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Abstract. The finite difference “box” scheme, (see also {1],{2]), is considered on the
simplest possible model of single first order linear hyperbolic equation: w; + pury = 0
with constant coefficient ;2 and one space variable. The optimal version of the scheme,
which is nonoseilating and unconditionally stable with respect to the initial and boundary
conditions, ix derived in the class of box schemes of the order at least one. If apropriately
iterated, this scheme may be applied to general systeins of quasilinear first order hyperbolic
cquations in one space variable, as an explicit, unconditionally stable solver. For more than
one space variable this solver is applicable via splitting (see [3]).

Order. Consider the model equation u; + pu, = 0 with g > 0, and the
following finite difference “box” scheme for this equation:

.

Son+1 o n+1 ) no__
(1) augly —bup™" +dugy, +oeup =0

where u) have to approximate u(t,,zx) with £, = n7 and zx = kh, while
7 > 0 and /h > 0 are time and space step respectively.
Put

a = ¢4+ A\pdy, —b = ¢3 + A\pds,
(2) ¢ =c1 + A\dy, d = co + Auds,

r
A= —.
h

Assume that the solution w(¢, z) is in C3. Inserting the function « into
cquation (1) and developing, we get in the standard way:
[c1 + o+ e3+ g + Au(dy + do + dz + dy)u+
(3) +hles + ¢4 + Ap(da + dg)ug + Ahles + ca + Ap(ds + dy)Jue+
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112
+L—[c2 + ¢4 + A(da + dy)|uge + An2[eg + Apdylug,+

2
A2h2
+

[es + ¢q + Anlds + dg)]ug = o(h?).
Function « and its derivatives have to be taken in (t,,zy). Taking into
account the equation and its derivatives:
Uy + pug = 0,

gy + gy = 0,

Utt + pigr = 0,
we can write down the formula (3) using only w(t,,zr), ug(t,,zx), and
Wy (s g )

[cL 4+ 2 + 3+ eq + Ap(dy + do + ds + do)|ults,, ze)+

(4) +h[co + s+ App(—cs —ca +do +dy) + N p?(—ds — d)|ug (tn, Tr)+

dy +d
+ Ap( 2;(4 —eg) + AL

X303 (d3 + dy)|ugy (tn, T1) = o(h?).

In order to obtain the residual in (4) of the form O(h?) at least, we have
to set:

1+ ¢q

+}”2[ —d4)+

c1+cr+c3+cqg =0,
di+das+ds+dy =0,

(5) c3+ ey —da—dyg =0,
ey +cq4 =0,
ds +dg =0.
This is a system of five linear algebraic equations with eight unknowns

C1,Co, C3, Cq, dy, do, d3, dqy. We may solve the system (5), expressing ¢1, ¢z,

e3. dy, dz as functions of dy, dq and ¢4. Put

v = da,
Yy = da,
Z = L4
we get:
L =z—-v—Y,
Cy = —2,
(6) c3=—C =v+y—2,
dy = —v,

dz = —y.
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Under the conditions (6) the residual of equation (4) is of the form:

v+y Al

W 5 z+ 7(0 — ) | uge (tn, Tr) + o(h?).
Denote:
o vty Au( )
p=z-—5 5 (v —y);

this is the coefficient of diffusion of the scheme (1). Now, the coefficients a,
. . d of equation (1) are the following:

a:z+/\/1.;1/:p+U;—y+A/t7);y+/\uy=p+(l+)\/z)%g,
(7) ~b=1)+y—z~)\uy=—p+(1+)\p)v;y,
(:ZZ—(v+y)—/\uv=p—(1+/\u)v;y,
d:—z+)\/w:—p~—(1v—)\u)v;y.

As a conclusion, let us formulate the following:

PROPOSITION 1. The scheme (1) with coefficients given by formulae (7)
is of the order one (residual is of the form O(h?)).

If we put z = % + ’\7“(?) —1y) (p =0, i.e. the diffusion vanishes!), then
the scheme (1) is of the order two (residual is of the form O(h®)). =

Nonoscillation. We are now interested in another feature of scheme
(1): the property of nonoscillation. In other words, we desire to make a
choice of cocfficients in (1), which disable creation of parasite oscilations
in a solution of finite difference equation (1). It is well known, that such a
parasite oscillations apear often in rapidely varying solutions {(noncontinuous
data), and that they are even able to destroy this solution completely.

Let us now observe how procedes the operation of solving the equation
(1). Assume we know:

e initial conditions u(0, v),
e boundary conditions u(t,,0) = g,.

The whole process of solving goes on paralelly to the z-axis from « = 0,
in the direction of the positive semiaxis. This means, that the equation (1) is
solved with respect to the variable “Zi}- Observe that remaining variables:
'u,’k’,H, uy . and uy are known. In other words, the process has the explicit
charucter.

Assume that the grid contains M points on the x-axis: z1,Z2,Z3,...,Tar-
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T

Denote: U = [ul, uly, ..., ul,]",
1 0 O o0 -~ 0 0
-b o« o o -~ 0 0
0O -b a 0 -~ 0 0
A= 0 0O —-b a -~ 0 0f°

O 0 0 0 --- 0 0 CGn+1 ]
¢ d 0 0 -~ 0 0 0
. 10 e d 0 - 00 w1 |0
b= 0 0 ¢ d - 0 01’ f - 0
0 000 - ¢ d 0]
The scheme (1) can be written as the recurrence foriula:
AUn—f—l + BU” — f71+1 \
or. equivalently.
(8) Un+1 — C“[[lL + !}17.+1‘
where (' = —A71B and ¢® = A71 /™. We can now present the equation (8)
in the explicit form:
((J) " — ('/vn[]'() + C':l—]gl + C’l_2f12 4t Cvn«lg'n—l + ,([”-
From (9) it is clear, that nonnegativity of the clements of the matrie C s

sufficient condition for “nonoscillation™ in U".
It is casy to compute the elements of C directly:
M1
v _ k ok N -1
C=- YE" Ydiag(l,a,a,---,a)7 B.
k=0

where y = 4’7' and F is following nilpotent matrix of the dimension Afl:

0 0 0 0 -0 0

1 000 -0 0
po |0 100 000
THo o0 1t o0 000

g 0 0 0 ---1 90
PROPOSITION 2. If v+9 > 0, then the following conditions wre sufficient
for nonoscillation of the scheme (1):

U+ 1
Pl < (1 + M) =2
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and
(1 _)\“)v+y <p if ap<l
uﬂ—n”;ygp if 1< A\

The scheme (1) 4s optumal (i.e. the coefficient p of diffusion is minimal,
p=1L— Al ) if

LO< Ne<1 and

=1+, b=0, c=-A(v+y), d=—(1-u)(v+y)
( “bechward upwind scheme”).

2. 00> 1 and

a = Ap(v +y), b=Ap—-1w+y), c=-(w+y), d=0

(a kind of “implicit backward Fuler scheme”).

Proof. A sufficient condition for nonoscilation is the positivity of all
the elements of the matrix C. Since Ay > 0, this last condition is satisfied
if the following tree inequalities hold:

vty ‘

a=p+(1+Ap) >0,
(10) b=p—(1-a)Y >
c=p—(1 +)\u)“+y <0,
—d=p+ (1= >0

2
The inequqlity |p| < (1 + /\;4)”—*21’1 implies directly a > 0 and ¢ < 0.

A <1, then 0 <p—(1-— )\u)"—;u =band -d=p+ (1 - )\u)’—’% >
p=(1= )52 =b>0.

If A > 1 then 0 < p— (Ap — 1)”"2'1’ =p+ (1 - A;L)‘—%ﬂ = —d and
b=p+ M~ >p-u-1)HE =~-d>0. =

Stability. Let us now investigate the stability of the scheme (1). We
shall consider separately the stability with respect to the initial and the
boundary conditions, using the so called Fourier Method.

1. Stability with respect to the initial conditions. We shall look for the
solution of the form

ik
uz — ,yneu! ,
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where «v is an arbitrary real number and « is complex. Inserting u} into (1),
we get the following formula for the absolute value of :

e +d?% + 2cds

a? + b2 — 2abs’

where s = coscr, hence s is an arbitrary real number such that —1 < s < 1.
ot ¢ =z — v —y; then

O(s) = |y}?
02+ 22 = 20p(q + 2) + 202 A2% — 25(gz ~ vAu(g + 2) + v2A2u?)
07 + 22 + 2y plq + 2) + 292 X2u2 — 2s(qz +ydpulq + 2) + y2A2u?)

Iv)? =

Observe that the first derivative ®'(s) is of the constant sign in any
interval of its domain, hence ®(s) assumes its global maximum in the interval
[—1.1] for s = —1 or s = 1. We have:

(g + 2)? + 402)22
(q+ 2)2 + dydp(q + z) + 422202’
(1) = 1.

The scheme (1) is stable if $(—1) < 1 or, equivalently, if

d(—1) =

(1) 02 < ylg + 2) + 2
According to the definition of the coefficient p of diffusion, we may write:

q—+z v 4y At
=2z - =p+ —v—-1y)
5 5 =Pt 5=y

Lxpressing now p in the form
U+
p=|1— M| — i

with uonnegative parameter v, we get another form of the inequality (11):

5 AL b+ A A
1;2§ < (11— A 5 I+ #C” - y) +.7/2—2ﬁ-
Put w = I’—l and multiply the last inequality by U% we get the equivalent
incquality '
(12) Mew?® — (11 = Aplr + Mp)w — |1 — dplr <0,

It is casy to verity that the binomial at the left hand side of the inequality
(12} has two real roots: wy < 0 and we > 1, hence the final version of the
stability condition has the form:

w € w < ws.

Hence, we have always stability with respect to the initial condition if 0 <
1 < y. We can now formulate:
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PROPOSITION 3. If 0 < v < y and v > 0, then the scheme (1) with coef-
ficients given by formulae (7) is stable with respect to the initial condition.
Remark. If r =0, then the scheme (1) is of the order two. If 1 <7 <

|1+ A
=An}

then the scheme (1) is nonoscillating.

2. Stability with respect to the boundary condition. Now, we are looking
for the particular solution of the equation (1), of the form:
“‘Z — ,yk'e'iom,
where « is an arbitrary real number and « is complex. Inserting u} into
equation (1) we get the following formula for |y|:

h? + ¢? — 2bes
(D 8) = 2 — Ty e a
(s) =l a? + d? + 2ads’

where s = cosc. Since, again, the first derivative of the function @ is of
the constant sign, it is enough to consider only ®(—1) and ®(1). Using the
formulac (7) we get:

CApP 4+ (vt y) = dplv+y)

T 4p2 4 (v +y)2 +Aplv + )

Pu(e +y)?

Dalo + )P

o(-1)

(1) =

We obtain the following

PROPOSITION 4. The scheme (1) with coefficients given by the formulae
(7) is stable with respect to the boundary condition if:

p>0
arid
v+y > 0.

Remark. The choice p > 0 (as suggested by the Proposition 4), and
= 1y is always good; since the scheme (1) depends in fact on v + y, we
lay always put v + y = 1. This choice gives a simple form of the optimal
schemes of the Proposition 2:

1.0 < Ape <1 and

a=1, b=0, ¢ = —Al, d=xup—1,
2. A > 1 and
a = A, b=p—1, c= -1, d=0.

A general remark on stability. Let us apply scheme (1) on the rect-
angular grid with steps b > 0 and 7 > 0 (on the @ and ¢ axes respectively)
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to the following model initial - boundary value problem:

Uy + pug =0, uw >0,
(11) u(0,z) = ®(z), 0<z<L,
w(t,0)=T(t), 0<t<T.
According to the CFL condition, the strip of the plane:

0<z<L,
0<t<T

is divided into two disjoint domains of influence by the stright line ¢ = Az,
where A = ;. The part under this stright line is uniquely influenced by
the initial condition, while the part over the stright line, by the boundary
condition. This observation justifies our technique of treating separately the
stability with respect to the initial and the boundary conditions, at least on
the discussed model problem.

Numerical experiments. The program which computes the solution
of the model problem (13) applies in general the “classical box scheme”
with zero diffusion (p = 0). If, however, the sudden jump of the deivative
of the solution or quick oscillations appear, then the classical box scheme
is replaced by the optimal one, according to Proposition 2. The decision
concerning the local choice of the scheme depends on parameters defining the
upper bound of the the derivative of the solution and the upper bound of the
oscillation of the solution, wich are considered as admissible for the classical
box scheme. These two parameters are among the data of the program.

7

N |

0 2 4 6 8 10

Figure 1. Evolution of the step-function from the left to the right: numerical solution of
the equation w; + uy = 0; space step h = .002, time step 7 = .001, number of steps: 250
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