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Introduction

This paper contains several results from the metamathematics of
impredicative set theory M. This theory was in fact infroduced by several
authors. For instance as early as in 1948 Mostowski investigates it (without
mentioning) in [11] and later Kelley uses it in his book [4] (see appendix
to [4]). The first regular course in it can be found in Morse’s book [8]
who relates it to Knaster and Tarski: We should state here that the success
of Kelley’s book proliferated this set theory among topologists and people
dealing with category theory. On the other hand, Mostowski made first
regular use of the theory M in his book [10]. These facts urged several
people to study metamathematics of M as well as relation of M to ZF
and VNB set theories. We should note that not all the results of this
paper are new. For instance we know that at least 4 people have proved
relative consistency of M with V = L. They are (in alpbabetic order):
Jensen, Mostowski, Solovay, Tharp. The author of the present paper
got to know about it more or less by “foll gossip”. It should be mentioned,
however, that Tharp’s result (kindly communicated to us by U. Felgner)
could be much stronger than ours since he does not use impredicative
scheme of choice in the proof, i.e. he gets relative consistency of M +V = L
with respect to the theory M, (i.e. theory without the scheme of choice).
We, however, do not know his proof and our proof strongly relies upon
the scheme of choice.

Another reason to be interested in the theory M is that it strongly
resembles the second order arithmetics (4,). The results called Theorem A,
i.e. the equiconsistency of M and ZFC +T is quite similar to the equicon-
sistency of 4, and ZFC. Further, they are both second order theories
for respectively ZFC and the first order arithmetics. The method of
trees, nsed in Section 3 owes much to ideas of Gandy in the case of the
second order arithmeties. The similar situation occurs with Section 4
(on minimal model for A1).

‘We would like to mention people who have had infinite patience fo
listen to how the ideas of the paper were growing and helped to give the
paper its ultimate form. These arve: Professor Mostowski, who suggested
the problem, Dr. Zbierski from Warsaw who has read the paper several
times, Professor van Dalen and Dr. Barendregt from Utrecht (where the
main bulk of the paper was written). Apart from them Dr. Boffa from
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Bruxelles discussed several times the paper with the author. Obviously
their ideas are only in good.parts of the paper.

The paper is organized as follows: First in Section 0 theory M is
introduced and some facts about it and ZF set theory are proved, this
part contains also the main tools to be used in the next paragraph. Section 1
contains the proof of séme reflection principle for M and the proof of the
fact that this reflection principle is at least as strong as the comprehension
scheme. In Section 2 the technique of trees is introduced. It also containg
the proof of the following Theorem A: The consistenoy of M is cquivalent
to the consistency of ZFC+T, where ZFC is ZF set theory without power
set axiom but with the scheme of choioe and T is-an axiom sitating the existence
of the family — roughly speaking — of from R, for a inaccessible. Section 3
contains the proof of the relative consistency of M +V = L. This is Theo-
rem B, Section 4 contains the proof of existence of the minimal standard
On — model for M. This is metatheorem C. The strong form of the axiom
of constructibility is introduced. Sectien 5 contains a number of (easy)
independence results for theories M and M, and Section 6 contains a mo-
dification of Lévy’s hierarchy of formulas for set theory for the case of
the theory M. Existence of partial truth predicates is proved exactly as
in ZF case.

Throughout the paper standard set — theoretical terminology is used.

0. Set theory M

By set theory M we mean the theory built in the first order language
a, with one two-place predicate ¢ (and equality). The theory is based
on 7 axioms and 2 schemas.

DEFINITION 0.1. Z(X) « (BY) (X eY).

The variables restricted to the predicate Z(:) are denoted by small
Latin letters, general variables, ranging over all objects are denoted by
capital Liatin letters.

AxIoM L (X, Y)[(Z2) (ZeX > ZeY) > X = Y.

AxioMm IL (z,y) (Be) (T) (Tez T =a2v T =y).

AxtoM IIL. () (By)(Z)(Zey <> (BT)(ZeT & Te ).

Axiom IV. (#) (By) (Z) (Zey < (1) (te Z —>tea)).

AxroMm V. (Bz) [(Ey) (yex) & (y) (ye x — (B2) (ze z & (1) (tez > te
ey v i=uy)

Axiom VL. (X) [(By) (yeX) — (By) (yeX & (2) (2ey —2¢ X))).

Before we introduce Axioms VII, VIII and IX we need some defi-
nitions:
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DEFINITION 0.2. (a) The (Unique) object considered in Axiom IT ig
called pair of @ and y and denoted by {z, y).

(b) The (Unique) object considered in Axiom IIT is called union of @
and denoted by Uw.

(c) The (Unique) object considered in Axiom IV is called powerset
Of # and denoted by Zz.

(@) <@, 9> = {{@}, @, 51}, @ 3> £ oy, {2y .. 1,0,

(e) Rel(X) « (y) (yeX — (Bz, 1) (y = (z, 1))).

(f) Func(X) < Rel(X) & (y, 2, 1) ((¥,2)eX & (y, HeX >z =1).

() X'y =2 o Funce(X) & (v, 2) e X.

(h) X"Y =Z < Func(X) & () reX - (Bt) (te Z & {r, teX)) & (r)(re
eZ ~ (Bs) (s Y & (s, ryeX)) ]

Axtom VII. (X, y) [Func(X) — (B2) (X"y = 2)].

Axiom VIII,. (EX) (@4, - ““’in) ({&y, - a:in)e_X «— D), we assume that
Frd < {i,... 4,}, where Fr® is the set of indices of free variables in @
and X is not free in &.

The theory based on Axioms I-VIII is called M, and is sufficient
when axiom of choice is added to do all practical mathematics. However
(as we will see later), for our mathematical purposes we need a stronger
theory M which includes additionally one more schema IX.

DErFIiNITION 0.3. () The (Unique) object considered in Axiom VIII
is denoted by {{(®y, ... %;: P}

(b) 2(X) = {y: () (y, &)eX}.

(c) #(X) = {y: (Bn) <@, y>eX}.

(d) I X is a relation, then XM = {t: (y,t>eX}.

Axtom IX. (z) (BY)B(2, Y) — (BY) (x)D(x, T,

DerINITION 0.4. (a) A formula @ is called predicative if is logically
equivalent to the formula, where all quantifiers range over sets, i.e. are
relativized to the predicate Z(-).

(b) The theory M is the part of theory M, arising by restriction
of schema VIII, to predicative formulas.

Luvna 0.5 (Bernays—Godel). The theory ME ds finitely axiomatisable.
A finite, equivalent axiomatics can be given as a variant of Gdidels system Z.

Proof of this faet is known as Metatheorem 1 in Gédel’'s mo-
nograph [3].

METALEMMA 0.6. In the theory M, (and thence in M) it is provable
that the set theory of Zermelo—Fraenkel (ZF) has o model. Moreover, one
can prove in M, the existence of a natural model for ZF set theory (i.e. of
a model of the form R,).
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LevMa 0.7. If R, is a model for ZT set theory, then a is a cardinal
number with limit indew.

Proof. If a is not a cardinal, then a = f§ for some f¢ a. Then file By,
< R,. Tt is clear, in view of the fact, that B, is a model for the power set
axiom that « is a limit ordinal so R,,, < E, and therefore we have in E,
a well-ordering (i.e. relation being well-ordering) of type a. Since R, is
a model for ZF ae¢ R,, contradiction. Thus e =w, for some f = a. We
prove that § = a. Because if fea, then fe R, and since the function
defined by the equation f(y) = w, is absolute with respect to R, for a
such that R, is a model for ZF therefore if f¢ R,, then (wy)*«e R, and so
wpe R, or ae R, which is contradiction.

CoROLLARY 0.8. Similarly; if R, is a model for ZF, then a = o,_ ele.
In general; if ®(x,y) is a formula which defines a function from On into
On which s continuous and increasing and absolute with respéct to R, suoh
that R, is a model for ZF, then if o is such that K, is a model for ZF, then
D(a, a).

LeMMA 0.9 (ZF +AQC). If o is strongly inaccessible, then R, is a model
for M (and hence for M,). The predicate Z () of this model is exactly .I,.

The proof of this fact is generally known; One should only mention
that without the axiom of choice we are able to prove only that R, , is
a model for Af,.

Lieanra 0.10 (Shepherdson [121). If R, is @ model for My, then o = 8+1,
where 8 is strongly inacessible and thence R, is a model for M,.

Proof. Clearly & is strongly limit cardinal, i.e. < 6 - 2° < 6. So
it is sufficient to prove that & is regular. Assume now that 6 is not regular
then there is f¢ ¢ and a function f¢’ 3 such that:

d =limf,,
vep
Now fe R;,; (because each of its elements has rank smaller then &) so
as f is a set in R, so is & which is contradition.

Therefore we have in M, the following curious phenomenon.

CoROLLARY 0.11. In M, the existence of natural model for ZT' is provable,
consistency of ZF is equivalent to the consistency of M but the existence of
a notural model for M, is not provable in M. In fact it is quite often that I,
18 a model for ZI' and R is not a model for M,.

The reason for this is that there is deep difference between sub-
stitution schema of ZI’ and substitution axiom of 3,.

Lenmnma 0.12. If a is weakly inccessible, then #(L,) N L,+)L 18 a model
for M.

Proof. In L the generalized continuum hypothesis holds and there-
fore a is not only weakly inaccessible in L but also strongly inaccessible
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(One notes that a is weakly inaceessible in L because V is an end extension
of L and “a being weakly inaccessible” is IT, formula.)

But in I, for inaccessible o, I, = E, thus L, = R,nL. Now (R,.,)”
= (2(B)) = (Z(L))* = 2(L,) 0L = 2(L,) N L.

Now conclusion easily follows from absoluteness of satisfaction in
transitive classes and 0.9.

METALEMMA 0.13. In M, it is provable that there are ordinals a such
that R, s a model for ZI'. But one cannot prove (even in M) that thers is
a regular ordimal with this property.

Proof. If it were provable there is regular ordinal a such that R, is
a model for ZIF, then in view of 0.7 we would be able to prove in M the
existence of weakly inaccessible cardinal and in particular in view of 0.12
that M has a model which i3 in contradition with second Godel theorem
(Feferman [1], § 8).

We know that ZF is interpretable in M by predicate Z(-) (i.e. axioms
of ZF, relativised to Z(-) are provable in M), We can agk what sentences
should be added to ZF to get new theory ZF, such that consistency of
ZF, is equivalent to consistency of M. We can take as ZF, the set of these
sentences @ of the language of ZF that &2 is provable in M. (It is easy
to see that set of Godel numbers of formulas of ZF#, is recursively enumera-
ble). However, our definition of Z¥F, is artificial and one would like to
know some natural axiomatics for ZF, extending ZF. In this subject
several attempts were made by the author yet without success. We give
here one with negative solution due to M. Boffa.

LeMMA 0.14. There are accessible numbers a such that R, 2 V and
L, 3 L and R, is union of elementary sequence B, , L, is union of elementary
sequence L, of type a.

Proof. The function ¢(£) = a; “£&-th index of elementary submodel
of V of form R,” is continuous and increasing and hence has a critical
point, the same for L,’s.

COROLLARY 0.15 (Boffa). There is a standard model N for ZF such that

(*) N = U 4: where {A;} is a continuous tower of elementary sub-
eONAN
models of N and N is not extendable to the model N’ for M with preservation

of sets, i.e. with Z&W) = N,
Hence ZF = ZTF 4@, 18 not equivalent to ZI'; where
vt () (Bp) [p = o & (BB, 3 L) By}

Moreover, much stronger condition on N that of type (¥) is not sufficient
for the fact that Th(N) > ZF,.
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Proof. Take first critical number of the function ¢, considered in
proof 0.14 and use absoluteness of I, with respect to models of form R,.

We prove the following strengthening

LeMMA 0.16. If @ is o sentence of the language of set theory such that
in M, it is provable ®%), then there is a standard model for ZF + @ not
extendable to a model for M, with the same sets.

Proof. If M + &%), then there is the smallest a such that R, is a mo-
del for ZF and &. We claim that this is the model. Indeed assume that
there is X = R,+1 such R, UX is a model for M, then as M + &% anqd
as a reflection principle is provable in M we have f¢ a such that R,u X

=(Rs k= ZF +®) thence E; = ZF + P, contradition.

U. Felgner informed us in Oberwolfach in april 1971 that he was
able to prove (analogically as he had proved in M case) the following

Fact 0.17. If M,+E + ©%), where @ is a sentence of set theory,
then M,+AC + &2 (where AC is a local form of the axiom of choice

and F is the global form of it).
Now we give a number of technical lemmas and definitions which

will be used in sequel.

DEFINITION 0.18. (a) XY « (Bz) (X = Y©@).

b) X ~Y & (Z2)(ZyX © ZyY).

DEFINITION 0.19. Bord(X) «» Rel(X) & (y) (ye 2(X) >y, ¥>eX) &
&y, 2) (Y, 2)eX &, Y)eX >y =2) &(Y,2,1) (¥, 2)eX & (DX
>, DeX) &(y,2) (Ye DX &2eDX - (y,2deX v {y,2deX) & (Y)(¥Y<
cP2X &Y #0 - (Bt)p(u)p({t, u)e X & X < On?).

The fact we restrict ourselves to well-orderings of ordinals does not
affect our construction since we have the following fact:

If R is well-ordering, then there is a ¥ < On? and f: 2R =L 9Y

onto
such that (x, y)e B o (fx, fy>e Y.
The proof of this fact in M, follows from the following observations:

2R =1 (QR n(Ru»{-l—Ra))

aeOn

and On can be splitted into On parts each similar to On.

DETINITION 0.20. (a) Ox (¥) = {#: (2, ¥>eX &2 # y}.

(b) Xty = X N(0x(y)).

(¢) Xy ~X, «»Bord X, & Bord X, & (EZ) (FuneZ & 27 = 2X,u
U%A)".'l & RZ = DX, VRX, &1-1(Z) & (8,1) ({8, eX, —(Z's,Z't> ¢
e X,)).

(d) 1-1(Y) «> Func(¥) & Func ({2, 25): (2a, 2> Y}).

X(e) X, <X, & Bord X, &Bord X, & [(By) (X, ~X, My) vX, ~
~X,]
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Lmmma 0.21. (a) (X)(BordX —» X < X).

(b) (X,Y,Z)[BordX & BordY & BordZ —» (XL<Y&Y<Z X
<Z)]

(c) (X, Y)[BordX &BordY & X< ¥ & Y<x-X~7]

(d) (X, Y) [BordX &BordY - (X< ¥v ¥ X)].

The proof of the facts (a) and (b) is clear and the proof of (c) and (d)

is analogous to corresponding ZF case. However, we will give the proof
of 0.21 (d) since it gives rise to an unsolved problem.

Proof of 0.21, (d) Let X, ¥ be well-orderings; We form the class
U={1): X2~ Yt &2 DX UAX &teDY UZY). U is one-to-one
function. Actually while proving 0.21 (c) we prove that similarity function
is unique. Now we have three possible cages:

(a) 2U = 292X VRX. (b) U = 2YVRY. (¢) 9U # 2X URY &
&AU + 2Y uZYX.

We prove that case (c) is impossible. Indeed then 2X URY — 2T
#0 #2Y URY —RU. Let a,b De responsibly first elements of the
classes (92X UZX)— DU and (2Y UZY)— AU, then (a,b>e U which is
contradition.

LemmA 0.22 (Gaifman). If the theory M is enriched by assumptions
A0 and “There exists a measurable cardinal”, them 0.21 (d) is provable.

The proof can be derived from Gaifman [2].

ProBLEM 0.23 (Gaifman). Is 0.21 (d) provable in M¥F+AC% In other
words: Is MF+AC+ 77 0.21 (d) consistont?

DerINITION 0.24. Let X be a class of pairs and assume that (y) (¥5X
— Bord(Y). Well-ordering 7 has property Sup X iff

1L (MH(Ip X YD)

(i) (@)op(BY) (¥YnX &Trae< X).

THEOREM 0.25. If 2X is well-orderable, i.e. there is o relation which
well-orders 2X and X satisfies assumption of 0.24, then there is Y with
property Sup X. Y is unique up to isomorphism (i.e. rélation ~).

Proof. We form class M = (J {g} x (2(X®@) u % (X@)). We introduce
pePX

relation I in M by the following:

g, BYI{gy, hy) > XOph ~ X0,
Its clear that I is equivalence. Now M is well-ordered by lexicographical
product of given ordering of 2X and all X(?, Therefore we can choose

one element from each equivalence class. Call the selector . We introduce
relation < in W by the following

gy by < {1y b & X0 X0 Moy -
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It is easy to see that relation < is not smaller than all X@ for ge 29X,
Since we want < to be longer than all of them we put some new object

at the end of W.

The uniqueness follows directly from 0.21 (d) and 0.24.

PROBLEM 0.26. Is 0.25 provable in M +AC0?

We conjecture that it is not.

DerNviTION 0.27. The predicate D(-) is called codable iff there is X
such that (¥) (¥9X « P(Y)).

DEFINITION 0.28. The class X is called finite sequence of classes if
P2X < o & DX < 0.

Lemua 0.29. If the predicate P(-) is codable, then also the following
predioate Y(-) is codable:
Y(X) & “X is a finite sequence of classes” & D(XY) for all ie DX.

Proof. Let X bea code for &. We form an auxilary class U = | J°* 2Y
acw
S<HD

and for every we U the class 1, = {{i, z): (w(i), x)eX}.
Now we form the class: B = {(w, 8): set,}. This is the code for 7.

1. Reflection principles in I/

DrriNiTioN 1.1. Let X be a class of pairs and @ a formula of set
theory, Fr& set of indices of free variables of @. We define the relation
X = 0[]
between the class X, the formula (i.e. a natural number) @ and finite

sequence @ "2 X as follows:

(a) If @ is an atomic formula i.e. @: v;e v;0r v = v, then X |= d[z]
iff respectively

(b) If @: -V, then X |=@[w] iff it is not true that X |= P[Z].

(c) If &: &, & B, then X |=O[w] iff X |=D, [z Frd,] and X |=
=&, [z} Fr&,].

(d) If &: (Bv;) P, and FrP = TFrd,, then X |=d[z] iff X |=D,[7].

(e) If &: (Bv,)®;, and Frd # Frd,, then X =0[z] iff (By)px
(X [=,[2 U{{3, )}
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MuTALEMMA 1.2. There is a formula Stst(-, -, -) of three free variables
such that

Stef(X,4,2) o X |= cbtﬁj,
where © =T @ .

We write the formula Stst as follows. “There exists a class which
codes finite sequence of classes enumerated by Godel numbers of sub-
formulas of @ and such that if: & is the Godel number of an atomic formula
v;€ vy, then y'® is B, (X), if & is the Godel number of an atomic formula
v; = v, then Y® is I;(X) it It is the Gddel number of a negation of for-
mula with Gédel number I, then Y® = %) g¥__v® it % iy the Godel
number of. a formula which is a conjunction of formulas with the Godel

numbers I, and 7,, then ¥® is a class of functions €™ 2X such that
P Fr(CL NeY® and o Fr(Tl, Ve Y™ and if % is of the form (Bw,) ®,,
then Y™ i3 the class of sequences z such that there is ye 2X such that
3 U{(, D} Y (" 8,). Here

By (X) = {{G, a), G, 1} 2 X},
I5(X) = {{G, 2, <G, )} X® = X0},

We remark that we imitate here in fact Mostowski’s construetion [11].
This is possible because the definition in the case of the existential quan-
tifier turned out to be predicative

DEFINITION 1.3. Rep(X,w, ¥) « ¥ = X@,

Fact 1.4. (Ex)Rep(X, z, ¥) > ¥YnX.

LemMA 1.5. If X ~ ¥ (cf. 0.12 (b)) and @ is o formula and for every
1e 1 ® we have respectively Rep(X, z;, ¥;) and Rep(X, w;, Y;), then

X |=0[z] Y =o[@].

Proof. For atomic formulas it is obvious, the same for boolean
connectives and dummy quantifiers. We consider now the case @: (Ev;) 9,

and ¢ e Fr @,. Then by definition: X |= O[@] > (By)ox X = 1[0 U {G, 1D}
By 1.3 and 1.4 Rep(X, y, X¥) so X®yX and therefore X*;¥ so there

is y,¢2Y such that Rep (Y ,y;, X¥). By induction hypothesis ¥ |= &, [z'u
U {<E, ¥10}] so

(By)or ¥ |= 0,[0' U{¢, 9d}] o Y |=0['].

Clearly the opposite implication can be proved by the same method.



14 Metamathemalics of impredicative set theory

DerNITION 1.6. Inc(X, ¥Y) < (Z) (Z9nX — ZnY).
DEFINITION 1.7 (Scheme). (a) The predicate U(-, -) is.called a sequence
iff
(X, ¥Y)[U(X, Y) - Bord(Y)].

(b) The sequence U(-, ) is called funmction like on the first coordinate

UX,T)&U(X,, T) > X, ~X,.

(¢) The sequence U(-, *) is called function like on the second coordinate

VX, 7)&UZX,T,)>T, ~T,.
(d) The sequence U(-, -} is called monotonic iff
Ux,NnMN&uX,T)&T<T, ~Ine(X, X,).

(e) The sequence U(-, -) is called continuous iff from the fact that T
is & limit well-ordering it follows:

i) U(X,T) & U(X,, T,) &T< T, > Ine(X, X,),

(i) U(X,T)& YnX - (BX,, T) (I'<T & U(X,,T) & YnXI).

Oonvention 1.8. Iff U(', ) is function like on both coordinates we
shall write X = Uy instead of U(X, T).

() If U(-,*) is a sequence, then

Vy(X) < (BT) (XnUz).

THEOREM 1.9 (Scheme) (Reflection principle for M). Let U(-, ‘) be
a sequence function like on both coordinates monotonous, continuous and such
that (T) (BX)U(X, T).

Let Vi (+) be a corresponding predicate (1.7.(f)). Then (T)(BT){T<T,
& (Y, ... Yy ) [Rep(Ug,, %y YXy) & ... & Rep(Ug,, 25, Yy,) > Up =
= ®[@] & (X, ..., Ty), where Fr® = {i;... iy}, 7 ¢ "* DUy, such
that @ (4,,) = @ .

The proof of 1.9 we will get similarly as in the ZI-case by finding
certain critical points for certain mappings. Namely for the formula &
we are going to construct the predicate R,(:,:) with both argumants
being the well-orderings. Second argument T'; of R, will show well-ordering
T’ such that the values of Skolem functions for & and for arguments

from U, (where T' is first argument of R,) can be found in Uyp.
First we prove the following:

LevMMA 1.10 (Scheme). Under assumptions 1.9 there exists a predicate:

Ry of the language of the set theory such that Ry (T,,T,) — Bord(T,) &
& Bord (T,).
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R is function like on the second coordinate and has the following proper-
tes:
Bo(Thy Th) & Ry(T,, T5) > T, ~T,

and it is continuous amd increasing. And if T, is the oritical point of R,,
then the thesis of 1.9 is true.

Proof. For an atomic @ we take
Ry(Ty,T,) «»Bord(7,) & Bord(T,) & T, ~ T,.
For &¢: 71 ¥
Ry (T1, Ty) ¢ Bp(Ty, T).
For &: &, & &,
By (Ty, Ty) +> (BT) (Rol(Tn Ty) & R¢2(Ta, Ta))~
For &: (Bv;)P, if i¢ Frd,, then:
By(Ty, Ty) R, (T4, T,).
So we assume now that i< Fr®,.

For every well-ordering 7' and the sequence z e™*°2U, let Ts denote
the smallest well-ordering T, such that if there is Z such that Vy(Z)
and such that @"U(UW, ..., Uffi, Z), then Z can be found in Up,
or T if there is no such T';. Since (by Lemma 0.22) we have the class coding
all finite sequences of 7-elements U, s0 by IX we have the class W of
well-orderings coresponding to finite sequences of n-elements of the class
Up and by 0.25 the supremum of W. One should remark that the use of
Axiom IX is crucial in this point.

Now the operation F'(-,-) describing the mapping is not necessarily
continuous and increasing. We will prove, however, that every operation
is majorized by another operation G(:,:) which is already continuous
and. increasing (it will be corollary to 1.11). Now we have ¥ (T,,T,)
&Q(T,, T,) > T,<T;. Since T, shows us the bound for the occurrence
of values of the Skolem function for @ so does T, since U(-,-) is
monotonic.

Now

Bo(Ty, Ts) <> (ETS) (Rwl(Tn T5) & G (T, Tz))-

It is clear that Rg(, -) satisfies conditions of lemma.

LeMma 1.11. If R(T,,T,) is a predicate with properiies meniioned
n 1.10, then (T) (ET,) (T < T, & R(Ty, T})).

Proof. Similarly as in the ZF case we show that B(T,T;)->T < T,.
Now using Axiom IX we form a class X such that 2X =w and (n) R(X™,
X0y, Now T, = Sup X is an appropriate well-ordering.
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The proof of 1.9 is now an easy corollary to 1.10 and 1.11. However,
we need to fill the gap in the proof of 1.10 and so we prove
THEOREM 1.12 (On inductive definitions). Let =, and =, be equi-
valences definable in M. Let D,(-,+), Dy(-,*) be two formulas satisfying
respectively

(X)(BY)(2) [94(X,2) > Y1 Z], (X)(BY)(Z)[P:(X,Z) > YR,LZ].

Then there is a formula ¥(-, +) such that ¥ is a sequence and

(@) Y(T, X) &¥Y(T,Y) & Lim(T) - X &, Y,

by WVW(IT, X)&¥YT,Y) &Lim(T) - X =, 7,

(c) ¥(T, X) & V(T*,Y) - &(X,7),

(d) (T, X) & Lim(T) » (BU) (@(U, X) &(X) [(Bx)P(Tt 2, ¥) &
« Yy U)).

This is proved, as a usual theorem. in ZF case; note that Axiom IX
has to be used in the proof.

Now we are able to prove

Levwa 1.1.3. If F(-, -) 48 a predicate such that F(T,,T,) - Bord(T,) &
Bord(T,), then thera is a continuous and increasing G which majorizes F.

Proof. We define & inductively as follows: Assume T is a limit;
we have already G (T «, Sp,) for ve 9T then by IX we form class W
such that G(T1 «, W*) and by 0.25 we form supremum H of W.

If T is not a limit we proceed as follows: 7' has the lagt element z,.
Let (T ¢y, H) and ¥(7', H,). I put (T, H,) « H, ~max(H +1, H,),
where H +1 rougly speaking arises form H by putting the first element
of H at the end.

It is clear that @ is continuous and increasing.

DrrmvITION 1.14. (a) Condition A, is the following formula:

(X) Vi (X).

(b) When we say that condition A is true we mean: for some parti-
cular predicate U, condition 4y is true.

Oondition A is called sometimes a split principle or an approximation
principle since it asserts that the superuniverse of all classes can be approxi-
mated from below by definable small (i.e. codable) superclasses.

TeEoREM 1.15 (Scheme). Lot & = {|?|, &) be a standard model for M
satisfying condition A. In particular let Ay be true in 9.

Then & has property of reflection; i.e. if T is a well-ordering in &, then
there is Ty in 9 such that T < T, and

P |=Rep(Ur, 2, Y,), o0<m<hk,
Up l=0[@] &9 =0[¥,,..., T, ].

Note that the meaning of the sign |= on both sides of the equivalence
is different.
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Proof. By 1.9.

At the moment even the consistency of 4 seems doubtful but later;
in Section 4 we will prove consistency of A

THEOREM 1.16. If the existence of inaccessible cardinal is consisient
with ZI, then condition A cannot be proved in M.

Proof. It is clear by Easton theorem that we can assume that
2" = 6** for inaccessible 6 and so the model R,,, would be of power 6+,

However, it i8 clear that for any XeR,,,

{4: AnX} < 2X < 0.
From the other hand for each well-ordering
I'e<6®=(0np,)%, T<6"

Thence if condition A is satisfied in R,,,, then R, , < 06" = 6+,

Thence in the model where R, ., = 60** condition .4 cannot be sat-
isfied.
DerINITION 1.17. Let § be a Scheme:

(X) (BY) [XnY &ne(V, ¥) & (Ty, ...y ¥y)] (Rep(¥, 25, Vi) &...
& Rep(Y, @y, Yy) > Y |=O[2] & B(Ty, ..., Ty))

(where V is the universe of all sets).
TaEOREM 1.18. M +4 F 8.
Proof. We take as ¥, Up such that XyUyp and Ra(T, T'), where R
is an appropriate predicate (cf. 1.10).
TaEoREM 1.19. Let My = MiF + 8+ A, comprehention; then M, + M,.
Proof. We need to prove the scheme of class existence;

Ag: (BY) (u) (ueY > Z(u) & D).

One of the conditions in 8 is that for every set an¥. Thence the notion
of the set is absolute, if ¥ |= (BZ) (X e Z), then X is really a set and con-
versly, We take as ¥ the class coding all parameters in @ and reflecting &,
ie. ¥ =@ <« @. Now by the 4, class existence scheme

{z: @} ={r: Y =0} exists.

Remark 1.20. It is easy to see that the proof of our reflection prin-
ciple can be carried out without much trouble to the second order arith-
metics with an axiom of choice or to any other arithmetics of finite
order (always assuming an appropriate eme of choice).

2 — Dissertationes Mathematicae XCVIO
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2, The trees

DEFINITION 2.1. The class F is called a well founded tree (w.f.1.) iff
(i) F is a function, F < On®
(ii) For every @ # ¥ < 2T there is yeY such that y¢ I+ Y.
(iii) There is an element MAXy such that for every xe PF there
is a natural number n = n(2) > 1 such that

FO () = Fo...oF(z) = MAX,.
—

Fact 2.2. MAX is unique. Also n(z) is unique (for each x).

Proof. Assume that a, # @, are both maximal in sense 2.1 (iii)
then there is %> 1 such that F® g, = a,. The orbit of a, is then a set
which is non-empty and contradicts 2.1 (ii). Similarly we prove the wuni-
queness of % ().

DerINIrioN 2.3. If FF is w.i.t, then Rz is defined as follows:

@y Y>e By < (I'm)w—{o}(lﬁ(k)m =¥).

LevmA 2.4, (i) By is a partial well-ordering, i.e. (a) for every non-empty
Y = DRy there is yeY minimal in ¥ ; (b) Ry is antisymmetric. (i) MAX
i8 the biggest element of Ryp. (iil) I' determines uniquely Ry and conversly.

If R is a partial well-ordering with the biggest element and with the
property that {z, y>e R implies that there is k such that there is a sequence x
of the length k41 such that x(0) = z, (k) =y and 2(1+1) is an immediate
successor (in R) of x(l), then there exists exactly one fumction T such that
R = Rg.

Proof. (i) follows dirvectly from 2.1 (ii) and the fact that I' is a function.
(il) Follows directly from 2.1 (iii). (iii) Let Sucep (2, ) mean that y is the
successor of x in R we define I'(z) = y +> Sucep (o, ¥). Now the biggest
element of K becomes MAX, (by existence of path). The minimality
condition implies 2.1 (ii) and the fact that R is a partial well-ordering
implies that I is a function. Clearly R, = K.

DErFINITION 2.5. If R is a relation, then Ox(n) = {y: ¥, 2>« R &y
= @},

LeyMMA 2.6. If I 48 w.f1., then there is no sequence xe DI such that
(n)o{Fa(n+1) = x(n).

Proof. The existence of such a sequence contradicts 2.1 (ii). However,
since our trees are built of ordinals, i.e. elements of well-ordered class
we can prove also that under 2.1 (i) and 2.1 (iii), 2.6 implies 2.1 (ii).

LEMMA 2.7. If F is w.f.t. and Ry is a corresponding partial well-order-
ing, then, for every xe DT U AL, we have: (Og (z) U {z})? N Ry is o partial
well-ordering satisfying conditions from 2.4 (iii). The biggest element of it
8 2.
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Proof. Call this new formed relation Ex(z); we have Rn(z) = Rp
and PRy(®) = Op,(®). Now clearly Rx(») is a partial well-ordering since
both conditions are hereditary when one takes a subclass. Since #e¢ IRy ()
UZR,(x) thence x is the biggest element of Rx(x). The finite sequence
for @, y such that {z, y) ¢ Rp(2) is the same as in Ry since PRy () = Og,(»).

DEPFINITION 2.8. F, is w.f.t. determined by Rz(x).

Fact 2.9. (a) MAXy =2

(b) F = Fyaxp

() (®)oromr(Fz = F).

(d) (@)gronr (¥, z)ng(F,(y) =z Fy) = z)

DrrFINITION 2.10. If ¥ is w.f.t.,, then Rank(F, z,T) is defined to
have the following properties:

(a) If # is minimal in Ry, then Rank(F, x, d).

(b) If 2 is not minimal, then assume that Rank(F,y, ¥®) for
ye F© % {z}. Then Rank(F, z, Sup X).

TeEOREM 2.11. (i) (#)gp.ar(ET)Rank(F, =, T).

(i) (¥, e, Ty, T,) (Rank(F, 2, T;) & Rank(F, 2, T,) - T, ~T,).

(i) (F,@,y, Ty, T,) Rank((F,x,T,) & Rank(F,s,T;) & sRpy —
T < Tz) .

Proof. (i) Assume not; Take z minimal in the class of these elements
which have no rank; Then

(Y)p-1,(ET) Rank (¥, y, T).
By Axiom IX we can form class X such that
(?/)F'ln{m] (Ra,nJ:(F, Y, -X(y))) .

Since 2IF = On 80 it is well-orderable and we can form a supremum
of X. So Rank(F, z, Sup X) contradiction.

(ii) Follows from the lemma on the uniqueness of the supremum.

(iii) Follows from the fact that X < Sup X by an easy introduction
on length of the “path” joining # and v.

DrrINITION 2.12. Rank(F, T) > Rank(F, MAX , T).

Lenva 2.13. (i) (F) (ET)Rank (F, T).

(ii) (¥, T, T,) [Rank(F, T,) — (Rank (F, T,) <> Ty ~ T,)|.

(iii) If F,, F, are isomorphic, then Rank(F,, T') +» Rank(F,, T).
Proof. (i) follows directly from 2.11 (i). (ii) follows directly from

2.11 (a) and. (iii). (iii) It is enough to prove that if « is an isomorphism
of #; and F,, then

Rank (P, z, T) & Rank(#,, u,, T).
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DEFINITION 2.14. The w.it. F is called reduced w.f.t. ift
(w? Y, z)QFuﬂF[y’ se Flx {w} & Yy =/: % — N(F,” ~ Fg)]

(i.e. ¥, is not isomorphic to Fy).

DeFINITION 2.15 (Reduction procedure). Assume that for every
ye F '« {z} the tree G, (called reduct of F,) is given. We form the tree
G, as follows; First we form a new relation @, by the equation

@, )@y (2) [2ey &ze Flx{z} >~ (G, ~G,)].

Now

G:c = ( U GIIUG;)‘

veG, Laz)

The rather complicated definition needs an explanation; We simply cut
out subtrees which are too rich; e.g. the tree

/\ will be reduced to the tree I the tree ﬁ will be re-

duced first to one ﬁ and then to /\

Further explanation will be clear when we prove 2.20.
LeMMA 2.16. The tree G, obtained in 2.13 is reduced.

Proof. It is clear that it is enough to consider y,ze G~'*{zx}. But
then it is just clear from the definition of @,.

DEeFINITION 2.17. The tree ¢, is called a reduct of F,. In case when
¢ = MAX, we call @, a reduct of 7.

MuTATLEMMA 2.18. (a) Thore 4s a formuls Red(F,z,y) describing:
Y is a veduct of F,.

(b) There is formula Red (F, G) desoribing:
G is a reduct of F.

Proof. (a) Follows from the principle of inductive definitions.
(b) Follows from (a).
The formula Red(#, #, Y) has the following property:

Red(F,2, Y) &Red(F,w,Y,) > ¥ = ¥,
and therefore the formula Red(¥, ¥) has a property
Red (¥, Y) &Red(F, ¥,) -~ Y =7,.
Remark 2.19. Every w.f.t. can be extended to a well-ordering; i.e.
(X) (X wit) - (BET) (Bord(T) & X < T).
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Proof. We describe T as follows: Let the level of the degree § denotes
the class of these objects in 2ou2x which have in X rank §. Then the
relation x < *y < [The degree of the level of # is smaller then the
degree of the level of y] or [z, y belong to the same level and zey] is
a well-ordering which extends X (by 2.11 (iii)).

Lemma 2.20. (i) If F is reduced w.f.l., then the unique automorphism
of F is the identity.

(i) If F, G are reduced w.f1., then if F ~ @, then there is the unique
isomorphism of F and Q.

Proof. (i) Assume not; let ¢ be non-trivial antomorphism of F and G.
Then there is # minimal in the class of all z such that ¢ F, is non-trivial.
Then there are z,,zy¢ F~'x{r} such that gpxF, = F,,2, #2, and ¢ is
trivial on F, and F, . Then F, ~F,.

(ii) If ¢,y are different isomorphisms, then ¢~'oy is a non-trivial
auntomorphism of F.

Lewma 2.21. The w.f. reduced trees are exactly w.f.t. without non-irivial
automorphisms.

Proof. By 2.20 (i) we only need to prove that if F has no non-trivial
automorphisms, then # is irreducible.

Assume that F is not reduced. Then there are z, v, 2
y,2¢ F'x{g} and F, ~F,.
Now the mapping induced by a similarity map of F, and F, and the
transposition of ¥ and 2 is a non-trivial automorphism of 7.

Levwa 2.22. If I is reduced, then F, is reduced for every xe 28 U ZTF.

Proof. Non-trivial automorphism of ¥, can be extended to non-
trivial automorphism of F.

DEFINITION 2.23. AMAX, = P~ %« {MAX;}; AMAX, is a class of
almost maximal elements of I

Here it should be said that since we consider the trees to imitate
“the sets of rank bigger then On” therefore if ze¢ AMAX, we imagine I,
to “belong” to F.

DEFINITION 2.24. (i) F,EpsF, « (By), MAX g, (BX,, X,) [Red (I, X,)
& Red (Fy, ¥, Xp) & Xy ~ X,];

(i) F,Bq T, & (BX,, X,)(Red(Fq, X,) & Red (Fy, X,) & Xy ~ X);

(i) A InF, « (Z)ZEpsl', — ZEps Iy).

LEMMA 2.28. Red (Fy, F,) - (Rank(F,, T) < Rank(F,, T)).

Proof. Assume that Red(F,,F,) we analize the construction

of 7, under the inductive hypothesis (i.e. for T, < T the lemma is
valid).
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Then: if Red(X,, Y,), then Ranlk(F,y,T) < Rank(F,,y, T). So
we see that if in Fy ' {w} there is an object with rank T, then we can find
another object with the same rank in F; ' {w}.

Therefore the coresponding suprema are equal. (We agree that it
needs the proof that X ~ ¥ —»SupX ~SupY but it is quite simple.)

TEmoREM 2.26. (i) If XEps Y and YEqZ, then X EpsZ.

(ii) If XEqY and YEpsZ, then XEpsZ.

Proof. (i) The first assumption implies that the reduct of X is similar
to reduct of ¥ for some z¢ AMAX, . The tree Y, i not necessarily reduced
but we can see that its reduct will be similar to a tree starting in an almost
maximal vertex of the reduct of Y. So the same holds for some almost
maximal vertex of the reduct of Z which just means that X EpsZ.

(ii) Is even simpler,

LevMA 2.27. The relation Eps is well founded, .6.

(BY) (YEpsX) > (BY) [YEps X & (%) (4Eps Y — "1ZEps X)].

Proof. Take ye AMAX, with the smallest rank in X. Then we claim
that X, is the required ¥. Indeed, from 2.25 we can derive that the trees
equal in sense of Eq have the same rank and it is clear that the construc-
tion of a formula Eps was as follows:

If XEpsY, then there is x«c AMAX XEqY,.

So we know that any tree which is an element (in the sense of the
relation Eps) of ¥ has a rank smaller then ¥ so it cannot be an element
(in the sense of relation the Eps) of X.

LEMMA 2.28. The relation Bq has properties of equivalence.

Proof. Obvious.

METATHEOREM 2.29. Formal expressions corresponding to the axzioms
of extensionality and foundation are true among trees, i.e. The sentences Ext
and Found arising from extensionality and foundation by substitution of Iiq
and Eps instead of = and ¢ and restricting quantifiers to trees are provabls
in M.

Proof. (i) Foundation case; it follows from 2.27.

(ii) Ixtensionality case. Therefore let us assume XInY and ¥InX.

We can assume that X and Y are reduced. We need to construct
an isomorphism of X and Y. If e AMAXy, then there is exactly one
y e AMAX p such that X, Eq ¥, this gives us the isomorphism of X and Y.

METATHEOREM 2.30. Let @ be a formula arising from @ by a procedure
doscribed im 2.29. Let {iy, ..., 4} = Fr®. Then

X’iOEq Y"O & Ve & 'X‘iqu. Yi]c — [¢(X10 cre Xik) «— (D(Y‘.D v Yik):[.
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Proof. By easy induction.
METATHEOREM 2.31. Pair, Union, Infinity are irue among trees.
Proof. It is clear how to construct the tree imitating w. The union

tree for X arises from X just by cutting out AMAX and joining

U (AMAXy ) divectly with MAXy. The pair tree for X and ¥
xeAMAX
is arising by the procedure known as “Hilbert Hotel”. Since we will

use it often in future we describe it now in this particular case. We aplit
On into 3 disjoint parts: One: one point and two parts: each similar to
On. In these big parts we copy X and Y (this needs no form of an the
axiom of choice since X and Y are built up from ordinals and there is at
mogst one order preserving mapping of 2X UZ#X onto the initial segment
of On) now we have disjoint w.f.t. X, and ¥, and we “glue” them toge-
ther with the remaining one ordinal as the maximal element.

METATHEOREM 2.32. Substitution schema of ZF is irue among trees.

Proof. Let F be a tree and @ a predicate. For Y EpsF we have
a-unique (up to Eq) Z such that #(Y, Z). But by 2.30 this is nothing more
but (2)sieaxp(BZ) O(Fy, 2).

Now by a corresponding occurrence of IX we have X such that
&(F,, X®).

Now we repeat the Hilbert Hotel procedure (cf. 2.31) using not two
but On disjoint parts each similar to On. We glue them together into one
tree. This is the tree containing all images.

LeMMA 2.33. For every ordinal o there is a set T, of trees such that if
Rank(X,T), T < E na?, X reduced, then there is Z<W, such that X ~ Z.

Proof. We construct W, by induction as follows; In limit points
we just take unions. W,,; is formed as follows.

For each ze #(W,) we form by the Hilbert Hotel procedure a tree
I, which is reduced and has a property: YEpsT, « (EZ),(YEQZ).

LEMMA 2.34. Let V be a tree with a property

(Y) [YEpsV « (Ba)o, (Rank(Y, B n a?))].
(A tree like this can be formed using 2.33.) Then if Sin(-)is a formula expres-
sing strong imaccessibility, then Sin(V).

Proof. Only a powerset relativized to ¥V mneeds the proof which is
equally clear by 2.33.

MeTATHEOREM 2.35. Choice is true among irees.

Proof. Let F be a tree such that for z, y e AMAX,

##Fy—>F,nNnF,=0.

Then also
AMAXanAM_AXFu =0.
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Now assumption F, #@ means AMAX, # @. Take h(x) = first
element of AMAX, . We form now
Y=( U Fuyy V{h), MAXmH: re AMAX ;}.
2eAMAX
Since we have chogen one element (in sense of Eps) from each #, and
glued them together, we have the selector.
METATHEOREM 2.36. Lot C mean the following scheme:

(@), (Bz) O(z, 2) — (Bz) (), D(w, 27).

Then C 1is true among trees.
Proof. When we write down the translation C we get:

(X) (‘XEPS Y - (EZ)P(X, Z)) - (BZ) (X) (.XEPS Y->o(X, Z(“’))) .
But by 2.30 we have our assumption in form
(%) smax, (BZ)D

80 by Axiom IX we can produce appropriate Z.

COROLLARY 2.37. Let ZFC~ denote the ZT' set theory with the scheme C
(cf. 2.36) but without a powerset axiom. Let T denote the amiom: There is
a strongly inaccessible family of sets. Then ZFC~ T is interpretable in M.

Proof. By 2.29-2.34 and 2.36.

TEEOREM 2.38 M is interpretable in ZFC~ +T.

Proof. Let V be an inaccessible family whose existence is guaranteed
by T Let &(X)+«—X < V. Then it is clear that the fact that V is inacces-
sible implies the satisfaction of Axioms I-VII. ZF-comprehension implies
M-comprehension (VIIT) and the scheme of choice € implies scheme IX.

THEOREM A. The theories M and ZFC~ +T are equiconsistent.

Remark 2.39. One should see that M is better interpretable in ZFC™ +
+T then conversly, since in the first interpretation we just interprete
“e” and “=" identically while in the second interpretation not even
“=" js interpreted as equality.

PROBLEM 2.40. Does 2.38 holds when M is weakened to M, and ZFC~ +
+7 to ZF~ +T717?

Remark 2.41. M, is interpretable in ZF~ +T by the same reasoning.
So only the second direction interpretability is not known.

The interpretation from 2.38 and the above remark gives us an
additional tool for indepence proofs for M and M,. We shall use it later.

THEOREM 2.42. Leét ¢ be a sentence of the language of the set theory.
Then M+ ¢\ is consistent iff ZPC~ 4T +¢® is consistent.

Where § is a inaccessible family whose existence iy guaranted by the
axiom 7.
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3. Ordinal trees. Constructibility in M

DEFINITION 3.1. The tree X is called an ordinal tree iff
ZEps X & TEBpsZ -~ TEps X,
ZEps X & TEps X — ZEpsT v TEpsZ v TEqZ.
Convention 3.2. Small bold face Greek letiers denote the ordinal
trees.
Since the relation Eps is well founded and the axioms of ZFC™~ are
satisfied among the trees we can prove exactly as in ZF case the following
LevmA 3.3. (a) XEpsa — (EB) (XEqp).
(b) aEpspv pEpsav aEqp.
(¢) eIng — aEpsfvalqp.
() If X is a class such that for every e 2X, X is an
ordinal tree, then there is y such that

(#)5z(X® Epsy).

() If X is a tree suoh that TEpsX — (Ey) (TEqy), then there is
unique (up to Bq relation) a such thai:

(p) (pEpsa « (ES) (6Eps X & pHBpsd)).

LemMA 3.4, Let a be a reduced ordinal tree. Define the relation in AMAX,
as follows: ¢ < y + aylna,. Then < is a well-ordering. Moreover, Rank(a, <).

In the situation of 3.4 we say that « and all X such that X Eqa re-
present <.

LemwmaA 3.5. (a) For every well-ordering T there is a such that a repre-
sents T.

(b) If a represents T and p represents S, then eBqp — T ~ §, aBpsp
oT< S, alnp->T<8.

LEMMA 3.6. Let & be a formula and assume that (a) [() (BEpsa — B(h)
— &(a))]; then (a) D(a).

Proof. Assume not; Then there is a.such that 7] @(a) and by 3.4
and 3.5 (b) we can assume that all its Eps-elements have a property &(-).
Thence @(a) contradition.

Since the axioms of ZFC~ hold among the trees we are able to prove
that there is a unique (up to Eg-relation) Z such that (T) (TEpsZ
—~TEqX v TEqY) this tree is called a tree-pair of X and Y. In the same
way we introduce tree-ordered pairs, tree-functions and a tree-transfinite
sequence.

Seq(X) means X is a tree-transfinite sequence, Dom(X) is unique
(up to Bq-relation) ¥ which is the domain of the tree-function X. If X
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i3 a tree-transfinite sequence with the domain ¢ and pEpsa, then X g
is a restriction. of X to f. X (a) is a value of X in a. One should note that
we are not able to prove that a power tree for a given tree exists. But any-
how with the help of pairing we are able to prove the existence of the
substitute of a cardinal product of X and Y which is (in ZF-case) usually
proved with the help of the axiom of the power set.

LEmMMA 3.7 (On inductive definitions). Let & be a formula of the lan-
guage of set theory such that (X)(EX)(Z)(®(X,Z) —~ZEqY); then
(4) (a) (BY) [Seq(Y &Dom (Y)Bqa & Y (0)EqA & (y) (yBpsa) ~B (X1 y,
Y(»))], Y is unique up to Bq relation.

Proof. The proof is almost identical as in the ZF case; only in the
limit ¢ in view of the fact that Eq is not really an equality relation, we
have to use the scheme IX. (Note that @ was introduced in 2.29 and
2.30.) With the help of 3.7 we introduce the notion of Rank of the tree
(analogously as it was done in Section 2) and we have the predicate
Rank (XX, a) which describes the sitnation that « is the rank of X. We list
here some of the properties of Rank(-, ).

ProprosITION 3.8. (2) Rank (X, a) & Rank (Y, f) & XEps ¥ — aBlpsp.

(b) Rank(X, ¢) & Rank(Y, f) & XIn Y — aln .

(c) Rank(X, a) & Rank(Y, f) & XEqY — aEqp.

d) If a represents T, then Rank (X, a¢) < Rank (X, T).

e) If X is a tree and Z is a tree formed in the following way: aBpsZ
+« (BY) (YEst &Rank(Y, o)) and f is an ordinal tree corresponding
to Z by 3.3 (e), then Rank(X, ).

Since we have an almost complete machinery of the set theory we
are able to interpret formulas as certain trees. Then we introduce a satis-
faction relation |=inductively such a way that it satisfies the following
condition:

X |=ve[Y] <o Y(6)EpsX & Y(j)Bps X & Y (i) Eps Y( ),

X =0, =4%[Y] & Y(0)EpsX & Y(j)Eps X & Y(i)Bq Y (j

X |=T10[Y] © X =9[Y],

X =0&Y[Y] <X |=0[Y Frd] & X |= P[Y Fr¥)],

X |= (Bv)D[Y] < [T1(iEpsFrd) & X |= G[Y]] v [iEpsFro & (BZ)
(ZBpsX & X |= 6[a(Y, 7, 9)])],

where a(Y, Z,1) is a sequence formed from Y by adding the tree-ordered
pair {2, Z>.

With the help of 3.7 we form as in ZF case the formula Stsf (*y*5°)
such that Stsf(X,n, ¥) <» X |= ®[Y¥Y] (n is the Godel number of GD)
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DEFINITION 3.9. Let X be a w.f.t., @ a formula of set theory and
the tree-sequence of Eps-elements of X indexed by Fr@— {0}, then the
tree T' is said to have a properly W (X, &, ¥) iff

(Z) [(ZEpsT) > (ZEps X & X |= [a(T, Z, 0)]).

LeMmA 3.10. (i) For a given tree X the formula & and the sequence ¥
there is a tree T with the property W(X, @, Y).
(il) A tree like this ‘is uwique up o BEq-relation.

Proof. (i) is proved by cutting out of X appropriate tree.
(ii) follows from the fact that the axiom of extensiomality is true
among the trees.

DrpINITION 3.11. Let X be a w.f.t. The tree ¥ is said to have the
property DefX iff (T) (TEpsY < There are & and Z such that T has
a property W(X, @, Z)).

LemmA 3.12. (i) For a given tree X there is a tree Y such that Y has
the property Def X.

(ii) A tree like that is unique up lo Eq relation.

Proof. (i) First we remind that by 2.30 if X |=®[Y] and YEqZ,
then X |= &[{Z]. Now we are able to represent every finite sequence of
trees, Eps elements of X by a sequence of elements of AMAX, . Now we
use the\ Hilbert Hotel method and the argument of 0.29.

(ii) as usual by Extensionality.

DerFINITION 3.13. (a) A union tree of a tree X (which exists by an
axiom of union and is unique up to Bq) is denoted as | J X.

(b) Let a« be an ordinal tree. The unique up to Eq relation ordinal
tree # such that (y) (yEpsp « yEpsaev yEqa) is denoted a+1.

(e) The ordinal tree e is called & limit if there is no § such that eEq g+1.
In this case we write Lim (a).

In view of Lemma 3.7 there is a formula L(-,-) such that L(X, )
+~0@EqX, L(X,a+1) <~ (EY)(L(Y, a) & X EqDetf Y) and for e limit
a(X, e) < XEq |J Y, where Y is a tree diagram of function a. The unique
(up to Eq relation) tree X such that L(X, a) we denote L,.

DerINITION 3.14. L(X) <> (Ea) (X EpsL,). Every X such that L(X)
is called. constructible.
Lrvma 3.15. Predicate L(X) is Eps-transitive.

THEOREM B. Let Th be the following theory in the language of the set
theory: ZFC~ +T 4V = L (a usual aziom of constructibility). Then M
(Th)®, where Th = {#: D Th}.

The proof needs certain amount of lemmas;
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LEMmMA 3.16 (Reflection principle) (Scheme). (X) {L(X) —~ (Ea) [X Eps
L, & (Y) (Dom]? —Trd & M Y(6)EpsL, (L, = S[Y] o &% (T (i),

o X)) o

Proof. By induction on @ by reasoning of 1.10 and 1.11. This gives
the proof of the substitution scheme. L, is the inaccessible family. Only
V — L needs some proof but this is easy by reasoning of Lemma 3.17.

LEMMA 3.17. (a) All ordinal-trees are in L and they are absolute w.r.t. L.

(b) Satisfaction predicate. Property W(:,-,) and Predicate Def(:) are
absolute w.r.t. L.

(¢) Predicates L(X, a) and L(X) are absolute w.r.t. L.

(d) V = L holds in L.

Now with V = L we are able to prove C.

DEFINITION 3.18. (a) The tree Y is called realizable if Rank (X, a)
— ¢InOn (where On is the ordinal tree representing K| On).

(b) Let we 2X V%X, X realizable; then
(*) Wlx = {lwlx: X(2) =9}, X[ = MAX,],.

LemMMA 3.19. Definition 3.18 s proper, i.6. under assumptions of
3.18 (a) there is exactly ome class satisfying (*). Moreover, if the motion of
rank is extended as follows: o(X) = o(X) #f X is a sot and o(X) = On
if X 48 a proper dass, then o(|y|l;) has the property: Rank(X,, a) >a
represents 2(|lyll.)-

Proof. Uniqueness is easily provable by induction on the rank of y
in X. The second part of lemma follows because our ordinal trees behave
like real ordinals.

LeMMA 3.20. (a) If X ~ Y and | X| exists, then || Y| exists and || X
= | X|.

(b) If Red(X,Y) and || X| exists, then ||Y| exists and || X| = |X].

(¢) If XEq XY and || X| exists, then ||Y|| exists and | X| = | X|.

The proof is easy; we only note that (b) and (c) are proved by simul-
taneous induction on the maximum of ranks of X and Y.

Leywa 3.21. If X 4s realisable and YEpsX, then

(a) ¥ is realisable,

(b) 11| JXII

Proof. By 3.20 and definition.

LEMMA 3.22. For every class X there is a tree Y such that | Y| = X.

Proof. First step: we prove that every yeV has this property by
induction on rank and the Hilbert Hotel method.
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Second step: For proper classes we use first step and the Hilbert
Hotel method.

LevmaA 38.23. If X = ||Y|| and Z = |T||, then

(i) XeZ « YEpsT,

(i) X =Z < YEqT.

Proof. The implications — were proved in 3.20 and 3.21, the impli-
cations — follow by induction on generalized rank.

In the sequel we shall identify ordinal trees coding ordinals smaller
then or equal to On with the appropriate ordinals.

LevmA 3.24. If a is an ordinal, then

(i) L, s realizable,

(i) ol = L,.

Proof. By induction on a. Thence |L,,| = L.

Lemva 3.256 (The Skolem~Liwenheim theorem for trees). Lot X be
a tree, y < AMAX y a set. Then there is a set z =€ AMAXy such that y < 2,
z = max (¥, R,) and the tree X (2) consisting of all the elements of X com-
parable (in sense of Rx) with the elements of = is an elementary sublree of X,
7.6. X(2) 2 X.

Proof. For a given tree X we define the Skolem functions and close ¥
under them.

DEerINITION 3.26. (a) Z(X) & L(X) & XInL,,.

(b) 2(X) & (BY) (£(Y) & X = ||T]).

LeMMA 3.27. (a) Predicats & is Eps transitive.

(b) Predicate L is transitive.

TaEOREM 3.28. V = L holds in L.

Proof. It is just a variant of the usual proof for the ZI' case. All
the necessary machinery was introduced in 3.23, 3.24, 3.2b.

LeEvMA 3.29. MF holds in 2.

Proof. Obvious.

LryyA 3.30 (Translation Lemma). (a) If D 4s formula of the set theory,
Xy = || Bally ooy Xy = [l then 7 (X, .. X)) & VP Fn)-l

(b) Let @ formula of set theory, @ iis translation @ restriction of P to
predicate £ (X) < XInLy,; then if X,,..., X, has property £, then
PUXyy oy Xy) o B9 (X, ooy Xy),

Proof. By induction.

LemMmA 3.31 (Scheme). Bach VIIL, holds in L.

Proof. We use 3.30 (a), (b) and the reflection principle in order to
change comprehension axioms of M into comprehension of ZF which
holds in L by 3.17.
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Leyva 3.32. (Scheme) Hach IX 4 holds in L.

Proof. Since a definable well-ordering of all classes holds in £ we
can choose for each x first ¥ such that &(w, X) and (by reflection
principle) glue them together.

OOROLLARY 3.33. If M is consistent so is M +V = L.

We, however, shall get a much stronger result soon.

4. Minimal model for M

This chapter will be split into two symmetric sequences of lemmatags
and definitions which fit appropriately cases I and II in the proof of
the theorem.

DermniTION 4.1. (a) Let A be a class of pairs. Trans(4) « (X, ¥)
(Xnd & Y eX - Ynd).

(b) Let #(-) be one-place-predicate; then 7 is transitive if 7 (X)
&YeX - H(Y).

DerINITION 4.2. () Let A be a class of pairs. The well-ordering 7'
is called the height of A if

(i) (B) [Bord(B) & Bnd — (Ex) (B ~ T )],

(ii) (#)9p(EB) (Bord(B) & ByA & Tz < B).

(b) The same as 4.2 (a) with A changed into & etc.

LevmA 4.3. (a) For any class of pairs A there is T which is the height
of 4.

(b) Lf T is the height of A and T ~ 1", then T is also the height of A.

(¢) If A =B and T is the height of A, then T' is also the height of B.

(a’) If (‘) is a codable predioate, then (') has the heigth.

(b’) If T 4s the heigth of (-) and T ~ 1T, then T" is also the heigth
of /().

(¢') If (X) [ (X) & B(X)], then T is the heigth of <2(-) iff it is the'
heigth of ().

DrrFINITION 4.4, Let o be an ordinal tree; then:

L,(X) «L(X) &(EY) (|Y| =X & YEpsL,).

Le. 8, is a restriction of £ to the classes constructed in at most a

steps.

LeymA 4.5. For any a the predicate £,(-) is codable.

Proof. We prove this by induction on «. If ¢ is smaller, than On,
then £, <» Xe L,. For a > On we use the Hilbert Hotel method and 0.29.
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COROLLARY 4.6. For each a, 8,(-) has the heigth.

THEOREM 4.7. (a) Let Trans(A), assume that for every axiom @ of
My, A |= @ and Onnd; then Bnd — (A |=Bord(B) <> Bord(B)).

(b) Let #Z(:) be a transitive predicate such that D for every ® being
an aziom of M,. Let, moreover, «Z(0n); then

& (B) — |(Bord (B))¥ « Bord(B)].

The following notions are abgolute in afore named sense with respect to
(a) being an ordinal,

(b) being a set,

(¢) being a function.

Proof of 4.7. We give the proof of 4.7 (a), the proof 4.7 (b) is the
same. Implication from the right-hand side to the left-hand side is obvious.
Agssume now that 7]Bord(B) and 4 Ik Bord(B). Then there is U < Dom B
< On such that U has no first element is the sense of B. Thence the smallest
ordinal 2, in U is not the first element in the sense of B We define now
by induction @,,, as the smallest ordinal in O *(B). Obviously v = {,:
ne o} is ordered in B in type w*. » is a set and thence there is ae On such
that » = a. Therefore » is included in a set from A. Since A4 is a model
for M, therefore we have in A a function f order preserving mapping
of 2B Na? onto some fe On.

But absoluteness results mentioned at the begining imply that B
is not & well-ordering in A. Contradiction.

The result of 4.7 seems very important to us since it shows a very
peculiar difference in the relationship between the second order arithmetics
o/, and the first order arithmetics .7; on the one hand and M, and ZF
on the other. Namely it is well known that an w-model for ., need not
to be a f-model of it. Whereas we have just proved that On-model for M,
is automatically a f-model of it. This is of course connected with the fact
that in the second. order arithmetics we have no ordinals and in M, we have
them and already the first order axioms (i.e ZF axioms) allow us to
perform constructions connected with well-orderings. After having proved
4.7 (a), (b) we shall prove some other absoluteness results. All of them
are proved under assumption of 4.7 (a) or (b).

LEMMA 4.8. (a) The pair is absolute.

(b) The ordered pair is absolute.

(¢) The n-relation is absolute.

LEMMA 4.9. (a) Let X, Ynd, X, Y both well-orderings; then: If X ~ ¥,
then the similarity map 18 in A.

(b) Let #(X), #(X¥), X, Y both well-orderings; then: If X ~ ¥,
then the similarity map has the property <.
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Proof of (a). Assume that the similarity map is not in A Since X, ¥
are well-orderings they are comparable in 4, and thence either Y is similar
in A to the section of X or conversly. This immediately leads to contra-
diction.

Proof of (b). Similarly.

LEMMA 4.10. (a) Assume XnA, (z)gx(Bord X ) then

TnA —» (A =8upX =T «BupX = T).
(b) Assume XnA then X is w.ft. in A iff X is w.f.
(a’) Assume o (X), (%)gx Bord(X®) then
Z(T) + [(SupX = T)Y «>BupX = T1.
(0') #(X) > (X is w.f1.)? — X is w.fi.
Proof. (a) by 4.9. (b) by 2.19.
LemMa 4.11. () If X, Tnd, then:
A |=Rank(X, 2, T) < Rank(X, 2z, T).
(b) If A (X), (L), then
Rank(X, 2z, T)¥ « Rank(X, »,T).
LEMMA 4.12.-(a) If X, Y are reduced trees, X, YnA, X similar to ¥,
then the similarity map 48 in A.
(b) If X, Y are reduced trees, sZ(X), £(¥Y) X similar to X, then if f
38 a simalarity map, then < (f).
Proof by 4.10 (b) and 2.19.
LEMmA 4.13. (a) Reduction procedure is absoluie, i.e.

X, Ynd - 4 =Red (X, Y¥) & Red(X, Y),
(b) if & (X) and #(Y), then
Red (X, ¥)¥ « Red(X, Y).
Proof. We give a sketch of proof for (a). Implication from the right-
hand side to the left-hand one is obvious. Assuming now that Y is not

a reduced tree we only need to show that Y is not reduced & tree in 4.
But this is obvious by 4.12 (a).

Levma 414 (a) X, Ynd - (A =XBqY - XEqY) & (4 =X EpsY
+~» XBps ¥),
(b) Z(X), &(Y)~>(XBEqY)Y «XEqY) & ((XEpsY)? - X Eps Y).
Proof by 4.12 and 4.13.

Now it should be noted that Eq and Eps relations are not preserved

neither under 7 relation for transitive A nor for transitive predicates
SZ(*).
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Indeed X7nd & XEqQY + ¥Ynd, #(X) & XBqY + & (Y).

However, it should be compared with 4.14.

LeymMma 4.15. (a) If X, ¥nd, then A |=X has property DefY « X
has a property Det Y.

(b) Let XnA; then A |= X is ordinal tree iff X 43 an ordinal iree.

(a') If @ (X), &7 (X), then (X has a property Def Y)¥ «» X has a prop-
erty DefY.

(b’) Let o/(X); then (X is an ordinal tree)” « X is an ordinal tree.

Lryma 4.16. (a) If X, and, then A = L(X, a) & L(X, a).

(b) If «/(X), «/(a), then L(X, a)¥ < L(X, a).

Proof. By checking the inductive definition of L(X, a).

CoroLLARY 4.17. (a) Let T be the heigth of A, XnA. Let a represents T

A |=L(X) <> XEpsL,, -

(b) under assumptions of (a)
4 =2(X) o 2, (X).
(a") If () has the heigth T and a represents T, then
o (X) - (L(X))Y < XEps L,,

(b") under the same assumptions (2 (X)) < 8 (X).

Exactly as in ZF case one should distinguish between constructible
model and satisfaction of the axiom of constructibility in the model.

DEFINITION 4.18. An ordinal tree e is called reflexive if OnEpse and
reflection (3.16) holds when the first quantifier is restricted to L, and the
second quantifier is restricted to ordinal trees smaller then a.

LeMMA 4.19. If a is reflexive ordinal tree, then L, = ZFC™ +T+V =L
and the class B which codes 2, is a model for M +V = L. In the model &,
the sentence (X)Q(X) is true.

Proof. As in the case of L and £. The last sentence holds by the first
part of Corollary 4.17.

LeMMA 4.20. ((X)L(X))* holds.

Proof. By the second part 4.17.

? = L denotes the sentence (X){(X).

LevmA 4.21. If T s the heigth of A and a represents T, then a is refle-
zive.

Unfortunately we are unable (under the assumption that M is con-
sistent) to prove that there are A’s which are transitive On-models for 1M
and therefore we cannot prove an existence of a reflexive ordinal tree.
(It is easy — by 4.19 and 4.20 — to see that it is equivalent.) So we are
following the Gandy’s line and we consider two following cases.

3 — Dissertationes Mathematicae XCVIII
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Case I. There is areflexive ordinal-tree a. Then we take the smallest a
with this property. &, is the minimal transitive On-model for 3.

Case II. There is no reflexive ordinal tree ¢. Then g is the minimal
transitive On-model for M. Le. If U is a transitive predicate U(On) and
M + & for each @ being an axiom of M, then M I (X) (2(X) - U(X)).

Thence we proved the following

MerATEEOREM C. (a) M + & for every axiom @ of M,

M +H(B=29)7%

(b) If there is a transitive model A for M such that OnnA, then there
s the smallest model like this.

(¢) If there is mo tramsitive A such that Onnd and A is a model for M
(4.6. there is no reflewive well-ordering), then for every transitive predicate U
such that ®Y for every axiom @ of M we have (X) ((X) - U(X)).

LeMMA 4.22. Every element U of the minimal model for M is definable
in terms of ordinal numbers i.e. there is a formula @ and ordinals ay, ..., a,
such that (X) (9(X, 0y... ;) & X = ).

Proof. By the usual Montague-Vaught reasoning we get that all
definable elements of our model form an elementary submodel of it. This
submodel containg all ordinals (and thence L) and thence is transitive.
Therefore it is a whole model.

Remark 4.23. Under very strong assumptions i.e. in the theory
based on the notion of the superclass and containing appropriate impre-
dicative axioms of the superclass existence we are able to prove the exis-
tence of a reflexive well-ordering and of the transitive codable superclass
which is a model for M.

Remark 4.24. It should be noted that in the proof of 4.7 it was
used only that the cofinality character of the class {z: A |= Ord(z)}
is bigger than w. Thence for every transitive model 4 for M if a =
U(OnnA) and cf. a > w, then 4 is a f-model and, moreover, there is
F < P(L,) such that L, UF |= M4V = L.

Among such a families there is a smallest one.

5. Forcing in M, independence results for M/

Woe first remind

LeymA 5.1 (Lévy-Solovay). If M is a countable standard model for
ZFC, ff k is imaocessible in M, (P, <) 18 a motion of forcing in I with
M |=P <k, then for every G which is (P, <)-generic over M

M[G]) ="k is inacoessible \.
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Checking the details of the proof one can see that if the axiom of
constructibility is satisfied in 9t and M is a model for ZFC~ +T, then
IN[Q] also is a model for ZFC~ +T. (This can be derived for instance
from Zarach [13].)

Lemma 5.2. Let N be a standard model for ZFC~ +T. Let k be the
smallest inaccessible in M. Then:

RPU(P (BT OM) |= M.

Proof. This is just a model theoretic version of 2.38.

LeMMA 5.3. Let M be a standard model for ZFC~ 4T, and U the predi-
cate defined as follows:

U(X) & XeR;.
Then
M |= & & R U (2(R) nM) |= 2F,

where Z(X) « (EY) (Xe Y).

Combining together 5.1, 5.2 and 5.3 we get the following method
of independence proofs for sentences concerning the sets in M We -start
from the countable standard model Mt for M We built inside of it the
model of trees. Since I is standard the relation between equivalence
classes of Bq-relation is well-founded. We can use then the collapsing lemma
and we get a countable standard model M, for ZFC~ +T.

By Lemma 5.2 Ryt U (Z(RM) NI, = M.

Now we extend I, by appropriate means (e.g. forcing) and then we
obtain a model M, [G].

Now R U (RIS NN, [@]) is appropriate model for M. Thence
by the usual elimination of the assumption of the standard model we get
following theorem:

TeeOREM 5.4. If M dis consisient, then the following theorie are consi-
stent:

(a) M+V # L+GCH+A4,

(b) M+1GCHHA,

(e) M,+71AC.

One word should be said about the proof of the last fact. We get
a symetric extension of IR, and nse Remark 2.41 (we remind that A is
“definable approximation principle” from Section 1).

Thence we get (by 5.4 (¢)) and assuming M consistent.

THEOREM 5.5. M, |~ IX.

Proof. IX implies 4.C. Use 5.4 (c).

We will get a stronger result, however, under a stronger assumption.
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THEOREM 5.6, If ZFC+T is oconsistent, then M,4-V+ L4 11X,
78 comsistent.

Proof. Let 9 be a countable standard model for ZFC+V = L4T,
ZPC+V = L+T. We take its symmetric Cohen extension in which
the following is done. We add a collapsing 1 —1 map f, of wy,, onto wy.
‘We do this with conditions of power < w;, In the symmetric extension
Opp1 = OFpg-

Now we take the restriction of the symmetric model M, :

R v (-@(Rgl) NM,) = M,.

Let ®(a, T) be a formula saying as follows: (T represents wiy.) & T
is ordinal tree |,

Then clearly (a),(ET)®P(a,T) but there is no “choice” class, because
then wgr, would be collapsed onto wy'.

Now we give some additional facts about M.

We know that in M the strong axiom of constructibility implies
condition 4 from Section 1.

‘We have the following.

THEOREM 5.7 (Zbierski). If M 4s consistent, then M +A, [~V = L,

Proof. By 6.4 (a).

Under assumption of the consistency of ZFC-+T we get the prootf
of the consistency of M- T)A.

THEOREM b.8. If M is a countable standard model for ZFC +T, % inaces-
sible in M, then there is a Cohen-type extension M[G] with the following
properties:

(i) M[G] |=ZFC+T,

(ii) % is inaccessible in M[G],

(ili) 2* > %+,

(iv) B} = R,

Proof. Just add the k** generic subsets of % with the conditions
of power less then % Since % is inaccessible thence N |=7o = 1=?,,, and. there-
fore there is no new element of R, .

Leyma 5.9. If M[G] is a model from 5.8, then
R U (2(BM) nM[G)) |= M+ 1 4.
THEHEOREM 5.10. If ZFC+T is consisient, then M+V =L+ 14 is
consistent.

Proof. We can assume that in 9 from 65.8. V = L holds therefore
in Ry U (2 (R AIM[G) =V = L.

COROLLARY b5.11. If ZFC+T s consistent, then %0 is M+V = L+
+ there is mo definable well-ordering of all classes.
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6. Hierarchy of formulas in ¥

The particular part aims at using the method given in Lévy [5]
and extends some of his theorem proved in the ZF case to M, We remind
that the formula Z(X) < (BY) (X ¢Y) means that X is a set that small
Latin letters are reserved for the variables ranging over sets. @ is any
theory in the language of the set theory.

DEFINITION 6.1. (a) The formula @ is called 2; (II;) iff it is of the
following form: @: (EX,)...(XXX;, )@ (9: (X,)... (XXX,-lﬁl)qﬁ),
where @ is a predicative formula, i.e. all quantifiers in it are restricted to
sets and XX is appropriate quantifier.

(b) The formula @ is called TP (II?) iff it is provably in @ equivalent
to the formula from Z,(IT;).

DEFINITION 6.2. (a) Z is8 called a pair of X and ¥ — in symbols
Z =«X,Y»ift 2Z = 2 and 2 = X and 20 = 7. '

(b) Z is called a finite sequence of classes iff 27 c w, D7 < w. It
27 = n, then we write Z = «Z, ..., 2"y,

LeEMMA 6.3. With the interpretation of the ordered pair as in 6.2 the
axiom of pairing is provable in M,.

We have now almost verbatim lemma from Lévy (Lemma 1 from [5]).

LeMMA 6.4. (a) X, = II,.

(b) If men, then 22Ul c Z¢NIIZ.

(¢) If Pe X9, then ~PeII2. If D I19, then ~BeIIS.

(@) If PeZ?, then (X,)Pe I, and if n> 0, then (BX,)PeZ?
and if n =0, then (BX,)0ecZ?. If ®ell?, then (BX,)PeZQ., and if
n> 0, then (X;)Pe ITC and if n = 0, then (X;)De 12,

(e) If O, Pe X2, then D&Y, Pv WeZ2. If D, VelI?, then & & ¥,
OvWell?, If De 22, Welld, then O & ¥, Dv Ve zZ2, ﬁﬂ,?_l_l.

£) IfQ =2 M, e X2, then (Ex)D, (x)Pe X2. If Q 2 M, e lI®, then
()P, (Ex)PeII0.

The proof of the facts (a)-(e) is clear with that only that a new defi-
nition of the ordered pair should be used. The point (f) easily follows
by induction, note that Axiom IX is used (instead of the axioms of the
power-set, replacement and foundation as it is done in the ZI' case).

LeMMA 6.5. Every formula is in (U (Z2 U IID).

new
DEFINITION 6.6. The rank of a formula @ (denoted following Lévy
by o(®)) is defined recursively as follows:
(a) If @ is atomic, then o(®P) = 0.
(b) oe(~®) = ¢(P).
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(¢) o(® & ¥) = (P v ¥) =max(pP, o¥).

(d) o((Bz)®) = o)D) = o®.

(e) o((Bv;)P) = oP+1 provided that @ is not of the form: v;¢ v; & P,.

(£) A, = {D: oD = n}.

(8) AR ={2: (BY), (@ FP V)L

LeMMA 6.7 (Lemma 3 in Lévy’s [B]). (a) men — A8 < A 2.

(_b) Ao = 20 = Ho.

(¢) 2, VI, S A,

(@) If M <@, then AS < 22, n1I,,.

Proof (a), (b), (o) are obvious. (d) is proved by induction.

DEFINITION 6.8, The classes with 22, JI2, A etc. definitions are
called 29, IT9, A9 ete.

Thence predicative classes are called Xy (or II,). Now we shall use

the extended language; i.e. it will be a language with the additional sym-
bol{:} for the class term formation.

DEFINITION 6.9. Term T of the extended language is called predi-
oative iff T = {x: @(x)} for some De .

LeMMA 6.10. If T is the predicative term and @ e X, then H(T) is
also XM,

Proof. If &: v; = v;, then &(T) is truth (say (2) (z = 2)). If v, # v,
then &(T) is falsity. If v,¢v;, then O(T): Tew;, this is equivalent to
(Bx) (x =T & we v;), other cases are obvious.

LeMMA 6.11. If @ 48 X and T is predicative term, then &(T) is ZM.

Proof. By induction.

Now we are going to evaluate certain formulas and terms.

LEMMA 6.12. (a) X® is a predicative term.

(b) 2X s a predicative term.

(¢) OLP(X)«%>TX is the class of pairs | is ZM.

(d) PATR(X) <Z>MOLP(X) & 9X = 21 is IM,

() REL(X) <> TOLP(X) & oxPAIR(X@) 7 45 ZM,

(f) FUNG(X) «*"REL(X) & (&, §)ox(X®)® = (X)) — ((X)@)®
= (X(v))(l)_l is Z'ju.

(g) FUNC*(X) «*>"FUNC(X) & (#)9x PAIR((X@)O)7 45 =2,

(h) RG(X) € 2 «*>TFUNC(X) & (o) ((X@) Ve Z)T is ZH,

Now using Lévy’s Lemma 10 (about representability of the PR
formulas in the set theory the only change is that in our case they are Z,)
we are able to define by simultanous induction the formulas.
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Satfun’(-) and Stsf(-,-) which are going to express correspond-
ingly: H is a satisfaction function for the formulas of the rank <j,
finite sequence of classes f satisfies the formula with the Gédel number #.

They are written down almost exactly as in Lévy’s [6]:

Sattun/(H) < FUNO*(H) &RG (H) < 2 &(#) (a:e 2(H) — o(((H®))) < j) &
& 2(((H)O)W) = Fr((H))O) & [D, v ... v B,],

where @,, ..., @, are inductive conditions corresponding to the inductive
definition of satisfaction of atomic formulas v; = v;, atomic formulas
v; € ¥;, egation, conjunction, alternative, predicative existential quantifier,
full existential quantifier.

We shall not write them all down; indeed the alternative of the
firgt six is described in Mostowski’s [10]. Note that (unlike in the ZF
case) they arve still in 27 We shall write the 7-th formula in @, case:

(B, (HO)O)0 = 22.3%.5% & {[(EX) Stst~(|(HE)O)® Ui, Xn > Fr(k), k)

& (H®)N = 1| v [~(BX)Stst!(((H) ) U «i, X»Fr (k) k) & (H)D = o]}.
Now
Stst! (F, n) « (EH) [Satfun’(H) & «an, F», 1nqgH].

We are able to find the lemmas corresponding to Lévy’s Lemmas
13-16. It is even easier since we work in the full system M (it should be
noted that if in the Lemma 16 in Lévy, ZF is taken instead of S then the
lemma is almost obvious).

In this way we get the following theorem which corresponds to Lévy’s
theorem 17,

TEEOREM 6.13. Let @ be a formula with the Gddel number n, of the
rank <j and free variables vy, ..., v, ; then

M FStsti(F, n) — @,

where F is the predicative term with the domain {iy, ..., 4,} and such thai
) — p.

tm

Proof. By induction on j.

THEOREM 6.14. Stsf!(F, n)e X, NI,

Proof. We prove that by induction and calculation of components.
‘We note here that further results (like Lévy’s Semantical hierarchy theo-
rem) can be proved.

DEFINITION 6.15. (a) The class Y is called X (I1;, 4;) in X iff it has
a definition of the form {z: ¢(x, X, ..., X%, X)} for some ay,..., o
¢ 92X, where @ is X, (I7;, 4;) formula.

(b) The class Y is ecalled X; (II,, 4,) iff it is Z; (/T,4;) in the class
E= {(x,y): zey}.
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LEMMA 6.16. For each ie  and X the predicate Z, (X)(II(X), 4,(X))
s codable, im particular X; is codable.

Proof. We give here the proof for the case of X; but this can he
easily seen to he generalisable to the general case.

It is clear that X; are exactly these of the form {x: &(z, 2,, ..., ,)},
where @, ..., z, are sets, @ is a T formula and & contains no other
parameters. Now by 6.13 we can form the class

{p, 3,2, ... 2> Stst/(«, @4, ..., 2,2, D)}
It is clear how to transform it into the required class.

COROLLARY 6.17. The consistency of the theory PZF{ -+ Amiom of
powerset is provable in M (where PZF{ is a theory of Moschovakis [9]).

Since we can assume that each class is X; for some ¢ (by 4.22).
Therefore we have

CoroLLARY 6.18. Let W, be the “code” for all Z; classes. Then the
mapping © — W, is not definable in M.

At the same time we get once more the following

THEOREM 6.19 (Montague). (a) The theory M 4is essentially reflexive.

(b) M is not finitely axtomatisable,

(c) M 48 not amiomatisable by the axioms of bounded depth, i.e.

(i) (Y (T = Z; - T is not equiconsistent with M),
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