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Abstract Considering the statutory sta�ng requirements by the National Universi-

ties Commission in Nigeria, this study develops a model to benchmark the academic

sta� structure that will meet the sta�ng requirements. The model utilises the ab-

sorbing Markov chain framework as its theoretical underpinning. An upper bound

on the structure that will mature to meet the statutory sta�ng requirement is de-

veloped. Empirical data are used to demonstrate the utility of the model.
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1. Introduction This study is designed for academic planning purposes
in the Nigerian university setting. The sta� in a university may be divided
broadly into two categories: academic sta� and non-academic sta�. The aca-
demic sta� are involved in both teaching and research. The non-academic
sta� include the technical sta� and the administrative sta�. This paper fo-
cuses on the academic sta� structure. This is because academic sta� are used
as a point of reference for the size of the non-academic sta� in the university
system. For instance, in the Benchmark for Minimum Academic Standards
[2] the non-academic sta� for the sciences are speci�ed based on the academic
sta� as follows:

� ratio of senior technical sta� to academic sta� shall be 1:10;

� ratio of junior technical sta� to academic sta� shall be 1:5;

� ratio of junior administrative sta� to academic sta� shall be 1:10;

� ratio of senior administrative sta� to academic sta� shall be 1:10.

Besides the Benchmark for Minimum Academic Standards [2] stipulates a
minimum for the academic sta� required to start up a programme1. For the
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sciences, a minimum of �ve (5) academic sta� is required to start a pro-
gramme. The academic sta� comprise of six ranks: Professor, Associate Pro-
fessor, Senior Lecturer, Lecturer Grade I, Lecturer Grade II and Assistant
Lecturer. The position of Graduate Assistant is not considered because sta�
in such a grade are not used as lecturers in a typical university system. The
National Universities Commission (NUC) in Nigeria de�nes sta�-mix by rank
and sta� to students ratio as the criteria that should be used to assess the
academic sta� strength of a programme [14]. To determine the sta�-mix by
rank, the academic sta� are reclassi�ed into three strata viz. the Professorial
Cadre comprising the ranks of Professor and Associate Professor, the Senior
Lecturer Cadre and the Junior Lecturer Cadre which is made up of Lecturer
Grade I & below [2]. In the sciences, for instance, the sta�-mix by rank is
de�ned by the distribution 0.2, 0.35, 0.45 for Professor/Associate Professor,
Senior Lecturer and Lecturer Grade I & below, respectively, and the ratio
of academic sta� to students is 1:15 [2]. These two criteria are hereinafter
referred to as the statutory sta�ng requirements. To ensure that universities
do not compromise standards, o�cials of the NUC periodically visit universi-
ties to evaluate the programmes. The visit may lead to the programme being
awarded the following status: full accreditation, interim accreditation or de-
nied accreditation. A programme with full accreditation is re-visited after �ve
years. The interim accreditation lasts for two years after which a re-visitation
is done.

The Academic Planning Unit of a university may assist the university in
taking decisions on actualising the statutory sta�ng requirements for pro-
grammes. The Unit is saddled with the responsibility of planning ahead for
accreditation. Such a plan requires an objective tool that could predict the
academic sta� structure which is consistent with the statutory sta�ng re-
quirements. Early research has shown that a model for this purpose is worth-
while [14]. In Tella and Daniel [14] a mathematical model was used to deter-
mine the shortfall in sta� structure at the moment of accreditation, without
taking the ratio of academic sta� to students into consideration. There are
instances where the analysis should be taken further. Perhaps the perturbing
issue is on �nding the sta� structure that is consistent with both the sta�-
mix by rank and sta� to students ratio. For this a more advanced model is
required.

Starting with the work of Gani [8], discrete-time Markov chain models
have been used as a means of describing the educational system (for example,
[3, 5, 12]). The problem considered in this paper is akin to the attainability of
structures in a manpower system [10]. In many manpower planning problems
on attainability, the solution methods consist of either a promotion control or
recruitment control [1]. In either case, there is a subjective cost of implement-
ing the control strategies. If the control strategy is exercised by recruitment,
then redundancies may be introduced [1]; and if exercised by promotion, then
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the management may have to cope with job dissatisfaction which is due to
changing the existing promotion opportunities [11]. Control strategies have
been applied successfully to the Nigerian university sta� structure [4, 7]. The
work presented here is somewhat di�erent from these early studies. For apart
from the sta�-mix by rank, there is also the sta� to students ratio to contend
with. Previous studies did not consider the sta� to students ratio.

This study is motivated by the need for universities in Nigeria to meet
the statutory sta�ng requirements of the NUC. Sta� requirement is crucial
for accreditation. A score less than 70% in sta� requirement can lead to
interim accreditation or denied accreditation. It is the aim of this paper to
derive a discrete-time Markov chain model for academic sta� structure that
is consistent with the statutory sta�ng requirements. This aim is achieved by
looking at the evolution of academic sta� structure from the perspective of
students' �ows. The �ows of students may be either internal (e.g., promotion
from one level to the next higher level) or external (through the admission of
new students, dropouts or graduation).

2. Model Description Consider an undergraduate programme (here-
inafter referred to as a system) strati�ed into k levels. Let S be the set of
levels and let each student belong to one and only one level in S. Let the
vector

n(t) =
[
n1(t) n2(t) · · · nk(t)

]
be the enrolment structure with ni(t), i = 1, 2, · · · , k, being the number of
students in level i at time t. The time scale is a session. The transitions within
the system is described by a homogeneous transition matrix P = (pij)i,j∈S ,
where pij is the proportion of students who move from level i to level j. The
assumption that the matrix P is homogeneous (i.e., P does not depend on
time) is important so that the future sta� structure can be projected from a
known sta� structure. In practice, the homogeneity assumption may not hold
when subjected to a statistical test [17]. According to Bartholomew et al. [1],
it is arguable that such a test is of marginal relevance. Their argument was
based on the objects of �tting a model to data, which are to provide insights
into the dynamics of the system and to make projections. They suggested
that a model should be judged on how successfully it achieves these objects,
rather than on its assumptions.

Assuming that there are neither demotion nor double promotion, the tran-
sition probability, pij , is non-negative for j = i, i+ 1 ∈ S and zero otherwise.
For i 6= k, pii is the proportion of students on probation. Probation is a
status granted to a student for one academic session whose academic per-
formance falls below an acceptable standard [2]. The proportion pkk is the
rate of spill-over, i.e. the rate at which students repeat the �nal year class.
The proportion pi,i+1 is the promotion rate from level i to the next higher
level i + 1. The matrix P is a sub-stochastic matrix wherein 0 ≤ pij ≤ 1
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and
∑k

j=1 pij ≤ 1. The shortfall in the sum
∑k

j=1 pij ≤ 1 is attributed to the
attrition of students for whatever reasons (e.g. death, voluntary withdrawal,
dropout, graduation, etc.). This attrition is a �ow between the system and
the external environment.

Another aspect of �ow between the system and the external environment
is the admission of new students. New students may enter the system at
either level 1 or level 2. Let P0 =

[
p01 p02 0 · · · 0

]
be the admission

policy vector and A(t) the number of new students admitted into the system
in session t. In practice, the number A(t) does not exceed a certain quota,
which is recommended by the accrediting agency for the system (that is, the
National Universities Commission). Let Q be the quota for the system under
consideration. The university has the prerogative to admit candidates into the
system based on a certain cut-o� mark and other criteria such as catchment
area, educationally less developed area and discretion in consultation with
the Joint Admission and Matriculation Board [6]. Let C(t) be the number
of candidates that have scored a minimum of the cut-o� mark. Then A(t) =
min (C(t), Q).

The enrolment structure may be extrapolated using the absorbing Markov
chain framework as

n(t+ 1) = n(t)P+ min (C(t+ 1), Q)P0, (1)

t = 0, 1, 2, · · · , up to the latest time before the accreditation status of the sys-
tem elapses (which is a maximum of �ve years). Equation (1) is analogous to
the Markov-based transition model in the literature [1, 8, 13], except that the
function min (C(t), Q) is now used as the number of recruits. This equation
may be simpli�ed further to obtain

n(t+ 1) = n(0)Pt+1 +P0

t∑
v=0

min (C(t+ 1− v), Q)Pv, (2)

with P0 = I and n(0) being the initial enrolment structure.
Let x(t) =

[
x1(t) x2(t) x3(t)

]
be the sta� structure according to the

NUC strati�cation of the sta�-mix by rank with xm(t), m = 1, 2, 3, being the
required number of sta� in the stratum m at time t. More precisely, m = 1
stands for Lecturer Grade 1 & below, m = 2 for Senior Lecturer and m = 3
for Professor/Associate Professor. According to the sta�-mix by rank, the
sta� structure of a system should closely follow a desired distribution, say
D =

[
d1 d2 d3

]
with

∑3
m=1 dm = 1. With X(t) =

∑3
m=1 xm(t), the

desired sta� structure at a time t+ 1 is given by

x(t+ 1) = X(t+ 1)D, t = 0, 1, 2, 3, 4. (3)

The problem is to determine x(t+ 1). The sta� to students ratio leads to

1

β
=
X(t+ 1)

n(t+ 1)e
, (4)
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where β is the stipulated number of students according to the sta� to students
ratio and e is a k × 1 vector of ones. Equation (4) simpli�es to

X(t+ 1) =
1

β
n(t+ 1)e. (5)

Substituting equation (2) into equation (5) and the result into equation (3),
we have

x(t+ 1) =
1

β

(
n(0)Pt+1 +P0

t∑
v=0

min (C(t+ 1− v), Q)Pv

)
eD, (6)

t = 0, 1, 2, · · · , up to the latest time before the accreditation status of the
system elapses. Equation (6) is the model for benchmarking academic sta�
structure based on the statutory sta�ng requirements.

It can be shown that the sta� strength, X(t + 1) =
∑3

m=1 xm(t + 1), is
bounded. This is proved by taking the norm of equation (6). For any real
matrix A = (aij) and a real vector U = (uj), their norms, de�ned as ‖A‖ =

supi
∑k

j=1 aij and ‖U‖ = sup |uj |, satisfy the following properties as in [9, 15,
16]:

i. ‖AB‖ ≤ ‖A‖ ‖B‖, for any real matrix B;

ii. ‖UA‖ ≤ ‖U‖ ‖A‖;
iii. ‖P‖ < 1 for any sub-stochastic matrix P; and

iv. ‖P0‖ = 1 for any stochastic vector P0.

Taking the norm of equation (6),

‖x(t+ 1)‖ ≤ 1

β

∥∥∥∥∥n(0)Pt+1 +P0

t∑
v=0

min (C(t+ 1− v), Q)Pv

∥∥∥∥∥ ‖e‖ ‖D‖ .
It follows that

‖x(t+ 1)‖ < 1

β

(
‖n(0)‖+

t∑
v=0

min (C(t+ 1− v), Q)

)
.

In view of the fact that universities do not admit new students in excess of
the quota,

‖x(t+ 1)‖ < 1

β
(‖n(0)‖+ (t+ 1)Q) .

Now

‖x(t+ 1)‖ = max {|x1(t+ 1)| , |x2(t+ 1)| , |x3(t+ 1)|}

= |x1(t+ 1)| = d1X(t+ 1).
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Let the minimum number of sta� to start up a programme be ϑ2. In that
case, the bounds on the academic sta� strength is given as

ϑ ≤
3∑

m=1

xm(t+ 1) <
1

d1β
(sup |ni(0)|+ (t+ 1)Q) , i = 1, 2, · · · , k. (7)

This relation (7) may be used as a benchmark for control against excess
sta�ng in the system. Moreover, the sta� strength at any given time under
the statutory sta�ng requirements is �nite since

lim
t→∞

3∑
m=1

xm(t+ 1) =
3∑

m=1

lim
t→∞

xm(t+ 1) <∞.

Let x̃(t+1) =
[
x̃1(t+ 1) x̃2(t+ 1) x̃3(t+ 1)

]
be the actual sta� struc-

ture at time (t+ 1). Then the system may be appraised on the basis of sta�
adequacy using the relative discrepancy as

|x̃m(t+ 1)− xm(t+ 1)|
xm(t+ 1)

< ε, m = 1, 2, 3, (8)

where ε is a small positive number. The bounds de�ned in equation (7) have
some practical implications on the actual sta� strength. The implication of
the lower bound is trivial as when

∑3
m=1 x̃m(t+ 1) < ϑ the programme does

not have adequate sta� and may be denied accreditation. However, the upper
bound has a far-reaching implication. This is because when

∑3
m=1 x̃m(t+ 1)

is in excess of 1
d1β

(sup |ni(0)|+ (t+ 1)Q), the system is over-sta� and the
management may be forced to adopt a downsizing policy.

3. Numerical Illustration The model de�ned by equation (6) is im-
plemented in the MATLAB environment (see Appendix) using a four-level
graded full-time undergraduate degree programme in the Faculty of Physical
Sciences at the University of Benin, Nigeria. The transition diagram for the
programme is shown in Figure 1. In Figure 1, the rectangles represent the
states that a student may occupy and the arrows indicate changes between
states which can occur.

Data on the students' stocks and �ows are obtained for the programme
from the Senate approved results for six sessions (2010/2011 � 2015/2016) and
the sta� structure are obtained for three sessions (2013/2014 � 2015/2016)
from the Prospectus of the Faculty. The sessions are coded as ∆ for 2010/2011,
2∆ for 2011/2012, 3∆ for 2012/2013 and so on. The data are organised and
presented in Table 1 and Table 2. The entries ni(t) in Table 1 are the students'
enrolment stocks in session t and the other cell entries are the students' �ows.

2This minimum is usually stipulated by the NUC.
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Table 1: Enrolment data from 2010/2011 to 2015/2016 at the end of each
session

i→ j 1 2 3 4 ni0(t) ni(t)

n0j(∆) 64 0 0 0 � 64

1 9 52 0 0 3 64
2 0 14 18 0 0 32
3 0 0 2 12 3 17
4 0 0 0 4 15 19

n0j(2∆) 121 2 0 0 � 123

1 11 114 0 0 1 126
2 0 13 50 0 3 66
3 0 0 0 18 2 20
4 0 0 0 4 12 16

n0j(3∆) 77 0 0 0 � 77

1 0 77 0 0 0 77
2 0 0 127 0 0 127
3 0 0 1 49 0 50
4 0 0 0 3 19 22

n0j(4∆) 47 2 0 0 � 49

1 2 50 0 0 0 52
2 0 4 67 0 8 79
3 0 0 9 84 35 128
4 0 0 0 30 22 52

n0j(5∆) 42 4 0 0 � 46

1 0 37 0 0 6 43
2 0 0 38 0 16 54
3 0 0 13 42 21 76
4 0 0 0 82 32 114

n0j(6∆) 127 1 0 0 � 128

1 4 123 0 0 2 129
2 0 4 32 0 1 37
3 0 0 21 25 5 51
4 0 0 0 78 46 124

Table 2: Sta� structure from 2013/2014 to 2015/2016 session

Time period 1 2 3 X̃(t)

4∆ 11 10 14 35
5∆ 13 8 19 40
6∆ 16 7 17 40
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Figure 1: Stocks and �ows in a four-level graded undergraduate degree pro-
gramme.

In the programme, there is neither demotion nor double promotion. For each
i ∈ S/ {4}, the �ows are of the form:

4∑
j=1

nij(t) = nii(t) + ni,i+1(t) and
4∑
j=1

nji(t) = 0, j > i.

The relation j > i represents demotion.
By the maximum likelihood method described in Bartholomew et al. [1],

the homogeneous transition matrix, P, and the admission policy vector, P0,
are estimated using the data in Table 1 as

P =


0.0530 0.9226 0 0

0 0.0886 0.8405 0
0 0 0.1345 0.6725
0 0 0 0.5793


and

P0 =
[

0.9815 0.0185 0 0
]
,

respectively. Entries in the matrix P provide information on the direct transi-
tion between any two levels of the programme. The upper o�-diagonal entries
immediately after the diagonal entries are the students' promotion rates and
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the diagonal entries for i 6= 4 are the rate at which students serve probation.
The repeat rate at the �nal year is given by p44 as 0.5793.

As earlier mentioned, the sta� to students ratio and the sta�-mix by rank
in the sciences are 1:15 and [0.45, 0.35, 0.20], respectively. The quota for the
programme is taking as 150. Assuming that the university would not admit
in excess of this quota for the programme, the model (6) is used to project
the sta� structure for a �ve-year period starting with

n(0) =
[

126 66 20 16
]

(i.e., at t = 2∆) as the initial structure. The projected sta� structure, x(t+1),
and the upper bound, UB(t + 1), on the sta� strength are given for each
period, respectively, as

x(1) =
[

9 7 4
]
, UB(1) = 40.89;

x(2) =
[

9 7 4
]
, UB(2) = 63.11;

x(3) =
[

9 7 4
]
, UB(3) = 82.28;

x(4) =
[

11 8 5
]
, UB(4) = 107.56;

x(5) =
[

13 10 6
]
, UB(5) = 129.78.

In the projected structure, t = 1 is equivalent to 3∆, t = 2 ≡ 4∆ and so
on. The obtained results are compared with the actual outcome in Table 2.
It is found that the total academic sta� for each period does not exceed the
upper bound on sta� strength and that the statutory sta�ng requirements
were not satis�ed. This indicates that the statutory sta�ng requirements may
not have been considered when recruitment and promotion are conducted.
Nonetheless, the knowledge of the model prescribed here could provide a
direction of policy change if the university decides to plan ahead with a view
to attaining the statutory sta�ng requirements. This is feasible if control
strategies on promotion and recruitment in the university are used in line
with the attainable manpower structure de�ned by the model (6).

4. Conclusion This study discussed the formulation of an absorbing
Markov chain model which is consistent with the statutory sta�ng require-
ments for Nigerian universities. The model incorporates the sta�-mix by rank
and the sta� to students ratio in a simplifying manner. The scenario where ad-
mission is done without exceeding the stipulated quota is considered. Findings
revealed that: (i) the sta� strength when the statutory sta�ng requirements
are followed is bounded above with the time period spanning up to the latest
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time before the accreditation status of the system elapses; and (ii) the sta�
structure which equates the statutory sta�ng requirements may be obtained
at any instance in discrete-time. Apart from the use of the model in this paper
to extrapolate the sta� structure, it may be also used as a metric for sta�
adequacy, an index for excess sta�ng and a tool to gain an insight into the
structure of undergraduate degree programmes.

The model (6) in this paper is more advanced than the one in [14], which
relies on data at the current period to determine the additional sta� required
to attain the statutory sta�ng requirements. The application of the model
de�ned by equation (6) has some economic implications. The model provides
for optimal manpower structure to obtain full accreditation. The implemen-
tation of the model via recruitment control may lead to redundancies [1]. On
the other hand, promotion may not be automatic if the model does not spec-
ify vacancy (cf. De Feyter et al. [11]). It is important to remark here that the
three-level strati�cation by the NUC has a lot of aggregation. For instance,
the e�ect of seniority is ignored for m = 1. Earlier studies (for example, [4, 7])
attributed the same promotion probability to each member of the grade irre-
spective of the fact that seniority a�ects the chance of promotion. This reason
coupled with the inclusion of the sta� to students ratio in the current model
underlies the usability of the model. The model is recommended for use in
Nigerian universities bearing in mind the periodic visitation to programmes
by NUC o�cials. Nonetheless, the model is not meant to replace the intuition
of the university management, but to guide them on decisions relating to sta�
adequacy in line with the statutory sta�ng requirements.

The current model is not without limitations. From knowledge of how
the university works, sta� who are in the position of Graduate Assistant are
immediately upgraded to the rank of Assistant Lecturer after obtaining a
Master's degree, without considering the sta�ng requirements. This was not
accounted for in the model. The model does not also contemplate the ef-
fects of students who may apply for temporary withdrawal to resume on a
later date and those who may be suspended or rusticated on the grounds of
misconduct. The sta� to students ratio [2] is restricted to undergraduate de-
gree programmes. In reality academic sta� may teach at both undergraduate
and postgraduate levels. Since postgraduate programmes are not considered
in this paper, the bounds given in equation (7) may cause the university to
limit her academic sta� within the speci�ed range regardless of the manpower
needs for the postgraduate programmes. Further research may be undertaken
to address these shortcomings.

5. Acknowledgement The authors would like to thank the Editor-in-
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improved the quality of the earlier manuscript.
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6. Appendix

function ass(F,W,B,n)

%Declaration of Data.

F = F(:,:); %Students' flows over time in matrix form.

B = B(:)'; %Number of new students by level over time in a

row vector form.

n=n(:)'; %Initial enrolment structure in a row vector.

W = W(:); %Number of students lost by level over time in a

column vector form.

disp(' Data input ')

disp(' ===============================================')

b=input('Enter the number of students by the NUC staff to

student ratio');

q=input('Enter the quota stipulated for the programme');

D=input('Enter the NUC staff-mix by rank in a 1 by 3 vector

form');

C=input('Enter the number of candidates admitted afterwards as

a row vector');

%Computational Aspects.

k=length(n);

T=length(C);

Q=q∗ones(1,T);

P=F./((sum(F,2)+W)∗ones(1,k)),
P0=B/sum(B),

A=min(C,Q),

if T<=5;

n1=n∗P+A(:,1)∗P0;
x1=round(sum(n1)∗D/b),
UB1=(max(abs(n))+q)/(D(1,1)∗b),

n2=n∗(P∧2)+P0∗plus(A(:,2)∗eye(k),A(:,1)∗P);
x2=round(sum(n2)∗D/b),
UB2=(max(abs(n))+2∗q)/(D(1,1)∗b),

n3=n∗(P∧3)+P0∗(A(:,3)∗eye(k)+plus(A(:,2)∗P,A(:,1)∗P∧2));
x3=round(sum(n3)∗D/b),
UB3=(max(abs(n3))+3∗q)/(D(1,1)∗b),

n4=n∗(P∧4)+P0∗(plus(A(:,4)∗eye(k),A(:,3)∗P)+...
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plus(A(:,2)∗P∧2,A(:,1)∗P∧3));
x4=round(sum(n4)∗D/b),
UB4=(max(abs(n))+4∗q)/(D(1,1)∗b),

n5=n∗(P∧5)+P0∗(A(:,5)∗eye(k)+plus(A(:,4)∗P,A(:,3)∗P∧2)+...
plus(A(:,2)∗P∧3,A(:,1)∗P∧4));
x5=round(sum(n5)∗D/b),
UB5=(max(abs(n))+5∗q)/(D(1,1)∗b),
else

disp('index out of bounds')

end

end
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