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0. Introduction. Analysis of variance {ANQOVA) is a branch of mathe-
matical statistics having a strong connection with practice. It is applied in
astronomy, agriculture, psychology. medicine. From a mathematical point
of view, analysis of variance can be regarded as a special case of testing
statistical hypotheses in linear models. One-way classification model is the
simplest case of ANOVA. Considering this model. we will point out some
modifications and generalizations of classical ANOVA procedures. The follo-
wing example illustrates the nced for, and meaning of such generalizations.

ExampLe. We consider objects belonging to d distinct classes. Let Y/
be a quantity (result of measurement or observation) corresponding to the
i-th object belonging to the k-th class. So we deal with an array:

U b

0y class 1,

7 ~d
)] « " )

s class d.

Assume that all the elements of this array are random variables and
that its A-th row is a sample from a density ply —114). where p(+) is a known
density, positive and symmetric, while gy ...py are unknown parameters.
We are interested in the question whether the results of the measurement
depend on the class of the objects. In statistical terms: we test the hypothesis
Iy sayving that yy = -+ = py. The classical test. based on the likelihood
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-

ratio (sce Silvey, 1978, section 7.1) uses the statistic

d  np ng
1 A= b (Y~
(1) n}fZZu {) ZII}[IZU(’ i)
k=1 i=1 k=1 =1 .\
where w(u) = —log p(u). We reject [l il A > k. I'or a suitably chosen level
k. If the density p is normal, p(u) = \/L exp (53w ) then we obtain the

following special case of formula (1):

d ny d ng

(2) A= (Z Z( YA Y) Z Z k)2 > + consi
k=1 i=1 k=1 i=1
where Y% = e LS VA Y = L5 S v (see Silvey 1970, Example 7.1.2).
Statistic (2) (or its modiflication adapted to the situation when o is unk-
nown) is applied in the classical analysis of variance. As can he seen, it is
closcly related to the assumption of normality of probability distributions. =

In our paper we will deal with the more general form of test statistic,
given by formula (1). However, we will not assume that w(u) = — log p(u).
Let us notice that the intuitive sense of statistic (1) remains clear if w is
any even function with minimum at zero. We will analyse the behaviour of
statistics like (1) when the density p(u) is unknown. We will also examine two
other test statistics, which are the analogs of Lagrange multipliers and Wald
tests for maximum likelihood. Our results are valid under weak and general
conditions. The asymptotic nature of our theorems is the price that we must
pay for such generalizations. We will deal with the approximations of test
statistics distributions as the sample sizes tend to infinity. We will consider
the situation when the Y;* are random vectors. This will be therefore a
generalization of multivariate analysis of variance (MANOVA). The family
of tests discussed in Examples 3.1 and 3.2 of our paper contains in particular
the tests proposed by Rao (1988). Bai, Rao and Yin (1990}, Koenker (1987),
and McKean and Schrader (1987). The above-mentioned anthors focused
their attention on the tests related to the LAD-method; our approach is far

more general,

1. Least empirical risk method. As already mentioned, analysis of
variance is a special case of testing hypotheses in a linear model. Estimates of
the parameters of the model and test statistics can be derived using a general
statistical procedure, called the least empirical risk (LRE) method. In this
section we present a general scheme of the LRE-method. A full description
inchuding the proofs of the cited theorems can be found in Niemiro (1992a,

1992b).
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1.1. Definitions and assumptions. Let Z be a random variable with
values in a measurable space Z and let f: R% x Z — R. We assume that f
is measurable for every fixed a € RY. Define

Q(a)=Efla. 7).
Suppose that we want to fiud the minimum of this function:

o = argmin Q).
[a g

If the probability distribution of Z is unknown but an iid sample is available
then we consider a sample analog of Q(a):

] 1 A
Qula) == fla.Z),

i=1
and minimize Q, (o) instead of Q(a):
o, = argmin @, («).
(a3

We regard the quantity «,,, depending on the sample, as an estimate of the
- A 1 - b
unknown a,. Let us make the following assumptions:

(A) f(-.2):RY — R is conver for ench fived = € Z.

(B) @ is twice differentiable at e, with posilive definile second deriva-
tive T2Q(a.).

(C) f(-.2) is a subgradient of [(-,z) such that E|0f(a, Z)|3 < 0o for
cach a.

(C") Elof(a,Z) - dflae. Z)|3 = 0 as o — a..

llere | + | stands for the euclidean norm, |a]} = o
called a subgradient of the function f(-,z)if

Sl z) = [lag,2) 2 (o~ ag) "0 f(ag. 2)
for all a, g € R% and z € Z. Convexity of f(-,z) ensures the existence of a
subgradient. At all points of differentiability of f(-,z) we have df(-.z) =
Vf(-. z), elsewhere we select Jf(-, z), subject to the defining inequality
above, in an arbitrary but fixed way.

Conditions (zA)~(C') imply the correctness of the definition of Q(«a) as
well as the existence and uniqueness of rv,. They also allow us to state the-
orems about the existence, consistency and asvmptotic normality of the es-
timate «v,,. Asymptotic properties of a,, are used to construet tests for linear
hypotheses about a,.. We will discuss this problem in the next subsection.

To. A vector df(-,z) is

1.2. Linear hypotheses. Let P be a family of probability distributions
such that if a random variable X has a distribution P € P then ap =
argmin Ef(a, X') exists and is unique. Let Py = {P € P : Hap = ¢},

- «

where Il is an m x d matrix of full rank m and ¢ € R™. If we denote by
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Pz the unknown probability distribution of a variable Z, then our task is
to verify the hypothesis

Iy . Pz € Py,
which is equivalent to the statement that Ho,. = ¢. Let us denote by a,, the
minimum of @,,(«) on the subspace Il. = {a: Ha = ¢}:

G, = arg onE“l]llc Q).
We adopt the following notation:
Yn = 0Qn{an),
D = V*Q(a.),
V =Edf(ax Z)0f(au Z)T,
A=HD'WD'HT,
B=D""HT(nDpuT)" ypt.

Provosition [.2.1. ul/25, —4 N0, V).
TueoreM [.2.1. Under Hy we have the following approximations:
(a)  0Qu(é,)" D HTAT DT 0Q  (a,)
= DT T ATV D™ Yy, + op(n ),
(b) (Hap, —c) A (Ha, —e)=yID P HTAT T D™y, 4+ 0p(n71),
(c) 20Q.(0,) — Qulay)) =7, Bya + 1),,(11"1 ).
The proofs of Proposition 1.2.1 and Theorem 1.2.1 can be found in Niemiro

(1992h). o
Suppose we have soimne estimates D, V' of the matrices D and V. We

define the following statistics to test Hy:

(@) Ry =ndQu ()" D™ HT(HDTVHD Ty H D™ 00 1 (6vn )
(b) W, =n(Ha, — ) (UDVDVHTY Y Hay, — ¢).

(c) Ay = ”‘('Qn,(dn) - Qnlay)).

THEOREM 1.2.2. If D,V are consistent estimates of D and V- then under
Hy we have

Ry =4 x*(m),
W, = \*(m).

P roof. We can derive the asymptotic distribution of these two statistics
using Theorem 1.2.1, the Cochran theorem and the following fact, which is
a generalization of Slucki theorem: if X, —1 X, ¥, =P yy. where yy is
a constant, then n(X,,Yy) —9 M X.yo). provided that h is a continuos
function (see Pollard {1984), Example IV.10).
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THEOREM 1.2.3. If D = AV Jor some A € R. A —P ), then under Iy we

have )
2AA, —1 Vim).

In general, the asymptotic distribution of A,, is more complicated. However,
the cases when D = AV are not so rare, as we shall see in the next sections.

2. General one-way classification model. Let us return to the exam-
ple given in the introduction. We cousider objects helonging to d distinct
classes. A random vector Z = (X.Y') is assigned to every object, where
X Q — {1...d} is the indicator of the class to which the object helongs
(set P(X =) =x;) and Y : Q@ — R”*. Morcover, we assume that for ob-
jects belonging to diflerent classes, the distributions of ¥ can differ one from
another by a constant vector, i.e.

Y=k 4 Uil X =k,

where {7 is independent of X. We would like to verily whether the class of
the object has an influence on the examined quantity Y. In statistical terms,
we test the null hypothesis

d

=Y

7. e ol — -
Hy:a,=...=«
which can equivalently be written as

II() N ”(,l'* = 0,

T A
where n: = (((ri)T, oy ) and I s an s(d — 1) X sd-block matrix with

s-dimensional blocks defined as follows:

I -r ... 0
m=:o o
r o ... -I

(1is the sx s identity matrix). Thus the problem fits in the scheme described
in the previous section. We define f: R x Z — R by

fla.2) = fla k.y) = w(a* - y).

T T T . .
where @ = ({a') ....,(a") ).a' € R* and w : R®* — R is an even
function, w(0) = 0.

ProprosiTioN 2.1. Let Qi(a) = BEwl(a = U) (the fact that Qy is not equal
to Q, for n = 1 should causc no confusion).

If arg 11’1ir1i| Qi) = 0 then o, minimizes Q(n) = Ef(a, Z).
‘CVE Al
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Proof. Let o = ((rrl)T,... ((.r")T)T. We lave
d
Qa)=Ef(a, Z) = ZmE a kYN =k =) mBu(ak —al - )
k=1 k=1

Z T Qi(a* — ak) > Z mQ1(0) = Q(ers)
k=1 k=1

In the sequel we will assume that arg lllill‘l QQ1(cv) = 0. The sample Z; =
T aeR*

(X1.17),...,Z, = (X, Y,) can be identified with an array:

Y, ... ),}1 class 1,
Y, Ynd, , class d.

and thus Q, (o) is given by

Let us write the analogs of couditions (A)-(C') in the case under considera-
tion.

ProprosiTioN 2.2, If
(1) w(w) is conver,
Y Qq(a) is twice differentiable al o = 0, wilh posilive definite second
derivative Dy = V2Q(0),
(3) dw is a subgradient of w(u) such that Blow(a=U)|3 < x for eccry
«a € R,
3 Eldw({7 — «) — dw(U)3 — 0 as o — 0,
then conditions (A)-(C") hold with

flacz) = [(akoy) = w(a® —y).

Proof. Clearly, convexity of w results from convexity of f(-,z). Con-
dition (2) ensures tlnt Q(a) is twice differentiable dt a.. Since Q(a) =
Zk 1 Q1 (a* — a*), we have VQ(a.) = (WIVQ|(O ..... ﬁ,;VQ](O)T)T
and the second derivative V2Q(a..) is the d-dimensional block matrix with
elements 7, V2Q,(0).k = 1,....d, on its diagonal. In view of condition (2).
V2Q(a,) is positive definite.

It is easy to check that a subgradient of f can be defined as follows:

Of(akoy) = (0....,0,0w(a* = y) .0,....0)

Thus we have

o
E|df(ev. Z)]3 Z mE[0w(a* =Y )BIX = k] = > mEldw(af—al-U)]3.

a0
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(3) implies that for every k. Eldw(a* — — )3 < ¢ and so
El0f(a.Z)|3 < > for every a € R,

We have E|d f(a, Z)=d f(ox, Z)]3 = Zi:] mEldw(a* —ak — 1) = duw(17))3.
If & — a, then from (3') it follows that E|@f(a.Z) — df(a., Z)3 —0. =

Remark. We define & according to the convention adopted in the
previous section, setting additionally dw(0) = 0.

Taking into account the fact that o, = mg.,mm()(n), we can use tesls
defined in Section 1 to test the hypothesis Hy : Hn. 0. We denote the
quantities which appear in the formulace for W, R, A, as follows:

Vy = EHn-({")i’)u-{l’}T, Pi= D)V Dy,
ny !lk
3 S . rk
m = arg mm Z Z (o — } ). mF = argmin Z w(o = Y."),
k=1i=1 i=1
I I k I - - I
m = — npm”, q" = dw(m —=Y").
LS =3 w7
k=1 i=1
PROPOSITION 2.3. Let Py. 'lf'l be some estimates of the matrices Py,
and asswine hat T, = '—’:— Then we oblain
4
() Ru= —(")T(")7" ("),
ny.
k=1
d
(3x) Wy = Z n(m® = m)T Py (m* =),
k=1

o ny d ny

(* * %) ZZu'{m—) )—ZZH‘(?H - ‘
k=1 i=l k=1 i=1

Proof. We first compute the matrices whose estimates appear in the
formulae for W, and R, (sce Section 1). We use simplified notation for
block matrices. For example, a “d x d matrix™ is an sd x sd block matrix
with & x s-dimensional blocks. and “diag (:1,.....44)" is the block matrix
with blocks Ay..... Ay on its diagonal: the matrices P and V7 consist of
single blocks. We will show that in the case under consideration,

(1) A~ = diag(m2 P, ... gy ) = (modyoooomgl) Pi(mal,. ... 7al),
T
(2) D=1 T AT D =diag( AV 2T (L ) VT,

where (I,....1)is a 1 x d-(block) matrix.



82 K. Adamczyk

Proof of (1). Let us recall that A = IID='V DT, We have
D = diag(my Dy, ..., 7m¢ D) (a d X d-matrix),
V=Yt mEDf(ak kY )O(ak kL Y)X = k]

= diag(m V1, ....7q¢V7) (a d x d-matrix),
H=(1,—I4_q), where 1 = (I,...,1)" (a(d—1)x l-matrix),
Iy-1-the (d — 1) x (d — 1)-block identity matrix.

We get
1, 1,
A=(lL -l —D7t,....—D;
T Td
r - 1 -1 ] -1 . T
X(ﬂ'l"’],...,ﬂ'd"’l) —Dl ""‘_Dl ([,—[,1_1) .
™ Ty

Writing ¢ = m Py and €' = diag(ra Py...., 74P ). we obtain
A=1c"1 4 0
and so
-1 2 »T 1 - ~1 T
AT =C-C1(1 C1+e)"'1 C
= diag{ma Py, ....75qP) = (mad, ..., 7r,l.l_)T P{mal, ..., 540).

Proof of (2).
- () ()
H A™'H =] ... o,
(i) (i)
where

—(if) =1 [diag(ma Py, ..., maP) = (maf,.. .. 1al) Pi(mad,. .. 7al)]

d
= (7T2P1,--~,7|’«1P1)—(Zﬂ)(ﬂ'ﬂ’l-u-,ml’l)
k=2
=m(ma Py, .. mylPy),
(1) = =)l = = (1 = my ) Py,
(iii) = A7 = diag(ms Py, .o ov7aPL) = (7ol mgl) Pr(mal.. .. 7al).
As a result we get

H ATV = diag(m1 Py, .. owaPy) = (md oo ywgd) Py(mid, ... mal),
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DVH ATVH D!

:dia.g(»l—[)fl. ——I) )(Iia.g(mP,,...,w,,P,)
m Td
1 1 1
x diag —D",....——D_l)—(Ii;\r(——- DL —~D )
&’(ﬂ-l ! STy ! & Ty ! Ty '
. L | B
X (w1 dI) Py(myl ..o wgl)diagl — D7, ..., —Dj
T Ty
1 1 v .
= diag(——\f’,‘l,...,—Vf1> —(I....,])TVI“(]....,1).
m Ty

If we replace the matrices Vi, Py and =; appearing in (1) and (2) by their
estimates V. /., 2L then we will obtain the estimates of the matrices A~ r
DV AL H D1, To derive (1). (2). we must also compnte the estima-
tes v, v, as well as 9Q,(«). The definitions of m and m* imply that
a, = ((m! )T,....(m’i)T)T while &, = (mT....,mT)T. Using the facts es-
tablished earlier, we see that

n ny .y

JQ () = %Zf)f(a,Zi): %(Z()u(n —)l Zu ol -y ) ,

i=1 i=1 i=1
hence
IQulén) = ((g") oo . (gD ).

Finally, we obtain

R, = —((g") ,...,(,,")*){amg( uag )-‘.,...,1u71‘r‘)
n Ny ny

Let us notice that = Zx—x g = dQ,(m) and so setting 3Q,(m) = 0 we
obtain

d .
| LT .
R, =Z;<-’/‘) (Vi)' (gh)

k=1
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and
’ 12T . d
W =nltm' —m”) ;... (m’ —m?) ]

.
) Ny - n,y na n ~ N n,
x |diag —Pl,...,—'P LY ULy B I O ALY S
n n n n n
. T,.T

.
x [(m' = m?) ... (m!=m?) ]
4
. 2. T
=n Z ‘——(ml —m*)y Py(m' — m*)
k=2 n
.

d
ny, .
(m! = m ) ( E (m' - m"))
=)

!
{
T 3 T - ;. R
np(m' = m*y Prom' = mFy = n(m' —in) Py Z —A(m] —mk)
n

d
k=2 k=2
d

|
-
=
P
ke
=

=1
=

. T - .
(m' - m* —m! + m) Pym' - m*)

k=2
d
= Z n“mk - 'ﬁI)Tf’l(mk - m,l)
k=1
d o
= ng(m® — m) [1m Z n{ mk — ‘fh,)T f’l m!
k=1 k=1
d d

_ ) k s ST k =
= ng(m —m) ,m an m* —m) Py(m® =),

>
1
-
-~

1 . - — —
because 3 5_, np{m* —m) = nm — nin = 0.
k=1
Part (x % «) follows immediately from the definition of @, (n) and from
the formulae for «r,, and &, given above. ®
The asymptotic distributions of W, . R,, \,, are given in the next two
theorems.
Turorem 2.1, Assume that Py Vy are consistenl estimales of the ma-
Irices Py and Vy. Under 1y,
2
R, =" \lstd = 1),
- {2 ;
W, =% \7(s(d = 1)),

T

where R, , W, are given by (x) and (3x) B

THEOREM 2.2. Asswmne that Dy = AV} for some A € R and that Nisa
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consistent estimate of the parameler A, Under Hy,
2/‘"\n _d .\2(3[(! - ])).
where A, is given by (x* ), &

Summing up, we use the approximations of the asymptotic distributions
of A, . HW,. R, to test the hypothesis about the identity of unknown distri-
butions of Y in all d populations. We reject Hy at the signiflicance level a
il W, >t..0, >, or 27\, > 1. where 1, denotes the a-gnantile of the
distribution \*{s(d — 1)).

3. Examples. Let us discuss a few examples illustrating the one-way
classification model. T'he following cases will he considered:

1) w(u) = |ul3,

2y w(n) = |uly,

3) wlu) = |uls,
where fuly = 35_, Jujl. [uls = (X5, u3)%. Of course in every case w is
a convex [unction. so the first of our four basic assumptions is satisfied. In
every case we compare dilferent characteristics of the distribution of Y in
all populations to test the hypothesis that all samples are drawn from the
same population,

2 . . .
3.1. The case w(u) = |ul|5. Before we begin the analysis of this case let
us make the following assumption:

. T
AssumpTioN 3.1. U7 is a random vector such that EU U < ~.

ProrosiTioN 3.1.1. If Assumption 3.1 is true then conditions (1) — (3')
hold for w(u) = |ul3.

Proof. The function Q, given by Q(ar) = E(a — {"}T{(.r — ') is well
defined (Assumption 3.1). To obtain the derivative of @y it is enongh to
differentiate the quadratic form (o — E!-")T(n — El7), because

Oy(a) = (a = EU) (a —EU)+ EU U - (EU)" (EU).

Thus D) = ¥2Q(0) = 21, where 1 is the s x s identity matrix. According
to the rule presented in Section I, dw(u) = Vw(u) = 2u, hence

E|0w(a - {-")ﬁ = {E{a — U}T(n -y <
and
E[Dw(U = a) — dw(U)3 =2E| —a - U]} =2al} —0asa — 0. =

We can now state our hypothesis.
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PROPOSITION 3.1.2. In the one-way classification model with w(u) = |ul3
the null hypothesis Iy assumes the Jollowing form:

Iy :EY|X =1)=...= E(Y|X = d), (1)
provided that EU = 0,

Proof. In order to show that o% = E(YIX = k). it is enough to
prove that EU/ = argmin Q;(a). The condition E{7 = 0 is equivalent to
argmin ¢1(«a) = 0, which appears in Proposition 2.1. Moreover,

e

E(Y|X = k) = argmin Q(a — a¥) = a (see Proposition 2.1).
fa 3

Indeed, for every a € R*® we have
PQ.(«) = E(a— ) (a=U) = ZE a;— ;)7 > Z (EU; — U;)?

= E(EU - U) (EU — U) = Q,(EU)

Now we will derive test statistics for (/). We adopt the following notation:

ng g

i Ty

Alrl

PROPOSITION 3.1.3. Let Py be an estimale of the malriz P, = (EUUT )1
Then the statistics used to test (I') are given by

d
(%) Ro= W, =3 mp(V5 = ¥) Py(¥* - 7).
=
d — —_
(++) Ap = Y m(VE= V) (FF - 1),
k=1

Proof. We have computed Dy = 2/ in the proof of Proposition 3.1.1.
We have V] = AlEl"UT, hecause dw(u) = 2u. Thus

Py = (D7'WDTY T = (BUUT) Y,
Ny Ny

Z w(o — 3 Z((_r - Yik)T(n - )"ik,) = h(a).

i=1 i=1
ng

Vi(a) = i 2(a — Yik) = 2(71.;‘-(1' - Z )[l')
i=1

i=1
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We know that Vh(a)|,—,,+ = 0, hence m* = 1 Zm Y5 = Y* and simi-
larly
1 d  ng
_ 2 k_ v
m = - LZI ;L =Y,
l o
n = — '..?L =Y
=~ ; nid Y,
ﬂ,k _ _ -
g =23 (V= YF5) = 2m(¥ = ¥H),
i=l
T
Qula) = ZZ\“ -
k=1 i=1

The final formula for A, follows from

Mg

ZZ“ —}*l,—ZZn kR
k=1 i=1 k=1 =1
T T T 4
= an[}“f V-2V VR (VR (PR = SV - TH (7 - 7). .
k=1 k=1

Taking into account Theorem 2.1 we can give the asymptotic distribution
of the statistic (*).

THEOREM 3.1.1. Let Py be a consistent estimale of Py. Then under (I)
we oblain

Ry —% \*(s(d = 1)),
W, =% \3(s(d = 1)),

where R, = W, = (x). =

-~ f g _ . .
Remark. P, = [%Zl___l S VR Yy ") (Y¥ = Y*)]7" is a consistent
estimate of P; for the model under (mmrlera.lmn.

DEFINITION. A function f: R* — R is called spherically symmetric if
for every u, v € R® such that |u]; = [v]» we have

flu) = f(v).

ProrosiTioN 3.1.4. If the densily of the error distribution is spherically
T
symmetric then Dy = AV, where A = $(EU U )~ L
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Proof. Let us use the spherical coordinates:

wy = reosiycosly ... costy_y =rfi{l).
ws = rsinly cos s cee o COstg_y =1 fa{l).
Uz = rsinits costy vee o coste_y = 1 fa(1),
g = rsinl,_q = rf(l)
whorer)ﬂ.{'h, ..... ly) )T =(—7,7) X (— ,,,]x X (=55
and |.J| = 7*"Tcosty(cosis)? .. (cosl_y)*™% = rf q(!) (7] stands for
the determinant of the Jacobi matrix).
We thus get
)
(V1)ig =+ ] wiwplu) due =4 J f,(!}[_.(.’}q{f]rﬂ f r’“p{r"}dr,
R’ 0

where 7 = (r,0,.. ..0} .
Using simple trigonometric identities one can show that
|- e
. . - | glt)dt ifi=j,
[ rrigtnde= 4 s !
r 0 otherwise.
Thus

. ly ili=j,
“’l)i,jz {00 =),

otherwise,
where Io = 1 [ [ rsHp(Pg()drdt = L o jul3p(u)du = %Ef.-’TU =
2271, hence
Vi=22""T=2"'D;. =
COoRrROLLARY 1. [f the density of the error distribulion ts spherically sym-
metric and X is an estimate of X then we obtain a simplified form of (x):
o
- _ P — -
R, =W, = 2,\2 ne(Y¥=Y) (YF=Y)y=2iA,. =
k=1
COROLLARY 2. If the density of the crror distribution is spherically sym-
metric and X is a consistenl estimale of X then under (1),
2}“‘\11 ""d \2(""[“{“ l)}\
where A, is given by (»x).

Remark.

ol oy —1

k=1 i=1

is an example of a consistent estimate of A.
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3.2. The case w(u) = |u}y. The following fact turns out to be very
useful in the analysis of this case:

LEMMA. Suppose thal X is a random variable such thal E\X| < oo, Then
for cvery o € R we have
E|X —al= [ (2F(1) - 1)dt + B X,
0
where I is the cundalive distribution function of X,

&

Proof. To fix ideas. let o« > 0. We have

EIN — o] = [‘ lr — | P(de) = I {av — ) P(dx) + j (x — a)P(dx)
= r,r( ] P(dry) + — } P((I:I:)) + E|X| -2 l xP(dax).
o ce 0
Since
/ aP(dy) = I ] diP(dx) = j / Pda) f Flo) = I(1))dl,
0 ¢ 0 0 ! 0
we conclude that
E|X - a| = a(2F(a) = 1) + BIX| =2 [ (F(a) = F(1))dt
0
= [ 2F(t) = 1)dt + E[X]. =
0

CoroLLARY. If X is a random variablc having finite first moment then

med N = arg min E|.X — af.
Q

Proofl. Let i{a) = E|X — a]. The lenna above implies that h(a) =
0“(2]”(/) — 1)dt + ELX|. Consequently, h(«) decreases for oo < med X and
increases for o > med X,

Let us make the necessary assumptions about the error distribution:

AssunMpPTION 3.2. The probability distribution of {7 has the following
properties:

a) E|U']y < o0,

b) the densities of the marginal distributions of [7 exist (write p; for the
density of ;. j=1....,s),

c) pj(u) are continuos and positive at v = 0.

Prorosition 3.2.1. Under Assumption 3.2, conditions (1)-(3") hold with
w(u) = |ufy.
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Proof. Qy(«a) = Zj___] Ela; - Uj| = Zj:l .j'o‘)"(‘ZP’.,’(t) - ydt + E|U|,,
where F; is the cumulative distribution function of {7;. The continuity of p;
ensures that () is twice differentiable at ¢ = 0 and we get

(VQa)); = 2F(a;) =1,  V2Qi(a) = 2diag(pilar).. .., ps(a)).

So Dy = 2diag(p(0).....ps(0)) and since p;(0) > 0,5 = 1,...,s, it follows
that D; is positive definite. By the convention adopted when defining a
subgradieut, we can write

. . . T
Jwlu) = (signlly,....signlly)

hence
E|dw(a - 7|3 = EZng,,n(a, —U;)P <s
J=1
and
E[Quw(l —a) — dw(l7)]3 = Z (sign({ a;) = signl/; > — 0 as a — 0.

DEFINITION 1. Denote l)y med{’; the median of the i-1h component of a
random vector {7, The marginal median of U is, by definition. the vector

.
med,, {7 = (medl’y, ..., medl’,)

DEFINITION 2. Let ¥, ..., Y, be a sample front an s-variate population.
Denote by med((Y;);,....(Y,);) the sample median of the i-th component
of observations. Then the sample marginal median of these observations is,
by definition, the vector

M (Yoo, Y5) = [med((Y )1, oo (Y ) )e o comed((Y7)sy .o, (¥ )s’)]T

In the case under consideration, testing the hypothesis of independence
of variables X and Y consists in comparing the marginal medians of the
Y distribution in all populations. Test statistics are based on the sample
marginal medians.

ProprosiTION 3.2.2. In the onc-way classificalion model with w(u) = |ul;
the null hypothesis Hy assumes the following form:

Hy :med , (Y]X =1)=...=med, (Y|N =d). (10

Proof. Of course, it is enough to show that med,, UV = arg mm E|lo—U];

(sec Propositions 2.1 and 3.2.1). The Corollary implies that for (‘\(‘l\/ a € RS,
Ela-Uly = X Ela; - Uj} > > i=1 Elmedl; - U] = Elmed,, UV = U 1. =
In the definitions of test statistics for (1) we will use the following no-

tation:

771k

. -k _ d ok
= (Y Y Ky, g, = " L ey Mk,
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My = Mo (Y .. ..)?}] D Y?fi]
ng =[{(ng ..., (n,‘)] where (n); = #{i: (V*); < (mu);}.
szf:[(rr.r)l.....(rrL)] whow(n,.),_ {*':{‘5L}j>(’”'m}j}'

PROPOSITION 3.2.3. Let Py Vy be somc estimates of the matrices P, V.
here (P = P(U; <017, <0)— 1 V) = JP(T W) T
where (P{7); ;) = “H-“_"__“_"__L]’.(G]W(U) (V)i =4P(U; < 0.U; < 0) = L. Then

the statistics used to test (11) are given by

g

. 1
— o - ! —
(%) R, = Z _”k(n.,‘ n (Vi g = 0,
k=1
d
b I3 -
() 3! n = Z N n,, — ]”m] I i ”}m ity ),
k=1
o ny d  ng
(% * %) .f\.l=ZZth—ﬂ:h*ZZ!m —3L||
k=1 i=1 k=1 i=1
Proof. We start by proving that m* = m* . Notice that
H
sk ,
Z [y — (V)1 = i ElY — .
=1
where Y is a random variable t akiu;.,' values in the set {(Y});,..., m) }
with distribution P(Y = {Y") ) = -~ In view of the Corollary, (m* )j =

argmm E lovj — (Y*);]. Hence for every o € R* we have

i=1
5 g
Sola= VAl = 30 Jay - (1) >ZZ|(mm1, (7l
i=1 j=11i=1 Ji=1i=1
= i ]Nlﬁi - Yikll.
i=1

Similarly. we can see that = my,. The definition of dw implies that
Nk
. . ok . T _
9‘" - Z[Slgn((n"”")l - (}-ik)l )oes -»ﬁlgl](("’]:r:.):s = (} EL)S'] =y - JJ-:-.
=1
As shown in the proof of Proposition 3.2.1. Dy = 2diag(pi(0).....ps(0)).
In view of the assumption that med,, (" = 0, we obtain
(V1)i,; = Esignl/;signl;
=P, >0, "'!_j >0+ Pl <0, ”j < 0)=2P(l; <0, [;J_ > 0)
= *'IP“-T" < “,Uj < U) -1,
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hence
P(l;<0,U;<0)- 1
Pil0)p;(0)
THEOREM 3.2.1. Assume that PV arc consistent estimales of P Vi,
Then under (11) we oblain

(A7) = (D7 DT, =

R, —" \(s(d = 1)),
Wi = N2 (s(d = 1)),
where R, = (%), W,, = (%x). =
It is now slightly more diflicult to estimate the matrices 15 and P than
it was in the preceding example, for we must also estimate the densities
pil0). g =1....s.

Remark 1. Assume that we have consistent estimates p; of the densities
p;j(0).J = 1.....s. Then consistent estimates of P, 1} are given by

(P = -:-%—-[%(#{[rzf"), <O (e¥)y<O0hk=1,....d.i= .1.....,11.*.}]—%}.
. .

Pri
(Vi)rs = %{#{{(—f"),. <O (ed)y <Oh=1 . dii=1,....n}) = 1.

where {f.-‘f].,. = (Y%), - (1‘1‘3:‘;1_),-. r=1o.., s

Remark 2. Estimates pp; of the densitics p;(0) can be constructed in
the following way: let A'(-) be a symmetric density and let (h,) — 0 be a
sequence of positive numbers such that nh, — ~. Let ns write

SIS ol S (G}
Pi nh,, = = hy

(Serfling 1980. 2.18). In our paper we will not prove the consistency of these
estimates. Other estimates of p;(0) are proposed by Rao (1988) and McKean
and Schrader {1987).

The asyniptotic distribution of the thivd of the statistics will be derived
under the additional assumption that the components of the vector {7 are
iid .

Prorosirion 3.2.0 Assume that {7y, ..., Uy are iid and U} has a density
p. Then Dy = AV, where X = 2p(0).

Proof.

(V)i = AP(U; < 0) =1 il i=]
)id = LAP(; < 0)(1; < 0) = 1 ot herwise,

e Vi=1,s0 Dy =2p(0) = \V,. m
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COROLLARY V. If Uy.... Uy are iid . U; has a density p and X is an
estimaie of the parameler X = 2p(0) then the formulac (%) and (%) assume
the following form:

[}
1 _ _
(*) I, = Z ;a(-u,\_ - nf_]"(nk - -n.:_FL
A d
(%) W, = (N Z yN| m:‘; - Jrh,,,,)"'ll-.r.'r‘:i1 —y). n
k=1

Corovvary 2. If Uy,....Us are iid and A —? X then under (I we
oblain
22, —T \s(d = 1))
where Ay, is given by (¥ x %), ®

3.3. The case w(u) = |ufs. In this case our basic assumptions are the
following:

ASSUMPTION 3.3.

(a) E|U]; < x,

{b) the probability distribution of {7 has a density p,

{c) there exists & > 0 such that pis bounded on the set {u : Juls < #},

(d) P{crf.f =0) < | for every ¢ # 0,

(e) s> 1.

Prorosirion 3.3.1. If Assumplion 3.3 is true then the conditions (1)-
(3') hold with w(u) = |uls.

Proof. Assumption 3.3(a) ensures the existence of Qq(ov) = E|a — 7],
One can prove that if s > | and the density p is bounded near 0 then @ is
twice differentiable at a = 0 with the second derivative Dy = E[JI7|74(] -
]f"[ff"('T )] (see Niemiro, 1992a). From Assumptions 3.3(h)-(d) we get the
positive definiteness of Dy (see Rao, 1988). Moreover.

Eldw(l = a) = dw(l)]3 = 0as a — 0,

where

dw(u) = { luly ' il u#0
0

otherwise
(see Niemiro, 1992a). Of course, E|Jouw(l' —a)3 = 1. =
DeriNiTION L. The spatial median of {7 is, by definition, the vector which
minimizes Q1(w) = Ela — [7]s over o, It will be denoted by med, U,

If the probability distribution of {7 is not concentrated on any straight
line then med {7 is uniquely defined (Milasevie and Ducharme, 1987).
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DeriNiTION 2. The sample spatial median of the observations Y7,...,Y,
is. by definition, the vector which minimizes the quantity Yo, o — Vi|s
over ov, It will be denoted by m g (¥y,...,¥},).

ProprosiTioN 3.3.2. In the onc-way classification model with w(u) = |ul,
the null hypothesis Hy assumes the following form:

Ho :medy (YX = 1) = ... = med,(Y|X = d), (1IT)

provided that med U/ = 0.

P roof. This follows immediately from Proposition 2.1 and the definition
of spatial median. m

In the sequel we will assume that medgl” = 0. Now, we will derive test
statistics {or (I11). The following notation will be nsed:

m¥- the sample spatial median of observations belouging to the k-th
class,

ms- the sample spatial median of all observations, m, = < ZA_] npm*.

PROPOSITION 3.3.3. Let Dy.Vy be the estimales of the matrices Dy, Vi,

: T P opage T " .

where Dy = E[U|7YI - |U|7200 ), Vi = BU50U ). The lest stati-
stics for (111) are

d . T s
1 my — Y © mg — Y )
= — _ W —t___

k=1 {é:}"f‘# {i:}'l"";éri
I
{(x%) W, = Z nk(m.f - ﬁ::,,.)T D, 17','1 !}I[mf — g ),
d nyg
(* %) ;\H*ZZMJ‘,-—}”»—ZZPH — ¥/,
k=1 i=1 k=1 i=I

v el , . n ol I T
Proof. By definition, m¥ = arg miu S o= YEs = k. Similarly,
ms = arg lum'zj,._l S e = Yl = m. According to the definition of

subgradient {500. the proof of Proposition 3.3.1) we have

v my = V¥
4 = Z O
’ !'m_., - }‘-‘ng

{i:vr#m,}

{7 U/ T _ 0 T
Vi=E|l —— =E(UI;7UU
! (Ifl )(lfl) (W00

Of course, Qn(a) = L0 T8 la* v/, =

and also
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Toeorem 3.3.1. If Dy and ¥y are consistent estimates of Dy and V)
then under (1) we have
R, =%\ (s(d = 1)),
Wo —" \*(s(d = 1)),
where R,, and VWV, are given by (*) and (xx). ®

Remark. Let (e)f = ¥, —mk. It can be proved (Rao. 1988, Example
6) that the matrices

~ ¢ e, gy g T
Dy =~ sz (I = [e¥]53 (XY (el) ),
k=1 i=1
o N
k - - .
S M)
k=1 i=1
are consistent estimates of Dy, V7.

As in Example 3.1, the assumption that the density p is spherically
symmetric simplifies the asymptotic distribution of the third statistic.

ProrosiTioN 3.3.4. If the error distribution has a spherically symmetric
densily p then Dy = AV, where A = (s — 1)E[U|7".

P roof.
- ] |n] wyuplu) du ili# j,
(Dy)ij= s
] lu|71(1 = [u]7%6d)p(u) du  otherwise,
n‘$

(Vidij= j |11|;2u;ujp(uv) du.
Writing Dy, V) in spherical coordinates (see the proof of Proposition
3.1.4) and recalling that

| e s
] ALt = ;J{/(t)(ll ifi =7,

T
T 0 otherwise,
we obtain
(V)i = ] [ (Ot (Hj Iy dr
T
1 7
- I3 I f P p(Fg(t) drdt i i = j,
R

0 otherwise,
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ie. ¥y = (1)1 and

~
(Do) = J{l—f{[f)}y(t}r“ E! PRy dr i = g,
0 otherwise.
hence
N ¢ 0™,
Diz[(l——_)J J 7""';}(7"}_{}(()d1‘d!}[
T oo
= "’: jEu_q.;‘f' =\l m

Corovrrary 1. If the probability distribution of U has a spherically sym-
metric density p and X is an estimate of A then we can rewrite the formulae
(%), (x*) as follows:

d 1 mg - YK T m Yk
R, =s il R Al A S
() n=2) ( 2 1-:::.*-1-',-*13)( 2 |n-:,,—x:-*1z)'

1y
k=1 {i:}:"'#m, } {i:'r'"";f.m,}
Py o
;A C T
(%) W, = 0 r.*.k(':ir.i — 1) (m.i“ —~Ig). A
k=1

COROLLARY 2. If the density of U7 is sphervically symmetric and A is a
conststent estimale X then under (1) we oblain

200, =4 3 (s(d = 1)),
where A, is given by (x*x). W

Remark. Let ¢f = Y% — mk. We suggest

R | d  ny -1
A= (s— 1}[; >N z,_,lg-’;.]

k=t i=1

as an example of a consistent estimate of A.

4. Conclusion. We considered the one-way classification model in which
the probability distributions of observations are unknown. The hypot hesis
that all the samples come from the same population can be interpreted as the
hypothesis about a parameter av. defined as the minimum of a function Q(a).
We showed the way of constructing tests, whose size is asymptotically equal
to the prescribed significance level, provided that we have some consistent,
estimates of the matrices Dy and P. So these two matrices played the role
of “nuisance parameters”™, The estimation of Dy and V; was not discussed
in detail; however we pointed out that (in the examples considered in the
paper) the matrices could be consistently estimated in a natural way.
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Of course, the question of accuracy of our asymptotic results arises. This,
however, goes beyond the scope of our paper and it will be the subject of
future research.
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