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Sum m ary. Tlie most powerful robust test and the robust most powerful test in a 
simple Gaussian model are constructed and discussed.

1. Introduction and statem ent o f the problem. Let X  be an ob
servation from a normal distribution with an unknown mean E(X)  and a 
known variance, say equal to 1. The problem is to test the simple hypothesis 
H : E(X) = 0 against a simple alternative K : E(X) = /t, for a fixed fi > 0. 
According to the Neyman-Pearson Fundamental Lemma the most powerful 
test at the significance level a rejects H if and only if X  > xa = 
where $ is the distribution function of the standard normal distribution 
N (0,1). The probability of rejecting H if K  is true (the power of the test 
under K)  is then equal to 1 — — /r). To be specific assume, for example,
here and throughout the paper, a = 0.1 and /r = 2; then xa = 1.2816 and 
the power of the test equals 0.7637. (Ask your student if you don’t believe.)

Now, following the standard approach in the robustness theory (see e.g. 
Huber (1981), Zielinski (1977)), suppose that the model distribution 1V(0,1) 
may be violated by a. symmetric contaminant (see e.g. Beckman and Cook 
(1983), Tukey (I960)) so that the distribution function of the observation 
A” has the form
(1) Fe^(x)  = (1 -  £)$(») + ^ [$(a* -  v) + $(® + v)]

for some fixed constants e £ (0,1) and v £ R 1. Observe that if X  has the 
distribution F£yV then E{X)  = 0 so that the hypothesis H remains true but
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the probability of the Type-1 error (or the size of the test ) is now equal to 
1 — F£tl>(xa) instead of a. E.g. for a = 0.1, £ = 0.2 and // = 3 the size of the 
test equals 0.1757 instead of a = 0.1.

A conclusion is that the most powerful test of H vs K  in the model 
under consideration is not robust with respect to its size to violations which 
actually do not change the heart of the null hypothesis.

2. The most powerful robust test. To construct a robust test one
can proceed as follows. For a fixed £ and /z, let us formulate the hypothesis 
R : X  has the distribution and solve the problem: find a test, of the
hypothesis H : E (X)  = 0 which satisfies the following two conditions:

Probjrejecting H if A" has distribution iV(0,1)} = a 
Probjrejecting H if A" has distribution F£)t,} = cv

and maximizes Probjrejecting H if K  is true}. The solution is given by the 
Generalized Neyman-Pearson Fundamental Lemma (see Lehmann (1985), 
Sec. 3.6). Denoting by p^{x) and f £jl/ densities of the distributions N(g, 1) 
and F£)i,, respectively, the solution is: reject H if and only if
(3) ^ ( A ) > k\po(X ) + L"2/£)jy(A ),
where k\ and k2 are constants determined by Condition (2).

For a = 0.1, £ = 0.2, n = 3, and g = 2 (as well as for any g > 0) the 
solution is: reject H if and only if 1.2205 < A' < 2.2859. The probability of 
rejecting H if K  : g = 2 is true is now equal to 0.3947. which is approxi
mately the half of the power of the most powerful test without taking into 
account a possibility of occuring contaminants. The diminishing the power 
from 0.7637 to 0.3947 is the price for robustness.

3. Properties of the most powerful robust test. The General
ized Neyman-Pearson Fundamental Lemma states that if there exists a test 
which satisfies Condition (2) then the critical region of the most powerful 
test contains as a subset the set

(4) : <Pn(x) > ki<p0(x) + k2fe,fix)}
(see (3)). A test which satisfies Condition (2) always exists: take the ran
domized test which rejects II with probability a independently of A' as an 
example. We shall confine ourselves to nonrandomized tests (if they exist) 
of the form (4). The condition

> ki<po(x) + k2f e,v(x )
takes on the following form

(5) eXfX > ci + C2 cosh{xu),
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where
ci = (&! + ( 1 — s)k2) exp(fjL2/2), c2 = ek2 exp[(p2 -  v2 )/2]

axe constants. It follows that the set defined by ( 4 )  has the form ( x i , X 2 ) 

or the form (— oo,a.*i) U (,X2 ,+oc), where x\ and x2 (x i < x2) are suitable 
constants defined by Condition (2). If the critical region of the test is an 
interval (x i, x2), then xq and x2 have to satisfy the condition

4>(xo) — df i x i ) =  a
(6)

F g , v { 't' 2 ) F ? (y  ( X i  ) — Cl'.

If the critical region is of the form ( —oo,x*i) U (xo,+oo), then aq and x2 
have to satisfy (6) with 1 — ci instead of ci. By (6), aq must not be greater 
than 4>-1(l — ci) and it is a solution of the equation
( 7 )  T  ( T  (4?(x x )1 +  Cl ) +  v  ) -  d f i x i  +  v  )

+  4> ( $ - 1  ( 4 > ( x i )  +  a )  — z/) — $ { x i  —  p ) =  2ci

T h e n

( 8 ) a*2 =  4>- 1  (ci +  $ ( x i  ) ) .

It appears that Equation (7) has no solution for ci > 1/2. As a result 
critical regions of the form (—oo, xq) U (x2 ,+oo) are excluded (typically 
a < 1/ 2 ).

In the most important case that, ci < 1/2, Equation (7) has two solutions 
and hence two candidates for the critical region of the test are available: to 
choose one of them the sign of /i in the alternative hypothesis has to be taken 
into account (cf (5) for an explanation of the phenomenon). In the numerical 
example under consideration (cv = 0.1, £ = 0.2,// = 3,// = 2) we have chosen 
(1.2205,2.2859) as the solution. The other one was (-2.2859,-1.2205).

The solution does not depend on a specific value of /.t as long as it is 
positive. Observe however that the power of the test behaves in a rather 
strange way when it is considered as a function of /i, which is exhibited in 
the following table:

i.O power = 0.1000
0.5 0.1985
1.0 0.3135
1.5 0.3941
2.0 0.3947
2.5 0.3149
3.0 0.2000
4.0 0.0405
5.0 0.0032
6.0 0.0001
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The price for robustness of the test, when calculated in terms of a loss of 
the power, seems to be too high, and some other approaches to the problem 
are needed.

4. The robust most powerful test. Consider the family of the most 
powerful tests (actually the family of uniformly most powerful tests) for 
A” ~ JV(0,1) against K  : A' ~ A(//, 1), // > 0, i.e. the family of rejection 
regions {(ft,+oo) : ft E R 1}. The problem of constructing a robust most 
powerful test at the significance level a may be formulated as the problem 
of finding the smallest ft such that

1 — 4>(ft) < a and 1 — Fs^{k) < a.

Assuming as above a = 0.1, e — 0.2, and v = 3, we obtain ft = 2.0352. 
Now the probability of rejecting H if A” ~ N{0,1) equals 0.021 and the 
probability of rejecting II if A" ~ F£jI/ is equal to 0.1, so that with or 
without contaminants the probability of Type-I error does not exceed the 
assumed significance level a = 0.1. The power of the test under p = 2 is 
equal to 0.4860 (recall that the power of the most powerful test in the model 
without contaminants was equal to 0.7637 and that of the most powerful 
robust test 0.3947). And what more, the power of the test is now a strictly 
increasing function of ji. A disadvantage of the test is that the size (0.021) 
of the test in the original model is far below the assumed significance level 
a = 0.1. An advantage of the approach is that one can bargain for a “good 
price of robustness’’. E.g. if one feels that the loss in power is too large he 
could perhaps agree for a small positive number i] and choose ft in such a 
way that

1 — 4>(ft) < o (the size of the test in the original model)

and

1 — F£jl/(k) < a -fi ?/ (the size of the test under contamination).

E.g. for T] = 0.05 we obtain ft = 1.4727 which gives the size of the test in the 
original model equal to 0.070 (instead of 0.10 as assumed) and the power at 
// = 2 equal to 0.7010 which looks reasonably well.

5. The “least favorable distribution” approach. For II : A' ~  iV(0,1) 
and if : A ~ F£̂ ,  consider IIUR  as a composite null hypothesis to be tested 
at the significance level a{= 0.10). The alternative hypothesis is K  : A” ~ 
N(fi, 1) for a fixed positive [i (the simple hypothesis). Let (A, 1 -  A) be a 
distribution on the null hypothesis (in fact the least favorable distribution). 
Then the Neyman-Pearson Fundamental Lemma tells us how to construct 
the most powerful test of the null hypothesis that A' ~ AfV(0,1) + (1 - \ )F£>1/
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against the alternative Ii. (cf Lehmann (1985), Sec. 3.8.) The critical region 
of the test has the form

• w (*e ) Ay?oix ) T (1 ^ )/e ,i/(®)}
which is equivalent to (5) with

ci = [A + (1 -  A)(l -  e)exp(fi2/'2)\ c2 = e{l -  A)exp [(p2 -  ẑ2)/2] .
Now ci > 0 and c2 > 0 which leads to a critical region of the form (.t i ,.t 2) 
(if any). The power function of the test is non monotonic in ft and, like in 
Sec.2, one can hardly accept that solution.
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