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Mathematical modelling of tumour angiogenesis

AbstractMathematical models are valuable tools for studying the underlying mech-
anisms of tumour progression. They enable us to explore possible radio-, chemo- and
other various therapy combinations that until now have been only a promising hy-
potheses because of the huge costs of their clinical studies. Here we present a family of
mathematical models of tumour angiogenesis, which give an accurate fit to biological
data. In addition, after modifications they can describe the effect of anti-angiogenic
treatment using various vessel targeting agents, as well as the impact of cytotoxic
agents on proliferating cancer cells. We present two ways in which anti-angiogenic
treatment can be incorporated into the model. In the first one, the agents directly
target tumour vessels, whereas in the second one, they interfere with angiogenic
signalling. We illustrate differences between these two approaches by presenting the
results of fitting the corresponding models to the biological data.
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1. Biological background It is estimated that almost one quarter
of the world population experience cancer during their life time. For many
years, the main goal of studies was to find a complete cure through tumour
eradication. The strategy was to disrupt mutant cells directly through an
extremely high level of radiation or DNA-interfering agents. Unfortunately,
there are many types of cancers with different genetic alterations and what
is worse the number of genetic errors present within one cancer cell can be
counted in thousands [24]. In addition, fast duplication combined with the
high genetic instability of cancer cells provide one of the several mechanisms
in which cancer cells may acquire resistance to anti–cancer drugs. Thus, it
seems that an ultimate and complete cure that would affect all types of cancer
cells is unreachable [24]. Novel treatment approaches shift focus away from
the cancer cell and instead they target the environment that supports the
tumour [4]. A spectacular example of such an approach is anti-angiogenic
therapy, postulated almost 40 years ago by Folkman in [10].
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2 Mathematical modelling of tumour angiogenesis

The formation of new blood vessels from pre-existing ones is called an-
giogenesis. It is a normal and vital process, whose role is normally restricted
to wound healing, the menstrual cycle, and pregnancy. Unfortunately, Folk-
man discovered that the process of angiogenesis is crucial for the growth of a
tumour beyond a diameter of 1–2 mm. After reaching an avascular dormant
state, a tumour is able to grow further only by stimulating angiogenesis in the
surrounding tissue. Tumour cells, by secreting some stimulatory factors, in-
duce vessels in the host tissue to sprout capillary tubes. These tubes migrate
and ultimately penetrate the tumour, providing it with additional nutrients
from circulating blood [10], see Fig. 1. Folkman surmised that if a tumour

Figure 1: Schematic representation of tumour angiogenesis. After reaching
an avascular dormant state, a tumour can grow further only by inducing
vessels in the host tissue to sprout capillary tubes, which migrate towards
and ultimately penetrate the tumour, providing it with a circulating blood
supply, and therefore an additional source of nutrients.

could be stopped from growing its own blood supply, that is angiogenesis
could be inhibited around the tumour, it would wither and die. This method
is known as anti-angiogenic therapy and its implementation was possible due
to O’Reilly et al.’s discovery of the anti-angiogenic agents: angiostatin [27]
and endostatin [26]. These days there are many anti-angiogenic agents acting
in different ways, but we can divide them into two distinct classes [19]: vascu-
lar targeting agents (VTAs) and anti-angiogenic agents. VTAs are designed
to cause a rapid and selective shutdown of blood vessels in tumours, whereas
anti-angiogenic drugs are designed to inhibit the formation of new vessels at
the level of signalling or by blocking any pro-angiogenic stimulus. Most im-
portantly, anti-angiogenic treatment holds the promise of being less patient
specific as the development of host vasculature, rather than the constantly
mutating tumour, is targeted [6].

Unfortunately, after the initial huge enthusiasm caused by the possible
versatility of anti-angiogenic therapy, new experimental results showed that
its usage is far more complex that was previously expected. First of all, it has
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been reported that a tumour can acquire resistance to anti-angiogenic drugs,
see [18] and references therein, and in some cases this is probably caused
by the rapid shortage in oxygen supplies induced by the treatment [5]. In
addition, it has been discovered that tumour angiogenesis is highly patho-
logical. Incorrect structure and poor efficiency of newly formed vessels are
common tumour features [15, 16]. Some trials developed to investigate tu-
mour biology revealed that most of the administrated dose of chemotherapy
is not even absorbed by the tumour. Moreover, the absorbed part of the dose
was not distributed evenly in particular tumour regions. On that basis, it
has been proposed that the appropriate dose of anti-angiogenic drugs im-
proves chemotherapy by causing ”vessel normalisation” in tumours [15, 16],
see Fig. 2. Increasing the dose of an anti-angiogenic agent may destroy too

Figure 2: Pathology of tumour angiogenesis. Abnormal structure (right) and
poor efficiency of newly formed vessels are common tumour features. Anti-
angiogenic drugs improve chemotherapy by causing ”vessel normalisation” in
tumours (left).

much of the tumour vasculature, leading to poor drug delivery into the tu-
mour. Hence, the effort now is on identifying the timing of the normalisation
window during anti-angiogenic therapy, in order to use it to increase the
efficiency of chemotherapy.

In the following sections, we present a family of mathematical models of
tumour angiogenesis, which give an accurate fit to biological data. In addition,
after modifications they can describe the effect of anti-angiogenic treatment
using various vessel targeting agents, as well as the impact of cytotoxic agents
on proliferating cancer cells. We present the results of fitting such a model
to experimental data and compare the course of action for two different anti-
angiogenic agents.

2. A family of tumour angiogenesis models In a seminal paper [14],
Hahnfeldt and colleagues proposed a mathematical model departing from the
theoretical concept that a tumour regulates associated vascular growth or
suppression, and the tumour vasculature, in turn, controls tumour growth
through its usual nutritive function. Tumour volume (p) and effective vascu-
lar support (q), which represents the maximal tumour volume that can be
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supplied with nutrients by the present vasculature, are time-dependent vari-
ables described by a set of coupled ordinary differential equations (ODEs).
Tumour growth is assumed to be governed by the Gompertz law [12],

ṗ(t) = −εp(t) ln
p(t)
q(t)

. (1)

The Gompertz law is one of the possible ways to express the fact that with
the constant effective vascular support q(t) = qmax, initial rapid tumour
growth is followed by a slowdown as the tumour volume approaches the
environmental carrying capacity qmax. The Gompertz law is commonly used
in tumour growth modelling, because it gave an accurate fit to experimental
data [20]. To take into account the reciprocal interaction of the tumour with
the host vasculature, the vascular support can be described by the following
equation

q̇(t) = −µq(t) + bS(p(t), q(t))− dI(p(t), q(t)) , (2)

where−µq(t) represents spontaneous loss of the functional vasculature, bS(p(t), q(t))
represents the stimulation of vessels growth due to factors secreted by the
tumour, and −dI(p(t), q(t)) describes endogenous inhibition of previously
generated vasculature due to factors secreted by the tumour. The model de-
fined by equations (1) and (2) describes tumour growth without treatment.
To derive the relationship between the functions I(p, g) and S(p, q), Hah-
nfeldt et al. assumed that the tumour is a three-dimensional sphere and
considered the following partial differential equation for the concentration
n(x, t) of angiogenic stimulators/inhibitors

∂n(x, t)
∂t

= D∆xn(x, t)− cn(x, t) + s1l[0,r0(t))(||x||) , (3)

where x ∈ R3,D2 denotes the diffusion coefficient, c is the stimulator/inhibitor
clearance rate, s is the rate of stimulator/inhibitor secretion, and r0(t) ∼
p(t)1/3 is the radius of the tumour. If we assume that the tumour is in a
quasi–steady state, i.e., that its growth rate is small relative to the rate of
distribution of a factor, then ∂n(x, t)/∂t = 0 and r0(t) = r0. Such an as-
sumption is commonly used in biomathematics, see [13, 17]. If we assume
further the radial symmetry of the solution, then n(x) = n(r), where r is the
distance from the center of the tumour, the problem reduces to the following
second-order ordinary differential equation

n′′(r) +
2
r
n′(r)− c

D
n(r) +

s1l[0,r0)(r)
D

= 0 , (4)

which has a unique solution in the class of continuously differentiable and
bounded functions

n(r) =


s

c

(
1− (1 + r0c1)e−r0c1

sinh(rc1)
rc1

)
, r ∈ [0, r0) ,

s

c
(r0c1 cosh(r0c1)− sinh(r0c1))

e−rc1

rc1
, r ∈ [r0,+∞) ,



J. Poleszczuk 5

where c1 =
√
c/D. Hahnfeldt et al. assumed further that the parameter c

(stimulator/inhibitor clearance rate) is large for the angiogenic stimulators
(c � D/r2

0) and small for the angiogenic inhibitors (c � D/r2
0). Under this

assumption one can obtain that the total concentration of the stimulators
inside the tumour is proportional to r3

0, whereas for the inhibitors it is pro-
portional to r5

0, see [31] for further details. Hahnfeldt et al. [14] also observed
that in reality during angiogenesis the variables p and q tend to approach each
other (p ≈ q). Therefore, if we assume that the inhibition and stimulation
terms are proportional to the total concentration of the respective molecules,
then the following relationship between the terms I(p, q) and S(p, q) can be
established

I(p, q)
S(p, q)

= r2
0 ∼ pαqβ , where α+ β = 2/3 . (5)

Hahnfeldt et al. proposed setting α = −1/3 and β = 1, i.e., the stimula-
tory capacity and the endogenous inhibition functions are given by p(t) and
q(t)p2/3(t), respectively. However, later on other forms of these functions were
considered, see [9] and [7] and hence, one can consider a whole family of tu-
mour angiogenesis models. Other formulae for the functions S and I that
have been considered in the literature are given in Tab. 1. A family of models

S(p(t), q(t)) I(p(t), q(t)) Ref.

p(t) q(t)p2/3(t) Hahnfeldt et al. [14]

q2/3(t) q4/3(t) Ergun et al. [9]

q(t) q(t)p2/3(t) d’Onofrio and Gandolfi [7]

Table 1: Formulae for the stimulatory capacity function (S) and the endoge-
nous inhibition function (I) considered in the literature.

based on the Hahnfeldt et al. model is an object of study for several groups
of researchers. In [32] Poleszczuk and Skrzypczak modified the model in or-
der to incorporate the pathology of tumour angiogenesis. They showed that
anti-angiogenic therapy can increase the efficiency of chemotherapy. Świer-
niak [34], Świerniak et al. [35, 36], Ledzewicz and Schättler [21–23] studied
these models as optimal control problems with the goal of designing optimal
and suboptimal anti-angiogenic protocols. Several other studies have incorpo-
rated mathematical models for the development of tumour under angiogenic
signalling: see [25] and references therein or [33], where other processes con-
nected with tumour growth are also presented. In the literature we can also
find models built on different assumptions (see e.g. [1,2,30]) and approaches
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to angiogenesis (see e.g. [3]) to those of the Hahnfeldt et al. model.

2.1. Original model of anti-angiogenic treatment The model pro-
posed by Hahnfeldt et al. can describe the effect of anti-angiogenic treatment
and the predictions from this model gave a good fit to experimental data from
treatment with TNP-470, Angiostatin and Endostatin [14]. The equation de-
scribing the evolution of effective vascular support was originally adapted to
include treatment effects in the following way

q̇(t) = −µq(t) + bS(p(t), q(t))− dI(p(t), q(t))− eq(t)u(t) , (6)

where u(t) is the time dependent concentration of an administered inhibitor.
It can be shown (see e.g. [8,28]) that for all the formulae presented in Tab. 1, a
constant therapy function u(t) ≡ u and arbitrary positive initial conditions,
p0 > 0 and q0 > 0, the corresponding solution (p, q) to Eqs. (1) and (6)
exists for all times t  0, is unique, and both p and q remain positive.
In addition, for the constant therapy function, there are only two possible
scenarios depending on the parameter values

• there exists a unique positive globally asymptotically stable steady state
in R2

+;

• there is no positive steady state and the solution (p, q) tends to (0, 0)
as t→ +∞.

2.2. Modified model of anti-angiogenic treatment In [29], Poleszczuk
and coworkers argued that the original model, although successful in predict-
ing the response to therapeutic agents that directly block the growth of new
blood vessels (for example, Angiostatin), might insufficiently describe the ef-
fect of anti-angiogenic drugs that act to inhibit the angiogenic stimulation.
Bevacizumab, a humanised monoclonal antibody that inhibits vascular en-
dothelial growth factor A (VEGF-A), was provided as an example of such an
agent [29]. For anti-angiogenic agents, with a comparable course of action to
bevacizumab, the following modification of the original model was proposed

ṗ(t) = −εp(t) ln
p(t)
q(t)

,

q̇(t) = −µq(t) +
b

1 + eu(t)
S(p(t), q(t))− dI(p(t), q(t)) ,

(7)

where all the parameters are non-negative and as above, u(t) represents the
concentration of the administered agent. Note that in comparison to the
original model, treatment does not induce a gross reduction in the vascu-
lature (c.f., equations (1) and (6)), but selectively inhibits the formation of
tumour-stimulated neo-vasculature. Without any spontaneous loss of func-
tional vasculature (µ = 0), with constant treatment, and the stimulatory and
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inhibitory functions considered by Hahnfeldt et al. and d’Onofrio, the dynam-
ics of the original model and modified model (7) radically differ. Namely, in
the case of the original models, there exists a sufficiently large drug dose for
which the tumour volume tends to zero, while for the modified model this is
not possible since there always exists a positive globally stable steady state.

3. Goodness of fit to experimental data The impact of bevacizumab
on head and neck squamous cell tumours grown in Female BALB/c nu/nu
nude mice was investigated experimentally in [11]. Tumour-bearing mice were
randomised at mean tumour volume 50-100 mm3. Mice were treated with
either 2 mg/kg or 4 mg/kg of bevacizumab on days 1 and 4 of each week for
4 weeks. Both treatment regimes were shown to decelerate growth, but are
insufficient to prevent tumour expansion (Fig. 3A).

Figure 3: Fitted model curves and predicted tumour response to different
doses of bevacizumab. Experimental data derived from [11]. (A) Control data
and the fitted model curve using Eqs. (1) and (2) (control, left) or treatment
data together with the solutions to the original (Eqs. (1) and (6)) and mod-
ified (Eqs. (7)) models with the parameters in Tab. 2. (B) Predicted future
growth of a tumour in the control group (left) and response of tumour to
higher doses of bevacizumab: 6 mg/kg (middle) and 12 mg/kg (right).

In all our numerical simulations we consider only models with the stimula-
tory capacity and endogenous inhibition functions considered by Hahnfeldt et
al., as this is probably the most widely used form of that model. In addition,
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following standard pharmacokinetic assumptions we set

u(t) =
t∫

0

c(s) exp(−clr(t− s))ds , (8)

where c(s) is the rate of administration of the angiogenic inhibitor at time s
and clr is the clearance rate of the considered agent. For simplicity we assume
that

c(s) = D(δ(s− t1) + δ(s− t2) + ...),

where D is the administered dose and the ti are the injection days. This
assumption may generally lead to a decrease in the quality of fit, but should
not influence the comparison of the considered models.

The data fitting procedure was divided into fitting a model for the con-
trol case and then fitting a model for the treatment cases. The kinetic model
(Eqs. (1) and (2)) was applied first to the data from the untreated con-
trol group and the growth parameters ε, µ, b, d, and q(0) (initial value of q)
were estimated. Then, using these estimates of the parameters, the data for
the groups treated with bevacizumab (2 or 4 mg/kg) were used to estimate
the respective treatment parameters e and clr in the case of the original
model (Eqs. (1) and (6)) and the modified model (Eqs. (7)). In both steps,
using a commercial software package (MATLAB R© R2012b with Optimiza-
tion ToolboxTM, The MathWorks Inc., Natick, MA, 2012) we performed a
gradient-based fitting procedure, in order to minimise the sum of the squared
residuals

f(v) =
n∑
i=1

(
p(ti, v)−mi

mi

)2

,

where v is the vector of the model parameters, n denotes the number of
experimental measurements, ti are the moments of measurements, mi are the
measured tumour volumes, and p(ti, v) are the tumour volumes predicted
by the model. In order to avoid finding only local minima, we randomly
generated 1000 sets of initial values for the parameters. For each of these
sets we performed the same optimization procedure and then we chose the
set of values of the parameters giving the lowest value of the function to be
minimised.

Comparison of the experimental data with the fitted curves demonstrates
the ability of both models to reproduce the experimental data (Fig. 3A). An
excellent fit to the control group data was obtained when using the original
model (Eqs. (1) and (2)) to estimate the parameters ε, µ, b and d (Fig. 1A). A
good fit for an early response to low doses of bevacizumab of 2 and 4 mg/kg
was obtained using both the original and modified model without significant
differences between the tumour growth curves (Fig. 1A). However, at the
end of the treatment (t > 30 days) the original model fails to correctly
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approximate tumour growth for the 2 mg/kg treatment. The total error of fit
for the modified model was three times smaller than for the original one. Large
differences between the predictions obtained from the models are observed for
higher doses of bevacizumab (Fig. 1B). For treatment doses of 12 mg/kg, the
original model predicts a more than three times greater response to treatment
than the modified model. However, due to the lack of data for such high doses
of bevacizumab, we are unable to assess these predictions.

e clr ε µ b d p(0) q(0)

Control 0.074 0.002 1.338 0.002 71.255 71.668

Original model 0.064 0.075 0.074 0.002 1.338 0.002 71.255 71.668

Modified model 0.476 0.08 0.074 0.002 1.338 0.002 71.255 71.668

Table 2: Estimated tumour growth parameters. The kinetic model
(Eqs. (1) and (2)) was applied first to the data for the untreated control group
and the growth parameters ε, µ, b, d, and q(0) (initial value of q) were esti-
mated by performing gradient-based optimization for 1,000 randomly chosen
sets of initial parameters. Using these estimates of the parameters, the data
for bevacizumab treatment (2 or 4 mg/kg) was used to estimate the treat-
ment parameters e and clr in the case of the original model (Eqs. (1) and (6))
and the modified model (Eqs. (7)).

4. Conclusions Investigating the influence of new cancer therapies on
tumour development is currently of great importance. Their effects, both
when used as supportive and stand alone therapies, need to be assessed.
Mathematical models can be utilised to dissect the complex mechanisms un-
derlying tumour growth and response to treatment, especially if treatment
is not directed at tumour cells but the environment that modulates tumour
growth kinetics. A number of anti-angiogenic treatments have recently been
approved, both as a single treatment and in combination with other thera-
peutic agents, and many more are at various stages of clinical trials. The Hah-
nfeldt model has successfully predicted tumour response to anti-angiogenic
treatment with TNP-470, Angiostatin and Endostatin [14]. A modification
of that model, put forward by Poleszczuk and colleagues, extended its ap-
plicability to treatment with bevacizumab [29]. We have demonstrated that
simple mathematical models with a small number of experimentally validated
parameters can reliably reproduce and predict tumour growth and treatment
response data. They augment the understanding of a cause-action relation
in tumour kinetics and aim to drive future experiments and clinical valida-
tion towards an improved understanding of tumour growth and ultimately
improved treatment.
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Matematyczne modelowanie angiogenezy nowotworowej
Jan Poleszczuk

Streszczenie Modele matematyczne okazały się być cennym narzędziem do bada-
nia podstawowych mechanizmów progresji nowotworu. Modele pozwalają nam na
badanie możliwości łączenia radioterapii, chemioterapii i innych metod leczenia, co
do tej pory, z powodu bardzo wysokich kosztow badań klinicznych, było nieosią-
galne. W pracy prezentujemy rodzinę matematycznych modeli angiogenezy nowo-
tworowej, które okazały się dobrze odpowiadać wynikom przeprowadzonych ekspe-
rymentów biologicznych. Ponadto, po wprowadzeniu pewnych modyfikacji, modele
te skutecznie opisują wpływ terapii antyangiogennej wykorzystującej leki o różno-
rakim sposobie działania. W pracy przedstawiamy dwa sposoby na uwzględnienie
w modelu wpływu leków działających na naczynia krwionośne dostarczające w re-
jony nowotworu tlen i substancje odżywcze. Pierwszy sposób odnosi się do środków
działających bezpośrednio na naczynia guza. Drugi opisuje środki wpływające na
proangiogenną sygnalizację. Różnice między tymi dwoma podejściami ilustrujemy
poprzez przedstawienie wyników dopasowywania modeli do danych eksperymental-
nych.
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Słowa kluczowe: angiogeneza nowotworowa, terapia antyangiogenna, równania róż-
niczkowe.
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