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Thermal Waves, Second Sound.
Works of Witold Kosinski

Abstract This paper is dedicated to Witold Kosinski. Our contribution to this
special issue will concentrate on the properties of thermal waves, one of many sci-
entific interests of our friend and collaborator, and this article is dedicated to his
memory. Working together with Witold was always an insightful and pleasant ex-
perience, and it benefited all of his coworkers including the authors of this note. His
scope of research was broad, spanning many disciplines and applications. Here we
focus on a few of those aspects to which he applied a deep knowledge of continuum
thermodynamics and its mathematical foundations.
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1. Introduction In the classical theory of thermodynamics, heat con-
duction is viewed as a purely diffusive process, typically described using
a Fourier law in which the heat flux is proportional to the gradient of the
temperature distribution. This results in the associated evolution equations
being of parabolic type and, as a consequence, completely absent of wavelike
propagation. Though discovered initially at very low temperatures, experi-
ments on diverse materials, however, long pointed to the existence of thermal
waves, which travel at speeds related to the material and its temperature.
These waves, second sound, were first detected in 3He, and subsequently in
high purity dielectric crystals of sodium fluoride, NaF, and bismuth, Bi.

The possibility of wavelike heat transport was also later discovered at
moderate and even high temperatures in phenomena active over short time
scales, for instance in the temperature distribution around propagating cracks
and in trains of high frequency laser pulses. To account for such cases,
Fourier’s law required modification. One approach, in the case of rigid ma-
terials, was to modify the notion of heat flux, q, using a memory functional
to incorporate the history of the absolute temperature gradient, such as

q = −α(ϑ)

∫ t

−∞
e−b(t−s)∇f1(ϑ)(x, s) ds. (1)
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If for example α(ϑ) = k0/τ and b = 1/τ , where τ denoted a ‘relaxation’
time, then it followed simply from (1) that one obtained the earlier Maxwell–
Cattaneo generalization of Fourier’s law,

τqt + q = −k0∇ϑ, τ > 0, (2)

a fundamental heuristic model, often used in motivating more thermodynam-
ically consistent approaches.

In order to extend the idea behind (1), define

β =

∫ t

−∞
e−b(t−s)f1(ϑ)(x, s)ds (3)

(see [10]), so that (1) is equivalent to

q = −α(ϑ)∇β, (4)

βt = −bβ + f1(ϑ). (5)

In 1989, W. Kosinski ([18]) introduced the idea of the material gradient of
an internal, scalar, state variable as a contributing factor in the constitutive
description of thermoelastic materials. In accordance with the restrictions
imposed on constitutive functions by the second law of thermodynamics, he
then proposed a relationship between the heat flux and the gradient of this
state variable, or ‘empirical’ temperature, rather than between the heat flux
and the gradient of temperature as originally in Fourier’s law. The new
‘temperature’, β, assumed its rôle as an internal parameter by being the
solution to an evolution equation related to the absolute temperature, ϑ.
Formally, however, β was time-asymptotically, functionally equivalent to ϑ,
and Fourier’s law could eventually emerge. The physical interpretation of the
new temperature scale was presented as being representative of the absolute
temperature itself minus a frictional term due to internal Van der Waals
related forces, and a demonstration of its compatibility with kinetic theory
was given in [3] and [4].

We will not attempt to present all of Kosinki’s work on the dynamics
of deformable, heat-conducting continua, but we focus on some models for
which wave structure and heat propagation are featured. The thermody-
namic models introduced by Kosinski were generally governed by nonconser-
vative quasilinear hyperbolic systems of partial differential equations. These
systems allow shocks to be formed even in the presence of dissipation.

2. Thermomechanical Models In the introduction we gave a simple
illustration to show how a constitutive equation for heat flux, which depends
on the history of the absolute temperature gradient, can be prescribed by
introducing a suitable internal state variable subject to its own dynamics.
The evolution equation for β, (5), is unfortunately too simple to account for
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the properties of thermal pulses observed experimentally. In direct attempts
to make the model more useful one can try to modify the history functional
(1), or to introduce so called rate-type materials where the temperature rate
ϑ̇ is one of the independent constitutive functions, however Kosinski’s ap-
proach was instead to generalize (5) together with (4), implicitly retaining
dependence on the history of the temperature gradient1.

We briefly present Kosinki’s thermodynamic theory of non-deformable
continua, which admit wavelike propagation of heat within certain tempera-
ture ranges. Our presentation is based on selected publications listed in the
references, however a broad overview can be found in [11]. Beginning with
the case of rigid heat conductors, more general thermodynamic theories of
deformable continua admitting wavelike heat propagation will be discussed
in the second part of this chapter.

We assume that a rigid heat conductor undergoes a thermodynamic pro-
cess restricted by two thermodynamic laws,

(ρε)t + divq = ρr, (6)

(ρη)t + div(q/ϑ) ≥ ρr/ϑ, (7)

where r is the body heat supply per unit volume, ε the internal energy per
unit volume, η is the entropy, and ρ the mass density.

The following sets of constitutive functions and the evolution equation for
β are the most general that Kosinski considered in this context of his work
([15]). Simplifications of material functions were derived in accordance with
the second law of thermodynamics (7), in particular that the free energy,
ψ = ε− ηϑ, is independent of ∇ϑ.

ψ = ψ(ϑ, β,∇β), η = −∂ϑψ(ϑ, β,∇β), (8)

q = q(ϑ, β,∇ϑ,∇β), β̇ = F (ϑ, β,∇ϑ,∇β). (9)

The following is also required to hold,

∂∇βψ · ∂∇ϑF = 0, ∂∇βψ · ∂∇βF = 0, (10)

together with the residual internal dissipation inequality,

− ρ∂∇βψ · ∂βF∇β − ρ∂βψF − ρ(∂∇βψ∂ϑF + (ρϑ)−1q) · ∇ϑ ≥ 0. (11)

The orthogonality conditions (10) introduce constraints between β and ϑ.
Kosinski carefully analyses and justifies a particular case of (8) and (9) in

1 In early work involving internal parameters, a rigorous comparison of two purely me-
chanical models was made in [14], contrasting cases of simple materials where the Cauchy
stress tensor depends either directly on the deformation history, or on corresponding inter-
nal parameters.
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order to arrive at a useful model for which a knowledge of all material coef-
ficients can be easily obtained from three experimental curves, namely spe-
cific heat, thermal conductivity and speed of thermal disturbances (‘second
sound’). This model is derived assuming that ∂∇ϑF = ∂∇βF = 0, in which
case ψ and F trivially provide the orthogonality conditions. An immediate
implication is that

β̇ = F (ϑ, β), (12)

while ψ may depend on ∇β.
In the isotropic case q may depend linearly both on ∇ϑ and ∇β, as in

q = −k(ϑ)∇ϑ− α(ϑ)∇β (13)

where it is sufficient for k and α to be functions only of ϑ in this simplified
setting.

Letting k = 0 gives a crucial relation between α and the function F ,

α(ϑ) = ρϑψ2(ϑ)F ′1(ϑ), F (ϑ, β) = F1(ϑ) + F2(β) (14)

with
ψ = ψ1(ϑ) +

1

2
ψ2(ϑ)|∇β|2 (15)

(Note: Kosinski observed that the case k 6= 0 makes it possible to consider
such diffusive effects as the observed broadening of traveling pulses of second
sound with increasing temperature, as well as providing a physical selection
mechanism analogous to that of the viscosity admissibility criterion using
parabolic regularization found in gas dynamics (cf. [23])).

Combining (6), (13) with k = 0, and (14), a single second order nonlinear
differential equation is derived in [11] for β (see, for example, (38) below).
Using the above assumptions in inequality (11) together with the stability re-
quirement F ′2(β) < 0 for the solution of the evolution equation, this equation
is hyperbolic provided the heat capacity satisfies cϑ(ϑ) = ε′(ϑ) ≥ 0. In the
range of temperatures where second sound is detected, heat capacity approx-
imately obeys Debye’s law, cϑ(ϑ) = c0ϑ

3 which is non-negative for c0 ≥ 0.
In order to satisfy Debye’s law, then ψ2(ϑ) = ψ20ϑ, where ψ20 = const.

Two further experimental measurements which may be used to specify
material functions are the steady-state conductivity, K, and the second sound
speed, UE . The steady-state (‘quasi-equilibrated’) relation between ϑ and β
is a function B(ϑ) such that F1(ϑ) = −F2(B(ϑ)), obtained by letting β̇ → 0
in (14). Setting β = B(ϑ) in (13) (for k = 0) first gives

q = −K(ϑ)∇ϑ, K(ϑ) = α(ϑ)B′(ϑ). (16)

A formula corresponding to the speed of second sound propagating in an
undisturbed region is next given by

UE
2 =

α(ϑ)F ′1(ϑ)

ρcϑ(ϑ)
. (17)
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It has been observed that in the ranges of absolute temperature at which
experiments have been performed, the time of arrival of heat pulses sent
through a specimen is an approximately linear function of the reference tem-
perature. However, towards the upper limit of temperatures where experi-
mental measurements detect second sound, the arrival time measured at the
leading edge of heat pulses rises rapidly with increasing temperature. The
latter suggests a very fast decay to zero of the second sound speed, UE ,
with temperature, the same effect which occurs in superfluid helium at the
well-known λ-point2. The critical temperature where UE = 0 is denoted by
ϑλ. A further phenomenon concerns the observed heat conductivity which
shows a pronounced peak close to ϑλ, whose height depends on the purity of
the specimen. Motivated by this, a later hypothesis was considered that the
temperature of maximum heat conductivity coincides with ϑλ, below which
second sound appears. Above this temperature heat, conduction becomes
purely diffusive, obeying a general nonlinear Fourier law. To model the phe-
nomenon, the functions F1 and F2 in the evolution equation for β were taken
in the form ([25], [11]),

F1(z) = a(|z|p−1z)−, F2(z) = −b|z|h−1z (18)

where the constants a, b are positive, 1 < p < 2, and h ≥ p/(2 − p). The
subscript ‘−’ means that when z ≥ 0, F1 is taken to zero, and in the case of
F1, z represents ϑ− ϑλ.

Analysis of weak and strong discontinuity waves below ϑλ established
a further, structural, critical temperature, ϑm, separating two distinct (“hot”
and “cold”) classes of propagating discontinuity waves. The amplitude of
weak discontinuities remains bounded in time and no shocks form if the tem-
perature in front of the wave is equal to ϑm. Such a temperature had previ-
ously been discovered by Ruggeri et al. [24], within the context of extended
thermodynamics (a comparison of the extended thermodynamics model with
the internal state variable model appears in [6]). However, using Kosinski’s
approach made it possible to establish a direct relationship between ϑm and
ϑλ, in particular confirming the necessary condition that ϑm < ϑλ.

For the case of deformable body, Kosinski was the first to introduce a for-
mulation for an anisotropic thermoelastic material subject to finite strains, in
which damaging effects can appear and all pulses, mechanical and thermal,
are transmitted by waves. A rigorous thermodynamic procedure of deriva-
tion was used, in the framework of a gradient generalization of the theory
with internal state variables, to achieve this goal. Details can be found for
example in [11], [1] and [21]. In the finite strain case, the classical Fourier
law can either imply that the actual heat flux vector q is proportional to the

2Motivated by Landau’s two fluid model for liquid helium, Kosinski and Cimmelli also
derived a model for a binary mixture of fluids using an internal state variables approach,
which was valid below the λ-point, [2]
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spatial gradient of the temperature ∇ϑ, or that the referential heat flux qκ
and the Lagrangian gradient of temperature Gradϑ are proportional. Kosin-
ski assumes the first possibility holds in that case. His general assumption is
that ψ = ψ(F, ϑ,∇ϑ,∇β), where F denotes the deformation gradient tensor.
In a similar fashion to the case of rigid conductor, the following potential
relations are consequences of the second law of thermodynamics,

∂∇ϑψ = 0, (19)

η = −∂ϑψ, (20)

S = ρ∂Fψ + (ϑ∂ϑF)−1(∇β ⊗ qκ), (21)

qκ = −ρ(ϑ∂ϑF)(∂∇βψ)F−T , (22)

(23)

together with the reduced dissipation inequality,

(ϑ∂ϑF)−1(∂βF )qκF
T · ∇β ≥ 0, (24)

where S is the Piola–Kirchhoff stress tensor and ∇β represents the history
of the spatial gradient of ϑ. Here the material time derivative satisfies

∇̇β = ∇F (ϑ, β)−∇βḞF−1 (25)

Note that the potential relation for the heat flux cannot be obtained in the
classical theory of thermoelasticity.

In order to verify the hyperbolicity of the model, Kosinski examines weak
discontinuities propagating in a thermoelastic isotropic body for which the
equations of motion and the first law of thermodynamics are written in terms
of the Cauchy stress tensor T, S = JTF−T , J = detF, and the actual heat
flux q, qκ = JqF−T .

The results presented below are obtained if the free energy function is
taken to have the form

ψ = ψ1(B, ϑ) +
1

2
ψ2(B, ϑ) |∇β|2 ψ2(B, ϑ) = ψ21(ϑ)J, (26)

where B = FFT is the left Cauchy–Green tensor, and the heat flux is given
by

q = −α(B, ϑ)∇β, α(B, ϑ) = ρ(ϑ∂ϑF )ψ2(B, ϑ). (27)

Independence of ψ on β leads to the evolution equation (14). Both linear
and nonlinear forms of F1 and F2 have been discussed in [18] and [13].

The system of equations to be analyzed consists of (12), (14), conservation
of energy, and the equations of motion in the spatial setting,

ρε̇+ divq−T · ∇v = ρr, (28)
∂ρv

∂t
+ div(ρv ⊗ v −T) = ρb (29)
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with b denoting an external body force.
To this end, a one-dimensional numerical method was developed using

a modification of the Lax–Wendroff scheme in order to examine solutions
to the initial-boundary problem for the above system in the case of ther-
mal waves in a sodium-fluoride crystal, [22]. A further analysis was un-
dertaken using acceleration waves. Weak discontinuity waves (acceleration
waves) are defined for a smooth two dimensional surface (wave front) propa-
gating through space, across which second derivatives of displacement u and
β are discontinuous. The corresponding amplitudes consist of a mechanical
term, the vector-valued function s, and a thermal term, the scalar function
w, given by

[∇vn] = −Us, (30)

[∇∇β n] = w n, (31)

U := un − v · n. (32)

Here [·] represents a jump discontinuity across the surface, v is the particle
velocity, un is the normal speed of propagation of the acceleration wave,
and n is a unit normal to the wave front. Using the classical kinematic
and geometrical compatibility conditions, Kosinski derives a system of four
equations for these amplitudes. A nontrivial solution to this system exists
if the determinant of the system vanishes, this condition giving a dispersion
relation between the speed U , normal n, and values of the state variable at
the wave front. In a special case where the wave propagates into a state for
which ∇β = 0 the characteristic equation becomes simpler and reduces to

det(ρU2I−Q) (ρU2cϑτ − α) = 0, τ(ϑ) := 1/F ′1(ϑ) (33)

Thus, there are three symmetric mechanical wave speeds if the acoustic ten-
sor Q, which is related to the derivative of Cauchy stress with respect the
deformation gradient, is positive definite, and one symmetric thermal wave
speed provided that the specific heat cϑ is positive. In general, ∇β 6= 0 and
one may have coupled thermomechanical wave speeds.

Some one-dimensional examples of thermal and mechanical waves are
discussed in [12] and [13]. Investigation of three-dimensional thermal weak
discontinuity waves can be found in [20] and Rankine-Hugoniot conditions for
shock wave propagation in of thermoelastic materials were considered in [1].
Together with numerical simulation of traveling waves in finite domains, the
case of elasto-viscoplastic materials, where stress additionally depends on
irreversible deformations accumulated in the past, was demonstrated in [9].

3. Mathematical Foundations Over time, Kosinski added consid-
erable mathematical foundation to thermodynamics involving internal state
variables. We describe several of the results below, representing some of
his work involving gradient catastrophes, admissibility and uniqueness of
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weak solutions, weak solutions to thermodynamic balance laws, local well-
posedness of strong solutions, and geometric optics. Although all of these
methods were connected to questions of thermodynamics, here we pick out
some of the more mathematical aspects and refer the reader to the previous
section and the original sources for full details of the modeling.

In early work ([16]) Kosinski demonstrated that discontinuities arise from
smooth initial data for the system

ut + A(u)ux + B(u) = 0. (34)

The formation of singularities, either as finite time blow-up of the solution
itself, or in one or more derivative becoming unbounded as in the case of a
gradient catastrophe, had been a known feature found in conservative sys-
tems for which B = 0, in the first case indicating material instability due
to constitutive assumptions, or demonstrating the potential for shock wave
formation in the second. In the work of [16] on generally non-conservative,
balance-law derived systems, the inclusion of a non-vanishing vector field
B(u) extended the class of applications to systems involving internal state
variables and other applications. As a result of assuming A(u) to be a sym-
metric n × n matrix, genuine nonlinearity, i.e. d

dsλ(i)(u+sri)|s=0 6= 0 for
each eigenvalue λ(i)(u) of A(u) with corresponding eigenvector ri, and strict
hyperbolicity, λ(i) 6= λ(j) for i 6= j, Kosinski derived a Bernoulli equation
for ux · li, 1 ≤ i ≤ n, along each corresponding characteristic. This leads
directly to conditions on initial data for a finite time gradient catastrophe to
appear. It is further shown that supplementary hypotheses on the derivatives
of A(u),B(u), and initial data provide conditions for solutions to decay to
zero or have specified finite, or infinite, limits over bounded and unbounded
time intervals.

In subsequent work ([17], [19]) he examined weak solutions to

ut +∇ · f(u) = B(u) (35)

constrained by the second law of thermodynamics,

η(u)t +∇ · k(u) ≥ rη(u), (36)

having a strictly concave entropy function, η. Here, working in the class BV
of functions of bounded variation in the sense of Tonelli–Cesari, Kosinski
defined weak solutions, then considered a parabolic version of the system
in order to define admissible weak solutions to the hyperbolic initial value
problem, as limits of Lipschitz continuous solutions to the corresponding
parabolic problem. He also established uniqueness of these solutions in BV,
with much of this work inspired by contemporary results of C. Dafermos and
R. J. DiPerna.

Working together with Cimmelli in [5], Kosinski considered local well-
posedness of the Cauchy problem for an isotropic rigid heat conductor subject
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to the effects of an internal state variable. Upon adopting certain constitutive
assumptions in the general model, the absolute to semi-empirical relationship
was reduced to

ϑ = ϑ0 exp

(
−τ0βt + (β − β0)

ϑ0

)
, τ0 > 0, (37)

and the associated second order, quasi-linear, hyperbolic equation for β read,
essentially, as

τ0(ϑβtt −∇β · ∇βt) + ϑβt − ϑ0∆β = 0. (38)

Here we have normalized several coefficients in order to emphasize the prin-
cipal features, and we also neglected any body heat supply. Equation (38)
can be converted into a system by letting u = (β, β̇) and setting

A(u) = −
(

0 1
A1 A2

)
(39)

where A1, A2(u) (again normalized) represent the second order partial differ-

ential operators A1 = δij
∂2

∂xi∂xj
, A2 = δij

∂β

∂xi

∂

∂xj
.

Based on fundamental work by T. Kato, the above formulation, together
with suitable conditions on the initial data for ϑ and β provided a basis
for obtaining local existence, uniqueness and continuous data dependence of
solutions belonging to the class

(β(t, x)− β0, ϑ(x, t)− ϑ0) ∈ Cp([0, T ), Hs+1−p(Rn,R)×Hs−p(Rn,R)),

s > n/2, 0 ≤ p ≤ s, for some time T > 0.
Later employing the fact that the initial-value problem for symmetric, hy-

perbolic, quasi-linear systems is locally well-posed, Domanski, Jablonski and
Kosinski revisited local well-posedness via Friedrichs symmetrization, [7]. In
so doing, they first expressed the equations for energy balance and the evolu-
tion of β using as dependent variables β, internal energy ε, and heat flux q,
and then derived the form of a convex entropy function whose gradient com-
ponents could be used as a further replacement of these dependent variables
for the system of balance laws to become symmetric.

Taking a geometric optics approach to (34) in [8], Kosinski and Domanski
considered the initial value problem

uεt + A(uε)uεx + B(uε) = 0, (40)

uε(x, 0) = u0 + εu1(x,x/ε) +O(ε2), (41)

and examined weakly nonlinear asymptotic solutions of the form

uε(x, t) = u0 + ε

n∑
j=1

σj

(
x, t,

x− λjt
ε

)
rj +O(ε2). (42)
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Here the amplitudes σi satisfied a set of uncoupled, asymptotic evolution
equations,

σi,t + λiσi,x +
1

2
Γiσ

2
i,η + Λiσi = 0, 1 ≤ i ≤ n. (43)

where Γi = li · (∇uA)|u=u0 |ri|2 and Λi = li · (∇uB)|u=u0ri, and the eigen-
values, {λi 1 ≤ i ≤ n}, left and right eigenvectors, li and ri, satisfy

(A(u0)− λi I) ri = 0, li (A(u0)− λi I) = 0, li · rj = δij. (44)

This approach was used to compare Kosinski’s internal state variable model
for rigid conductors with another model developed by Morro and Ruggeri
([24]) in the framework of extended, or non-equilibrium, thermodynamics.
Both models describe heat propagation over a limited range of very low tem-
peratures where experimental measurements of specific heat, heat conduc-
tivity and second sound speed allow the identification of needed constitutive
functions. The asymptotic forms of the evolution equations for the two mod-
els are shown both to be of type (43) and, with suitable identification of the
coefficients, deliver identical solutions.

4. Addendum

All those who knew Witold greatly enjoyed his company, humour
and kindness. His enthusiasm was contagious and his work in-
spired many, for which we are grateful.

References

[1] M. Arcisz and W. Kosinski, Hugoniot relations and heat conduction laws, J. Thermal
Stresses 19 (1996), no. 1, 17–38.

[2] V. Antonio Cimmelli and Witold Kosiński, Superfluidity and internal parameters in
helium II, Waves and stability in continuous media (Bologna, 1993) (S. Rionero and
T. Ruggeri, eds.), Ser. Adv. Math. Appl. Sci., vol. 23, World Sci. Publ., River Edge,
NJ, 1994, pp. 76–81. MR 1320066

[3] Vito Antonio Cimmelli and Witold Kosiński, Nonequilibrium semi–empirical temper-
ature in materials with thermal relaxation, Arch. Mech. 43 (1991), no. 6, 753–767.

[4] , Evolution hyperbolic equations for heat conduction, Thermodynamics and ki-
netic theory. V Polish-Italian Meeting on Thermodynamics and Kinetic Theory, Mą-
dralin 1990, Ser. Adv. Math. Appl. Sci., vol. 12, World Sci. Publ., River Edge, NJ,
1992, pp. 11–22. MR 1170162 (93d:73007)

[5] , Well posedness results for a nonlinear hyperbolic heat equation, Ricerche Mat.
42 (1993), no. 1, 49–68. MR 1283805 (95h:35138)

[6] Vito Antonio Cimmelli, Witold Kosiński, and Katarzyna Saxton, Modified fourier law,
comparison of two approaches, Arch. Mech. 44 (1992), no. 4, 409–415.

http://www.ams.org/mathscinet-getitem?mr=1320066&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1170162 (93d:73007)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1283805 (95h:35138)&return=pdf


K. Saxton, R. Saxton 301

[7] W. Domański, T.F. Jabłoński, and W. Kosiński, Symmetrization of a heat conduction
model for a rigid medium., Arch. Mech. 48 (1996), no. 3, 541–550 (English), Zbl
0857.73010.

[8] W. Domański and W. Kosiński, Asymptotic equations of geometrical optics for two
models of hyperbolic heat waves, Arch. Mech. (Arch. Mech. Stos.) 47 (1995), no. 4,
745–753. MR 1364703 (96h:35180)

[9] K. Frischmuth and W. Kosiński, Thermomechanical coupled waves in a viscoplastic
medium, Arch. Mech. (Arch. Mech. Stos.) 54 (2002), no. 5-6, 439–457. MR 1964399
(2004b:74048)

[10] W. Kosiński, Thermal waves in inelastic bodies, Arch. Mech. (Arch. Mech. Stos.) 27
(1975), no. 5-6, 733–748, MR 0418664. MR 0418664 (54 #6702)

[11] W. Kosiński, Hyperbolic framework for thermoelastic materials., Arch. Mech. 50
(1998), no. 3, 423–450 (English), Zbl 0949.74005.

[12] W. Kosiński and K. Saxton, Weak discontinuity waves in materials with semi-
empirical temperature scale, Arch. Mech. (Arch. Mech. Stos.) 43 (1991), no. 4, 547–559
(1992), MR 1161935. MR 1161935 (92m:80009)

[13] , The effect on finite time breakdown due to modified Fourier laws, Quart.
Appl. Math. 51 (1993), no. 1, 55–68. MR 1205936 (93m:35118)

[14] W. Kosiński and W. Wojno, Remarks on internal variable and history descriptions
of material, Arch. Mech. (Arch. Mech. Stos.) 25 (1973), 709–713, MR 0368545. MR
0368545 (51 #4786)

[15] , Gradient generalization to internal state variable approach, Arch. Mech.
(Arch. Mech. Stos.) 47 (1995), no. 3, 523–536. MR 1364476 (96k:73015)

[16] Witold Kosiński, Gradient catastrophe in the solution of nonconservative hyperbolic
systems, J. Math. Anal. Appl. 61 (1977), no. 3, 672–688, MR 0460912. MR 0460912
(57 #903)

[17] , Admissibility and uniqueness of weak solutions to hyperbolic systems of bal-
ance laws, Math. Methods Appl. Sci. 11 (1989), no. 2, 253–269, MR 984056, doi:
10.1002/mma.1670110206. MR 984056 (90i:35064)

[18] , Elastic waves in the presence of a new temperature scale, Elastic Wave Prop-
agation, IUTAM-IUPAP Symposium (1988) (M. F. McCarthy and M. Hayes, eds.),
Series in Applied Mathematics and Mechanics, vol. 35, North-Holland, 1989, pp. 629–
634.

[19] , Thermodynamics, admissibility and uniqueness of weak solutions to system
of balance laws, Proc. III Meeting on Waves and Stability in Continuous Media, Bari,
7-12 Ottobre 1985 (M. Maiellaro and L. Palese, eds.), 1989, pp. 205–245.

[20] , Thermal waves in the kinematic theory, Proc. IUTAM Symp. Nonlinear
Waves in Solids, Victoria, B. C., Canada, Aug. 15-20, 1993. (Fairfield, New Jersey),
ASME Book No. Appl. Mech. Rev., vol. 137, ASME, 1994, pp. 247–252. MR 1320066

[21] , Thermodynamics of continua with heat waves, Thermoelastic Problems and
Thermodynamics of Continua, Proc. of the 1995 Joint ASME Applied Mechanics
and Materials Summer Meeting, Los Angeles, California, June 28-30,1995, UCLA
(L. Brock, ed.), AMD, vol. 198, American Society of Mechanical Engineers, New
York, N. Y., 1995, pp. 19–25.

http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0857.73010&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0857.73010&format=complete
http://www.ams.org/mathscinet-getitem?mr=1364703 (96h:35180)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1964399 (2004b:74048)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1964399 (2004b:74048)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0418664&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0418664 (54 #6702)&return=pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0949.74005&format=complete
http://www.ams.org/mathscinet-getitem?mr=1161935&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1161935 (92m:80009)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1205936 (93m:35118)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0368545&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0368545 (51 #4786)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0368545 (51 #4786)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1364476 (96k:73015)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0460912&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0460912 (57 #903)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0460912 (57 #903)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=984056&return=pdf
http://dx.doi.org/10.1002/mma.1670110206
http://dx.doi.org/10.1002/mma.1670110206
http://www.ams.org/mathscinet-getitem?mr=984056 (90i:35064)&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1320066&return=pdf


302 Works of Witold Kosinski

[22] Witold Kosiński and Kurt Frischmuth, Thermomechanical coupled waves in a nonlin-
ear medium., Wave Motion 34 (2001), no. 1, 131–141 (English), Zbl 1163.74385.

[23] Witold Kosiński and Włodzmierz Wojno, On parabolic regularization of hyperbolic heat
conductivity in rigid body., Mech. Teor. Stosow. 34 (1996), no. 1, 67–76 (English), Zbl
0854.73005.

[24] T. Ruggeri, A. Muracchini, and L. Seccia, Shock waves and second sound in a rigid
heat conductor: A critical temperature for naf and bi, Phys. Rev. Lett. 64 (1990),
no. 3, 2640–2643, doi: 10.1103/PhysRevLett.64.2640.

[25] K. Saxton, R. Saxton, and W. Kosinski, On second sound at the critical temperature,
Quart. Appl. Math. 57 (1999), no. 4, 723–740. MR 1724302 (2000h:35158)

Fale termiczne, Drugi dźwięk.
Wyniki prac Witolda Kosińskiego

Katarzyna Saxton, Ralph Saxton
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Figure 1: Visit in New Orlenas, March 1998. From the left Ralph Saxton,
Ludwika Szmit, Katarzyna Saxton, Ewa Kosinska and Witold Kosinski
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