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It is sometimes a difficult task to find the right structure for a book 
review. Fortunately, there are generally accepted templates such as the re-
views of mathematical books in the Bulletin of the American Mathematical 
Society or more diverse reviews in the New York Review of Books. A poten-
tial referee may also consult the book “A Primer of Mathematical Writing” 
by S. G. Krantz [3] in which many valuable suggestions can be found of 
how a good mathematical review should be written. In addition, the book 
by Krantz contains a list of various questions which a book review might 
address.

However, when a book consists of several volumes and covers a multitude 
of topics, most of the book review guidelines become irrelevant. This creates 
a difficulty which we call the Oeuvre Problem. One of the ways of solving 
this problem in the case of a mathematical book can be formulated as fol-
lows: Instead of attempting to write an essay about the subject of the huge 
book under reviewing, just make a list of the active topics in the field and 
add some information about the contents the book. This is what G. Eskin 
has done in his review [1] on the epic book “Partial Differential Equations 
I, II, III” by M. Taylor. In our present review on the two volume book of 
the papers of Norman Levinson we will combine some structural elements 
from [1] with the short description of a handful of Levinson’s celebrated 
results.
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Norman Levinson was one of the most influential analysts of the 20th 
century. He was brought up in a poor immigrant family. Once he said about 
his early years “We were very poor, but we didn’t think of ourselves as poor.” 
Almost all of Norman’s creative life was connected with the Massachusetts 
Institute of Technology. His teacher at MIT was Norbert Wiener. Norman 
inherited from his teacher a very wide spectrum of mathematical interests 
and a deep taste for applications of mathematics. Levinson contributed sub-
stantially to such diverse fields as differential and integral equations, har-
monic analysis, signal processing, complex analysis, stochastic analysis, and 
analytic number theory. The present book contains a selection of 81 of 124 
published papers of Norman Levinson. The papers are grouped by the top-
ics rather than chronologically. Each group is preceded by a commentary 
written by a mathematician active in the corresponding field. The reader 
can also find in the book several interesting remarks by Norman Levinson’s 
wife, friends, and colleagues concerning his life and work. The following are 
the topics into which the papers are subdivided:
1. Stability and asymptotic behavior of solutions of ordinary differential 

equations.
2. Nonlinear oscillations and dynamical systems.
I nverse problems for Sturm - Liouville and Schrodinger operators.

3. Eigenfunction expansions and spectral theory for ordinary differential 
equations.

4. Singular perturbations of ordinary and partial differential equations.
5. Elliptic partial differential equations.
6. Integral equations.
7. Harmonic and complex analysis.
8. Stochastic analysis.
9. Elementary number theory and the prime number theorem.

10. The Riemann zeta-function.
11. Miscellaneous topics.

This impressive list shows how rich Levinson’s mathematical world was. 
Next we will choose a small sample of Levinson’s seminal results and describe 
them. The selection is very incomplete and reflects the referee’s taste and 
interests.

1. Density of zeros of analytic functions (see [5], [2], and also Red- 
heffer’s review of [5] in the present book). The book “Gap and Density 
Theorems” by N. Levinson, published in 1940, is still popular and influen-
tial. One of the results obtained in it concerns the density of the zeros of an 
entire function /  of exponential type in the complex plane. Levinson proved 
that the density of the zeros of such a function in the right half-plane and 
in the left half plane is equal to £ where k is the exponential type of / .
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Moreover, the zeros of /  tend to cluster about the real axis. More precisely, 
let /  be an entire function of exponential type and denote by n+(r) and 
n_ (r) the number of zeros of /  less than r in modulus which lie in the right 
half-plane and the left half-plane, respectively. Suppose that
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Moreover, given any 6 >  0 the number of zeros of /  less than r in modulus 
lying outside both of the two sectors {z  : | arg z\ < <5} and {z  : | arg z — 7r| < 
<5} is o(r) for large r.

This interesting result can be shortly formulated as follows: Under some 
restrictions the zeros of the function f ( z )  behave like those of the function 
sin k z.

2 . More than one third of zeros of Riemann’s zeta function are 
on the critical line (see [9]). The Riemann zeta function £(s) is defined 
for all complex numbers s =  <j  +  it with a > lb y
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The zeta-function has a meromorphic continuation from the set {s =  cr +  it : 
a >  1} to the whole complex plane C  with the only pole at s =  1. It is known 
that £ (—2k) =  0 for all positive integers k. The numbers Sk =  —2k are called 
the trivial zeros of the zeta-function. It is also known that all the nontrivial 
zeros of the zeta-function are contained in the strip {s  =  cr+it (E C : 0 < a < 
1} (the critical strip). Riemann conjectured that all the nontrivial zeros of (  
lie on the line a =  |. This is the famous Riemann Hypothesis which remains 
today one of the most important open questions in mathematics. Levinson 
studied in [9] the distribution of zeros of the zeta function in the critical strip. 
Let No(T) denote the number of zeros of £(| +  it) on 0 < t <  T  and N(T)  
stand for the number of zeros of £(s) in the rectangle 0 < c r < l ,  0 < t  < T 
where s =  a +  it. Levinson proved in [9] that the following estimate holds:

JV0(T) >  ijV(T).

The paper [9] was published in 1974. At that time Levinson’s result was 
the strongest of the known results concerning the Riemann Hypothesis. As
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B. Conrey writes in his commentary on p. 306 of the present book “Levin-
son’s paper [9] showing that more than one third of zeros of the zeta-function 
lie on the critical line a =  1/2 will long be remembered as a brilliant piece 
of mathematics. It is a tour de force that remains the best attack yet on the 
Riemann Hypothesis” .

3. Forced periodic oscillations of the Van der Pol oscillator (see 
[8] and also [4] where the reader may find a good description of the results 
obtained in [8]).

The paper [8] continues the work of Cartwright and Littlewood. It deals 
with the equation

y +  p (y )y  +  y - c s i n *

on the real line, where p is a certain function. Levinson shows that there 
is a family-of solutions of this equation exibiting a remarkably singular 
behavior. He proves that the Poincar’e map associated with this equation 
is analytic and possesses an attractor having a strange structure. It is not 
a simple Jordan curve, but rather a “singular curve” as Levinson describes 
this object. Levinson also mentions that the existence of a similar “curve” 
invariant under an analytic transformation of the plane was demonstrated by 
Birkhoff and that it was not known whether such “curves” could arise from 
a transformation associated with a differential equation. Levinson’s “curve” 
in [8] was the first known example of a singular attractor arising from a 
differential equation. These long neglected results of Norman Levinson can 
be considered as precursors to much of the recent extensive research on 
chaotic dynamical systems.

4. Prediction and filtering (see [6] and [7]). These papers of Levinson 
deal with Wiener’s mathematical theory of prediction and filtering. The fil-
tering idea consists in modifying a transmitted signal in order to get rid of 
deterministic distortions or random noise and then recovering the original 
message. The prediction theory studies the problem of predicting the future 
values of the signal from its past values. Wiener and Levinson were among 
the creators of both theories. In [6] Levinson considered the problem of de- 
noising the transmitted message and designed a filter which carries out this 
operation. The results of Wiener and Levinson on filtering and prediction 
found many applications, e. g., in the geophysical signal processing. As E. 
A. Robinson wrote in his survey paper [10]: “ ... N. Levinson, a dynamic and 
brilliant mathematician and a warm and kind person, made important and 
permanent contribution to engineering and applied science... Whereas the 
digital revolution came first to the geophysical industry largely because of 
the tremendous accuracy and flexibility afforded by large digital computers
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today we are in the midst of a universal digital revolution of epic proportions. 
One now realizes that the work of Wiener and Levinson is being appreciated 
and used by an ever-increasing number of people.”

The publication of the book “Selected Papers of Norman Levinson” is a 
good present to the scientific community. In our opinion, the book should 
be on the bookshelf of anyone interested in classical and applied analysis.
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