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Abstract Antiviral therapy for HIV-infected patients has greatly improved in re-
cent years. Administration of drug combinations consisting of two or more different
drugs can reduce and maintain virus load below detection level in many patients.
Cyclic administration of the immune activator interleukin-2 (IL-2) in combination
with highly active antiretroviral therapy (HAART) has been suggested as an effec-
tive strategy to realize long-term control of HIV replication in vivo. In this article,
we formulate a mathematical model of the immune response for HIV-infected in-
dividual in the presence of HAART and IL-2. We look for the conditions under
which the immune system recovers by applying IL-2 as an immune activator along
with HAART. From the analytical point of view this means global stability of the
disease-free equilibrium. Comprehensive numerical simulations are presented to il-
lustrate the analytical results.
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1. Introduction Nowadays, in many diseases combined therapies based
on at least two therapeutic agents are more and more common. Proposing
treatment protocols for such therapies is challenging, as the number of pos-
sible combinations exceeds clinical possibilities. Mathematical modeling and
the analysis of virus dynamics can be helpful in developing treatment strate-
gies and providing insights on evaluating an effective antiviral drug therapy to
clear viruses from the human body. In the literature, one can find articles de-
voted to studying mathematical models which describe the dynamics of virus
population in vivo, including the human immunodeficiency virus (HIV). The
immune response plays a significant role in controlling the virus propaga-
tion [4, 5, 14]. Immune activation and subsequent sensitivity to apoptosis
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can be prevented with introduction of potent anti-retroviral agents. Success-
ful therapy with highly active anti-retroviral therapy (HAART), being mainly
the combination of three or more different drugs of RTI (reverse transcriptase
inhibitors) and PI (protease inhibitors), efficiently suppresses viral replication
but with only partial immune reconstitution. Moreover, complete eradication
of viral population from the system is practically not feasible with HAART
alone, even if continued for a long time. Viral relapse is known to occur as soon
as the therapy is stopped. Thus, there arises a need for an additional ther-
apy allowing to prevent this relapse. One of the possibilities is an additional
administration of immune modulatory agent, cytokine called interleukin-2
(IL-2), promoting complete immune reconstitution [6]. IL-2 is a very well
characterized T-cell growth factor determining proliferation and differentia-
tion of the whole T-cell compartment. Following the antigen activation, IL-2
is produced by both CD4+T and CD8+T (in comparatively lesser quantities)
cell subpopulations, in the peripheral lymphoid tissues of spleen and lymph
nodes, in an autocrine and paracrine mode respectively [1, 11]. Cyclic admin-
istration of HAART and immune activators such as IL-2 has been proposed as
a possible strategy for the control of viral replication. IL-2 serves as means of
activating latently infected CD4+T cells and thereby reactivating virus pro-
duction from these cells. The anti-HIV CTLs (cytotoxic T-lymphocyte cells)
may in turn detect and destroy such HIV producing cells.

A number of mathematical models have been proposed to understand the
effect of drug therapy on HIV patients; c.f. [6, 7, 9, 12, 16]. Kirschner and
Webb [6, 7] constructed models that describe viral dynamics and drug resis-
tance during the monotherapy of HIV infection. Perelson et al. [9] described
the decay characteristics of HIV infected compartments during the combined
therapy. Ye, Kourtis and Kirschner [16] constructed an elaborate mathemat-
ical model which describes the reconstitution of thymic function in HIV-I
patients during HAART therapy. Recent models, which involve optimal con-
trol therapies of HAART and IL-2, include those by Stengel [13] and Roy et
al. [10].

In this paper, we study the reconstitution dynamics of CD4+T cells and
effect on CTLs in HIV-infected individuals in the presence of HAART and
IL-2. Mathematical modeling of cellular dynamics could help in determining
the interplay between healthy and infected T-lymphocytes in the course of
HIV infection and thereby establishing conditions for the effective immune-
based therapy associated with HAART which allow for successful eradication
of the virus from the host system and complete cure of the patient.

2. Mathematical model
Let T and I denote uninfected and infected CD4+T cells subpopulations.

We assume constant inflow p of uninfected CD4+T cells from the bone mar-
row. The dynamics of apoptosis is the same for both CD4+T cells subpopula-
tions, so we introduce dT as natural death rate. We indicate by δT the death
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rate of CD4+T cells due to HIV infection. Then, the simplest model for virus
dynamics is

Ṫ = p− dTT − βTI, İ = βTI − (dT + δT )I,

where β is the rate of infection. Here, a variable for the free virus is delib-
erately omitted as we are interested in drug-induced changes at the steady
state. It is assumed that the free-virus population is proportional to the virus-
producing cell population at steady state. In the basic model it is assumed
that the effects of the immune response either remain constant over the time
or are negligible. In the long term, however, the assumption of constancy
might not hold. Therefore, a new variable C should be included, which rep-
resents the CTLs response against virus-infected cells. We assume that the
amount of infected CD4+T cells eliminated due to the immune response is
proportional to the infected CD4+T and CTLs encounters with coefficient
γ1. Coefficient γ2 describes the CLTs production rate caused by the immune
response activated according to the classical predator-prey dynamics. By dC
we denote the rate of apoptosis of these cells. The expanded model is

Ṫ = p− dTT − βTI, İ = βTI − (dT + δT )I − γ1IC, Ċ = γ2IC − dCC.

The model presented above is a modification of the model describing dynam-
ics of the immune response to HIV virus developed in [2] and the model of
dynamics of the immune response to persistent viruses discussed in [8]. In-
spirited by these works we propose the extension of this model in which we
also include inter-cellular uninfected CD4+T competition with the rate α.
We assume β = (1 − η1)β0, where β0 reflects basic transmission rate while
η1 ∈ [0, 1] stands for the RTI effectiveness in reducing the infection of CD4+T
cells. This efficacy can be interpreted as a probability of keeping the CD4+T
cells uninfected. Additionally, we define the coefficient ε1, which stands for
effectiveness of CD4+T enhancement with IL-2 and the rate ε2, which is a
proliferation rate of CTLs due to IL-2 treatment. These coefficients appear
important for therapy planning. The system of equations reflecting processes
described above reads

Ṫ = p− dTT − αT 2 − βTI + ε1T, (1a)

İ = βTI − (dT + δT )I − γ1IC, (1b)

Ċ = γ2IC − dCC + ε2C, (1c)

with initial conditions T (0) = T0 > 0, I(0) = I0 > 0 and C(0) = C0 > 0. All
parameters appearing in Eqs. (1) are positive (except εi which could be 0 in
the case without the specific therapy) and constant for analytical purposes. In
therapy planning we shall assume that η1, ε1, ε2 depend on the drug delivery.

To shorten the notation we define

ζ1 := dT − ε1, ζ2 := dC − ε2, d := dT + δT .
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3. Analysis of Eqs. (1) In this section we study the model dynamics.
More precisely, we analyze the existence and local stability of equilibriums as
well as we investigate the global stability in the case when ζ1 > 0.

Proposition 3.1 Solutions of Eqs. (1) are unique and positive for positive
initial data. Any solution exists for every t > 0. Moreover, the coordinates T
and I are bounded independently of the model parameters.

Proof Local existence, uniqueness and positivity of solutions of Eqs. (1) are
obvious due to the form of the right-hand side. Hence, it is enough to show
that T , I are bounded and solutions exist for every t > 0.

Positivity of solutions yields

Ṫ 6 p− ζ1T, (2)

which implies that the growth of T (t) is at most exponential. Therefore, it
is defined for every t > 0. Now, we consider three possibilities regarding the
magnitude of ε1 reflected in the sign of ζ1:
• If ζ1 > 0, then Inequality (2) implies T (t) 6 max

{
T0,

p
ζ1

}
.

• If ζ1 = 0, then Ṫ 6 p− αT 2, which implies T (t) 6 max
{
T0,
√

p
α

}
.

• If ζ1 < 0, then for T > p
|ζ1| we have Ṫ 6 2|ζ1|T −αT 2 = 2|ζ1|T

(
1− T

K

)
,

where K = 2|ζ1|
α , which implies T (t) 6 max

{
T0,K,

p
|ζ1|

}
.

Hence, there exists Tmax <∞ such that T (t) 6 Tmax for every t > 0.
Let us focus now on the coordinate I. As we have İ 6 βTI 6 βTmaxI,

the growth of I is also at most exponential and we can define I(t) for every
t > 0. Adding (1a) and (1b), we get

Ṫ + İ = p− dT (T + I)− αT 2 + ε1T − δT I − γ1IC

6 p+ ε1Tmax − dT (T + I) = p̃− dT (T + I).
(3)

As a result, we obtain T (t) + I(t) 6 max
{
T (0) + I(0), p̃

dT

}
. Boundedness of

T (t) and T (t) + I(t) implies boundedness of I(t). Furthermore, as T (t) > 0

we obtain I(t) 6 max
{
T (0) + I(0), p̃

dT

}
= Imax.

Eventually, Ċ 6 (γ2Imax − ζ2)C, implies at most exponential growth of
C, and as a result C(t) is defined for all t > 0. �

From the proof presented above we easily see that for ζ1 6= 0 the set

Ω =
{

(T, I, C) ∈ R3
+ : T 6 TM , T + I 6 T IM

}
, (4)

where TM = max
{
K, p
|ζ1|

}
, T IM = p+ε1TM

dT
, is invariant.

From now on we assume that β > 0 (that is η1 ∈ [0, 1)). The case β = 0
(η1 = 1) shall be discussed at the end.
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3.1. Existence of steady states There are up to three steady states
of Eqs. (1).

The first one is disease-free state E1 = (T1, 0, 0), where T1 =

√
ζ21+4αp−ζ1

2α .
The disease-free steady state exists independently of the model parameters.

The next steady state is E2 = (T2, I2, 0), for which there is no immune
response induced by CTLs, with T2 = d

β and I2 =
p−ζ1T2−αT 2

2
d . Notice that the

denominator of I2 is always positive. The numerator of I2 can be considered as
a quadratic trinomial of T2. Since α, p > 0, the numerator of I2 has exactly one
positive root. Moreover, I2 = 0 iff T2 = T1, which means that E2 bifurcates
form E1 and the numerator of I2 is greater than zero iff T2 < T1. Let us check
this inequality, that is

d

β
<

√
ζ2

1 + 4αp− ζ1

2α
. (5)

If ζ1 6 −2αd
β , that is ε1 > dT + 2αd

β , then Ineq. (5) is always satisfied and E2

exists. Otherwise,

p > α

(
d

β

)2

+
ζ1d

β
. (6)

Inequality (6) yields positivity of I2 and, as a consequence, the existence of
E2. On the basis of the analysis presented above we notice that relatively large
CD4+T production results in E2 existence. In the opposite case, the state E2

disappears if RTI efficiency is relatively high (i.e. η1 is large implying β is
small).

The third steady state is E3 = (T̄ , Ī, C̄), which reflects endemic equilib-
rium, with Ī = ζ2

γ2
, for ζ2 > 0, C̄ = βT̄−d

γ1
and T̄ satisfying

αT̄ 2 +

(
ζ1 + ζ2

β

γ2

)
T̄ − p = 0 =⇒ T̄ =

√
κ2 + 4αpγ2

2 − κ
2αγ2

, κ = γ2ζ1 + βζ2.

It is easy to see that C̄ > 0 under the condition

T̄ >
d

β
= T2. (7)

If κ 6 −2αdγ2
β , that is ζ1 6 −2αd

β −
βζ2
γ2

(and this could be achieved for ε1 or
ε2 sufficiently large), then Ineq. (7) is always satisfied. Otherwise, Ineq. (7)

is satisfied iff p > α
(
d
β

)2
+ κd

γ2β
. Again, like for E2, we see that E3 exists for

high CD4+T production. If RTI is effective enough, E3 may disappear. Notice
that for ζ2 = 0 we have Ī = 0 and T̄ = T1, which means that the endemic
equilibrium bifurcates from the semi-positive steady state E1.

We summarize the analysis presented above in the following way:
• disease-free steady state E1 always exists;
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• immune-free steady state E2 exists if

ε1 > dT +
2αd

β
, (8)

or

ε1 < dT +
2αd

β
and p− α

(
d

β

)2

>
ζ1d

β
; (9)

• endemic steady state E3 exists if dC > ε2 (i.e. ζ2 > 0) and

ε1 +
β

γ2
ε2 > dT +

β

γ2
dC +

2αd

β
, (10)

or

ε1 +
β

γ2
ε2 < dT +

β

γ2
dC +

2αd

β
and p− α

(
d

β

)2

>
(γ2ζ1 + βζ2)d

βγ2
. (11)

Moreover, for ζ2 > 0 we have T2 < T̄ < T1, while T2 < T̄ = T1, for ζ2 = 0.
Further, if ζ2 > 0, then Ineq. (10) implies Ineq. (8) and the second inequality
of (11) implies the second inequality of (9).

Corollary 3.2 The existence of E3 results in the existence of E2. Moreover,

if both ζ1, ζ2 > 0 and p < α
(
d
β

)2
holds, then only E1 exists.

3.2. Stability of steady states Now, we focus on local stability of
steady states. Let J denote Jacobian of Eqs. (1) at any point (T, I, C),

J =


−ζ1 − 2αT − βI −βT 0

βI βT − d− γ1C −γ1I

0 γ2C γ2I − ζ2

 .

For the disease-free equlibrium we obtain the characteristic equation

(−θ − λ) (βT1 − d− λ) (−ζ2 − λ) = 0, θ =
√
ζ2

1 + 4αp,

with three eigenvalues equal to λ1 = −θ, λ2 = βT1 − d, λ3 = −ζ2. Under the
assumption ζ2 > 0, the steady state E1 is stable if

T1 <
d

β
= T2. (12)

From the analysis of the existence of E2 we know that if Ineq. (12) holds,
then E2 does not exist. On the other hand, if ζ2 < 0, then E1 is unstable.
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In order to make further computations simpler, we notice that for the
steady states E2 and E3 we have βT − d− γ1C = 0.

For E2, the characteristic equation reads(
λ2 − J211λ+ β2I2T2

)
(γ2I2 − ζ2 − λ) = 0, (13)

where J211 = −ζ1−2αT2−βI2. Notice that J211 = −αd
β −

pβ
d = −αT2− p

T2
< 0

independently of the model parameters. Therefore, the square part of (13) has
real negative zeros or complex zeros with negative real part. As λ3 = γ2I2−ζ2,
the condition for stability of E2 reads

0 < γ2I2 < ζ2. (14)

It is obvious that if ζ2 6 0, then E2 is unstable. In general, Ineq. (14) could

be rewritten as p < α
(
d
β

)2
+ κd

βγ2
, and it is sufficient for stability of E2.

For E3, the third-degree characteristic polynomial reads

R(λ) = λ3 + a2λ
2 + a1λ+ a0, (15)

a2 = −J311, a1 = γ1γ2ĪC̄ + β2T̄ Ī, a0 = −J311γ1γ2ĪC̄, where J311 = −ζ1 −
2αT̄ − βĪ = −αT̄ − p

T̄
< 0.

The Routh-Hurwitz criterion (see Theorem 5.1) gives the stability con-
ditions: a2 > 0, a0 > 0, a1a2 − a0 > 0. It is obvious that −J311 > 0 and
−J311γ1γ2ĪC̄ > 0. Moreover, a1a2 = a0− J311β

2T̄ Ī > a0, and therefore E3 is
locally stable whenever exists.

To summarize, we can state that
• E1 is locally stable if

p− α
(
d

β

)2

<
ζ1d

β
; (16)

• E2 is locally stable if

p− α
(
d

β

)2

<
(γ2ζ1 + βζ2) d

βγ2
; (17)

• E3 is locally stable when it exists, regardless the parameters’ values.
Now, we would like to check if bistability is possible in Eqs. (1). We know

that E1 always exists. Moreover, if E3 exists, then E2 exists as well.
Let us start with investigating the simultaneous stability of E1 and E2. We

see immediately that Ineqs. (9) and (16) contradict each other. Furthermore,

Ineq. (8) yields ζ1d
β 6 −2α

(
d
β

)2
< p−α

(
d
β

)2
, contrary to Ineq. (16). Hence,

E1 and E2 cannot be stable simultaneously.
Analogous reasoning can be conducted for the pair E1 and E3. If E3 exists,

then ζ2 > 0, and Ineqs. (16) and (11) contradict each other, while Ineq. (10)
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implies (γ2ζ1+βζ2)d
βγ2

6 −2α
(
d
β

)2
< p− α

(
d
β

)2
, contrary to Ineq. (17). Thus,

E1 are E3 cannot be stable simultaneously.
Now we check bistability for E2 and E3. Since ζ2 > 0, we obtain
• if Ineqs. (11) hold, then Ineq. (17) is not satisfied;
• if Ineq. (8) holds, then Ineq. (10) holds as well, and it is in contradiction

with Ineq. (17), which we have shown above.
Hence, E2 and E3 cannot be stable simultaneously. This means that we

observe no bistability in our system.

Corollary 3.3 If E3 exists, then it is locally stable, if E2 exists but there is
no E3, then E2 is locally stable, if there is only E1, then it is locally stable.

Eventually, we consider the case β = 0, that is η1 = 1.

Remark 3.4 If η1 = 1, then Eqs. (1) take the form

Ṫ = p− ζ1T − αT 2, (18a)

İ = −dI − γ1IC, (18b)

Ċ = γ2IC − ζ2C. (18c)

Eq. (18a) is uncoupled from Eqs. (18b) and (18c). It is obvious that T (t)→ T̄
for t → ∞. From Eq. (18b), İ 6 −dI, and it is obvious that I(t) → 0 as
t → ∞. Hence, Eq. (18c) implies Ċ < −aC with a > 0 for sufficiently large
t > 0, yielding C(t)→ 0.

3.3. Global stability analysis In this subsection we focus on the global
dynamics of Eqs. (1) for ζ1 > 0. In this case, in the invariant set Ω defined by
Eq. (4) we have T 6 p

ζ1
. Moreover, Ineq. (3) could be rewritten as Ṫ + İ 6

p− ζ1(T + I), and therefore T (t) + I(t) 6 p
ζ1
, for T (0) + I(0) 6 p

ζ1
. Hence, Ω

could be rewritten as

Ω =

{
(T, I, C) ∈ R3

+ : T + I 6
p

ζ1

}
.

In Ω we obviously have T 6 p
ζ1

and I 6 p
ζ1
.

We consider two cases, depending on the sign of ζ2.

• Case: ζ2 > 0.

From (1c) we easily conclude that γ2p < ζ1ζ2 implying C(t) −−−→
t→∞

0. This condition means that CTLs disappear in time if both CTLs
production due to the immune response and CD4+T-cells inflow from
the bone marrow are relatively small. As C(t) −−−→

t→∞
0, the asymptotic
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dynamics of Eqs. (1) is governed by two-dimensional dynamics in (T, I)-
variables. In general, if we assume that C(t) −−−→

t→∞
Cg > 0, then the

corresponding two-dimensional system reads

Ṫ = p− ζ1T − αT 2 − βTI, (19a)

İ = βTI − d1I, (19b)

with d1 = d + γ1Cg. To study asymptotic dynamics of Eqs. (19) we
analyze phase space portraits depending on the magnitude of d1. First
notice, that both variables are bounded due to the properties of the
whole system described by Eqs. (1). Next, mutual location of null-clines
depends on d1. From Eq. (19b) we see that the null-cline for I inside
R2

+ is described by T = d1
β , while Eq. (19a) yields the null-cline for T

described as I = p−ζ1T−αT 2

βT , and therefore I(T ) = 0 for T = T1, where
T1 is the first coordinate of E1. Hence, if T1 <

d1
β , then the null-clines do

not cross and there is only one steady state on the boundary. For Cg = 0
this state is just E1 projected onto (T, I)-space. From the Poincaré-
Bendixson Theorem we easily conclude that this state is globally stable.
On the other hand, if T1 >

d1
β , then there is a positive steady state,

which is again a projection onto (T, I)-space, but now it corresponds to
E2. Using the Dulac-Bendixson Criterion we can show that there is no
limit cycle for Eqs. (19) in R2

+. Let us define

B(T, I) =
1

TI
, F (T, I) = p− ζ1T −αT 2−βTI, G(T, I) = βTI−d1I.

Since the expression ∂(BF )
∂T + ∂(BG)

∂I = − p
IT 2 − α

I is always negative
for T , I > 0, there is no limit cycle for Eqs. (19) in R2

+. Hence, the
Poincaré-Bendixson Theorem again implies global stability of the posi-
tive steady state. Phase portraits illustrating convergence to E1 or E2

are presented in Fig. 1. The possible dynamics of Eqs. (1), for ζ2 > 0,
is presented in Fig. 2. The left graph of Fig. 2 illustrates the situation
when C(t) is unbounded, whereas the right one is related to the case
when lim

t→∞
C(t) < ∞. Presented curves are the trajectories of Eqs. (1)

for arbitrary initial conditions.

• Case: ζ2 6 0.

From (1c) we get that C(t) is an increasing function. Hence, we have
two possibilities

lim
t→∞

C(t) = Cg <∞ or lim
t→∞

C(t) =∞.

The analysis for the case C(t) −−−→
t→∞

Cg is presented above. If we assume

that C(t) −−−→
t→∞

∞, then for sufficiently large t there is İ < 0, and
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Figure 1: Nullclines and phase portraits for Eqs. (19) in the (T, I)-space: left – the
convergence to E1, right – the convergence to E2. The stationary states are marked
with black circles. For both graphs the parameters dT = 0.1, ε1 = 0.05, δT = 0.2,
α = 0.01, β = 0.25 and γ1 = 0.3 were taken. It was also assumed that Cg = 0.1. For
the left graph, p = 0.12, for the right one, p = 0.06.

0

1

2

0

0.1

0.2

0

0.5

1

TI

C

0

1

2

0

0.1

0.2
0

0.05

0.1

0.15

TI

C

Figure 2: Phase portraits for Eqs. (1) in the (T, I, C)-space. For both graphs the
parameters p = 0.12, dT = 0.1, ε1 = 0.05, δT = 0.2, dC = 0.04, ε2 = 0.05, α = 0.01,
β = 0.25 and γ1 = 0.3 were taken. The values γ2 = 0.02 and γ2 = 0.5 were used for
the left and right graph, accordingly.

moreover İ is separated from 0. Hence, we get lim
t→∞

I(t) = 0. In this case
lim
t→∞

T (t) = T1. This means that solutions of Eqs. (1) tend to (T1, 0,∞)

in this case. However, it should be noticed that such a situation is
unrealistic, although possible in the model.

4. Summary In this article we have formulated a mathematical model
of the immune system demonstrating the response of HIV infection in the
presence of HAART (RTIs drugs) and IL-2. We have studied how the immune
system recovers by applying IL-2 as an immune activator along with HAART
using this model. We have studied both the local and global dynamics of the
system.

Our analytical study shows that the disease free equilibrium E1 always



M. Bodzioch, M. Choiński, U. Foryś 45

exists. If the steady state E2 exists, which corresponds to no immune response
induced by CLTs, and the endemic steady state E3 does not exist, then the
state E2 is locally stable. If the endemic equilibrium E3 exists, then it is
locally stable. Bistability of any two steady states is not possible. Including
in our model the effectiveness of CD4+T enhancement with IL-2 results that
the steady state E2 exists not only in the absence of RTIs, but also when
CD4+T production is relatively large. If not, the state does not exist when
the RTIs become effective enough. Analogous conclusions are for the endemic
steady state E3. It means that if the CD4+T production is not high enough
and the RTIs are sufficiently effective, then steady states E2 and E3 do not
exist and the system switches to its disease-free steady state, which is locally
stable. Note that RTIs can not solely control the disease totally. However, it
helps the system to achieve the steady state E2 with the high level of CD4+T
production and the steady state E3 with the high level of CD4+T production
or sufficiently high proliferation of CTLs due to IL-2 treatment.

It should be marked that our model predicts possibility of complete cure
using the combined therapy. We can theoretically show the effect of drugs
effectiveness and their impact on achieving a disease-free state, however, in
reality, it is almost impossible. Thus, the next step would be the analysis of
the optimal control problem for the specific parameter values that could be
found in the literature, cf. [2, 3, 8, 15], to determine the optimal therapeutic
dynamics.

5. Appendix: Routh-Hurwitz Criterion

Suppose we have the autonomous system of differential equations:

ẋ = f(x(t)), (20)

where x(t) and f(x(t)) are functions with vector values in Rn, i.e.

x(t) =

x1(t)
...

xn(t)

 , f(x(t)) =

f1(x(t))
...

fn(x(t))

 .

Let us denote by xe a steady state of (20) and by J(xe) Jacobian matrix of
f corresponding to xe: J =

(
∂fi
∂xj

)
i,j

∣∣∣
x=xe

. We introduce the characteristic

polynomial for J(xe):

P (λ) = det (J(xe)− λI) = a0λ
n + a1λ

n−1 + . . .+ an, a0 > 0, aj ∈ R.
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and the auxiliary matrix M :

M =



a1 a0 0 0 . . . 0 0
a3 a2 a1 a0 . . . 0 0
a5 a4 a3 a2 . . . 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . an−1 an−2

0 0 0 0 . . . 0 an


Now we can formulate the following theorem:

Theorem 5.1 (Routh-Hurwitz Criterion) The necessary and sufficient
conditions for the local asymptotic stability of xe are

• aj > 0 for every j,

• principal minors ∆j (with the size of j) of M are positive.
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Globalna dynamika infekcji limfocytów CD4+T wirusem HIV
w obecności terapii

Marcin Choiński, Mariusz Bodzioch, Urszula Foryś

Streszczenie Przeciwwirusowe terapie dla pacjentów z wirusem HIV są stale ulep-
szane. Podawanie kombinacji dwóch lub więcej leków powoduje spadek liczby wiru-
sów poniżej poziomu detekcji u wielu pacjentów. W szczególności połączenie wysoce
efektywnej terapii antyretrowirusowej (HAART) z aktywatorem immunologicznym
(interleukiną 2, IL-2) wydaje się stanowić skuteczną metodę długookresowej kontroli
replikacji wirusa HIV in vivo. W naszym artykule zaproponowaliśmy matematyczny
model odpowiedzi odpornościowej dla pacjentów z wirusem HIV przy zastosowa-
niu połączonej terapii HAART i IL-2. Zbadaliśmy dynamikę modelu w poszukiwa-
niu warunków, przy których układ odpornościowy odnawia się dzięki takiej terapii.
Z analitycznego punltu widzenia oznacza to globalną stabilność stanu stacjonarnego
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odpowiadającego zdrowemu organizmowi. Analiza matematyczna została uzupeł-
niona symulacjami komputerowymi.

Klasyfikacja tematyczna AMS (2010): 92B05; 34C11, 34D20, 34K60, 92C60.

Słowa kluczowe: HIV, limfocyty CD4+T, interleukina IL-2, terapia HAART, glo-
balna stabilność.
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