti-
vely, under the mapping H*(I}') > H%; (M) induced from the inclusion
I!Y o A*(M) for all admissible I and J. Roughly speaking, the exotic
characteristic classes of F can be lifted, by using the Pontrjagin classes and
the secondary Pontrjagin classes, from HX, (M) to H*(I}) with b depending
on the particular exotic class. Let us note here that the Pontrjagin classes of
F are lifts (up to a real factor) of the Pontrjagin classes of QF.

Remark 3.23. If L is a leaf of a foliation F of a manifold M, then the
inclusion i,: L o M induces a homomorphism if: H®(A* (M)/I}) — His (L)
for a,b=0,1,... Consequently, ifsy,,(F)eH} (L), i=0.1,...
(i¥s;(F,ne HZZ'(L), j=1,2,..., if F is framed by t) are well-defined
cohomology classes. They generate the holonomy ring of the foliation F on
the leaf L (cf. [13], [38].

4. Relative Pontrjagin classes of foliations

For any two [oliations F' and F of a manifold M, the conditions
Ep c Ep- and QF < QF are equivalent to each other and stipulate that the
leaves of F’ should be foliated by leaves of F.

DeriniTioN 4.1. For any two foliations F' and F of the same manifold, F
is a subfoliation of F' if the leaves of F' are foliated by leaves of F. If this is
the case, the pair (F'. F) is called a flag foliations.
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The notion of the Bott connection in LQ} (M, Gl(g)), for a foliation F of
codimension g of a manifold M, can be generalized to the case of a flag of
foliations.

Let (F', F) be an arbitrary but fixed flag of foliations of a manifold M.
Consider the family of all the covariant derivatives F in the vector bundle

QF = QF/QF,

such that

4.1 Vg =[1,(dp)]~ for ¢@el(QFf) and vekE;.
Here we use the symbol “~” (tilde) to denote the projection of Qf onto QF ;..
If e I'(Q}), then we have 1, (dp)eQ} for all weE., and so [1,(dp)]” =0
for re Ep c E... Moreover, the right-hand side of (4.1) behaves as covariant
derivatives do, for it is equal to the coset of V, ¢, V being any covariant
derivative in Qf adapted to the Bott connection.

By Lemma 3.5, the family of the corresponding connections in the frame
bundle LQ}r (M, Gl(g") of Q}, 9" = codim F —codim F’, satisfies the hy-
potheses of Proposition 0.2.6. Thus there is a unique flat partial connection
to which all the covariant derivatives are adapted and which projects
onto E,.

DeriniTiON 4.2. For any flag (F', F) of foliations of a manifold M, the
Bott connection in the principal bundle LQ}¥r (M,Gl(q")), q" =codimF —
—codim F’, is the unique flat partial connection with F as the projected
foliation and such that all the covariant derivatives adapted to it satisfy (4.1).

Providing LQ}r (M, Gl(g")) with the canonical structure of all O(g")-
reductions (cf. Remark 2.13) together with the Bott connection we get an RF-
bundle depending canonically on the flag (F', F). "This RF-bundle will be
denoted by B(F/F’).

Similarly, if Qf is a trivial vector bundle, then the symbol B(F/F', 1)
will denote the RF-bundle composed of the principal bundle, the Bott
connection and of some homotopy class ¢ of trivializations of Q..

DeriniTionN 4.3. For any flag (F', F) of foliations of a manifold M, the
relative Pontrjagin classes p,(F/F'), k =0,1,..., and the relative secondary
Pontrjagin classes sy (F/F), i=0,1,..., of F modulo F' are the left
characteristic invariants,

p(F/F') = wy (B(F/F'))(p) e H**(I}),
and

Sai+1 (F/F) = wy (B(F/F))(pyi+1)€ H¥ 1 (A*(MY/IF™),
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i,k=0,1,..., of B(F/F'). The total relative Pontrjagin class of F modulo F' is
the sum

p(F/F)):= } p(F/F)e C:L) H?(I}),
k=0

where ¢” = codim F —codim F".

If, moreover, the vector bundle QF ¢ is trivial and t is a homotopy class
of trivializations of Qf ., then the relative secondary Pontrjagin classes of F
modulo F’ with respect to t are defined and equal to the left secondary
invariants

si(F/F',t):= wy(B(F/F', r))(p,‘)eHz"“(A*(M)/I';), k=1,2,...,
of B(F/F',1).
Obviously, as in Proposition 3.18, s,;, (F/F',t) = sy, (F/F’) for all i.
The nature of the relative characteristic classes can be clarified as
follows.

THEOREM 4.4. Let (F', F) be a flag of foliations of a manifold M. For any
leaf L of F', the characteristic invariants of the foliation F|L of L, determined
by leaves of F, coincide with the restrictions of the relative characteristic
invariants of F modulo F' to L. Precisely, if i;: L o M is the inclusion, then
it: Ir = Ip . induces homomorphisms

if: @HZR(I'F) - @HM(I‘I‘-'|L)
k k
and

it H¥ Y (A*(M)/IE) - HE Y A* (D)), i=1,2,...,
and we have
it p(F/F) = p(F|L)
and
i?fsuﬂ(F/F’) = st+l(F|L)’ j=0,1,...
If, moreover, Q¥ ¢ is a trivial vector bundle and t is a homotopy class of

trivializations of this bundle, then t determines canonically a homotopy class
t|L of trivializations of Q¥ and

it s (F/F',t) = s, (FIL,t|lL), k=1,2,...

Prool. Observe that the vector bundle Q¥ is canonically isomorphic to
the bundle if QF induced from Qf by i;. The isomorphism is established
by the mapping z,,

it Q¥ 2(p, @)~ wo iLsp EQFM,-

Here, as before, @ means the coset of weQF in QF; = QF/QF. Indeed, a, is
a monomorphism since woi,,, = 0 implies w € Q- and so @ = 0. Since both
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vector bundles are of the same dimension, this homomorphism is really an
isomorphism. The inverse isomorphism gives rise to a bundle mapping
iL: QfL — Q¥ which covers i; and is an isomorphism on the fibres. We use
i to get a principal bundle homomorphism (ir,i;): LQ#.(L,Gl(g")
— LO}r (M, Gl(q")), 9" = codim F —codim F' = codim F|L. If I' is a connec-
tion in LQp, (M, Gl(q")) adapted to the Bott connection and ¥ is the
corresponding covariant derivative in QF,, then the connection I, in
LQ¥.L(L,Gl(q")), induced from I' by (i, i), determines in QF, a covariant
derivative L such that

Vip =a,(n(), V; . ,¥) for o¢el(Qf) and veTL,

y being any section of Q. satisfying ¢ = i*y (and, therefore,  0i, = i, 0 )
on a neighbourhood of the origin n(v) of v (cf. Lemma 0.2.9). Consequently,
if T is adapted to the Bott connection, then

Vﬁ‘ (P = aL (1'[ (U), ('i,_,,y d¢)~) = (liL,,,u d'/l) ) iLux(v) = lu d(’z 'I’) = ’v d(P

for veEg;, and so I'; is also adapted to the Bott connection. Therefore,
(iL, i) maps the Bott connection in LQ} (L, Gl(g") to the Bott connection

in LQ} s (M’,Gl(q")), and the theorem follows from Proposition 1.7(ii) and
Theorem 2.9.

THeOREM 4.5. (i) For any flag (F', F) of foliations of a manifold M,
p(F) = if (p(F) p(F/F)
in the ring @H*(I%), and
Su+1(F) = Z if‘,(52|‘+l(F’))pZJ(F/F’)+52j+l(F/F,)i;’(pZE(FI))
i+j=k

for k=0,1,..., the multiplication in the formula for the secondary classes
being as in (2.3). As before, if stands for the suitable mapping out of those
induced from the inclusion Ip. o Ig.

(1) If F' is provided with a homotopy class t' of trivializations of QF., then

2k+1

sus1(F) = Y iF (S(F ) Poas 1 i (F/F)+ 5241 (F/F)

i=1
for k=0,1,...

(iii) If the flag (F', F) is provided with a homotopy class t” of trivializations
of QFr, then

2k
Su+1(F) = i;‘(32k+l(Fl))+ Z Sax+1-i (F/F', )i (p; (F")
, i=o

for k=0,1,...
() If F, F' and (F', F) are provided with homotopy classes t, t' and t" of
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trivializations of Qf, QF and QFy., respectively, and t, t' and t" are related
in the sense that there is a trivialization ¢ = (¢, ..., ¢% in t such that
o :=(p',....,0"et' and =@, ..., p0et", q=codimF and ¢
= codim F’, then

k
s(Foty= Y i (:(F', 1) p—i(F/F) + 5, (F/F', ")

i=1

k— l

= if (s (F', )+ Z Se-i(F/F', t")if (pi (F"))

for k=1,2,...

Proof. Fix an arbitrary Riemannian metric g on M. Let ¥ be any
covariant derivative in QF. We shall denote by H the orthogonal comple-
ment of E; in Ep, by Ej the complement of E,.- in TM, and by C the
complement of Qf in QF.

Starting from I we define another covariant derivative V in Qp by
putting

1, dy for veEg
4.2 V,,.p:{:,,d.rﬂ‘?”.pl for  veH,
v,y for veEg,

for each y e I'(Q). Here Y~ eI'(Q%) and y' e I'(C) are the components of .

Let us fix an arbitrary point p of M and consider any local trivialization
o =(¢,...,0% of QF over a neighbourhood U of p, such that ¢', i
=1,..., 4, are local sections of Qf . We assume that the indices i, j, ... range
over the set {1,...,q'}, and the indices r,s, ..., over the set {g'+1,...,q}.

If 9=[9;a,b<q] is the coefficient form of ¥ with respect to ¢, then
we have % =0 for all i and r. Consequently, the curvature form R
=[R}: a, b < q] of V satisfies

4.3) Ri=d9i-9i A%, R =d9—% A%, and R =0,

for all i,j,r, and s.

We see that F restricted to sections of QF determines a covariant
derivative ¥’ in Q} such that 9':=[9;i,j < q'] is its coefficient form (with
respect to ¢’ : = (¢', ..., %) and its curvature form is R": = [Rj; i,j<q] On
the other hand, the formula

4.4) Vi =WV,¢Y)~ for Yel(QF and veTM,

defines a covariant derivative F” in QF . As before, y* € I'(C) denotes the
component of . We have

Ved =, 00" =(3 ) g+ %) ¢})” = K(v) &
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for veT,M, peU, and all r, which proves that 3":=[9;q9 <r,s<q] is
the coefficient form of V" (with respect to ¢”":=(37*!,..., 7). By (4.3),
the curvature form R” of V" is equal to [R};q <r,s < q]. Consequently,
the coefficient form & and the curvature form R of ¥ can be written in the
matrix form as follows:

9|0 [ R'| 0
4.5) 9=[._.|9,,J and R=[TR”:I.

(i) By (4.5), in the algebra A*(U), we have

det(I,+R) = det(I, + R’) A det(I,.+R")

and therefore
q q q’
Y n(Ry= 3 p(R)~ Y pi(RY),
k=0 i=0 j=0

where q” =q—¢q’, and I, I, and I . are the unit matrices in Gl(g), Gl(q')
and Gl(q") respectively, considered as constant O-forms on U. The above
formula gives

J

(4.6) Z, AN (py) = Z, AV () A Z A(V")(pj)

on U (cf. (3.1)) and so at p. Since pe M is taken arbitrarily, (4.6) holds
everywhere on M.

According to (4.2) and (4.4), each of the covariant derivatives ¥, V', and
V", is adapted to the appropriate Bott connection, and so the forms i(V)(p,),
A(V)(p;), and A(V")(p;), determine the Pontrjagin classes p,(F), p;(F’) and
p;(F/F'), for i,j,k=0,1,... By (4.6),

ANp) = 2 AP (p) A AP (py)

itj=k
which proves

p(F)=Y if (p(F))p;(F/F),
i+j=k
for k=0,1,...

To prove the formula for the secondary Pontrjagin classes let us take
any covariant derivatives ? and ¥ in Q} and in its orthogonal complement
C in QF, respectively, metric with respect to g. Using them, we construct
another metric covariant derivative I? in QF,

Viy =Vey for el (QF) and veTM, and

4.7 _
(@7) Vivw=Viy for yel(C)and veTM.
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The coefficient form 8, of ¥ with respect to ¢ can be written as

%10
[
O Y

where 3, is the coefficient form of F? with respect to ¢’ and 3; can be
regarded as the coefficient form of the covariant derivative V"7 in Q.
defined by

oy =(P8y)~ for el (C) and veTM.

Obviously, F’? is a metric covariant derivative.
For any real s, the form 9, = s3+(1—s)3, can be written as

9,i0
9=[:9—J

where 3, =53 +(1-5) 3, and 3/ = 59" +(1—-5) & (cf. (4.5)). Consequently, the
curvature form R, = [R%,;a, b < q], RS, = d3%,— 9% A 35, can be written in a

similar way,
RO
= [m—J

where R, and R correspond to 3, and 3;, respectively. We take advantage
of the above matrix representations to obtain the identity

det(I,+R,+ds A (8- 9,)))
= det(l, +R+ds A (¥ —9)) A det (I + R +ds A (3"~ %))

over U x R, ds being the differential of the projection onto R. Comparing the
terms which involve ds, we get

kpe(3—3,, R, ..., R)
= X pR) Ao =5, R, ..., R)+ipi(¥ =, Ry, ..., R) A p;(R))

i+j=k
for all k and all s. By (0.3.2), the above equality gives
48) kplw—-aw,,Q,..., 0]

= I ne) nplo” - o), @ @+ in [0 -0y Gy ] 7 505
itj=k

on U and so at p. Here w, ', 0", @,, @, and w, are the connection forms of

the connections defined by V, V', V", V8 V% and V" in the bundles

LO? (M, Gl(q)), LQF (M, Gl(q")) and LQ¥, (M, Gl(q")), respectively, and Q,,

Q; and Q. are the curvature forms of the connections whose connection

forms are, respectively, sw+(1 —s)w,, s’ +(1—s)w, and sw”+(1-s)w,, for
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se R. Since the point pe M is taken arbitrarily. (4.8) holds everywhere on M.
By Proposition 0.3.4, integrating (4.8) (with k replaced by 2k + 1) with respect
to the variable s over the unit segment, we get

AV, P)(pak+1)

= T AP A AP Y Prye ) A PP d) A AP P2)+ s
i+j=k
where x, is an exact form on M for k =0, 1, ... This ends the proof of (i).
(i) If ¢ is a homotopy class of trivializations of QF, represented,
say, by ¢ =(¢!,..., ¢%), then we may assume that g(¢‘, ¢) =39, i,j
=1,...,q (observe that, up till now, the metric g has been quite arbitrary).
Now, if ¥ is such that V¥ ¢' = 0 for all i, then the covariant derivative 9,
defined by (4.7), remains metric and induces a fat covariant derivative
(namely, V) in QF.. According to Proposition 0.3.4, integrating (4.8) (with k
replaced by 2k+1), we get

AV, V) Paw-1)
2k+1
= z AV VYP) A AV Y P2 1-)F AV, V) (Do +1) +
i=1
where y, is an exact form on M for k =0,1,... This proves (ii).

(iii) If ¢ is a homotopy class of trivializations of Qfy and ¢”
=(@',...,@7) is a representative of t”, @', ..., ¢* being global sections of
QF, then we may assume that g(¢", ¢") =6 for u,v=1,...,9". Now, C
coincides with the subbundle of Q¥ spanned by ¢!, ..., 7. We put #¢" =0
for all u and define V? as in (4.7). The covariant derivative F"? induced in
Qfr is flat and so A(V9(p) =0, j=1,2,... Integrating (4.8) (with k
replaced by 2k+1), we get

AV, V) (Pak+1)
2%
=A%, V) (pw+ )+ Z AP A AP, VY Pars 1-i) + s

i=0

where 4, is an exact form on M. This proves (iit).

(iv) Let @ = (@', ..., %) be as in the hypothesis. In order not to change
the construction developed in the proof of (i) we assume that the metric g is
chosen in such a way that ¢ is a field of orthonormal frames of QF. As V*
and 7 we take the flat covariant derivatives

PP¢'=0 and o' =0 for i=1,...,4 and r=¢g'+1,...,q.

1"

Thus V¢ and ¥'? are also flat and ¢ and ¢" are parallel global sections of
LQ¥ (M, Gl(q)) and LQ#; (M, Gl(q")) respectively. Consequently, the classes
s (F,0), s;(F',t') and s;(F/F’, t") can be obtained from the forms 4(V?, V')(p,),
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AV, V) (p;) and A(F", F")(p;), respectively, for i,j,k =1, 2, ... According to
Proposition 0.3.4, integrating (4.8) with respect to the variable s over the unit
segment, we get

AV, V) (p) = Z AV, VN P) A AV (Pe-) + AV, V) (Bi) + I

k-1

=4V, V) (p)+ _Zo AV (p) A A, V) (pe- ) + i,

where [, and 1, are exact forms on M for k = 1,2,... This proves (iv) and
concludes the proof of the theorem. :

Remark 4.6. It follows from Theorem 4.5 that all the relative character-
istic invariants of F modulo F’ can be described in terms of the characteristic
invariants of F and of F'.

The total Pontrjagin class p(F/F’) can be computed from the formula

p(F/F) = p(F)if (p(F))~!

(observe that ifp(F)=1+ifp,(F)+...e @H*(I5) is an invertible
element). The formulae for the secondary Pontrjagin classes are far more
complicated. For example,

s1(F/F') = s, (F)—if s, (F'),
s3(F/F') = s3(F)—s (F)if py(F)—if s3(F)—
—i;'sl(F') [Pz(F)_Pl (F) ii" D1 (F')"'iﬁ' (P1 (F’)2—2p2(F’))].

CoroLLArY 4.7. For a foliation F of a manifold M, if there exists a
Joliation F' of codimension q of M such that p(F') =1 and all its leaves are
Joliated by leaves of F, then

pi(F)=0 for codimF—q <i<codimF.
If. moreover, all the secondary Pontrjugin classes of F' vanish, then
Su+1(F)=0 for codimF—-q<2k+1<codimF.
On the other hand, if the quotient vector bundle Q¥ is trivial, then
Su+1(F)=0 for max(q,codimF—gq)< 2k+1<codimF.

Proof. If F’ exists, then Theorem 4.5(i) implies p(F) = p(F/F’) and so
the highest Pontrjagin classes of F must vanish. If, moreover, s, ,.,(F)=0
for all k, then also sy 4y (F) = 53+ (F/F) =0 for 2k+1 > codim F —q.

The condition p(F') = 1 together with the triviality of Q¥ implies, by
Theorem 4.5 (iii), .

Sau+1 (F) = Spus 1 (F/F)+iE 83041 (F).

For 2k+1 > max(q, codim F —q) both terms vanish. This ends the proof.
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Corollary 4.7 gives us some conditions necessary, for example, for the
existence of a closed nonvanishing global 1-form in I (the case ¢ =1 and
s, (F’) = 0).

LEMMA 4.8. Let (F',F) be a flag of foliations of a manifold M. Let
'y Ue} be a family of local trivializations Yy, = (Y}, ..., 1) of QF over U,
such that yy,el'(U,QF) for i=1,...,q, ¢ =codimF’, and all the forms
Wi, ..., ¥l are closed for Ue 4, ¥ being an open covering of M. For any two
elements U, V of %, there are real functions cgy, on UnV, a,b=1,...,4,
such that

q
(4.9) YelUnV =Y cinds|UnV for a=1,...,9q.
b=1

If for every U,Ve¥ we have cpyy,=const, q <r,s<gq, then
p(F/F) = 1.
Proof. On applying the projection QFf — QF to (4.9), we get

q9
JolUnV =Y v Wy|UnV for ¢ <r<q,U,Ve.
s=q'+1
Since all the coefficients ¢y, are constant, the covariant derivative ¥” in
Q% , such that V” Yy =0 for all r, Ue#, is well-defined. Obviously, it is
adapted to the Bott connection. By (3.1), we have A(V")(p;) = O for i positive,
as all the coefficient forms of V" are zero. This concludes the proof.

CoROLLARY 49. Let F be a foliation of codimension q of a manifold M.
Let 0 =gy <q, < ... <qu_, <q,=q be an increasing sequence of integers,
and h any positive integer. Assume that there is a family W, :Ue %), ¥ being
an open covering of M, of local trivializations Yy = (W), ..., ¥4): U —> LQ¥
composed of closed forms, such that the transition functions cgyy,, a,b

=1,...,4q (cf. (4.9)), can be written in the matrix form as follows:
v 00 ... 0 —
[ctvasa,b < q]= 2o 00 0|
e sy -
where cyy = [chve; ¢-1 <a, b<gq,] for r=1,..., h, and all the entries

above the “diagonal” are zero:
cvo=0 if a<gq,<b for somer<h-—1,

Jorall U, Ve Ifall cyy,r=1,...,hand U, Ve U, are constant, then p(F)
= 1.

Proof. It follows from the hypotheses that there are foliations
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Fy,...,Fy_, of codimension q,...,q,_ ., respectively, such that ¥}, ..., y{
are sections of Qf for Ue# and r=1,...,h—1. By Theorem 4.5(i) and
Lemma 4.8,
F F Fp_
p(F) = ig' (p(F\))ig (P(F2/F1)) ... ig" " (P(Fue y/F - ) (P(F/Fp-y)) = 1.
Consider any three foliations F, F' and F” of codimension, respectively,
g. ¢’ and ¢" of a manifold M and assume them to satisfy Q¥ = Q¥ ®QF.. In
other words, the leaves of F' and the leaves of F” are mutually transverse
and intersect themselves along leaves of F. We shall write F = F'nF” to
denote such a situation. Observe that the vector bundles Qf and Qf. are
then canonically isomorphic.

ProposiTION 4.10. We have
p(F/F') = i p(F")
and, for odd i,
s;(F/F) = if s;(F").

If t is a homotopy class of trivializations of Q¥.. and t is the corresponding
homotopy class of trivializations of QFy., then

s;(F/F', 1)y =if"s;(F",t) for all i.

Proof. If ¥ and V are covariant derivatives in Qfr and QF. respect-
ively, corresponding to each other in the sense that V@ = (V)™ for all
@eT'(QF), then V satisfies (4.1) if V satisfies (0.2.3) (with F replaced by F”).
This is a straightforward consequence of the inclusion Ep < E;..
Equivalently, if ¥ is adapted to the Bott connection, so is V. Since i(V)
= A(V), this implies the equality p,(F/F) =if p,(F"), k=0,1,...

Evidently, the isomorphism Qf.. = QF transfers any metric (flat) covari-
ant derivative V' from Qf. to Qfp., and there is A(F', V)= A(F', V), V!
being the corresponding metric (respectively, flat) covariant derivative in
Q% . This proves the formulae for the secondary Pontrjagin classes.

CoRrOLLARY 4.11. Let F' and F" be foliations of a manifold M, such that
QF nQF. =0 Put F=F nF". We have

p(F) = iy (p(F))if " (p(F")
and
Sa+1(F) = Z i;' (52i+1(F')) "EH(Pz;'(F”))‘H;”(Ssz(F"))i;' (Pzi(Fl))
itj=k

for k=0,1,...
If ¢ and " are homotopy classes of trivializations of Qf and Qf.
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respectively, and t is the homotopy class of trivializations of Qf = Qf +QF.
determined by t' and t", then

k
s(F, ) =i (s (F", )+ X iF (s:(F, O)iE” (pu-i (F")

i=1

k-1
= Y if (- (F", ") iF (pi(F))+iF (s(F', 1))
i=0

Jor k=1,2, ...

Proof. It is a straightforward consequence of Theorem 4.5 and
Proposition 4.10.

Another consequence of Theorem 4.5 is the following

ProposiTION 4.12. If foliations F, and F, of a manifold M are concordant
over a foliation F of M, then the superpositions

I (Gl(q" )wl(B(F/l's)) Hz:un) ai-1 HZi(I;'— 1), i=1,2,...,
where q' = codim F —codim Fy, do not depend on s =0, 1.

Proof. As the superposed mappings are linear, it sufficies to show the
independence on a linear basis of (Gl(q”))
By Theorem 4.5, p(F/F)) —p(F)tp( (F))~!. Thus each class p;(F/F,),
and any monomial
pI(F/Fs) = pil(F/Fs)"" pi,(F/Fs)’ I = (il’ (RET ir)’
are linear combinations of classes of the shape p,(F) ii‘(p,((Fs)), where

pJ(F) P;l (F) pjm(F) fOl' J =(il’ "'xim)a
and

pK(Fs)=pkl(Fs)"'pkn(Fs) fOl' K =(kl""akn)’

I,J and K being any finite sequences of positive integérs. Using the
product

H2(I9)QH® (15" )3 [01.®[Y]y—1— [0 A Y,ep- 1 € HHOTD(Jatd—1)

we get
ami}:l 1 (PJ (F) ’i’ (Px (Fs))) = py(F) “I:: -1 (ii’ (Px (Fs)))
= ps (F)afxi— (i Wi (BF )y, - Pi)):

which does not depend on s by Theorem 3.21. Consequently, for any
sequence I = (i, ..., i) of indices,
1

alri- 1 (Wi (BUF/F)) (i, - pi)) = aini -1 (pr (F/F,))
is independent of s =0, 1. This concludes the proof.
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Suppose that we are given a flag (F', F) of foliations of a manifold M.
G. Joubert, R. Moussu and D. Tischler ([17]) have constructed a number of
conditions necessary for F to be an intersection F, n F, of two foliations of
M. On the other hand, even if F is really an intersection of two foliations,
the question “Does there exist a foliation F” of M such that F = F'nF"?
remains open. The following theorem states that the answer is “no” unless
some conditions are satisfied.

THeoREM 4.13 (generalized Bott vanishing theorem). Let (F', F) be a flag
of foliations of a manifold M.

(i) If there exists a foliation F” of M such that F = F' n F”, then, for any
sequence (ky,..., k), r=2,3,..., of positive integers, we have

b, (F/F)...p (F/F)=0 if ki + ... +k > codimF—codimF".

(ii) If F’ is concordant over F with a foliation F such that F = F n F" for
some foliation F" of M, then, for any sequence (k,,...,k,), r=2,3,..., of
positive integers,

o1 (pi, (F/F)...ps (F/F)) =0 if k =k, + ... +k, > codim F —codim F'.

Proof. If there are foliations F and F” of M such that F = F A F”, then
p(F/F) =il p(F"), by Proposition 4.10. Consequently,

Pe, (F/F) ... py (F/F) = ig" (py, (F") ... Py, (F")) = O

for k =k, + ... +k, > codimF —codimF = codim F”, as then I%. =0 and
therefore

Pe, (F") .. py, (F') e H* (1) = 0.
For F = F’, this proves (i). If F and {F’ are concordant over F, then
a1 (P, (F/F) ... pi (F/F") JEGL 1(ps, (F/F) ... py (F/F)),

by Proposition 4.12. This proves (ii) and ends the proof of the theorem.
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