
MATHEMATICA APPLICANDA
Vol. 44(2) 2016, p. 295–307

doi: 10.14708/ma.v44i2.1217

Virtue U. Ekhosuehi (Benin City)

Integral equation of the Volterra type:
an application to a firm-sponsored off-the-job

training

Abstract This paper is concerned with deriving, using the Volterra integral equa-
tion, a production function for a single product firm financing off-the-job training
from its revenue from output. The short-run scenario where labour is the only vari-
able factor of production is studied within the the condition for profit-maximisation.
The study utilises the Cobb-Douglas production function wherein capital is fixed as
a theoretical underpinning. The Volterra integral equation is solved using the differ-
ential transform method. The solution reveals that the production function of the
firm is a transcendental function. Some propositions on the properties of the new
production function are stated along with their proofs. The behaviour of the pro-
duction function is demonstrated by way of simulation.
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1. Introduction. The need to raise skill levels of the workforce in
a firm in order to meet the work exigencies is a major reason for job train-
ing. The continuous development of the workforce is important for a firm
to succeed [1, 20]. Firms and establishments carryout either on-the-job or
off-the-job training. Examples of firms that practice such a training are men-
tioned in [22,32]. Holland [18] identified ways the Joinery Industry Training
Organisation in New Zealand can strengthen learning using both on- and
off-the-job training and instances where learning support (specifically with
literacy, language and numeracy) can be provided for apprentices. The study
also considered the formal and informal learning approaches in the sites. In
Nigeria job training is common in the civil service, wherein the staff undergo
training in institutions accredited by the Centre for Management Develop-
ment. Such training is aimed at building local content skills for the work
environment. Apart from the civil service, multinational companies and cor-
porations do grant off-the-job training, which may include oversea training,
to their employees. The training is usually relevant to a job-specific type.

This study is designed for a single product firm experiencing decreasing
returns to scale in the short-run scenario, where labour is the only variable
factor. The decreasing returns to scale may be attributed to the technical
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economies associated with fixed capital that requires specialisation (or im-
provement of skills) on the part of the operators. The training of the operators
may be in the form of lectures, seminars, workshops, etc. and it is delivered
by external professionals/expatriates in the field. Without loss of generality
the training may be done in partnership with external organisations so that
the cost of training is shared. The training is one that is mandatory and may
take place either within the premises of the firm or outside it. The training
takes place away from the employee’s immediate work position. A part of the
normal working hours is allocated for the training and the trainees are not
completely out of work during the period of the training. At the end of the
training each participant is awarded a certificate of completion. An example
of the training programme described here in Nigeria is the Advanced Digital
Appreciation Programme for Tertiary Institutions (ADAPTI). We use the
term ‘off-the-job’ training to described this kind of training. This is because
it is provided by external professionals/expatriates and it takes place away
from the employee’s immediate work position. To make this paper clearer to
a broader audience, a precise definition of the term ‘off-the-job’ training is
necessary. This is because it has several definitions in the literature [35]. The
term ‘off-the-job’ training is used in this paper to mean a formal training
away from the employee’s immediate work position, but regardless of where
the training takes place, which is delivered by external resource persons and
it leads to certification.

The subject of off-the-job training is the major focus of this paper because:
(i) it impacts on productivity and skills improvement [35]; (ii) the training
is certificated and thus it enhances the carrier prospects of the trained em-
ployees; (iii) the training is formal and as such the records on training are
kept; and (iv) the training incurs cost and this is of great concern to person-
nel managers. Smith [30] had earlier confirmed the importance of off-the-job
training as a supplement for workplace learning from a study of Australian
young people in their first year of full-time work within the apprenticeship
and traineeship system. Through off-the-job training staff learn about new
developments in the industry and improve their skills. Thus it contributes to
productivity [2, 13, 25, 29]. Firms may provide either partial or full sponsor-
ship for their employees to embark on this kind of training based on some
terms and conditions [22,29]. The decision on whether to grant a full or par-
tial sponsorship is an administrative task. Black et al. [6] reported that job
training is cost advantageous to large firms and establishments. Barron et
al. [3] stated that firms pay most of the cost of job training and reap the
robust impact of the training on productivity growth.

The aim of this paper is to describe the output of the firm operating
off-the-job training in the short-run scenario by a Volterra integral equation
(VIE). Short-run production functions have earlier been discussed [17]. This
study utilises the linear VIE of the second kind [26] to provide an axiomatic
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foundation for the link between the output of the firm and the cost of the
training. The linear VIE of the second kind is of the form

u(x) = f(x) +
∫ x

0
K(x, y)u(y)dy, (1)

where u(x) is an unknown function of x, K(x, y) is the kernel of the equation,
and f(x) is a given function of x. The VIEs have been studied extensively in
the literature [7,8,26–28,31]. The solution to the VIE may be obtained by ap-
plying the Differential Transform Method (DTM). The DTM is a well-known
method in the literature for solving VIE [9,11]. It is a numerical method that
constructs approximate solution to the VIE in the form of a series with eas-
ily computable terms [26]. Odibat [26] had shown that the DTM is a reliable
tool for solving VIE. For an original function f(x), Tari [33] defined the kth
differential transform, F (x), of f(x) at a point x = x0 as

F (k) =
1
k!

dkf(x)
dxk

∣∣∣∣∣
x=x0

, (2)

and the inverse transform as

f(x) =
∞∑
k=0

F (k)(x− x0)k. (3)

In this study, f(x) is the Cobb-Douglas production function (CDPF) with
labour as the only factor. The CDPF has been described in [12,14,16,21,23].
The CDPF is adopted for f(x) because it is the best known production func-
tion [4]. The production problem formulated in this study is for the short-run
period wherein off-the-job training is still ongoing. The formulation does not
include a measure of performance as our focus is on the stage where training
is still in progress. A practical example where productivity on training is not
measured is found in the literature [35]. The initial conditions for the VIE
include the profit-seeking motive of the firm. The VIE is solved using the
DTM. This paper derives a transcendental function for the VIE. Transcen-
dental functions are defined by functions that cannot be expressed in terms
of algebraic functions, such as exponential function, trigonometric functions,
and the inverse of both [34]. When these functions are used to describe the
conversion of inputs into outputs in the production process [5], they are re-
ferred to as transcendental production functions. In the economics literature,
two forms of the transcendental production function (TPF) have been iden-
tified. The first, which is called the classical TPF, is given as [15]

Y = a
n∏
i=1

xbii exp(dixi), (4)
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where xi is the input variable i, i = 1, 2, · · · , n, and a, b and d are constants.
The second, which is the transcendental logarithmic production function (or
the translog production function), is given as [10]

lnY = a+
n∑
i=1

bi lnxi +
n∑
i=1

n∑
j=1

dij(lnxi)(lnxj), (5)

where xi and xj are the input variables i, j = 1, 2, · · · , n, and a, bi and dij
are constants. These TPFs in the literature are not homogeneous and their
marginal physical product of labour is unrestricted in sign. The present study
proposes a completely different form of the TPF arising from the VIE for-
mulation. The new production function in this study lies within the ambit
of TPF as it contains the sine function. Unlike the CDPF, the homogeneity
property does not hold for the production function derived in this study. This
is a point of similarity of our production function with the ones in Eq. (4)
and Eq. (5). In the rest of this paper, we shall simply use the term ‘train-
ing’ for ‘off-the-job training’. This study would be of interest to researchers,
managerial and production economists and proprietors of industries.

2. Theoretical framework. Consider a single product firm experienc-
ing under a decreasing returns to scale that practises a continuous batch-by-
batch training for the workforce in the the short-run scenario. The employee
on training spend a part of their normal working hours for the training. Let
N be the total workforce size. This level of employment N is an implicit
function of time t. Let S be the number of employees who are left out of the
training in a given batch and let L be the number of employees on training.
The output of the firm at complete utilisation of the workforce (i.e., when no
employees is on training) is represented as f(N), and the output of the firm
when the training programme is ongoing is Y (N). The output is measured in
monetary units. The cost of training the N employees is denoted as C(N).

To develop a production function for the firm, some assumptions are
made.

Assumption 2.1 The training is mandatory for all employees in the firm
and needs to be done regardless of its impact on the production process.
This assumption rhymes with one of the notions of training discussed in the
literature [35].

Assumption 2.2 A part of the normal working hours is allocated to the
training so that the trainees are not completely out of work during the period
of the training.

Assumption 2.3 Labour input is the only variable factor of production and
it is made up of two parts: employees who are not on the training and those
who are on training. Thus for S > 0, L = (N − S) > 0.
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Assumption 2.4 The output and labour input are measured as non-negative
quantities.

Assumption 2.5 The training is delivered by external providers at a certain
cost to the firm. The firm is assumed to defray the cost of the training from
the revenue accruing from the sale of output and that it does not make losses
due to the funding.

Assumption 2.6 The price of the output is stable and the wage is the market
wage rate.

Assumption 2.7 The firm leaves out S staff from the training on the con-
dition that their contribution to output satisfies the criterion for profit max-
imisation for firms. Since firms maximise profit at the point where the value
of marginal physical product equates the market wage rate [19,23], we have

Y ′(S) =
w

p
, for all S ∈ Z0, (6)

where Y ′(S) is the marginal physical product of the S active employees, w is
the market wage rate, p is the price level and Z0 is the set of non-negative
integers.

Assumption 2.8 The training of employees is a continuous process and the
isoquant for output is continuous [23].

Assumption 2.9 The output function f(N) is known and it is described by
the CDPF. That is

f(N) = γNα, 0 < α < 1, (7)

where γ > 0 is the total factor productivity, i.e., the portion of output not
explained by the amount of labour used in production and α is the output
elasticity of labour. The range 0 < α < 1 indicates that the firm is experienc-
ing decreasing returns to scale, i.e., f(N) increases less than proportionally
with the increase in the workforce size N .

Assumption 2.10 When a certain number of employees are on training, the
output, f(N), decreases by an amount equal to the cost of the training.

Let δ2 ∈ (0, 1) be the resource allocation per employee on training, i.e.,
the resource ploughed-back parameter. The parameter δ2 lies in the open
interval (0, 1) so as to indicate that it is a proportion of the revenue accruing
from the sale of output. The square on δ is used to ensure that the proportion
is a positive constant. The choice of δ2 is determined by the administrative
authority of the firm. From Assumptions 2.5 & 2.8, the cost of the training
is represented as

C(N) = δ2
∫ N

0
(N − S)Y (S)dS. (8)
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The limits of integration, from 0 to N , is used to indicate that no employee
is discriminated against. Discrimination could be in restricting the training
to new employees or the semi-skilled or unskilled or the managerial cadre.
From Assumption 2.10, the output, Y (N), is expressed as

Y (N) = γNα − δ2
∫ N

0
(N − S)Y (S)dS, (9)

where Y (0) = 0. The net output of the firm depends on the total workforce
size, N , because the employees on training are not completely out of work
during the period of the training (Assumption 2.2). The integral equation
(9) is the linear VIE with the kernel being (N − S). We solve the VIE (9)
subject to the conditions Y (0) = 0 and Eq. (6).

3. Model solution and computational results. This section derives
the transcendental production function, provides proofs for the propositions
on the properties of the function and simulates observations to describe the
behaviour of the function.

3.1. The production function. Consider the Taylor’s series expansion
of Y (S) in Eq. (9). We obtain

Y (S) =
∞∑
k=0

Sk
1
k!

dkY (S)
dSk

∣∣∣∣∣
S=0

. (10)

But the second-order derivative of Eq. (9) gives

Y ′′(N) = α(α− 1)γNα−2 − δ2Y (N). (11)

Taking the differential transform of Eq. (11), we get

(k + 1)(k + 2)F (k + 2) = α(α− 1)γθ(k − α+ 2)− δ2F (k), (12)

where F (k) is the kth differential transform of Y (N) and θ(k) =

{
1 if k = 0
0 if k 6= 0

.

Since α ∈ (0, 1), θ(k−α+ 2) = 0 for all k ∈ Z0. Thus we have the following
recurrence relation

F (k + 2) = − δ2

(k + 1)(k + 2)
F (k) for k ∈ Z0.

With Y (0) = 0 and Y ′(0) = w
p , F (0) = 0 and F (1) = w

p . Consequently, we
find

F (k) =


(−1)n δ2n

(2n+1)!
w
p if k is odd, n = 0, 1, 2, · · ·

0 otherwise
.
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Therefore, for k = 2n+ 1,

1
k!

dkY (S)
dSk

∣∣∣∣∣
S=0

= (−1)n
δ2n

(2n+ 1)!
w

p
.

The output function for the employees excluding those on training is

Y (S) =
w

pδ

∞∑
n=0

(−1)n
1

(2n+ 1)!
(δS)2n+1.

This is equivalent to writing

Y (S) =
w

pδ
sin(δS). (13)

Substituting Eq. (13) into Eq. (9), we have

Y (N) = γNα − wδ

p

∫ N

0
(N − S) sin(δS)dS, (14)

On integration, we obtain the production function

Y (N) = γNα − w

p
N

(
1− sin(δN)

δN

)
. (15)

Eq. (15) is a transcendental function as it contains the sine function. From
Eq. (15), the representation for the case where the firm ceases to finance the
training is the limit limδ→0 Y (N).

3.2. Properties of the production function. The following proposi-
tions identifies the properties of the production function.

Proposition 3.1 The output, Y (N), is finite regardless of the workforce
size, N .

Proof On examination of Eq. (15), we find that

γNα − 2w
p
N < γNα − w

p
N

(
1− sin(δN)

δN

)
< γNα,

as 0 <
(
1− sin(δN)

δN

)
< 2. Since Y (N)  0 for all N , 0 ¬ Y (N) < γNα. For

large N , 0 ¬ limN→∞ Y (N) <∞. �
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Proposition 3.2 The marginal physical product of labour, Y ′(N), is unre-
stricted in sign.

Proof Taking the derivative of Eq. (15), we get

Y ′(N) = αγNα−1 − w

p
(1− cos(δN)) = αγNα−1 − 2w

p
sin2

(
δN

2

)
.

For known values of N,w, p, the parameters α and γ need to be estimated
from data before it can be ascertained whether Y ′(N) is zero, positive or
negative. �

For Y ′(N) < 0, the training may be sustained if Y (N)  0, and if Y (N) <
0, the training should be suspended as Y (N) < 0 implies that the firm is
making losses due to the training. The unrestricted sign of Y ′(N) is not new
as there are other production function having this property [15].

Proposition 3.3 The marginal physical product of labour declines as the
level of employment increases.

Proof The proof follows from Eq. (11) and the restriction on α ∈ (0, 1). �

From Proposition 3.3, the production function Y (N) is concave on the
interval (0,∞). Since Y ′(N) is unrestricted in sign, the output is either in-
creasing at a decreasing rate or decreasing at an increasing rate as the number
of employees is increased.

Proposition 3.4 The function, Y (N), is a non-homogeneous function.

Proof For a constant λ, Y (λN) 6= λY (N). This completes the proof. �

3.3. Simulation. To get an insight into the pattern of Y (N), the sim-
ulation of observations on the levels of employment is a helpful tool. The
simulation in this subsection concentrates on the range of output over which
the marginal physical product of labour is either positive or negative, but
non-negative productivity of labour. The simulation begins with levels of
employment of labour for which the marginal physical product is positive
prior to the firm embarking on training, and then determines the pattern
of output during the course of the training using our new TPF. We carry
out this task for three instances of δ = 0.02, 0.45, 0.85 and provide estimates
for the parameters α and γ using the least squares criterion [24]. We sup-
pose that p = 50, w = 5000 (in monetary units). Then a simulation of 20
replicates is carried out for N in the interval [50, 100) from a uniform dis-
tribution and Y from a normal distribution with mean 60000 and variance
(10.5)2 using the function rand and randn in the MATLAB environment,
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respectively. The function rand is a random number generator for uniform
random variables, and randn is used to generate the standard normal ran-
dom values. The parameters α and γ are estimated as α̂ = 6.6473 × 10−4

and γ̂ = 5.9835 × 104 based on the least squares criterion. The net output
pattern Y (N) for the simulated values of N is depicted in Figure 1. Figure
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Figure 1: Output pattern under a negative marginal product of labour
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Figure 2: Output pattern under a positive marginal product of labour

1 shows that, for Y ′(N) < 0, the output declines with the increase in the
level of employment, N . This may be attributed to the very small value of α.
However, with an improvement in α, say α̂ = 0.239, Y ′(N) > 0 and the out-
put rises with the increase in the level of employment, N , as shown in Figure
2. Figure 2 is consistent with an efficient production process. The output and
the marginal physical product ribbons in Figures 1 and 2 show some fluctu-
ations as the employment level rises. The fluctuation is more evident in the
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marginal physical product curve. These fluctuations, which are occasioned
by the trigonometric function, reflect the tides in production. This is realistic
to the scope of this study as output may fluctuate owing to the flux of the
employees arising from the batch-by-batch training arrangement.

4. Concluding remarks. A transcendental production function in the
short-run scenario has been developed for a firm-sponsored off-the-job train-
ing. The firm’s allocation of resources to the training is summarised in the
parameter δ2. The scenario where the employees on training are not com-
pletely out of work during the period when the training is still in progress is
studied. The production function, which is derived from the VIE, is solved
using the DTM within the the condition for profit-maximisation for a single-
product firm. The DTM reduced the computational difficulties considerably
by simple manipulations. Propositions on the properties of the new produc-
tion function have been stated. The production function is well suited in
describing the output pattern for the firm financing the training using a frac-
tion of the output generated by the employees left out of the training in
a given batch. This contribution to knowledge could assist personnel and
production managers of firms. Beside these accomplishments, there are some
avenues for further research. Further developments could be in the direc-
tion of a stochastic short-run production function and on the contribution to
output of employees after completing the training. To figure out the latter,
the model may be reformulated to be individual-specific, rather than dealing
with labour input in aggregate terms. Finally, a more sophisticated scenario
could be studied by relaxing some of the assumptions in this study.

5. Acknowledgement. The author wishes to thank the Editor-in-Chief
and the anonymous referee for their insightful comments and suggestions
which led to the revision of the earlier manuscript.
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Użycie całkowego równania Volterry do opisu procesu kształcenia
wewnątrz przedsiębiorstwa

Virtue U. Ekhosuehi

Streszczenie W artykule poszukuje sie funkcji produkcji pojedynczego produktu
w przedsiebiorstwie finansującym szkolenia ze środków uzyskanych ze sprzedazy
tego produktu. Funkcja produkcji ma zalozona forme równania całkowego Volterry
a kryterium optymalizacji jest krótkoterminowa maksymalizacja zysku, w którym
praca jest jedynym czynnikiem produkcji. W badaniu wykorzystano funkcję Cobba-
Douglasa z ustalona iloscia kapitału. Wyniki wskazują, że otrzymana funkcja pro-
dukcji firmy jest funkcją analityczną, a wymagana część zysku potrzebna do sfinan-
sowania szkolenia leży w przedziale z określoną górną granicą.
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Słowa kluczowe: przedsiębiorstwo • metoda przekształceń różniczkowych • funkcja
produkcji • całkowe równianie Volterry • e.
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