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Abstract Semantic memory retrieval is one of the most fundamental cognitive func-
tions in humans. It is not fully understood, and researchers from various fields of
science struggle to find a model that would correlate well with experimental results
and help understanding the complex background processes involved. To study such
a phenomenon we need a relevant experimental protocol which can isolate the basic
cognitive functions of interest from other perturbations. A variety of existing medical
tests can provide such information, and the one we analyze is the Category Fluency
Test (CFT). It was originally designed to measure frontal brain lobe damages in in-
jured patients, and it tests directly the semantic memory retrieval, which is affected
in cases of injury but can be also influenced by dementia, Alzheimer syndrome, or
just aging. This paper introduces a new paradigm in analysis of the temporal struc-
ture of CFT responses by utilizing coalescent stochastic process model. We believe
that this particular model is relevant to how this cognitive function operates, and
can lead to a better understanding of the background processes. The method turns
out to be better at separating the two cognitively different groups studied here than
the Weibull model from our previous paper [24], and could potentially be used for
early diagnostics of dementia, or Alzheimer’s disease. Two other models, one based
on the concept of Lévy processes, and one related to the fractional Poisson model,
are also explored.
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1. Introduction The goal of this paper is to employ the theory of
coalescent stochastic processes (and a couple of alternative approaches) to
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expand our previous efforts (initiated in [24]) to create mathematical mod-
els of the process of recall from semantic memory which should allow better
understanding of cognitive processes in human brain. We begin this introduc-
tion by reviewing the phenomenon of retrieval itself, describing the Category
Fluency test used in this paper as a source of empirical data, review the
nature of the data, and conclude by description of the structure of the paper.

1.1. Retrieval from semantic memory Human memory is under-
stood to be divided into two parts: the episodic memory, and the semantic
memory. The first one is created by events that we have lived through, while
the second corresponds to the more general knowledge and vocabulary. Ev-
ery day, any of our actions require that we dig into both of these memories.
The memory retrieval process is therefore an essential aspect of our cogni-
tive capacities. From the neurological point of view, the episodic memory
is located in the hippocampus; amnesic subjects often present damages in
this area and are unable to recall past events, while having no problems with
semantic memory. However, it is more difficult to find the precise locus of
the semantic memory, and some researchers explored a possibility that it is
spread out across different areas of the brain, depending on whether we are
considering, for example, a representation of an object, its visual appear-
ance, its sound, or its touch; those memories would be located in the areas
related to vision, audition, and touch, respectively [46,47]. Other researchers
demonstrated [3, 21] that temporal lobes play the central role in the seman-
tic memory structure as semantic dementia often is associated with damage
to those brain regions. For a thorough review of the foundations of human
memory, see [15].

In computational psychology several different models for semantic mem-
ory have been studied including the Teachable Language Comprehender (TLC)
[7], in which semantic items are all part of a hierarchical network. For ex-
ample, the nodes “cat” and “dog” are both linked to a deeper level node
“animal”, but are also connected together because they share characteristics
like “has four legs”, “is a pet”, etc, making them closer than “cat” and “fish”
which, however, are also connected within the larger “animal” grouping. In
this model the semantic memory retrieval process corresponds to browsing
through the network from node to node starting with the deeper ones. Some
of our previous research [22,42] used the random graph approach to provide
a systematic rigorous framework for this approach. In this context, our coa-
lescing stochastic process hierarchical approach can be seen as related to the
above approach. However, in our study we don’t actually model the seman-
tic memory itself but just the structure of the retrieval process, and only in
a certain particular context. We will show that this “top-down” approach
could serve as a benchmark for modeling recall processes.

Our previous work [24] modeled the recall sequence in CFT via the “first-
past-the-post” paradigm which also used the concept of “exponential exhaus-
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tion” introduced by Rohrer [35,51]. It was also related to the extensive work
by Ratcliff and his group [29–33] which employed the diffusive model and
the idea of the level crossing times for the Brownian diffusion with a drift as
a representation for the duration of intercall intervals. We will explain the
connections of our present work with those efforts in what follows, while also
exploring two additional models, one based on the concept of Lévy processes,
and one related to the fractional Poisson model. The most important result of
the present work is that the parameters in the coalescing model demonstrated
a much higher ability of discrimination between two cognitively distinct popu-
lations than other models considered previously, including the Weibull model
introduced in [24].

1.2. Category Fluency Test (CFT) The widely used Category Flu-
ency Test (CFT) is a psychological and cognitive test designed to sample
semantic domains by oral association. During a limited amount of time the
test subject has to recall words from a semantic category. The most com-
mon CFT is the 60-second animal naming task, but several variations exist
using other semantic subsets such as fruits, or words starting with the letter
p, and employing different protocols. It has proven to be sensitive to early
signs of Alzheimer’s disease and other cognitive impairments. It has been
adopted as part part of the Neuropsychology Battery of the Uniform Data
Set designed by the U.S. National Institute of Health, see, e.g., Caramelli et
al. [6], Gomez and White [12], Kramer et al. [20], Canning et al. [5], Morris et
al. [25], Sauzeon et al. [39], Tombaugh et al. [43], Diaz et al. [11] and Weiner
et al. [48]

However, the simple final score of the total number of animals named in
one minute (denoted N60 in [24], and this paper) provides limited informa-
tion given the existence of confounding factors such as patient’s education
and personal curiosity. On the other hand, the speed of recall, that is the
number of names retrieved per unit time interval, can provide a more subtle
information (see Rohrer et al. [35], Troyer et al. [44] and Lerner et al. [22]),
and it has been demonstrated that the naming rate decays during the test-
ing period – exponential and hyperbolic decay rates have been proposed and
tested on experimental data. The most cognitively impaired patients show
the fastest decay in their answering rate. This information can be used for
pre-diagnostics. Yet there is even more information to be extracted from
CFT data. The sequence of intercall time intervals (times between consec-
utive responses) in the one minute animal naming test consistently displays
an interesting statistical distribution that obviously is related to the intrinsic
operation of the recall system. By focusing on the statistical distributions of
what in mathematical psychology has been often called inter-response times
(IRT) it is possible to get more information on the patient, and to perform
more accurate diagnostics. The problem has been studied for a long time
going back to the pioneering and influential 1944 efforts by Bousfield and
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Sedgwick [2], although not necessarily in the specific context of the Category
Fluency Tests; our present study, and [24], can be seen as a continuation of
their work.

The other key aspect of the IRT sequence is its burstiness: some time
increments are much longer than the average. These length differences cor-
respond to two different types of answers: “within the same category”, or
“intracategory”, and “intercategory switching”. It is characteristic of the
semantic memory retrieval process that the subject starts with a word and
then selects a similar word (a neighbor in the semantic space), but at any
moment can select a word from a different category (further away in the
semantic space) which typically takes more time. Thus the path through
semantic memory can be visualized as a tree, with the recall process starting
with naming leaves on the same branch and then jumping to another branch
once the supply of leaves on the first branch has been exhausted. It is this
representation of the memory retrieval process which has led us to consider
the Kingman’s coalescent stochastic process model.

To be relevant, a mathematical model for CFT responses has to display
two characteristics, decay in the response rate, and burstiness, and our coa-
lescent model was selected with that objective in mind. In what follows we
present a statistical fitting of our coalescing stochastic process model to the
data sets obtained in CFT experiments conducted on several subjects divided
in two groups: young adults (YA), and older adults (OA). The same data
set was used in our previous work [24]. We will verify how well our model
is able to fit the data and observe how well our results allow us to discrim-
inate between the two groups. Indeed, since our model reveals statistically
significant variations related to aging we hope it can be usefully employed in
diagnostics of cognitive impairment as well.

Finally, let us say that quantitative studies of CFT data have a long
history. Some of it has been already described above, but we would also like
to recognize significant contributions in [8,13,23,26,28,34,36,38,41,45,49,50]

1.3. The data
The CFT data set used in our previous work [24], and in this paper,

have been collected from 30 subjects: 15 were young adults (YA), enrolled as
undergraduates at Case Western Reserve University, and 15 older, cognitively
normal adults (OA, 45-65 years of age) participating in a longitudinal research
registry at the Oregon Health Sciences University in Portland, OR, (used here
courtesy of Dr. Jeffrey Kaye of the Oregon Health Sciences University), or the
Memory and Cognition Center at University Hospitals’ Case Medical Center
in Cleveland, OH. All subjects provided signed consent. All subjects were
tested in accordance with the procedures described previously. For this study,
non-animals and repeated items were not excluded from analysis but were
less than 1% of all responses. The animal naming task was recorded and each
audio file was scored for time of onset of each word using Apple GarageBand
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software (Apple, Inc., Cupertino, CA). Inter-rater reliability was 99%. The
time between the onset of words was called in [24] the inter-call (iC) time,
and the average of the two raters was used in subsequent analyses described
herein. We will preserve the same terminology in this paper. The Case data
were collected by David J. Meyer, Jason Messer, Tanya Singh, at that time
enrolled as undergraduate students at Case, and all the data had been rated
by them. All the computations in the present work have been performed
using the symbolic manipulation computational platform Mathematica.

1.4. Structure of the paper In Section 2 we present the coalescent
stochastic process model starting with a description of the Kingman’s co-
alescent theory in some detail. Analysis of the probability distribution of
time increments within this model then follows, parameters determining the
model are listed, and their significance discussed. Estimation methodology
for these parameters is presented in Section 3; we use the maximum likeli-
hood method employing first approximations for some parameters. Results
of these estimations and distribution of the parameters are on display in
Section 4. Section 5 discusses the ways one can design statistical hypothe-
sis tests which could discriminate between the data from the older, and the
young adults. We believe that similar tests can be employed to quantify the
degree of cognitive impairment in Alzheimer’s disease and dementia patients.

Finally, in Section 6, we briefly explore two additional, new in this area,
stochastic models: one based on the theory of Lévy jump stochastic pro-
cesses, and one utilizing the concept of a fractional Poisson process. Then
we compare their usefulness and accuracy with the results obtained via the
coalescent stochastic process approach.

2. The coalescent stochastic process model In their original form,
coalescent random processes were introduced by Kingman [18] who consid-
ered them in the context of population dynamics going backwards in time.
In the simplest case, the model considers a population of haploid individu-
als at present time, assumes non-overlapping generations of “siblings”, and
tries to find information about the relevant genealogical tree, like the num-
ber of generation to the most recent common ancestor of any subgroup of the
presently living individuals. The model, and its generalizations (see [19], and
also excellent lecture notes by Jean Bertoin [1]) have been widely adopted
in genetics research, see, e.g., [37], to quantitatively analyze the gene flow
in large populations and, for example, to evaluate the probability that one
allele dominates another. Whimsically, one can think about the theory as a
study of the “Adam and Eve” problem.

Our insight was that the model can be considered in the time moving for-
ward, and employed to represent the process of recall from semantic memory
word supply as a random evolution of “coalescing memories”. The model
emerges from the idea that we can represent the semantic memory during
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the CFT experiment as a space within which words are selected one after
another, at each step the remaining words being selected from a new smaller
semantic space, and the selection being preferential toward words categori-
cally similar. Thus step-by-step evolution of the available semantic space is
similar to the evolution of a coalescent tree, but forwards in time. We will
show how this model can express two essential aspects of the CFT answer-
ing process: decay in the answering rates, and burstiness related to category
switching. A description of our formal approach follows below.

2.1. Kingman’s coalescent tree. Let us start with a quick, elemen-
tary review of the classic Kingman coallescent concept. The basic idea is
to study genealogy within the so-called Wright–Fisher model. The Wright–
Fisher model is a population dynamics model where population is composed
of N haploid individual (i.e., each of them has a single parent), evolving
in discrete time, with the dynamics of the population constrained by the
following conditions:

• The total population, N , is constant.

• Each individual of the k-th generation has one ancestor chosen uni-
formly among the individuals from the (k − 1)-th generation.

• Generations do not overlap.

An example of such evolution within a population of ten individuals is shown
in Figure 1, where the time is running forward from top to bottom.

Figure 1: An example of the Wright–Fisher population dynamics of a group
of ten individuals.

The purpose of the Kingman’s coalescent tree methodology is to enable
study of genealogy of a subset (of size n) of the total population of size N ,
when N →∞.

In this model the probability of a sub-group of n individuals to have n
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different parents is1 (
1− 1

N

)
· . . . ·

(
1− n− 1

N

)
,

and the probability of having different ancestors for i consecutive generations
is (

1− 1

N

)i
· . . . ·

(
1− n− 1

N

)i
.

Then, on a time scale t, when one time unit corresponds to N generations,
choosing i = t ·N , the above probability converges, as N →∞, towards the
number

e−t(1+2+...+(n−1)) = e−t
(n−1)n

2 .

In other words, the probability that the least distant shared ancestor of any

pair of the group of n individuals is older than t is equal to e−t
(n−1)n

2 , which
means that the random age of the first common ancestor among the group
has an exponential distribution with parameter

(
n
2

)
2.

Figure 2: Example of a coalescent tree for five individuals.

In this context, the coalescence tree’s current state is formally defined as
a Markov chain (Πn) on the set of partitions of the set {1, 2, . . . , n} associated
with a process (Tk)k=n→k=1 modeling the backward time flow. Its evolution
is defined by the following requirements:

• Let Πn = {{1}, . . . , {n}} be the initial state of the tree, with Tn = 0;

• At generation k, two random sets of Πk merge to obtain a new partition
Πk−1. Letting tk be an exponential random variable with parameter(
k
2

)
, we define Tk−1 = Tk + tk ;

1 The formula is trivially obtained by observing that the event in question is a concur-
rence of parent-sharing events not happening.
2Depending on the choice of the initial probability distribution of how the parents are

selected, other limits are possible. In particular, in [24], we have employed a model that
led to the Weibull distribution, rather than the exponential distribution.
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• The process is repeated for k’s starting with k = n to k = 1.

Thus the state (Πk(t)) of the Markov chain represents the set of ancestors of
the initial group of n individuals at time t counted backwards, and starting
with the present time.

2.2. Coalescing random process model for “coalescing memo-
ries” dynamics in CF Test. We have adapted Kingman’s model to our
study replacing population of individuals by the available vocabulary for the
CF Test, and the genealogical convergences to a common ancestor by words
being selected from the semantic memory supply and spoken consecutively.
The initial state (Πn(t0)) is the set of all words in the relevant vocabulary
available for the test; at each step one word is spoken and it is chosen ran-
domly from the set of the remaining unused words, first within a category
and then, after exhausting the word supply in the category, switching to a
different category.

Figure 3: Coalescence tree representing the CF Test response process.

Our model involves two-steps:
Step 1: At the micro-level it includes a coalescent micro-tree, where within
each category a consecutive word is selected by a coalescing process from
the supply of words from a given category in the semantic memory, with the
coalescence time (the intercall time) distributed exponentially as described
in Subsection 2.1.

Step 2: At the macro-level, the macro-tree, represented in Figure 3, de-
scribes the global structure of all responses in the CF Test. Once the first
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word is spoken, a second word is chosen and within the macro-tree the two
branches representing these words merge, and the second word becomes the
current state (Πn(t)) of the relevant Markov chain. The random time interval
between consecutive mergers of the forming tree has a new exponential dis-
tribution as in Kingman’s model but with an adaptable intensity parameter.
Thus the macro-tree doesn’t have the usual general coalescence structure, but
instead, every new word spoken will attach a new branch to the tree formed
by the previous word selections. The tree we consider has an asymmetric
binary structure with a new growing branch attached only to two previously
created branches.

The main reason for employing this simplified version of coalescence is
that we can now adapt the distribution of the time increment to the nature
of the coalescing elements, considering whether or not they belong to the
same category or not. This phenomenon will be mathematically modeled by
introducing an intensity parameter λ in the exponential distribution of the
random intercall time intervals whose values depend on whether the coalesc-
ing elements belong to the same, or different t categories. Thus the model
will be able to accommodate both the burstiness of our recall process, as well
as the global decay of the answering rate.

It is important to restate, that another parameter appearing in our model,
N∞, total recall capacity of an individual, (i.e., the total number of items
available in the model, the concept utilized in [35], and [24]) is not the total
vocabulary range of the tested subject but a parameter that describes the
evolution of the tree and the decay of the answering rate. Similarly, the
number and the size of the categories in the model do not correspond to the
actual values, and it is even not necessary, nor feasible, to evaluate these pa-
rameters based on the data available to us. We will just observe the moments
corresponding to category switching in our experiments, and evaluate their
probability and the parameters related to the probability distribution of the
inter-category intercall times.
To parameterize our model, we need to make two assumptions:

• The number of categories and the size of each are large enough so that
the probability to switch from one category to another doesn’t change
during the experiment.

• The distribution of the intercall time intervals is exponential. Its in-
tensity depends on the parameter N∞, the recall capacity, and i, the
number of items already pronounced, and on the nature of the pre-
vious coalescence (intra, or inter category), and it will be denoted
λintracat

(
N∞−i

2

)
, and λintercat

(
N∞−i

2

)
, respectively.

Under these assumptions the evolution of the coalescent macro-tree is de-
scribed by the following Markov chain:
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• Let the initial state of the tree be

Π0 = {{1, cat1}, {2, cat2}, . . . , {N∞, catN∞}},

where catm denotes the category the m-th word belongs to, and let
T0 = 0. The current word w0 to be retriven is chosen randomly with
a uniform distribution over the set of cardinality N∞ of all available
words.

• At the k-th iteration, a word creating a new branch of the macro-tree
is chosen,

(i) with probability (1− pcatswitch) within the same category, and

(ii) with probability pcatswitch in the rest of the set.

The chosen word will create a new branch connected with the current
word, and the state of the tree is updated:

Πk =
{{
{w0, catw0}, {w1, catw1} . . . {wk, catwk}

}
,

{k + 1, catk+1}, . . . , {N∞, catN∞}
}
,

Then the time is updated as well: let the time increment tk be an
exponential random variable with parameter λ

(
N∞−k

2

)
(λ being λintracat,

or λintercat, depending on the nature of the branching), and Tk+1 =
Tk + tk.

• The procedure is repeated starting with k = 0, and continuing until
Tk ≥ 60.

The choice of the distribution in the last assumption corresponds to the
classical way of modeling the coalescent tree evolution described in Subsec-
tion 2.1. For us it has the advantage of intrinsically providing for a natural
increase in the expected values of consecutive intercall time intervals. The
decay in the corresponding rate of word production is hyperbolic, that is of
the order of 1/t, rather than the exponential decay postulated in our previous
publication [24], and in Roher’s work [35]. But as we’ll see in what follows the
model provides the fitting accuracy similar to the “exponential exhaustion”
model. However, it would be useful to further explore other options for the
distribution of intercall times with, or without Markov property, to achieve
a better fit, and/or a more pertinent parametrization.

The parameters of the model can now be clearly defined:

• N∞, the width of the first stage of the coalescence tree is interpreted as
the “total recall capacity”; a high value of N∞ produces a slow decay
in the naming rate which can be viewed as a sign of cognitive health.



P.-Y. Quéau, W. A. Woyczynski, A. J. Lerner 197

• λintracat, the intensity parameter of the intra-category intercall intervals;
the higher it is, the more rapid the retrieval process is.

• λintercat, the intensity parameter of the inter-category intercall inter-
vals; a very low value of λintercat would indicate subject’s difficulties in
switching between categories.

• pcatswitch, the probability of switching from one category to another;
subjects with large pcatswitch are able to easily navigate between cate-
gories.

In the next section we will provide a computer simulation for our model,
and explain techniques we are going to employ to estimate the model param-
eters from the data obtained in real CF Tests.

3. Simulations and model parameter estimations In this section
we construct a simulation (the technical details are provided in the Appendix)
of our coalescent stochastic process model of recall from semantic memory,
develop the basic principles of estimation of its parameters, and then verify
how well these methods work for the simulations when the parameters are
known and controlled.

3.1. Simulations and the first approximations Our simulation
follows directly, step-by-step, evolution of the macro-tree given the following
set of parameter values:

• N∞ = 30

• λintracat = 0.003

• λintercat = 0.001

• pcatswitch = 0.1

The result is pictured in Figure 4 below.
In principle, one would want to use the standard maximum likelihood

method to estimate different parameters. However, for a single subject, when
the number of words named is about 30, there are just not enough points
to provide reliable estimates. So, with many parameters to estimate, we
decided to start by establishing a reasonable, simple approximation of these
parameters, and work with them first. Our approximation is based on the
asymptotic behavior of the model.

Let N(t) be the number of words retrieved by time t, and tn — the time
at which the nth word is spoken. Let (Bk), k = 1, 2, . . . be a sequence of 0-1
valued independent Bernoulli random variables with parameter pcatswitch =
P(Bk = 1), and let us denote by E(λ) an exponential random variable with
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Figure 4: Simulated example of the cumulative word count via the coalescent
process with parameter values selected in Subsection 3.1.

parameter λ. Then,

tn =

N(tn)∑
k=0

[
1Bk=0E

(
λintracat

(
N∞ − k

2

))
+ 1Bk=1E

(
λintercat

(
N∞ − k

2

))]
To provide an approximation for the expected value of tn, let us denote

λmean = λintracat · (1− pcatswitch) + λintercat · pcatswitch.

Then,

E[tn] ≈
N(tn)∑
k=0

2

λmean(N∞ − k + 1)(N∞ − k)
.

Now we can view this sum as a Riemann sum for the relevant integral, and
in view of the Law of Large Numbers, for N(t) large enough, we have

tn ≈
2

λmean · (N∞ −N(tn))
− 2

λmean ·N∞
.

Therefore,

N(t) ≈ N∞ −
2

λmean(t+ 2
λmeanN∞

)
.

Note the “hyperbolic exhaustion” derived in the above formula is different
in principle from the “exponential exhaustion” assumed in [35] and [24]. But
for small values of t, the behavior under these two scenarios is similar, since
the first terms of power series expansions for both cases are identical.

Now, estimation of pcatswitch can be easily accomplished by calculating
the observed frequency of category switching. This, of course, is not go-
ing to produce very accurate results as we often observe just one or two
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switches for each subject, but this is the best we can do considering the data
we have, without resorting to the more complicated technique used in [24],
which rescaled the time for each individual to create the uniform rate of word
production across all the individuals tested, and enabled pooling of data from
different subjects, and creation of a large sample size for intercall data; more
about this issue, later.

Example 3.1 [Testing our estimators on the simulated data. ] Now, having
reduced the situation to a simpler model with just two, easily fitted param-
eters, we are able to to provide the following estimates:

• N∞ = 30.5,

• λmean = 0.0031.

The corresponding approximation is presented in Figure 5 (left) and shows
that our “hyperbolic exhaustion” approach is reasonable.

Example 3.2 [Testing our estimators on the real data. ] The estimates
obtained for subject OA01 are as follows,

• N∞ = 17.1,

• λmean = 0.007.

The corresponding approximation is pictured in Figure 5 (right). Again it
shows a good fit for our asymptotic approximation and the resulting “hyper-
bolic exhaustion” behavior.

Figure 5: Left: Test of our first approximations on the simulated data.;
Right: “Hyperbolic exhaustion” fit for the data from subject OA01.

3.2. Maximum likelihood estimation The standard maximum like-
lihood method applied to a small size data set from a single individual is
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not going to work very well, and is likely to produce outlandish estimates
for which the likelihood would be high, but which would not make much
sense. So, we have employed a constrained algorithm which would result
in estimates close to our approximate asymptotic estimates from the previ-
ous subsections, but which would look for a local maximum in a restricted
domain designed so that no information contained in the sample is lost.

Recall, that the Maximum Likelihood Method requires that we find the
estimator,

θ̂ = arg max
θ

Lf (θ),

for a given likelihood function Lf . In our case, the parameter is

θ = (N∞, λintra, λinter, pcatswitch)

(it is four-dimensional), and the likelihood function to be maximized is

Lf (θ) =
∑

1≤i≤N60

(
1catswitch=0λintra

(
N∞ − i

2

)
e−λintra(

N∞−i
2 )∆ti

+ 1catswitch=1λinter

(
N∞ − i

2

)
e−λinter(

N∞−i
2 )∆ti

)
For the simulated data this approach produced the following results:

• N∞ = 31.61, versus 30.5 obtained via the approximation method,

• λintracat = 0.0034, versus 0.003,

• λintercat = 0.0014, versus 0.001,

• pcatswitch = 0.04, versus 0.1,

and, for the data from subject OA01, we obtained the estimates

• N∞ = 18.3,

• λintracat = 0.0011,

• λintercat = 0.00024,

• pcatswitch = 0.045,

which again are not too distant from the numbers obtained in Example 3.2.
In the next section we will see how these parameters are distributed among
two groups of subjects: the younger adults YA 1-15, and the older adults
OA1-15.

4. Model parameters for OA, and YA groups, and their distri-
butions

4.1. Parametric estimation Table 1 shows estimates of parameters in
our coalescent model obtained by the above method of maximum likelihood
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with pre-estimation. The estimates show significant differences in the values
that N∞ takes for the two groups. This was to be expected as a high value
of N∞ means a slower decay in the naming rate,and the subjects in the YA
group are likely to be able to better maintain a high level of concentration
level throughout the whole test. The somewhat surprising result was that the
value of p is much higher for older adults who tend to switch categories twice
or three times more often in each experiment. The ability to switch categories
is a function of our so-called “executive abilities” which include short-term
working memory/attention span, speeded up information processing, and
focus shifting abilities. Executive abilities vary over the lifespan, and this may
be reflected in the differences between Young and Older adults in the number
of switches made in the 60 second epoch. Differences in the values of λ
parameters do not necessarily mean faster or slower answering rate; they have
to be taken into consideration together with the value of N∞ which is also
an intensity parameter in the exponential distribution of intercall intervals.
Hence, the differences don’t mean much by themselves, which doesn’t mean
that they can’t be used in medical diagnostics as they apparently depend on
the subject belonging to one group or the other.

Table 1: Estimates of parameters in the coalescing model for the subjects
in OA and YA groups.

Subject N∞ λintra(10
−3) λinter(10

−3) p Subject N∞ λintra(10
−3) λinter(10

−3) p

OA01
OA02
OA03
OA04
OA05
OA06
OA07
OA08
OA09
OA10
OA11
OA12
OA13
OA14
OA15

24.3
40.1
42.6
35.9
16.1
44.
40.4
17.1
33.8
38.3
28.7
22.5
19.3
25.7
32.8

6.27
1.76
0.925
1.45
14.7
1.18
1.32
7.63
1.38
1.78
1.9
5.11
7.87
2.15
1.37

0.96
0.524
0.275
0.613
1.96
0.235
0.484
1.29
0.7
0.215
NA
1.42
1.74
0.977
0.558

0.357
0.238
0.1
0.143
0.182
0.0833
0.087
0.0833
0.167
0.1
0.
0.133
0.231
0.2
0.0588

YA01
YA02
YA03
YA04
YA05
YA06
YA07
YA08
YA09
YA10
YA11
YA12
YA13
YA14
YA15

62.7
45.7
70.5
53.
80.8
39.9
112.
68.5
67.8
88.8
49.5
27.2
51.4
77.7
47.2

0.328
1.49
0.238
0.522
0.339
1.82
0.143
0.256
0.409
0.281
0.8
2.61
0.935
0.383
1.48

0.113
0.395
NA
0.184
0.102
0.998
0.069
0.083
0.092
0.073
0.258
0.69
0.336
0.124
0.326

0.0952
0.103
0.
0.0435
0.0938
0.0769
0.0278
0.0476
0.0833
0.0938
0.0435
0.0588
0.0345
0.148
0.192

Means Means
30.8 3.79 0.98 0.144 62.9 0.802 0.204 0.0762

In order to provide better understanding of the above results we are going
to find an approximate probability distributions of the parameters involved,
which will enable us to visualize more accurately the differences between the
YA and OA groups.

4.2. Nonparametric kernel density estimation for the distribu-
tions of paramaters To visualize and analyze the parameter values across
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the two groups, OA and YA, and to design consistent statistical hypotheses
tests about a randomly selected individual being in the OA or YA group, we
need to know the probability distribution of the parameters in each of the
two age groups. More precisely, we will now consider the parameter values
as random variables. For example, for a randomly chosen young adult we
should be able to compute the probability of certain events, for example, the
probability of N∞ being less than 20.

Since we have only a few observations for each parameter, we have to
decide which method should be used to estimate their probability density
functions. In our case, the most practical choice is the adaptive nonparamet-
ric kernel density estimation method which can be described as follows: The
idea is to express the density function as a sum of “kernels” centered on the
observed values of the data:

f̂n(x) =
1

nh

n∑
i=1

K
(Xi − x

h

)
.

Here, n is the number of observations, (Xi), i = 1, . . . , n, is the set of observed
values, f̂n is the kernel estimate of the desired probability density function,
K is the kernel function to be selected later, and h is the “width” parameter,
also to be selected later.

The idea of kernel estimation comes from a natural insight that the dis-
tribution of a random variable around the observed points should be strictly
positive, and that where the density of observed values is high the distribu-
tion function should have large values as well. The shape of the kernel K(x)
can be selected freely, with the most common selections used in practice be-
ing rectangular, triangular, and Gaussian kernels. But one has to recognize
that the choice of this shape imposes some assumptions on the distribution,
and has an impact on the results.

The choice of the kernel and of the width parameter h will also determine
the smoothness of the estimator for the desired distribution function: a wide
kernel will fill the gap between the values, whereas a narrow kernel will
provide pointy distribution functions with high values at the observed points,
and values close to zero elsewhere. The optimal value of this width can be
computed using various techniques with the most common being the cross-
validation technique. These rules minimize the error of the estimation. For
example, the cross-validation minimizes the mean square error which is often
considered to be most relevant in applications. It is well known (see, e.g., [10])
that, under a few weak assumptions on the actual distributions, the kernel
estimates of density function achieve the optimal convergence rate to the
actual density functions. Thus, given the information we have at our disposal,
this method guarantees the highest accuracy possible.

Kernel estimates of the probability densities of different parameters in
the coalescing process model, utilizing Gaussian kernels and Mathematica
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symbolic manipulation computational platform, are shown in Figure 6.

Figure 6: Kernel estimates for the PDFs of different parameters in the co-
alescing process model. Clockwise from top left: N∞, λintracat, p, λintercat.
Blue: YAs; Yellow: OAs.

Remark 4.1 The distributions for the two groups are, obviously, very differ-
ent but they strongly overlap. The parameter values for old adults are more
broadly distributed resulting in flatter, more dispersed distributions. This
probably was influenced by the fact that the individuals in the OA group
formed a much less homogeneous population than those in the YA group:
the age spread in the former was 45–64 years, whereas the individuals in the
second where all undergraduate students at Case. Very likely there was also
more spread in the educational background of the first group. The future
work, that will involve analysis of patients with serious cognitive impairment
should display sharper differences in those distributions between normal and
impaired subjects.

5. Testing hypotheses about the subjects In the previous section
we provided estimates, for YA and OA data sets, of various parameters en-
tering in our coalescent process model. Now, we are turning to designing a
formal “diagnostic” statistical hypothesis tests which, given the data from a
particular individual, should be able to separate OA subjects from YA sub-
jects on the basis of values of their estimated parameters. For our CFT data
the two groups are perhaps too similar to be separated at a high confidence
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level. However, the tests designed here can (and will) be used in our future
work to separate less similar groups such as healthy patients and cognitively
impaired patients. We also plan to employ it in the ongoing study of perfor-
mance of the bilingual subjects in the two languages they are fluent in. In
cases the differences in (and the separation power of) our tests are likely to
be more pronounced.

Let us start with reviewing the (slightly simplified) basic principles of
statistical hypothesis testing in the case of simple alternatives to be tested
(for more background on statistical hypothesis tests see, e.g., [9]). To test a
null hypothesis H0 against an alternative hypothesis H1, based on the values
of the estimate θ̂ of the parameter taking values in the parameter space Θ,
we will use the test function ϕ : Θ → R, and a region R ⊂ R, called the
rejection region. Then the decision making process is as follows:

• If ϕ(θ̂) ∈ R \ R , then hypothesis H0 is not rejected, and remains the
working hypothesis;

• If ϕ(θ̂) ∈ R , then hypothesis H0 is rejected, and we accept the
hypothesis H1 as true;

Recall that in our case, parameter θ = (N∞, λintra, λinter, pcatswitch) (it is four-
dimensional), and the hypotheses are:

• H0 = “the patient belong to the OA group”,

• H1 = “the patient belong to the YA group”,

but in other diagnostic contexts the hypotheses could be, for example, H0 =
“the patient suffers from dementia”, and H1 = “the patient is healthy”.

In order to select the most efficient test function we will set the significance
level α at 10% (or, equivalently, the confidence level at 90%) which means
that the probability of rejecting hypothesis H0 while H0 is true (Type I error),
is not more than 10 percent, that is, P(ϕ(θ̂) ∈ R|H0) ≤ 10%. We selected
the 90% confidence level here, rather then the typical in applied research
95% level, to permit, based on our our data, a meaningful comparison of the
characteristics of YA and OA individuals which really are not that different
since the sample sizes are small.

Given our selection of the confidence level, all the test functions using our
different parameters have the probability of obtaining a false negative (i.e.,
H0 is true but rejected) is at most 10%. To compare their efficiency we will
compute for them two other characteristics: the power πϕ, which is defined
as 1 minus the probability of getting a false positive (which is defined as “H0

is false but not rejected”), and their separation capacity.
Obviously, the test function with a higher power is more desirable. We

define the separation capacity S(ϕ,H0, H1) of a test function ϕ as the total
area between the corresponding kernel density estimators f̂ϕ(θ)|H0

(x), and
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f̂ϕ(θ)|H1
(x), for parameter θ, for the OA, and YA group, respectively. That

is:

S(ϕ,H0, H1) =
1

2

∫ ∞
−∞

∣∣∣f̂ϕ(θ)|H0
(x)− f̂ϕ(θ)|H1

(x)
∣∣∣ dx,

The optimal test function ϕ will produce the largest separation between the
two groups.

Table 2: Separation capacities, rejection regions for H0, and powers, for
several choices of test functions

ϕ(θ) S(ϕ,H0, H1) Rϕ(90%) πϕ
N∞ 0.69 (44.1,∞) 0.78
λintra 0.59 (0,0.00074) 0.50
λinter 0.58 (0.00024, ∞) 0.53
p 0.40 (0,0.046) 0.26

λintra/λinter 0.37 (0,1.37) 0.056
N2
∞ · λintra 0.10 (0,1.30) 0.15

N∞/λintra 0.85 (40 001,∞) 0.83
N∞/λinter 0.77 (179400,∞) 0.90

Table 2, shows the separation capacities, rejection regions, and powers,
for the hypothesis “an individual belongs to the OA group”, based on the
following test functions ϕ:

• ϕ(θ) = N∞. Parameter N∞ takes much higher values for the YA group
than for the older subjects. Seemingly, younger adults can name more
animals in 60 seconds in general, but also their naming rate is more
constant and doesn’t decay as much as the one for the older subjects.

• ϕ(θ) = λ. Parameter λ takes higher values for older subjects but
that doesn’t mean that their naming rate is higher as the naming rate
depends on both, λ, and N∞, so this difference might not be significant.

• ϕ(θ) = p. The probability p of category switching is a little higher for
older subjects.

• ϕ(θ) = λintra/λinter. The ratio shows the strength of the burstiness
related to category switching in the retrieval process.

• ϕ(θ) = N2
∞ ·λintra. This test function is close to the initial naming rate.

It shows the absolute speed of the process of retrieval from semantic
memory.

• ϕ(θ) = N∞/λ. The test functions N∞/λintra and N∞/λinter are just
two characterizations of subject’s responses, which take very different
values for old and young subjects, and therefore could be useful in
designing our statistical tests.
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In practice, using the result of CF testing on a random subject, the above
table permits us to decide if the subject belongs to the OA group ( hypothesis
H0) or the YA group. To accomplish the task we just choose a test function ϕ,
calculate its value for the parameter θ̂, and if the value ϕ(θ̂) is in R\Rϕ then
we make the decision that the subject is in the OA group with probability
P(H0|ϕ(θ̂) ∈ A), which can be calculated using the Bayes formula as follows:

P(H0|ϕ(θ̂) ∈ A) = P(ϕ(θ̂) ∈ A|H0)
P(H0)

P(ϕ(θ̂) ∈ A)

= P(ϕ(θ̂) ∈ A|H0)
PH0)

P(ϕ(θ̂) ∈ A|H0)P(H0) + P(ϕ(θ̂) ∈ A|H1)P(H1)

=
0.90

0.90 + (1− πϕ)
,

where we denoted A = R \ R. Similarly, if ϕ(θ̂) ∈ Rϕ, then the decision is
that the subject is not in OA group with probability πϕ/(0.1 + πϕ).

The above results indicate that, among the family of test functions con-
sidered above, the two most efficient choices for ϕ are ϕ = N∞/λintra, and
ϕ = N∞/λinter, since they have the highest powers. To seperate the two we
have to take into consideration the fact that the estimates of λinter use only
very few values from each data set, so they are likely to be a lot less accurate
than the estimates of λintra. They also have the highest separation capacity
at 0.85. Thus ϕ(θ) = N∞/λintra is here the optimal choice.

Example 5.1 As an example we apply our test to the data set obtained by
the coalescent retrieval process simulation presented in Section 3. The initial
parameter values used were:

N∞ = 30, λintra = 0.003, λinter = 0.001, and pcatswitch = 0.1.

The estimated values were:

N∞ = 31.61, λintra = 0.0034, λinter = 0.0014, and pcatswitch = 0.04.

Using ϕ(θ̂) = N∞/λintra as our test function we obtain ϕ(θ̂) = 9297 which
is outside the rejection zone (R = (40001,∞)), therefore the hypothesis H0

is not rejected, and the decision is “the subject belongs to OA group” with
probability 0.90/(0.90 + (1− πϕ)) = 84.1%.

6. Alternative modeling attempts: Lévy diffusions and frac-
tional Poisson processes In this section we are describing our attempts
to verify two additional plausible models for the CF Test retrieval sequences.
The first, already mentioned in [24] builds on the classical diffusion ideas



P.-Y. Quéau, W. A. Woyczynski, A. J. Lerner 207

of Ratcliff, see, e.g., [29], and is based on the Lévy diffusion theory which
permits jumps in the trajectories which are forbidden in the classical Brow-
nian diffusion model. The work of Roger Ratcliff and his collaborators on
the semantic memory retrieval process modeling utilizing diffusion processes
was a great breakthrough in understanding the dynamics of these cognitive
functions. The CFT responses which are studied in this paper are obvious
examples of such processes, so it natural to try a expand the diffusion model
approach to our problem. Some preliminary attempts were made in [24].

The second attempt employs the theory of fractional Poisson processes
which intrinsically permits some burstiness in its trajectories. For mathe-
matical and physical background for these models see, e.g., [52], for the Lévy
model, and [4], for the fractional Poisson model.

Figure 7: Example of a trajectory of the Brownian diffusion with a drift d
hitting level L.

We shall start with a brief review of the classical diffusion model designed
by Ratcliff (for a more detailed presentation see [32]). In this model the time
for memory retrieval is expressed as the first boundary hitting time by a
Brownian motion with a drift. The intuitive idea here is that during the
recalling attempt the semantic item is pulled toward “consciousness” (the
process modeled by the drift and the event of hitting the boundary at some
level L) but evolves in a noisy environment that disturbs the retrieval effort
(which is modeled by the Brownian motion).

This model seems to be a natural representation of the memory retrieval
process and is also mathematically convenient since its parameters can be
adjusted to easily manipulate the probability distribution of the time of the
first boundary crossing event. So, let L be the boundary level, d be the
drift, and σ be the volatility (the standard deviation parameter). Then the
diffusion process Xt can be written in the form Xt = d · t+ σBt, where Bt is
the standard Brownian motion, and the time of the first boundary crossing:
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TL = min{t,Xt ≤ L} has the probability density function (see, e.g., [40])

fTL(t) =
L√

2πσ2
t−3/2 exp

(
−(d · t− L)2

2σ2t

)
, t > 0.

This results can be easily proved using the reflection property of the Brownian
motion:

P( max
0≤s≤t

Bs ≥ a) = 2P(Bt ≥ a),

The above parametric expression makes it possible to easily fit the model to
the data, and the model has been extensively used in the obvious physical
diffusion contexts, as well as, for example, in decision making modeling where
crossing the boundary was taken to mean taking a decision in a time TL. But
the model does not allow for the burstiness of the process we are attempting
to model, nor does it permit taking into account the nonlinear decay in the
retrieval rate. For this reason, we have attempted to expand it to to a more
general model of the special case of the Lévy diffusion process with drift
which in our case just adds some random jumps to the Brownian diffusion.

6.1. The Lévy diffusion model In order to provide useful tools for
our study of retrieval processes our new model should have the following
properties:

• It has to be able to model the decay in the rate of responses, and their
burstiness.

• It should have parameters the values thereof could have a cognitive,
biological, or medical meaning.

• It should have a small enough number of parameters so that we can
hope to efficiently estimate them from our relatively sparse data.

Considering the above desirable properties we have settled in this subsec-
tion on the following special case of the general Lévy processes:

The consecutive words are retrieved from the memory as the stochastic
process Xt crosses a succession of boundaries (Li)i∈N. The process Xt is
defined as the sum of a drift dt, a Brownian motion σBt, and a compound
Poisson process

∑Nt
k=1 Yk of intensity γ. The probability distribution of the

jumps will be chosen later on but, preferably, it should not depend on more
than one parameter δ (e.g., the jumps could be exponentially distributed
with intensity δ, uniformly distributed with range δ, or even deterministic
with size δ). In this model the jumps express the transitions from one seman-
tic category to another which creates delays in the recall process; category
switching sets the retrieval diffusion process back in time. For this reason we
will permit only negative jumps, and the frequency of the jumps should be
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low. To be precise, we will consider the probability distribution of Yk, k = 1,
2, . . . , Nt, variables to be strictly positive, and define

Xt = d · t+ σBt −
Nt∑
k=1

Yk.

Figure 8: Example of a typical trajectory of the Lévy process Xt.

The boundaries to be crossed should not be equally distant from one
another because, as Rohrer has shown, the rate of recall should decrease
exponentially, (or hyperbolically, as discussed in Section 3.2 of this paper, but
in this Section we’ll accept Rohrer’s “exponential exhaustion” hypothesis).
The boundary crossing time should monotonically depend on the height of
the boundaries, and for this reason we choose the following definition for the
boundaries

Li = log

(
N∞ − i

N∞ − i− 1

)
,

although other options are also possible. The parametrization of our model
is as follows:

• d is the drift of the Lévy process; a high value of d should correspond
to a high rate of retrieval in the CF Test;

• σ is the volatility of the Brownian motion component of the Lévy pro-
cess, and its value could indicate the noisiness level of the semantic
memory environment;

• γ is the intensity of the Poisson process, and it quantifies the tendency
to switch between semantic categories.

• δ is the parameter of the probability distribution of the jumps, the size
of these jumps has to be related to the difficulty to switch between
categories.
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• N∞ is the total recall capacity and, as in the previous models, this
parameter reflects the volume of the available vocabulary and thus in-
fluences the decay in the naming rate.

A typical trajectory of such a Lévy process is shown in Figure 8. As men-
tioned above, the probability distribution of the boundary crossing time of a
drifting Brownian is explicitly calculable using the reflection property of the
Brownian motion. In the case of deterministic jumps (Yk = δ), the density of
Xt can actually be computed as the distribution of the sum of two indepen-
dent random variables: d · t+ σBt which has a Gaussian density, and −δNt

has a Poisson distribution. In that case the density fXt of Xt is of the form,

fXt(x) =

∫ ∞
−∞

f−δNt(y)fd·t+σBt(x− y)dy

=
∞∑
k=0

1√
2πσ2t

exp

(
−(x− (−δk)− d · t)2

2σ2t

)
(γt)k

k!
e−γt.

Since Xt is a Lévy process with no positive jumps, Kendall’s theorem [17]
applies, and we have

fTL(t) =
L

t
fXt(L).

The obvious problem with this expression is that it contains an infinite
sum of functions which creates numerical difficulties. But in our case, we
will truncate the series and our computations will utliize only the first ten
terms, the choice justified by the fact that it is unlikely that the subject
would contemplate switching between categories more than ten times.

6.2. Parameter estimation in the Lévy model For the above ex-
pression for the density function fXt(x) it would be theoretically easy to im-
plement the maximum likelihood method as we did for the coalescent model.
But, since now we have five parameters to estimate, and because the data
sets are of small size (between 20 and 30 values), the straightforward MLE
method is not accurate enough, and we will pre-estimate some parameters
first.

We start with N∞ which will be pre-estimated using the naming rate
decay, that is, by fitting the function

i 7→ τ log

(
N∞ − i

N∞ − i− 1

)
to the retrieval intercall sequence {∆ti}N60

i=1 . This is justified by assumption
that the expected values of ∆ti are proportional to Li. The result is illus-
trated in Figure 9 for the data from YA01.

Having pre-estimated N∞ we can move forward to estimation of γ as
well, where γ is the intensity of the Poisson process which represents the
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burstiness (category switching) in CFT. Thus the expected number of bursts
in a data set during the 60-second time interval is equal to γ ∗ 60. Using the
bursts’ duration in the data set we can also estimate δ as it is the difference
between intercategory and the expected value of the intracategory intercall
times. In the cases where there are no clear bursts in the intercall time set, no
estimation method for γ and δ will give accurate results, and we can choose
not to estimate these parameters and simply set them to be γ = 0 and δ = 0,
i.e., return to the classic diffusion model.

Figure 9: The “exponential exhaustion” fit for YA01 with pre-estimated
N∞ .

Table 3: Lévy model: Parameter estimates for the OA and YA subjects.
Subject d σ δ γ N∞ Subject d σ δ γ N∞
OA01
OA02
OA03
OA04
OA05
OA06
OA07
OA08
OA09
OA10
OA11
OA12
OA13
OA14
OA15

1.92
1.75
1.37
1.14
0.967
1.89
1.38
3.8
1.21
2.17
0.971
1.89
2.42
1.26
1.43

3.78
0.473
0.714
0.596
3.21
0.965
1.56
2.29
0.926
1.32
0.685
0.473
1.72
2.11
0.955

5.38
2.97
7.53
2.4
14.5
6.63
5.8
23.2
3.37
14.3
0.
8.49
7.52
1.74
6.67

0.322
0.222
0.097
0.146
0.18
0.079
0.084
0.079
0.167
0.094
0.
0.12
0.214
0.194
0.053

25.8
32.5
41.3
32.2
16.
46.7
33.9
17.4
19.1
28.3
18.5
20.
15.6
23.6
28.7

YA01
YA02
YA03
YA04
YA05
YA06
YA07
YA08
YA09
YA10
YA11
YA12
YA13
YA14
YA15

1.23
1.58
0.686
0.909
1.38
0.993
0.934
1.3
1.54
1.6
0.966
1.6
1.08
1.18
1.9

1.2
1.84
1.16
2.36
0.729
1.2
0.833
1.05
1.16
1.89
0.693
1.89
1.01
0.693
0.967

5.02
6.42
0.
6.63
3.38
1.62
1.7
6.73
6.04
3.59
5.45
6.34
6.12
2.59
4.86

0.086
0.103
0.
0.043
0.091
0.071
0.027
0.049
0.079
0.088
0.041
0.055
0.034
0.147
0.183

45.
57.7
22.6
56.3
79.7
35.
122.
48.4
49.9
126.
32.8
22.8
38.5
51.7
38.7

Means Means
1.7 1.45 7.37 0.137 26.6 1.26 1.24 4.43 0.0732 55.1

Given these two pre-estimates we were able to calculate the values of
the remaining parameters via the Maximum Likelihood Method. The re-
sults are shown in Table 3.. And, similarly to the procedure adopted for the
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coalescence model, we can now provide kernel estimates of the probability
distribution of the parameters within each group, and explore the global dif-
ferences between the data from the OA and YA groups. The plots, shown in
Figure 10 below, illustrate the low discrimination capacity of all the parame-
ters except N∞. Still, the intensity (γ), and the amplitude (δ) of the bursts,
are slightly higher for older subjects, and the product quantity γ · δ express-
ing the importance of bursts in the data, could serve as a discriminating
parameter, see Table 4.

Figure 10: Kernel estimated probability density functions for parameters
in the Lévy model. Clockwise from top left: d, σ, γ,N∞ and δ. Blue: YAs;
Yellow: OAs.

We have also calculated the separation capacity between the two hy-
potheses, H0, and H1, for different test functions (as defined previously for
the coalescent model in Section 5), and the rejection regions and powers as-
sociated with various choices of the test function ϕ(θ). They are shown in
Table 4 below. The separation capacities here are lower than those we ob-
tained for the coalescent model but still significant, especially for the test
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function γδ/N∞.

Table 4: Separation and rejection regions for the OA versus YA hypothesis
in the Lévy model

ϕ(θ) S(ϕ,H0, H1) R(90%) πϕ
d 0.30 (0,0.92) 0.20
σ 0.25 (0,0.38) 0.27
δ 0.34 (0,1.86) 0.13
γ 0.42 (0,0.044) 0.27
N∞ 0.54 (42,∞) 0.62
γ δ 0.54 (0,0.22) 0.27
γ δ d 0.61 (0,0.38) 0.42
γ δ/N∞ 0.70 (0,0.015) 0.73

6.3. Fractional Poisson process model Considering the burstiness
of the CFT data, we also decided to test suitability of the fractional Pois-
son processes (fPp) where burstiness occurs intrinsically. The fPp are non-
Markovian processes which generalize the classical Poisson process concept
by permitting the time intervals between jumps to have heavy tailed proba-
bility distribution in contrast to the classical Poisson process model, where
the intervals have exponential distributions.

We start with describing in detail the fPp model and its exponential de-
trending appropriate for our purposes. A fractional Poisson model is defined
by the time evolution of the stochastic process, Nν,µ(t), with the desnity
fNν,µ(t) given by its Laplace transform of the form:

LNν,µ(λ) = f̃Nν,µ(λ) =

∫ ∞
0

e−λtfNν,µ(t) dt =
µ

µ+ λν
.

where µ > 0, and 0 < ν ≤ 1 , are the parameters of the model. For ν = 1, the
model reduces to standard Poisson process of intensity µ, and the closer the
parameter ν is to zero, the more broadly distributed are the time intervals
between jumps. An example of a trajectory of an fPp is shown in Fig. 11(left).

With no further adjustments the fPp model can express by itself the
burstiness in its jumps but not a decay in the rate of jump appearance.
Accepting the Rohrer’s hypothesis of “exponential exhaustion” [35], which
postulates that the cumulative response count function behaves like the func-
tion R(t) ≈ N∞(1− e−t/τ ) (once again N∞ is the total recall capacity of the
subjects), to fit the fPp model to the data we must first estimate the expo-
nential trend (R(t)) using the experimental data, and then rescale the time
increments, using the function inverse to R(t), to a detrended time line on
which the rate of jump appearance becomes approximately constant. This is
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is the way the original Weibull model was handled in our previous paper [24]
. Such a detrended cumulative count process for YA01 is shown in Figure ??
(right).

Figure 11: Left: An example of a trajectory of an fPp, with µ = 1.5 and
ν = 0.7; Right: Detrended data sequence for YA01.

6.4. Parameter estimation for the fPp model To estimate the
values of the parameters µ, and ν, we employed the method of moments
described in the work of Cahoy, Uchaikin and Woyczynski [4], where the
properties of the estimators have been studied. The moments used are the
first and second order logarithmic moments, and the estimators are as follows:

ν̂ =
π√

3(σ̂2
ln + π2/6)

,

and
µ̂ = exp[−ν̂(µ̂ln + C)],

where σ̂2
ln, and µ̂ln, are the empirical variance and mean of the logarithm of

the detrended sequence, and C ≈ 0.57721 is the Euler constant. The results
are summarized in Table 4 below.

And, again, as in the coalescence model we can estimate the probabil-
ity distribution of the parameters within each category, OA and YA, using
the kernel density estimation method. The results are shown in Figure 12.
The results displayed in Table 5 and Figure 12 are somewhat discouraging.
Indeed, the distributions of parameters µ, and ν, for the OA and the YA
groups are very close to each other, and don’t seem to discriminate between
the two groups. The only parameters that provide a significant separation
are N∞ and τ , which were generated from the exponential fit and are not
more relevant than the parameters we used in other models to express the
naming rate decay.

Perhaps the data sets available to us are much too short to permit the
fPp model to discriminate properly between the OA and YA groups; the fPp
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Table 5: Parameter estimates for the fPp model
Subject N∞ τ µ ν Subject N∞ τ µ ν

OA01
OA02
OA03
OA04
OA05
OA06
OA07
OA08
OA09
OA10
OA11
OA12
OA13
OA14
OA15

25.0
27.0
25.3
20.7
14.0
34.0
28.8
13.6
24.6
25.0
20.1
16.2
14.1
19.5
22.0

69.2
34.5
39.1
27.6
33.4
52.2
38.9
29.4
40.1
38.4
28.4
22.0
23.5
41.7
37.6

1.12
0.74
0.63
0.88
1.15
0.76
0.72
0.83
0.91
0.88
0.62
0.64
0.77
0.70
0.73

1.08
1.24
1.28
1.28
1.12
1.21
1.21
1.18
1.14
1.18
1.36
1.27
1.19
1.19
1.24

YA01
YA02
YA03
YA04
YA05
YA06
YA07
YA08
YA09
YA10
YA11
YA12
YA13
YA14
YA15

51.8
43.6
112
37.4
56.5
28.5
110
36.9
45.7
67.4
28.3
21.7
34.9
54.0
31.3

109
56.1
227
66.4
71.6
23.8
153
69.5
70.8
92.9
29.6
35.9
33.8
67.3
35.8

0.74
0.83
0.89
0.93
0.65
0.66
0.58
0.63
0.81
0.84
0.62
0.71
0.64
0.78
0.783

1.22
1.12
1.20
1.07
1.28
1.22
1.30
1.29
1.22
1.16
1.31
1.20
1.25
1.27
1.19

Means Means
22.0 37.1 0.80 1.21 50.7 76.2 0.74 1.22

Figure 12: Kernel estimated distributions for different fPp parameters.
Clockwise from top left: N∞, τ, ν, and µ. Blue: YAs; Yellow: OAs.

interjump intervals are very broadly distributed and 20–30 values are not
enough to cover such a range.

Also, even though the data sets contain bursts, they occur within a cer-
tain range and, therefore, we can’t really talk about heavy tailed distributions
here. The data sets contain neither very large, nor very small intercall inter-
vals, so that the value of σ̂2

ln is smaller than it should be for an actual fPp,
and that is why the estimates we have for ν are greater than 1. Thus we have
to conclude that although, at the first sight the model looked appropriate,
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it turned out to be not well adapted to our particular OA vs. YA problem,
although it may work better for patients with serious cognitive impairment.

7. Conclusions Based on a detailed analysis of CF Test responses via
the coalescing process model we were able to crisply discern the differences
between the data from OA and YA groups. For us, the coalescence context
was at first an hypothesis based on a certain idea of representation of the
semantic memory retrieval process, but it has shown good separation results
for the data we worked with, maybe better than what we could have ex-
pected. All the parameters of the model have cognitive interpretations, can
be estimated with a relatively good accuracy (considering the length of the
data sets), and can be useful in medical diagnostics.

Unfortunately the number (15 in each group) of tested subjects was quite
low and the two groups might have been too close in terms of their com-
position; the older adults group was consisting of individuals aged from 45
to 65, and it is very likely that the 45 years old subjects had results close
to those of the YA group, which did not help our separation efforts. If we
had bigger groups with better age separation (for example all OA subjects
of more than 60 years old) then we would probably have obtained even more
accurate results for the parameter distributions, and more reliable statistical
tests to be used in medial diagnostcs. It is likely that even better results
can be obtained for patients with dementia or Alzheimer’s disease. With the
length of the data sets varying between 10 and 40, estimated values of the
parameters can be too close to the boundary that separates the acceptance
and rejection regions.

We also investigated other modeling possibilities for the CFT responses.
Although the results are not as impressive as the ones we obtained employing
the coalescence model, we believe that the Lévy-diffusion model proved to
have good potential, and the idea behind it is elegant and expands impor-
tant discoveries in the field due to Ratcliff. The fractional Poisson process,
although tempting initially on the basis of its basic properties, turned out
to be not well adapted to the problem, but we wanted to record our dis-
appointment so that other researchers would not be seduced to go in this
direction.

There is a clear difference between the new coalescent model and the
Weibull model studied in [24]: Most importantly, the parameters in the co-
alescing model showed a much higher ability of discrimination between the
OA and YA groups. Indeed, in our previous paper, [24], Table 3, p. 226,
the differences in the means of Weibull parameters for the two groups were
between 50 and 100 percent, whereas in the present coalescent model they
were between 100 and 500 percent, see Table 1 in Section 4. This could
be a significant factor in the decision about which tests are to be used in
diagnostic situations involving possibly cognitively impaired individuals.

Besides, the fundamental difference in the approach via the “coalescing
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tree”, and the “first past the post” models, is that in the former the law of
the time increments has an exponential distribution whereas it had a Weibull
distribution in the latter [24]. The idea of using the Weibull law came from
the local retrieval description preferred in the previous paper model design:
the idea that words race to awareness at every retrieval attempt and the
fastest word wins; indeed the Weibull distribution describes the asymptotic
law of the minimum of a large number of random variables with heavy tails.
In this paper our model design is based on a global phenomenon description
where the time increments are just micro-pieces of a more global stochastic
process, which is inspired by the Kingman coalescent; from this approach
comes the exponential law of the time increments. In terms of statistical
fitting of the data, the Weibull distribution has a more interesting shape, but
it is described with two parameters which is one more than the exponential,
and given the length of our data sets every additional parameter bears a
great cost in estimation accuracy. Moreover, what we seek in the parameter
estimations is not the perfect fit, but rather an insight into the meaningful
values which could be used for medical inference and diagnosis.

There are several obvious topics that require further studies:

• The global behavior of the coalescent tree fitted out data well, but the
probability distribution of the intercall intervals enforced by the coales-
cent model was exponential. However, in [24], we have demonstrated
that the Weibull distribution provides a much better fit. So the next
challenge is to expand the coalescing process concept to permit other
distributions for intercall intervals. Then a direct comparison between
the results in [24] and the present paper would be useful and appropri-
ate.

• Extension of the Lévy model to general Lévy processes and to nonlinear
Lévy diffusions, as developed in [16], [14], [27], and [53], would also be
a goal worth pursuing.

• The nature of the categorization should be explored more systemati-
cally. If we consider the CFT model in which the “distance;; between
the items depends on their similarity, we can imagine a model where
instead of having two possible values for λ, we can choose several values
proportional to the distance between consecutive items, or the seman-
tic distance between the categories. Here the graph-theoretic results
of [22,42] could be helpful.

• Performing the same kind of study on groups of cognitively impaired
patients could have a really important medical value, as it would show
the specificities of such groups, and permit design of tests which could
actually separate them.
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A. Simulation description (perhaps to be put on our website)

A.1. Simulation algorithm description
Parameter values:

• N∞ = 30.0

• λintra = 0.003

• λinter = 0.001

• p = 0.1

Variable initialization:

• u = random number ∈ [0, 1], dt = −2/(λintra ∗ (N∞ + 1) ∗N∞) log(u),
the time increment are simulated as exponential variables of parameter
λ
(
N∞+1

2

)
.

• (dt)list = {dt}, this list stocks the time increment values.

• t = dt, time counter.

• catswitch = 0, variable to determine category switching occurrences.

• (catswitch)list = {catswitch}, list to stock their values.

• i = 1, counter.

Loop:

While[ t < 60,

– choicecatswitch
= Random[0, 1]

– If choicecatswitch
< p, then: catswitch = 1, else: catswitch = 0, determining

weather or not to switch categories.

– (catswitch)list = {(catswitch)list, catswitch}, stocking.

– u = Random[0, 1]

– If catswitch = 0, then: dt = − 1
λintra

(
N∞+1−i

2

)−1
log(u), else: dt =

− 1
λintra

(
N∞+1−i

2

)−1
log(u), time increment simulation.

– (dt)list = {(dt)list, dt}, stocking

– t = t+ dt, updating

– i = i+ 1, updating

]
End:

• Remove last element of (dt)list

• Remove last element of (catswitch)list
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Procesy koalescencyjne w mechanizmie odzysku pojęć z pamięci
semantycznej

Pierre-Yves Quéau, Wojbor A. Woyczynski, Alan J. Lerner

Streszczenie Praca proponuje model procesów koalescencyjnych w celu wyjaśnie-
nia mechnizmów odzysku pojęć i nazw z pamięci semantycznej. Model jest pretesto-
wany używając dobrze znanego eksperymentalnego Testu Biegłości Kategorycznej,
który jest standartowym narzędziem neurologów badających pacjentów z objawami
demencji. Możliwości modelowania opartego na procesach Lévy’ego i ułamkowych
procesach Poissona są rownież zbadane.

Klasyfikacja tematyczna AMS (2010): 60G51,60G22.

Słowa kluczowe: koalescencyjne procesy stochastyczne; koalescencja Kingmana; Test
Biegłości Kategorycznej; pamięć semantyczna; zaburzenia poznawcze; choroba Al-
zheimera; proces Lévy’ego; ułamkowy proces Poissona.
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