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Abstract In this paper we investigate the problem of strong time-consistency of the
core for a particular class of differential games with random time horizon, namely, it
is assumed that there exists a set of probabilities of the end of the game at discrete
time instants. A condition guaranteeing the strong time consistency of the core is
presented.
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1. Introduction The cooperative differential game theory deals with
the problems of construction of optimal (cooperative) solution in conflict -
controlled processes with many participants. The common way is to consider
cooperative differential games with prescribed duration or an infinite time
horizon (see, for example, [1], [3], [19], [29]). However, it seems to be more
realistic to expect that the game ends at a random time instant. Differential
games with random duration are a convenient tool for modeling economic
and ecological processes.

The study of differential games with random duration was initiated in [20]
simultaneously with the research in the field of optimal control [28]. Later, a
cooperative formulation of the differential game with random duration was
considered in [22]. When considering such problems, it is typically assumed
that the terminal time is a random variable with an absolutely continuous
c.d.f. (see, e.g., [15]). The problem of the existence of the integral payoff in
the differential games with random duration was investigated in the work
[10].
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In general, many interesting problems can be captured by modeling the
terminal time by a random variable with both discrete and continuous com-
ponents (such a class of the games was considered in the paper [8]). Another
class of differential games with a hybrid distribution function was considered
in [5], [6].

However, from the practical viewpoint it is important to consider contin-
uous processes with the terminal time modeled by a purely discrete random
variable. The reason for this is that we often know only a finite set of probabil-
ities related to the particular discrete times. There might be not enough data
for a statistically significant transition to a continuous distribution function.

It is important to insure that the agreed-upon solution of the cooperative
game is time-consistent. This means that at no time instant t ∈ [t0, T ] a
player or group of players decide to deviate from the cooperative trajectory.
To solve the problem of time-consistency in works [17, 18, 19] the idea of
imputation distribution procedure (IDP) was presented.

In the cooperative game theory and its applications the Core is often used
as a cooperative solution [4, 11, 12, 26].

Strong-time consistency of the core means that the single deviation from
the chosen imputation from the core in favor of another imputation from the
core does not lead to non-realizability of the cooperative agreement which
was defined in the beginning of the game.

The problem of time-consistency and strong time-consistency of the Core
and related problems were investigated for different classes of dynamic games
(see [2, 7], [13, 16, 21, 23, 24, 25, 27, 29]). In [14], the time-consistency problem
for the differential game with a discrete distribution of the random duration
was solved.

The obtained results are the generalization of results obtained in [7, 9,
23, 24] for the class of differential games with deterministic structure or with
random time horizon with absolutely disc. c.d.f.

The paper is organized as follows. In Section 2 we introduce the game and
define the outcomes. In Section 3 we describe the idea of time-consistency
and imputation distribution procedure for the considered class of the games.
Finally, Section 4 considers the strong time-consistency property and presents
results on the characterization of the strongly time-consistent Core.

2. Problem formulation Consider a differential game ofN = {1, . . . , n}
participants: Γ(x0, %, τ). Assume that the game starts at an initial moment
t0, a duration of the game is the random variable such as, there is a set of
probabilities % = {pi}mi=0,

∑m
i=0 pi = 1, which corresponds to the set of time

instants τ = {ti}mi=0, ti ∈ [t0, T ], i = 0,m, tm = T , t0 ¬ t1 ¬ . . . ¬ tm = T .
Emphasize the fact that there is an assumption in the model that game

can be ended in the moment t0 without even a beginning with non-zero prob-
ability p0. This can be interpreted like the non-zero probability to terminate
the contract.
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Figure 1. The example of descrete distribution of random time horizon

The dynamic constrains of the game are given by

ẋ = f(x, u1, ..., un), x ∈ Rh, ui ∈ U ⊆ Rl, x(t0) = x0. (1)

Suppose, that for all feasible controls of players, there exists a continuous
and at least piecewise differentiable solution of (1) defined on [t0, T ].

The instantaneous payoff of the i-th player at the moment is denoted
by hi(x(t), u(t)), where u(t) = {u1(t), . . . , un(t)}. In deterministic case the
integration payoff is the following

Ji =

Tf∫
t0

hi(x(t), u(t))dt, i = 1, n, (2)

where Tf is a known moment of the end of the game, Tf ∈ [t0, T ].
In the case of random time horizon the mathematical expectation of the

integration payoff is considered. Thus, the i-th related integral function is:

Ki(x0, u(t), %, τ) = E(Ji) =
m∑
j=0

pj

tj∫
t0

hi(x(t), u(t))dt, i = 1, n. (3)

Obviously,

Ki(x0, u(t), %, τ) =
m∑
j=1

 m∑
l=j

pl

tj∫
tj−1

hi(x(t), u(t))dt

 , i = 1, n. (4)

The class of the strategies in such games can differ depending on the
particular problem. However, most often the open-loop ui(t) or the close-
loop ui(x, t) classes of controls are used. Let the the game be solved in the
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class of open-loop strategies. Consider the cooperative form of the game. It
means that the players use the optimal controls u∗(t) = {u∗1(t), ..., u∗n(t)},
which maximize the common payoff.

n∑
i=1

Ki(x0, u
∗(t), %, τ) =

n∑
i=1

m∑
j=1

 m∑
l=j

pl

tj∫
tj−1

hi(x∗(t), u∗(t))dt

 , (5)

where trajectory x∗(t) – optimal trajectory corresponding to u∗(t).

3. Time-consistency problem To define the game in cooperative form
we need to construct the characteristic function (c.f.) V (x0, %, τ, S) for every
coalition S ⊂ N in the game Γ(x0, %, τ). Typically, the characteristic function
in a cooperative game is defined as a mapping from the set of all possible
coalitions:

V (·) : 2N → R,

V (∅) = 0.

Thus, after we define the function V (x0, %, τ, S) for the game Γ(x0, %, τ) we
can say that we define the game ΓV (x0, %, τ) in the form of the characteristic
function.

The characteristic function defines the set of all possible imputation vec-
tors in the game ΓV (x0, %, τ).

Definition 3.1 L(x0, %, τ) is the set of all possible imputation vectors in
the game ΓV (x0, %, τ):

L(x0, %, τ) = {ξ = {ξi} :
n∑
i=1

ξi = V (x0, %, τ,N), ξi  V (x0, %, τ, {i})}.

We suppose that before the beginning of the game players decide to dis-
tribute the common payoff (5) corresponding to some optimality principle (or,
as it is frequently called in the literature, cooperative solution) and choose
an imputation vector ξ(x0, %, τ) = {ξi(x0, %, τ)}i=1,n.

Definition 3.2 Vector function β(t) = {βi(t)  0}i=1,n, such as

ξi(x0, %, τ) =
m∑
j=1

 m∑
l=j

pl

tj∫
tj−1

βi(t)dt

 , i = 1, n. (6)

is called the imputation distribution procedure (IDP).
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Let the game ΓV (x0, %, τ) evolve along the optimal trajectory x∗(t). Then
at each time instant θk ∈ [tk−1, tk), k = 1,m− 1 or θm ∈ [tm−1, T ], play-
ers enter a new game (sub-game) ΓV (x(θk), θk, %, τ) with the initial state
x(θk) = x∗(θk). Clearly, there is a probability

∑k−1
i=0 pi that the game ΓV (x0, %, τ)

will be finished before θk. Then, the probability to start the sub-game
ΓV (x(θk), θk, %, τ) equals to 1−

∑k−1
i=0 pi.

The mathematical expectation of payoff of the player i in the sub-game
Γ(x∗(θk), θk, %, τ), which begins at the moment θk ∈ [tk−1, tk), k = 1,m− 1
or θm ∈ [tm−1, T ], will be written similarly to (4), taking into account that
the game could not end until θk.

Ki(x0, θk, u(θk), %, τ) =
1∑m
l=k pl

 m∑
l=k

pl

tk∫
θk

hi(x(t), u(t))dt+

+
m∑

j=k+1

 m∑
l=j

pl

tj∫
tj−1

hi(x(t), u(t))dt


 .

Definition 3.3 Let us call ξ(x0, %, τ) = {ξi(x0, %, τ)} time-consistent or
dynamically stable, if there exists IDP {βi(t)  0}i=1,n, such as, the vector
ξ(θk, x∗(θk), %, τ) = {ξi(θk, x∗(θk), %, τ)},∀θk ∈ [tk−1, tk), k = 1,m− 1 or
θm ∈ [tm−1, T ], computed by the formula

ξi(θk, x∗(θk), %, τ) =
1∑m
l=k pl

 m∑
l=k

pl

tk∫
θk

βi(t)dt+
m∑

j=k+1

 m∑
l=j

pl

tj∫
tj−1

βi(t)dt


 ,

is also an imputation in the subgame starting in the moment θk ∈ [tk−1, tk),
k = 1,m− 1 or θm ∈ [tm−1, T ], i = 1, n.

The problem of time-consistency was discussed in [14].

Theorem 3.4 If the time-consistent imputation ξ(x0, %, τ) in the game
ΓV (x0, %, τ) is an almost everywhere continuous function of the initial time.
The corresponding IDP (6) satisfies the following rule:

βi(θk) = −(ξi(θk, x∗(θk), %, τ))′, (7)

θk ∈ [tk−1, tk), k = 1,m− 1 or θm ∈ [tm−1, T ].

Proof Let us obtain the IDP β(θk), θk ∈ [tk−1, tk), k = 1,m− 1 or
θm ∈ [tm−1, T ]. We have

ξi(x0, %, τ) =
k−1∑
j=1

 m∑
l=j

pl

tj∫
tj−1

βi(t)dt

+
m∑
l=k

pl

tk∫
tk−1

βi(t)dt+
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+
m∑

j=k+1

 m∑
l=j

pl

tj∫
tj−1

βi(t)dt

 =
k−1∑
j=1

 m∑
l=j

pl

tj∫
tj−1

βi(t)dt

+

+
m∑
l=k

pl

θk∫
tk−1

βi(t)dt+
m∑
l=k

pl

tk∫
θk

βi(t)dt+
m∑

j=k+1

 m∑
l=j

pl

tj∫
tj−1

βi(t)dt

 =

=
k−1∑
j=1

 m∑
l=j

pl

tj∫
tj−1

βi(t)dt

+
m∑
l=k

pl

θk∫
tk−1

βi(t)dt+

+
m∑
l=k

pl

ξθki − 1∑m
l=k pl

 m∑
j=k+1

 m∑
l=j

pl

tj∫
tj−1

βi(t)dt



+

+
m∑

j=k+1

 m∑
l=j

pl

tj∫
tj−1

βi(t)dt

 .
Differentiated with respect to θk, we get

0 =
n∑
l=k

plβi(θk) +
n∑
l=k

pl(ξi(θk, x∗(θk), %, τ))′.

Thus, the algorithm of the imputation time-consistency test is the fol-
lowing: we get the IDP by the formula 7 and check if the components are
nonnegative or not. If they are nonnegative we can conclude that the impu-
tation is time-consistent.

4. Cooperative solution of the game

Definition 4.1 The core in the sub-game ΓV (θk, x∗(θk), %, τ) is the set of
imputations such that:

C(θk, x∗(θk), %, τ) = {αi(θk, x∗(θk), %, τ)}ni=1,

C(θk, x∗(θk), %, τ) ⊂ L(θk, x∗(θk), %, τ),

θk ∈ [tk−1, tk), k = 1,m− 1 or θm ∈ [tm−1, T ],∑
i∈S

αi(θk, x∗(θk), %, τ)  V (θk, x∗(θk), %, τ, S).
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Definition 4.2 We say that the core C(x0, %, τ) is a strongly time-consistent
cooperative solution of the game ΓV (x0, %, τ), if

1. C(θk, x∗(θk), %, τ) 6= ∅, ∀θk ∈ [tk−1, tk), k = 1,m− 1 or θm ∈ [tm−1, T ];
2. There is an α̂ ∈ C(x0, %, τ) and IDP β̂(t) = {β̂i(t)}, t ∈ [t0, T ]:

α̂i =
m∑
j=0

pj

tj∫
t0

β̂i(t)dt, i = 1, n,


k−1∑
j=0

pj

tj∫
t0

β̂i(t)dt+ pk

θk∫
t0

β̂i(t)dt

⊕ C(θk, x∗(θk), %, τ) ∈ C(x0, %, τ),

∀θk ∈ [tk−1, tk), k = 1,m− 1 or θm ∈ [tm−1, T ].

Here, the symbol ⊕ means the Minkowski sum (also known as dilation):

A⊕B = {a+ b | a ∈ A, b ∈ B}.

Strong time consistency of a core means that when the game evolves
along the cooperative trajectory x∗(t), there exists an imputation α̂ in the
core such that a single deviation at time t from this imputation to another
optimal imputation (i.e. an imputation from the core of the subgame starting
at θk from the state x∗(θk)) will yield the overall payoffs to all the players
which are also contained in the initial optimality principle (i.e. the core).

Theorem 4.3 Assume that V (θk, x∗(θk), %, τ, S), S ⊆ N– continuously dif-
ferentiable function of θk on each interval [tk−1, tk), k = 1,m− 1 or θm ∈
[tm−1, T ]. Assume also C(θk, x∗(θk), %, τ) 6= ∅, ∀θk ∈ [tk−1, tk), k = 1,m− 1
or θm ∈ [tm−1, T ]. If there is an imputation α ∈ C(x0, %, τ) and corresponding
IDP β(t), t ∈ [t0, T ], such as ∀S ⊆ N the following conditions are true

∀θk ∈ [tk−1, tk), k = 1,m− 1 and ∀ θm ∈ [tm−1, T ]

∑
i∈S

βi(θk)  −
d

dt
V (θk, x∗(θk), S, %, τ),

∑
i∈N

βi(θk) = − d

dt
V (θk, x∗(θk), N, %, τ),

then, the core C(x0, %, τ) is a strongly time-consistent cooperative solution
of the game.
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Proof By the condition of the theorem along the optimal trajectory x∗(t),
t ∈ [t0, T ] the core is not empty, so we can choose a selector α(t) ∈ C(t, x∗(t), %, τ),
t ∈ [t0, T ] and calculate the corresponding IDP from the definition 3.2.

Suppose that in the moment θk ∈ [tk−1, tk), k = 1,m or θ ∈ [tm−1, T ]
the players decided to deviate from the imputation {αi} in favor of another
imputation vector {α̂θki } from the core C(θk, x∗(θk), %, τ).

Let us prove that the vector

{∑k−1
j=0 pj

tj∫
t0

β̂i(t)dt+ pk
θk∫
t0

β̂i(t)dt

}
⊕

⊕ C(θk, x∗(θk), %, τ) is an imputation vector.

n∑
i=1

k−1∑
j=0

pj

tj∫
t0

β̂i(t)dt+ pk

θk∫
t0

β̂i(t)dt+ α̂θki

 =

=
n∑
i=1

 m∑
j=0

pj

tj∫
t0

β̂i(t)dt− pk
tk∫
θk

β̂i(t)dt−
m∑

j=k+1

pj

tj∫
t0

β̂i(t)dt+ α̂θki

 =

=
n∑
i=1

αi −
n∑
i=1

αi(θk) +
n∑
i=1

α̂θki =

= V (x0, %, τ,N)−V (θk, x∗(θk), %, τ,N)+V (θk, x∗(θk), %, τ,N) = V (x0, %, τ,N).

Let us prove that the condition of individual rationality is held. For this,
suppose that in the conditions of theorem S = {i}. Thus,

βi(θk)  −
d

dt
V (θk, x∗(θk), %, τ, {i}).

k∑
j=0

pjβi(θk)  −
k∑
j=0

pj
d

dt
V (θk, x∗(θk), %, τ, {i})  −

d

dt
V (θk, x∗(θk), %, τ, {i}).

k−1∑
j=0

pjβi(θk) + pkβi(θk)  −
d

dt
V (θk, x∗(θk), %, τ, {i}).

From this we can conclude

k−1∑
j=0

pj

tj∫
t0

β̂i(t)dt+ pk

θk∫
t0

β̂i(t)dt  V (x0, %, τ, {i})− V (θk, x∗(θk), %, τ, {i}).

as the result we have

k−1∑
j=0

pj

tj∫
t0

β̂i(t)dt+ pk

θk∫
t0

β̂i(t)dt+ α̂θki 
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 V (x0, %, τ, {i})− V (θk, x∗(θk), %, τ, {i})+
+V (θk, x∗(θk), %, τ, {i}) = V (x0, %, τ, {i}).

Now let us prove the belonging to the core, using the definition of the
core and the inequality above.

∑
i∈S

k−1∑
j=0

pj

tj∫
t0

β̂i(t)dt+ pk

θk∫
t0

β̂i(t)dt+ α̂θki

 
 V (x0, %, τ, S)−V (θk, x∗(θk), %, τ, S)+V (θk, x∗(θk), %, τ, S) = V (x0, %, τ, S).

5. Conclusion
In this contribution a constructive approach to determine a strongly time-

consistent cooperative solution for a class of differential games with discrete
distribution of random time horizon is proposed. We formulated rather gen-
eral conditions that guarantee that there is an imputation in the core such
that a single deviation from this imputation to another imputation from the
core in the sub-game starting from the time instant of the deviation does not
lead to non-realisability of the initially chosen agreement from the core.

6. Acknowledgements The authors are grateful to the anonymous
reviewer for the valuable comments.
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Silnie zgodny w czasie rdze« gry ró»niczkowej z dyskretnym

losowym horyzontem.

Ekaterina V. Gromova, Anastasiya P. Malakhova

Streszczenie Przedmiotem bada« jest problem silnej zgodno±ci w czasie rdzenia dla

konkretnej klasy gier ró»niczkowych z losowym horyzontem czasowym. Zakªada si¦,

»e rozkªad czasu trwania gry jest rozkª¡dem dyskretnym z pewnej ustalonej rodziny.

Podano warunek przy którym mamy siln¡ spójno±¢ czasow¡ rdzenia.

Klasy�kacja tematyczna AMS (2010): 92B05; 34C11, 34D20, 34K60, 92C60.

Sªowa kluczowe: ATR, Wip1, model matematyczny, UV, p53.
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