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The phylogenetic e�ective sample size and jumps

Abstract The phylogenetic e�ective sample size is a parameter that has as its goal

the quanti�cation of the amount of independent signal in a phylogenetically corre-

lated sample. It was studied for Brownian motion and Ornstein�Uhlenbeck models

of trait evolution. Here, we study this composite parameter when the trait is allowed

to jump at speciation points of the phylogeny. Our numerical study indicates that

there is a non�trivial limit as the e�ect of jumps grows. The limit depends on the

value of the drift parameter of the Ornstein�Uhlenbeck process.
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1. Introduction: phylogenetic comparative methods with jumps

Since its introduction to the evolutionary biology community [11, 14] the
Ornstein�Uhlenbeck (OU) process

dX(t) = −α(X(t)− θ(t))dt+ σadB(t), (1)

where B(t) is the standard Wiener process, is the workhorse of continuous
trait phylogenetic comparative methods. We can immediately notice that tak-
ing α = 0 will result in the Brownian motion process (BM, popularized in the
evolutionary biology community in [10]).

These methods have as their aim the modelling of evolution of traits,
like body size, on the between�species level. In particular this implies that
the phylogenetic structure between the contemporary species (providing the
observations of the traits) has to be taken into account. The trait follows
the stochastic di�erential equation model (e.g. Eq. 1) along each branch of
the tree (with possibly branch speci�c parameters). At speciation times this
process divides into two independently evolving processes.

In this work we will consider a variation of the OU model�the OU model
with jumps (OUj). Just after speciation, independently on each daughter
lineage, with constant (over the tree) probability pc, a jump in the trait's
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trajectory can take place. The jump is normally distributed with 0 mean and
�nite variance. More formally if a speciation event takes place at time t, then,
independently for each daughter lineage, the trait value X(t) will be

X+(t) = (1− Z)X(t−) + Z(X(t−) + Y ). (2)

By X(t−/+) we mean the value of X(t) respectively just before and after time
t, Z is a binary random variable with probability pc of being 1 (the jump takes
place) and Y ∼ N (0, σ2c ), see Fig. 1 for an example.

There is an evolutionary motivation for such a jump setup. If a species
split into two species, then this must have been the result of a dramatic event.
A jump in an appropriate trait's value can catch rapid change associated
with populations' division. Of course, other jump models are possible. For
example, only one daughter lineage can have a jump. This could correspond
to a subpopulation breaking o� from the main population. Here, we consider
the simpler model of cladogenetic (at branching) evolution.

Furthermore, the combination of jumps and an OU process seems to cap-
ture a key idea behind the theory of punctuated equilibrium (i.e. the theory
of evolution with jumps [12]). After a jump we could expect the trait to adapt
very quickly, otherwise with a maladapted phenotype the species/population
would be at a disadvantage. But as time passes, citing [15] �The further re-
moved in time a species from the original speciation event that originated it,
the more its genotype will have become stabilized and the more it is likely
to resist change.� Therefore, between the branching events (jumps) we could
expect the trait to be stable�i.e. exhibit the phenomena of stasis. How-
ever, stasis does not mean that the phenotype does not change at all, rather
that ��uctuations of little or no accumulated consequence� take place [13].
This high level description is consistent with the OUj model. For α > 0 val-
ues the mean�centred, OU process will converge with time to its stationary
distribution�N (0, σ2a/(2α)). Hence, what will be observed after a long time
are stationary oscillations around the mean�and these can be understood as
statis between the jumps.

2. The phylogenetic e�ective sample size From a statistical perspec-
tive the phylogenetically correlated trait sample is a collection of hierarchi-
cally dependent random variables. The dependency structure comes through
the phylogeny. If the phylogeny was a star one, then all n species would be
independent and if the phylogeny was degenerated to a star one but with all
branch lengths equalling 0, all n species would be identical and we would have
1 observation. Between these two extremes we have all phylogenies and one
can ask whether one can measure the amount of independent observations in
the observed sample. This however, should not only depend on the phylogeny
but also on the process driving the trait. Ornstein�Uhlenbeck processes with
large α lose information on the ancestral trait faster and hence the contempo-
rary observations should be �more independent� between each other. A way
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Figure 1: Left: tree with 10 contemporary species. Right: OUj process evolving
on this tree (graphic by mvSLOUCH [3]). We can observe a single jump in the
trait process. The OUj process has parameters α = 0.3, σ2a = 1, θ = 10,
X0 = 0, σ2c = 8, pc = 0.05 and the tree's height is 2.226. Time runs from top
to bottom, i.e. the tree's tips are the contemporary species.

to quantify this was suggested in ([7], following [17]), namely the phylogenetic
e�ective sample size (pESS) was de�ned as ne = 1+p(n−1), where p ∈ [0, 1],
with a number of proposals for p. We will focus here on the regression e�ective

sample (rESS) approach for p. Let V be the n×n between�species�between�
traits variance�covariance matrix, it depends both on the phylogeny and the
process of evolution. We introduce the notation that Vi, means the i�th row
of V and V−i, means V without the i�th row, analogously for columns V,i,
V,−i. De�ne now p as

p = n−1
n∑
i=1

(
1−V−1

i,i Vi,−iV
−1
−i,−iV−i,i

)
. (3)

We can recognize this as the average scaled conditional variance, when re-
gressing each species on all the others. Or in the language of linear regression,
this is the average variance of the residuals, where each residual comes from
regressing each species on all the others. If we now have a normal model, like
the OU, then all such residuals will be independent and this can be used to
quantify the amount of independent signal in the phylogenetic sample. If all
the observations are independent, p = 1 and if identical p = 0.

At this point it should be emphasized that Eq. (3) is inspired by the mean

e�ective sample size (mESS) considered in [2]. There it is simply called the
e�ective sample size and is de�ned as

nEe = ~1TR−1~1, (4)
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where R is the correlation matrix derived from V and ~1 is a vector of n ones.
The parameter nEe is actually the number of independent random variables
that result in the same precision for estimating the mean value (intercept) of
a linear with n correlated, by R, observations [2]. It should be pointed out
that the word �mean� in the name is only used to distinguish from the rESS
and is not connected to any average of sample sizes.

3. Simulation setup and results A key question in the study of punc-
tuated equilibrium is whether it can be detected based only on observing the
contemporary sample. In [9] it is noticed (but only for the BM model) that
such detection should be possible. The aim here is to study how the regression
pESS reacts to the presence of jumps in the trait's trajectory.

It is conjectured (based on a detailed numerical analysis and shown in
BM case [4]) that jumps in OU models of evolution cause a decrease of the
interspecies correlation coe�cient, ρn. The interspecies correlation coe�cient
is de�ned [19] as the ratio of the covariance between a randomly chosen pair
of tip measurements with the variance of a randomly chosen tip species. As
the former covariance and variance are not conditional on the tree, the ρn
parameter is a theoretical property of the tip values' distribution and is not
sample speci�c. However, treating it as a proxy for the amount of independent
signal in the sample, its decrease would suggest an increase in the pESS.

In all simulations we �x σ2a = 1, X0 = θ = 0 and pc = 1. We consider
all pairs (α, σ2c ), where α ∈ {0, 0.05, 0.1, . . . , 0.95, 1, 1.25, 1.5, 1.75, 2.25, 2.5, 5}
and σ2c ∈ {0, 0.1, . . . , 1.9, 2, 2.5, 3, . . . , 9.5, 10, 11, . . . , 29, 30, 40, . . . , 90, 100}.
The choice of the levels of α is motivated by the fact that the phylogeny
will be modelled by the pure�birth process with speciation rate λ = 1. It is
known (e.g. [1, 4, 6]) that a qualitative behaviour phase transition takes place
at λ = α/2. Hence we explore Brownian motion (α = 0), slow�adaptation α�
values (α < 0.5), the critical value (α = 0.5) and fast adaptation α�values
(α > 0.5). The ancestral state X0 and θ are not of interest to us as they do
not in�uence the variances and covariances. At the second moments level pc
and σ2c appear only as their product (Appendix A.2 [4]) so we are free to �x
one of them to 1, we choose pc = 1. The di�usion parameter, σ2a, is also not
of interest as it only enters through the ratio σ2a/(2α).

We �rst simulate 10000Yule trees with 200 contemporary species using the
TreeSim [18] R package. For each parameter set we independently subsample
(due to lengthy running times) a collection of 100 trees. For each of these
trees we calculate the between�tip�species covariance matrix. The formulae
for the variance of the trait value of tip species i, Xi, under the OUj model
can be recursively expressed (cf. Appendix A.2 in [4])

Var [Xi] =
σ2a
2α

(1− e−2αti) + e−2αtipcσ
2
c + e−2αti Var

[
Xa−
i

]
, (5)

where Xa−
i is the value of the trait at the last branching event on the lineage
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to tip i and ti is the length of the branch between this ancestor and tip i.
The minus sign in the superscript is to underline that Xa−

i is the value at
speciation and hence before the jump took place. In Fig. 1 if we took tip
species i = 6, then Xa−

i would be the value at the internal node labelled 6a

and ti the length of the branch between tip 6 and node 6a. On the other hand,
as jumps take place after speciation, independently on each daughter lineage,
the covariance between the trait measurements, (Xi, Xj), of the pair of tip
species (i, j) will simply be

Cov [Xi, Xj ] = e−2α(T−τi,j)Var [Xi,j ] , (6)

where Xi,j is the value of the trait at the node corresponding to the most
recent common ancestor of tips i and j, T is the height of the tree and τi,j is
the time that passed from this most recent common ancestor to today. In Fig.
1 if we took the pair of tip species i = 6 and j = 8, then Xi,j would be the
value at the internal node labelled (6, 8) and τi,j the sum of branch lengths on
the path between tip 6 (equivalently tip 8) and node (6, 8). Because a jump
happens just after speciation, any jumps associated with this ancestral node
are not shared by the pair of tip species and hence cannot contribute to the
covariance between them.

From each calculated covariance matrix (notice that we do not need to
simulate any trait trajectories) we calculate the mean and regression phylo-
genetic e�ective sample sizes and then report the average (over the 100 Yule
trees) e�ective sample size factor, p, for the given parameter set. In Fig. 2 we
plot the observed results, factors derived from rESS and from mESS.
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Figure 2: Average (from 100 trees for each point) values of the mean (right)
and regression (left) pESS factors for the di�erent model setups. The trees
were all Yule trees with speciation rate equalling λ = 1. The values are
presented for a representative subset of all the α values. All simulations were
done in R version 3.4.2 [16] running on an openSUSE 42.3 (x86_64) box.
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Figure 3: Average (from 100 trees for each point) values of the mean (right)
and regression (left) pESS factors for di�erent values of α when σ2c = 100.

The results of the numerical study, plotted in Fig. 2, are in agreement
with intuition. The analysis of the theoretical model parameter, the inter-
species correlation coe�cient ρn, indicates simple dynamics�as the in�uence
of jumps increases, ρn decreases (see Figs. 4 and 6 of [4]). This suggests more
independence in the sample and hence a greater value of p, as observed in
Fig. 2. As the value of σ2c , increases so do the pESSs. It is not surprising
that p increases with α. The larger α is the quicker the OU process looses
information on the ancestral state.

The interesting conclusion from Fig. 2 is that the rESS factors seem to
have a non�trivial limit, i.e. neither 0 nor 1, as σ2c increases. Non�trivial limits
with n (without jumps) were observed in [7], see Fig. 2 therein. Furthermore,
convergence to this limit seems rapid. Interestingly, there does seem to be any
visible dependency of this speed of convergence on α. At the �rst moment level
there is a phase transition in the Central Limit Theorems for the average of
the contemporary sample [1, 6, 8] at α = λ/2. In the mESS factors' case rapid
convergence seems present when α ≥ 1, but for lower values of α the situation
is not obvious. The limits (or rather case when σ2c = 100) for di�erent levels
of α are plotted in Fig. 3. For the rESS the points seem to fall on a concave
curve. In contrast, in the mESS's situation the underlying curve seems to
have an in�ection point near α = 0.5, supporting that the phase transition
in�uences the mESS.

The mESS factors are lower than the rESS ones. This is again consistent
with [7] and intuition. The mESS captures only information content on the
mean, while the rESS all independent signal. The observed data contains
information not only on the mean but also on the second moments. When α
is small the mESS factor is much smaller. This again agrees with intuition
from the non�jump case, as for small (relative to λ) α �local correlations will
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dominate over the ergodic properties of the Ornstein�Uhlenbeck process� [1],
to the extent that one cannot consistently estimate the root state in the BM
case, i.e. α→ 0 limit [2, 5, 19].

An applied motivation for undertaking this study is whether the pESS has
any hope of being able to detect if the jumps have a large e�ect on the trait's
evolution. The rESS factors presented in Fig. 2 do give hope for this. If one
can point on which curve level the rESS should lie, then one would estimate
the parameters of the OU process (without jumps, parameter identi�ability
with jumps present is not clear yet). If the estimated parameters point to the
same curve, then one can hypothesize that jumps do not play much of a role.
However, if they point to a curve above the expected one, then this indicates
jumps. One can argue how one can know on which curve the rESS should lie
for a given clade. In principle this cannot be known, but it could be inferred
(with some degree of error) from sister clades, provided that the biological
assumption of similar speeds of adaptation holds.

The numerical study presented here points to interesting mathematical
directions of work. Firstly, how to characterize the limits of the pESS factors
as the jumps dominate and then to �nd the speed of convergence to these
limits. Finally, the proposed in the previous paragraph method to detect
punctuated equilibrium deserves its own detailed study.
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Filogenetyczny faktyczny rozmiar próby oraz skoki ewolucyjne

Krzysztof Bartoszek

Streszczenie Filogenetyczny faktyczny rozmiar próby jest to poj¦cie, które zapro-

ponowano w charakterystyce zjawisk zachodz¡cych w biologii ewolucyjnej. Poj¦cie to

ma za cel uchwycenie liczby niezale»nych obserwacji w próbce skorelowanej poprzez

struktur¦ �logenetyczn¡. Parametr ten byª ju» badany dla procesów Wienera oraz

Ornsteina�Uhlenbecka jako modeli ewolucji cechy ci¡gªej. W niniejszej pracy te mo-

dele s¡ rozszerzone o skoki ewolucyjne w rozgaª¦zieniach drzewa �logenentycznego.

Przeprowadzona analiza numeryczna wskazuje, »e istnieje nietrywialna granica, gdy

skoki cechy ci¡gªej caªkowicie wpªywaj¡ na jej rozwój. Granica ta zale»y od warto±ci

wspóªczynnika dryfu procesu Ornsteina�Uhlenbecka.

2010 Klasy�kacja tematyczna AMS (2010): 62B10; 62P10; 92�08; 92B10.

Sªowa kluczowe: faktyczny rozmiar próby, �logenetyczne metody porównawcze, pro-

ces Ornsteina�Uhlenbecka z skokami.
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