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Composition of wavelet and Fourier transforms

Abstract The paper presents the basic properties of the serial composition of two
transformations: wavelet and Fourier. Two types of transformations were obtained
because wavelet and Fourier transformations do not commute. The consequences of a
phenomenon known as a "wavelet crime" are presented. Using wavelets with compact
support in the frequency domain (e.g. Meyer wavelets) leads to the representation of
signals as sparse matrices. Speech signals were used to test the presented transforms.
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1. Introduction. The main goal of the work is to provide a new tool
for the analysis of waveforms modeled by the functions of one variable. The
new method of the analysis is the combination of two very frequently used
transformations: Fourier and wavelet. Presentation of the basic properties of
the proposed transformations is the main result of the conducted works.

The classic transformations presented in this paper have found applica-
tions in many �elds of technology. The examples mentioned below deal with
the processing of audio signals, in particular speech signals, due to the inter-
est of the authors of this publication. For the same reason, the composition
of classic transformations was used by the authors to analyze speech signals
but there are many more possible applications.

Fourier Transform (FT) is the most frequently used tool in the signal anal-
ysis and modeling. The main reason is the utility of frequency representation.
It is also important that mathematical models in the frequency domain are
easier to use when comparing with models in the time domain.

Wavelet methods [2], [3], [7], [11] were studied extensively during the 1990.
They are a useful tool for various signal processing applications. Wavelet
Transforms (WT) are used to achieve the time-frequency representations of
both digital and analog signals. Continuous Wavelet Transforms (CWT) are
used to provide a local frequency analysis of analog signals and to track the
frequency distribution over time. CWT is an integral operator in L2(<). It
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has the form of a scalar product and can be interpreted as a tool for �nding
similarities between signal and wavelet functions located in the time and
frequency domains.

The paper presents the results of joining FT and WT. We considered the
real value functions as the subject of transformations because such functions
are usually the mathematical models used by engineers. If the initial transform
is CWT and FT is calculated next, then the operation we call Fourier-Wavelet
Transform (FWT). If the order of transforms is reversed, the operation we
call as the Wavelet-Fourier Transform (WFT). Examples of FWT and WFT
were tested for speech signals.

The de�nitions of FWT and WFT and their properties concern for ex-
ample the theory of one-dimensional analog signals. Mathematical models of
such signals are functions s ∈ L2(<). This way of presenting is clearer for
readers than presentations referring to digital signals.

The computer calculations described at the end of this paper were per-
formed using classic software for processing digital signals. From a mathe-
matical point of view, digital signals are vectors s∆ ∈ <N which represent the
discrete values of functions s ∈ L2(<).

2. Continuous wavelet transform

To examine how the distribution of frequencies changes in a signal, let us
assume that a signal is represented by function s(t). CWT has the form

s̃ψ(a, b) =
1√
a

∫ ∞
−∞

s(t)ψ

(
t− b
a

)
dt, (1)

where ψ is an arbitrarily chosen wavelet function which is a transform kernel.
Signal s is a function of time t and, after transformation (1), we obtain a
function which has two arguments. Variable b is the time in which surrounding
the frequency properties of signal s(t) are examined. The second variable is
a > 0, representing a frequency band which has the central frequency

fa = 2a2

∫ ∞
0

f |ψ̂(af)|2df, (2)

where ψ̂(f) is FT of kernel ψ(t). This means that (1) shows the strength of
frequencies in the signal, near time b and simultaneously around frequency
(2).

The speech signals analyzed in the paper cover the frequency band up
to 8 kHz. Consequently, within the frequency band from 2 kHz to 8 kHz for
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a = 1, the Meyer wavelet is de�ned by the formula

ψ̂ (af) =

√
a√
2π



e
πjaf
6000 sin

(
π
2

(
a|f |
2000 − 1

))
if 2000 ≤ a |f | ≤ 4000

e
πjaf
6000 cos

(
π
2

(
a|f |
4000 − 1

))
if 4000 ≤ a |f | ≤ 8000

0 if a |f | /∈ [2000, 8000]

(3)

where j2 = −1.
Fig.1 presents the in�uence of scaling parameter a on the wavelet a−1/2ψ(t/a).

We selected the Meyer wavelet as a kernel of CWT de�ned by the (1).
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Figure 1: Meyer wavelet de�ned by (3) for scaling factor a equal to 1, 2 and
4

3. Fourier-wavelet transform

Let us de�ne FWT as the combination of WT and FT

̂̃sψ(a, f) = 1√
a

∫ ∞
−∞

e−2πjfb

∫ ∞
−∞

s(t)ψ

(
t− b
a

)
dt db. (4)

FWT applications in speech technology are presented in [13] and [14]
where the authors used FWT to analyze speech signals and studied the use-
fulness of FWT in speech recognition.

Using the property of FT which preserves the scalar products [8], from
(1) we obtain ̂̃sψ(a, f) = √aψ̂∗(af) ŝ(f). (5)

This formula suggests an important interpretation of FWT. It appears that
FWT is just a signal �ltration. The characteristic of the �lter is the function
conjugated to the wavelet spectrum ψ̂(af) multiplied by

√
a. The amplitude
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characteristic has either compact support (e.g. for Meyer wavelets) or is clearly
greater than 0 for a certain frequency band only. Scaling parameter a shifts
the amplitude characteristics and thus ˆ̃sψ(a, f) for �xed a depends on a part
of the signal spectrum ŝ(f). This property is strictly ful�lled if the CWT
kernel has a compact support in the frequency domain. We then obtain a
sparse representation [10] of the signal. Such forms can be used for lossless
compression of signals. If the support of the wavelet spectrum is not compact,
then FWT does not give a sparse representation. However, due to the assumed
fundamental property of the wavelet functions, the representation of the signal
in the form of FWT must include components with absolute values clearly
smaller than other FWT values.

Fig. 2 shows the amplitude spectra of Meyer wavelet �lters
√
a|ψ̂∗(af)|

for three values of parameter a.
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Figure 2: Amplitude characteristics of the �lter de�ned by (5) for Meyer
wavelet (3) and scaling factors a equal to 1, 2 and 4.

Using elementary properties of CWT and FT, we determined the proper-
ties of FWT:
1) conservation of energy∫∞
−∞ s

2(t)dt = 1
η

∫∞
−∞ a

−2
∫∞
−∞ s̃

2
ψ(a, b)dbda = 1

η

∫∞
−∞ a

−2
∫∞
−∞ |̂s̃ψ(a, f)|

2dfda

where η = 2π
∫∞

0
|ψ̂(f)|2
f df <∞,

2) for the time-shifted signal

s(t− τ) ←→ s̃ψ(a, b− τ) ←→ ̂̃sψ(a, f)e−2πjτf ,
3) for the scaled signal

s(γt) ←→ γ−1/2s̃ψ(aγ, bγ) ←→ γ−3/2̂̃sψ(aγ, f/γ) for γ > 0,
4) for the shift FWT in the frequency domain we obtain

s̃ψ(a, b) exp(2πjf0b) ←→ ̂̃sψ(a, f − f0),
5) di�erentiation with respect to variable b gives

dns̃ψ(a, b)/db
n ←→ (2πjf)n̂̃sψ(a, f),
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6) di�erentiation with respect to variable f gives

(−2πjb)ns̃ψ(a, b) ←→ dn̂̃sψ(a, f)/dfn,
7) for integration of the wavelet transform∫ b

−∞ s̃ψ(a, τ) dτ ←→ ̂̃sψ(a, f)/(2πjf),
where condition ̂̃sψ(a, 0) = 0 must be satis�ed.

4. Wavelet-Fourier transform

FT and CWT are not commuting operations, so we obtain a separate
method by determining the CWT for FT spectrum ŝ(f). WFT is therefore
a two-step operation. First, spectrum ŝ(f) is determined and then the CWT
gives ˜̂sψ(a, θ) = 1√

a

∫ ∞
−∞

ψ

(
f − θ
a

)∫ ∞
−∞

s(t)e−2πjftdt df. (6)

Using elementary properties of both transforms, we determine properties
of WFT:
1) conservation of energy

1
η

∫∞
−∞ a

−2
∫∞
−∞ |̃ŝψ(a, θ)|

2dθ da = 2
∫∞

0 |ŝ(f)|
2df =

∫∞
−∞ s

2(t)dt
2) shift in the frequency domain˜̂sψ(a, θ − f0) ←→ ŝ(f − f0) ←→ s(t) exp(2πjf0t),
3) scaled FT spectrum gives
√
a0
˜̂sψ(a/a0, θ/a0) ←→ ŝ(f/a0) ←→ |a0|s(a0t).

5. Numerical procedures

To calculate the Discrete Fourier-Wavelet Transform (DFWT) for signal
s(t) it is necessary to take its values for appropriately selected moments of
time. This is a standard sampling procedure described by the Shannon theo-
rem. The result is a representation of signal s(t) by vector s∆ ∈ <N .

The algorithms for DFWT calculations can use formula (4) or (5). In the
�rst case, the calculation consists of two stages. In the �rst stage, the Discrete
Wavelet Transform (DWT) [2], [6], [7], [11] for signal s∆ ∈ <N is computed.
This is an iterative procedure used for computing DWT values for subsequent
discrete variables a = 2m−1, where m = 1, 2, ..,M . The number of resolution
levels M must be assumed, taking into account the required range of the
lowest frequencies. Then, M vectors of

DWT = {{s̃∆(1, n)}N/2n=1, s̃∆(2, n)}N/4n=1, ....., {s̃∆(M,n)}N/2
M

n=1 } (7)

with di�erent lengths are obtained. As a result, a two-dimensional, trapezoidal
table is obtained. If the sample number N divided by the power of 2 does not
give an integer value, then the result of the division should be rounded to the
nearest integer. Next, the Fast Fourier Transform (FFT) should be applied
separately for each vector. Finally, we obtain

DFWT = {{̂̃s∆(1, k)}N/4k=1,
̂̃s∆(2, k)}N/8k=1, ......, {̂̃s∆(M,k)}N/2

M+1

k=1 }. (8)
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The variable k determines the discrete frequency which has the maximum
value equal to F = 0.5N/T , where time T is the length of analog signal s.

Very e�cient procedures are used for generating DWT coe�cients. How-
ever, to start this algorithm one needs to determine the initial sequence for
certain (su�ciently large) resolution level M . The problem is that these co-
e�cients are values of de�nite integrals, so their numerical determination
requires time-consuming calculations. Common practice, in such a situation,
is to use sampled values of the function as the initial coe�cients in DWT.
Such procedure is justi�ed by the speci�c form of the integrated functions.
They have values signi�cantly di�erent from zero only in the environments of
the acquired function values. Such an approach is commonly used, despite the
fact that it was charged by Strang and Nguyen to be a �wavelet crime� [11].
The error resulting from this approximation depends on the function being
transformed. In engineering practice, it is widely believed that the bene�t of
computational e�ciency is much more important than the losses caused by
computational inaccuracies.

If the method of calculating DFWT is based on formula (5), a rectangular
matrix ψ̂∆(a, k) is determined as a discrete representation of (3). Finally, the

discrete transform ̂̃s∆(a, k) ∈ CM×K is determined as a matrix arising from
the scalar products ̂̃s∆(a, k) = ψ̂∆(a, k)ŝ∆(k). (9)

This algorithm allows us to obtain DFWT as a sparse representation of signal
s. In contrast, the �rst method gives faster calculations, but generally no
representation in the form of a sparse matrix can be obtained.

The DWFT determination algorithm also involves two-steps. For a dis-
crete signal s∆, the spectrum s̃∆ must be determined �rst using FFT. In
the next stage, standard software should be used to determine DWT, assum-
ing the required number of resolution levels M . Similarly to the procedure
described by (8)

DWFT = {{˜̂s∆(1, k)}N/4k=1,
˜̂s∆(2, k)}N/8k=1, ......, {˜̂s∆(M,k)}N/2

M+1

k=1 } (10)

is obtained as a two-dimensional, trapezoidal table.

6. Examples The speech signal (the sentence "She had your dark suit
in greasy wash water all year") spoken by a male speaker was taken from the
TIMIT corpus. Plots in Fig. 3 present the results of computations. Plots (b),
(d), (e) and (f) present complex value modules.

Classic procedures for FFT and DWT were used for numerical calcula-
tions. A six-level DWT was computed using the Meyer decomposition �lters.
Fig.3 shows the results of DFWT calculations using two methods: based on
formula (5) (plot (d)) and the combination of DWT and DFT (plot (e)).
The second method uses standard DWT and FFT numerical procedures for
transform (8). Theoretically, both methods should give the same results. The
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Figure 3: Speech signal (plot (a)) and its: amplitude spectrum (plot (b)),
DWT described by (7) (plot (c)), DFWT transform de�ned by (9) (plot (d)),
DWFT obtained from classical DWT and FFT (plot (e)) and DWFT (plot
(f)) obtained by FFT and then DWT. The Meyer wavelet de�ned by (3) was
used to compute WT for scaling factors m from 1 to 6.

di�erences are clearly visible and result from a speci�c, approximate determi-
nation of DWT. The main reason for the deviations is the wavelet multires-
olution analysis procedure which is applied instead of the time-consuming
numerical approximation of the integral presented in (4). This approximation
is known as wavelet crime [9]. The algorithms which speed up the calculation
cause unavoidable errors. Their sizes usually do not exceed the limits of tol-
erance and for su�ciently regular signals they may even be negligibly small.
However, this approach has been analyzed and tested by authors of [1], [4],
[5], [12] and they suggest some improvements.

Plot (f) of Fig.3 presents DWFT computed by applying FFT and DWT.
It is clear that DFWT (plots (d) and (e)) and DWFT (plot (f)) give entirely
di�erent results.

7. Conclusions. This paper is addressed to the readers who use trans-
formations that have character of frequency-based analysis. The combination
of such two classic transformations has created new possibilities for a re-
lated nature analysis. The examples presented above illustrate how to use the
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proposed methods of the analysis. Their usefulness is not discussed in this
publication. This requires a separate work for which the authors of this paper
are preparing.

Frequency analysis is the most commonly used application in a wide va-
riety of speech signal procedures. These methods include not only FT and
WT but also cosine transform and mel-frequency cepstral coe�cients. It can
be expected that the proposed FWT and WFT algorithms will be useful in
increasing the diversity of frequency analysis methods. This paper presents
some of the fundamental properties of the hybrid Fourier-wavelet and wavelet-
Fourier transforms.

The presented properties of composite transforms result from the elemen-
tary properties of both WT and FT components. The kernel exp(−2πjft) of
FT is uniquely de�ned. It makes it possible to �nd many properties of FT.
This leads to the detection of several relationships between FWT and WT.
On the other hand, the kernel ψ of WT is not strictly de�ned and can be
chosen arbitrary. This lack of explicitness limits the number of relationships
between WFT and FT or WT.
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