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Abstract In this article we introduce a De Vylder type of approximation of the

ruin probability for a two-dimensional risk process, where claims and premiums are

shared with a predetermined proportion. Such a process is usually associated with the

insurer-reinsurer model. Applying De Vylder's idea to the risk process we obtain an

approximation of the ruin probability for an arbitrary claim amount distribution only

assuming that the third moment exists. We check performance of the approximation

by means of the Monte Carlo simulations studying several typical claim amount

distributions. All results show that the proposed approximation yields very small

relative errors. Finally, we illustrate the approximation by considering real-world

loss data obtained from a Polish insurance company.
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1. Introduction

In examining the nature of the risk associated with a portfolio of policies
in an insurance company, it is often of interest to assess how the portfolio
may be expected to perform over an extended period of time. Ruin theory
is concerned with the excess of the collected premiums over the claims paid,
see, e.g. [11, 12]. This quantity, referred to as insurer's surplus, varies in time.
Speci�cally, ruin is said to occur if the insurer's surplus reaches a speci�ed
lower bound, minus of the initial capital. One measure of risk is the probability
of such an event, clearly re�ecting the volatility inherent in the business. In
addition, it can serve as a useful tool in long range planning of the rate of
premium having �xed an acceptable ruin probability value.

The ruin probability with respect to the univariate risk has been inten-
sively investigated in the past decades, readers may refer to the comprehensive
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monograph by Asmussen and Albrecher [1] and references therein for more
details in literature. Unfortunately, the ruin probabilities can be expressed in
an elementary form only for some special cases, namely for the in�nite time
the results are known for the zero initial capital and mixture of exponential
(also called in the literature hyperexponential) claim amount distributions,
see [1, 18]. For the �nite time case no elementary results are known, even
for the exponential claims a numerical integration is needed, for detailed in-
formation see [1, 7]. For the in�nite time case semi-elementary results were
derived for gamma and general phase-type claim amount distributions, see
[14] and [1], respectively. Hence, many studies were devoted to developing
bounds, asymptotic results when the initial capital goes to in�nity and to
�nding di�erent approximations of the ruin probability; for a review of the
approximations we refer to [1].

A reliable approximation, especially in the ultimate case when the straight-
forward Monte Carlo approach can not be utilized, is really important from
a practical point of view. Grandell [13] demonstrated that between possible
simple approximations of ruin probabilities in in�nite time the most successful
is the De Vylder approximation, which is based on the idea to replace the risk
process with the one with exponentially distributed claims and ensuring that
the �rst three moments coincide. This idea was later generalized by Burnecki
et al. [5] who proposed an e�cient approximation based on replacing the risk
process with the one with gamma claims by matching �rst four moments and
applying the semi-elementary formula for such claims. For a numerical com-
parison of di�erent �nite and in�nite time ruin probability approximations,
see [6, 7].

If we consider an insurance company with di�erent lines of business or
an insurance company with its reinsurers, the risk model becomes multi-
dimensional. The ruin probability can be now de�ned in a several ways, e.g.
when all lines or all companies are ruined or at least one. Not many studies
on the ruin probability with respect to multi-dimensional risk models have
been conducted in the past decades. In the literature, Collamore [8] was one
among the �rst to introduce the high dimensional ruin problem with respect
to light-tailed claims but general ruin sets. Hult et al. [15] �rstly studied the
ruin probability with respect to multi-dimensional heavy-tailed processes.

As mentioned in [2, 3, 16, 20], since di�erent risks usually have substantial
e�ect on some lines of business at the same time, the statistical dependence
among claims in these lines should be considered. There are di�erent ways
to construct the dependence among the classes of insurance business. In this
article we consider a model of two insurance companies that divide between
them both claims and premia in some speci�ed proportions studied by Avram
et al. [2]. This corresponds to modeling two branches of the same insurance
company or an insurance and re-insurance company.

Ruin theory under multi-dimensional models rarely admits analytical so-
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lutions. To the best of authors' knowledge the only simple ruin probability
formulas for the insurer-reinsurer model were provided by Avram et al. [2] and
later by Teuerle et al. [19]. For exponentially distributed claims, Avram et al.
[2] derived an explicit analytical expression for the joint ruin probability by
explicitly inverting the Laplace transform, whereas Teuerle et al. [19] derived
an explicit analytical expression by means of change of measure technique
and checked their results by extensive Monte Carlo simulations.

In Section 2 we present the insurer-reinsurer model and exact results on
the ruin probability in in�nite time for exponentially distributed claims. Next,
in Section 3 we introduce De Vylder's approximation to the two-dimensional
risk model. In order to check the approximation we consider mixture of two
exponential, gamma, Weibull (light-tailed cases), lognormal, Pareto and Burr
(heavy-tailed cases) claims. We compute relative errors of the method with
respect to the ruin probability values calculated by means of Monte Carlo
simulations taking su�ciently long time horizons. In Section 5 we analyze
loss data from the Polish insurance sector. We �t the aggregate claim process
and validate it by using the mean excess function and rigorous statistical
tests. For the �tted model we estimate the ruin probability by applying the
introduced approximation and compare it with `exact' results obtained by
Monte Carlo simulations.

2. Insurer-reinsurer model

In this section we introduce a two-dimensional risk process describing
capitals of two insurance companies or two business lines of the same insurance
company. In a general framework such a process can be considered as a system
of two processes (U1(t), U2(t)) de�ned in the following way:(

U1(t)
U2(t)

)
=

(
u1

u2

)
+

(
c1

c2

)
t−

( ∑N1(t)
k=1 X1k∑N2(t)
k=1 X2k

)
, t ≥ 0, (1)

where for the i-th (i = 1, 2) risk process the constant ui denotes its initial
capital, Ni(t) is a Poisson process with intensity λi's and (Xik)k≥1 are i.i.d.
positive random variables describing claim sizes with the mean value µi. The
parameters ci's stand for constant rates at which the premiums are collected
per unit time for a respective risk process. The constant premium rate ci is
given as follows: ci = (1 + θi)µiλi, where θi > 0 is called the relative safety
loading. Please note that within the two-dimensional risk process framework
given by (1), if Poisson processes N1(t) and N2(t), and random variables
(X1k)k≥1, (X2k)k≥1 are dependent, we can incorporate dependencies between
the moments of claim arrivals and the claim sizes for both lines.

The proposed model (1) can be used to describe a two-dimensional risk
process for insurer and reinsurer that have been investigated in [2, 17]. In
particular, for the quota share reinsurance we assume that the claim arrival
processes is common for both lines and the premiums, as well as the claims
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are divided between insurer and reinsurer with the constant proportions δ
and 1− δ with δ ∈ (0, 1), respectively. Therefore, we analyze here the insurer-
reinsurer risk process as a special case of the two-dimensional process (1)
which takes the following form:

(
U1(t)
U2(t)

)
=

(
u1

u2

)
+

(
δ(1 + θ1)

(1− δ)(1 + θ2)

)
λµt−

(
δ

1− δ

)N(t)∑
k=1

Xk, (2)

where N(t) is a Poisson process with intensity rate λ, (Xk)k≥1 is a sequence
of i.i.d. random variables with the mean value µ.

For the insurer-reinsurer process we de�ne the probability of ruin if at
least one of the two companies is ruined. The time of ruin can be de�ned as
follows:

τ(u1, u2) = inf{t ≥ 0 : U1(t) < 0 or U2(t) < 0}. (3)

Next, we recall the de�nition of the ruin probability in in�nite time:

ψ(u1, u2) = P(τ(u1, u2) <∞). (4)

In this work we are interested in both analytical and approximate methods
of calculating the ruin probability for the insurer-reinsurer process given by
eq. (4).

Let us observe now that by rescaling the two stochastic processes U1(t)
and U2(t) of the insurer-reinsurer risk model (2) by factors δ−1 and (1 −
δ)−1 respectively, we arrive at the new system of risk processes, denoted as
(X1(t), X2(t)):

(
X1(t)
X2(t)

)
=

(
U1(t)/δ

U2(t)/(1− δ)

)
=

(
x1

x2

)
+

(
1 + θ1

1 + θ2

)
λµt−

N(t)∑
k=1

Xk. (5)

Please note that due to the scaling invariance, the ruin probability in
in�nite time for the normalized insurer-reinsurer risk process (X1(t), X2(t))
is exactly the same as for the original process (U1(t), U2(t)).

2.1. Reduction of the insurer-reinsurer risk process to the one

dimensional case

As shown in [2], the considered problem of deriving the probability of
ruin for at least one company in the insurer-reinsurer risk framework can be
reduced partially to the analysis of one dimensional processes. Namely, let us
observe that for the rescaled process (5) the compound Poisson process is the
same for both companies. Therefore, both processes (X1(t) and X2(t)) are
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Figure 1: Deterministic parts x1 + (1 + θ1)λµt and x2 + (1 + θ2)λµt of the
insurer-reinsurer risk process. On the left panel we can see the case x1 ≥ x2,
whereas on the right panel the opposite case x2 > x1 is depicted.

exposed to the same stream of claims. Firstly, since θ1 > θ2, the time of ruin
(3) can be equivalently expressed as

τ(u1, u2) = inf

t ≥ 0 :

N(t)∑
k=1

Xk < b(t)

 ,

where b(t) = min{x1 +(1+ θ1)λµt, x2 +(1+ θ2)λµt}. It is easy to notice that
if x1 ≥ x2, b(t) reduces to x2 + (1 + θ2)λµt and the investigated ruin can
occur only for the reinsurer, see the left panel in Fig. 1. Therefore, the ruin
probability in in�nite time for the insurer-reinsurer risk process is simply the
ruin probability of the one-dimensional process describing the capital of the
reinsurer X2(t).

For the second case, i.e. x1 < x2, the ruin event is more complicated. We
can �nd a time point T = x2−x1

(θ1−θ2)λµ before which the ruin appears for the
insurer and after which the ruin happens to the reinsurer, see the right panel
in Fig. 1.

2.2. Insurer-reinsurer model with exponentially distributed claims

For the classical one-dimensional Cramér-Lundberg model an elemen-
tary form of the ruin probability is known for hyperexponentially distributed
claims with a special case of the exponential distribution, see e.g. [1]. For the
insurer-reinsurer model exact analytic formulas are only known in the case of
exponential claims, see [2, 19]. Let us now recall these results. We will follow
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the idea of Teuerle et al. [19] since their results are computationally more
stable than the results by Avram et al. [2].

We assume that the claims in our model (2) have an exponential distri-
bution with parameter β, such that EX1 = β−1. For the reduced case, i.e.
x2 ≤ x1, see Section 2.1, the ruin probability of the insurer-reinsurer risk
process has the classical form:

ψ(u1, u2) =
1

1 + θ2
exp

(
− γu2

1− δ

)
,

where γ = θ2β
1+θ2

, cf. [1, 18].
In the setting x2 > x1, Teuerle et al. [19], via the change of measure tech-

niques, derived a simple expression for the ruin probability. Namely, assuming
that θ1 > (1+θ2)

2−1, the considered ruin probability has the following form:

ψ(u1, u2)=r(λ, β, θ1, u1/δ, T ) +
1

1 + θ2
exp (−γu1/δ − φλ,β,θ1(γ)T ) (6)(

1− r(λβ/(β − γ), β − γ, (1 + θ1) (β − γ)2/β2− 1, u1/δ, T )
)
,

where

φλ,β,θ(s) = (1 + θ)
λ

β
s− λ

(
β

β − s
− 1

)
, (7)

and

r(λ, β, θ, u, T )=
1

1 + θ
exp

(
− θβu

1 + θ

)
− 1

π

∫ π

0

fλ,β,θ,u,T (x)gβ,θ,u(x)

hθ(x)
dx (8)

with

fλ,β,θ,u,T (x) =
1

1 + θ
exp

(
2T
√
1 + θλ cos(x)− (2 + θ)λT + uβ

(
cos(x)√
1 + θ

− 1

))
,

gβ,θ,u(x) = cos

(
βu sin(x)√

1 + θ

)
− cos

(
βu sin(x)√

1 + θ
+ 2x

)
,

hθ(x) =
2 + θ

1 + θ
− 2 cos(x)√

1 + θ
.

Let us notice that the quantity r(λ, β, θ, u, T ) is the ruin probability in
�nite time for the original insurer process. Therefore, the ruin probability for
the insurer-reinsurer risk process with exponential claims is equal to the ruin
probability in �nite time, up to time T , for the insurer risk process corrected
by the rescaled probability of no ruin in time T for the risk processes with
changed parameters (the intensity of the Poisson process is λβ/(β − γ), the
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mean of the exponential distribution is β − γ and the relative safety loading
is equal to (1 + θ1) (β − γ)2/β2− 1).

In the sequel we will apply these results to derive an approximation of
the ruin probability in in�nite time for arbitrary claim distributions with the
�nite third moment.

3. De Vylder's type approximation

The main goal of this paper is to introduce an approximate method for cal-
culating the ruin probability in in�nite time for the insurer-reinsurer model.
To this end, we will apply De Vylder's approximation for the one-dimensional
risk process. The general idea of De Vylder's method [10] is to replace the in-
vestigated risk process with the one with exponentially distributed claims and
ensuring that the �rst three moments of both processes coincide. Therefore,
the exact analytical solution for the ruin probability in in�nite time for the
risk process with exponentially distributed claims can be used to approximate
the ruin probability for a risk process with arbitrary claims having the third
moment �nite.

Here, we use De Vylder's idea, but apply it to the considered insurer-
reinsurer risk process. Under the assumption that claims have the third mo-
ment �nite we can formulate the following theorem.

Theorem 3.1 Let (U1(t), U2(t)) be an insurer-reinsurer risk process given

by equation (2) with the intensity parameter λ, relative safety loadings θ1 and

θ2 and i.i.d. claims with �rst three raw moments µ, µ(2), µ(3). Then the De

Vylder type approximation of ruin probability ψDV (u1, u2) in in�nite time is

given by:

a) for x2 ≤ x1:

ψDV (u1, u2) =
1

1 + θ̃2

exp

(
− γ̃u2

1− δ

)
, (9)

b) and for x2 > x1:

ψDV (u1, u2)=r(λ̃, β̃, θ̃1, u1/δ, T̃ ) +
1

1 + θ̃2

exp
(
−γ̃u1/δ − φλ̃,β̃,θ̃1(γ̃)T̃

)
(10)(

1− r(λ̃β̃/(β̃ − γ̃), β̃ − γ̃, (1 + θ̃1)
(
β̃ − γ̃

)2
/β̃2− 1, u1/δ, T̃ )

)
,

where

γ̃ = θ̃2β̃/(1 + θ̃2), β̃ =
3µ(2)

µ(3)
, λ̃ =

9(µ(2))3

2(µ(3))2
λ, (11)

θ̃1 =
2µµ(3)

3(µ(2))2
θ1, θ̃2 =

2µµ(3)

3(µ(2))2
θ2, T̃ =

u2/(1− δ)− u1/δ

(θ̃1 − θ̃2)λ̃/β̃
.
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and functions r(·), φ
λ̃,β̃,θ̃1

(·) are given by eqs. (7)-(8).

Proof First, let us de�ne auxiliary processes S1(t) and S2(t) for the rescaled
insurer and reinsurer processes by putting:

S1(t) = x1 −X1(t) =

N(t)∑
i=1

Xi − (1 + θ1)λµt,

S2(t) = x2 −X2(t) =

N(t)∑
i=1

Xi − (1 + θ2)λµt.

Next, we calculate the �rst three moments of S1(t):
ES1(t) = λtµ− (1 + θ1)λµt = −θ1λµt,

ES2
1(t) = λtµ(2) + (θ1λµt)

2,

ES3
1(t) = λµ(3)t− 3(λµ(2)t)(θ1λµt)− (θ1λµt)

2

and compare them with the �rst three moments of the corresponding process
with exponential claims with mean β̃−1, characterized by the parameters
(λ̃, θ̃1, θ̃2, β̃). Thus, we obtain the following set of equations:
−θ1λµt = −θ̃1λ̃tβ̃

−1,

λtµ(2) + (θ1λµt)
2 = 2λ̃tβ̃−2 + (θ̃1λ̃tβ̃

−1)2,

λµ(3)t− 3(λµ(2)t)(θ1λµt)− (θ1λµt)
2=6λ̃tβ̃−3 − 6θ̃1(λ̃t)

2β̃−3−(θ̃1λ̃tβ̃
−1)2,

which �nally leads us to the following values of the parameters of the approx-
imating process: 

β̃ = 3µ(2)

µ(3)
,

λ̃ = 9λ(µ(2))3

2(µ(3))2
,

θ̃1 = 2µµ(3)

3(µ(2))2
θ1.

(12)

The same reasoning can be applied for the reinsurer, which leads to the

formula for reinsurer's relative safety loading θ̃2 = 2µµ(3)

3(µ(2))2
θ2. Note that the

new time horizon T̃ is calculated as for the model (5), but with paramters θ̃1,
θ̃2, λ̃ and mean value of the losses equal to β̃−1. The last two observations
together with (12) and the know formula of the ruin probability in in�nte time
for the case with exponential claims given by eq. (6) concludes the proof. �

Obviously, the proposed approximation becomes an exact method for the
exponentially distributed claims. Let us also note that Theorem 3.1 is valid in
the setting of θ1 > θ2 and θ1 > (1 + θ2)

2 − 1, which, we believe, corresponds
to the most typical situation in the insurer-reinsurer model, namely θ1 is
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much larger than θ2. We think that often a lack of the su�cient statistical
knowledge about the risk by the insurer is a reason to enter a quota-share
reinsurance contract which results in a high safety loading θ1. In contrast, the
reinsurer can bene�t from the scale e�ect of having a portfolio of quota-share
contracts with di�erent insurance companies. Finally, we note that one can
formulate an analogous theorem for the case θ1 > θ2 and θ1 ≤ (1 + θ2)

2 − 1
by applying the exact result for the ruin probability with exponential claims
derived by Avram et al. [2], where this case is treated separately.

4. Simulation study

Now, we aim to check the quality of the introduced approximation for
di�erent light-tailed (mixture of exponentials, gamma, Weibull) and heavy-
tailed (lognormal, Pareto, Burr) claim amount distributions. Let us recall
that the parameters of the distributions must be chosen in such a way that
the third moment exists.

In this study we assume that `exact' probability values are those obtained
by means of Monte Carlo simulations with long enough time horizon and a
large number of repetitions. We will present for di�erent initial capitals both
exact (they will be denoted by ψMC(u1, u2)) and approximated (ψDV (u1, u2))
values of the ruin probability and relative errors of the approximation.

The analyzed claim size distributions are described in Table 4. Parameters
of the distributions were chosen in such a way that the mean is equal to one,
namely we consider

1. mixture of two exponential distributions with β1 = 9.63 and β2 = 0.77
and coe�cient a = 0.25,

2. gamma distribution with α = 1 and β = 1,

3. Weibull distribution with c = 0.929 , τ = 1.201,

4. lognormal distribution with µ = −0.6 and σ =
√
1.2,

5. Pareto distribution with α = 3.6 and ν = 2.6,

6. Burr distribution with α = 2.108 , ν = 1.748 τ = 1.979.

Figures 2 and 3 show results for the selected light- and heavy-tailed distri-
butions with respect to the initial capitals u1 and u2, where u1 = 0, 1, . . . , 100
and u2 = u1/3. We also assumed that λ = 10, θ1 = 0.3 and θ2 = 0.03. More-
over, for the purpose of Monte Carlo simulations we set the maximum time
horizon to 1 000 and the number of repetitions to 50 000.

We can see in Figures 2 and 3 that the introduced approximation is very
accurate for both light- and heavy-tailed distributions. The absolute relative
error is within the 20% limits. For both cases the relative error slowly increases
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Table 1: Considered light- and heavy-tailed claim amount distributions and
their parameters.

Light-tailed distributions

name parameters pdf

mixed exp's βi > 0,
n∑
i=1

ai = 1 fX(x) =
n∑
i=1

(aiβie
−βix), x ≥ 0

gamma α > 0, β > 0 fX(x) =
βα

Γ(α)x
α−1e−βx, x ≥ 0

Weibull c > 0, τ ≥ 1 fX(x) = cτxτ−1e−cx
τ
, x ≥ 0

Heavy-tailed distributions

name parameters pdf

lognormal µ ∈ R σ > 0 fX(x) =
1√

2πσx
e−

(ln(x)−µ)2

2σ2 , x ≥ 0

Pareto α > 0, ν > 0 fX(x) =
α
ν+x

(
ν

ν+x

)α
, x ≥ 0

Burr α > 0, ν > 0, τ > 0 fX(x) =
ατναxτ−1

(ν+xτ )α+1 , x ≥ 0
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Figure 2: `Exact' and approximated ruin probability values (top panel) and
relative errors of the approximation (bottom panel) for di�erent light-tailed
distributions.

with the initial capital. We also note that the error values become more
chaotic for large initial capital values (so very small ruin probabilities) but
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Figure 3: `Exact' and approximated ruin probability values (top panel) and
relative errors of the approximation (bottom panel) for di�erent heavy-tailed
distributions.

this is caused by the Monte Carlo method limitations.

To summarize, we found that the De Vylder type approximation works
very well for both light- and heavy-tailed distributions widely used in non-life
insurance mathematics. For many cases the error was almost negligible from
the practical point of view.

5. Fire insurance: Polish insurance sector case study

We analyze now real-world loss data describing �re insurance claims ob-
tained from a Polish insurance company in the years 2010-2012. Data are
presented in Figure 4.

We assume a quota-share reinsurance contract between the company and
a reinsurer. To apply the introduced approximation, �rst, we have to identify
the claim aggregate process. To this end we estimate the intensity parameter
of the Poisson process.

5.1. Fitting Poisson process to the data

First, we calculate the number of claims in particular months. Figure 5
shows how the aggregate number of claims evolves in time. The data show
no evident seasonality, hence the homogeneous Poisson process may be well
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Figure 4: Fire loss data from a Polish insurance company in the years 2010-
2012.
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Figure 5: Number of claims per month for the Polish �re loss data.

We estimate the parameter λ of the Poisson process by taking the arith-
metic mean of the monthly number of claims. This leads to λ = 25.41. To
check the quality of �t we compare the cumulative number of claims with the
mean value function of the Poisson process, so E(N(t)) = λt. Figure 6 shows
a reasonably good �t of the process.

5.2. Fitting claim size distribution to the data

Now, we want to �nd a distribution well describing the claim severities.
We consider six possible candidates from Section 4, namely mixture of expo-
nential, gamma, Weibull, lognormal, Pareto and Burr distributions. First, we
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Figure 6: Aggregate number of claims with the �tted Poisson process mean
value function.

check the type of the distribution underlying the data. To this end, we will
use mean excess function (MEF) e(x), which is de�ned as:

e(x) = E(X − x|X > x) =

∫∞
x 1− F (u)du
1− F (x)

,

where F (x) is the cumulative distribution function (CDF) of the claim amount
distribution. The MEF is the expected payment per claim on a policy with a
�xed amount deductible of x, where claims with amounts less than or equal
to x are completely ignored, see [4, 11] for other examples of its applications
to data.

Its empirical counterpart based on the representative sample {x1, x2, . . . , xn}
is given by:

ên(x) =

∑
xi>x

xi

#(i : xi > x)
− x.

The shape of e(x) provides important information on the nature of the tail
of the distribution. Mean excess functions and �rst order approximations to
the tail for the classical claim amount distributions were discussed by Burnecki
et al. [4]. The shape of the exponential distribution plays a central role. It has
the memoryless property, hence the MEF for the exponential distribution is
constant and is equal to its mean. If the distribution ofX is heavier-tailed than
the exponential distribution we �nd that the mean excess function ultimately
increases, when it is lighter- tailed e(x) ultimately decreases.

The MEF for the analyzed data is depicted in Figure 7. We can see that
the function is clearly increasing which suggests heavy-tailed distributions
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Figure 7: The empirical mean excess function ên(x) for the Polish �re data.

like the lognormal, Pareto and Burr. Hence, in the sequel we consider these
three distributions.

Once the distribution class is selected and the parameters are estimated
using one of the available methods the goodness-of-�t has to be tested. Prob-
ably the most natural approach consists of measuring the distance between
the empirical and the �tted analytical distribution function, see [4, 9].

The most popular statistic to measure the distance between empirical
and estimated distribution function is the Kolmogorov-Smirnov statistic D
de�ned as:

D = sup
x
|Fn(x)− F (x)|.

A similar statistic is the Kuiper V :

V = D+ +D−,

where D+ = supx{Fn(x)− F (x)} and D− = supx{F (x)− Fn(x)}.
These are examples of statistics measuring the distance between distribu-

tion function as supremum. We will use also statistics calculated as quadratic
norm, namely Cramer von MisesW 2 and Anderson and Darling A2 statistics:

W 2 = n

∫ ∞
−∞

(Fn(x)− F (x))2dF (x)

and

A2 = n

∫ ∞
−∞

(Fn(x)− F (x))2[F (x)(1− F (x))]−1dF (x).

The former statistic puts more weight on observations in the tails of the
distribution and is one of the most powerful statistical tests for detecting
most departures from normality, cf. [9].
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In order to estimate the parameters of the distributions we apply the
maximum likelihood estimation. To calculate p-values for the studied tests
we follow the Monte Carlo simulation algorithm described in [4]. The results
of parameter estimation and hypothesis testing for the Polish �re loss amounts
are presented in Table 2.

Table 2: Parameter estimates and test statistics for the Polish �re loss
amounts. The corresponding p-values based on 1000 simulated samples are
given in parentheses.

Distribution Lognormal Burr Pareto

Parameters µ = 8.48 α = 1.221 α = 1.27
σ = 1.63 λ = 7.50 · 103 λ = 6.92 · 103

τ = 1.015

Test results D = 0.0218 D = 0.0306 D = 0.0296
(0.09) (< 0.005) (< 0.005)

V = 0.0401 V = 0.0600 V = 0.0591
(0.03) (< 0.005) (< 0.005)

W 2 = 0.1691 W 2 = 0.4159 W 2 = 0.4132
(0.02) (< 0.005) (< 0.005)

A2 = 1.4269 A2 = 2.3781 A2 = 2.3886
(< 0.005) (< 0.005) (< 0.005)

We can see that the lognormal distribution with parameters µ = 8.48
and σ = 1.63 is the only distribution which passes one of the tests at a 5%
signi�cance level and also has the lowest test statistic values. Hence we choose
it for further analyzes.

5.3. Ruin probability for the �tted model

Having estimated parameters of the claim arrival process we can apply the
introduced De Vylder type approximation. We assume that the initial capi-
tals (u1, u2) are taking values (0.1, 1); (0.2, 2); (0.3, 3); (0.4, 4); (0.5, 5); (1, 10)
million PLN. The �tted intensity of the Poisson process λ = 25.41 and claim
sizes follow the lognormal distribution with parameters µ = 8.48,σ = 1.63 .
Relative safety loadings for the two companies are �xed as follows: θ1 = 0.3
and θ2 = 0.03. Let us recall that in the analysis exact results of the ruin
probability are obtained by means of Monte Carlo simulation for su�ciently
long time horizons and the approximated values by means of Theorem 3.1.

Table 3 shows the ruin probability values and relative errors of the ap-
proximation for di�erent initial capitals and quota share percentages. We can
see that the errors are usually below 20% which justi�es the usefulnesses of
the approximation.
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Table 3: `Exact' results ψMC(u1, u2) (top panel), the approximation
ψDV (u1, u2) (middle panel) and respective relative errors of the approxima-
tion η(u1, u2) = (ψDV (u1, u2)−ψMC(u1, u2))/ψMC(u1, u2) (bottom panel) of
the ruin probability for lognormal claims with µ = 8.48 and σ = 1.63, and
relative safety loadings θ1 = 0.3 and θ1 = 0.03 for di�erent levels of δ. We
note that u1 and u2 are in PLN million.

δ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

ψMC(0.1, 1) 0.70 0.70 0.70 0.70 0.69 0.67 0.64 0.60 0.54

ψMC(0.2, 2) 0.54 0.52 0.52 0.51 0.50 0.48 0.46 0.42 0.39

ψMC(0.3, 3) 0.43 0.40 0.39 0.38 0.37 0.35 0.34 0.31 0.31

ψMC(0.4, 4) 0.34 0.31 0.30 0.29 0.28 0.27 0.25 0.24 0.26

ψMC(0.5, 5) 0.27 0.25 0.23 0.21 0.21 0.20 0.1 0.20 0.21

ψMC(1, 10) 0.09 0.07 0.06 0.06 0.06 0.07 0.08 0.09 0.10

ψDV (0.1, 1) 0.64 0.63 0.62 0.60 0.58 0.55 0.50 0.43 0.32

ψDV (0.2, 2) 0.52 0.51 0.50 0.48 0.45 0.42 0.37 0.30 0.24

ψDV (0.3, 3) 0.43 0.42 0.41 0.39 0.36 0.33 0.28 0.24 0.21

ψDV (0.4, 4) 0.35 0.34 0.33 0.31 0.29 0.26 0.23 0.21 0.20

ψDV (0.5, 5) 0.29 0.27 0.27 0.25 0.24 0.22 0.20 0.18 0.19

ψDV (1, 10) 0.11 0.09 0.09 0.09 0.10 0.10 0.11 0.12 0.13

η(0.1, 1) 0.09 0.09 0.11 0.14 0.16 0.19 0.22 0.28 0.41

η(0.2, 2) 0.03 0.02 0.04 0.06 0.10 0.40 0.20 0.29 0.39

η(0.3, 3) -0.01 -0.04 -0.03 -0.01 0.03 0.07 0.15 0.23 0.31

η(0.4, 4) -0.03 -0.08 -0.10 -0.09 -0.05 0.01 0.07 0.15 0.22

η(0.5, 5) -0.06 -0.11 -0.16 -0.17 -0.14 -0.09 -0.02 0.08 0.13

η(1, 10) -0.16 -0.23 -0.36 -0.54 -0.60 -0.54 -0.48 -0.37 -0.30

6. Conclusions

Ruin theory for correlated risk models and multi-dimensional risk models
are interesting topics both in insurance mathematics and in practice. In this
paper we introduced De Vylder's type of approximation for calculation of the
ruin probability for a two-dimensional risk process, which can be interpreted
as the insurer-reinsurer model.

For the approximation purpose we applied an exact analytical solution for
exponentially distributed claims derived by Teuerle et al. [19]. The only re-
striction of the approximation is that the third moment of the claim amount
distribution exists. The quality of the approximation was checked by both
a simulation study based on di�erent light- and heavy-tailed claim amount
distributions and insurance loss data obtained from a Polish insurance com-
pany. The simulation analysis proved that the approximation yields very small
relative errors not exceeding 20%.

During the analysis of the real-world loss data we identi�ed and validated
the compound Poisson process. First, we estimated intensity of the Poisson
process and checked if the �tted mean value function is close to the empirical
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aggregate number of claims. Next, with the help of the mean value func-
tion we selected three candidates for the claim amount distribution, namely
the lognormal, Pareto and Burr. Rigorous statistical goodness of �t tests
like Kolomorov-Smirnov, Kuiper, Cramer von Mises and Anderson and Dar-
ling indicated that the lognormal distribution is a clear winner. Finally, we
compared the values of the ruin probability obtained by the introduced ap-
proximation and `exact' results obtained by the Monte Carlo simulations for
di�erent initial capitals and quota share percentages. The absolute relative
errors were usually not larger than 20%.

All results show that the approximation works very well for both the
light- and heavy-tailed distributions. It appears that the performance of the
approximation is similar to the classical De Vylder for the one dimensional
case, see e.g. [6, 13]. Since the exact results for the insurer-reinsurer model are
only known for the exponential distribution, which is far from applicability,
the introduced approximation can be useful in assessing the ruin probability
in practice. It can also serve as a benchmark for other approximations which
will be derived in the future.
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Aproksymacja typu De Vyldera prawdopodobie«stwa ruiny dla

modelu ubezpieczyciel-reasekurator

K. Burnecki, M.A. Teuerle, A. Wilkowska

Streszczenie W niniejszej pracy rozwa»ano problem aproksymacji prawdopodo-

bie«stwa ruiny dla dwuwymiarowego procesu ryzyka, dla którego wszystkie szkody

jak i zebrana skªadka dzielone s¡ pomi¦dzy dwa skªadowe procesy ryzyka wg wcze-

±niej zde�niowanej i staªej w czasie proporcji. Taki proces ryzyka mo»e opisywa¢

ukªad ubezpieczyciela i reasekuratora, dla których wszystkie polisy w portfelu obj¦te

s¡ kontraktem reasekuracji proporcjonalnej. Stosuj¡c technik¦ zaproponowan¡ przez

De Vyldera uzyskano aproksymacj¦ prawdopodobie«stwa ruiny w przypadku, gdy

szkody w rozwa»anym dwuwymiarowym procesie ryzyka s¡ z dowolnego rozkªadu

o sko«czonych pierwszych trzech momentach. Jako±¢ uzyskanych przybli»e« praw-

dopodobie«stwa ruiny zostaªa zwery�kowana za pomoc¡ symulacji Monte Carlo dla

kilku typowych rozkªadów prawdopodobie«stwa u»ywanych do modelowania szkód

ubezpieczeniowych. Wszystkie wyniki wskazuj¡, »e zaproponowana aproksymacja

prowadzi do maªych bª¦dów wzgl¦dnych. Na koniec, opracowana technika zostaªa

u»yta dla rzeczywistych danych uzyskanych od jednego z polskich towarzystw ubez-

pieczeniowych.

Klasy�kacja tematyczna AMS (2010): 91B30; 62P05.

Sªowa kluczowe: prawdopodobie«stwo ruiny, dwuwymiarowy proces ryzyka, aprok-

symacja De Vyldera.
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