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Abstract In this paper we investigate equilibriums in the Bayesian routing prob-
lem of the network game introduced by Koutsoupias and Papadimitriou (1999).We
treat epistemic conditions for Nash equilibrium of social costs function in the net-
work game. It highlights the role of common-knowledge on the users' individual
conjectures on the others' selections of channels in the network game. Especially
two notions of equilibria are presented in the Bayesian extension of the network
game; expected delay equilibrium and rational expectations equilibrium. The for-
mer equilibrium is given such as each user minimizes own expectations of delay, and
the latter is given as he/she maximizes own expectations of a social costs. We show
that the equilibria have the properties: If all users commonly know them, then the
former equilibrium yields a Nash equilibrium in the based KP-model and the latter
equilibrium yields a Nash equilibrium for social costs in the network game. Further
we introduce the extended notions of price of anarchy in the Bayesian network game
for rational expectations equilibriums for social costs, named the expected price of
anarchy and the common-knowledge price of anarchy. We will examine the relation-
ship among the two extended price of anarchy and the classical notion of price of
anarchy introduced by Koutsoupias and Papadimitriou(1999).
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1. Introduction. This paper investigates a Bayesian routing problem
from the epistemic point of view. We focus on the role of common-knowledge
on the users' individual conjectures on the others' selections of channels by
giving Bayesian extension of KP-model, which is the network game introduced
by Koutsoupias and Papadimitriou [10].
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Gairing et al. (2008) start studying Bayesian Nash equilibriums for Net-
work games. They analyzed Bayesian extension of the routing game speci�ed
by the type-space model of Harsanyi [7, 8, 9] as an information structure, and
they collected several results:

(1) the existence and computability of pure Nash equilibrium,

(2) the property of the set of fully mixed Bayesian Nash equilibriums and

(3) the upper bound of the price of anarchy for speci�c types of the social
function associated with Bayesian Nash equilibriums.

In this paper we will aim at highlighting the epistemic feature of Bayesian
equilibriums for Network games. The objectives are: First, to propose the
extended notions of equilibriums, expected delay equilibrium and rational
expectations equilibrium for Bayesian KP-models, secondly to extend the
notion of the price of anarchy to rational expectations equilibriums and to
rational expectations equilibriums with common-knowledge. By comparing
with them we aim at understanding how the epistemic features (e.g.; common-
knowledge) have a role to play in the network games.

Following Aumann [3] we shall modify their model by adopting an ar-
bitrary partition structure instead of the type-space model. The merit of
adopting the information partition structure lies not only in getting the close
connection to computational logic (Fagin et al. [5]) but also in increasing the
range of its applications in various �elds. In the extended network game we
will introduce the notions of the expected delay equilibrium and the ratio-
nal expectations equilibrium. The former equilibrium takes the form of the
pro�les of individual conjectures such as each user maximizes his/her own
expectations of delay, and the latter is the pro�les of conjectures such as each
user maximizes his/her own expectations of social costs respectively.

Our �rst purpose is to show the epistemic condition for the equilibria as
below:

Theorem 1.1 If all users commonly know an expected delay equilibrium,
then the equilibrium yields a Nash equilibrium in the based KP-model. If they
commonly know a rational expectations equilibrium, then the equilibrium
yields a Nash equilibrium for social costs in it.

We will proceed to introduce the extended notion of the price of anarchy
in a Bayesian KP-model. Koutsoupias and Papadimitriou [10] introduced the
price of anarchy PA[KP ] for a social costs function SC(w, l). The optimal
social costs of the extended social costs function SC(w, σ) is the in�mum of all
the values SC(w, σ) for all mix strategies σ. The price of anarchy PA(KP ) is
de�ned as the ratio of supremum of all the values of the extended social costs
function SC(w, σ) for all Nash equilibriums σ to the optimal social costs.
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We will present the two generalizations of the price. Let BKP I be a
Bayesian extension of a KP-model equipped with the information partition
structure I. The total expectation EBKP

I
[SC, q] is the sum of all individual

expectations Ei[SC(w, (li, l−i), qi] according to individual conjectures qi. The

expected optimal cost is the in�mum of the values EBKP
I
[SC, q] where I

runs over all information partition and q runs over all pro�les of conjectures.
The expected price of anarchy EKP [PA](SC) is the ratio of the supremum

of the total expectation EBKP
I
[SC, q] to the expected optimal costs, where

I runs over all information partition and q runs over all rational expectation
equilibriums for the Bayesian KP-model . The common-knowledge price of
anarchy EKPC [PA](SC) means the ratio of the supremum of the total expec-

tation EBKP
I
[SC, q] to the expected optimal costs, where where I runs over

all information partition together with q runs over all rational equilibriums
that are commonly known among all users i ∈ N .

Our second purpose is to show that

Theorem 1.2 For every positively valued social function SC,

PA(KP ) 5 EKPC [PA](SC) 5 EKP [PA](SC)

The paper is organized as follows: After reviewing the KP-model in Sec-
tion 2, we will present a Bayesian extension of the KP-models in Section 3.
On highlighting the role of users' conjectures on the others' choices, I will
propose the two equilibrium notions: the expected delay equilibrium and the
rational expectations equilibrium. In Section 4, we will review the formal no-
tion of common-knowledge, and will prove the main theorem (Theorem 4.1).
Further, Section 5 will give making appraisal of the role of the common-
knowledge assumption in Main theorem 1.1 by giving a simple example. In
Section 6 we will present the two extended notions of the price of anarchy
as explained above, and will give the proof of Main theorem 1.2. Further, we
will calculate the extended price of anarchy for some simple cases. Section 7
concludes some remarks on agenda for further research.

2. KP-Model In this paper we will treat only a simple type of the
KP-model by Koutsoupias and Papadimitriou [10] as below (see Mazalov [12,
Chapt. 9, pp. 314�351]).

Let m,n ∈ N with m,n = 2. The model consists of one storage S
and n users (clients) {1, 2, · · · , i, · · · , n} with which each has to use one of
m channels (providers) to connect the storage. Each channel (or provider)
l = 1, 2, · · · ,m has a given capacity cl. User i intends to send/receive infor-
mation with volume wi to/from the storage S through provider li. We call
this structure a KP-model denoted by KP .

User i's actions are choices of the channels, so i's action set L = {li|li =
1, 2, · · · ,m}. This is common for all users. Let Ln denote L× L× · · · × L (n
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times). We consider each member l = (li)i∈N of L as a pure strategies pro�le.
Then, the delay for a user i selecting a channel li is de�ned by

λlii =
1

cli
{wi +

∑
k∈N\i;lk=li

wk}.

We consider social costs S(w, l) as a real valued function of pure strategies
l = (li)i∈N .

Example 2.1 The below are typical of social costs:

Linear costs: LSC(w, l) =
∑n

i=1
1
cli

(∑
k;lk=li

wk

)
;

Quadratic costs: QSC(w, l) =
∑n

i=1
1
cli

(∑
k;lk=li

wk

)2
;

Maximal costs: MSC(w, l) = Maxni=1
1
cli

(∑
k;lk=li

wk

)
.

To avoid confusion, we denote L(i) as the set of pure strategies that i
selects, instead of L, and write

Ln = L(1) × L(2) × · · · × L(i) × · · · × L(n).

Furthermore, we will sometimes denote L(i) by

L(i) = {c(i)
1 , c

(i)
2 , · · · , c(i)

k , · · · , c
(i)
m }

instead by L(i) = {1, 2, · · · ,m} if needed.
Throughout this paper we shall assume that any volume bundle w =

(w1, w2, · · · , wn) is given a priori and each wi is indivisible.

Let ∆(L) be the set of all probability distributions on L, and ∆(Ln) =
∆(L)n. Each member σ = (σi)i∈N of ∆(Ln) is called a mixed strategy. The
user i's expected delay of channel li for a mixed strategy σ = (σi)i∈N is

λlii (σ) =
1

cli
{wi +

∑
k∈N\i

wkσk(li)}

Definition 2.2 A mixed strategy σ = (σi)i∈N is a Nash equilibrium for the
KP-model if for any client i ∈ N and for any channel l ∈ L,

λli(σ) = Minj∈Lλ
j
i (σ) when σi(l) 	 0 and

λli(σ) = Minj∈Lλ
j
i (σ) when σi(l) = 0
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Let NE(KP) be the set of all Nash equilibriums.
By the expected social costs according to a mixed strategy σ = (σi)i∈N we

mean
SC(w, σ) =

∑
l=(lk)k∈N∈Ln

SC(w, l)
∏
k∈N

σk(lk).

Definition 2.3 A mixed strategy σ = (σi)i∈N is a Nash equilibrium for
a social costs function SC(w, l) if SC(w, σ) 5 SC(w, (li, σ−i)) for any user
i ∈ N and for any channel li ∈ Supp(σi). It is called completely mixed if
Supp(σi) = L(i) for every i ∈ N .2

Let NE(SC) be the set of all Nash equilibria. According to Nash [13, 14, 15]
the existence theorem for the above Nash equilibria is guaranteed:

Proposition 2.4 Any KP-model KP always has its Nash equilibrium; i.e.,

NE(KP ) 6= ∅, and furthermore it has also a Nash equilibrium for any social

costs SC(w, l); i.e.; NE(SC) 6= ∅. �

The optimal social costs for KP is de�ned by

opt(SC) = inf
σ∈(∆(L))n

SC(w, σ).

We can now obtain a characteristics of a network game KP : The price of

anarchy for the network game KP is

PA(KP ) = sup
σ∈NE(KP )

SC(w, σ)

opt(SC)

Example 2.5 (Cf. Example 9.6 in Mazalov [12, p. 324].)Let us consider the
KP-model with one storage S and two users N = {1, 2} sending/receiving
their information to S of volume w1 = 1 and w2 = 3 through the two channels
of the capacities c1 = c2 = 1 respectively. Denote L(i) = {c1, c2} for i = 1, 2.
This KP-model has the unique completely mixed strategy Nash equilibrium
σ = (1

2c1 + 1
2c2,

1
2c1 + 1

2c2). The linear social costs is LSC(w, σ) = 4.

3. Bayesian Approach We will extend the above KP-model to the
KP-model under uncertainty, called a Bayesian KP-model, and we treat only
the network topology that there is only one storage and every user connects

directly to the storage'.

3.1. Bayesian extension. By information partition structure we mean
a structure I = 〈Ω, (Πi)i∈N , µ, (li)i∈N 〉 in which Ω is a �nite set, called state-

space, whose members are called states, whose subsets are events, (Πi)i∈N is

2Supp(σi) = {li ∈ L(i) | σi(li) 	 0 }
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a class of user i's information functions Πi : Ω → 2Ω, and µ is a probability
measure on Ω satisfying the below properties: For any i ∈ N ,

I li : Ω→ L is a random variable (r.v.) ;

P1 {Πi(ω)|ω ∈ Ω} makes a partition of Ω;

P2 ω ∈ Πi(ω),

BP Πi(ω) ⊆ [l]i = [li = l] for any l ∈ L and for any ω ∈ [l]i.
3

The above information structure I is called admissible if it satis�es the addi-
tional conditions as below.

AP µ(Πi(ω)) 	 0 for every ω ∈ Ω.

For later use, we need the notion of fully representativeness: A non-empty
event E ∈ 2Ω is called fully representative if li(E) = L(i) for every i ∈ N ; i.e.,
×i∈N li(E) = Ln.

By a Bayesian extension of a KP-modelKP we mean a KP-model equipped
with an admissible information partition structure, and also call it a Bayesian
KP-mode denoted by BKP. Furthermore, we shall denote by B(KP ) the set
of all the Bayesian extensions of a KP-model KP .

Example 3.1 The KP-model in Example 2.5 has a Bayesian extension by
equipped with the below admissible information partition:

• Two users 1, 2;

• Ω = {ω1, ω2, ω3, ω4}, with each state is interpreted as user 1 chooses
channel 1 at ω1 and ω2, and he chooses channel 2 at ω3 and ω4. On
the other hand, user 2 chooses channel 1 at ω1 and ω3, and she chooses
channel 2 at ω2 and ω4. This is illustrated by

c1 c2

c1 ω1 ω2

c2 ω3 ω4

• The information partition (Πi)i=1,2 is given as

� The partition Π1 : Ω→ 2Ω:

Π1(ω) =

{
{ω1, ω2} for ω = ω1, ω2,

{ω3, ω4} for ω = ω3, ω4.
3Where [li = l] is de�ned by [li = l] = {ω ∈ Ω|li(ω) = l}. The last postulate BP means

that ` user i knows absolutely his/her selection of channel l.
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� The partition Π2 : Ω→ 2Ω:

Π2(ω) =

{
{ω1, ω3} for ω = ω1, ω3,

{ω2, ω4} for ω = ω2, ω4.

• µ is the equal probability measure on 2Ω; i.e., µ(ω) = 1
4 ,

• The r.v. li : Ω→ L(i) = {c1, c2}:

l1(ω) =

{
c1 for ω = ω1, ω2,

c2 for ω = ω3, ω4.

l2(ω) =

{
c1 for ω = ω1, ω3,

c2 for ω = ω2, ω4.

3.2. Individual conjecture. From Bayesian point of view we assume
that each user i knows his/her choice of channel l, but he/she never knows
the other user's choices. The former assumption has already been formulated
in the above postulate BP. The latter requires to introduce i's conjecture on

the other user k's selection of the channel. By this we mean a probability
distribution qi on the others' section set (Ln)−i of channels (lk)k∈N\i, i.e.;
qi ∈ ∆((Ln)−i). Denoting l by l(k) if user k selects l, the marginal probability
qi(l(k)) on the other user k's section set L is the i's conjecture on k's selections.
By using the random variable (r.v.):

qi([l]k;ω) = µ([l]k|Πi(ω))

we de�ne the evens concerned of the conjecture qi as follows:

[qi(l(k))] = {ω ∈ Ω|qi([l]k;ω) = qi(l(k))} and

[qi] = ∩(lk)k∈N\i∈Ln−1 [qi((lk)k∈N\i)]

Definition 3.2 We say i's conjecture qi is with full support if Supp(qi) =
L−i,

4and the pro�le (qi)i∈N of conjectures is called completely mixed if each
qi is with full support for i ∈ N .

3.3. Individual expected delay. A user i's expectation of delay λli for
channel l ∈ L according to his/her conjecture qi is de�ned by

Ei[λ
l
i; qi] =

1

cl

∑
k∈N

wkqi(l(k)).

4 Supp(qi) = {l−i ∈ L−i | qi(l−i) 	 0
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It follows that for any ω ∈ [qi(l(k))],

Ei[λ
l
i; qi] =

1

cl

∑
k∈N

wkqi([l]k;ω).

In viewing of BP it follows that qi([l]i;ω) = 1, and so

Ei[λ
l
i; qi] =

1

cl
{wi +

∑
k∈N\i

wkqi([l]k;ω)} =
1

cl
{wi +

∑
k∈N\i

wkqi(l(k))}.

Let us introduce an equilibrium for expected delay associated with an indi-
vidual conjecture:

Definition 3.3 i's conjectures qi ∈ ∆((Ln)−i)(i ∈ N) is called a rational

expected delay for BKP if

Ei[λ
l
i; (qi)i∈N ] = Minj∈LEi[λ

j
i ; (qi)i∈N ]

for any channel l ∈ L adopted by i ∈ N . Moreover, qi is i's rational expected
delay at state ω if ω ∈ [qi] .

We denote by EDBKP(qi) the set of all the states in which qi is a rational
expected delay for BKP ∈ B(KP ).

Definition 3.4 A pro�le of all users' conjectures q = (qi)i∈N ∈ (∆((Ln)−i))
n

is called an expected delay equilibrium ( e.d.e.) for BKP at state ω ∈ [qi] if

ω ∈ ∩i∈NEDBKP(qi)

We denote by EDEBKP(q) the set of all the states in which q = (qi)i∈N is an
e.d.e. for BKP ∈ B(KP ).

3.4. Rational expectation. A user i's expectation of social costs at
ω ∈ Ω is

Ei[SC(w, (li))i∈N ;qi](ω) =
∑
ξ∈Ω

SC(w, l(ξ))qi([l(ξ)];ω)

=
∑
l∈Ln

SC(w, l)qi([l];ω)

When i's conjecture qi is actual at ω ∈ Ω (i.e., ω ∈ [qi]), on noting that
qi(l−i) = qi([l−i];ω) for any l−i ∈ (Ln)−i, it follows that i's expectation of
social costs according to qi is given as

Ei[SC(w, (li, l−i)); qi] =
∑
ξ∈Ω

SC(w, (li, l−i(ξ))qi(l−i(ξ))
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Ei[SC(w, (li, l−i)); qi] =
∑

l−i∈(Ln)−i

SC(w, (li, l−i))qi([l−i];ω)

=
∑

l−i∈(Ln)−i

SC(w, (li, l−i))qi(l−i).

Let us introduce the notion of equilibrium for expected social costs associated
with individual conjecture:

Definition 3.5 i's individual conjecture qi is said to be i's rational expec-
tation for a social function SC(w, l) at ω ∈ Ω if

Ei[SC(w, (li(ω), l−i)); qi] = Ei[SC(w, (li, l−i)); qi]

for any channel li ∈ L adopted by i together with ω ∈ [qi].

We denote by REBKP(SC(w, l) : qi) the set of all the states in which qi(i ∈ N)
is a rational expectation for a social costs function SC(w, l) for BKP ∈
B(KP ).

Definition 3.6 A pro�le of all users' conjectures q = (qi)i∈N is called a ra-

tional expectations equilibrium (r.e.e.) for a social function SC(w, l) provided
with ∩i∈NREBKP(SC(w, l) : qi) 6= ∅. Especially, a pro�le q = (qi)i∈N is called
a rational expectations equilibrium (r.e.e.) for SC(w, l) at ω ∈ Ω if

ω ∈ ∩i∈NREBKP(SC(w, l) : qi)

We denote by REEBKP(SC(w, l) : q) the set of all the states in which q =
(qi)i∈N is a r.e.e. for social costs SC(w, l) for BKP ∈ B(KP ).

3.5. Trivial Bayesian extension We will guarantee the existence of a
r.e.e. and e.d.e for any KP-model KP such that the equilibriums are com-
monly known.

Example 3.7 For any mixed strategy σ = (σi)i∈N ∈ ×i∈N∆(Li)), the trivial
Bayesian KP-modelBKP T (σ) is the Bayesian extension ofKP equipped with
the admissible information structure I = 〈Ω, (Πi)i∈N , µ, (li)i∈N 〉 below:

• Ω is the product of all the supports of σi with i of N ; that is,

Ω = Supp(σ1)× · · · × Supp(σi)× · · · × Supp(σn); 5

5Supp(σi) = {ωi ∈ Li|σi(ωi) 	 0}



220 Common-knowledge and equilibria in network game

• Πi is i's partition de�ned by

Πi(ω) = Supp(σ1)× · · · × Supp(σi−1)× {ωi} × Supp(σi+1)× · · ·
· · · · · · × Supp(σn)

= {ωi} ×
∏

j∈N,j 6=i
Supp(σj)

for ω = (ω1, . . . , ωi, . . . , ωn) of Ω ;

• µ is the probability measure on Ω de�ned by

µ(ω) = σ1(ω1)σ2(ω2) · · ·σn(ωn) .

• li : Ω→ L = L(i) is the r.v. given by

li(ω) = li((ω1, . . . , ωi, . . . , ωn)) = ωi

The above admissible information structure yields the r.v.

qi([l];ω) = µ([l]|Πi(ω)) = σ1(l1)σ2(l2) · · ·σi(li) · · ·σn(ln).

for every l = (l1, l2, · · · , li, · · · , ln) ∈ Ln and for every ω of Ω. It follows that

qi(l−i) = σ1(l1)σ2(l2) · · ·σi−1(li−1)σi+1(li+1) · · ·σn(ln), (1)

qi(lk) = σk(lk)

for any i's conjecture qi ∈ ∆((Ln)−i) and for any k 6= i, and [qi] = Ω if [qi] 6=
∅. It can be obtained that for any σ = (σi)i∈N ∈ ∆(Li))

n,

Ei[SC(w, l); qi] = SC(w, σ) and

Ei[SC(w, (li, l−i)); qi] = SC(w, (li, σ−i)),

(or respectively, Ei[λ
l
i; qi] = λli(σ)} ) for any ω ∈ Ω and for any i ∈ N .

Moreover, for any Nash equilibrium σ = (σi)i∈N ∈ NE(SC(w, l)) (or resp.
σ = (σi)i∈N ∈ NE(KP )), it can be observed that

REEBKP(SC(w, l) : q) = EDEBKP(q) = Ω.

Furthermore, it is plainly seen that if the pro�le σ = (σi)i∈N ∈ ×i∈N∆(Li))(qi)i∈N
is completely mixed then so is (qi)i∈N together with both REEBKP(SC(w, l) :
q)) and EDEBKP(q) fully representative.

To sum up,
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Theorem 3.1 Any KP-model KP has a Bayesian extension BKP ∈ B(KP )
with a pro�le q = (qi)i∈N of conjectures such that q = (qi)i∈N simultane-
ously yields both an expected delay equilibrium and a rational expectations
equilibrium for any social function SC(w, l) at everywhere.6Furthermore, if
the KP-model KP has a completely mixed Nash equilibrium, then there
exist a Bayesian KP-model and its pro�le of completely mixed conjectures
q = (qi)i∈N which yields a rational expectations equilibrium for any social
function SC(w, l) at everywhere, moreover it is fully representative that the
completely mixed conjectures q = (qi)i∈N are a rational expectations equilib-
rium.

This fundamental theorem will play an important role in the extension
of the price of anarchy for the KP-model in Section 6. The converse gives
actually an interesting problem also, and it will be proposed as

Problem 1 Given a Bayesian extension BKP of a KP-model together with
an information structure, under what conditions can a rational expectations
equilibrium for SC(w, l) actually yield a Nash equilibrium for SC(w, l) ?
Or/and how about an expected delay equilibrium?

Example 3.8 Let us reconsider the Bayesian KP-model presented in Exam-
ple 3.1. The r.v. (qi)i=1,2 are given: For any ω ∈ Ω,

q1([l]2;ω) =
1

2
for l ∈ L(1) = {1, 2};

q([l]1;ω) =
1

2
for l ∈ L(2) = {1, 2}

Hence it can be plainly observed that there exists a unique pro�le of conjec-
tures (qi)i=1,2 with [qi] 6= ∅. The conjectures are: q1(l) = q2(l) = 1

2 , and their
pro�le gives the unique e.d.e. for this BKP , together with the unique r.e.e.
for any social costs SC(w, l). It is noted that both equilibriums are completely
mixed.

4. Epistemic approach Following Aumann and Brandenburger [4], we
will present an a�rmative answer to Problem 1 as above by using common-
knowledge.

4.1. Knowledge We will present the formal model of knowledge (cf.
the event-based approach in Fagin et al [5]).Let us consider a Bayesian KP-
model BKP based on a KP-model KP , i an arbitrary user, and i's knowledge
operator Ki on 2Ω de�ned by KiE = {ω | Πi(ω) ⊆ E }. The event KiE
will be interpreted as the set of states of nature for which i knows E to be

6I.e.: REEBKP(SC(w, l) : q)) = EDEBKP(q) = Ω
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possible. We record the properties of i's knowledge operator, which actually
characterize `Knowledge.'7: For every E,F of 2Ω,

N KiΩ = Ω, Ki∅ = ∅;

K Ki(E ∩ F ) = KiE ∩KiF ;

T KiE ⊆ E

4 KiE ⊆ Ki(KiE);

5 Ω \KiE ⊆ Ki(Ω \KiE).

4.2. Common-knowledge The mutual knowledge operator KE : 2Ω →
2Ω is the intersection of all individual knowledge operators:KEF = ∩i∈NKiF ,
which is interpreted as F that everyone knows. By the composition of knowl-
edge operators Ki,Kj we mean the operator KiKj : 2Ω → 2Ω de�ned by
KiKj(E) = Ki(KjE).

The common-knowledge operator KC : 2Ω → Ω is de�ned by

KCE = ∩n∈N ∩{i1.i2,··· ,in}jN Ki1Ki2 · · ·KinE (2)

An event E is common-knowledge at ω ∈ Ω if ω ∈ KCE. and KCE is the
event of common-knowledge of E. It can be plainly observed that KC satis�es
all the above properties N, K, T, 4 and 5.

It shall be noted that

KCE = ∩∞n=1(KE)nE,

which implies the intended interpretation that an event E is common-known
at ω ∈ Ω if and only if `everybody knows E' and everybody knows that `every-
body knows E`, and everybody knows that �everybody knows that `everybody
knows E' " and · · · , and so on.

Example 4.1 Let us turn back to the Bayesian KP-model BKP presented
in Example 3.1. The BKP has the pro�le of the conjectures (qi)i=1,2 that is
simultaneously the unique e.d.e and the unique r.e.e. by Example 3.8. Here
we should note that both q1 and q2 are common-knowledge among users 1
and 2 at everywhere, because [q1] = [q2] = Ω = KC([q1]) = KC([q2]).

This observation will lead us to necessary conditions for the equilibriums in
general case as below.

4.3. Epistemic conditions for equilibrium Under the circumstances
we can now prove Main theorem 1.1 in Section 1 which gives an alternative
existence condition for Nash equilibriums for the KP-model.

7According to these properties we can say that the structure 〈Ω, (Ki)i∈N 〉 is a model
for the multi-modal logic S5n.
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Theorem 4.1 Let SC(w, l) be a social costs function for a Bayesian KP-
model BKP . The following statements are true:

(i) If the event REEKBP (SC; q) that the pro�le (qi)i∈N of conjectures is
a completely mixed rational expectation equilibrium for a social costs
SC(w, l) is commonly known among all users 8 and if the event REEKBP (SC; q)
is fully representative,9then the pro�le (qi)i∈N yields a completely mixed
Nash equilibrium for SC(w, l).

(ii) If there is a state where it is common-knowledge among N that the pro-
�le (qi)i∈N is a completely mixed rational expected delay equilibrium,
then the pro�le (qi)i∈N also yields a completely mixed Nash equilibrium
for KP . Furthermore, i's expectation of delay Ei[λ

l
i; (qi)i∈N ] coincides

with i's expected delay λli(σ).

The below lemma is the key to the proof of Theorem 4.1.

Lemma 4.2 10 Let notations and assumptions be the same as in Theorem 4.1.

If there is an ω ∈ Ω such that ω ∈ KC(∩i∈N [qi]), then we obtain that qj(li) =
qk(li) for any j, k,∈ N \ {i}.

Proof Let i, j ∈ N . Denote F := ∩i∈N [qi] and Hi := [li = li] ∩ F . We
note that ω ∈ F because ω ∈ ∩i∈NKC([qi]) = KC(∩i∈N [qi]) j ∩i∈N [qi].
Further, on noting that Πi(ξ) j F for every ξ ∈ F , it follows immediately
that µ(F ) 	 0 by P2, and that F can be decomposed into the disjoint union
of components Πi(ξ) for ξ ∈ F ; i.e., F = ∪ξ∈FΠi(ξ).

Set the probability distribution Q on Ln by Q(l) = µ([l]|F ). Let Q(li) de-
note the marginal of Q on Ai and Q(l−i) the marginal of Q on Ln−i. De�ne the
probability distribution σj on L

n
j by σj(lj) = Q(lj) for each j. Let Supp(σj)

denote the support of σj . It follows that for any i ∈ N , if lj ∈ Supp(σj), then
Hj = [lj = lj ]∩F is non-empty, and so is F . Hence it is decomposed into the
disjoint union of components Πj(ξ) for ξ ∈ Hj ; i.e., Hj = ∪ξ∈Hj

Πj(ξ). From
ω ∈ ∩i∈N [qi] it is noted that qi(l−i) = qi(l−i;ω) = µ([l−i]|Πi(ω)).

Now we will show that for every i ∈ N , all conjectures qj with j 6= i
induce the same distribution σi on L(i). For every j ∈ N and for every l of
Ln with lj ∈ Supp(σj),

µ([l−j ]|Hj) = qj(l−j). (3)

In fact, since Hj ⊆ [qj ] it can be easily observed that µ([l−j ]|Πj(ξ)) = qj(l−j).
On noting Hj = ∪ξ∈Hj

Πj(ξ), Eq (3) immediately follows from the property
[PUD] as below.

8I.e. KC(REEKBP (SC; q) 6= ∅
9×i∈NIi(REE

KBP (SC; q)) = Ln

10This lemma has implicitly appeared in the proof of Theorem B in Aumann and Bran-
benburger [4], however we will give the proof for readers' convenience.
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PUD Let S, T and X be events, and f(X) the function de�ned by f(S) =
µ(X|S). If S and T is disjoint with f(S) = f(T ) = d, then we have
f(T ∪ S) = d.

Now, dividing Eq (3) by µ(F ) 	 0 yields that µ([l]|F ) = qj(l−j)µ([lj ]|F )
and thus

Q(l) = qj(l−j)Q(li). (4)

Summing lj over Lj we obtain that for every l−j of L
n
−j ,

Q(l−j) = qj(a−j). (5)

Therefore we can obtain that for each i 6= j, qj(ai) = Q(li) = σi(li) ;
that is, for all j the conjecture qj(li) about i 6= j induced by qj is the same
distribution σi which is independent of j, in completing the proof. �

Proof (of Theorem 4.1.) By Lemma 4.2, it can be plainly seen that qj(li)
is independent of j 6= i; which means that qj(li) depending only on i makes
a probability distribution on ∆(L(i)). So, we let (σi)i∈N ∈ (∆(L(i)))

n be
σi(li) = qj(li) for any j 6= i. On noting each qj(li) is with full support, it is
seen that the strategy (σi)i∈N is completely mixed.

By (4) and (5) it immediately follows that for every j and for all lj of
Supp(σj), Q(l) = Q(l−j)Q(lj). From this we can verify by induction on users
j = 1, 2, . . . , n that the distribution qj is the product of σj ; that is,

qj(l−j) = Qj(l−j) = σ1(l1) · · ·σj−1(lj−1)σj+1(lj+1) · · ·σn(an). (6)

Therefore, it can been easily observed that for every ω ∈ KC([qi]),

Ei[SC(w, (li, l−i), qi] = SC(w, (li, σ−i)) (7)

for each li ∈ L(i) and for any i ∈ N .
Now we will proceed to the proof of (i) and (ii) as below.
For (i): For any i ∈ N it can be plainly seen that for any li ∈ L(i) and for

any ω ∈ REEBKP (SC(w, l); qi)),

SC(w, (li(ω), σ−i)) = Ei[SC(w, (li(ω), l−i), qi]

= Ei[SC(w, (li, l−i), qi] = SC(w, (li, σ−i))

Therefore, it follows that∑
li∈L(i)

SC(w, (li(ω), σ−i))σi(li) =
∑
li∈L(i)

SC(w, (li, σ−i))σi(li)

and so

SC(w, (li(ω), σ−i)) = SC(w, σ)
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Since REBKP(SC(w, l) : qi) is fully representative,11it can be observed that
for any li ∈ L(i),

SC(w, (li, σ−i) = SC(w, σ)

and thus it is plainly seen that σ ∈ NE(KP ) is completely mixed.

For (ii): If ω ∈ ∩i∈NKC(EDBKP(qi)) then, in noting that

∩i∈NKC(EDBKP(qi)) ⊆ KC(∩i∈N [qi]),

it also follows from Eq (6) that Ei[λ
l
i; (qi)i∈N ] = λli(σ), and so σ ∈ NE(KP)

is completely mixed. �

4.4. Bayesian extension with common-knowledge of equilibrium

By this we mean a Bayesian KP-model having a rational expectations
equilibrium q for the social costs function SC(w, l) which is common-knowledge;
i.e. KC(REEBKP(SC(w, l) : q)) 6= ∅.

Example 4.3 Let σ = (σi)i∈N ∈ NE(SC(w, l)). The trivial Bayesian KP-
model BKP T (σ) introduced in Example 4.3 is a Bayesian extension with

common-knowledge of the equilibrium. This is becauseKC(REEBKP
T (σ)(SC(w, l) :

q)) = Ω

5. Remarks on common-knowledge assumption

5.1. Two users case In this case we would note that Theorem 4.1 is
still true without the common-knowledge assumption. Namely,

Proposition 5.1 In a Bayesian KP-model with two users, the following

statements are true:

(i) If the pro�le (qi)i∈N is a rational expectation equilibrium for a social

costs function SC(w, l) at a state, then it yields a Nash equilibrium for

SC(w, l). Furthermore, if (qi)i∈N is a completely mixed r.e.e. then so is

the Nash equilibrium.

(ii) If the pro�le (qi)i∈N is a completely mixed rational expected delay equi-

librium at a state, then it yields a completely mixed Nash equilibrium

for KP. Furthermore, i's expectation of delay Ei[λ
l
i; (qi)i∈N ] coincides

with i's expected delay λli(σ).

11 Ii(RE
BKP (SC(w, l); qi)) = L(i)
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Proof Let N = {1, 2}. Suppose ω ∈ ∩i=1,2REBKP(SC(w, l) : qi) ( or respec-
tively, ω ∈ ∩i=1,2EDBKP(qi).) On noting that for i, j ∈ N with i 6= j,

Ei[SC(w, (li, lj)); qi] =
∑
ξ∈Ω

SC(w, (li, l−i(ξ))qi(lj(ξ)),

(or respectively, Ei[λ
l
i; qi] =

1

cl

∑
k∈N

wkqi(l(k)) =
1

cl
{wi + wjqi(lj)},

the assertion (i) ( or respectively (ii) ) follows immediately by setting the
pro�le (σi)i=1,2 by σi(li) = qj(li) for i 6= j. �

5.2. More than two users case In contrast to the above case, the
common-knowledge assumption plays a crucial role in Theorem 4.1. In fact, a
rational expectation equilibrium for a social costs function SC(w, l) can not
always yield a Nash equilibrium for SC(w, l) if all the users do not commonly
know that one of the conjectures is a rational expectation, even though they
mutually know that it is a rational expectation also. The below example shows
the situation:

Example 5.2 Let us consider the KP-model with one storage S and three
users N = {1, 2, 3} sending/receiving their information to S of arbitrary
volumes w = (w1, w2, w3) 	 0 through the two channels with homogeneous
capacities c1 = c2 = c. We will denote lk ∈ L(i) by c

i
k (k = 1, 2, i ∈ N), and

so L(i) = {ci1, ci2} with each channel having the equal capacity ci = c.

In this KP-model the linear social costs function LSC(w, l) has the unique
mixed strategy Nash equilibrium σ = (1

2c
1
1 + 1

2c
1
2,

1
2c

2
1 + 1

2c
2
2,

1
2c

3
1 + 1

2c
3
2).

Let us extend the model to the Bayesian KP-model equipped with the
below admissible information partition:

• Three users 1, 2, 3;

• Ω = {ω1, ω2, ω3, ω4, ω5, ω6, ω7, ω8},

• The information partition (Πi)i=1,2,3 is given as

� The partition Π1 : Ω→ 2Ω:

Π1(ω) =


{ω1, ω2} for ω = ω1, ω2,

{ω3, ω4} for ω = ω3, ω4,

{ω5, ω6} for ω = ω5, ω6,

{ω7, ω8} for ω = ω7, ω8.
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� The partition Π2 : Ω→ 2Ω:

Π2(ω) =


{ω1, ω3} for ω = ω1, ω3,

{ω2, ω4} for ω = ω2, ω4,

{ω5, ω7} for ω = ω5, ω7,

{ω6, ω8} for ω = ω6, ω8.

� The partition Π3 : Ω→ 2Ω:

Π3(ω) =

{
{ω1, ω2, ω3} for ω = ω1, ω2, ω3,

{ω4, ω5, ω6, ω7, ω8} for ω = ω4, ω5, ω6, ω7, ω8.

• µ is the equal probability measure on 2Ω; i.e., µ(ω) = 1
8 :

• The r.v. li : Ω→ L(i) = {ci1, ci2}:

l1(ω) =

{
c1

1 for ω = ω1, ω2, ω5, ω6,

c1
2 for ω = ω3, ω4, ω7, ω8.

l2(ω) =

{
c2

1 for ω = ω1, ω3, ω5, ω7,

c2
2 for ω = ω2, ω4, ω6, ω8.

l3(ω) =

{
c3

1 for ω = ω1, ω2, ω3,

c3
2 for ω = ω4, ω5, ω6, ω7, ω8.

Let us consider the pro�le of conjectures, (qi)i=1,2,3, de�ned by

qi(l−i) = qi([l−i];ω5) = µ([l−i]|Πi(ω5)).

Then, we can observe the following two points:

1. Each qi of conjectures q1, q2 actually yields the components σj of the
Nash equilibrium for LSC(w, l) for j 6= i; i.e.,

q1(c2) =
1

2
c2

1 +
1

2
c2

2 = σ2, q1(c3) =
1

2
c3

1 +
1

2
c3

2 = σ3;

q2(c1) =
1

2
c1

1 +
1

2
c1

2 = σ1, q2(c3) =
1

2
c3

1 +
1

2
c3

2 = σ3.

However, every users does not know that each of q1, q2 is a rational
expectation for LSC(w, l); in fact, KE(REBKP(SC(w, l) : qi)) = ∅ for
i = 1, 2:

2. The conjecture q3 can never yield any components σ1 nor σ2 of the Nash
equilibrium for LSC(w, l); i.e.,

q3(c1) =
2

5
c1

1 +
3

5
c1

2 6= σ1, q3(c2) =
2

5
c2

1 +
3

5
c2

2 6= σ2.
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However, every user actually knows that q3 is a rational expectation for
LSC(w, l), but they never commonly know it; in fact,

ω5 ∈ KE(REBKP(SC(w, l) : q3)) 6= ∅ but

KC(REBKP(SC(w, l) : q3)) = ∅

6. Extended Price of Anarchy In this section, we will proceed to
investigate social costs with its price of anarchy from the epistemic point
of view. We will begin with notation. By AI(KP ) we denote the set of all
admissible information partitions I = 〈Ω, (Πi)i∈N , µ, (li)i∈N 〉 attached with a
KP-model KP , and by BKP I the Bayesian extension of KP-model equipped
with I ∈ AI(KP ).

6.1. De�nition By user i's individual expected social cost EBKP
I

i [SC; qi]
according to qi ∈ ∆((Ln)−i) we shall mean the sum of the individual expected
cost for all users; i.e.:

EBKP
I

i [SC; qi] =
∑
li∈L(i)

EBKP
I

i [SC(w, (li, l−i)); qi]

and the expected social costs is

EBKP
I
[SC; q] =

∑
i∈N

EBKP
I

i [SC; qi]

Definition 6.1 The expected price of anarchy is

EKP [PA](SC)

=
sup(I,q)∈AI(KP )×(∆((Ln)−i))n{E

BKP I
[SC; q]|REEBKP(SC(w, l), q) 6= ∅}

inf(I,q)∈AI(KP )×(∆((Ln)−i))n E
BKP I [SC; q]

Furthermore, when we restrict q to the conjectures commonly known among
all users, we propose another type of extended price of anarchy as below.

Definition 6.2 The common-knowledge price of anarchy is

EKPC [PA](SC)

=
sup(I,q)∈AI(KP )×(∆((Ln)−i))n{E

BKP I
[SC; q]|KC(REEBKP(SC(w, l), q)) 6= ∅}

inf(I,q)∈AI(KP )×(∆((Ln)−i))n E
BKP I [SC; q]
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Remark 6.3 Both expected prices of anarchy are well de�ned. In fact, On
noting KC(E) j E, it follows from Theorem 3.1 that

{(I, q) ∈ AI(KP )× (∆((Ln)−i))
n|REEBKP(SC(w, l), q) 6= ∅}

k {(I, q) ∈ AI(KP )× (∆((Ln)−i))
n|KC(REEBKP(SC(w, l), q)) 6= ∅}

6= ∅, (8)

and thus both the numerators of the R.H.S. of the equations appeared in
De�nitions 6.1 and 6.2 are de�ned.

Further, the below inequality for the prices of anarchy holds in general.

Theorem 6.1 Let KP be a KP-model and SC(w, l) a social costs function
for KP . Suppose SC(w, l) is positively valued.12 Then we have

PA(KP ) 5 EKPC [PA](SC) 5 EKP [PA](SC)

Proof In the view of the above inclusion (8) it follows immediately that the
second part of the inequality EKPC [PA](SC) 5 EKP [PA](SC) holds.

For the �rst part: Let σ = (σi)i∈N ∈ (∆(Li))
n be any pro�le of mixed

strategies. Consider the trivial Bayesian KP-model BKP T (σ) of σ together
with any pro�le of conjectures q = (qi)i∈N ∈ (∆(L−i))

n. On noting Eq (1)
for any i ∈ N , it can be observed that

E
BKPT (σ)
i [SC(w, l); qi] = SC(w, σ)

and thus it follows that for any σ ∈ (∆(Li))
n,

n× SC(w, σ) = EBKP
T (σ)[SC(w, l); q]

= inf
(I,q)∈AI(KP )×(∆((Ln)−i))n

EBKP
I
[SC; q]

and therefore

n× opt(SC) = inf
(I,q)∈AI(KP )×(∆((Ln)−i))n

EBKP
I
[SC; q] 	 0 (9)

On noting that REEBKP
T (σ)(SC(w, l), q) = Ω (Theorem 4.1), it can be

plainly observed that for any σ ∈ NE(KP ),

n× SC(w, σ) = EBKP
T (σ)[SC(w, l); q]

5 sup
(I,q)∈AI(KP )×(∆((Ln)−i))n

{EBKP I
[SC; q]|KC(REEBKP(SC(w, l), q)) 6= ∅}

12I.e. SC(w, l) 	 0 for any l ∈ Ln. For example, the social costs functions
LSC,QSC,MCS are all positively valued.
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and so

0 < n× sup
σ∈NE(KP )

SC(w, σ) 5

sup
(I,q)∈AI×(∆((Ln)−i))n

{EBKP I
[SC; q]|KC(REEBKP(SC; q)) 6= ∅} (10)

In viewing the inequalities (9) and (10) we obtain PA(KP ) 5 EKPC [PA](SC),
in completing the proof. �

6.2. Two users and two channels In this sections and the following
ones, we will give some examples for the above prices.

First consider the KP-model with one storage S and two users N = {1, 2}
sending/receiving their information to S of arbitrary volumes w = (w1, w2) 	
0 �xed through the two channels with capacities L = {c1, c2}.

Proposition 6.4 Let KP be the above KP-model having two users and two

channels (Example 2.5), and let SC(w, l) be the social costs function given

by one of LSC(w, l), QSC(w, l) and MSC(w, l). Then, the expected price of

anarchy for SC(w, l) is

EKPC [PA](SC) = EKP [PA](SC) = 1

Proof Let BKP be any Bayesian extension of the model KP equipped
with admissible information structure I ∈ AI(KP ), and let qi ∈ ∆((L2)−i)
for i ∈ N . On noting SC(w, (c1

1, c
2
1)) = SC(w, (c1

2, c
2
1)), SC(w, (c1

1, c
2
2)) =

SC(w, (c1
2, c

2
1)), the expected price

EBKP
I

1 [SC; q1] = (SC(w, (c1
1, c

2
1)) + SC(w, (c1

2, c
2
1)))q1(c2

1)

+(SC(w, (c1
1, c

2
2)) + SC(w, (c1

2, c
2
2)))q1(c2

2)

yields

EBKP
I

1 [SC; q1] = (SC(w, (c1
1, c

2
1)) + SC(w, (c1

2, c
2
1)))(q1(c2

1) + q1(c2
2))

Since q1(c2
1) + q1(c2

2) = 1, it follows that

EBKP
I

1 [SC; q1] = (SC(w, (c1
1, c

2
1)) + SC(w, (c1

2, c
2
1)))

Similarly

EBKP
I

2 [SC; q2] = (SC(w, (c1
1, c

2
1)) + SC(w, (c1

2, c
2
1)))

Therefore, we obtain

EBKP
I
[SC; q] = 2(SC(w, (c1

1, c
2
1)) + SC(w, (c1

2, c
2
1))).
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It can be easily seen that REEBKP(SC(w, l), q) = Ω and that

sup
q;REEBKP(SC(w,l),q)6=∅

EBKP
I
[SC; q] = sup

q;KC(REEBKP(SC(w,l),q)) 6=∅
EBKP

I
[SC; q]

= inf
q∈(∆((Ln)−i))n

EBKP
I
[SC; q]

for any I ∈ AI(KP ), thus the result follows immediately. �

6.3. Three users and two channels Let us consider the KP-model
with one storage S and three users N = {1, 2, 3} sending/receiving their
information to S of arbitrary volumes w = (w1, w2, w3) 	 0 �xed through the
two channels with capacities L = {c1, c2}.

Proposition 6.5 Let KP be the above KP-model having three users N =
{1, 2, 3} and the two channels with capacities L = {c1, c2} (Example 5.2), and

let SC(w, l) be the social costs function given by one of LSC(w, l), QSC(w, l)
and MSC(w, l).
(i) The expected price of anarchy is given by

EKP [PA](SC) =

3

2

(
1 +

SC(w, (c1
1, c

2
1, c

3
1))

SC(w, (c1
1, c

2
1, c

3
2)) + SC(w, (c1

1, c
2
1, c

3
2)) + SC(w, (c1

2, c
2
2, c

3
2))

)
(ii) The common-knowledge price of anarchy has a lower bound below:

EC[PA]KP (SC) =

1

4

{
5 +

3

5

(
SC(w, (c1

1, c
2
1, c

3
1))

SC(w, (c1
1, c

2
1, c

3
2)) + SC(w, (c1

1, c
2
1, c

3
2)) + SC(w, (c1

2, c
2
2, c

3
2))

)}
Proof Let BKP be any Bayesian extension of the model KP equipped with
an admissible information structure I ∈ AI(KP ), and let q = (qi)i∈N with
qi ∈ ∆((L2)−i) for i ∈ N . Let pi = qi(c

i
1, c

i
1)+qi(c

i
2, c

i
2) for i = 1, 2, 3, it varies

from 0 to 1 and 1− pi = qi(c
i
1, c

i
2) + qi(c

i
2, c

i
1).

On noting

SC(w, (c1
1, c

2
1, c

3
1)) = SC(w, (c1

2, c
2
2, c

3
2)),

SC(w, (c1
1, c

2
1, c

3
2)) = SC(w, (c1

1, c
2
2, c

3
1)),

SC(w, (c1
1, c

2
2, c

3
1)) = SC(w, (c1

2, c
2
1, c

3
2)),

SC(w, (c1
1, c

2
2, c

3
2)) = SC(w, (c1

2, c
2
1, c

3
1)),

it can be veri�ed that

EBKP
I
[SC; q] = 2{SC(w, (c1

1, c
2
1, c

3
2)) + SC(w, (c1

1, c
2
2, c

3
1)) + SC(w, (c1

1, c
2
2, c

3
2))}

+{SC(w, (c1
1, c

2
1, c

3
1)) + SC(w, (c1

1, c
2
2, c

3
2))}p1

+{SC(w, (c1
1, c

2
1, c

3
1)) + SC(w, (c1

1, c
2
2, c

3
1))}p2

+{SC(w, (c1
1, c

2
1, c

3
1)) + SC(w, (c1

1, c
2
1, c

3
2))}p3 (11)
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Now we proceed to proving (i) and (ii).
(i) We show that there exists an admissible information structure I ∈ AI(KP )
such that all p1, p2, p3 can actually attains simultaneously the value 1 and 0
respectively; i.e., p1 = p2 = p3 = 1 (or p1 = p2 = p3 = 0 ).

In fact, let us consider the Bayesian KP-model of KP in Example 5.2
equipped with the following admissible information partition structure I:

• Ω = {ω1, ω2, ω3, ω4, ω5, ω6, ω7, ω8},

• The information partition (Πi)i=1,2,3 is given as

� The partition Π1 : Ω→ 2Ω:

Π1(ω) =

{
{ω1, ω2, ω5, ω6} for ω = ω1, ω2, ω5, ω6,

{ω3, ω4, ω7, ω8} for ω = ω3, ω4, ω7, ω8.

� The partition Π2 : Ω→ 2Ω:

Π2(ω) =

{
{ω1, ω3, ω5, ω7} for ω = ω1, ω3, ω5, ω7,

{ω2, ω4, ω6, ω8} for ω = ω2, ω4, ω6, ω8.

� The partition Π3 : Ω→ 2Ω:

Π3(ω) =

{
{ω1, ω2, ω3, ω4} for ω = ω1, ω2, ω3, ω4,

{ω5, ω6, ω7, ω8} for ω = ω5, ω6, ω7, ω8.

• The probability µ ∈ ∆(Ω) is given by

µ(ω) =

{
1
4 for ω = ω1, ω4, ω6, ω7

0 for ω = ω2, ω3, ω5, ω8.

• The r.v. li : Ω→ L(i) = {ci1, ci2}:

l1(ω) =

{
c1

1 for ω = ω1, ω2, ω5, ω6,

c1
2 for ω = ω3, ω4, ω7, ω8.

l2(ω) =

{
c2

1 for ω = ω1, ω3, ω5, ω7,

c2
2 for ω = ω2, ω4, ω6, ω8.

l3(ω) =

{
c3

1 for ω = ω1, ω2, ω3, ω4

c3
2 for ω = ω5, ω6, ω7, ω8.

By setting

qi((l)−i) = qi([l]−i;ω) = µ([l]−i|Πi(ω)) for l ∈ L3
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it can be easily seen that

1. REEBKP(SC(w, l) : q) = {ω1, ω7}

2. pi = qi(c
i
1, c

i
1) + qi(c

i
2, c

i
2) =

{
1 for ω = ω1

0 for ω = ω7

for each i = 1, 2, 3.

Therefore, when p1 = p2 = p3 = 1 it follows from Eq(11) that

sup
q∈REEBKP(SC(w,l))

EBKP
I
[SC; q] = 3{SC(w, (c1

1, c
2
1, c

3
1))

+SC(w, (c1
1, c

2
1, c

3
2)) + SC(w, (c1

1, c
2
2, c

3
1)).

When p1 = p2 = p3 = 0 it follows that

inf
q∈(∆((Ln)−i))n

EBKP
I
[SC; q] = 2{SC(w, (c1

1, c
2
1, c

3
2)) + SC(w, (c1

1, c
2
2, c

3
1))

+SC(w, (c1
1, c

2
2, c

3
2))},

and so the equation that we want follows immediately.
(ii) We show that there exists an admissible information structure I ∈ AI(KP )
such that p1 = p2 = p3 = 1

2 with which a pro�le of conjectures q = (qi)i=1,2,3

is commonly known.
In fact, let us consider the Bayesian KP-model of KP in Example 5.2

equipped with the same admissible information partition I de�ned in the
above proof of (i) replacing µ by the equal probability

µ(ω) =
1

8
for every ω ∈ Ω.

By setting

qi((l)−i) = qi([l]−i;ω) = µ([l]−i|Πi(ω)) for l ∈ L3

it can be easily seen that

1. REEBKP(SC(w, l) : q) = Ω

2. pi = qi(c
i
1, c

i
1) + qi(c

i
2, c

i
2) =

1

2
for every ω ∈ Ω.

Therefore, on noting KC(REEBKP(SC(w, l) : q)) = Ω it follows from Eq(11)
that

inf
q∈(∆((Ln)−i))n

EBKP
I
[SC; q] =

2{SC(w, (c1
1, c

2
1, c

3
2)) + SC(w, (c1

1, c
2
2, c

3
1)) + SC(w, (c1

1, c
2
2, c

3
2))}

sup
q;KC(REEBKP(SC(w,l),q))6=∅

EBKP
I
[SC; q] =

3

2
SC(w, (c1

1, c
2
1, c

3
1)) +

5

2
{SC(w, (c1

1, c
2
1, c

3
2)) + SC(w, (c1

1, c
2
2, c

3
1)) + SC(w, (c1

1, c
2
2, c

3
2))},

and thus the inequality that we want immediately follows. �
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In particular, If c1 = c2, we can easily obtain that

Corollary 6.6 If the above KP has homogeneous capacities (i.e.; c1 = c2)

then the below inequality for the prices of anarchy for the linear social costs

is true:

1.7 5 EKPC [PA](LSC) 5 EKP [PA](LSC) = 2.4

7. Discussion We have discussed a Bayesian routing game from the view
point of the interaction of knowledge for users'. However, many important
agendas have been kept left, so it will end this paper well by remarking some
of them.

7.1. Common-knowledge As we have seen in Section 5, the common-
knowledge assumption plays an essential role in Theorem 4.1. However, it is
actually a very strong assumption, because common-knowledge is introduced
by the in�nite regress of interactions among individual knowledge such as
Eq (2). So, we would like to remove it from our framework. There seems to be
several ways of improving this point, here I would recommend adopting the
communication process introduced by Parikh and Krasucki [16] that replaces
common-knowledge. I will discuss the details in a sequel of this paper, and I
would like to sketch them as below.13

The model will be given as follows: Each user predicts the other users'
choices of the channels given his/her information. He/she communicates pri-
vately his/her beliefs about the other users' choices through messages among
all users according to the communication network. Where message is the
information about his/her individual conjecture about the others' choices.
The recipient of the message updates her/his belief. Precisely, at every stage
in communication, each user communicates privately not only his/her belief
about the others' choices but also his/her rationality as messages according to
the communication, and then the recipient updates their private information,
revises her/his prediction and sends the revised information to the other user.
Such a revision process of conjectures will have to proceed in�nitely many
rounds.

In these circumstances we will be able to show that (1) the revision process
of conjectures has to be convergent; precisely it will be stationary in �nitely
many rounds, and each conjecture has the limit conjecture. (2) The pro�le
of these limit conjectures will lead to a Nash equilibrium for the social costs
function.

7.2. Indivisible volumes. In this paper the volumes in BKP are con-
sidered as indivisible goods, but these should be considered as divisible ones
when we shall consider KP models as the models of a cloud computing system,

13See Matsuhisa [11]
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because the volumes are considered as volumes of information. To treat KP
models from this point of view the Bayesian KP-model shall be investigated
as exchange economy under uncertainty, and it rises an interesting problem:

Problem 2 To investigate the relationship between the several core notions
that appeared and the equilibria presented in this paper.

A goal is to �nd an extended form of the core equivalence theorem by Au-
mann [1] in the Bayesian KP-model; I expect the below assertion is true: The
set of all the rational expectations equilibrium for BKP coincides with the
set of interium core (or ex-post cores) for the economy 〈BKP, p〉. I will dis-
cuss in detail in another sequel of this paper, in which I hope to give another
approach to studying on KP-models.

7.3. General information partition. As mentioned previously, Garing
et al [6] is the �rst paper in which they analyze that Bayesian extension of
the routing game speci�ed by the type-space model of Harsanyi [7, 8, 9]
as the information structure, On the other hand, I modify their model by
adopting the arbitrary partition structure in this paper instead of the type-
space model following Aumann [3]. The merit of adopting the information
partition structure lies in getting the close connection to computational logic
(Fagin et al. [5]). The Bayesian Nash equilibrium in Garing et al [6] seems to
be very close to the correlated equilibrium of Aumann [2], so we have to

Problem 3 Introduce the notion of the correlated equilibrium in BKP-model,
and investigate the relationship between the equilibrium and the Bayesian
Nash equilibrium in Garing et al [6].

In this regard it is also important to reconstruct and re�ne the results obtained
in Garing et al [6] in our framework.

7.4. Extended price of anarchy The common-knowledge price of an-
archy EC [PA]KP (SC) will be interpreted as an index of the volatility of social
costs in the system KP that all users can know commonly, and so the ex-
pected price of anarchy E[PA]KP (SC) will be as the highest volatility of the
costs in the system under uncertainty, which is unknown for the members in
the system. For the three users and two channels' case, it can be obtained by
Proposition 6.5 that

EKP [PA](SC)

EKPC [PA](SC)
5 6

It shows that the highest volatility of the costs can be upper bounded by six
times the common-knowledge price of anarchy of the costs. However, we have
a very little knowledge about the expected price of anarchy, so we have to
collect any information about the prices of the concrete KP-models.



236 Common-knowledge and equilibria in network game

As it was seen in Subsection 6.3, it seems di�cult to determine the exact
value of the common-knowledge expected price of anarchy rather than the
expected price of anarchy. Let us treat the problem on the expected price
of anarchy from a di�erent point of view. In regarding the inequality in Re-
mark 6.3, it may also be interesting to investigate KP-models in the extremal
case. The below problem has arisen:

Problem 4 Can we determine all KP-models providing that

EKPC [PA](SC) = EBKP [PA](SC)?

This problem will be expected to clarify the role of common-knowledge in
KP-models in the Bayesian approach.

7.5. In�nite state-space In this paper we assume that every state
space is �nite for simplicity. This assumption is not crucial. In fact it can be
easy to extend Bayesian KP-models into the in�nite state-spaces case, and
to show the main theorems in Sections 5 and 6 by mathematically technical
modi�cations.

Acknowledgement We would like to thank the anonymous referee for
the criticism which makes the current version possible.

References

[1] R. J. Aumann. Markets with a continuum of traders. Econometrica,
32(1/2):39�50, 1964. ISSN 00129682, 14680262. doi: 10.2307/1913732.
URL http://www.jstor.org/stable/1913732. Cited on p. 235.

[2] R. J. Aumann. Subjectivity and correlation in randomized strategies.
J. Math. Econ., 1:67�96, 1974. ISSN 0304-4068. doi: 10.1016/0304-
4068(74)90037-8. Cited on p. 235.

[3] R. J. Aumann. Agreeing to disagree. Ann. Statist., 4(6):1236�
1239, 1976. ISSN 0090-5364. doi: 10.1214/aos/1176343654. URL
http://links.jstor.org/sici?sici=0090-5364(197611)4:6<1236:

ATD>2.0.CO;2-D&origin=MSN. MR 0433654, Zbl 0379.62003. Cited on
pp. 212 and 235.

[4] R. J. Aumann and A. Brandenburger. Epistemic conditions for Nash
equilibrium. Econometrica, 63(5):1161�1180, 1995. ISSN 0012-9682;
1468-0262/e. doi: 10.2307/2171725. MR 1348517, Zbl 0841.90125. Cited
on pp. 221 and 223.

[5] R. Fagin, J. Y. Halphern, Y. Moses, and M. Y. Vardi. Reasoning about

Knowledge. MIT Press, Cambridge, Massachusetts, London, England,
1995. ISBN 9780262061629. MR 1345612. Cited on pp. 212, 221,
and 235.

http://dx.doi.org/10.2307/1913732
http://www.jstor.org/stable/1913732
http://dx.doi.org/10.1016/0304-4068(74)90037-8
http://dx.doi.org/10.1016/0304-4068(74)90037-8
http://dx.doi.org/10.1214/aos/1176343654
http://links.jstor.org/sici?sici=0090-5364(197611)4:6<1236:ATD>2.0.CO;2-D&origin=MSN
http://links.jstor.org/sici?sici=0090-5364(197611)4:6<1236:ATD>2.0.CO;2-D&origin=MSN
http://www.ams.org/mathscinet-getitem?mr=0433654&return=pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0379.62003&format=complete
http://dx.doi.org/10.2307/2171725
http://www.ams.org/mathscinet-getitem?mr=1348517&return=pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0841.90125&format=complete
http://www.ams.org/mathscinet-getitem?mr=1345612&return=pdf


T. Matsuhisa 237

[6] M. Gairing, B. Monien, and K. Tiemann. Sel�sh routing with in-
complete information. Theory of Computing Systems, 42(1):91�130,
Jan 2008. ISSN 1433-0490. doi: 10.1007/s00224-007-9015-8. URL
https://doi.org/10.1007/s00224-007-9015-8. Cited on pp. 211,
212, and 235.

[7] J. C. Harsanyi. Games with incomplete information played by �bayesian�
players, i�iii part i. the basic model. Manag. Sci., 14(3):159�182, 1967.
ISSN 0025-1909 (Print); 1526-5501 (Online). doi: 10.1287/mnsc.14.3.159.
Cited on pp. 212 and 235.

[8] J. C. Harsanyi. Games with incomplete information played by �bayesian�
players, i�iii, part ii. bayesian equilibrium point. Manag. Sci., 14
(5):320�332, 1968. ISSN 0025-1909 (Print); 1526-5501 (Online). doi:
10.1287/mnsc.14.5.320. Cited on pp. 212 and 235.

[9] J. C. Harsanyi. Games with incomplete information played by �bayesian�
players, i�iii, part iii. the basic probability distribution of the game.
Manag. Sci., 14(7):468�502, 1968. ISSN 0025-1909 (Print); 1526-5501
(Online). doi: 10.1287/mnsc.14.7.486. Cited on pp. 212 and 235.

[10] E. Koutsoupias and C. Papadimitriou. Worst-case equilibria. In STACS

99. 16th annual symposium on Theoretical aspects of computer science,

Trier, Germany, March 4�6, 1999. Proceedings, pages 404�413. Berlin:
Springer, 1999. ISBN 3-540-65691-X. Zbl 1099.91501. Cited on pp. 211,
212, and 213.

[11] T. Matsuhisa. Communication and KP-Model. In N. T. Nguyen, S. Tojo,
L. M. Nguyen, and B. Trawi«ski, editors, Intelligent Information and

Database Systems, ACIIDS 2017. Lecture Notes in Computer Science, vol

101922, pages 711�720. Springer, Berlin Heidelberg, 2017. ISBN 978-3-
319-54429-8(Print), 978-3-319-54430-4(Online). doi: 10.1007/978-3-319-
54430-4_68. Cited on p. 234.

[12] V. Mazalov. Mathematical game theory and applications. John Wiley
& Sons, Ltd., Chichester, 2014. ISBN 978-1-118-89962-5. MR 3309667.
Cited on pp. 213 and 215.

[13] J. F. Nash, Jr. Equilibrium points in n-person games. Proc. Natl.

Acad. Sci. USA, 36:48�49, 1950. ISSN 0027-8424; 1091-6490/e. doi:
10.1073/pnas.36.1.48. Zbl 0036.01104, MR 0031701. Cited on p. 215.

[14] J. F. Nash, Jr. Non-cooperative games. ProQuest LLC, Ann Ar-
bor, MI, 1950. URL http://gateway.proquest.com/openurl?

url_ver=Z39.88-2004&rft_val_fmt=info:ofi/Nashfmt:kev:mtx:

dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:0169578.
Thesis (Ph.D.)�Princeton University. Cited on p. 215.

http://dx.doi.org/10.1007/s00224-007-9015-8
https://doi.org/10.1007/s00224-007-9015-8
http://dx.doi.org/10.1287/mnsc.14.3.159
http://dx.doi.org/10.1287/mnsc.14.5.320
http://dx.doi.org/10.1287/mnsc.14.5.320
http://dx.doi.org/10.1287/mnsc.14.7.486
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1099.91501&format=complete
http://dx.doi.org/10.1007/978-3-319-54430-4_68
http://dx.doi.org/10.1007/978-3-319-54430-4_68
http://www.ams.org/mathscinet-getitem?mr=3309667&return=pdf
http://dx.doi.org/10.1073/pnas.36.1.48
http://dx.doi.org/10.1073/pnas.36.1.48
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0036.01104&format=complete
http://www.ams.org/mathscinet-getitem?mr=0031701&return=pdf
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/Nashfmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:0169578
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/Nashfmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:0169578
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/Nashfmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:0169578


238 Common-knowledge and equilibria in network game

[15] J. F. Nash, Jr. Non-cooperative games. Annals of Mathematics, 54
(2):286�295, 1951. ISSN 0003486X. doi: 10.2307/1969529. URL http:

//www.jstor.org/stable/1969529. MR 0043432. Cited on p. 215.

[16] R. Parikh and P. Krasucki. Communication, consensus, and knowledge.
Journal of Economic Theory, 52(1):178�189, 1990. ISSN 0022-0531. doi:
10.1016/0022-0531(90)90073-S. MR 1073702. Cited on p. 234.

A. Memory of Shoji Koizumi14 Shoji Koizumi was born at Kohu,
Yamanashi, Japan in January 2, 1923, and was educated at The First Imperial
Higher School (The First Imperial College of Liberal arts and Sciences,Tokyo,
Japan), The Imperial University of Tokyo, and he �nished his education in
1945 under the supervision of Shokichi Iyanaga, who was one of faithful pupils
of `Legend' Teiji Takagi (1875-1960) (cf. EN B.1). Some of his classmates in
the university were Jun-Ichi Igusa (J. Hopkins Univ.) and Fumio Ni-iro (Univ
of Tokyo).

Koizumi met Takagi once at Matsumoto, Nagano, in the early 1945 when
Takagi visited Dep. of Math. forced to evacuate from Tokyo to Matsumoto
during the war. The faculty members held a little party for Takagi. Koizumi
participated it as one of young students. He remembered in the party that
Takagi said: �Recently young mathematicians in Europe and the USA has
not understood the essentials of the class �elds theory. They considered me
as one of the contributors to the progress by Hilbert, Furtwängler, me, Hasse,
Artin, Chevalley." (cf. B.2). This is undervalued to my contribution, so I am
now writing the book of `General theory of algebraic number �elds and Class
�elds theory' to put them right in their understanding of the theory."15

After graduating the university, Koizumi moved to Dep. of Math., Nagoya
University as the Assistant Lecturer, the one newly organized by K. Noshiro,
T. Nakayama and K. Yoshida. He became a member of the seminar supervised
by T. Nakayama, where the seminar consisted of excellent young mathemati-
cians of that age in Japan such as M. Goto (Kyushu Univ), Y. Matsushima
(Nagoya Univ), M. Nagata (Kyoto Univ), H. Morikawa (Nagoya Univ.) and
others.

During the di�cult years of the World War II and later, Koizumi started
working on algebraic geometry by reading the three celebrated monographs
of André Weil: `Foundations of Algebraic Geometry' (1946), `Sur les courbes
algébriques et les variétés qui s'en déduisen't (1948) and `Variétés abéliennes
et courbes algébriques' (1948). He got a copy of the book `Foundation' from
Yasuo Akizuki (Kyoto Univ) as one of his daughters made some copies of

14I thank the editors heartily to give me a chance, or at least a pretext, of writing down
my memory of the late Professor Koizumi and his seminar.

15In fact, Takagi wrote down the book `Dai-su Teki Seisuu Ron' (in Japanese. Algebraic
Number Theory) published by Iwanami Publ. Co. Ltd. (1948), which has been one of the
Classics of Math. in Japan.
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the book by her own typewriting. In 1949 he published the �rst paper on
the di�erential form in algebraic varieties following Weil's theory [I, II, J.
Math. Soc. Japan 1(1949) and a ditto 2 (1951)], in which he gave an algebraic
foundation on the di�erentials of �rst kind and treated some related problems
following Weil's Foundation.

By this work Koizumi stood for one of the leading algebraic geometers
after Zariski and Weil. In the late 1950's his papers became noted in S. Lang's
text book: Introduction of Algebraic Geometry (1958). In his later years, at
his lectures on `Theta functions' in 1985-86 at Univ. of Tsukuba, looking back
on his `Lehrjahre', he told the audience including me that16

`From the end of 1940's until the mid 1950's, some of mathemat-
ical students in Japan including me started their own research
on mathematics by reading the three celebrated monographs of
A. Weil. Actually the Weil's books together with his report on
`Théorèmes fondamentaux de la théorie des fonctions thêta' at
Séminaire N. Boubaki in 1949 were exactly the gateway for us to
enter into the mathematical new-world.'

`Around the early 1950's, following Weil's work, I studied the alge-
braic theory of Abelian varieties, especially his theory of algebraic
reconstruction of Jacobian varieties without using theta functions.
So, I felt very di�cult to understand, or straightly speaking I
couldn't understand at all, the coincidence between the algebraic
notion of theta divisors and the zero divisors of theta functions on
the Riemann's theory of Abel functions, because of lack of knowl-
edge on the classical theory of Abel functions in 19th century.'
17

At that time around 1949-1950, Koizumi moved to Kyoto University as the
visiting research fellow, and joined the seminar organized by Prof. Akizuki, in
which excellent young mathematicians gathered, such as J.-I. Igusa, Shigeo
Nakano, Ki-ichi Nakai, M. Nagata, H. Hironaka and others.

Fortunately, he also attended the lectures delivered by Kiyoshi Oka (Nara
Women Univ) on his theory of several complex variables. Oka is the best friend
of Akizuki from their school boys, and Akizuki arranged the lectures in Kyoto,
delivered by Oka who then retired at his home town in Wakayama. In the
`legendary' lectures in Kyoto, Oka �rst presented his theory of `Indeterminate
ideals' in the function theory of several complex variables and its application

16The below episodes are also appeared in some publications: The �rst is in the Preface
of his text book `Theta Kansu-Ron' (Theory of Theta Functions), published by Kinokuniya
Publ. Co. Ltd. (1982). The second is in the Book review: D. Mumford. Tata Lectures on

Theta I. `Sugaku' Vol.36, pp.369-370, Math. Soc. Japan,1984. (in Japanese).
17The latter confession seems curious for us now, in the view that Koizumi had become

a professional in the analytic theory of Abelian varieties later in life.
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to the Levi's inverse problem far before publishing the series of papers on the
topic. 18 So Koizumi was one of the �rst mathematicians in the world present
at the birth of Sheaf theory. In the period Koizumi was able to be acquainted
with Oka, and he was personally greatly in�uenced by Oka.

Having �nishing the research fellow in Kyoto, Koizumi moved to Tokyo in
1951. In fact he accepted the o�er of the Associate Professor position of Dep.
of Math., Tokyo University of Education by Y. Akizuki. The department was
renewed completely by Akizuki, and there T. Iwamura, M. Goto (Kyusyu
Univ.), G. Takeuchi (U. illinois at Urbana-Champ), M. Suzuki (a ditto) were
his colleagues. Soon, he started organizing a seminar of algebraic geometry,
called the Koizumi's seminar,19in cooperation with Yutaka Taniyama (Univ.
of Tokyo), in which he did mathematical research with friends and pupils.
Soon the Koizumi's seminar started to play an important role in mathematical
world in Japan as did the research centre of algebraic geometry in Tokyo from
1950's until the end of 1960's when K. Kodaira came back to Univ. of Tokyo
from the USA. In those days, there was only one seminar on discussing topics
of algebraic geometry in Tokyo worthy its name, and this was the Koizumi's
seminar.

In the seminar, Koizumi pushed forwards with investigation on Abelian
varieties, especially, the theory of Albanese varieties [Illinois J. Math. 4 (1960),
Mem. Coll. Sci. Univ. Kyoto. Ser. A. Math. 32 (1960)] and theory of special-
ization of Abelian varieties [Sci. Papers Coll. Gen. Ed. Univ. Tokyo 9 (1959)
with G. Shimura. Mem. Coll. Sci. Univ. Kyoto. Ser. A. Math. 32 1960].

Koizumi devoted 1960's - 70's to study Siegel's theory of quadratic forms
and the �eld of moduli of abelian varieties [Nagoya Math. J. 48 (1972)].
Soon after that, he switched to study the analytic theory on abelian varieties,
especially theory of theta functions. And he succeeded in getting the beautiful
`relation formulas' concerning theta functions [Amer. J. Math. 98 (1976), J.
Fac. Sci. Univ. Tokyo Sect. IA Math. 24 (1977), Math. Ann. 242 (1979)].
In 1982 he collected these results together into the book in Japanese, `Theta
Kansu-Ron' (Theory of Theta Functions), published by Kinokuniya Pub. Co.,
which has also been a good introduction to the analytic theory of abelian
varieties until now.

Koizumi kept his career interests not only in the mathematical research
but also in the mathematical education. All those who were acquainted with
Shoji Koizumi know that through his life he remained fully open-minded
and had kept interests in research of Mathematics. His personality and the
character are re�ected in managing his seminar. The seminar was open to
everyone without exception who had interests in mathematics (with di�erent
form of meeting - see B.3). Among its participants were accomplished math-

18This theory was arranged as the theory of coherent sheaves by H. Cartan and J. P.
Serre.

19Sometimes, the seminar was called `Moduli seminar of Koizumi'.
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ematicians working around Tokyo as well as Koizumi's students of the Tokyo
Univ. of Education and later his pupils of the Univ. of Tsukuba. His seminar
had produced not a few mathematicians. Akikazu Kuribayashi (Chuo Univ),
Keisuke Toki (Yokohama Natl. Univ), Koji Doi (Ritsumeikan Univ), Tsu-
tomu Sekiguchi (Chuou Univ), Ryuji Sasaki (Nihon Univ), Masa-aki Honma
(Kanagawa Univ), Shigeaki Tsuyumine (Mie Univ), Izumi Kuribayashi Jr.
(Tokoha Univ)20and A. Ohbuchi (Tokushima Univ) and others were among
the faithful.

Koizumi showed his open-mindedness when he chose his successor in Univ.
of Tsukuba in about 1980. He invited a young mathematician, Tatsuo Kimura,
21even though he had never become a member of Koizumi's seminar, to
join the faculty of Univ. of Tsukuba (see B.4).At Tsukuba he organized a
group of his pupils who investigated the topics, the classi�cation of some pre-
homogeneus vector spaces, local zeta functions and the Iwasawa theory of
relative class numbers in algebraic number �elds.

For my personal concerns, I cannot speak of Professor Koizumi and his
faithful pupils mentioned above without the feeling of gratitude and a�ection.
Soon after I entered the Univ. of Tsukuba, I started attending the library in
the Institute of Math., and maybe I met and got to know him there. Cer-
tainly I did it when I took his lectures on Galois theory. In the following
years, I attended his lectures on `Analytic theory of Abelian varieties and
Theta functions' together with taking part in his seminar regulary. Some of
the topics there followed D. Mumford's manuscript: Lectures on Theta II (be-
fore published then) were discussed mainly by A. Ohbuchi. I also reported my
observation on Gauss sum that appeared in a certain transformation formula
on theta functions (perhaps that was announced at his lecture as one of open
problems, and I could get some observations by the help of I. Kuribayashi,
Jr. and N. Murase) if I remember right. However, after his retirement from
the university, I switched my interests in mathematics to other �elds such as
Group theory and its representation theory, Number theory, especially Gauss
sum and the representation of groups on theta functions, and other topics.
Now I am working on Game Theory and the related topics on Mathematical
economics. I was not such a good pupil as those faithful pupils of Koizumi's,
and I have not been able to return back to the long-cherished theme of abelian
varieties yet. My `Lehrjahre' and `Wanderjahre' last still now. Now, I under-
stand well that I was very lucky to start my `Lehrjahre' at the Koizumi's
seminar as one of his pupils at the university. The seminar and the library of
the Institute of Math. were what made a mathematician out of me.

20Izumi is the son of Papa Akikazu Kuribayashi.
21This might yield a little bit gap of feelings between Koizumi and his faithful pupils, at

least Koizume had something on his mind, some of whom thought that one of them should
be elected as a new member of the faculty.
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B. Endnotes

B.1. T. Takagi was the �rst world-class mathematician in Japan, and
the founder of the Japanese school of Modern Mathematics, best known for
his contributions to the class �elds theory in Algebraic Number Theory was
very signi�cant. Takagi has been the pride of the Japanese mathematicians
still now.

B.2. I think that Takagi got the opinion I think that Takagi got
the opinion by looking the book `Algebraic Theory of Numbers' by H. Wyle,
Ann. Math. Study No.1, Princeton (1940), pp.222. However, 70 years later,
G. Shimura wrote critical of the opinion of Takagi in his essay (`Su-u-gaku
wo Ikani Oshi-eruka' (in Japanese, How to teach Mathematics, pp.111-113,
2014) by Chi-Kuma Shyobo Publ. Co. Ltd.: The progress has been made
in the class �elds theory by Kronecker, Weber, Furtwängler, Takagi, Hasse,
Tschebotarö�, Artin, Chevalley. etc. Actually, Takagi contributed not a little
to the development of the theory, but he seemed to have greatly exaggerated
about the contribution by himself.

B.3. The café `Haku-Cyo'. Before and after having his happy marriage
to Tomoko (a tanka women poet), Koizumi preferred working mathematics in
the café `Haku-Cyo' (White swan, in Japanese). From 1960's to 1970's, anyone
who wanted to meet him had to visit the café, not his o�ce in the Tokyo
University of Education. Finally not a few young and talented mathematicians
had gathered in the the café `Haku-Cyo', as it were the small `Kawiarnia
Szkocka' for `lwowska szkoªa matematyczna'.

B.4. T. Kimura graduated the Univ of Tokyo, but he was a pupil of
Mikio Sato (RIMS, Kyoto Univ), and moved to Nagoya Univ. as research
assistant. Kimura was acquainted with Koizumi at Mathematical Institute at
Bonn, Germany. He �nished defending his thesis of Dr. Sci. on �Classi�cation
theory of pre-homogeneus vector spaces� presented to Nagoya Univ, (M Sato,
T Kimura, A classi�cation of irreducible prehomogeneous vector spaces and
their relative invariants Nagoya Math. J., 65 (1977), pp. 1-155.) After then
Kimura visited A. Weil at IAS, Princeton, and next at Bonn, where Koizumi
just stayed on his sabbatical year. His research papers are listed in MathSciNet
under ID:262445 and in the European Mathematical Society, FIZ Karlsruhe,
and the Heidelberg Academy of Sciences bibliography database known as
zbMath is under ai:matsuhisa.takashi.

http://www.ams.org/mathscinet/search/author.html?mrauthid=262445
https://zbmath.org/authors/?q=ai:matsuhisa.takashi
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M¡dro±¢ zespoªowa a równowaga bayesowska w grach sieciowych.

Takashi Matsuhisa

Streszczenie Rozwa»ane b¦d¡ modele matematyczne, w których zmiana parametru
jest przedmiotem bada« statystycznych. Specjalizowanym narz¦dziem do tego celu
s¡ karty kontrolne. Celem pracy jest konstrukcja kart kontrolnych do badania zmian
parametru rozkªadu obserwowanej cechy w oparciu o dokªadne rozkªady ró»nych
estymatorów parametrów kontrolowanych wielko±ci i ich porównanie.
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