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In this paper we are going to consider two situations:

I.Let S : X — Y be a surjection and 7' : Y — X a primitive function, that is,
ST = idy. We assume that there is a bijection ¢ : X — G1(o,e!) where G! is an
abelian group with addition o and unit e' so that we have the following operation
in X:

vl oa® = ¢ (p(ah) 0 §(a7)).
Notice that T(Y) = T'S(X) can be a subgroup of G*. For all z € X there is a
unique ¢ € X such that © = coTSx (c = xo (T'Sz)™!). In the set of all constants
C we have the operation

C1 0 Cy = (.’171 O .’EQ)[T(S$1) @) T(ng)}il.

II. Here assume that S : X — Y is a surjection and in addition let X C Y7
the latter assumption is important so that we can consider iterations of S.

Now we are going to define the quotient field of operators.

Let G be any group which does not contain divisors of zero. Let us consider
any commutative semigroup II C EndX of injections of X into itself (where in
X we have an operation defined as in I). II fulfils the following conditions:

1° Idx €Il

2° Iff,g € Il then fog eIl

3° fog=go fforVf,gell
4° f(x) =0 implies that x = 0.
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We are going to consider in more detail the case
fan(x) =n-z where n € Z.

The set of fractions (results) is the set of pairs (x, f) where z € X, f € Il or in a

more convenient notation ? with the operation

r _y  g(@)ofly)
P9 F

If we take the field of scalars JJ:—" where n,m € Z, m # 0 then we also have the
operation

£ (1) L 40
Im \9g fmg

and the set of results is a linear space over the field of operators.
In situation (I) there are two possibilities:

IA. T(Y) is not only a subset but also a subgroup of the set X. That means
that in 7'(Y) we have the operation

T(y1) o T(y2) = ¢ (o(T(11)) 0 (T(y2)))

and so the limit condition can be defined as follows:
s(x) =x—T(S(x)) wheres: X =Y
(here we do not have to assume that S(X) is a subgroup of X).

ITB. More generally T'(Y) is not a subgroup but just a subset of X. Then we
can choose a group H (such that H has the same number of elements as T(Y"))
and a bijection ¢ : H — T.

Notice that in this case we can also calculate T'(y1)o,T'(y2) but the set T'(Y)
need not be closed under the operation oy, so T'(y1)o,T(y2) belongs to X but
not neccessarily to T'(Y").

Now let us denote Orbs(y) = {z : S(x) = y} and Orbs(c) = {z : s(z) = c}.
Notice that if ¢ and y are fixed then Orbs(c) N Orbg(y) has at most one element.
We can write this in another form

(%) Sx)=y, s@)=c¢
if the above system has a solution, then the solution is unique.

EXAMPLE 1. Let S: R — Rxq, S(z) = 22, s(z) = sgnz. Then Orbs(£1) N
Orbg(r) has exactly one element for r > 0 but Orbs(£1) NOrbg(0) and Orbs(0) N
Orbs(r) where r > 0 are empty sets.

So in general

X = U Orbs(c) N Orbs(y).
ces(X),yeS(X)
In the regular case we have not only

Ve e X x=s(x)oTS(x)
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but also
Ve e s(X) Vy € Y 3z € X such that z = co Ty.

Now let us look more closely at the set s(X). s(X) is a subgroup of X (with the
operation o). In case s(X) is not closed under the operation o we can introduce
a group operation in s(X) using a bijection w : $(X) — K where K is any group
with the same number of elements as s(X).

EXAMPLE 2. Let S : C'(a,b) — C°(a,b) where C*(a,b) is an abelian group,
(a,b) a given open interval, s(C1(a,b)) ~ R and T(C°) C C' where T(f(t)) =
f; f(7)dr. Here

TfoyTg= [ f(r)dr@y [ g(r)dr = [ (f(r)+g(7))dr.

Since Orbg(c) ~ C°(a,b) we have Orbs(c) <« C(a,b) <« C°. Here
(a' = T(y")) + (@* = T(y?)) = (z' ®2?) — (T(y") & T(y*)).
Now we are going to consider the space of fractions £ where y € Y and
u :Y — Y is a homomorphism and injection. Now each z € X can be written
as T = wo B w1 B ... Bwy_1 D1y where wy(z) = T'S'z © TSy € Y are
polynomials for ¢ = 0,1,...,n— 1 and r,(x) = T"S"z € Y is the nth rest in the
Taylor formula (notice that we assume situation II, that is, S can be iterated).
Now if Y is a metric group and 7, tends to 0 as n — oo then we can write
that z = B2 w; (note B2 yw; — {w;}i2, € Y™°).
Now we can define functions:
S:YN =YY by S({wi}§%) = {wit1 )5
S:YN YN by II((wg,wr,ws,...)) = (0,w,wi,ws,...) and
s: YN o YN by s({wi}) = {wi - 67}

S,1I,s are homomorphic, IT is an injection (S and s are not). YV is a linear space
over the field of operators.
Now let 4; : Y — Y be a homomorphism (it does not have to be invertible)

for i =0,...,n— 1 and let us consider the equation
(%) S"® A, 1Sz ®... . AS+ Az =f, sS'z=uw(2),
wherei =0,...,n—1. Here wp, w1, ...,w,_1 are given, £ = (wo, w1, ... ,Wn—1,Tn)-

Let us assume that A;S = SA; for every i. If we differentiate the equation (x) k
times we obtain

Sk @ A, 1S e @ @ A8 R @ AgSFe = SFf

(here we use the fact that S is a homomorphism). Now if in addition A;s = sA4;
then

(%)  sS"TFr @ A, 1sS" e g . @ AsSTTFr @ AgsSFr = Sk

Equation (x) can be solved using one of the following methods:
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METHOD 1.
vowo +viw1 + ... FUp_1wn_1 +0f

w(TD)

where the solution is a fraction

n—1Yi v
rT=0,_g —w; D *f7
w w

that is,
V; . . . v
=l —(T'S" — TS5 )@ — f.
w w
The solution is obtained by a recursive procedure: If the polynomials wy, ..., w,_1

are given we can calculate the subsequent polynomials by differentiation of equa-
tion (xx) since
Witk B Ap_1wWnik—1(2) D ... ® Agwi41(x) = wi f.
So, succesively we find all the polynomials of z (so in fact we get x itself).
METHOD 2. We have
ms*"zeI"A, 1Sz & ... pMM"Agz = 1" f,
(rO0wy OMMA,_1w ©...0T" ' Ajw,_1)®...® (T"Agz) = " f,
(IdoTlA,_1®...0IM"Ap)r =0= 2z =0.

Now let us note that from (Id — All)z; = xy we can get x; = ;%5 if the
denominator is an injection. Now if A € EndY and I1A = AII then

(Id — All)z = 0 & o = Allz & Allx = A%II%2 & 2 = AT

for any n. But lim,_,., A"II"z = 0 in the Fréchet metric. So for all n € N
(Id —II"A™)x =0 = 2 =0 and so (Id —II"A™) is an injection, and

(wo D...D anlAlwn_l) D...D anlAlwn_l D an - io: B,
1=0

(IdoTA,_ 1@ ... II"A))

References

[1] W. Babianski, R. Bittner and L. Latecki, The criteria for the existence of deriva-
tives, primitives and limit condition in groups, in: Conference on Complex Analysis and
Applications, Varna 1987, Bulg. Acad. Sci., 1987, 11-22.

[2] —,—,—, The criteria for the existence and uniqueness of solutions of abstract differential
equations, Fasc. Math. 19 (1990), 15-19.

[3] W. Babianski and R. Bittner, Nonlinear operational calculus, in: Generalised Func-
tions and Convergence, World Scientific, Singapore, 1988, 73-87.



