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INTRODUCTION

Generalized Post algebras were first formulated and examined by
Traczyk [30] and later by Dwinger [6]. Both authors have given in turn
the notfions of Post ideals and Post homomorphisms (see [33] and [6]).
However, the problem of m-representation of the generalized Post al-
gebras has not been examined so far.

One of the main aims of this paper is an application of generalized
Post algebras to some many-valued logics. In [11], Karp shows that
the completeness of some formal systems of infinitary propositional logic
is exactly connected with the m-representability of corresponding Boolean
algebra of equivalence classes of formulas. This fact suggests a discussion
of the m-representability of generalized Post algebras.

In part T we shall extend T. Traczyk's and Ph. Dwinger’s definitions
of generalized Post algebras and introduce the notions of Post D-filters
and of Post homomorphisms in our generalized Post algebras. Under
these notions we can generalize almost all the results which have been
proved in the case of Post algebras of order n (see [4], [17], [29] and
[30]). In particular, we will prove a theorem on necessary and sufficient
conditions for the sm-representability of generalized Post algebras, and
a generalization of the Rasiowa and Sikorski Lemma (see [19]) for the
case of generalized Post algebras.

In order to obtain these results we shall use R. Sikorski’s method
of examination of the m-representability of Boolean algebras (see [27]).
For this purpose we will extend the notion of D-filters introduced in
paper [17] and construct the Stone space of a generalized Post algebra
from a set of D-filters. The proof of the theorem on m-representability
is analogous to that for the case of Boolean algebras.

Note that our notion of D-filters is not entirely dual to that of Post
ideals of T. Traczyk and Ph. Dwinger and that is has properties necessary
to develop the theory of generalized Post algebras.

In part IT we shall apply the theory of generalized Post algebras to
certain infinitary many-valued propositional caleculi. In [12], [13], [17],
[23] and [29]), V. Kirin. G. Rousseau and H. Rasiowa show that the role
of Post algebras of order » for the n-valued propositional and predicate
calculi is similar to that of Boolean algebras in the case of propositional
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caleuli and predicate calculi of clasical logic. The following question arises:
is it possible to construct certain many-valued propositional calculi in
which the generalized Post algebras play a part analogous to that of Post
algebras of order = for m-valued propositional calculi? More generally,
we will discuss this problem for many-valued propositional logics based
on infinitary propositional languages &}, corresponding to infinitary pro-
positional languages %, as introduced by Karp [11]. The ecardinal m is
used here in the same sense as a by Karp, and » is the ordinal of the well-
ordered set of propositional constants in .%;, which correspond to logical
values adopted in the logic under consideration.
The answer is positive in the following cases:

1° Finitaly denumerably many-valued propositional logics.
2° Infinitary many-valued propositional logics in which the cardinal
number of the set of logical values ig less than the cardinal m.

The author wishes to express his gratitude to Professor H. Rasiowa
for stimulating him to investigate the problems discussed in this paper,
and also for her guidance during its preparation.

Many thanks are due also to Professors R. Sikorski and T. Traczyk
for their valuable remarks.

The author would like to thank Mr. W. Bartol, Mr. M. Weintraub
and hig Polish colleagues for their help.



PART I

A GENERALIZATION OF POST ALGEBRAS

Let A be a partially ordered. set. We say that the set 4 ig connected
if any elements a, 8 of A have either an upper bound or a lower bound,
and A is said to be a semilattice if for any two elements of A there exists
a greatest lower bound (g.lb.).

We denote by V the greatest element of 4, by o the least elements
of A and by 1 with indices the minimal elements of the set A~ = 4 — {0},
whenever these elements exist in A.

If A has the zero-element, then a minimal element of 4~ is said to
be an atom of A.

A semilattice 4 is called complete if every subset A, = {a;: 1¢T}
of A has a g.lb. in A. The g.1.b. of 4, is denoted by ‘ﬂ a; or [} 4, or

el

M {a;: teT}. It A is a subset of a partially ordered set 4, the g.lb. of a

subset 4, in 4 is denoted by M“%q, or M4 4,.
tell

A semila.ttice A with the zero-element is called connscted if the set
A~ = A—{o} is a connected partially ordered set.

1. Definition and characterization of generalized
Post algebras

1. Definition and properties of generalized Post algebras.

DErFINITION 1.1. Let A be a connected semilattice with the zero-
element o and let P be a distributive lattice with the zero-element 0
and the unit-element 1. B denotes the set of all complemented elements
in P.

If P satisfies the following conditions:

(P 1) There exists an indexed subset I = {e,: aed}U{eyp}of P such
that for any «, f of 4, a < g implies 6,< ¢5, and ¢, = 0, ¢ =1 (IiTe-
spectively whether there is a greatest element V of A or not, we denote
the unit element of P by eyp).

(P 2) For every element p in P, there exists a decreasing sequence
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(p.: aeA™> of type A~ of elements of B (i.e. satisfying the condition:
for a,f in 4, if a< f§, then p,> ps) such that
(1) p =) pNe0
(a monotonic representation of the element p).
(P 3)(}) For every subset 4, of A, the join (J e; exists in P.

GGAO

We denote the join | ez by e:.

f<a

(P 4)(?) If p, ¢ are any elements in P and p satisfies (1), then
qnp = LAJ_qn(pmea)-

Thiz condition is called the gemeralized distributivity low.

(P 5) If be B, then the condition bneg < ¢,, where 8 1: a, 0rbNes < ¢
implies b = 0,

then P is called a generalized Post algebra of type A, or for brevity,
a Post algebra of type A, with the distinguished elements in #, and it is
denoted by (P; {e,: acd}, B).

For example we consider the set Az of all decreasing functions f
from A~ into a Boolean algebra B. The order in Az is the usual order
of functions, i.e. if f,gedys, then f< g iff for every aed™, f(a) < g(a).
We know that the set Az with this order is a lattice. We denote by e,
and ep the constant functions, which are respectively equal to 0 and 1,
and, for every aed~, we denote by e, the function

1 if f<a,
0 if p¥a.

Let E be the set {e,: acA~}U{e,, 65} It is easy to see (or in virtue
of Theorem 1.6 in the sequel) that every sublattice P of A7 containing
all constant functions and all functions of Az whose values are 0 or 1
only is a Post algebra of type A. Hence we have many examples of Post
algebras of type 4. Thus we see that condition (P 4) is a natural generali-
zation of the finite distributivity law for lattices.

COROLLARY 1.2. If, for every teT, a,c A and the meet o, = () a, owists
teT
in A, then e, = t(‘; €, In partioular, e,Mey = e,.,, whenever a, B in A.

Proof. From a, < a, we have €a, < 6, T0r every teT. Lot p = | paNe,
aed—

6.(8) =

(*) This condition is equivalent to the following one: for every decreasing se-
gu;nce (Pat aed~) of type A~ of zero or unit elements, the join ) pane, exists
in P. aed™

o (%) This condition may he considered as a generalization of the finite distrib-
utivity law for lattices.
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be any element of P such that for every ¢¢T, p <e,. Since a, = ﬂ ay,

for every gin A-, if ﬂ ~ 0g, then there exists an element {;eT such that
g% % oy, Thus by the inequality p < e wy? 7 have psneé; < ¢, . Hence by
(P b), ps = 0. Consequently, » = {J p.ne, < |J 6, Therefore we have

. I<a<a, asa,
proved that e, = () é,,.

tel
THEOREM 1.3. Let p and g be any eclements of P and let p = | p.ne,,
aed™
g = gq.ne,. Then p < q iff for every aeA~, p,< q,. Therefore every
aed—

element of P has a unique monotonio representation; in particular,

=Jeg and ep=1= J e,.

f<ca aed—

Proof. The sufficiency is obvious by equality (1) in (P 2). Now
suppose that p < ¢. It implies that for every f in A~

(2) qN—gpNeég = pN—ggneg = (—gpNps)Neg.

It follows from condition (P 4) in 1.1, Corollary 1.2 and also from the
equation

U ('—Qﬂr‘Qa)neanﬁ = U (—Qﬁr\Qa)nea

acd— a<f
that

qN—gpNep = Lj_(—%”'eﬂ)ﬁ(qaﬂﬂa)

= U (=Nt = U (—gng)ne

aed— as(p

For a'= f we have —gzngq, = 0. Hence

qﬂ—%ﬂ%=£ﬂ—%nmne<%.
This together with (2) implies that —gsNpsNe; < ¢5. Since —gsNpse B,
by (P B) in (1.1), we obtain —gsnps = 0, which is equivalent to p,; < ¢,.
This completes the proof of the necessity. The second part of the theorem
follows immediately from the first.

On account of this theorem, we can introduce for every aeA™ a D,-op-
eration defined by the equality D,p = », for every p in P, where p, is the
coefficient of the element ¢, in the monotonic representation (1) of p.

For convenience we will denote, in the sequel, the set AU {V} by 47.
Of course, if A has the unit element V, then A% = A.

Tho fundamental properties of Post algebras are formulated in the
following theorem:
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‘THEOREM 1.4, In every Post algebra P = (P; {e,: acA}; B) of type A
(i) For a,fedA™, if a<< f, then D,p > Dyp,
() p<<giff for every aed”, Dop < Doy,
(i) Du(pVq) = DapUD.g; Da(®Ng) = DapNDag,

iv) D 1 if a8, 1 if a<B,
iv <8 = ; a¥h = )
# 7 lo ifatp, 0 ifakp,
where a, e A~ and, as we already know,
eﬁ = U €a)
a<f

(v) peB iff D;p = p, for all a in A,
(vi)  DaDpp = Dyp,
(vil)  if for some p, ge P the pseudo-complement of p relative to g, denoted
by p=q, exists in P, then

(3) D.(p=09) = MNZ (Dap >Dyg).

0<f<a

In particular, if the pseudo-complement. —p = p=0 of p ewists, then

(4) Dy(—p) = — UZ Dyp.
0<f<a
Proof. Applying Definition 1.1, Corollary 1.2 and Theorem 1.3 it
is easy to show that (i), (ii) and (iv)-(vi) are true. It remains to prove
(iii) and (wil).

In order to prove (iii), let p = |J D.pne, and ¢ = |J D,qNe,.
acd— aed—

Obviously, pvg = (D.,pvD,q)Ne,, and by the uniqueness of the
acd—

monotonic representation of the element p L ¢, we get D,(p U q) = D,p U D,
i.e, the first equality of (iii).

By applying the generalized distributivity law twice, we obtain
() png=UgnDpne, = U U (DapnDpq)Néung-

aed— aed— fed—

This implies that (D,pND,q)Nne, < png for all aed™. We now assume
that

(6) p' = (DpnD,q)ne, tor every acA~, where p'ecP.
Since for arbitrary elements «, fed ™, Donpp = Dop and D,5q 2> Dpy,
(-D D nDﬁ Q) N eanﬂ (Danﬁp N -Dan.ﬂ Q) N ear\ﬁ

Thus it follows from (6) that (D,p N Dyg) Ne,np < p’. Hence by (8), pNg<p'

So we have proved that png = J (D,pND,q)Ne,. By the uniqueness
ced—
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of the monotonic representation of png, we obtain the second equality
of (iii).

Now woe shall prove equality (3). Suppose that the pseudo-complement
of p relative to g, p = ¢, exists in P,

We recall that s < p=q iff 2np <g¢. Then (p=>¢9)Np < g, which
implies by (ii) and (iii) that for every feA™, Dp(p = q)NDsp < Dpgq and
consequently
(7) Dy(p = q) < Dypp = Dygq.

As Do(p=q) < Da(p =q), 50 in view of (7) we have D,(p =q) < Dyp
=D,q for all 0 < < a.
Oongider an element be B such that

(8) b<< Dgp=Dpg for every 0 < f<a.
Put
(9) P =@=qu(bne,).

‘We shall prove that
D,(p'np) =D,p’'nD,p<D,q for any yed™.

Indeed, if y < a, then from (iii), (iv) and (9) it follows that D,p’
= D,(p =q)Ub. On the other hand, since, by (7) and (8), D,(» =¢) < D,p
=D,q and b<D,p=D,q, we have D,p’'< D,p=D,q. Consequently
D,(»'np) < Dygq.

If o 'jf a, then D,e, = 0 and 8o D,p’ = D, (p=q); consequently the
required inequality D, (p'np) < D,q results directly by (7).

By this inequality, we conclude in virtue of (ii) in Theorem 1.4 that
p'0p < g and hence that p’' < p=¢. On the other hand, it is evident
from the definition of p’ that p’ = p =>¢. Thus p’ = p=¢, and so D (p=¢)
= D,p" = Dy(p=q)Udb. Hence b < Dy(p =q).

In such a way we have proved that equality (3) holds.

The wvalidity of equality (4) follows easily from (3). This completes
the proof of Theorem 1.4.

COROLLARY 1.5. If the set A has a unique atom 1, then any Post algebra P
-of type A is a pseudo-complemented lattice, i.e. for every element p < P, there
exists @ pseudo-complement —p of p.

Moreover, —p = —D,p and consequently

(10) D,(—p) = —D,p for every aeA".

The element e, is the least dense element in P.

Proof. Since for every aed™, a > 1, it follows from Theorem 1.4 (i)
that, for every peP, D,p<.D;p and consequently D.pn—D;p = 0.
Applying the generalized distributivity law (P 4), we obtain —D;pnp = 0.
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Now let us take an element ¢ of P such that gnp = 0. This implies
by (iii), (iv) in Theorem 1.4 that D;p N D,q = 0. Hence —Dyp > D,q > D,q
for every aeA™ and so, by Theorem 1.4 (ii), (vi), D,(—D;p)> D,D.q
= D,q for every acA™. Applying Theorem 1.4 (ii), we get —D,p>g¢.
Thus we have proved that the pseudo-complement of p exists and —p
= — D,p. Consequently equation (10) holds.

For the proof of the remaining part of the corollary, we recall that
the element p is dense iff —p = 0. According to (10) D,(—e,) = —D;e, =0
for every aeA”. Hence —e; = 0 and 8o ¢, is a dense element. Suppose
that p is any dense element, i.e. —p = 0. Again by (10), —D;p =0,
which implies that D,p = 1. On account of Theorem 1.4 (iv) we have

D,p = D,e, for every ae.d~. Hence p > ¢, i.e. ¢, is the least dense element
in P. This completes the proof.

2. A characterization of Post algebras of type A. In the first section
we have seen that in any Post algebra of type A for every aeA™ there
is determined a unary operation D,. This suggests the consideration of
the distributive lattices P containing the zero element 0 and the unit
element 1, with the set of unary operations {D,: aeA™}. Let B = {e,: aed}u
U{ep}, where 6, =1, be fixed indexed set of some elements of P. We
will denote such lattices by (P; E; {D,; aed™}).

Under the above hypotheses and notations, we have the following
theorem, which characterizes the Post algebras of type A by means
of D operations, aed".

THEOREM 1.6. P = (P; F; {D,: acA~}) is a Post algebra of type A
iff the following conditions are satisfied:

()  Da(pVQ) = DypUD.g; Do(pNg) = DepnDyg,
(li) DﬁDap = -an!
(i) DepV — Dyp =1,
(iv)  for any subset A, of A, therc exists a Lu.b. ) e, in P,

dEAo

1 ) < 1 1 <
(¥) D,,eﬁ _ "'f a{ﬂ, D.e; — f a<f,
0 if a8, 0 if a<k B,

where ae A~ and fed™ = AU{V}, ¢; = e,
a<f
(vi)  for every element pe P
p=\J Dpne,.

aed—
Proof. We have proved (see Theorem 1.4) that if P is a Post algebra
of tiype 4, then P = (P; E; {D,: acA™}) satisfies conditions (i)-(vi).
Convensely, suppose that P satisfies conditions (i)-(vi). We shall
show that all conditions (P 1)-(P 5) in Definition 1.1 hold in P.
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First of all, we can easily show that

(11;,) »<qiff D,p < D.gforevery aed™, and if a < f, then D,p > Djp.

Indeed, if D,p <.D,q for all aed™, then, on account of (vi), p < g¢.
Assuming that p < g, we get puUg = ¢. So by (i), D.puD.q = D,q. That
is D,p < D,q, for every aeA~. To show the validity of the second assertion
of (11), let a < . From (vi), p > Dypney. By virtue of (11,), (ii) and (v),
it follows that D,p > D,p.

Let B be the set of all complemented elements in P. Conditions
(P 1), (P 2) and (P 3) result immediately by (11) and (iii)-(vi).

In order to verify condition (P 4), consider the meet png. By (vi),
gnp = gnD,pne, for every aeA™. Take any element p’' of P satisfying
the condition p’' > ¢n D, pnNe, for every aed~. From (11) and conditions
(i), (ii) and (v), it follows that

Dyp’ =2 DognDyp = Dy(pNy).

Thus again, by (11,), » = png. Consequently png = |J ¢nD,pnNe,,
i.e. condition (P 4) is satisfied. aed™

Finally, we verify (P 5). By (i) and (v), it will be sufficient to show
that if b is an arbitrary element of B, then D,b = b for every ae A. Indeed,
sincebN—b = 0and by —b = 1, by (i) and (v), we obtain D,bNnD,—b = 0
and D,buD,—b = 1. Hence —D,b = D,—b for every aeA™. In virtue
of (11,), if a < B, then D,b > Dyband D,—b > Dy —b. Since —D,b = D,—b
and —Dgb = Dy—b, from the last inequality it follows that D,b < D,d.
Therefore if a < f, then D,b = Dyb. But A~ is a connected set, and thus
for arbitrary elements a, § of A~ either there is an element yeA~ such
that y < B and y < a or there exists an element y'e A~ such that y' >
and y" = a. In the first case D,b = D,b = Db, in the second case D,b
= D, b = Dyb. Consequently, by (vi), we conclude that

b= J Dghney = Db U ¢y = D,b,
Bed— fed—
which completes the proof of the theorem.
The following corollary easily results from 1.6 (ii), 1.6 (iii) and from
(11,).
COROLLARY 1.7. If Dop>=p (D.p <) for every aed™, then peB.

TEEOREM 1.8. (i) Let {b;: teT} be an indexed subset of B. The l.u.b.
(UFb,; (the g.1.b. ﬂPb,) exists in P iff the Lu.b. UBbt (the g.1.b. (\Bb,) exists

taT teT el
in B. Moreover, (UTb, = P, (NFh, = ﬂBb,
(i) Let {p,: teT} be an indexed set of elements of P. The existence of

the L.u.b. | p, (the g.l.b. ﬂ P,) 1mplies the existence of the l.u.b. L% D.p,
teT te
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(the ¢.l.b. (M D.p;) for every acA™ and
tel’

DUp=UDpe (D)2 = () Dapy)-
teT teT teT teT

(This is a gemeralization of Epstein’s Lemma).
Conversely, if for every aeA™ the l.u.b’s (the g.1.b.’s) concerned exist

in P and U Dp,=0b, ((\ Dp; =b,) and U b.ne, =p, them Lu.b.
teT tel acd—

U p; (the ¢.L.D. ‘Q‘ ;) also ewists, and p = H' v (P = Q' D).

teT

Proof of (i). Assume that the Lu.b. | J%b, exists and equals p. Thus
feT

p > b, for every tT, and this implies that D,p > b, teT. Accordingly
D,p = p, for every aeA~. Then, by Theorem 1.7, pe B. Consequently,

the Lu.b. U'Bb‘ exists in B and UPbt = UBbt-
tel

Conversely, suppose that b = (_JPb,. We shall show that b = (T b,.
leT teT

For this purpose let us assume that p > b;, t<T. Hence D,p > D,b; = b,
teT. This implies that D,p = b = D b, for every aeA~. Therefore we get
p > b, which completes the proof.

The proof for g.Lb. is dual.

Proof of (ii). If p = U p;, then p = p,, and so D,p > D,p,, for
tel

every teT. Suppose that b > D,p,, teT, where be B, and consider the

element ¢ = bV ¢,. By Theorem 1.6 (v), it follows easily that for y 1’ a,
via

D,¢g =1> D,p,;, and for y > a, D,g = b > D, p,. Hence by Theorem 1.4

(ii), ¢ > p;, for every te7. Consequently ¢ > p and so D,q = b= D,p.

This shows that the Lub. | D,p; exists in B (and hence in P as well)

and U D,p, = D,p. e
teT .
The proof for g.1.b.’s is similar. We set ¢ = bne,instead of ¢ =bdUJ e,.

v
The proof of the second part of (ii) is similar to that in the case of
the Post algebras of order #.

DrrINITION 1.9 (i). A Post algebra P = (P; {e,: acd}; B) of type 4
is called full if for every decreasing sequence (b,: ae.Ad™) of elements of B,

the Lub. {J b.Ne, exisgts in P; and
aed—

(ii) P is said to be ni-complete, where m is an infinite cardinal number,
it for each set P, of elements of P, such that card P, <m, there exist
UP, and M P,.

The following corollary is an immediate consequence of Theorem 1.8:

CorOLLARY 1.10 (i). If the Post algebra P of type A is m-complete,
then its underlying Boolean algebra B is m-complete.
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(il) If, in addition, the Post algebra P is full, then the 1.u.b. Up, exists
in P iff for every aeA™, the Lu.b. UD,,-p, exists in B;

(iii) A full Post algebra P of ty;pe A is m-complete iff its underlying
Boolean algebra B is m-complete.

2. Post subalgebras and Post homomorphisms

The notions of Post subalgebras and of Post homomorphisms as
defined by Dwinger in [5] does not seem quite natural.

In this section Post subalgebras, Post homomorphisms and some of
their essential properties will also be discussed. Since in the definition
of Post algebras of type A the hypotheses concerning set 4 are as weak
ag possible, our definitions of Post subalgebras and of Post homomorphisms
are a little complicated. However, we will see later that by the additional
assumption that the semilattice 4 is complete (as in the case of Ph. Dwin-
ger), or is a partially well-ordered set, these definitions become simple
and natural. Moreover, we will also see that they are more general than
those due to Ph. Dwinger.

The following remarks will be useful in defining these notions.

Let P = (P; {e,: aeAd}; B) be a given Post algebra of type 4. We
recall that B denotes the set {6y} U {e,: acA}. Lot us set E=Bu{e: aed).
It will be convenient to establish that a = f if e; = e, for a certain 6s
in E and if elements ¢;¢ ¥ and ¢,¢ I are distinct, then the indices ¢ and B
are regarded as digtinet elements which are not in A* = AU{V}. Now
let us denote by A (the extension of A) the set ATu{a: aed}. In view
of the above observation, we have a one-to-one correspondence between &
and A. Hence, by this correspondence, the ordering in & induces the
ordering in A. Then A and E are insomorphic partially ordered sets, and A
is obviously a substructure (in the category of order) of A.

Therefore, the elements od 4 will be denoted, except for the special
cases, also by the letters a, #, ... Thus the monotonic representations of
elements of Z and the two expressions of condition (v) in Theorem 1.6
have the following common forms:

(1.) 6. = U ¢ for every aed

hed
and .

0o if a, fed” -
(12) .Dﬁea = ﬂ * ’ ﬂ ! aEA,

1 if ﬂ < a, ﬁ G.A—’
respectively.



16 1. Generalization of Post algebras

Since 4 and & are isomorphic partially ordered sets, by (1) the
following equation is true:

a =J4{Becd: < a} for every aed.

Moreover, observe that, for every e,e I, e; is obviously the prede_
cessor of ¢, in B. Conversely, if ¢;¢ & —F, then ¢, is the successor of e
in E. In fact, let ¢,¢ E and ;> ¢;. We need to show that ¢; > e,. There
are two cases only: either ese H, or e,¢ F. It suffices to consider the case
of ¢;¢ B, since the other case is similar and easier. Because of ¢,¢ H, ¢,

has the form e; = ¢; for a certain de.A™. Since ¢, > ¢; and 6; = 6; > 63,
we have

6> ¢ = (U e,.
y<a
yed

Thus for every yeA4 and y < a, ¢, < ¢, or equivalently y < 3. Hence we
obtain y < and for every yed and y < a. Assume that a < 6. Then
and < a, and since andeAd, it follows that and is the greatest element
in A which is smaller than a. Therefore

8. = €, =6,n5¢H,
y<a
yed

which contradicts the assumption that e;¢ B. Hence a < §. Furthermore,
since 6z # €5, a # 6 and so a < 4. Uonsequently it follows from (1,) and
from aeA that e; = ¢35 > ¢,; this completes the proof.

On account of the gimilarity of £ and A4, we obtain the same prop-
erties for 4, namely:

Every element a of 4 has a predecessor a~ in A, and every element
aed—A* has a succesor a* in 4.

For the sake of convenience we assume in the sequel that, for each
aeA¥, at = a. Hence we notice that, for every aed, a™ always belongs
to 47,

As can eagily be seen, the following properties hold in 4:

(2) (o*)" < afor any aed, and (a*)” = a iff aed—A7;
if a<< B, then at < g*; if fed — A%, then a < § iff ot < B7.

LeMMA 2.1. The partially ordered set A is a connected semilattioe and A
is a subsemilattice of A. Furthermore, if the elements a, f of 4 are incompa-
rable, then anpf = a™ Nt and belongs to A. Consequently, for any elements
a,B of A, e,Nep = 6,0y

Proof. First of all we will show that 4 is a semilattice. Obviously
it is sufficient to prove that arbitfary incomparable elements a, # od 4

have a g.l.b. From the incomparability of elements a, f it follows that
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at and A% are also incomparable. Indeed, suppose the contratry, i.e. either
at < 8%, or BT < o', say at < B*. So a< Bt

The following two cases lead us to a contradiction:

If a = f*, then a > B.

If a < g%, then by (2) e< (f7)" <4

Set a; = a*(%A*. From the incomparability of o and g+ it follows
that a, < a* and e, < #*. Hence again by (2) a, < (")~ <8 and ¢,
< (a*)” < o. Now suppose that yed, y<a and y<f. In view of (2),
yt < ot and y* < B*. Since yted and ap = a4, we have gy > yt = .
This shows that ay = anpf in 4.

From this argument we can see that if a, fe4, then the g.l.b. an4g
is always in A. Therefore A is a subsemilattice of 4. Evidently 4 is con-
nected, for A contains -the unit V. Thus the proof is completed.

1. Post subalgebras. Let P = (P; {¢,: aed}; B) be a given Post
algebra of type 4 and let P, be a subset of the set P. Let B, be a subset
of the set {e,¢ B: ¢, Py}. In connection wit Z,, we denote by .4, the set
{aez: eae Eo}- P'llt Bo = BnPo-

DEFINITION 2.2. The structure P, = (P,; {e,: aed,}; B,y is called
a Post subalgebra of type A, of the Post algebra P provided

(p.) P, is a sublattice of the lattice P and contains the zero and the
unit elements,

(Pa) €oc B, and for every e¢,c By, e, > U7 e,
a>ﬁ¢.¢‘o

(ps) for every subset {e,: teT} of B, the Lu.b. tL'%P e,, Delongs to Py,

(ps) if pe P,, then there exists a decreasing sequence of elements of
By {b,: aeAy;> of type A; such that

(3) p = UT bune,,
aeAl')'

(ps) for each ajed, the set {acdy: a > a,} has a least element, which
is denoted by 7(a,).

Note that the fact {aedy: a> a,} # @ results from (p,).

Remark 1. If 4 is a partially well-ordered set, then obviously con-
dition (p;) is satisfied and hence, in this case, it can be omitted.

Remark 2. If 4 is a complete semilattice, then by adding the fol-
lowing condition

(ps) for any subset {e,: teT} of By, tgPeﬂt‘Pﬂ’ we find that the last

condition (p;) is a consequence of conditions (p,)-(pPa).
Proof. First of all we shall prove the following lemma

Tevua 2.3 (1) If A is a lete semilattice, then so is A.
( |
2 — Dissertationes Mathematicae CV "B
\
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(i) If a ﬂ o, where e, then e, = (6,
lel

In fact, let A be complete, and let {a, teT} be a subset of 4. We

know that {ai+ teT} « A*, and so ()4 a; exists in A*. Set a, = M4 q;f.
leT tel

There are only two cases.

Fixstly, for every te T, ¢, < a;. We easily see that in this case ay,= () 4a,.
te

Secondly, there is at least one element #,e¢7T such that a, ‘E a, Since
0 < af, We get ay < off and hence o < (af)” <. If gy < a,o, then
aog(a,) < a;, and if @, eA™, then o < a, since % < af and af = q.
In both these cases we obtam a conmadlctlon of the a,ssumptlon tha.t
g ;E a,. Hence a; = a,o and a ¢§AT. The last implies @, < a,o Conge-
quently, ap <a; and sinece ay < a,y We gel ay =a, Whlcll implies

that a; ﬂﬁa, Thus we have shown that 4 is complete
e
Proof of (ii). Suppose that o = (M4q,. Thus e, < ¢, for each t<T.

Now take an arbitrary element p of P such that p < < €y, for every tel,
and consider any element f of A~.

If < a then Dge, =1. I B :E a, then from a = (M4q; it follows
tel

that there exists an element ¢, of T' such that ;E a, - This leads to Dye,t,
=0 and so Dyp =0, since p < €a,y” Accordingly, for every feA™, Dyp
< Dge,, which implies p < ¢,. Consequently 6, = ()%e,,. Thus the lemma
is proved. bl

'We now return to the proof of Remark 2. Put 7(a,) = (4{aed,:
a>> a,}. The existence of this g.lb. follows from the completeness of A.
Then by the above lemma 6,,, = (7 {6.¢ By: 6,2 6, }. In virtue of (p)
Wwe have 6., ¢ P,. BEvidently D, €., =1, since a, < r(aa) On the other
hand, if Bed,, B <7(ay), then, by the definition of r(ay), @y & € B, and
hence D, 68, = 0. From this it easily follows that
(1') 61‘(00) > U eﬂ.

443 f<r(ag)
Tt remains to show that #(a;)ed,. Suppose the contrary, 2 (ao),!A.o Ac-
cording to (p4), €y = U? byneg. Thus €r(ag) = bpM 6. For ﬂ = 7(ag) we
ﬁc.A.
easily see that b, = 0. Hence bray = JT Bpnep < U ey
Agz<r(ag) Agsp<r(ag)

This contradicts inequality (r). Accordingly, 7(a,)ed, and hence
7(a,) is the least element of the set {aedy: a> ), i.e. (p;) is satistied.

The next lemma is deduced from Definition 2.2.

LEMMA 2.4, The set A, is a connected subsemilattice of A.

Proof. Take any two elements a, § of 4,. Obviously it suffices to
consider the case where a and p are incomparable. Then, on account of
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Lemma 2.1, anf = atnpt = ayeA. We wish to show that ajed,. On
the contrary, suppose that a,ed,.

By (p.) we have e, = J® b,Nne,, which implies e, >b,ne,. For

yeA;
y 1: a, it is easy to check by the last inequality that b, = 0. Hence 6o,
= U b,ne, and so Dy6,, = U b,nD,e,. We already know that
A.o_ayguo Agrr<ag
Daoeao =1 and D, e, =0 for all y < qp and yed, (since a,¢A,). Conse-
quently 1 = 0, which is impossible. By this contradiction we conclude
that aged,. Accordingly 4, is a subsemilattice of A.

To prove that 4, is connected, consider again any two incomparable
elements a, § of 4,. If anp =0 and hence a*Np* =0, then, since 4
is connected, there is an element y of 4 such that a* < y and g < 4.
Thus a* < 7(p), BT < r(y) and since r(y)e4d,, it follows that A4, is con-
nected. The lemma is proved.

THEOREM 2.5 (i) Every Post subalgebra P, = (P,; {6,; acd,}; By 18
a Post algebra of type A,. Furihermors, for every element pe P,,

(4) b= U_:P br(a)nsn'
aed )

Consequently, if Dﬂ(a, 18 a D-operation associated with r(a)ed,, then
D.p = Dyyp for each acA”.

(ii) Py 28 am m-regular Post subalgebra of P iff B, is an m-regular
Boolean subalgebra of B, where m is an infinite cardinal.

Proof. We shall show that the subalgebra P, satisfies all conditions
(Py)-(Pg) of Definition 1.1. It is obvieus that (P,)-(Ps) are immediate
consequences of (p,), (p;) and (p,). Consider now (I’,). To begin with we
prove the validity of (4). Since a < r(a)edy we get from (p,) by, Ne,
< by Nepqy <P for every aed”.

Conversely, let us assume that ge P and g = b,qNé, for every aed™.
According to the definition of 7(ua), if ajed; and a<ay(aed™), then
7(a) < ap, which implies b, > b,. Hence b, Ne, < byyNe, < g, for each
aed”and a < ap. Itfollowsthatg> U b, ne, =0, U €, = b, Neg,.

A~> a<ag aiao
acd—

Since «, is an arbitrary element in 4,7, and by (p,) we obtain ¢ > p. Thus
equality in (4) has been proved.

To verify (P,), we take any elements p, ¢ of P, and consider the
meet ¢gNp. In view of the generalized distributivity law for algebra P,
we infer from (4) that

qgNp = Lijnb,.(u)ne,,.

It is evident by (p,) that ¢np = gnd, N €q, for every aedy; Now let p’
be an arbitrary element of P such that p’ > gnb, Ne, for every agedy .
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Since 7(a)edy and a < r(a), it follows that p’ = gN by Neyg = 4Ny Ne,
for every aed~. Consequently, the last inequality gives us p’ > gnp,
which implies that
gnp = UF gnd, Ne,,.
aoe.Aa'
Thus (P,) is satisfied.

Finally, it remains to verify condition (Pg). First let us suppose
that be B, and_bneuO< ¢,» Where ag, BoeA, and q, f Bo. Since, as we
know, o, = \U4{aed: a< ay}, there is an element & of A~ such that
a< gy, buta ‘E B S0 Dy, = 1, D,eg, =0 and consequently b = D, b = 0,
since D,bND,e, < D,ep,-

Secondly, assume that be By, age 4y and bne, < [J™ 6. As a con-

Agaf<a

sequence of (p,), we have (J0 65 = ¥ ¢;. Recall that ¢, = T e,
Agap<ay dyaf<ay 4~ 3agay
and by (ps), €, > P e;. Hence there exists an element o of A~ such

Agap<a
that a < a, bui, fo?r ea:3h Bed;, if f < a,, then a ;E p. For this aed™,
D, =1, D,:g ,Ef é) =Ag:al)aeﬁ = 0. Therefore, similarly as above,
we obtain a.ga,i;L b — Db = 0. '?[‘hus (Ps) is satisfied and consequently P,
is a Post algebra of type A,.

(ii) The necessity is evident. Conversely, assume that B, is an m-regu-
lar Boolean subalgebra of B. Let p, p;e Py; teT and

(B) p = UPop,, where T <m.
ted

We need to show that p = | JFp,. For this purpose take any element
teT

ge P such that g > p, for each ¢eT. Thus D,q > D.p; = Dy, p;. Since B,
is m-regular, by applying Epstein’s Lemma (1.8) to the L.u.b. (B) we get
Diyp = UBO-D?-(u).pt = UBDﬁ(a)p,.
teT teT

Hence it follows that D, g > Dﬂ(a)p = D,p for each aeA™, which implies
q = p. Thus p = (J¥p, is proved and hence P, is an m-regular Post sub-
algebra of P. 7

2, Post homomorphism. Let P = (P; {¢,: aeA}; B) and P’ = (P’;
{ew: a'eA’}; B be given Post algebras of type 4 and A’, respectively.
Let b be a mapping from P into P'.

DEFINITION 2.6. We call the mapping'h a Post homomorphism of P
into P’ provided & satisfies the following conditions:
(hy) 1k is a lattice homomorphism,
(hy) h(E) = E', whete, as we know, B = {¢,: acdt} and B = {e,:

a'ed'*}.
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Farther,
B(0) =0 =¢ and &({l) =1 =e,.
(hy) B UT e) = UF hie,) for any Bed.
A~ salf foaed—
(h,) If A, denotes the set {a’ed’: e, = h(e,) for some aed}, then for
each o'ed’, the set {a;ed;: a;> a'} has a least element denoted
by r(a').
(hs) For each gqyed,, the set {acd™: h(e,) = ¢, } has a least element
denoted by sa,. Of course,

(6) h(ess;) =60, for each ageA,.

Note that from (h;) and (h,) we infer that the set {ayedq: o> a'}

is not empty for any a’eA’ . Indeed, if for a certain a’<A’~ this set were
>

empty, then for each ayeAg, we would have a, ¥ o', and so Dye, = 0.
By virtue of (h,) and (h;) we would have
L =h(1) =kUPe) = UTh(e)) = U eq.
aed— asd— a’ s A'
0“0
Consequently, for such a’
1 =-Da'1 = UPI _Du‘e::;, =0,
u‘;t.ﬁ;

which is impossible.

Remark 3. If the sets A4 and A’ are partially well-ordered, then
conditions (h,) and (h,) are obviously satisfied.

Remark 4. If the semilattices 4 and A" are complete, then condi-
tions (h,) and (h;) can be deduced from (h,)-(h,) and from the following
condition (l):

(hy) for every subset {e,:teT} of the set E,

h(tgpeat) = iQP'h(eat) .

It follows from Remarks 3 and 4 that Definition 2.6 can be simpli-
fied by adding some hypotheses concerning the set A. Now we shall
prove Remark 4. Since 4’ is complete, we can put

r(a’) = N4 {agedy: ay> a'}.
It suffices to show that »(a’)ed,. For breviaty, denote by 4,(a’) the set
{agedy: 0y > a'} and (in accordance with A4,(a’)) by 4,(a’) the set {acA:
there exists an a’'ed, such that h(e,) = e, }. By the completeness of A4,

we have (M4 A4,(a’) = aed. Thus, as we know, (¥ ¢,. On account of
) Bedq(a’)
(h;) and later by Theorem 2.3 (ii), we see that ’

hie,) = ﬂ’f’ Iies) = M ep = 3;'(0')‘
pEAu(ﬂ) ﬁI‘As(a')
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This implies that »(a')ed,.
Analogously condition (h;) easily results from the completeness of 4
and (hy).
Put:
Ay ={acd: a = sa’ for a certain a’eAg}.

TrEOREM 2.7. If 1 is a (Post) homomorphism of P into P', then h(P)
is a Post subalgebra of type Ay and h(B) = B'nh(P). Moreover, if Dao
(ayedq) 8 a D-operation in h(P), then

(7) D5:h(p) = h(Dso;p),

and also

(8) k(p) = UJP Dy h(P)f’\Gao UPR(D,p)Nh(e,).
u{ - aed

Proof. First of all, we shall show that A; and 4, are similar partially
ordered sets, or mote precisely, that for any a, Bycd,,
(9) ag < fy if say < 8.

In fact, assume that sa, < sf,. Thus 6535 < 6gpyy which implies by
(h,) that h(ess) < h(es,,) Hence, by (6), 600 < eﬂ Tn view of the defi-
nition of the mapping s, the equality ea; = eﬁ cannot hold. Hence
eay < e,,u and consequently a, < f,» Conversely, suppose that ao < B

and say T .s'ﬂo The equality sa, = sf; is impossible, since from a, < f;

we have es; < epo and hence by (6), %(ess;) # h(es). So s ¥ sp;, which
implies saor\sﬁo < sa,. Simultaneously, we see that

h(esaynop;) = h(sagNegy’) = Ti(eses) N h(64p7)
= eagM ey = 6ay = h(6say).
This contradiets the definition of sa,. Therefore sa, < 8, has been deduced

from a; < f,.
It is obvious that if be B, then

hD)Nh(—b) =0 and A(B)UR(—=Db) =1.
Hence we can conclude that
(10) h(b)e B" and h(—b) = —h(b).
Now consider an arbitrary element p’e h(P), i.e.
= UFD,p'ne,, =h(p) for some peP.

a'ed —
We wish to show that for each a'ed’™

(11) Dyp’ = Dyh(p) = h{(Dyed),
where sra’ = s(r(a’)).



2. Post subalgebras and Post homomorphisms 23

It is not difficult to verify that

_pnes;a' = UP panea
a<gra’
aed—
and
PNegy = UP PaNé,
a<csra’
aed™
= (UP.panea)U(Psra'neara') .
a< 8ra
aed—
Thus
(12 ) PGy = (.’P na;a') v (.pora' N 3m’) .

According to (h;), if a < sra’, then h(e,) = €dy < h(€ya) = 6,0y OF equi-
valently a, < ra’. Hence by (hy) and (9), h(egs) = UT k) =

sra’>aed™
U e,’,a < ra e:,;,. Accordingly, it follows from (12) and (h,) that
A;aa;
D' N = h{(P)Nh(ega) = h{DN6rar) = (B(DYN T (6552)) (b (Dorar) V(o))
and so
(13) p’nei"a' = (h(.p)n UP' eab)u(h(psra')ne;a')'
A;aa6<ra'
Sinee o’ < ra’, it follows from the definition of ra’ that if «; < ra’, then
@’ ¥ o;. Thus we have
(14) Dyee =1 and D (U ex)= UY Dyex =0.
ay< ra’ | ; eap<ra’
aazA;
Consequently, by applying D) to both sides of equation (13), we obtain
Dep' = Dyph(p) = h(Porer) = B(Dera D)5

i.e. formula (11) is valid.

Notice that if aged;, ap > o', then ra’ < a, and so by (9) sra’ < sa,.
Thus in view of (11) it follows that

Dyp' = h{(Dyyp) = h(Dsgyp) for o' < a.
This yields
2 = UPDep' 0y 2 UP R(Dsyp) Ny

d'ga’ a'ga:)
a'ed — a'ed —
= h(Dsayp)n \JY €. = h(Dsayp) Neay.
A'caga;)

. 7 !
l.e. for every o,ed,
(15) ' = h(Dsayp) Nea,.
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Now let ¢’ be any element of P’ such that ¢’ > h(Dssp)nes, for every
aye A~ We see that ra’ed, for every o' eA’. Hence by the assumption
on q' together with (11) and the inequality e’ < ra’, we get

Q' Z h (Dara',p) N 6;-‘:’ = -D,'a’p' N ela'

for any a’e.A~. This result shows that ¢’ > p’. Therefore we have proved
the following formula

(16) p' = UF h(Dseyp) Nea.

a'o eAa'

Consider an arbitrary element a of A~, and let h(e,) = eaj. Of course
aged,. On account of the definition of sa,, we have a > sq; and s0 D,p
< Deyp, which implies that h(D,p) < h(Dseyp). Thus (15) leads to

P' > h(Dsayp)Nexy = h(D,p)Nh(e,)

for each aeA~. On the other hand, suppose that ¢'¢ P’ and ¢' = h(D,p)N
Nh(e,) for each aed~. Then since saje A~ for each a,ecd,, we obtain
¢' > h(Dep) N h(esa) = b (Dsayp) Neay. From this and (16), ¢' > p* follows.
Accordingly

A7) P’ =hip) = LﬁP’I»(D,p)nh(ea).

Now we come to prove the main assertion of the theorem, namely
that R(P) = (h(P); {6,: o'edy}; B(B)> is a Post subalgebra of type A,
of P'. It is easily observed that (p,) follows from (h,), (p,) — from the
definition of 4, (p,) — from (9), (10) and (16), and (p;) follows from (h,)
and the fact that 7(a’)ed, for every a'ecd’.

It still remaing to check condition (p,). For this purpose consider
an arbitrary subset {eq;: teT} of the set E,. Certainly, {es;: teT} c H.
Hence from the definition of a Post algebia, the Lu.b. | sy = p exists

fer
in P. Let p = (J D,pne,, and let us denote by M the set {aed: a < sd
acd—
for some teT}. It is evident that
1 if ae M
.Da = Da U Cga)) = _De a; — !
P (uT d H" i \0 if a¢ M.
So
1 if M
BDp) ={ S
0 if a¢ M.

Accordingly, from (17) we have

hip) = UTh(e,).
aedM
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Since obviously s« ¢ M, it is easy to show from (6) and the definition
of M that
UP h(e)) = UP Blessy) = ey

tel' teT

aeM
Consequently | J¥ ea; = h(p)eh(P), i.e. (p,) is satisfied in A(P).
e’

By virtue of Theorem 2.5 (i), h(P) i3 a Post algebra of type 4,, and
so if Dg; is a D-operation associated with qyecd,, then by (16) Dg.p’
= h(Dsayp), which is essentially formula (7).

Finally, to complete the proof of the theorem, we show that h(B)
= B'Nnh(P). Indeed, (10) leads to A(B) < B'Nnh(P). Conversely, let us
take any element b’ = h(p)e B’ Nk (P). Because of (11), wehave b’ = D h(p)
= I (DgpeP) € h(B). This means that &(B) > h(P)nB'".

Let m be an arbitrary infinite cardinal, and let P, P’ be, as before,
the Post algebras of type A and A’, respectively. We call a Post homo-
morphism of P into P’ the m-homomorphism if % preserves all the exist-
ing lub.’s and g.l.b.’s of subsets of P of power less than m. Moreover,
if b is a mapping from P into P’ and P, is a subset of P, then &, », denotes
the mapping A restricted to P,.

TEHEOREM 2.8. Let h be a homomorphism from P into P’

(1) h is am m-homomorphism iff hyp is an m-homomorphism from B
into B'.

(ii) % is an isomorphism from P into P iff b pyz is o one-lo-one mapping.

Proof (i). Obviously it is enough to prove the sufficiency. Let 2 be

an m-homomorphism from B into B’. Let p = (J¥p, and let the power
tel

of T' be smaller than m. According to the above theorem, k(P) = (h(P);
¢ay: ayedy; h(B)) is a Post algebra and Dik(p) = h(Dseyp). Then since
by Epstein’s Lemma Dsap = U B Dsayp, and since hp is an m-homo-
morphism, we obtain

DY h(p) = h(Decyp) = HPB’ h(Dseiypy) =‘LTJB'D2;,h (p)

for every ajeAg”

Since & (Dsayp)e h(B), obviously D?,ah(p - \UJ & B)D° h(p,) for
ted
each ayed,. Applying the sufficiency of Theorem 1.8 (ii) o the set

{h(p,): teT} and k(p) in the algebra h(p), we have
h(p) = UM (p).

By virtue of Theorem 2.5 (ii), the m-regularity of h(P) can be deduced
from the m’-regularity of h(B). Hence h(p) = U h(p,). Analogously we
te
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can show that if p = {JFp,, then h(p) = H_'P "h(p,). Consequently, % is an
teT €

m-homomorphism.

Proof of (ii). Since the necessity of (ii) is clear, we show only the
sufficiency. In view of the assumption it is easy to check that 4, = s4d, = 4,
where s4, denotes the image of the set 4; under the mapping s. It suffices
to show that % is a ono-to-one mapping, i.e. if 2 (p) = h(g), then p =g
for any two elements p, ge P, Indeed, h(p) = R(g) yields Dg k(p) = Dg;
R{q), or by (7), h(Dseyp) = h(Dsayq) for each ayed,. Because of sd, = A,
L(D,p) = h{(D,q) for each aeA™. Since & is a one-to-one mapping over B,
we have D,p = D,q, aeA™. This implies p = gq.

The theorem hag been entirely proved.

To conclude this section, we shall prove a remark which will be
useful later on.

Remartk 5. The set 4, defined above by Theorem 2.7 hag the follow-
ing property: for every element aed, the set {ayedy: 2o < a} has a great-
est element.

In fact, we will show that sa’, where a’ed; is such that h(e,) = e,
is the greatest element of the set I = {a,ed,: a,< a}. From (h;) we
evidently have sa’ < g, i.e. sa’e¢ I. Consider an arbitrary element a,eA4,,
ie. a; =sp for some f'ecd,, and a, = s’ < a. Then obviously by (6)
we have

h(egp) = €5 < h(e,) = €.

So f' < o, which implies by (9) that ¢, = s’ < sa’. This is the conclusion
required. Thus the proof i3 completed.

3. Filters in the Post and semi-Post algebras.
Quotient algebras

1. D-filters. The notions of an ideal in a generalized Post algebra
as introduced by Traczyk [33] and by Dwinger [6] are not sufficient in
order to develop the theory of the generalized Post algebras.

In this section we shall generalize the notion of D-filter, which has
been defined by H. Rasiowa in [17] in the case of Post algebras of finite
order. The notion of D-filter (of order ) will be defined in such a way
that the following requiremets will be fulfilled:

1° Every D-filter is the shell of a certain Post homomorphism and
vice-versa.

2° Every D-filter V' of order ¢ (aed™) is a prime lattice filter iff

the set Vy = PNB is a prime (lattice) filter in the underlying Boolean
algebra B.
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3° If 1 is a Post homomorphism of P into P’, then there is a D-filter.
V in P such that the algebra & (P) is isomorphic to the quotient algebra P/V.

We already know that these three conditions are easily statisfied
in Post algebras of finite order.

Now let P = (P; {e,: aed}; BD> be a Post algebra of type 4, and
let 4 be the extension of the semilattice A defined as in the previous
section.

DerFnITION 3.1 (i) Let a # 0 be an arbitrary element of 4. A lattice
filter V < P is said to be a D,-filter if there is a subset A, of 4 such that

(d,) 4,1s a connected semilattice containing zero (but not necessarily
a subsemilattice of A) for which

(1) U4 {age 4o} = a
and for every feA the set {a,¢4: oy < B} has a greatest element denoted
by §,8

(d;) Element pel iff for all ayedy, D, pel.

D-filter is a common name of all D_-filters.

(ii) By a prime D-filter we understand a D, -filter V such that F,
= VNB is a prime (lattice) filter in B.

A D, -filter V with the set A4,, satisfying conditions (d,) and (d,)
is said to be of type 4, and is denoted by V' (4,) or by (V,, 4,>, where
Ve =VnB.

Remark 1. It will easily be seen that if ae4d™, then equation (1)
implies that aeAd,. Consequently condition (d,) is equivalent to the fol-
lowing one:

d,) peV iff D pel.

( COROLLARY 3.2. If ¥ =<(F,, Aoy is a D, filter (acA), then ezeV
iff B> a

Indeed, if f > @, then (1) gives § > a,, which implies that D, ¢, = 1,
for aqyed; . Hence ¢z¢ 7 follows from (d,). Conversely, if ezel7, then by
(ds)y Dgyep =1 or equivelently a, < g, for all ayed; Consequently, (1)
yields g = a.

TucorREM 3.3. (i) Let h be a (Post) homomorphism of P = (P; {e,:
aed}; B) into P' = (P'; {e,: a'eA'}; B> and let A, be the image of the
set A, under the mapping s (see Definition 2.7). Then the shell V = {pe P:
h(p) = 1} of the homomorphism h ts a D-filter. Further, V is of type A,,
1.e. A, satisfies (d,) and (d,).

(ii) For each aeA™, the D filter V is a prime (lattice) filter iff ihe filter
Ve = VNnB is prime in B.

(i) If F is a prime (lattice) filter in P, the set {e,c E: e <V} has a least
element e, and furthermore ageA~, then V is a D, -filter.
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Proof. First we shall show that the Lu.b. {J*4, exists, where A,
= {sB): f,eAg}. From (hy) in Detinition 2.6, it is known that ¢, = sV’ (V"
is the unit element of 4') is a least element in A+ such that h(egp) =1
— ¢/,.. By formula (9) in section 2, we have $f,<sV' =, for every
syl -

Hence it is evident that if ayed,, then { J4A4, = a,. Now gssume
that ay¢4,. Thus ¢, > sf, and this obviously implies that oy > sg, for
avery sfyed,. Lot us consider an arbitrary element o of 4 such that
a > sf, for every sfyed,. So we see that e,> 8gp;- and hence, because of
formula (6) in Definition 2.6, % (e,) = N (e.;,) = 65 for every foed,. From
this and by (8) in Theorem 2.7 it follows that h(e,) = U* 'e}a =1, Then,

Bos4g
gince 6.+ > ¢,, we get h(e,4) =1, which implies that o™ > sV = q,.
Consequently o> (a*)” = a;. Thus we have proved‘tha,t oy = U414,
and, accordingly, the Lw.b. (J44, always exists.

Put a« = U“ 4,.

This together with Remark 5, Section 2, shows that 4, satisfies (d,)
in Definition 3.1. TFurther, it is easy to see that

peV iff h(p) =1 iff for every fyed,, Dgh(p) =1

itf for every sfge Ao, h{Dygp) = 1 (because of (7), Section 2), iff for every
sfoedo; Dgp e V.

Hence ¥ with the set 4, satisfies (d,) in 3.1. Therefore V is a D, -filter
of type 4, in P.

(ii) The mnecessity is evident. To prove the sufficiency, let us assume
that ¥ is a prime filter in B and pUge V. By virtue of (d;) we have D,(puUq)
= D,puD,qeV,. Thus either D peV, or D,qcV,, say D,peV,. Again
by (d,) we have peV. Consequently, ¥ is a prime (lattice) filter.

(iii) In order to prove that V is a D, filter, we will show that V
satisfies condition (a,). If D, peV, then obviously peV, since e, ¢V and
» 2 D, pne,. Conversely, suppose that peV. Since F is prime and
Daopu —D,,op = 1¢eV, then at least one of the elements .D,,op and —Daop
belongs to V. If —DypeV, then —D, pNpne, V. By using twice the
generalized distributivity law we obtain

—D, pnpne, =\J —D, pnDpne, <\ J e, =6, .
0 0 aed— 0 aed— 0
a<a0 o< dg

Consequently €q,€ V', While €ay < €4y

This contradicts the assumption on €., adopted in the theorem.
The contradiction shows that —D,p¢V and hence D, peV. Therefore V
satisties (d;). This completes the proof of the theorem.
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2. Semi-Post algebras-a-filters.

DEeFINTTION 3.4 (i) By a semi-Posgt algebra of type A we mean a lattice
P = (P; {6,: acA}; B) satisfying conditions (P,)-(P,) in Definition 1.1.

(ii) Let @, and V, be an arbitrary element of 4~ and a lattice filter
in B, respectively. The set {p ¢ P: there exists a monotonic representation

p = U pane, of the element p such that p, «Vo} is called an ay-filter
aed™—

in P. determined by the filter V.
LeMMA 3.5. 4 set V is an a-filter in P determined by a filter V, in B
iff it is a lattice filter generated by V, and the element é,.

Proof. We denote the lattice filter in P generated by the filter V,
in B and the element 6, by [V,, 6,]. To prove the lemma, it is enough
to show that V = [V, ¢,]. In faect, if peV, then from the definition of V

there is a representation of the element p = | J p,Ne, such that p,eV,.
aed—

Obviously p = p,Nne,. Hence pe[l,,e,]. Conversely, suppose that
pelV,, e, i.e. there exists an element bel, such that p > bne,. Let
p = U p.ne, be an arbitrary representation of the element p. Thus

aed—
p =pU(bne,) = (U ppneg)u( U bney) = U epne,
Bed— Bed— fed—
where f<a

_‘ppUb ifﬂéa,
Py it #¥a.

Of course, ¢, = p,VbelV,. Thus pel. Accordingly we have proved that
V =1[Vq, €l

Henceforth, by & we will always denote the set of all a-filters (ae d ™)
in P which are defined by prime lattice filters in B.

Before stating the next theorem we introduce some notations. By
a strictly decreasing sequence of type A, of a-filters in P, where A, is
a partially ordered set, we shall understand the indexed subset ® =
={V aed;} of & satisfying the following condition:

For every a, fed,, V,nB =VynB =V, and a< g itf V,3 V,.

Let us denote by § the set of all such strictly decreasing sequences ®.
We introduce in § a partially ordering relation, as follows:

For any two elements ®,, ®, in , B, of type 4, is regarded assmaller
than &, of type 4, and symbolically we write ®; 3 6,, if there exists
an order isomorphism f of 4, into A4, such that

0p =

Vo= Vyy for every aed,.

Obviously, if G, -3 ®,, then , = G,. Further, as will easily be seen,
the set ¥ satisfies the hypothesis of the Kuratowski-Zorn Lemma, i.e.
each chain of elements in § has an upper bound in .
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THEOREM 3.6. Let P = (P: {e,: aeA}; B) be a semi-Post algebra of
type A. The following conditions are equivalent:

(S1) P is a Post algebra of type A.

(82)  Ifbe B, each of the two conditions: bNe, gﬂU eg,acd and bne, < ¢,
<a

where a, fed and o i: B, implies b = 0,

(83) Each element pe P has a unique monotonic representaiion.

(S4) For every afilier V(aedA™) in P, (J{e,: ;e d, teT}eV iff there
ewists an element 1,1 such that ¢ > a.

(85)  For every filter Vo in B and every element ¢,, acA~, the lattice filter

V =1V, e.] generated by V, and e, contains the lu.b. J e, iff
there owists an element tyeT such that o > a. teT

(86)  For every prime filter V, in B, there exists at least one element Ve
sontaining Vo. Moreover, every maximal sequence® in & is of type A,
and there is an enumeration {V,: aeA™} of ® such that

(2) H' eq,€ Vo iff there emists am element t,eT such that a; = a.

Proof. (81) is evidently equivalent to (S2). (S1) implies (83), by 1.3,
Section 1.

(S3) = (S4). For every peP we denote by D,p the coefficient of
the element ¢, in the unique representation of the element p. Now assume

that p = UJ e, ¢V, and V), is the filter in B, which determines the a-filter V.
el

Let us denote by M the set {feA™: § < q, for some te7T}. Then it is easily

checked that p = U 6o, = ) 5. This is the monotonic representation
tel fled

of p, and hence either Dyp = 0, or Dgp = 1. On account of the definition
of a-filter, peV implies D, peV. From this we infer that D,p = 1. Thus
ae M, since Dyp = 1 itf fe M. Consequently, there exists a ?,¢T such

that o > a. Evidently, if there is an «; > a, then p = U ea,€ V.
tel'

Implication (S4) = (S5) is clearly an immediate consequence of
Lemma 3.5.
(SB) = (S6). Let us denote the set {V, =V, e,]:acd™} Dby

% (V,). It a < B, then by virtue of (35), e, = U ¢, does not belong to V.
y<a
Consequently, ¢,<C ¢5, and V, 2 V,. Hence Z'(V,) is a strictly decreasing

sequence of type A~ satisfying condition (2). We note that
(29 a< piff e, < e ift 7,7 V.

Let ® be an arbitrary element maximal in §f and let ¥V, = VN B for
some Ve®, From the definition of a sequence in § we see that g is uni-
quely defined by &. Hence it follows from 3.5 that for every Ve®, V
= [V, 6,] for a certain aeA~. Thus we conclude that G < & (V,).
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In view of (2') it is easy to show that® <3 & (V). Since ® is a maximal
element, we obtain & = & (V,). Consequently ® is a sequence of type A~
and satisfies condition (2).

(86) = (S2). Let b, be an arbitrary element od B different from zero,
and let V, be a prime filter in B containing b,. In view of (86), there is
an element VeZ, which contains V,. Since the filter V, is maximal, it
is clear that V, = FnB. According to the Kuratowski—Zorn Lemma,
there is a maximal element & in § greater than V. Evidently ¥, = BNV’
for every V'e®. Let the enumeration & = {V,: aed™} satisty the con-
dition mentioned in (S6) Since bye V,, and e,eV,, we infer that if byne,

<e U e,, where a : ﬂ, then by (2) there exists an y < # such that

= a. Consequently f = a, which contradicts a { g. Similarly, it may be

shown that byne, < U 65 leads to a contradlctlon Consequently each of
B<a
the two conditions bne < ¢4, where a ‘}E B, and bne, < | ¢, yields the

conclusion & = 0. f<e
Thus (S2) is deduced from (S6), which completes the proof of our
theorem.

3. Quotient Post algebras. Let a Post algebra P (P;e,: ae 4; B)
of type 4 be given, and let V¥ = (V,, 4,) = V(4,) be a D filter of type 4,
in P.
We introduce a relation defined as follows:
P =~,q iff for all fed,, (Dpp =>Dsyq)N(Dsq=Dyp)eV(A,).

It is not difficult to show that the relation =~ is an equivalence.
Denote by |p| the equivalence class defined by an element p, and by
PV (A,) or, for brevity, by P/V the set of all equivalence classes in P, i.e.

P|V(4y) = P|V = {ipl: peP}.

We now define an ordering relation <in P/V(4,) in the following
way:
Ipl < Igl  iff for every feAy, Dpp=DyqeV.

Then P/V(4,) becomes a partially ordered set and the equations
[puql = |p|Vigl and [pNng| = |p|n|q| hold. Motreover, on accouny of
D,Dyp = Dyp, the formula p ~, p' implies that Dyp ~, D,p’, for
every fed; Thus we can define the operations Dy, fedy in PlV(4,)
by the equation

Dslp| = |Dypl for every |ple P[V(4,).

It will be observed that if |p| < lgi, then Dy|p| < Dsylg| for all fed;, and

(3) p =U%e, implies that |p| = UP"’ |6l
el
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Indeed, clearly [p| > [e,|, since p > e,. Now let [g| > leatl for every
teT. If fedy and < o for a certain tyeT), then Dylg| =|Dyg| > IDﬂBa! |
= [L| = 1. So it follows that DsgeV (4,).

If fe Ay but § 3 ¥ o, for every teT, then we have Dgp = U Dﬁea‘ =0,

Hence in both eases the formulas Dpp = DyqeV(4,), e A, , a.lwa,ys hold.
Therefore, according to the definition of order in P/V(4,), |p| < |gq|, and
in this way formula (3) is proved.

We adopt the notation [o|; = |6s] for each fedf and B[P (4,)
= {|b|: be B}.

THEOBEM 3.7. (i) The lattice P[V = (P|V; {lels: Bedo}; BIV), where V
i8 & Dfilter of type A,, is a Post algebra of type A,, and for each |p|e P|V

ol = UF" Dyip|nlel,.

ﬂc.A‘.o_

Moreover, the mapping h(p) = |p| is a Post homomorphism from P onio
P|V and V = V(A,) is the shell of h, i.e.

= {peP: |p| =1}.

(i) If V is a prime D,-filter, then P[V (4,) = {P|V; lels: fed,; B2),
where B2 denotes the two element Boolean algebra, i.e. the underlying Boolean
algebra of P[V is B2,

If, in addition, A, is a complete linearly ordered subset of A, then the
set P[V oonsists exactly of all elements {|e|z: fed,}, where A, is the emtension
of A,.

Proof. To prove the first assertion in (i), we will show that the
lattice P/V satisfies all conditions (i)-(vi) of Thearem (1.6).

In fact, it is obvious that

Dy(Ip|V1gl) = DglpIV.Dglal;
Dy(lplnlg)) = Dylp|nDy gl and DD, |p| = D,Ipl.

Since [Dyp|U|—Dsp| = |Dppu —Dpp| =1 and |Dygp|n|—Dyp| =0,
it follows at once that the complement of D,|p| = |Dsp| exists and
—Dglpt = | —Dpp| and simultaneously D,|p|u—Dgy|p| = 1. Thus condi-

tions (i)-(iil) are fulfilled. Condition (iv) results directly by (3). Consider
condition (v). Since

IR ¥ AT 1 it g < By
Dﬁ"’”"_[o it B By, D"(Ho"")=‘o it p< fo,
we have v<ho
1 i f<hy if B < P,
D == A =
g -{0 it p5p, [o it % fo-
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Consequently, condition (v) is satisfied.
Finally we verify (vi). Take an arbitrary element [p| of P/V and let

p = UT D,pne,. Then p > Dypniegand 50 [p| = |1Dpp|nesl = Dplp|niels
aed—
for every fe Ay Now suppose that [q| = Dg|plnlel; = |Dgp e, for every

BeAy. 1t follows from the definition of order in P/V that Dy(Dspnep)

=>Dyq = Dgp=DyqeV for every Bed;y This implies that |p|< |q].

Thercfore we have proved that |p] = T "7D,i 2N elg, i.e. (vi) is satisfied.
ﬁcA(T

We shall show that % is a Post homomorphism of P onto P/V. Obvi-
ously, & satisfied conditions (h;) and (h;) in Definition 2.6 ((hg) follows
directly from (3)).

For any a4 by virtue of the definition of s,a in Definition 3.1 (d,)
the equation Dy le,| = Dy e, .| holds for all feA, . Hence |6, = [6;0] = [€lgy0r
i.e. the image h(E) is contained in {|e|s: fedo} and so (h,) is satisfied.

Since for every feA,, |6, is the image of a certain element of &,
then obviously (h,) is satisfied and »(f) = § for every feAd,.

To verify (hs), we consider for every fed, the set I = {aed: h(s,)
= lels}. Of course fe I. Moreover, /i(6,) = |e.] = le|s implies that Dyle,|
= |Dge,| = Dylels = 1. So Dye, =1 and consequently f < a. This shows
that the set I has a least element f, and consequently (hg) holds.

It is easy to show that the last assertion in (i) is also true.

(ii) I V is a prime D, filter, i.e. BNV = V, is a prime lattice filter
in B, then clearly the set B/V consists of two elements 0 and 1 only. That
is B/V = B2.

From this we note that for each |p| ¢ P/V either D;|p| = 1 or Dy|p| = 0.
Let 4,be a complete linearly ordered set. Put g, = (40 {feA4; : Dylp| = 0}.
There are only two cases:

Casel: Dy |p| = 1. Since 4, is a linearly ordered set and (D, [p|: fed;)
Is a decreasing sequence, we see that Dglp| = Dpleg,| for every fedy
Consequently [p| = lels, (because P/V is a Post algebra of type 4,).

Case IL: Dy |p| = 0. In the same way we have D,lp| = Dylels, for
all fed; and hence |p| = [e|s,. From this argument we conclude that’
the set P/V consists only of elements [¢|;, where feA4,. The proof of the
theorem is thus completed.

CorOLLARY 3.8. If I is a Post homomorphism of P into P' and V(A4,)
(see Theorem 3.3 (i)) 78 the shell of h, then h(P) is isomorphic with the quo-
tient -algebra P[V (A,).

Proof. It is enough to show that A(p) = h(g) Uf » ~ 4,4

Since /B is a homomorphism of B into B’ h(b) = h(b’) for b, b’ B
implies that (b=d')N (b’ =b)eV(4,). By virtue of this remark we have
h(p) = h(q) iff, for every ajed,”, Deyh(p) = D?:;,h(q) (see Theorem 2.7,
formula (7)) the last equation holds iff, for every ajedy”, & (Ds=p)

3 — Dissertationes Mathematicae CVII
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= h(Dsayq), which on account of 4, = SA4; is equivalent to the condi-
tion that, for every a, = sagedy, (Do,® =D q)N(Dayq=>Dyp)eV (4y).
Consequently, by the definition of the relation =4, the required con-
clusion follows.

DerINITION 3.9. We say that a D-filter V = V(4,) preserves the
Lub. (g.lb.)

(4) p=Up @="Nm),
e e
if
Ipl = U Ip)  (Upl = NE7 Ip),
{eT tel

and that it preserves the pseudo-complement of p relative to g, p=g¢
(whenever it exists in P) if |p=q| = [p|=1gl.

TEEOREM 3.10 (i) A prime D-filter V = V(4,) preserves the l.u.b.
(g.1.b.) (4) if the following condition is satisfied:

(6) for all aye Ay, DoypelV iff there is a tyeT such that D, py eV (DypeV
iff for all 1T, D, peV).

(ii) Let V(4,) be a D-filter in P and let A, be a subset of A suoch that
if Ao contains an element ay, then A, contains all elements of A that precede a;.
Then the existence of p=q in P implies the existence of |p|=|g] in PV (4,)
and the D-filter I7(A,) preserves p = q iff it preserves g.1.b.’s.

(6) D, (p = q) =pQ Dyp=Dpq;  apedy.
a

Proof. (i) To prove the necessity, we assume that |p| = U7 |p,|.
teT
Applying Theorem 1.8 to this Lu.b. in P/V, we obtain |D, p| = \U*7|D, p,,
teT

for all ajed; Since V(4,) is a prime D-filter, the values of the elements
|Dy,p| and |D, py| are either 0 or 1. Accordingly the last equation yields
conclugion (5). Conversely, suppose that (5) holds for all a,e4, Conse-
quently, it will easily be observed that, for every a,edy, |Dgp|

= U7 | Dy, or equivalently, D, |p| = U™" D, |p,|. This shows, by
te tel

the second assertion of (ii) in Theorem 1.8 applied to |p| and |p,|, teT
in P/V, that |p| = \UF |p,|. Therefore the D-filter V(4,) preserves the
Lub. (4). beT

Analogously we can prove this assertion for the g.l.b. (4).

Now consider (ii). Let us assume that the D-filter F(4,) preserves
p=>q, i.e. |[p=q| = |p|=|q|. According to (vii) (1.4), for every aycd;
we have

1Dy (p = 9)| = Dq,(Ip] =gl =ﬁ‘QP’V Dylp| =Dyl
o
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These equations lead to

(7) D, |p =gl = Doy (p=0)| = ﬁQ:"’ |Dpp =Dyl
because
Dylpl=Dplgl = —Dylp|VDslgl = | —DepUDpyl
= IDpP 3D;sﬂl-

Formula (7) means that the D-filter I(4,) preserves the g.l.b.’s (6).

Now assume that the D-filter F(A4,) preserves all g.l.b.’s (6), i.e.
that (7) holds for all ayed;. We need to show that |p|=|q| = |p =>¢l.
Since p = q exists in P, we have (p == ¢)Np < ¢, which implies that [p=g|Nn
Npl < lql.

Let [p'|e P/V and |pI'n|p] < lgl. Thus Dylp’|n.Dylpl < Dylgl, for all
Bedy. Hence for every f< ay, D lp'| < Dylp'| < Dylpl=Dpglgl, and
consequently D, [p'| < [Dpp =Dyql, since Dy|p|=Dylgl = |Dpp =Dpyql.
Therefore from (7) it follows that D, |p’'| < D, [p =¢| for every a,eAy .
This implies that |p'| < |p=¢q|. Accordingly, |p|= [¢| exists in P/V and
Ipl=lgl = Ilp=gql.

This completes the proof.

4. Post algebras of type »

In this section we shall discuss a special case of Post algebras.

Let » be an arbitrary ordinal number and let 4, = {0}uU{a < »: a¢ Lim},
where a¢ Lim. means that a is the successor of a certain ordinal numbers,
ie.a=pg+1.

Then the Post algebra P of type 4, is called the Post algebra of type ».

It is easy to see that the extension A, (see Section 2) coincides with
the set od all ordinal numbers smaller than v+ 1, i.e. 4, = {a¢ < »}. Con-
sequently, we will denote any Post algebra P of type » by (P; {e,: a < »}; B)
instead of (P; {e,: aed,}, B).

Notice that the ordinal number a < » has the corresponding operation
D, iff a¢ Lim.

1. Uniqueness of type and of elements ¢, of the Post algebras of type ».
This problem was discussed by Dwinger [4] in the case of the Post algebras
of order =.

TaeoREM 4.1. Let v and u be arbitrary orvdinal numbers. If a Post
algebra P = (P; {e,: a<v}; BY = (P; {e.: a<< u}; B), then v = u and
6o = 6, for all a<y = pu.

Proof. Without loss of generality we can assume that » < u. We
shall prove by transfinite induction that e, < e, for all a < ». Of course,
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0 = ¢, < 6y, Le. for a = 0, the assertion is trne. Suppose that e, < e, is
true for all a < augv If a,e Lim., i.e. qed,—4,, then we have 8,

=UJe< U e, —e,o

u<au a<ﬂo
Now consider the case of ao¢ Lim. Since e, €Ly we have the mono-

tone representfation of e

’ ’
6“0 = U Dnﬂuomﬁa.
p>=ad Tim,
For @ > a,, a¢ Lim,, D, e ‘D“oe;o’ or equivalently, D,e. Nabe Daoeﬂo = 0.
Hence
Dnoeaons U (= Daoe,,or\D e, o) N as
ﬂn>ﬂ‘Lim

which implies that
D,(—Dg e, Ne) =0  for a> a, ag Lim,

In VleW of the induction hypotheses, we have e, _; < o,,o_l, which yields
D 9a0-1 =1, because D,e, _; =1 for all a < ay, a¢ Lim. Consequently,
it is easﬂy seen. that D,,(—D,,oe;one;o) = 0< D,e,_, for a>a,, and
D,( D e ne )<D %—1 =1 for a < ay. From this it follows that

— D, e. ne < e,,o_l Thus by (P5) of the deflmtlon of a Post algebra,
we get D e =0 or D, e = 1. Accordingly, e, = De e Nal ™
Thus we hawe proved tha,t e < ¢, for every a< v < M. In pa,rtlculmr,
1 =¢,< ¢,. This implies that ¢, = ¢, = 1 and consequently » = pu.

We can similarly prove that e, < e, for every a < » = u. Thus ¢, = ¢,,

which completes the proof.

2. Measure in a Post algebra of type ». Let a Post algebra P = (P;

{ea: ¢ < v}; B) of type » be given, and let us consider an arbitrary element p
of P such that the g.LD.

(1) N Dp.’P
p<o; f¢Lim,

exigts in P for every a < v
For such an element p we introduce the following notation:

Oup =( N Dpp)n—Dopyp, it a<y,
(2) azfLim,

C,p = N -Dpp-

v>feLim,

Now we shall show that

(3) D,p =(JCsp for each a<v; ag¢ Lim.
f=a

In fact, it is obvious that D,p > C,p for all § > a. Let b be an arbitrary
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element of B satisfying condition: b > Cpp, forall § > a. Weput a = Dpn
N —>b. Thus

(4) anCgp =0 for all B> a.

We wish to prove that D,p > a for every y <» and y¢ Lim.
Assume that D,p > a for every y < }’o: y ¢ Lim., where a <y, <.

Hence (1 D,p>a and thus, by (2), 0, p >an—D, ,,p. Moreover,
yo>ysLim,
(4) leads to —C,p=azaen—D, ,p, and consequently, wn—D,,o,,Ip

< 0,pn—0C, p =0, which implies that a <D, ,,p.

By transfinite induction we obtain D,p > a for all a < », a¢ Lim.
and so, by (2), a < C,p. But formula (4) gives a < —C,p. It follows from
the last two inequalities that a = D,pn—b =0 and hence b > D,p.
This shows the validity of formula (3).

It can easily be observed in view of (38) that p = (U D,pNe,
y>atLim,

= J C,pne, for each element p satisfying (1). Indeed, evidently
p= /\C pNe,. On the other hand, if ¢ > C,pne, for all a < v, then ¢ > D,pN
Ne, f01 all a < » and a¢ Lim., because D, pNe, = ( U G,,p)na = U C’,pn
. Hence g = p.
Let M, be an m-measure defined on the underlying Boolean algebra B,
see [27], and for every be B: 0 < my(b) < + co. Let {a,: a < v} be a fixed
increasing sequence of real numbers

0=a<6,<...€<6,<...<0a,< Foo.

We extend this measure m, to a function m defined as follows:
2 me(Cyp)a, (1) if p satisfies (1),
+ 0 in the opposite case.

We wish to show that the non-negative function m is an m-measure
on P. TFor this purpose wo shall first prove the next two lemmas.

LEMMA 4.2, If {a;: teT} and {b;: teT} are any indexed sets of elements
in B such that ayna, = 0 for t #1t', a,= b, for all teT, and the joins in

question exist, then U a; = U b, iff a, = b, for all teT.
lel tel

The easy proof of this lemma is ommitted.
LEMMA 4.3. Let {a,,: teT, ae L} be an indexed subset of B satisfying
the following conditions:

() Where we mean that if the cardinal of the sot of the non-zero terms of this
sum is greater than N,, then the sun is equal fo +oco.
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1) L is o linearly ordered set and if a > o', then a, < ay, for all teT.
2) ¢ 1 implics @eNapy =0 for all o, o'c L,
3) U ay, exists in B for every ae L.

el
Then (M U ay, ewists in B iff ﬂ Ay tel and () (M a, exist in B.
ael tel teT asl,
Furthermore, M U & = U M %a-

ael LeT {eT ack
Proof. First, it is easy to see from Lemma 4.2 that:

(6) It U a,=>Dbfor all ae L, then there exists a disjoint decomposition
tel

of the element b: b = |J b; (i.e. b;nb, = 0, for ¢ £ #') such that
teT

b, < @y for every teI' and ae L.

Indeed, in view of the hypothesis of (6), we see that bn | a,
teT
=bn J a,, and equivalently () bna, = J bNna,. Since from con-
teT tel teT

dition 1) bna, < bNay, for a > o, it follows immediately from Lemma
4.2 that bna, = bnay for all teT and a, o’e L. Oonsequently, we can

put b, = bnay, for all ae L. Obviously b = () b, and this is a disjoint
lel'
decomposition of b satisfying conclusion (6).

Now asume that

(7) a = U ay

ael, (el

exists in B. Thus |J a,, > @ for all ae L. Applying (6) to the element q,
teT

we infer that there is a disjoint decomposition of a fulfilling (6), i.e.

a=\a, aqna, =0 and ¢,< a,, for all ae L.
1134

We will show that g, = ﬂ Qe toeT. In fact, suppose that ceB

and a4, < ¢ < 4y, for all ae L. Then eVl ag<a, v a, = a,for
all ae L. Hence by (7) e tel' teT

eVa =cVUJagy<a =0 aq.
teT le!

Since for ¢ #{,, NG ONG < Ny, =0, we have ¢ =cna

= th (¢ena) =ena, which implies ¢< @,. Accordingly, we havo

proved that (M) a,, exists and equals @,. Further, a = M U @, = U

acl ael Ll teT
= U n Ca -
tsT aelL
Conversely, suppose that for every i1¢T, M a,, = a, exists in B and
let us set a = J g, = U N a,. aeL

te el ael,
Obviously, condition 2) gives a,na; = 0 for ¢ s ¢, It is well known
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that U a2 U M) @ = o for all ae L. Now consider an arbitrary
tel teT aell
element b of B such that |J a, > b for all ae.L. By virtue of (6) there
teT
exists a disjoint decomposition & = (J b, of b such that b, < a, for all
T

ae L. 8o b;< M @, = @ and consequently b = {J b, < U a4 = a.
aell r r
In this way we have shown that () U 4, exists in B and the equation
L T
N U a, = N a, holds again, which completes the proof of the
L r T L

lemma.

THEOREM 4.4. Let m, be an m-measure on a Boolean m-algebra B.
The non-negative function m defined by (5) is an m-measure on P, i.e. if
p =J p, 2NDp =0 for t £t and the cardinal of T is less than m, then

{eT

m(p) = D'm(p,).
Iy

Proof. Since D,pNnDyp, =0 for ¢ &’ and D,p, > Dyp; for all
B<v» f¢Lim., the set {Dyp,;: f<v, B¢ Lim., teT} satisfies condition
(1)-(3) of Lemma 4.3. Hence, in view of Lemma 4.3, we observe that
if p does not satisfy condition (1), i.e. of for a certain a < » the g.lb.

(8) () Dgp = () U Dypy
e fyLim. ﬁ‘pLs‘l.‘lil. leT
does not exists in B, then there is a #,¢I' such that () D,p, does

apffLim.
not exists either. So condition (1) is not satisfied for the element p, .

Consequently, by virtue of (5), n(p,) = +oco = m(p) = >'m(p). Now
T

let us assume that p satisties condition (1), i.e. that the g.L.b. (8) exists
in B for all a < ». According to Lemma 4.3 applied to the set {Dyp;: teT;
B < a, f¢ Lim.} for a < v, it follows that p, satisfies condition (1). Hence

by (6) m(p) = Zmo(c,p)au,

aly

m(p;) = Z Mg (CaDy) Ao -
assy

(9)

We shall show that C,p = U C,p;, a<<v. Indeed, by (2) and the
1T

generalization of Kpstein’s Lemma, it follows that

C.p =< N -Dﬁp)n—-DaHP
azfLim.

= N U DspN—~Des1p)

azfeLim. T

= N UN@pn—Dop1pr).

a=fyLim, (eIt el
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Since, for t # t', DpgpyN Doy 1Ppr = 0 and 80 DypyN— D,y 1Py = Dppy, we

have C,p = () U (Dppyn— Day12,). Butb it can easily be seen that
af¢Lim, teT . o ..
the set {a;; = DypN—Dgy124* < a, B¢ Lim., teT} natisfies conditions

(1)-(3) of Lemma 4.2; so by this lemma we obtain

Op=U N (Dppen—Dop1p)
7 azf¢lim.

U N Dep)0—Dopiy) = LZJ 0.2,

7 axp¢lim,.

Thus we have reached the equality required. Since if ¢ # ', then C p,N
Ne,py <-DypinDypy = 0, it follows from the assumption concerning m,
that

my(Cop) = Zmo(aa?t)-
Iy
Hence formula (9) leads to
(10) m(p) = D D) my(0upy) e

ay T

If m(p) < + oo, Le. if series (10) is convergent, then we are able to inter-
change the order of the sums in (10) and obtain from (9)

m(p) = 3 Y mo(Cupy)aa = D m(my).
T a<v T
If m(p) = + oo, then also > m(p;) = +oo.
1'
For, if 400> D m(p) = Y D mo(Copy)a,, then, by interchanging
T

T a<y
the order in the last sum, we obtain

+ o0 > ZZmo(Gup,)aa = Z'mo(aap)% = m(p),

agy T asy
contrary to m(p) = +oo.

Thus the equation m(p) = > m(p,) holds again. Consequently, we
always have T

m(p) = D m(py).
gl

Therefore m is an m-measure on P, which completes the proof.

5. m-Representability of generalized Post algebras

The main underlying idea of this section is the same as in the case
of Boolean algebras, but here we will ure filters instead of ideals.

1. Representation and the Stone space of a Post algebra. Consider
a Post algebra P = (P; {¢,: aed}; B) of type A. For every aed™ we
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denote the set of all prime D, -filters in P by % ,.; and the set of all prime
filters in B by %,.
0
Fot r= 2,
o aed—

where |_J denotes the set-theoretical operation of union. In general, in
order to emphasize in this section that a Boolean operation 0 is a set-
theoretical operation, we shall denote it, if necessary, by 0° However,
the set-theoretical complementation will always be denoted by ~.

Since, in a Post algebra, the notion of a D filter (aeA™) coincides
with that of an a-filter, every D.filter V is, by virtue of Lemma 3.5,
a lattice filter generated by ¥V, = V'nB and by the element e,. In symbols
we shall write V' = [V,, ¢,]. On account of Theorem 3.6, (S5) we see that
if «a #a'; aya’ed, then V =[V,,e,] = V' = [V,, e,]. BEvidently, for
every aed™, each D.filter I is uniquely determined by the filter V,.
This enables us to introduce the following definition.

DErFINITION 5.1 (i) For every pair of elements a, § of A, we denote
by g.; the one-to-one mapping from Z, onto %, which associates with
each D, filter V*eZ, a Dyfilter VAex, for which F*nB = P°nB, ie.
7, P? are defined by the same prime filter in B.

(ii) Let X be a subset of & and let X, = Xn&, for every aed™.
The set X is said to be eylindrical if g,,(X) = X, for every pair o, fed™,
ot equivalently if there is a subset X, of 2, such that X, = g,,(X,) for
all aed™.

It is easy to see that the class of all cylindrical subsets of Z consti-
tutes a complete (Boolean) field, and that a cylindrical set X is empty
iff there is at least one a in A~ such that X, = X'NnZ, is empty.

Note that Z,N%, =@ for a # 4.

DEFINITION 5.2. A set lattice PF = (PF; {€,: acd}; BF) of subsets
of a set 1 is said to be a Post field of type A if it is a Post algebra of type 4
and the l.u.b. in the monotonic representation of each element X of Pg

0
is a set-theoretical union ie. X = [J (D,2NE,).
acd—

We now define a mapping » from a given Post algebra P into the
(Boolean) field of all subsets of the set % as follows:

hp) ={VeZ: peV} for every peP.

Assume the following notation:

PEF, ={h(p) = Z: peP}; G, =Dh(e,) for every aecd™; Iy(b)
= {Vye%y: belV,} for every be B; and finally k.(p) = hip)NZ,.

Of counise 0
(1) h(p) = U ho(p).

asAd~—
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Observe that if p = ¢, then there exists an aed™ such that D,p # D,g,
and hence there is a D,-filter containing exactly one of the elements D p
and D,q, and consequently containing exactly one of the elements p
and ¢. From this it easily follows that % is a lattice isomorphism of P
into Pg,.

Define in P, the operations D,, aeA™, by the following equations:

(2) D,i(p) = h(D,p) for every peP.

Under the notion and hypotheses adopted above the following repre-
sentation theorem holds:

THEOREM 5.3. The set lattice P, = (PFo; {€.: aed}; B, is a Post
field of type A and the mapping b is a Post isomorphism of P onto P,.
0 0
Moreover, BF, = {h(D): be B}; €, = U €5 and €, M €y = Conpe

f<a
Proof. We shall show that the lattice P, satisfies all conditions
(i)-(vi) of Theorem 1.6. Since conditions (i)-(v) result directly from (vi)
and formula (2), it remains to prove (vi), i.e. that the following equation
holds:

0
(3) hp) = U_Dh(p)nG..
It easily follows form Corollary 3.2 that
(4) Ea = h(&a) =U %‘ﬂ; @D = @ and ET’ =,
p<a

Let Veh(p), ie. peV. Of course, V is a D -filter for certain aeA~. Hence
on account of the definition of a D, filter, we have D,peV, and conse-
quently Veh(D,p) = D,h(p). On the other hand, by (4), V<&, and hence
VeD.h(p)NE,. Thus V belongs to the set on the right-hand side of
equality (3). Oonversely, let ¥ belong to the set on the right-hand side
of quality (3). Then there exists an aed~ such that FeD,h(p)NnGE,
= h(D,p) N E,. It follows from this fact that D,p eV and, by virtue of (4),
for cerfain < a, VeZ,. From Dyp > D,p we conclude that DypeV,
which implies that peV, becanse I is Dy-filter. Accordingly, Ve 2(p) and
equation (3) holds.

It is clear that B, = {D,h(p): peP,aed™} = {h(b): beB} and
that & is a Post homomorphism of P onto P{,. Further, h|g is obviously
a one-to-one mapping from B onto Bg,. Since, in virtue of (3) and (4),

0

0
C: = UG, = U Dsh(e;) = h(es), we see that h|g is also a one-to-one
A<a ped—

mapping. Hence, according to Theorem 2.8 (i) 5 is a Post isomorphism
of P onto Pg,. This completes the proof.

Consider Z as a topological space, the set B, = {h(b); be B} being
adopted as an open basis. This topological space will be called the Stone
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space of the Post algebra P. Every subset %, (aed™) of Z will be consid-
ered as a topological subspace of & for which the set {h,(b): be B} is
a basis. It is easily seen that every set A(b) (be B) is cylindrical since
() = oa(lo(B)) = gga(hs(D)). Hence the mapping g,, is a homeomor-
phism of &, onfto Zj.

Thus each set in B, is cylindrical and consequently, on aecount
of the nottice after Definition 5.1, every open or closed set is also eylindrical.
The easy proof of the next theorem is left to the reader.

THEOREM 5.4 (i) For every aed™, %, is the Stone space of the under-
lying Boolean algebra B.

(ii) Bg, is the class of all simultaneously closed and open seis (clopen
sets) in Z.

(iii) & is a compact space.

Observe that in the proofs of some theorems on homomorphism the
notion of a D-filter has been use instead of the usually applied notion
of a Post idel. In connection with this remark we introduce in % the
dual notion of m-category.

Let mt be an infinite cardinal, and let X e a subset of Z.

DEFINITION 5.5 (i) The set X is said to be m-open if X is a union

X = X,;, where X;, teT, is a clopen set in & and the power of T is
teT

less than m.

(ii) The set X is said to be m-dense if X confains a certain dense
m-open set.

(iii) The set X is said to De of mt-cocategory if X is an intersection of
n m-dense sets, where n is a cardinal number smaller than m.

By this definition, it follows that the intersection of any family &
of sets of m-coeategory such that the power of § is less than m is also
a set of m-cocategory.

THEOREM 5.6 (i) If X is an m-dense set (or is a sef of Mm-cocategory)
in %, then X, = XN%, is an m-dense set (is of ni-cocategory) in &, for
every aed”.

(ii) If X is a cylindrical set and, for a certain aed™, X, = XNZ,
is an m-dense set (or is of m-cocategory) in Z,, then X is an m-dense set
(or is of m-coeategory) in Z.

(iii) If the power of A 1is less than m, then X is a set of m-cocategory
m X iff for every aed™ the set X, = XN, is of m-cocategory in .

Proof. The proof of this theorem is not difficult. Therefore we shall
restrict ourselves to the proof of assertion (iii) only. The necessity is
obvious. Now, for every aed™, let X, be a set of m-cocategory. By X,
we denote the cylindrical set generated by the set X, = Z,. Of course
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jan %, = X,. According to (ii), i, is a set of m-cocategory in Z. Since

A < m, the intersection (1) X, is a set of m-cocategory. We will show
aed™

that X > U X.. Indeed, let Ve N jfa and let V be a D, filter, ie.

ged— aed™
let VeZ, , for a certain aged ™. Hvidently V belongs to j.'ao and hence

~

VeZ, N&qy = X, < X.

2. m-representability — Canonical m-homomorphism. The notions of
a Post m-algebra, of a Post m-field and of an m-D-filter are defined, in
a natural way, to the case of Boolean algebras. The exact formulation
of these definitions is omitted.

DEFINITION 5.7. Let m Dbe an arbitrary infinite cardinal. A Post
algebra P is said to be m-representadle if there is a Post m-field &, an
m-D-filter V(4,) of type 4, in § and a Post m-isomorphism of P into
TV (4y).

Note that if P is a Post m-algebra, then m-representability of P
is usually defined as follows:

P is m-representable if P is an image of a Post m-field % under an
m-homomorphism. But this definition, by virtue of Corollary 3.8, is
a particular case of Definition 5.7.

Let B, be the least Boolean m-field of subsets of containing the
field Bg,. Obviously every set in BE,, is cylindrical.

By P, we denotie the following set

0
(5) PF.={XcZ: X = X,nE,}, where (X,: aed™)
aed—

is a decreasing sequence (with respect to the inclusion) of type A~. It
is clear that P, > P{F,.

THEOREM 5.8. P{,, = {PFn, {€.: aed}; BE,> is the least full Posi
m-field of type A of subsets of & containing the Post field P,.

Proof. First we shall show that P§,, is a set lattice. In fact, since

TUY = (U XnE) U (U Z.nE)

acd— aed
0 0
= L.;J“(.XGU Yﬂ) ngﬂ’

. . 0
it follows that if X and Ye P, then X |J Y e PF,,. Now we shall show
that

(6) X(OWY = O(Xarn\ Y )nE,.
aed —
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0
Olearly, X (M Y contains the set constituting the right-hand side of
0

equation (6). For the remaining inclusion let z<X () ¥. Then, for certain a
and fin A7, we have xeX,NE, and zeX,N E;. Since, by Theorem 5.3,
€.NCy = Canp and X, 5> X, Y,.5> ¥, we obtain se(X, ,NY, )N
NE,.p. Of course anf +# 0, since x¢C,.; #@. Thus 2 belongs to the

0
set on the right-hand side of (6). Consequently, (6) holds, and X ¥
belongs to P, provided that X, Y e P¥, . Now we will verify conditions
(P,)-(Ps) of Definition 1.1. It is obvious that (P,)-(P,) are fulfilled in

Pg,,. Considex (P;). Assume that X ¢ B, ¢ & f and XN, c €. Clearly

Z,NE =0, since € =) £, and Z,n%, =0 for a #y.
y<f
Hence X, = XNZ, = XNnEN%, = 0. We know that X is a cylin-

drical set, and so X, =@ yields X = @. 0
Now assume that XeBf, and XNnE, < U €. We again observe

f<a
that Z,n | €; = @ and hence, by the same argument, we obtain X = @.
f<a

Therefore (Py) 18 satisfied and so Pg,, is a Post field of type A.

In view of (5) the Post field Pf¥,, is full, and since B, is a Boolean
m-algebra, P, is, by Theorem 1.10 (iii), a Post m-field.

Finally suppose that § = (§; {€,: aed}; BY¥) is an arbitrary full
Post m-tield of type A containing P,. As is well known, the undexlying
Boolean algebra B{ is a Boolean m-field containing By¥,. Consequently,
on account of the definition of B, it follows that Bf o Bf,,. Conse-
quently § o P{¥,,, since the Post field § is full. The proof of the theorem
is completed.

By V™ we denote the set

(7 P" = {X ¢ PF,: X is a set of m-cocategory}.

It can easily be seen, on account of Theorem 5.5, that F™ is a lattice

m-filter. Moreover, if either VeA or 4< m, then. ™ is a Dy-filter of type A
(i.e. weP™ iff for every aed~, DxelV™).
Indeed, let ns suppose that ze ™. From the definition of a set of

m-cocategory it follows that X o (M) X;, where X, is a dense m-open
teT

set for all 1T, and T <m. Tbis easy to see that X, BgF,, and so D, X; = X,.
Hence, by applying the generalization of Epstein’s Lemma, we get

-DuX:J-DamX[':m'DuXt:nXl'
T T T

This means that D, X V™ for every aed™.
Now assume that, for every aed”, D, Xel™ If Ved, then from

X > D, X it follows that XeV™ If A <m, then Q_Dax e ™. Since

X > (D, X, we conclude that XeF™ This completes the proof.
aed—
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Let p, p;, i€ I, be arbitrary elements in P. We adopt for every aed~
the following notation:

8z = ~h(Dep)V H h(Dapy) s

8z = h(Dep)\ H ~h(Dep;).

(8)

Since .D,p, D,p,, ie I, are Boolean elements, a prime D-filter belongs
to 8% (8% iff it preserves the Lu.b. D,p = | D,p; (the g.Lb. D,p = (M D.p,).
tel iel

TaEOREM 5.9. Let I be a set of power less than m.
DIf p=Up (p=N2) in P, then for every acA~ the set 8%
tel iel
(82) is dense m-open in Z%.

(i) Comversely, if 8. (82) is a dense m-open set for every acA~ and
h(p) = hip,) (R(p) = h(p,)) for every iel, then

p=Un (=0
iel 2el

The proof of this theorem is analogous to that in the case of Boolean
algebras (see [27]). To prove (i) we use the generalization of Epstein’s
Lemma, and for (ii) we use the fact that p = | p, (p = ﬂ p,) iff for

all aeA—‘ a? = U Dapz (-Dup = m -Da.pz iel

Recall that if elther Vedor 4 < m, then " is a m-Dy-filter of type A.
Hence, P{,,/V™ is, according to Theorem 3.7, a Post algebra of type A.
We introduce the mapping *» of P into P, /V"‘ defined by the equation

(9) i(p) = |h(p)| for every peP.
The mapping % is called the canonical m-homomorphism of the Post
algebra P.
TEEOREM 5.10. i is an m-homomorphism of P into P, /V". Moreover,
if the Post algebra P is m-complete and A < m, then k is also an epimorphism
onto -P‘?}m/Vm = <-P'8:m/ |7m; {I'(E]a: aeA}’ Bi}m/ 17m> .
Proof. It is clear that % is & Post homomorphism. On account of
Theorem 2.8 (ii) it remains to show that A is an m-homomorphism of B
into BF,/F™ Let U a; =1, a;¢ B and I < m. Thus by Theorem 5.9 (i),
iel
0 0

= U WD,a;) = h(a;) iz a dense m-open get, and so it belongs
1el I

to V™, Since ™ is an mt- filter, 7™ preserues all m-lL.u.b.’s in Bg,. Hence

Uﬂwi=LHMmH ujmmy_mﬂ—l h(1). This shows that &

presewes the Lu.Dh. U a = 1. Consequently, I is an m- homomorphism.
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We now pi:ove the second part of the theorem. First of all, it will

be shown that % is an epimorphism of B onto B../V™. For this purpose,
we consider thé family & = {X ¢ B{,,: there exists an element be B such
that (h(b)=X)n (X =k(b))eV™}. Obviously, § > BF, and Xe ¥ yields
~Xel, since a=>b << —b=>—a. We wish to show that § is a Boolean

m-tield. In fact, let X;e, il and I <m. Let b,e B be such that
(10) (h(bi) =>Xi)ﬂ(x,- '—'>'h(b,t))€ Vlll’ ":E I.

0
Put b= b; and X = |J X;. Of course, be B and XeBg,. Since
T I

0
h(b) > U h(b,) and the condition (M (a;=¢;) < (U aj=(U¢) holds in
3 1 T 1

each Boolean algebra, it follows that
0 0 0
Xﬁh(b) 2 UX, = Uh(bi)> n('Xi;.’h(b’l))’
I I I

On account of (10) we get X;= k(b;) e ™. Hence, by the inequalities proved
above, we get
(11) X =hi(b)e ™,

On the other hand, by using the inequalities a=d > (a=0)n(¢=d) and
va,=»Ue¢ = N(a;=0;), we infer that

(12) h(b) =X > (h(b) = L;) B (b)) (;ﬁ (B (b) = X).

Since 7 is a m-homomorphism, we ha;ve n(b) =h (LI) by) = LI) i (3,),
and consequently |A(d)] = U [h(b;)] = | A(B;)], because P™ is an
m-filter. This equation sho‘;rs that h(bI) R m L;J k(b,), which yields
D h(b)=D, {J h(b;) e V™. Thus by the generalization of Epstein’s Lemma
and by the eqfla,tion D, k(b)) = h(Dyb;) = h(b;), we get: h gb) => L;J h(b)el™,
On the other hand, by virtue of (10), it is obvious that O (B (b;) = X, e V™,

Consequently, the set on the right-hand side of (12) belongs to ™, and
hence % (b) =X V™ This formula together with (11) gives (i(b)=X)n
N (X =>h(b))e V™ By the definition of §, this shows that Xe.

Similarly, we can show that the m-intersection of sets in § also De-
longs to ¥. Thus we have proved that § is a Boolean m-field containing
Bg,. This implies that § > BF,, and consequently § = Bf,. Accordingly
it is easy to see that

(13) h(B) = {[h(®)|: be B} = {|X: X¢BF.} = BFa/l™,
i.e. that & is an epimorphism of B onto B, //™.
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Now let p’ be an arbitrary element of P, /F™ Thus p’ has the fol-

lowing form:
p = U b;ﬁ[@lu, where b’EBiB:m/Vm'
ued™

Let b,¢ B satisfy the condition A(b,) = b,. The existence of such
an element b, in B follows from (13). Without any loss of generality we
can assume that {b,: aed ™) is a decreasing sequence of type A satisfying
the condition %(b,) = b'. For, instead of (b,: aeA™), we may consider

the decreasing sequence (b,: aeA~), where b, = () b; (these g.l.b.’s
= p<l1
exists, sinee A < m and B is m-complete). Take the element p = (JF b,Ne,.
aed™—
It is clear that h(p) = p’. Consequently, the mapping % is an epimorphism.

This completes the proof.

3. Characterization of the m-representable Post algebras. In this
section we will always assume that the semilattice 4 has a unit element V
or that A is of power less than m, where m is an arbitrary infinite cardinal.

The following theorem is an analogue of the well-known theorem
which characterizes the m-representable Boolean algebras. The proof is
similar to that in the case of Boolean algebras.

TueoREM 5.11. For every Post algebra P = (P; {e,: aeA}; B) of
type A, the following conditions are equivalent:

(Ry) P 1s m-representable.
(Ry) The canowical m-homomorphism s an m-isomorphism.

(Ry)  For every m-system {ay: ie I, jed ) (i.e. I < my J < m) of elements
of B, satisfying the conditions:

(14) May,iel, and {J () ay exist in B,
J I

and

(15) LI) O ay # 1,

there is a funciion ped’ such that
U @y 71 for each finite subset I' of 1.
1eI

(Ry)  For every m-system {a;: tel, jeJ)y of elements of B satisfying
condition (14) and the condition

U MNay =0;
I J

and for every element ae B, a # 1, there ewists a fumction geJT
such that

aU Ut #1  for each finite subset I' = I.
isl’
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(Rs) For every m-system {ay: iel, jeJ) of elements of B satisfying
the condition: \ ) ay,ie Iand () U a;; emist in B, and (M) U ay =
i I J I 7

and for every aeB, a # 0, there is a fumction ped’ such that
(186) aN () Gy 7 0 for every finite subset I' of I.
T

(Rg)  For every m-system (ay: tel, jed> of elements in B such that,
for each fundtion peJ?, the set {Gsp0): Te I} contains a complementary
pair of elements b, —D, the condition U a; =1 for every ieI—
—{i,} implies U ag; = 0.

(R,)  For cvery m-system (ay: eI, jeJ) of elements in B if for each

Junction @ed” the set {a,y: i I} contains a complementary pair
of elements, then U {'] ay = 1.

(Rg) If an element ae B %8 suoh that there ewisis an m-system {a;: i¢ I,
jed) satisfying the following condition: for every fumction ged?’
the set {ay,: e I} contains either the element a or else a comple-
mentary pair of elements, then | J a; =1 for all ie I implies a = 1.

7

(Ry)  In the Stone space Z of the Post algebra P, any m-intersection of
dense m-open sets is also a dense set.

(Ryo) In the Stone space ¥ of P, cvery set of m-cocategory is dense.
Proof. The proofs of implications (R;) = (R,) = (Rs;) are similar
to those in the case of Boolean algebras (see [27]).
(Rs) = (Re). Let an m-system (a;: ie I, jeJ) satisfy the assumption
required in (Ry). If ¢ = LJJ a;,; # 0, then in view of (R;) we should infer

that for the m-system <{ay: jeJ), te I—{i} and {—a,a;;:jeJ), there
exists a function e’ and a; 4 € { — 4, a;4: j ¢J} such that an ﬂ Bippa)

# 0, for every finite subset I’ of I. From the hypothesis in (R,) it follows

that there exists a finite subset I, of I for which the set {a,u: i€ Iy}

containg either the element —a or a complementary pair of elements.

Hence we obtain a contradictory conclusion an () @9y = 0. This shows
i€

0
that ¢ = U a;; = 0. Thus (R,) results from (R;).
J

(Rg) = (Ryq). Let ay: iel, jeJ) fulfil all assumptions in (R,) and
let ¢ = ﬂ U —ay = —U ﬂ ay. We wish to show that ¢ = 0. Since

U —ay=> > a, woe have —au U —ay =1 for all ieI. Now consider the
J

m-system { —a, —ay: jed), zeI and {a; ;: jeJ>, where ig¢ I and a;; = a
for all jeJ. It is easily seen that this m-system satisfies the assumptions
required in (R,). Hence according to (Rs), U a4; =a = 0.

J

4 — Dissertationes Mathematicae CVII
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(R,) = (Ry). Suppose that ae B, and that (a;: ie I, jeJ) is an m-sys-
tem satistying the hypothesis of (R,). Consider an m-system (ay:te I, jed)
with I' = TU{i} (45¢ I) defined as follows: ay = —ay for ieI; af;o, =g
for all j¢J. From the hypothesis in (R,) it easily follows that this m-system
satisfies the assumptions of (R,). Thus by (Ry), LI) O ay = ay LIJ O —ay

= a = 1, since (J a; = 1forall ie I. Consequently (R,) follows from (R,).
J
(Rg) = (R;). Consider an m-system {a;: te I, jeJ) such that (M) U ay
I J

= 1. Let a be an arbitrary element of B different from 0. Suppose, contrary
to the conclusion of (R;) that for every peJd’ there is a finite subset I’
of I such that an ﬂ Qo) = 0, O —aU U Gy = 1. We denote by

oy the restriction of @ to the set I'. Thus (pI eJI It is clear that JT <m
and that the power of the set of all finite subsets I’ of I is less than m.
Since the cardinal number m is regular, the set I* of all ordered pairs
'y ppy hag a cardinality less than m. Now we define an wm-system
{By: eI, jed> in such a way that

Gy = ay for all del,jed,
{@y: JeJ} ={—a, —ay.u: ic I’y
for each pair i* = (I, oy > e I*,
{Gyy3: jed} = {—a, a},
where 4o¢ [*UTI and I = I*UTuU{i}.
Obviously, the l.u.b. of the set of elements in any row in this m-system

is equal to 1 and, as can easily be shown, for every function y)eJI the set
{@ppy e I } contains either the element —a, or else a complementary
pair of clements. Consequently, by (Rg), —a =1, or a = 0, which contra-
dicts a # 0. Thus (R,) follows from (Rs).

(Rs) = (Ry). Let G;, ieI be a dense m-open set in & and I <m.
Thus (gince the cardinal m is regular) we see that for every ieT

®; = U h(a;), where ayeB, J <m
jed

and {J a; = 1. So it is clear that N U'ai, = 1. Take any non-empty
J b

open set ® e B,, i.e. a set of the form G = h(a), where ae B and a 0.
From (B;) it follows that there exists a function peJ? satistying condition
(16). Accordingly, h(a)n ﬂ h(@p) # @ for each finite subset I’ of I.

Since the space % is compfuct and the sets.h(a), () are closed, we
infer that k(a)n ﬂ fo(tipu) = @. Consequently, BN () ®; # 0, because
I

G 2 h(Bip)- ThlS shows that (M ®; is a dense set.
I
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(Rg) = (Ry,) 18 easily deduced from the definition of the set of m-co-
category.

(Ry0) = (R,): Since %(e,) = |E, for all aed*, i.e. h/E is a one-to-one
mapping, it remains to show that, on account of Theorem 2.8 (ii) %/B
is a one-to-one mapping of B into BF,/F™ It is obvious that if b # 1,
then 7(b) is a non-dense set. Hence h(b)¢ V™, which implies that | (b)|
= Ji(b) # 1. Consequently the mapping %/B is in fact one-to-one.

(Ry) = (R;) is evident.

(R;) = (Rs). Let P be nt-isomorphically imbedded into §/F (A4,), where
¥ = &; {€,: acd’}; BF) is a Post m-field with a unit element & and V(4,)
is an m-D-filter in . Since condition (Rg) is invariant under the m-iso-
morphism, it is sufficient to show that §/I7(A4,) satisfies (R,). Indeed,
let {a;: iel, jeJ) be an m-system satisfying conditions (14) and (15),
where a,; belongs to the underlying Boolean algebra B(¥/V) = {IX|: ¢ B},
ie. ay ha.s the form:

Ay = lXijl with Xije Bg

By X we denote the intersection of all sets of the form X, , U ... VX, ;.
which belongs to V(4,); k¥ < w. Since I, J <m, B{ is m- complete and
V(4,) is an m-filter, we conclude that

XeBF and XeV(A4,).

Put
Obviously
1Yy = Xy = ay.
Wo shall show that
(18) it UY iy % then (J 5y, 7 1.
<k 1<k

In fact, suppose on the contrary that (J a;; =1. Thus U [¥]
i<k 1<k
= |U Yyl =1, so U Y,;eV(4,). Since, on account of (17) U Yy
—XU U X’l-’l = .X=> U X{ljl a:nd XG V(.A.o), ].tv fOHOWB thatv U .X{m
I<k i<k
eV'(4,). In view of the definition of the set X, we see that X < U X
<k
and so U = ~Xo U Xy o ~XuX =2 This contradicts the
i<k
a.ssumptmn that U Y,;, = %. Consequently (18) holds.
By virtue of (15 1+# U ﬂ ay; = U (’] |1 Xyl = IU ﬂ Y. Hence
U ﬂ 4 # %. This yield the exxstence of a funcmon tpeJI such that
U X,m # &, which implies, on account of (18), the inclusion of (R,).
I

Thus the proof of our theorem is completed.
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COROLLARY 5.12. If A has o unique atom 1, then for every Post algebra
of type A each of the following conditions is equivalent to any condition
in Theorem 5.11:

(Ry)  For every m-system (py: iel, jed) of elements in P for which
(19) m iy 11, and U (‘] Py ewist in P and U ﬂ Py 18 mon-dense,

thew exi8ts a fmwmo'n, (peJI such that U pi,p({) 18 non-dense for each
finite subset I' of I.

(R,) For every m-system (py: iel, jeJ) salisfying condition (19) and
U ﬂ py; = 0, and for every non-dense element p, there exists a funo-

twn qJeJI such that pU U Pin) i8 non-dense for each finite subset I'
of 1.

(Ry)  TFor every m-system {py: ie I, jeJ) satisfying the conditions:
U Pijy te L and ﬂ U Py ewist in P, and ﬂ U Py 18 a dense elo-

mem and for e'uary elemmt p # 0, there w a funotwfn. ped sudh
that

PO Digygy =0 for every finite subset I' of I.
r

(Rg) For every m-system {py: eI, jed) such that for each fumction
ped’, the set {Dy): te I} contains a complementary pair of elements
¢, — ¢, the condition that \J) py is a dense element for every tel—

J

— {4y} implies LJ) Piyg =0

(R))  For every m-system (py: ie I, jed>, if for each function peJ” the
s6t {Dippy: te I} contains a complementary pair of elements, then
U (M py 98 @ dense element in P.
I 7

(Rg)  If am element p ¢ P is such that there exists an m-system (py:iel, jeJ)
satisfying the following condtiion:
for every funciion g eJ” the set {P,4q): © € I} contains either the element p,
or else a complementary pair of elements, then the condition that ) py
J

18 a dense element for every ie I implies that p is a dense element.

We can show that (R;) < (R;) (k = 3,...,8). If we use the generali-
zation of Epstein’s Lemma for operation D, and the fact that p is a dense
element iff D,p =1, the proof is easy and hence it is omitted.

We recall that each of conditions (R,;) and (R,) is necessary and
sufficient for the Boolean algebra B to be m-representable. Therefore
we obtain the following

COROLLARY 5.13 (i) A Post algebra P = (P; {e,: aeA}; B> of type A
18 m-representable <ff its underlying Boolean algebra B 1is m-represeniable.
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(i) Bvery Post algebra P is N;-representable. To complete this section,
we shall establish some theorems which will be useful for certain application
in logie.

The next theorem is an immediate corollary of the Rasiowa and
Silcorski Lemma.

TEEOREM 5.14. Let P = {(P; {6,: aed}; B) be a Post algebra of type A.
Then for every given countable set of lu.b.’s and ¢.1.b.’s of elements in B

(20) U Oy = gy ﬂ bm’ = bm B <w,
tely, Jedy,

and for every element ae B, a +# 1, there exists a prime Dy-filter V of type A

in P which does not contain a and which preserves all the Lu.b.'s and ¢.1.b.'s

in (20).

The following theorem can be regarded as a generalization of the
Rasiowa and Sikorski Lemma. E.g. we consider an m-family of lLu.b.’s
and g.lb.'s:

Ulpi:f =py tely; I, J—'} <m,

jeJ .
(21) e _ -
MNay =¢, telyy I, Jy<m.
jegy

THEOREM 5.15. Let P = (P; {e,: acA}; B) be a Post algebra of type A.
Then the following condition:

(Ry,) For every m-family of L.w.b.’s and ¢.1.b.’s (21), and for every element
peP, p #1, there exists a prime D -filter of type A in P which
does not contain the element p, and which preserves all the L.u.b.’s
and ¢.l.b.'s (21);

s sufficient for the m-representability of P. Moreover, if A< m, this condi-

tion is also mecessary.

Proof. If follows from (R,;) that the underlying Boolean algebra B
is m-representable (see [27]). Hence, by Theorem 5.13, P is m-repre-
sentable. Conversely, suppose that P is m-representable and 4d<m. We
consider an arbitrary m-family (21) and put

Sclrt = ~N(D,p;) V Ul ) (Dapij)l tely,
feJ
(22) . ' _ ced".
8o = h(D.q)v U ~h(D,q), iel,,

P
JEJ‘i

According to Theorem 5.9, S, 82, are dense m-open sets. Since
I,, <mand A4 << m, the intersection X of all sets S, in (22) is, by virtue
of (R,), a dense set. For every element p = 1, there exists an ayed”
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such that D, p 1 o, equivalently —Dgp #0. Then h(—D,p) is
a non-empty open set and so XNh(—D, p) #0O.

Take an arbitrary D-filber V' in this non-empty intersection. This
D-ilter will contain —Daop and preserve all the following l.u.b.’s and
g.lb.’s:

Dop; = U Dopyy i€y,
jeJ}

D.gy = (N Datlyj, tel,, aed™,
leg

Let V be a D-filter of type A with V'nB = VnB. Obviously
also containg — D, p and preserves the above L.u.b.’s and g.Lb.’s. From
this we conclude that the D,-filter I preserves all the Lu.b.’s and the
g.l.b.’s (21) and does not contain the element p. This completes the proof.

By virtue of Theorem 3.10 (ii), the following corollary is an immediate
consequence of Theorems 5.14 and 5.15.

COROLLARY 5.16. Let us assumé that either 4 < R, or A< m, and let
us consider an m-family (21) and, moreover, an m-family

If the Post algebra P of type A is m-vepresentable, then for every element
p # 1 there exists a prime Dp-filter of type A in P which does not contain
the element p and which preserves oll the l.u.b.’s and g.l.b.’s (21) and all
pseudo-complement p, relative to ¢; (ie I) im (28).



PART II
INFINITARY PROPOSITIONAL »-VALUED LANGUAGES

In this part we shall consider infinitary »-valued propositional lan-
guages .%y,, where m is an infinite regular cardinal number and » is an
ordinal number for which either » <<m or »¢ Lim. The alphabet of a lan-
guage %4, is the union of the following disjoint sets: a set ¥~ of proposi-
tional variables a set &, of propositional constants, a set L of logical
connectives and a set « of auxiliary elements.

The elements of an alpliabet will be called signs of this alphabet.

The elements of ¥~ will be denoted by V, U, ... (with indices if neces-

sary). We assume that V> Ro-

The elements of &, will be denoted by E,, #,,..., H;,..., B,.

The. set L consists of: unary connectives denoted by D,, 0 < a<<»
and a¢ Lim.; one unary connective denoted by ] and called the negation
sign; one binary connective denoted by — and called the implication
sign; two infinitary connectives denoted by V, A and called the disjunction
sign and the conjunciion sign, respectively.

The set .« consists of two elements denoted by ( , ) and ealled

parentheses.

By an expression of a length I, where 0 < I < m, we mean any well-
ordered sequence (G, Gy,...,@;, ...: 1 < 1) of elements in the alphabet
of Z;,.

The set of formulas of %}, is the least set {, of expressions of any
length 0 <1 < m satisfying the following conditions:

1° YUE, « Fr.

2 0<l<m and F,e &}, for all ¢ <1, then (VF,... F;...) and
(ALy... I';...) belong to &#,.

3° It F,, F,eF}, then (Fy—F,)e F,.

4° If Fe %, then T1F and D,F belong to £, for every a< v,
agd Lim.

For convenience we shall write (FoV F,) for (VI I,); (F,V F,) for
(VEFq); (FoeaT) for ((Fy—>F)A(I,—~Fo)) (V Fy) for (VF,... F;...)
and similarly ({é\l F) for (AF,... ;... i<l
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Since m is a regular cardinal, every formula of %}, is evidently of
a length less than. mt.
The formulas of &y, will be denoted by I, G, ... with indices if necessary.

1. A fundamental formal system 8(<;,

The logical axioms for this system are all formulas of the following
form, where Fy, Fy,..., ¥y, ... denote arbitrary formulas in #7,.

Group (A)

) (o> B ((Fy>Fo)—(Fo—Ty))).
(as) (Fo”'*(Fr"'-Fa))“"((Fo/\ Fl)—’fFa) .
(84) ((Fo/\ F1)‘9'F2)—*(Fo—"(F1"*F2)) .

) ((/<\: (F,-—>F,))—>((>£IF,.)—+F,)).
(8g) ((/<\; (B> F)>(Fy A 7))
() (Fp—>(V T)) for every I' <.

i<l

(a)  (( /\l F;)->Fy) for every I <.

(3 ((Fo A T1Fg)—>Fy).
(8)  ((Fom> (oA TIF)— TIF).
Group (B)
(b,) I_JaEp for all > a, a <, a¢ Lim.
(by) .TEaEﬁ for all <0, a<<v, a¢ Lim.
() (DyFV 1D,
(bs) (D“ (‘.\;/HF‘)H(X“D“E)) foral 0<n<ow
(Ps) (Ea (1:/\ Fi)e( A DaFi)) and o <7, a¢Lim.
<n <n

(bg) (.l—),,(Fo—>F1)—>(ﬁﬁFo—>ﬁpF1)) for any < a.
(b;) (DD, FoD,F) for all ¢, f< v and a, f¢ Lim.
(he) (D, 1F<« 71D, F) for all ¢ < v, ad Lim,

In the case » <m we have

(0s) (FH (a<v >/|!Lim. (DFA Ed)))'

In the case » >m and »¢ Lim. we have
(bg)  ((D.FA B,)—+F) for every a< », a¢ Lim.

The groups (A) and (B) of axioms are simple generalizations of the
axioms of the intuitionistic propositional ealculi in [21]; Chapter IX,
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and of the axioms of the formal system of m-valued predicate caleuli
in [17], respectively.
We adopt the following rules of inference:
Modus ponens:
F,(F->@)
G
Conjunction:
F i 4 < l < m
( ALy
i<l
In order to introduce the next rule (RD) we denote by D° # the
formula D,F provided »¢ Lim. or else the formula A D, F
a<p,a¢Lim.
F

D — .
(RD) 77

In the case » >m, »¢ Lim. we have also the following rule:

((ﬁaF./\ Ea)—e-(;"r); a<v,a¢Lim.

(B,) Tt

More generally, we shall consider formal systems S(ZLj,, 2) the axioms
of which are the formulas in group (A) and (B) and, moreover, the formulas
in a set X,

Let I' be a set of formulas. By a proof from I'in §(%#;,, X) we under-
stand a well-ordered sequence (F;: ¢ < 1) of formulas, where I < max (m,
(»)*), for which either I is an axiom or a formula in T, or ¥, a consequence
of some previous (in this sequence) formulas by one of the rules of infer-
ence.

A formula F is said to be provable from I" in S(Zy, 2), and we write
i;‘ F, provided F is the last formula in a certain proof from I

Of course the sets 2 and I' can be empty. If X' = @, we have S(#p,, 2)
= 8(%y), and if I' =@, we write — F for I; F.

On account of the axioms in the group (4), the following statement
holds:

(I.O) Let F and G;(i < n) be formulas in a language &3 such that
G, ..., G, = F in the intunitionistic propositional calculus (see [21])
and let f be an arbitrary mapping from the set of propositional
variables in %% into §’,. Then - §'G; (4 < ») in 8(%y,, &) implies
that — S'F in §(&%, X), where 8’G denotes the result of simul-
taneous replacement of all occurrences of the propositional
variables v,, ..., ¥,, ... in @ by f(v,), ..., f(®,), ..., Tespectively.
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For example, the following formulas are provable in §(#},, ) (see [21],
p- 338).
(a0)  (F—>F).
(1) (Fo‘+(F1-*Fo))-
(12) ((F0—>(F1—>F,))—>((17'0—>1’11)—>(17’0'—>F2))).
THEOREM 1.1. In any formal system S(%y, )
(i) - (D, F—D,F) for all a> B, a, B¢ Lim.
(ii) - (B,—~>Hy) and = B, for all a < f.
(iif) F (Fo—>F,) iff = (DoFy—=D, F) for all a <y, a¢ Lim.
(v) (DY Tae(V DTD) and = (Dol A FI > ADuFD).

(v) For every formula F, \— (DF—F) and + (F->D,F).
(vi) - (By—=F)-171F) and — (D, Fe17 F).
Vi) = (FAY PV (FAF)

(i) (Y Fyo( A TF)

Proof. We consider, for instance, the case » >m. The proofs for
the cage » < m are similar and the axiom (b,) is used instead of the rule
(R,) and the axiom (by).

Proof of (i): 1°((D,F A H,)—~F) (by by).

2° + (Dy (D, FAE,)~>DyF) (1o, (RD) and (b))

3° I {Ds(D.F A B,)>(DsD,FAD,H,) (by (ba)).

40 \~ (DD, FN\D;B,)~D,F) for B< a ((b,) and (by)).

§° (D, F—D,F) for f< a (39 49 (a,) and 2°).

Proof of (ii). 10 = (D, BsA E)—~>Hy) (by).

20 = ((D.BsA B)-R,) (by (LC.)

{D B p}

3° = (D H,A B B,) for a< f (29, (by), (L.O.).

4° -~ (B,—~E) for a < g (19 39, (a,)).

Proof of - E,: 1° - (E,~E,) (by above).

2° = (D.DyE,A\ BE,)->B,) (by 1° and (I1.C.)) for any o< ¥, a¢ Lim.

30 |~ (EﬂE,—>E,) (29, (R,)).

4° ~ B, (39 (b,), modus ponens).

(ili) The necessity is clear (by (RD) and (b,)).

Now we prove the sufficiency:

1° ~ (D, Fy—D,F,) for all ¢ <», a¢ Lim. (by assumption).

20 b~ (D, FoA B)—+(D,FLA B,)) (by 10, (1.0.)).

30 I (D, F1AB)—F,) (by (by)).
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40 = (D FoAB)—F,) for all a<, af Lim. (20, 30, (a,)).

50 |- (Fy—F,) (4% (R,)).

(iv) We prove the first part of (iv). Let us write F = (\V F,) and
G = (V D, F). i<l

1<l

1° b (I;~F) (by (a).

2° + (D, F,~D,F) (1° and (iii).

3° (/<\: (D.F;—D,F)} (2° conjunction).

4° - (({\4 D'.,Fi)—+5¢,1i’) or ~ (G—D,TF) (3° (a,), modus ponens).

5° = (DyFi—~(DyB,_,V DD, F;) for all < f¢Lim. (by (b) if
B < a and by (b,), (i) if 8> a).

6° + (Fy~(B._,vD,F,) (5° (b,) and (iii)).

7° = (D F—~&) (a).

8° I (D, F;—~Ds@) for all < v, B¢ Lim. (7° (iii), (by)).

9° | (Fi~(B,_,VD,@) (6° 8° for all 4< 1.

10° ((ivl F,;)—>(Eu_1V1—),G)) or - (F—(E,_,VDs®) (9° conjunc-
tion, (a,) a,nd<1n0dus ponens).

11° + (D, F-D,@) (10° (iii), (by), (bs) and (b,)).

12° + (DD, F—+Dy@) for all <», f¢Lim. (11° (iii) and (b,)).

13° - (D,FP—@G) (12° and (iii)).

14° = (D, F @ or - (Da(-i\</l T,) & (¢\</z D,F;)) (by 13° 4°).

(v) easily folows from (iii).

(vi) First we show that — (7] 1F—D.F).

1° + (D,(171F) <+ D, 171D, F)for all a<», a¢ Lim. (by (b;) and (bs)).

2° = (171 F & 171D, F) (1° and (iii)).

3° | (171D, F «» D, F) ((bs) and (I.0.)).

4° — (7171 F « D, ) (2° and 3°).

Proof of I~ (B, »>F) « ~1717).

1° + (By~>F)—(171B,—~"171F) (by (1.C.).

2° (((E1->F)_>j—|E1)->((E1_>F)_>-1—1F)) ((ag), 1° and modus
ponens).

3° -+ T171E, (by — (T171E, < D,BEy)), ({(b,), modus ponens).

4°  (B,~F)~>"171E,) (3° (ay), modus ponens).

5° = ((B,—~F)—>"171F) (2°% 4°, modus ponens).

6° - ((ElpAEl)—"F) (by).

7 b (D, F-—>(B,~T)) (6° (a,), modus ponens).
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8° I (171 F—~(B,—~F)) (by + (T171F « D, F) and 7).
9° - (111 F o (B,~TF)) (8% 8°).

The proof of (vii) is easy, and therefore omitted.

(vik) 1° b= (P> (V. 7)) (20)

2° (7(¥1F¢)+‘|F,) for all 4 <1 (1° and (L.0.)).

3° (_l(i\</lF i)+(4/<\z_IF i)) (2°, conjunction, (as) and modus ponens).

4 = (ATF)~TTY (o)

5° ((F.,-/\(i/lz‘llf‘i))—%lf’i/\ ‘IFi)) (4°, (L0.)).

6° = ((Fi/\(i/;\zjlﬂi))—ﬂEl/\ —1E1)) ((ag)y (ay), B° and modus ponens)
for all i < 7.

(A ((i\lz (7 iA(iQ\l_lFi)))_>(E1A —IE1)) (6° conjunction, and (a)).

8 (((V PIA(A I 1B (7 ().

9° ((i\</lF DA ( i/<\l_|F¢)) (8%, (a,), modus ponens).

10° = ((ATVF)=TV F) 0% = 1A 0) < (g>7Tp) and (1.C).

10 b= (VT o (A IF) (8 and 10°)

The following definition will be useful in the sequel: 7, is the least
class of formulas in &), satisfying the following:

1° for every Fe{:, —1F and D,Fe {0,

2°°it Fye o for all § < T < m, then (1_/<\1F¢) and i\</llf",-) belong t0 T,

3 if Fy, FieThy, then (Fy—F)e Fhno-
TEEOREM 1.2. In every formal system 8(Zy,, Z)

(i) {(Fo\|/__|Fo)} ((Fo—’Fﬂ = (71 V F1))

(i) If Fe¥pny H (F < D, F) for all a<» a¢Lim.
(i) If FeF, - (FV1F).
(iv) If F;eho for i<l < m, then

= (_I(i/<\zF£) < (1’.\</l _]Fi))'

Proof of (ii). By virtue of (iii) in (1.1) and of axiom (a,), it is easy
to show that if — (F« D F), then — (F« D,F). Hence it is sufficient
to prove that - (FeD,F). This will be proved by induction on the
length of the formulas in .
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Cage 1: If ¥ = D,F, for a certain a < », then we have — (DD, F,
~D_F;) by axiom (b,).

Oase 2: If F = ~|F,, then we have [~ (D, [F,"17171F,) (by
(vi) of (1.1)) and hence I (D,71FyT1F,) (by = (T1pe17171p).

Oase 3. Assume that F = (F,— ).

1° - (Fy—D.F,) (by the induction assumption).

2°  (F,~>D,F,) (by the induction assumption).

3% ((51F0—>‘E1F1)—>(E1Fo—>‘51F1)) ((8110))-

4° |~ ((D,Fy—~>D,F,)->(F,—~Fy)) (by 3°% 1° 2° and (1.0.)).

5° = (Dy(Fo—~>F,)—~+(D,Fy—D,Fy)) (axiom (by)).

6° — (D, F—F) (4° and b5°).

7° (D, F<+F) (6° and (v) of Theorem 1.1).

Cage 4: Assume that F = (iszo)’ whevre F,e %, and

<

1° = (D, F; < F,) for all ¢ <1< m (by the induction assumption).
2° = ((V D;Fy) < (V Fy)) (by 1°).
i<l i<l
8° = (D, F(V DiFy)) (2° (iv) of (1.1)).
<]

4° - (D, F,—~F) (1° (a,) and (a,)) for all ¢ < 1.

8° — (D, F—F) (4° conjunction, (a,), 3° and (a,)).

6 I (D, FeF) (5% (v) of (1.1)).

Cagse 5: If F = ( /\lFi), then the proof is similar to that in case 4.
i<

The proofs of (ii), (iii) and (iv) are easy and therefore left to the
reader.

TeEEOREM 1.3. In every formal system 8 (L, 2),if H (F—)-(ﬁalf’u—»ﬁalf’i))
for all o< aq, a¢ Lim., then \— (F—D, (Fo—T,)). _ o
Moreover, if a, < m, then b (D, (Fo—=F)=( A (D, F,~D,F,))).

a<ag,af Lim,
Proof. To prove this theorem, we write

& = ((Fo>F) V((DLF V D,y (Fo—>F)) A By

10 | (F—(D,Fy—D,F,)) for all a< a,, a¢ Lim. (by hypothesis).

20 | (D, (D, Fo—=D,F)) (10, (iii) of (1.1), (be) and (b))

30 (EGO(F0—>F1)—>EG(FO—>F1)) for a < @, (by (ii) of Theorem 1.1),

40t (D,G > (Do(Fo—~TF,) VD, F VD, (Fo—~Fy)) for a<as (by (b
(by), (by))-

6o - (ﬁaaﬁ(l—)a(lﬂo*-lﬂl)vﬁllﬂ)) (by 89, 4°, (ay)).

60 |— (D,G—(D,Fo—D,Fy)) for a< ag (2% (bg), 5 ().

7 (ﬁaGHﬁa(Fo—*Fn)) ((bg)y (ba)y (bg)) for a> ay.
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8o (D-aG—-)-(EGFo—->EaF1)) ((bg), (a,) and 79).
90 | (Dy(@A Fo)~D ) for all a<v, af Lim. (62, 8, (as), (bs)).
100  ((GAFy)—»F,) (9° and (iii) of Theorem 1.1).
110 |~ (G—"(Fo_*lﬂl)) (100, (as))-
120 (anG+ﬁao(Fo+F1)) (110, (iii) of Theorem 1.1).
130 - (D, F—+D, &) (4° for a = ay).
140 ~ (F—D, (F—~F,)) (129, 18° (v) of Theorem 1.1, (a)).
The second part of the theorem is clear.
TaeorREM 1.4, In every formal system S(%y, Z2)
@ F(VF..F.)oF) ad - (AF...F...)-F)
) If e =2{a;: i<ty and B; = 2{ay: j< iy for all i <1, then

l-— ((1'\</0Fi) H('i\</1(k\</a -Fﬁi+k)))

Q

(=]

and
= ( (AFy) “'*(/\ A Fﬂi+k)))

i<a 1<l k<ay
(i) If {Fy: i<} ={Fp:j<l}, then
= ((V F) H(VF;;‘)

i<l
and

= (AT (ATD).
(iv) et a = ag+a;. Then
((/\F.,OH)»((/\IE J+( A TF2)))

t<ay i<ay
and

H UV Popr~((V Pyl V By ))-
1<a1 <a°
The proof of (i)-(iii) is not difficult.
To prove (iv) we use the following statements on intuitionistic pro-
positional caleuli (see [14]):

I = (pe(poApy))y then b (p1—>(ppep)) and it = (pe(poVp1),
then ("]p1—>(po<->'p)).

DErFINITION 1.5. Let I' be a set of formulas in &},. Then we shall
write I' = F in 8(%,, X) either if |- I" in 8(#;,, 2), or if there are formulas
Gy ooy Gyy... (i <l<m) in I' such that ((/\G, )—=F) in 8(Lh, Z).

By DI’ we shall denote the set; I'U{DBG. Ge I}
THEOREM 1.6. In every formal system S(%,,X)
() 4 I'= Fy and '~ (Fy—>F,), then ' F,;
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(i) 4 & F, then DI' = D,F for all a<v and a¢ Lim.,
(@) if T'k F, i<l<m, then I'b- (AF,),

i<l
(iv)  in the ocase » =m, we assume in addition that I' < m.

Then I' = (D, FA Ey)—F') for all a < v, a¢ Lim. implies I' — (F—F").

Proof. The proofs of (i)-(iii) are left to the reader. To prove (iv)
assume that {@;: ¢ < 1) is the gequence of all formulas from I" and let
G = (i/<\lG,-). According to Definition 1.5, we see that

10 = (G—>((D,FA B)—~F'));

20 |= (Do FA By)—(G—F")) for all « < », a¢ Lim. (by 19, (a,) and (a,));

30 |— (F—(G—F")) (2° and the rule (R,));

40— (G(F—>T)) (3% (a); (29));

o I' — (F—F"') (4° and Definition 1.5).

THEOREM 1.7. In any sysiem S(ZLh, 2)
() DI+ T iff — F (In the case »>m, we assume that F<m).

() If I' =(G;: i < 1>, where I <m, then
l; Fiff - (EB({/\ZGi)—>F).

Proof. We prove only (i), since (ii) easily follows from (i). It is clear
that DI' - F implies I; F. Suppose now that }; I and let (G;: i<

be a proof of F from I'in §(F%,, 2'). We shall show by transfinite induction
that DI' - @, for all ¢ < 1.

Suppose that we have proved DI' |- @, for i < i,. We have to show
that DI' — @; . Consider the following three possible cases:

10 If @, either is an axiom or helongs to I', then evidently DI' I~ @ .

20 If @, is deduced from the preceding formulas by the rules modus
ponens, conjunction or (RD), then DI" - G; as a consequence of (i)- (iii)
in (1.6).

3° Finally let &; be deduced from the preceding formulas by the
rule (R,). Thus G; has the form G; = (F—>F"). In this case we had to
agsume that [ <m and hence DI'<m. On account of (iv) in (1.6), it
follows that

DI'= Gy,

Therefore we have proved that DI" — F, since G, = F. This completes

the proof.
The followlng theorem is evident.

THEOREM 1.8. In any formal system S(Fp, )
@ + ((/<\z (F; o )| V ) H(Xlﬁ';)));
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W) (A F o PO {(AT) o (AT
(i) = (A Feo P> {(For P (Fr>F)))

(iv) F (FoF)>(T1FaT1F));
v) F (Fol') iff = (D, F+DF') for a<v, afLim.

2. Completeness of some formal systems
based on languages £},

1. Definition and completeness conditions, Consider a »-valued lan-
guage £, . The elements of every v-element Post algebra P, = {{6,: a < 7};
B2), where B2 is the two-element Boolean algebra, can be considered as
the truth values associated with the language #},. The value 1 =g, is
called the #ruth and the value 0 = e¢; — the falsity.

Let &, = {6,: a <7} Then every mapping ve &, where ¥ denotes
the set of all propositional variables in %,, is called a valuation of the
language £%,. Bach valuation v can be extended to a mapping v*, which
assings to every formula in %, a truth value in &,. The mapping v* is
uniquely defined by the following recursive process:

(V) v*(HE, =e, for every propositional constant ¥,
o*(VF) =Uo*Ty;  o*(AF) = No*Fy,
i< i<l 1<l i<l
v (Hy—>I') =v*Fy, >v*F,
v* (71 F) = —o*F and o*(D,F) = D,(v*F).

A set I" of formulas in %}, is said to be satisfiable if there is a valu-
ation p such that p*I' = 1 for every formula ¥ in I" and then we say thato
satisfies I

A et ' of formulas is said to be semanticoly consistent provided
every subset of /" having power less than m is satisfiable.

A formula F is said to be a semantic consequence of a set I of for-
mulas, and we write ll; I, iff every valuation satisfying I' satisfies also

the formula #. In the case I' = J such a formula F is called valid, i.e.
p*F =1 for every valuation.

In general as in the case of the two-valued logic — we can interpret
the language %} in an arbitrary m-complete Post algebra P, of type »
which is a pseudo-Boolean algebra. Every valuation ne P? can be uniquely
extended to a mapping p* satisfying conditions (V). If v*F = 1 for all
formulas F in I', then we say that v satisfies the set I' of formulas or
that I'is satisfiable in P,. If p*F = 1 for every ve P/, then F is said to
be valid in P,.
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A formal system 8(.%;,, 2) is said to be complete if for every formula F,
- F in 8(%,,2) iff H; F.

Let I' be a set of formulas in %},. I' is said to be formally consistent
with respect to S(%75,, 2), provided there exists a formula F such that
non — F in 8(%,, X).

Note that in an infinitary language a formally consistent set can be
non-satisfiable (see [117]).

Given a formal system S(%},,2) and a set of formulas I" formally
consistent with respect to §(.%},, 2), we introduce an equivalence relation
~p between formulas in §;, defined as follows:

Fe o P iff b= (FoF) in 8(Ly, 5).

By |F| we denote the equivalence class represented by a formula F.
Let P(S(&y, X); I') be the set of all equivalence classes in . On account
of (iii) in Theorem 1.8 and of (iii) in Theorem 1.1 we can define in
P(8(#y,, 2); T) the following ordering relation and D-operations:

FI< B iff b= PP in 8(ZLn, 2),

D,\F| = |D,F|.

Using these definitions and the groups (A) and (B) of axioms in
Section 1 we can show, on account of Theorem 1.6, Paxt I, that the set
P(S (L, 2); T')is an m-complete Post algebra of type » with the constants
0 =B <...<1B,|<...<|B| =1, and that the following equations
hold:

NS =IAFL,  UIFI =1V Fy,
i<l i<l i<l i<l

|Fu| :>|F1|=|Fu_>F1[7 "‘]F|=I—IF|’

where 0 <1 < m. The proofs of these statements are analogous to that
in the case of the classical logic (cf. [21], Chapter VI).
We call

(1) Fuyii<lj<ly, o0<l<m,

a doubly indexed m-system of formulas. By a choice sequence for this
m-system we understand any set containing at least one formula from
each row of this m-system.

We say that a doubly indexed m-system.is contradictory if its every
sequence contains at least one certain contradictory pair formulas F
and T]F.

A doubly indexed m-system is said to be contradictory for a formula F,
if it contains the formula F, and every choice sequence for it contains
either F, or else a contradictory pair od formulas F and —I.

5 — Dissertationes Mathematicae CVII
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DermNITION. Let P = (P; ¢,: a<v; B> be an m-complete Post
algebra of type v. We say that a set ® of elements nt-generates the Post
algebra P if every m-complete Post subalgebra of type » of P containing
the set ® and all elements e, coincides with P. The elements in ® are called
m-generators.

LeMMA 2.1. Let &y, be a language having n propositional variables and
let 8(Zy,, &) be an arbitrary formal system, where n 8 an infinite cardinal
number and X is a set of valid formulas. Then every m-complete Post algebra P
generated by o set ® such that & =mn is isomorphic to a Post algebra
P(8(Zy, ZY; T') with a switable set I' of formulas formally comsistent with
respect to 8(Ly, 2). Consequently, P, is an image of P(S(%Z%,, E)) under
an m-homomorphism,

The proof of this lemma is easy (cf. [11], p. 59).

THEOREM 2.2. Let &%, be a language having n propositional variables,
where either v <m, orm = w, and v < w,, and let X be a set of valid formulas
in L. Then the following condilions are equivalent:

(i) The formal system S(Z;,, 2) is complete.
(ii) For every contradictory doubly indexed m-system (1) for a formula F,
the condition
(2) (B> (V Fy))  in 8(Z, Z)  for all i <1
1<l

implies that
= (B,—=F) in S(Z, 2).

(iii) For every contradictory doubly indewed m-system (1), the condition

(3) = (B> (V F) i 8(L5, Z)  for all 0 <i<]
i<]

implies that — _l'Yz Fy; in 8(Z, 2).

(iv) The Post algebra P(8(ZLy, X)) is m-representable.
(v) BEvery m-complete Post algebra of type v gemerated by a set G of
power n in which every formula from X is valis is m-represeniable.
(v) If I'is a set of formulas formally consistent with respect to 8(%,, X)
and the power of I' is less than m, then I' is satisfiable.
Proof. To prove that (i) implies (ii), we take a contradictory m-system
(1) for a formula F satisfying condition (2). Then, by the rule (RD),
}— ivl D,F;, which implies that, for every valuation v, 0*(\ D,.Fy)
< i<l

= H Dpp*F;; = 1, where 7 is an arbitrary ordinal number smaller than .
<

Hence
1=NUDwp*Fy = () Do*Fyyy,

i<l j<l gell i<l
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because the algebra B2 = {0,1} is infinitely distributive. From this
equation it follows that thers exists a function g, e I* such that (0} Dp* T,
i<l

=1, ie. v*D;Fy ) =1 for every ¢<1. Thus the choicc sequence
Fliggiy: + <1 does not contain any contradictory pair of formulas, and
§0 it must contain the formula F. Hence v*.D, F = 1 for every valu&’rlonn
Since the system S(#%, 2) is complete, we infer that |— D, I or equi-
valently by (vi) of Theorem 1.1, — (#,—F) in 8(%,, &).

Proof of (ii) = (iii). Take into consideration a contradictory m-system
(1) satisfying condition (3). We write # = 71\ Fy; and replace the zero-
1<l

go(%

Tow {(Fy;: j < 1) by the row (F, Fy;: j < I>. Then the resulting m-system

for the formula F is clearly contradictory and satisfies condition (2). On

account of (ii) it follows that - (E,—F) or (E1—>'_](V Foj)) in 8(Z5,, X).
i<l

By (vi) of (1.1) we have — T17171(V F), which implies = T1(V Fyy) in
i<l i<l

(8%, X). Accordingly, (iii) follows from (ii).

Prootf of (iii) = (iv). Consider the Post algebra P(§(£,, Z)). Accord-
ing to (R¢), in Corollary 5.12 in Part I, to prove the m-representability
of this Post algebra, it is snfficient to show that for every m-system
{Fyl: i <1, j <1y such that every choice set {|Fypl: i <1}, with gel
_containg a contradictory pair of elements |F,, ;| and — |I',,gw|, for some

‘4 < 1, the condition that {J |7 5| is a dense element for 0 < 4 <[ implies
that U |Fy| = 0. i<l

iel
Indeed, consider an mt-system of formulas which consists of the
following rows:

h]

Fyr j<by, <,

{1 Fy, 1Fyy  for every pair (i',j') such that [Fy| = —|Fyyl
and for every ¢ <! and j <.

It can easily be seen that this m-system is contradictory and satis-
fies condition (3), since an element || is dense in P(S (%7, Z'))iﬁ - (B,—F)
in 8(%:,, Z). Hence it follows from (iii) that '](VFO,) in §(&, %)
and consequently that U |F;l = 0.

Implication (iv) = (v) is a consequence of Lemma 2.1.
Proof of (v) = (vi). Let I' be a set of formulas formally consistent

with respect to §(%p, 2) and let T < m. Since by (v), the Post algebra
P(8(&r,, X); I) is m-representable, on account of Corollary 5.16 in Part I,
there exists a maximal D,-filter V in P(8(%,, Z); I') which preserves
the Lu.b.’s, the g.Lb.’s and the implications corresponding to all the
disjunctions, conjunctions and implications that occur in the formulas
from I'. We know that P (S (%}, Z); I')/V = P, is a v-element Post algebra
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and so the mapping v, such that vV, = ||V,l|, for every V;e 7, is a valu-
ation of & . It is not difficult to show that »*F = ||F ||, =1 for every
formula F in I Hence I' is satisfiable.

Proof of (vi) = (i). Let ¥ be a formula such that non = ¥in §(%},, X).
Then there is an a, a <, af Lim. such that non — D,F and hence the
set I' = { 7] D, F} is formally consistent with respect to S(#},, Z). There-
fore, according to (vi), there is a valuationp such that ~Io* D, F' =1 and
hepce p*F # 1. Thus if F is a valid formula, then — I in 8(&y, ).

2. Complete formal systems. From the equivalence of (i) to (iv) in
Theorem 2.2 and from (ii) in Corolling 5.13, Part I, it follows that

THEOREM 2.3. The formal system 8(Z7) and 8(Z, ), with v < w,,
are complele.

Now we consider the following two sets of formulas:

() B~V (AF)),

where 0 <l <m and (Fy: ¢ <l, j<l) is a contradictory m-system of
formulas;

(29 ((i/<\l (:'!z By~ (k\</zl(i/<\sz"(i)))) ’

where (g,: %k < 2" is an established ordering of the set 7.

We denote by II, the set {II;: 0 <l < m} and by 2, the set {Z;:
0<l<m}

The following theorem is an immediate consequence of the equi-
valence of (i) and (iv) in Theorem 2.2 and of (R,) in Corollary &.12, Part I:

THEOREM 2.4. The formal system S(%,,, IL,), where v < m, is complete.

THEOREM 2.5. If m is a strongly inaccessible cardinal and v < m, then
the formal system S(Z;,, D) is complete.

Proof. By virtue of (2.2), it is sufficient to show that condition (ii)
holds in 8(.%,,,2,,). For this purpose we consider an arbitrary contra-
dictory m-system (1) for a formula F satistying condition (2), i.e.
- (E1—>(j Vz F,)in 8(£,, 2,,), for ¢ < I. This implies by the conjunction

<

law, axiom (a;) and modus ponens that I (E,—(A(V Fy))), which

together with a suitable instance of (2,) yields <9<
(@ = B (VA Pl

If the choice sequence (Figy: *<1) contains the formula F, then we
have - ( '/\1Fi""(i)—>F)' Suppose that the choice sequence {(Fy, : i< 1)
<

ltiontams a contradictory pair F,, ., and “1F; - Then we again
ave

(5). = (A F i)~ F).
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Consequently, (5) holds for all & < 2" Hence by applying the conjunction
law to (5), axiom (a,) and modus ponens, we obtain (( Vz( /\ka(i)))e,p),
k<2 i<l

This together with (4) yields I (F,—F) which completes the proof of
Theorem 2.5.

DEFINITION. A formal system §(%},, &) is said to be sirongly complete
provided for every set I' of formulas, - F in 8(%;,, Z) iff |- F.
Ir

In order to prove the next theorem we state the following lemmas,
the proofs of which are omitted.

LeMMA 2.6. An m-complete Post algebra of type A is isomorphio with
an m-complete Post field iff for every element p # 1 there is a maximal
m-complete D-filter which does mot cowtain the element p.

Levma 2.7. Let I' be a set of formulas in Z,,. Then the following two
conditions are equivalent:

(i) I' i8 semantically satisfiable, i.e. satisfiable in a v-element Post
algebra of type ».

(ii) There ewists an m-complete Post algebra P, of type » isomorphio
with an m-complete Post field and a valuation ve PY suoh that the
set {p*(D,F): Fe I'y a< v and ad Lim.} has a non-zero lower bound.

THEOREM 2.8. Let &, be a language having n propositional variables,
where n 18 an infinite cardinal number. Let 8(Z;,, 2) be a formal system
with a set X of valid formulas in &,,. The following condition are equivalent:

(i) 8(Zy,, &) is strongly complete;

(ii) Buvery set I' formally consistent with respect to 8(&%,, X) is satis-
fiable;

(iil) If I'is formally consistent with respect lo 8 (L, Z), then P(S (L, Z);
I') is isomorphic with a m-complete Post field of type »;

(iv) Ewvery m-complete Post algebra of type v generated by o set of gener-
ators of power 1 in which every formula in X is valid is isomorphic
with an m-complete Post field of type ».

Proof. (i) implies (ii) is obvious. Now we shall show that (ii) implies
(iii). Let I' be a formally consistent set of formulas. Consider the Post
algebra P = P(8(%;,, 2); I') and an arbitrary element |¥o| e P and |Fy| 7 1.
The last inequality implies that there exists an o« < v such that D, |Fy|
=|D,F,| # 1. Hence, as can easily be seen, the set I = I'U{ 1D, F,}
is formally consistent with respect to §(%,, 2). By virtue of (ii) there is
a valuation v, satisfying the set I". We set V = {|F|eP: pg ¥ = 1}, It is
easy to verify that the set V is well defined and that it is a maximal
m-complete D,-filter. Moreover, V does not contain the element |#,|, for
v, (D, F;) = 0and hencevy ¥, # 1. Consequently, on account of Lemma 2.6,
P(8(#;,, Z): I') is isomorphic with an m-complete Post field.

m?h












