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Duration problem: basic concept and some
extensions1

Abstract In this paper, originally published online in Mathematica Applicanda vol.
44(1) on 14 September 20162, the authors wish to state that there was an error in
formulation of the optimality criterion at the beginning of the subsection 3.6.2. This
is the part of the section 3.6 of the paper. In this errata the authors decided to add
the general formulation of the optimality criteria in the subsection 3.6.1-2 and, to
avoid misunderstanding, the entire section 3.6 is reproduced with the complements
and the errors corrected. The authors would like to apologize for the error.
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3.6. Duration of owning relatively best or second best object for
unbounded horizon.

3.6.1. Applying geometrical horizon in Kurushima and Ano
problem. Our aim is to maximize the duration of owning the relatively
best as long as it is the best or the second best object, where the class of
stopping times is restricted to the relatively best objects. Let us formalize
the problem. We observe sequentially X1, ..., XN i.i.d. random variables from
the known distribution where N is geometrically distributed r.v., i.e.

P (N = k) = pk = pqk−1, 0 < p < 1; q = 1− p. (42)

Let ζn denote the largest observation of the sequence X1, ..., Xn and similarly
ηn denote the second largest value of the sequence (ζ1 = X1, ζn = Xn:n for
n > 1, η1 = 0, ηn = Xn−1:n for n > 1). Let Tn = T (n) be a random variable
that denotes the moment after the time n when a better observation occurs.

De�ne SB(i) = inf{k > i : IBk = 1}, where Bn = {ω : Xn = ζn, n ≤ N}
and SC(i) = inf{k > i : ICk = 1}, where Cn = {ω : Xn ∈ {ηn, ζn}, n ≤ N}.
Let T (i) = SC(SB(i)) and ξi = IBi . The aim is to �nd τ? ∈MN such that:

E [(T (τ?)− τ?)ξτ? ] = sup
τMN

E [(T (τ)− τ)ξτ ] . (43)

Let w(n, x) denote the payo� for stopping at the n-th object whose value
is x.

w(n, x) = E[Tn − n|Xn = x, n ≤ N ] =
2q

1− qx −
q(1− q)
(1− qx)2

.

If we continue observations we expect to get a reward Tw(n, x):

Tw(n, x) =
∞∑

m=n+1

∫ 1

x
w(n, v)

πm
πn

xm−n−1dv

=
q

1− qx
(

2 log
(qx− 1

q − 1

)
+

1− q
1− qx − 1

)
.

(44)

Denote G(n, x) := w(n, x) − Tw(n, x). The 1-SLA rule is described by the
following set:

B = {(n, x) : G(n, x) ≥ 0}.
To prove the optimality of the 1-SLA rule it is necessary to show two things:
(i) G(n, x) ≥ 0 ⇒ G(n + k, x) ≥ 0, k = 1, 2, ... and (ii) G(n, x) ≥ 0 ⇒
G(n, y), y ≥ x. (i) is obvious, because payo�s do not depend on n. Consider
the function g(x) := G(n, x). We will show that if g(x) ≥ x for some x, then
it will be greater than 0 for y > x. It is an equivalent to the statement if for
a given x inequality

3− 2
1− q

1− qx − log
(1− qx

1− q
)2 ≥ 0,
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holds, then the same is for every y > x. Calculating a derivative of LHS we
get

−2q(1− q) 1

(1− qx)2
+ 2q(1− qx)

1

(1− qx)2
=

2q2(1− x)

(1− qx)2
.

It is non-negative for every x ≤ 1 and in point x = 1 it has the value 1. If
the inequality on LHS is true for the given x then it is true for x < y < 1.
We conclude that the 1-SLA rule is optimal. It is a threshold strategy with
the threshold

µ?p− 1

p− 1
, (45)

where µ? is a solution of the equality

µ2e
2
µ = e3, µ > 1.

Numerically µ? ≈ 3.3145. Note that if p ≥ 1
µ? ≈ 0.3017046 the threshold is 0

so the 1-SLA rule calls for a stop at the very �rst observation.

3.6.2. Stopping on the best and the second best object. Assume
that at the moment n we are interested in choosing the relatively best or
the second best object. We choose the object and hold it as long as it is the
relatively best or second best object. Under the denotation of the section 3.6.1
our aim is to �nd a stopping time τ∗ ∈ T such that (see (43)):

E [(T (τ?)− τ?)ξτ? ] = sup
τMN

E [(T (τ)− τ)ξτ ] .

where ξi = ICi , T (i) = SC(SB(i)) ∨ SC(SC(i)) and T denotes a set of all
stopping times with respect to the family {Fn}∞n=1. Denote Rn the rank of
nth observation, i.e. a random variable:

Rn =

{
1, Xn = ζn

2, Xn = ηn.

Let

τ1 = 1

τk+1 = inf{n : τk < n ≤ N,Xn ≥ ητk , k ∈ N}.
Let us de�ne a sequence

Yk = (τk, ζτk , ητk , Rτk), if τk <∞
Yk = δ, if τk =∞, (46)

where δ is the special absorbing state. It is easy to verify that 46 is a Markov
chain with respect to Fτk = σ(X1, ..., Xτk , I(N≥0), ..., I(N≥τk−1)), k = 1, 2....
The transition probabilities are:

p((n, x, y, i), (m, [0, u], x, 1)) =





πm
πn

ym−n−1(u− x), u > x

0, otherwise,
(47)
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p((n, x, y, i), (m,x, [0, u], 2)) =





πm
πn

ym−n−1(u− y), y ≤ u ≤ x
0, otherwise,

(48)

for m > n, i = 1, 2, where πk =
∑∞

j=k pj = qk−1. We derive the payo�
function. If we stop at the state (n, x, y, 1) then the duration of the candidate
is k if:

1. if there are two candidates of rank 1: one at the time n + 1 and the
second at a point between n + 1 and n + k − 1 inclusive and the time
horizon is longer than n+ k

2. if there is one candidate of rank 1 between n+ 1 and n+k−1 inclusive
and the time horizon is n+ k

3. if there are no more better candidates and time horizon is n+ k

If we stop at the state (n, x, y, 2), then the duration of the candidate is k if:

1. if there is one candidate of rank 1 or 2 at the time n+ k and the time
horizon is longer than n+ k

2. if there are no more better candidates and the time horizon is n+ k

The payo� function is given by:

W ((n, x, y, 1)) = E[Tn − n|Xn = x,Rn = 1, ζn = x, ηn = y]

=
2q

1− qx −
q(1− q)
(1− qx)2

W ((n, x, y, 2)) = E[Tn − n|Xn = y,Rn = 2, ζn = x, ηn = y]

=
q

1− qy

(49)

Note that both functions do not depend on n. This will not be mentioned
later. Let T be an operator Tf(x) =

∫
X f(z)dPx(z) for the bounded function

f : X → R. Then

TW (x, y, i) =
q

1− qy
(

log
((1− qy)(1− qx)

(1− q)2
)

+
1− q

1− qx − 1
)

i = 1, 2.

(50)

We transform our equations in the following way:

s :=
1− q

1− qx, t :=
1− q
1− qy , α :=

q

1− q ,

and 1
1+α ≤ t ≤ s ≤ 1, where α ∈ [0,∞). Our payo� function is now given by:

W (s, t, 1) = αs(2− s)
W (s, t, 2) = αt

TW (s, t, i) = αt (− log(st) + s− 1) , i = 1, 2.

(51)
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Let us denote F (s, t) := W (s, t, 1) − TW (s, t, 1) and G(s, t) := W (s, t, 2) −
TW (s, t, 2). To �nd the stopping set we need to �nd the set that satis�es the
optimality equation. Let B1 = {(s, t) : F (s, t) ≥ 0}, B2 = {(s, t) : G(s, t) ≥
0}.

Note that the sign of the functions F and G does not depend on the
parameter α. These sets are the same as in [19] (page 685). Using the same
methodology we obtain the optimal strategy: it allows us to stop only in
such a moment, when the observed candidate is the largest so far and exceeds
the value x?. This value is independent of the value of the second largest
object. The problem is now transformed into the problem of stopping only
at the largest observations, as it was in Kurushima and Ano problem with
the geometrical horizon. Even if we observe the value of the second largest
object it does not a�ect the optimal strategy. We can reduce the problem to
observing only the relatively best objects.
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Errata: Koncepcja okresu trwania:

podstawowe zaªo»enia i pewne rozszerzenia.

Marek Skarupski i Krzysztof J. Szajowski

Streszczenie W tej notatce dwaj z trzech autorów artykuªu pierwotnie opubliko-
wanego on-line w Mathematica Applicanda vol. 44 (1) w dniu 14 wrze±nia 2016
r., pragn¡ stwierdzi¢, »e wyst¡piª bª¡d w sformuªowaniu kryterium optymalno±ci na
pocz¡tku podrozdziaªu 3.6.2. Jest to cz¦±¢ sekcji 3.6 artykuªu. Autorzy postanowili
doda¢ ogólne sformuªowanie kryteriów optymalno±ci w podrozdziale 3.6.1-2 i, aby
unikn¡¢ nieporozumie«, caªa sekcja 3.6 jest przytoczona w tej erracie w caªo±ci z
uzupeªnieniami i poprawionymi bª¦dami. Autorzy pragn¡ przeprosi¢ Czytelników i
Redakcj¦ za bª¡d i niedostateczn¡ staranno±¢ w pierwotnej redakcji wyników.

2010 Klasy�kacja tematyczna AMS (2010): 60G40, 62L15.

Sªowa kluczowe: optymalne zatrzymanie, problem okresu trwania, problem sekre-
tarki.
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