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Monitoring of mean for asymmetric distributions.

Abstract The subject of consideration will be control charts for the mean of the
Rayleigh distribution. Starting from various interval estimators of the mean of this
distribution, the possibilities of adapting the constructed algorithms to monitor the
indicated behaviors of the observed feature will be shown. We also pay attention to
potential computational difficulties and indicate ways to mitigate them. The pro-
posed solution is part of the recent work on monitoring asymmetric random values.
Controlling a process that exhibits asymmetry is a more difficult task than monitor-
ing symmetric features (v. Figueiredo & Gomes (2013) ). The potential applications
are to construct a chart to control the pulse which is definitely an asymmetrical pro-
cess. Three control charts were constructed: to monitor average and grand mean of
Rayleigh distribution and grand mean based on its approximation by the Gaussian
distribution.
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1. Introduction. The technological process ends when the product is
ready for transfer to the recipient (can do the function for which it was cre-
ated). During this process, its course it is controlled by measuring (observing)
an important parameter. Usually, such a parameter is subject to fluctuations.
A slight deviation from the assumed value does not pose a threat to function-
ality the final product. An experienced designer determines what values are a
threat. Implementation of controlling an important parameter is part of pro-
duction planning. Due to the significant (usually) number of measurements to
monitor, procedures are constructed. Statistical methods provide many useful
applications in industrial process control. One of them is the control charts
method, used to detect the occurrence of assignable causes in industry (cf.
Shewhart(1931), Shewhart and Deming(1939)).

The control chart is a simple graphical technique that allows you
to monitor the behavior of the process due to the variability in time.
Depending on the method of constructing the control chart, it can be
used to assess the stability of the process in a statistical sense (in case
it is constructed using the so-called stabilization method, that is on the
basis of initial data from the process), or to verify if the process meets
certain requirements, for example as to the qualitative ability (when it
is constructed using the design method) (cf. [6]).
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The need to monitor important parameters also occurs in the machine’s
operation, monitoring the condition of patients - especially during and after
invasive procedures, injuries, as well as in assessing the condition of the econ-
omy in real time. In each such task there may be many important features,
and the nature of these features usually does not meet the assumptions at
which the control charts for X̄ and R was constructed. The Shewhart control
charts are based on the assumption that the distribution of the quality charac-
teristic is normal or approximately normal. Let us mention that the statistical
control in case of non-normality is known subject of the engineering litera-
ture (see [12], [7] and the references therein). In the above mentioned quality
control charts for asymmetric features, the authors introduced corrections to
the control lines based on measures of asymmetry measure and examined the
performance measures appropriate for such QCC (cf. [15]) as ARL or PCR.

The constructions proposed in this study provide an unified approach
based on interval estimators. In principle, two different approaches are possi-
ble (see Chapt. 4 of Bickel and Doksum(2015):

i) the frequentist – under which the natural candidates is the confidence
interval but for the observation having the asymmetric character one
can manage the interval estimator with the shorter length or minimize
Upper(Lower) ARL.

ii) the Bayesian – under which various a priori distributions and the loss
functions (cf. Soliman(2000) allow to construct the different credibility
intervals.

The difference between them is that in case of frequentist approach there
is a given probability that when confidence interval is computed from data
the true mean will fall within confidence interval, while in case of Bayesian
approach given observed data there is given probability that the true value of
mean falls within credible region. Both approaches will be presented, however
only the frequency method will be construed as less known.

Compare human body with a machine: we also have parameters to mea-
sure, such as blood pressure, pulse. These parameters should definitely be
controlled to avoid anomaly, which can be dangerous or even mortal. Very
high and very low value of that parameters is dangerous, but what does it
mean "very high/low"? We know the statistical value, but for each person, it
can be a little bit different.

We can know interval of values which would be safe for the health of
each person by constructing control charts to monitor these life parameters.
They are definitely asymmetric. Consider the pulse, during physical activity
it can be much higher than the normal value, but if it was lower about the
same value as was higher, it would be dangerous for our health. In one of
the scientific articles [14] the frequency of heartbeat was compared to the
Rayleigh distribution [13]. In the general definition by Lord Rayleigh, this is
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the distance from origin to the vector (ξ1, . . . , ξr) of i.i.d random variables
with distribution N(0, λ2). In this paper r = 2.

The purpose of this work is to construct a control chart which moni-
toring signal with asymmetric distribution. The Rayleigh distribution of the
random variable X with the hazard rate function H(x) = I(x) x

λ2
, where

I(x) = I{x∈<+}(x) is the indicator function of the set (0,∞), the distribution
function

F (x) = (1− exp{− x2

2λ2
})I(x) for x ∈ < (1)

and the density function

f(x) =
x

λ2
exp{− x2

2λ2
}I(x) for x ∈ < (2)

is used as an example. The cardiac monitoring chart should have subgroups
the size of one observation, so as not to disturb the image of its work. So
central line should be a mean of all observations. However, in some cases, a
better solution may be to collect data, for instance, within 10 minutes in a
subgroup.

In the next section general aspects of construction the monitoring sys-
tem for asymmetrical features is discussed. The section 3 prepare tools for
construction of fitted to requirement monitoring algorithm. The construction
of the QCC for the mean of asymmetric variable is presented in the sec-
tion 4. The relatively computationally simple QCC for large group control
is described in the section 5. The considerations are summarized in the last
section.

2. Constructions of control charts for data of asymmetric dis-
tribution. The subject of research for many mathematicians are loss func-
tions, mainly used in finance and insurance. A wide range of losses is stored in
various types of structures. Unlimited symmetric square error SE(L(θ, d) =
(θ − d)2) is one of the most popular loss functions, but its use is motivated
by good mathematical properties, not by its usefulness to represent their true
structure.

The loss function should reflect the consequences of various errors. For
example, when estimating the average, reliable lifetime of components of
a spacecraft or aircraft, the overestimation is usually more serious than under-
valuation. By modeling the loss with a symmetrical function, over-estimation
and underestimation would have the same value (cf. [11]). To avoid such
situation, Varian (cf. [22]) introduced the asymmetric function of linear-
exponential loss, LINEX1

L(θ, d) = b(e−c(θ−d) + c(θ − d)− 1),

1Linear-Exponential (cf.[22])
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where θ - unknown parameter; d – the value of the estimator of this parameter;
c - shape parameter, c 6= 0; b - scale parameter, b > 0. It is assumed that
b = 1. The symbol c reflects the direction of asymmetry. The higher |c|, the
more LINEX function is asymmetrical (cf. [10], [9]).

The loss functions must meet the following requirements:

1. Lγ(x) is bounded by 0 and K;
2. Lγ(x) it is clearly differentiable and therefore continuous;
3. Lγ(x) has the unique minimum in x = 1 equal to 0, decreases monoton-

ically in (0, 1) and increases in (1,∞). Lγ(0) = K and limx→∞ Lγ(x) =
K;

4. There are unique points x1 and x2 (x1 < 1 < x2) such that the function
is convex in the range (x1, x2) and concave on (0, x1) and (x2,∞);

5. for any value K, when γ converges to infinity, loss Lγ(x) at x coincides
with a symmetrical loss on ’0-K’.

This function has a general shape that can be changed by changing the value
of the shape parameter γ. If the loss is a real loss, you cannot lose more than
you have. So in this case the loss function should be limited. Most of the loss
functions depend on the error |d− θ|, which represents the distance between
the unknown parameter θ and decision d. Another way to measure this error
is θ/d. In this direction there is research by Towhidi and Behboodian(2002)
(v. Kamińska and Porosiński(2009) for more research on such loss functions)
where they proposed function

L(θ, d) = K

[
1−

(
θ

d
e1−(θ/d)

)γ]
,

where K > 0, γ > 0 are known parameters. K means maximal loss, γ is
shape parameter. This function was named ABL2. This loss structure is use-
ful in situations where undervaluation is more serious than overestimation.
Zellner(1986) suggests that in building a dam, underestimating the highest
water level is often much more serious than overestimation. In the event of
damage to the dam, the losses are often huge. Similarly, when estimating
the financial burden or the size of underestimating the order has much more
serious consequences.

The value of this quotient close to 1 corresponds to the situation in
which the estimator is close to an unknown parameter. This expression is
less than 1 in case of overestimation and greater than 1 in case of underval-
uation. You can see that this measure of error allows us to avoid the impact
of the scale of the unknown parameter and decision. Problems arise if the
unknown parameter can be 0. Therefore, this expression is implemented only
for θ ∈ <+. Many natural and practical problems assume that the unknown

2Asymmetric and Bounded Loss function (cf. [11])
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parameter has a positive value, for instance when the point estimate is used to
determine the nominal value (share valuation, loan value, etc.) or the quantity
of goods (for example drug dose). It should be noted that using the ABL loss
to estimate θ close to 0 means the special shape of the loss function: in the
case of an undervaluation of an unknown parameter, the loss increases very
quickly. If x = θ/d represents a scalar error, then for x> 0 the loss function
is equal to (cf. [11])

L(x) = K[1− (xe1−x)γ ].

According to the principle of the likelihood function, the information
about the parameter for which the estimator of the maximum likelihood is
calculated should depend only on its distribution from which the given param-
eter originates (cf. [2]). Therefore, using the maximum likelihood estimator of
the λ parameter from the Rayleigh distribution, we do not lose asymmetry.
Therefore, there is no need to use the loss function in this case. However, the
formulation of the Bayes estimation problem where the a priori distribution
for the parameter is determined and the choice of the loss function are im-
portant issue (cf. [20], [23]). The related QCC will be subject of investigation
in the separate paper.

2.1. On Rayleigh distribution practice. This distribution is a special
case of Weibull distribution, here the shape parameter α is equal to 2. It is
asymmetric distribution commonly used in the theory of reliability. We will
construct a control chart for it that monitors the average of the process. The
derivation is based on the parametrization adopted in (1) and (2). For such
form of the Rayleigh distribution the expected value and the variance are

EX =
√

2Γ(
3

2
)λ =

√
π

2
λ, (3)

D2(X) = (2− π

2
)λ2. (4)

Let us apply the maximum likelihood method to determine the estimator
of the parameter λ. Let R1, R2, ..., Rn be i.i.d. sample from Ray(λ) having
density function (2) with an unknown parameter λ. The unbiased MLE esti-
mator of λ has the form;

λ̂MLE =

√∑n
i=1R

2
i

2n
,

where R means random variable with a Rayleigh distribution. It can also be
written in a such form:

2nλ̂2 =

n∑
i=1

R2
i . (5)

The maximum likelihood estimator "remembers" the asymmetry of the model.
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2.2. Construction of the interval estimators for λ. We will start
with following observation:

Observation 2.1 The square of the Rayleigh random variable with the pa-
rameter λ has the exponential distribution with the parameter 2λ23.

Observation 2.2 The sum of n rescaled random variables from the expo-
nential distribution has a χ2

n distribution (the χ–square distribution with n
degrees of freedom).

The above observations can be written as follows:

n∑
i=1

R2
i
d
=

n∑
i=1

Xi.

where Ri ∼ Ray(λ), Xi ∼ Exp(2λ2).
These observations and (5) imply:

2nλ̂2 =

n∑
i=1

R2
i
d
=

n∑
i=1

Xi.

Multiplying both sides by 1
λ2

we get

2nλ̂2

λ2
d
=

1

λ2

n∑
i=1

Xi ∼ χ2
n. (6)

The distribution knowledge of the statistic (5) allows to determine exact pa-
rameters of various statistical procedures based on this statistic. Since 2nλ̂2

λ2
is

a pivotal quantity we derive the interval estimators for λ. For given α ∈ (0, 1),
let us determine a constants δi, i = 1, 2 fulfilling the condition:

P

(
δ1 <

1

λ2

n∑
i=1

Xi < δ2

)
= 1− α.

The constants δ1, δ2 are quantiles from χ2
n. Hence:

P

(
δ1 <

2nλ̂2

λ2
< δ2

)
= 1− α,

P

(
λ̂ ·
√

2n

δ2
< λ < λ̂ ·

√
2n

δ1

)
= 1− α.

3The exponential distribution has the hazard function H(x) = λ−1 and the expected
value λ.
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Theorem 2.3 The mean of the process when the controlled variable has the
Rayleigh distribution is expressed by the formula ER =

√
π
2λ = µ, so the the

interval estimator for µ has a form:

P

(
λ̂ ·
√
nπ

δ2
< µ < λ̂ ·

√
nπ

δ1

)
= 1− α, (7)

where α is significance level.

Corollary 2.1 The control lines for λ̂ is given by Bi =
√

δi
2nλ.

3. The control chart for monitoring the average of process. Lets
use α = 5% as in quality control. The quantiles should be chosen so that the
difference between their reversals is the smallest at a fixed level of significance
in order to obtain the smallest possible confidence interval, which translates
into the highest possible test power. However, the performance measure for
QCC are Average run length (ARL) or Average length of inspection (ALI)
or EQL and RARL as e.g. in the analysis presented in the paper by Ali and
Riaz [1, Sec. 4] (see also Knoth(2006)).

The constructed confidence interval controls the expected value of the pro-
cess, does not include individual observations. To monitor individual samples,
it is suggested to set control limits for them from the Ray(λ) distribution,
from which the average is calculated.

Example 3.1 Suppose X ∼ Ray(λ), then 1
λX ∼ Ray(1). The confidence

interval for a scaled random variable has the form

P

(
γ1λ < X < γ2λ

)
= 1− α,

where γ1, γ2 are appropriately chosen quantiles from Ray(1).

The narrowest confidence interval at the significance level of α = 5% is at the
quantiles with values γ1=0.07079931≈0.071, γ2 = 1.760992 ≈ 1.761. Thus,
the confidence interval for individual observations has form

P (0.071 · λ < X < 1.761 · λ) = 1− α. (8)

It is assumed that the confidence intervals for the expected value (Fig. (1))
can be considered as correct for a given patient, if in normal body work,
with a standard pressure for a given person, all heartbeat measurements are
included in the confidence interval for a single patient observation. With such
a sample, you can remember the obtained range, for example in an application
that would inform about faster heart rate or too slow.
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Figure 1: Control chart for mean and individual observations from Ray(λ).

3.1. Performance measure of QCC. The α-risk of a chart is the
probability of an out-of-control signal when the process is in control. The β-
risk is the probability of not detecting a shift the process is not in control. The
operating characteristic (OC) curve is a graph of β against the magnitude
of the out-of-control change.

Let us consider also Average Run Length (ARL), which is the expected
number of samples until the out-of-control signal is raised. One can determine
also the in-control ARL which is just AL0 = 1

α . The corresponding the out-
of-control ARL is ARL1 = 1

1−β . Another description of this measure is that,
under the assumption that the signal is out-of-control it is equal to inverse of
the power of the related test. It is the average amount of observations needed
to find a shift in process (v. [16]) or the mean value of the waiting time for
the first success in the Bernoulli trials with the success event: "a measure is
out-of-control". If smaller ARL, then better QCC, so it would be the smallest
possible value in case of our way to set values of quantiles, because we were
maximizing test power or minimize the β-risk. Lets calculate II type error β
for the test of H0 : µ = µ0 vs. HA : µ 6= µ0 related to QCC with α-risk = α
defined by the control lines LCL,UCL4. The β-risk is equal to:

β = P(LCL < X < UCL|µ = µ1)

= P(
LCL− µ

σ

√
n <

X − µ
σ

√
n <

UCL− µ
σ

√
n|µ = µ1)

= F (
UCL− µ1

σ

√
n)− F (

LCL− µ1
σ

√
n).

4In this paper it will be coding also as follows: LCL = B1 and UCL = B2.
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where µ1 = µ0 + kσ0, k ∈ <, the distribution function F(·) is given by (1)
with λ = λ1, EX =

√
π
2λ (v. (3)) and σ2 = (2− π

2 )λ2 (v. (4)), σ =
√

2− π
2λ.

Let us assume that LCL = γ1λ0 and UCL = γ2λ0. Hence, β = F (γ̃2)−F (γ̃1),
where

γ̃i =
γi − k

√
2− π

2 −
√

π
2√

2− π
2

√
n,

where i = 1, 2 and the distribution function F(·) is given by (1) with λ = λ1.
The sensitivity of the QCC as measured by ARL depends on the value on

λ1
5

ARL1 =
1

1− β
=

1

1 + exp(− γ̃22
2λ21

)− exp(− γ̃21
2λ21

)

We can also use following measures:

• ARLU to receive a signal above UCL:

ARLU =
1

1− βU
=

1

1− P (x < UCL|µ = µ1)
=

1

exp(− γ̃22
2λ21

)

• ARLL to receive a signal under LCL:

ARLL =
1

1− βL
=

1

1− P (x > LCL|µ = µ1)
=

1

1− exp(− γ̃21
2λ21

)

• Process Capability Ratio (PCR) Cp is one of way to express process
capability [16] which is equal to

Cp =
USL− LSL
UCL− LCL

,

where USL, LSL are respectively Upper and Lower Specification Limits.
Using this coefficient we can compare established control limits for an
average parameter with those estimated for a particular person. Calcu-
lating 1

Cp
·100% we know what percentage of the theoretical limits are

the estimated limits.

4. Control of grand mean6. Controlling quality of the process goes by
5ARL1 can be also interpreted as probability to achieve first success in Bernoulli sense,

which is given by geometric distribution P(X=k)=p·(1-p)k−1, where p is probability that
observation would fall outside confidence interval ("success"), we took α=5% to construct
interval, so p=α. Then ARL1= 1

1−p·(1−p)k−1 .
6The statistics which is the basement of construction procedure should have the known

distribution. It allows to construct the procedure which control the error of wrong decision
– a detection of the disorder when the process is stable (the false alarm). For given proba-
bility of false alarm one can decide also about the ARL or other measure of performance.
It is possible in the Bayes approach, based on the credibility intervals, or in the frequen-
tist approach by appropriate choice of the interval estimator. In some circumstances it is
possible to get other statistics as the basement of the construction of procedure by usage
"substitute condition" as it was done by the Cohen at al. [4, 5].
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observation of data collected into subgroups. This implies monitoring grand
mean i.e. the mean of previously calculated means of each subgroup. Let Gp,θ

denote the class of the random variables having the Gamma distribution with
the density function:

f(x|p, θ) =
xp−1

Γ(p)θp
exp(−x

θ
)I(x).

Knowing that Xi ∼ χ2
k (i.e. Xi ∈ G k

2
,2), we have, by (6),

∑n
i=1Xi ∈ Gnk

2
,2

and

1

n

n∑
i=1

Xi ∈ Gnk
2
, 2
n
.

Let us recall that for Yi = R2
i (v. Observation 2.1 and (6)):

N

λ2

∑N
i=1 Yi
N

=
N

λ2
Ȳ ∼ χ2

N .

Let Xj = Ȳj . Then the grand mean7 of n groups with the equal number of
members will have the form

Y = X =

∑n
j=1Xj

n
∈ GnN

2
, 2λ

2

nN

.

Hence
nN

λ2
Y ∈ GnN

2
,2.

For any α there are γ1, γ2 such that

P

(
γ1 <

nN

λ2
Y < γ2

)
= 1− α,

where γ1, γ2 are the appropriate quantiles of the χ2-distribution with nN -
degree of freedom and we have

P

(
λ2

nN
γ1 < Y <

λ2

nN
γ2

)
= 1− α, where γ̃i =

λ2

nN
γi.

Hence the control lines for grand mean of n groups having N observation
coincide with the control lines for the mean of groups with nN elements. We

7It is in fact the empirical second moment of R.
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Figure 2: Control chart for grand mean of observations from Ray(λ).

do not use the λ estimator to get a control line with one value for each of the
averages (Fig. (2)).

5. Control chart based on Rayleigh distribution approximated by
normal distribution8. Let us present an attempt to approximate Rayleigh
distribution Ray(λ) by the Gaussian distribution N(µ, σ). The following con-
siderations are heuristic and supported by experiments using computer sim-
ulations. We will assume that if an attribute has a Rayleigh distribution
Ray(λ), it can be replaced with a minor error by the distribution of normal
N(µ, σ) distribution with mean and variance satisfying (3) and (4), respec-
tively. Goodness-of-fit tests do not reject the null hypothesis that samples
from the Rayleigh distribution can be treated as the samples of an adequate
normally distributed random variables. It was done by the following the sim-
ulation experiment. For one hundred different values of the λ parameter, the
samples of the random variable with of the Ray(λ) distribution having size one
thousand observations were simulated. For each sample the empirical mean

8Having the exact statistical procedure rarely we need its alternatives. If for a statistical
issue we have a procedure based on precise distributions of statistics being the basis for
inference, it is rarely rational to construct decisions based on asymptotic properties of this
statistic. However, this is a desirable direction in the control line construction, when the
target solution will be a basis of dedicated software in small measuring devices (sensors).
Then th Ray(λ)distributions and N(µ, σ) whose parameters are related to dependencies
(2) and (3) are so close that in the determination of QCC parameters for the mean they can
be replaced. We also hypothesize that this improves the replacement in this construction of
Rayleigh random variables with normal variables related to (2) and (3) parameters. This
is a heuristic reasoning, but verified by the conformity test KS.e justification for using
approximate methods is easier to implement.
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µ̂N/λ and the empirical variance
√
σ̂2N/λ were calculated. The average w1

of µ̂N/λ obtained in the experiment was equal to 1.25 ca., and the average

w2 for all simulated
√
σ̂2N/λ was equal to 0.66 ca. as it was expected. Let

us try to substitute the sample from Ray(λ) by the sample from the normal
distribution N(µ, σ) having parameters µ ≈ 1.25λ and σ ≈ 0.66λ, i.e. equal
to the mean and variance of the Ray(λ) distribution.
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Figure 3: The control chart for mean and grand mean of Ray(λ).

Then, for various values of λ, the goodness of fit Kolmogorov-Smirnov test
was performed 9 in MATLAB. For each of the values of the parameter λ,
the null hypotheses was rejected in less than the 5% cases. Therefore, it can
be assumed that R d∼ X (the random variables have close distributions in
the sense as determined by the experimental method just described), where
R ∼ Ray(λ), X ∼ N(1.25λ, 0.66λ).

When the further inference or QCC will be constructed based on this
approximation, then there are loss of information about the asymmetry of
the observed random variable. Let us now construct the interval estimator.
The natural choice of the interval estimator is the confidence interval for a
Gaussian distribution with estimated parameters. For each α there are δα

2

and δ1−α
2
, such that

P

(
δα

2
<
x− µ
σ√
n

< δ1−α
2

)
= 1− α,

9The implementation kstest2 of the Kolmogorov-Smirnov test in MATLAB was applied.
Each sample was examined using the built-in function tests of the null hypothesis at the
5% significance level. The null hypotheses was that the given samples from N(1.25λ, 0.66λ)
have the Ray(λ) distribution.
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i.e. Φ(δρ) = ρ and Φ(·) is the standard normal distribution function. Normal
distribution is symmetric, so δα

2
=-δ1−α

2
and only one quantile is needed. Hence

the control lines are Bi = µ + (−1)iδ1−α
2

σX√
n

= 1.25λ + (−1)iδ1−α
2

0.66λ√
n

. We
know that average x ∼ N(µX ,

σX√
n

), where µX = 1.25λ, σX = 0.66λ, and the
grand mean:

x =

∑k
i=1 xi
k

∈ N
(
µX ,

σX√
nk

)
.

The control lines for the grand mean, when the attribute has the Ray(λ)
distribution are B̄i = 1.25λ + (−1)iδ1−α

2

0.66λ√
kn

(see Fig. 3). The constructed
control chart can be used in the case when the data has the distribution
Ray(λ) and it is optimal to collect observations in a subgroups.

6. Conclusion. The method proposed in the paper, mainly in the sec-

Figure 4: Distribution of pulse (from [19])

tion 2.2 and 3 can be an effective tool to monitor some life functions if we
consider they have Rayleigh distribution. As was mentioned in introduction,
heartbeat was compared to Rayleigh’s distribution in [14]. Distribution of hu-
man pulse which is presented by Fig. 4 is definitely skewed to right, so can
be compared to Rayleigh distribution.
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Karty kontrolne dla cech asymetrycznych.
Malwina Kinga Gądek

Streszczenie Rozważane będą modele matematyczne, w których zmiana parametru
jest przedmiotem badań statystycznych. Specjalizowanym narzędziem do tego celu
są karty kontrolne. Celem pracy jest konstrukcja kart kontrolnych do badania zmian
parametru rozkładu obserwowanej cechy w oparciu o dokładne rozkłady różnych
estymatorów parametrów kontrolowanych wielkości i ich porównanie.

Klasyfikacja tematyczna AMS (2010): 62J05; 92D20.

Słowa kluczowe: Karta kontrolna; rozkład asymetryczny; rozkład Rayleigha..
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