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ratio (see Silvey, 1978, sect ion 7.1) uses the statistic

d Ilk d nk

(d A = E E «'(y7 -1» - E "// E «’<E - /*)
A=1 i=l A-l i= 1

where w( « )  =  — logp{u). We reject 11 o if A > k\ for a suitably chosen level 
k. If the density p is normal, p(u) = -^==- exp ( -—V ), then we obtain the 
following special case of formula (1):

d Hi- d nk
( v  A = ^ ( E E < > 7 - n 1 2- E E o  /' -  Y kf^j +  const 

A = l  1= 1 A =  1 i =  I

where K* = = £ E a E/ (see Silvey 1970. Example 7.1.2).
Statistic (2) (or its modification adapted to the situation when a is unk-

nown) is applied in the classical analysis of variance. As can be seen, it is 
closely related to the assumption of normality of probability distributions. ■

In our paper we will deal with the more general form of test statistic, 
given by formula (1). However, we will not assume t hat w( u) =  — log/;(</.). 
Let us notice that the intuitive sense of statistic (1) remains clear if w is 
any even function with minimum at, zero. We will analyse the behaviour of 
statistics like (1) when the density p( v) is unknown. We will also examine two 
other test statistics, which are the analogs of Lagrange multipliers and Wald 
tests for maximum likelihood. Our results are valid under weak and general 
conditions. The asymptotic nature of our theorems is the price that we must 
pay for such generalizations. We will deal with the approximations of test 
statistics distributions as the sample sizes tend to infinity. We will consider 
the situation when the Y k are random vectors. This will be therefore a 
generalization of multivariate analysis of variance (MANOVA ). The family 
of tests discussed in Examples 3.1 and 3.2 of our paper cont ains in particular 
the tests proposed by Rao (1988). .13ai, Rao and Yin (1990), Koenker (1987), 
and McKean and Schrader (1987). The above-mentioned authors focused 
their attention on the tests related to the LAD-method; our approach is far 
more general.

1. Least empirical risk method. As already mentioned, analysis of
variance is a special case of testing hypotheses in a linear model. Estimates of 
the parameters of the model and test statistics can be derived using a general 
statistical procedure, called the least empirical risk (ERIC) method. In this 
section we present a. general scheme of t he LRE-met hod. A full description 
including the proofs of the cited t heorems can be found in Niemiro (1992a, 
1992b).
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1.1. Definitions and assumptions. Let Z  be a random variable with 
values in a measurable space Z and let / : R'1 x Z — R. We assume that / 
is measurable for every fixed a E R (/. Define

Q(a) = E f (a , Z ) .

Suppose that we want to find the minimum of this function:

a* = argmin Q{a).
O'

If the probability distribution of Z  is unknown but an iid sample is available 
then we consider a sample analog of Q(a):

j n ̂
Qni<*) = ~  Y ]  /(<*, Zi),It '(=1

and minimize Qn(o ) instead of Q{a):

r\n = arg min Qn{a).
tv

We regard the quantity o,,., depending on the sample, as an estimate of the 
unknown a*. Let us make the following assumptions:

(A ) /(•, s) : R c/ — R  is convex for each fixed :  6 Z.
(B) Q is twice differentiable at n,, with positive definite second deriva-

tive V 2Q (n m).
(C) ( ) f { - ,z )  is a subgradient of /(♦,*) such that E|e>/(o, Z )^  < oo for 

each n .
(C') E|Of{c\, Z )  -  #/ («* , Z)|2 — 0 as a — a*.

Here | • |2 stands for the euclidean norm, |oj| = o To. A vector df ( - ,z )  is 
called a subgradient of the function /(•, ~) if

f{ex,z) — f { oo, ~) > ( a — o() )T0 f {no, ~)

for all o, no E R f/ and :  E Z. Convexity of f ( \ z )  ensures the existence of a 
subgradient. At all points of differentiability of /(•,.?) we have Of{- ,z)  = 
V f ( - ,  z), elsewhere we select cJ/(-,~), subject to the defining inequality 
above, in an arbitrary but fixed way.

Condit ions {zA)~(C' ) imply the correct ness of the definition of Q ( o ) as 
well as the existence and uniqueness of <r*. They also allow us to state the-
orems about the existence, consistency and asymptotic normality of the es-
timate o„. Asymptotic properties of e\n are used to construct tests for linear 
hypotheses about a*. We will discuss this problem in the next subsection.

1.2. Linear hypotheses. Let V be a family of probability distributions 
such that; if a. random variable A” has a distribution P E V  then o p = 
argmin E/(a, A') exists and is unique. Let Vfj = {P  E V : H o p  — r),

a
where If is an in X d matrix of full rank m and c E R m. If we denote by



78 K. Adamczyk

Pz  the unknown probability distribution of a variable Z, then our task is 
to verify the hypothesis

//o : Pz € PHi
which is equivalent to the statement that Ha* = c. Let us denote by an the 
minimum of Q n(o ) on the subspace I IC = {a  : Ho  = c}:

an =  arg min Qn(o).
o Eric

We adopt the following notation:

In  — RQ n(P *) •>

D =  v 2g (o , ) ,
V = E d f ( a * , Z ) d f ( a * , Z ) T,

A = I I  D ~XV D~x 1IT,

B = D~1IFT ( I I D ~ l JIT)~ l I ID ~ \

P r o po s it io n 1.2.1. u1/2-.,, — N(0, V').

THEOREM 1.2.1. Under IIo we have Ihe following approxiniations:

(a) 0Qn{ d n ,)TD - 1H TA - O l D - ' 0 Q n(f,n)
= 7,1 i r ' l l TA - ' / I D - ' 7n +  o „ (n -1

(b) ( I IOn ~ (: )TA - ' O I a n -  c) = r ] D ~ ‘ A M ' 1 //D ~ ' ln + ),

(c) 2 (Qi).( O n ) -  QnWn )) =  In Bln + Op(n 1 ).

The proofs of Proposition 1.2.1 and Theorem 1.2.1 can be found in Niemiro 
(1992b).

Suppose we have some estimates /), V of the matrices D and V. We 
define the following statistics to test 7/q :

(a) Rn =  udQn(atn) r D ~ x II T( I I  f )~ l V D ~ l I I T )~1 I I D ~ l dQn(an ),

(b) Wn = n( I Ia „ -  c )T ( //1)~1V f ) ~ x I I T )~l { If o n -  c),

(c) A n = n(Q n(o n) gn(o'jj)).

T h e o r e m  1.2.2. If D, V are consistent estimates of D andV then under 
I Io we have

It,, ~ d X2(" l ) ,

Wn -

P roof. We can derive the asymptotic distribution of these two statistics 
using Theorem 1.2.1, the Cochran theorem and the following fact, which is 
a generalization of Slucki t heorem: if X n —d A\ V), —p (Jq . where yo is 
a constant, then h\Xn,Yn) —r/ h{X\ijo). provided that h is a continuos 
function (see Pollard (198-4), Example IV. 10).
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T he or em  1.2.3. If D — AV for some A 6 R. A —p A, then under I Iq we 
hove

2\An —d \2(m).

In general, the asymptotic distribution of An is more complicated. However, 
the cases when D =  XV are not so rare, as we shall see in the next sections.

2. General one-way classification model. Let us return to the exam-
ple given in the introduction. We consider objects belonging to d distinct 
classes. A random vector Z  = (ALT ) is assigned to every object, where 
A' : SI {1 . . .d )  is the indicator of the class to which the object belongs 
(set P (A ’ =  /) =  7T,) and Y : SI — R s. Moreover, we assume that for ob-
jects belonging to different classes, the distributions of Y  can differ one from 
another by a constant vector, i.e.

y  = a* + U if AT = k,

where V is independent of A . We would like to verify whether the class of 
the object has an influence on the examined quantity Y . In statistical terms, 
we test the null hypothesis

which can equivalently be written as

//o : //o* = 0,

where a* = ( (o * )  , . . . , ( o 'j ) ) and II is an s(d — 1) x .sr/-block mat rix with 
.s-dimensional blocks defined as follows:

(/is the ,sx.s identity matrix). Thus the problem fits in the scheme described 
in the previous section. We define / : R '/s X Z - R  by

f (ot ,z)  = f{(\J\y) = w{<xk -  y).

where « T = ( ( o 1) 1" , ... ,(a-f/)T ),o* G R s, and w : R s — R  is an even 
function, ie(0) = ().

P r o po s it io n 2.1. LetQ\{o) = Ew{e\-V) (the foci that Q\ is not equal 
to Qn for n =  1 should cause no confusion).

If arg min Q\(at) = 0 then a , minimizes Q (n ) = E/(o, Z).
(>GR}
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P ro o f .  Let a = ( ( o 1 )T exd) ) . VVe have

Q{a) -  E/(o, Z) = £  7rA.E[/(o, k\Y)\X = Ar] = ^  - kEw(e\k -  akx -  Cr)
k=l k=J

d d
= 7rA-Ql(o,A' -  ) > X! TTA-Q l(O) = Q(o„). ■

k=l k= 1
In the sequel we will assume that; a.rg min Q\{ex) = 0. The sample 7,\ —

a£R‘
(A’i, l i Z n = ( X n,Yn) can be identified with an array:

yriM ' • class 1,

yd11 ’ ••• C - class d.

and thus Q n(a)  is given bv
• << nk

Qr,{«) =
A-= 1 i= \

Let us write the analogs of conditions (A)~(C ') in the case under considera-
tion.

P r o po s it io n 2.2. I f
(1) w(u) is convex,
(2) Qi(o) is twice differentiable at a = 0, with positive definite second 

derivative D\ — V 2̂ (0),
(3) Ow is a subgradient of w( u) such that E|#H;(a — < oc for every 

ex € R \
(T )  E|dw{U -  ex) -  -  0 as ex -  0,

then conditions ( A ) hold with

/(o% z) =  /(o, y) = w{exk -  y).

P ro o f .  Clearly, convexity of w results from convexity of f ( - ,z ) .  Con-
dition (2) ensures that Q (o) is twice differentiable at a*. Since Q{ex) =

-  a t ) ,  we have V Q (a . )  = ( * ,V e , (0 )T...... » rfV Q ,(0 )T ) T
and the second derivative V 2Q (o , ) is the ('/-dimensional block mat rix with 
elements 7TaV 2Q i (0 ) , k =  1,.. .,d, on its diagonal. In view of condition (2). 
V 2Q (o*) is positive definite.

It, is easy to check that; a subgradient of / can be defined as follows: 

e) f(ex. k\ y)T = (0 ,.. . ,  0, Otv(nk -  y f . 0 ,..., 0)

Thus we have
d. d

E\df(a.Z)\l  = ^ !r,.E [| (),r(oA-y')|;|.V = 1] = £  jr*.E|0«'(n*-- « k. - V )|i
k—1 A=1



(3) implies that for every A\ 'E\e)w{(\k — ak — U)\$ < oc and so

E|Of(a, Z)\l < oo  for every a £ Rrfs.

We have E| df{cx, Z) — df(o/*,Z) |3 = Ylt=i *jkE|#ti>(afe-a* -U)-din((L)\'*. 

If q —* a* then from (3') it follows that E|f)/(a, Z) — #/(o*, Z)|'] — 0. ■

Remark. We define din according to the convention adopted in the 

previous section, setting additionally 0w{0) = 0.

Taking into account the fact t hat a* = arg min Q(a), we can use tests
a

defined in Section 1 to test the hypothesis //0 : IIa* = 0. We denote the 

quantities which appear in the formulae for \Vn,Rn, An as follows:

\\ = E dw(U)dw(U)T,
d nk

in = arg min ̂  ̂   — V'/'),

A-li=l

1  f/ 
w = - Y'

n
A-l t-1

Proposition 2.3. Lei l\. \’i be .some e.slimatcs of the matrices P\, V\ 

assume that ili. = ±̂-. Then we obtain

Asymptotic properties of the A NOVA test under general loss functions 81

(*) Kn = T —uik)T(vlr'e/),

d

(**) \Vn = £ #*(m* - m)TP,(m‘- - .ft),
1—1

(★ * *) 1

=
'
W
i

11

i  
s 

Ŝ
x] 
.11

II

Proof. We first compute the matrices whose estimates appear in the 

formulae for IT,, and lln (see Section 1). We use simplified notation for 

block matrices. For example, a "d x d matrix" is an sd x sd block matrix

with .s X .s-dimensional blocks, and "diag (A\___..l,/)'’ is the block matrix

with blocks A  Ay on its diagonal: the matrices 1\ and \\ consist of

single blocks. We will show that in the case under consideration,

(1) A~1 = diagfTTo Pi,  , TTyPI ) - {7T>P. ■ .,7TdI)T Pi(7T2T ...,XyI),

(2) 0 - ' J9-'=dia«( .....£Vf')-U....../)TVf'(/......T).

where (/,...,/) is a 1 x d-( block) matrix.

A = D,\\-'Du
nk

mk = arg min y w{ a — T/’),
Or e.—*

/-I

nk

gk = ̂2dw(m - y;A ).
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P r o o f  o f  (1). Let us recall that /I = If D~ l V D ~ l f f T. We have 
D =  diag(7T| D \, . . . ,  7rdI ) i ) (a <1 x d-matrix),

V =  e l , n-E[d/(o ‘ , it, nd/<«*\ k, v')|.v = k]
= cliag(7Ti Vi , . . . .  7r,/\ h ) ( a d x d-matrix),

// = (1 ,—/d_i), where 1 = (/ , . . . ,/ )  (a. (d -  1) x 1-matrix),
/rf_i-the (7/— 1) x (d — l)-block identity matrix.

We get

/I = (1, —I d - i )
J i

- i
D [

- l

x ( » i V , ...... M ' l j f — o - i ....... — o f  7  ( l, -  )T.

Writing c = 7Ti 1\ and 6' = diag(7r2 P i , . . .,  tt^Pj ), we obtain

A = l c - ' l + C ~ '

and so

A ~ l =  C  -  C\ ( i 'TC l  +  c )~ l \ C

= <lias(>T2Ci...... lidPt ) ~ (no/....... n,</) P|(no/,..

P r o o f  o f  (2).

T , f  (o  ; ( '0  7
« j ~ 1// =  .......................  ,

\ ( ' ' ) T : (Hi)/

where

- (** ) =  l T[diag(7r2Pi,...,7rdP i) -  (7r2/ ,...,  7rfi/)Tp1(7r2/,. . tt,//)]
d

= ( tt2Pu . ..,irdPi) -  (53n-)(tr2/>i... . ,7r jP l )
A-2

= 7r,(7r2P i , . ..,irdP i ),
(/) = -(>:/)! =  7T-|(1 — 7T0P,,

(///) = A-1 = diag(7r2 P|, . . . ,  7r,/Pi) -  (7r2/ , . . . .  TidI ) TPA (tt2 / ---- - 7r,//).

As a result, we get

// T A ~ l H = diag( trj P i , . . . ,  tt dP i ) -  ( tt,/---- ,7rdl ) T P V w J , .. .,7rdJ),
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D ~ l H T A~ l H D ~ l

= dia.g (  —  D \ 1 • • • • , —  D\ 1)  (1ia-K( 7rx P ,, . . . ,  7TdP v) 
VTTl J

x cliaa l — D, . 
TTl
1 - ■  1 o r ' -rli;vp| — D j1, . . . , —  D\ 

T l
-1

x (7Ti/ . . . ,  7t (iI ) T P\{tc\[ . . .,  7r{//)(liagf — />j 79, 1

= (liag f — vr,“ 1, . . . ,  —  \\-1 7  V 'f1 ( I .
VTTl 7T(/ /

If we replace the matrices Vi,Pi and 7T; appearing in ( I )  and (2) by their 
estimates l i ,  1\, — then we will obtain the estimates of the matrices /l-1, 

D ~ l H A ~ l H D ~ l . To derive (1). (2), we must also compute the estima-
tes o n,o n as well as ( )Qn[a). The definitions of m and mk imply that 
an =  (Urn1) ) while d,t = (m ) . Using the facts es-
tablished earlier, we see that

dQn(ot) = ~ (x' Zi ) =  -  (  X J  ° 1 “  )T ’ • • -  £  w({yd ~ Yil ^  )  ’

hence

f=i (=i ?=1

0QrAo„) = ( (9l )T....... (f/rf)T ) T .

Finally, we obtain

n„ =  -((</1)T, . . - . ( « ,' ) T ) <liag( — (V'i ) - ' .......— ( t i ) - '
•Ml ltd

- ( 7 , . . . , / )  ( I t ) - 1!/ , . . .,/ )

d

«< / )T...... ( f/ )T )'

E  V )  + 7 l > ‘)T)(':' > 7 l > ' ;>)
A-=1 k A-1 A-l

Let us notice that £ Y^l=\ -Jk — 0Q n(m) ail(l so setting 0 Q n(m) = 0 we 
obtain

it,, = T — ( ' / ' u n r ' i / )
. , nkA—I



(
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consistent estimate of the paramete r A. Under //0,

2AA„ -J v W - 1)), 

where A„ is given by (*★★). ■

Summing up, we use the approximations of t he asymptotic distributions 

of An. H7n, Rn to test the hypothesis about the identity of unknown distri-

butions of Y in all d populations. We reject //0 at the significance level o 

if Wn > tcy, Rn  I or 2A An > /,,, where /,, denotes the o-(j11ant ile of the 

distribution \2(s(d— 1)).

3. Examples. Let us discuss a few examples illustrating the one-way 

classification model. The following cases will be considered:

1) w(u) = |j|,

2) w(u) ~ |?/11,

3) w{u) = |«|2,

where |u|i = Yl]-1 Iu j I * |«\ 2 =  u) • Of course in every case w is

a convex' function, so the first of our four basic assumptions is satisfied. In 

every case we compare different characteristics of the distribution of Y in 

all populations to test, the hypothesis that all samples are drawn from the 

same population.

3.1.  The case w(v) = |u|>. Before we begin the analysis of this case let 

11s make the following assumption:

Assumption 3.1. U is a random vector such that, EUT V < 00.

Proposition 3.1.1. ff Assumption 3.1 is true then conditions (1) — (3') 

hold for w(v) = | 4].

Proof. The function Q1 given by Q1 (o) = E(o — U)T(a — U) is well 

defined (Assumption 3.1). To obtain the derivative of Q] it is enough to 

differentiate the quadratic form (o — EL'") (n — EL"), because

Q,(a) = (a - EL')T(a - ELr) + E//TP - (ELr)T(ELf).

Thus D\ — Y2Q\ (0) = 'If. where / is the .s x .$ identity matrix. According 

to the rule presented in Section 1, Ow(u) = ?«?(«) = 2u, hence

E|c)i/’(o - Lr)|-j = -lE(o - U) (n - U) < 00

and

E|0w( U - a) - dw( V )|-2 = 2E|LT - a - U\?2 = 2|o |5 - 0 as o - 0. ■

We can now state our hypothesis.
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PROPOSITION 3.1.2. In the one-way classification model with w(u) — |a| 
the null hypothesis I I0 assumes the following form:

I l 0 : E(1'|.V =  1) =  .. .  =  E(V|.Y =  d), (I )

provided that E U = 0.

P ro o f .  In order to show that rP = E ( ) '\X =  /.•), it is enough to 
prove that E f r =  argmin Q\(a). The condition E/7 = 0 is equivalent to

CY
argmin Qi(ex) — 0, which appears in Proposition 2.1. Moreover,

E(Yr|A” = k) =  argminQi(o -  a*) = a* (see Proposition 2.1).
"or

Indeed, for every n £ R s we have
S  S

P Q i (  a) =  E(o: -  C )T( «  -  V )  =  j  ~  ’ !j f  >  E E (E f -' -  f ri ) J
i= i j =i

= E (E P  -  f/)r (EP  -  V) = Qi (EU ) .  m

Now we will derive test statistics for (/). We adopt, the following notation:

, njt d nk

= *' =  - £ ! > * •  "
K i- 1 A— 1 i= 1

P r o po s it io n 3.1.3. Let P\ he an estimate of the matrix I\ =  (EVU ) 1. 
Then the statistics used to test (/) arc given by

d

( » )  « »  = H', = Y ,  » * < - f ) TA (  ? *  -  Y )■
A-l

d
(* * )  a „ =  ] [ > , . ( * • * - n V 1' - ? ) .

A~1

P ro o f .  We have computed D\ = 21 in the proof of Proposition 3.1.1. 
We have \\ =  4EUU  , because 0w(u ) =  2u. Thus

A  =  ( D p \ \ D p ) ~ '  =  (E t u P ) -1,

-  y -‘ > = E (w -  P m «  -  yT  = Mo).
/ = 1 j=l

V / ,(« ) = 2(n -  V-*) =  -  j r  >'/)
(=1 i — I
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We know that Vh(cr)|0=m* = 0, hence mk = T-  ^ = ̂ k alû simi-

larly

d nk

m = irEE^ = f'
A~1 i= l

m = - V  = Y, 
n  ' 
a-=i
nk

9k = 2^(f - n1') = 2n*(f - f'*),

i=l 
rf a*

«»<“> = ~ E El«*-»'*!!•
A=1 i=l

The final formula, for An follows from

d nk d nk

k= 1 i= 1 /»*= 1 i=i

Cl- Cl

= 53 »t[fTy - 2fTf* + (vt)T(v*)] = 53 "*U' - v*)TC*> - f‘).
A = 1 A-=l

Taking into account Theorem 2.1 we can give the asymptotic distribution 

of the statistic (★).

THEOREM 3.1.1. Let P\ be a consistent estimate of P\. Then under (I) 

we obtain

Rn  \2Wrf- D),

where R.n = IT„ = (★). ■

Remark. Pi = [̂- J2k=1  ~  ) 0"iA ~ Vr/f)]_I is a consistent

estimate of P\ for the model under consideration.

Definition. A function / : Rs — R is called spherically symmetric if 

for every u, v G R6 such that |u12 = |v|_> we have

f(u) = /(?;).

Proposition 3.1.4. If the density of the error distribution is spherically 

symmetric them D\ = AIA, where A = |(Ef/ V) ~1.
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Proof. Let us use the spherical coordinates:

Ml = r COS /•! COS t ) cos/.,_i

u-2 = r sin t\ cos t-2 COSLs-1
»3 = V sill t-2 COS /;3 COS/.s_i

us = /•sin/.,_i = rfa{t)

where r > 0, (U ,...,  ) € T = (-tt, 7r) x (-§, f) x ... X (-f, f)

and |./| = rs_1 cos*2(cost̂)2 ...(cos/ a_i )‘s_2 = rs~ly(l) (j./j stands for 

the determinant of the Jacobi matrix).

We thus get

OG

(V\  =4 J UiUjpiu) du = ■[ J ) fit J rs+lp(f)eh\

R“ T 0

where f = (r, 0,___0)T.

Using simple trigonometric identities one can show lliat

in-j'

T l 0 otherwise.

Thus

(W),, - {'"
i f i=j\
otherwise,

where I0 = } jT 

2X 1, hence

.C rs+lp(r)g(t)drelt= ; Jr. !'#'<«)'/« = VTU =

II X-
1

II A-1 /3j. ■

Corollary 1. // the density of the terror distribution is spherically sym-

metric and X is ehn estimate of X then irc obtain a simplified form o/ (★):

R« = H’„ = 2A ̂  »»•(>'■*' - )’)T(f-f) = 2AA„. ■
A-=l

COROLLARY 2. If the density of the error distributiem is spherically sym-

metric and X is a consistent estimate ejf X then under (/),

2 A A n -,l \'-’(*(</- 1)),

where An is given by {**). ■

Re m a r k.

j <1  Ilk T -1
- S 

A=2
- XI  - v'A)ToY' - r'A>

A-1 i-1

is an example of a consistent estimate of A.
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3.2. The case w(u.) = ]//11 . The following fact turns out to be very 
useful in the analysis of this case:

Le mma . Suppose that X  is a random variable such that E|.Y| < oo. Then 
fo r  every n £ R we have

O

E|.Y -o|  = f  (2F( I )  -  I \tll -f EjA'j,
0

where F  is the cumulative elistribution funciiexn o f X .

P roof. To fix ideas, let, o > 0. We have
cx< o' oo

E|A’ — a| = |.r — ex\P(dx) =  I  (ex —  x)P (e lx) -f J (x —  ex)P(elx)
— oo — oo a

t> oo a

-  a (  f  P(elx) +  -  j  P(elx)^J + E|A'| -  2 f  xP(dx) .
— 'oo a  ()

Since
o a  x  a a  a-

f  xP(dx)  = f  f  dlP(dx)  =  f  j ' P ( d x )  = f  ( F ( n ) - F ( / ) ) d l .
0 0 0 0 / 0 

we conclude that
Or

E|.Y -o|  = a ( 2 F ( « ) ~  1) +  E|-V| -  2 /  (/ ■ > ) -  F{t ) )dt
0

tv

= /  ( 2F( I )  -  !)<;« + E|.V|. ■
0

COROLLARY. I f  X  is a mnelenn variable heivinej f in ite  f irs t moment then 

inedA’ = argmin E|A' — o j.
a

Proo f.  Let h.(ex) =  E|A' — o|. TTie leinnia above implies that h(a)  = 
Jq ' (2F(/) — 1 ) (it +  E|A’ |. Consequently, h(ex) decreases for a < medA* and 
increases for a > rued A'.

Let us make (lie necessary assumptions about, the error distribution:

As s umpt io n 3.2. The probability distribution of V lias the following 
properties:

a) E|C|] < oo,
b) the densities of the marginal distributions of U exist (write p, for the 

density of Uj , j  = 1...., -s),
c) Pj( u) are continuos and positive at u =  0.

P roposit ion  3.2.1. Uneler Assum ption 3.2, conditions (1 )-(3/) hold with 
w (u) =  | ?/1!.
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P ro o f .  Q , (a )  =  Y,%t  E|«J -  ('/I = E U  t f ' i m * )  -  m  +  E|t/|i.
where Fj is the cumulative distribution function of Fj. The continuity of pj 
ensures that Q i (o )  is twice differentiable at; a =  0 and we get

(V Q i (a ) ) j  = 2Fj (o'j) -  1, V 2Q !(o ) = 2diag(y;i(o1),. . . ,ps(as)).

So D\ — 2diag(p1(0 ) , ----ps(0)) and since pj(0) > (),j = 1,... ,.s, it follows
that D\ is positive definite. By the convention adopted when defining a 
subgradient, we can write

T
dw{u) =  (signU\, ----signf^) ,

hence
5

E | chef a -  U)\2 = E n s ig n  (a, -  F j )2 < s 
j= i

and
S

E|#w(f7 -  o ) -  dw( U) |-2 = ^  Efsignf Uj -  oy) -  signhry )2 — 0 as a — 0.
j=i

D e f init io n 1. Denote bv medf7; tbe median of the i-th component of a 
random vector F . The marginal median of F  is, by definition, the vector

T
medmF  = (medF j , . . . ,  medFs) .

D e f init io n 2. Let Y\,. . . ,  Yn be a sample from an .s-variate population. 
Denote by medff 5V)/,.. .,  (Yn), ) the sample median of the /-th component 
of observations. Then the sample marginal median of these observations is, 
by definition, the vector

rnm (T'i.......Yn) = [medf ( l j  ) i , . . . ,  ( y „ ) i ) . ---- medf (1\ On )s)] .

In the case under consideration, testing the hypothesis of independence 
of variables A' and Y  consists in comparing the marginal medians of the 
Y  distribution in all populations. Test statistics are based on the sample 
marginal medians.

P r o po s it io n 3.2.2. In the one-way classification model with w{u) = \u\i 
the null hypothesis I Io assumes the follow},ny form:

//0 : medm(V'|..V = 1) = ... = rnedm(V|.Y = d). (II)

P ro o f .  Of course, it is enough to show that med mU = arg min E|o — F\[Ot
(see Propositions 2.1 and 3.2.1). The Corollary implies that: for every a G R ‘% 
E|o -  F 11 =  i E |aj -  Fj\ > E  ■=, E|medh, -  Uj\ =  E|medmh -  F |i. ■

In the definitions of test statistics for (II) we will use the following no-
tation:

r»rn =  "bnOY0.......Yj?k), mm =  £ £fc=i nkm*n.
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mm = mm( Yj1,..., Y,l},...,  ...,  ),

nk = [{nkh'---i(nk Uf* wliere (nk)j = #{': : O/'b < (wm)j}, 

7?.+ = [(n+h.......(«fc )S]T, where (n|), = #{/ : (V̂)j > (rnm),).

Proposition 

where ( P,-1  =

3.2.3. Lr/ Pi. V] be some estimates of the matrices P\,V\, 

r(tf;.̂o  <’ilij = 4P({/f < ().(/, < 0) - I. Then

the statistics used to test (II) are (jiven by

(*) k» = E-<

d

(**) \Yn - X » a(

A-='l

'1

(★■*★) p> II

M M

k=l 1 = 1

»r-»PT(‘>.r'(n,T-«+),

mn ~  )TA(»»m ~ ™.n).

A-=l ( = 1
1 •

Proof. YVe start by proving that mk = ■/??£,. Notice that

»k

X K‘ _ (yhj\ = ”-a-eÎ -
i=i

where )r is a. random variable taking values in the set {(Yk)j,....(Yk)j}, 

with distribution P( Y = (Yk)j) =  In view of the Corollary, {mkn)j =
nk '  Hk

argmin \ |o;- — {Yk)j|. Hence for every n £ Rs we have
CV , e.;

1 = 1

nk s  nk s  nk

E i“ - ''i' -EE K- - < v/'i! >EE - o/o.:i
i=i j=i i=i j=l i=i

nk

= XlWm -yik\i'
1=1

Similarly, we can see that m = mm. 3’he definition of 0w implies that

>h-

(Jk = X[siS,l((mm)t - 0/)i)......sign((/7?w)s - ()■;■*)JT = n~ - //+.

l=i

As shown in the proof of Proposition 3.2.1, D\ — 2diag(pi (0),.... ps{ ())). 

In view of the assumption that mod,,,(’ = 0, we obt ain

(VV)i,i = EsignP/signP,

= P(P, > 0, Uj > 0) + P(Pi <Q. Vj< 0) - 2P(Ui < 0, P, > 0)

= 4P(I/j < 0, Uj < 0) — 1,
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hence

Theorem 3.2.1. Assume that f\.\\ are consistent estimates of 

Then under (II) we obtain

llu  \2(s{(/- 1)), 

I' d - d \  — ■!))•

where Rn — (■*•), Wn = (★*). ■

It is now slightly more difficult to estimate the matrices Vj and P\ than 

it was in the preceding example, for we must also estimate the densities

Re m a r k 1. Assume that we have consistent estimates pj of the densities 

Pj(0).j = 1...  Then consistent estimates of Pi, Vj are given by

Remark 2. Estimates /), of the densities pt{ 0) can be constructed in 

the following way: let A’(-) be a symmetric density and let (//,,.) — 0 be a 

sequence of positive numbers such that nh„ — oc. Let us write

(Serfling 1980, 2.18). In our paper we will not prove the consistency of these 

estimates. Other estimates of p,-(0) are proposed by Rao (1988) and McKean 

and Schrader (1987).

The asymptotic distribution of the third of the statistics will be derived 

under the additional assumption that; the components of the vector lJ are

Proposition 3.2.4. Assume that U\,.,., Us are iid and T, has a density 

p. Then D\ — AVi, where \ = 2p(0).

P roof.

_ j4P(Ui <())-! if i=j

1 \ 4P(t>j < {)){(’j <())-! otherwise.

i.e. \\ = /, so Z)| = 2p{0)I = Alq. ■

1

4
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Corollary 1. If C-j,..., Vs are iid , f/,- has a density p and X is an 

estimate of tin parameter X = 2/>(0) then the formulae (★) and (*-*) assume 
the follow!up form:

d

(**) Wn = (A)2 nk{m<n - thm )T(/n* - mm). u
k= 1

Corollary 2. If U\,[Is are iid and X —p X then under (II) ire 

obtain

•2AA„-J \2(.s(,;- 1)) 

where A„ z.s by (★*★)• ■

3.3. The case w(u) = j».|o. In this ease our basic assumptions are the 

following:

Assumption 3.3.

(a) E\U\2 < oc,

(b) the probability distribution of I’ has a density p,

(c) there exists 6 > 0 such lhat p is bounded on the set {u : Jw|2 < />},

(d) P(c U — 0) < 1 for every c ̂ 0,

(e) s > [.

Proposition 3.3.1. If Assumption 3.3 is true then the cemditions (1 )- 

(3') hold with w(u) = |n|_>.

Proof. Assumption 3.3(a) ensures the existence of Qi(o) = E|o — rr|o. 

One can prove that if .s > 1 and the density p is hounded near 0 then Q\ is 

twice differentiable at n = 0 with the second derivative l)\ — E[|C|.Jl(/ — 

\V\f2(rf )] (see Niemiro, 1992a). f'rom Assumptions 3.3(b)-(cl) we get the 

positive definiteness of D\ (see Rao, 1938). Moreover.

E\()w{U — o) — 0w(U)|2 — 0 as 0 — 0,

where

£>„,(„) = |
{ 0  ot herwise

(see Niemiro. 1992a). Of course, E|Ow{ V — o )|.> = 1. ■

Definition 1. The spatial median of Ir is, by definition, the vector which 

minimizes Qi(o) = E|o — l’j_> over o. It will be denoted by med,sC.

If the probability distribution of (J is not concentrated on any straight; 

line then med,sC is uniquely defined (Milasevic and Ducharme, 1987).
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Definition 2. The sample spatial median of t he observat ions Yi,..., Yn 

is, by definition, the vector which minimizes the quantity  1°' ~

over o. It will be denoted by m ,s (V't,..., Yn).

Proposition 3.3.2. In the one-way classification model with w(u) = |w|2 

the null hypothesis Ho assumes the following form:

IIo : nieds(Y|.Y = !) = ... = med.,(V'|A’ = <■/),  (III)

provided that medSU = 0.

Proof. This follows immediately from Proposition 2.1 and the definition 

of spatial median. ■

In the sequel we will assume that med.sYr = 0. Now, we will derive test 

statistics for (III). The following notation will be used:

mk- the sample spatial median of observations belonging to the Ar-th 

class,

ms- the sample spatial median of all observations, ms = ̂ ]T)a-=i nkins‘

PROPOSITION 3.3.3. let D[A\ be the estimates of the matrices Di,V’i, 

where Dl = E[\U\̂l(I ~ \U\T2VUT)], Vx = E(|T|J2TPT). The lest stati-

stics for (III) are

1 (  \ - m3 - Y k
»"» = Ê( E rt Oh E

in o — Yrk

1;  1  E-/  | m .Q — YfiY ) ’

(**)

(* *★)

T  -

ic, = Y. n̂ m> -
k=l
d  rik

a n = im* - Ŷ 2  im* ~v̂ 2-
k=l i=l

in,) Dilj D[(rns - nis),

d rik

lE
k—1 1=1

Proof. By definition, mk = argmin Yl'i=i 1°' —  =  • Similarly,
a

ms = arg min Sa = i S”=i 1° ~  I2 = m- According to the definition of
Of

subgradient (see the proof of Proposition 3.3.1) we have

*•= E
111 „ — Y:■ k

I His ~ >
'A: I

and also

\\ = E
U

Wl

u

Of course, Qn{e\) = \ £*=1 Xw=i la* ~
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T he o r e m 3.3.1. I f  D\ and l j  are consistent estimates of D i and Vj 
then under (TIT) we have

ft,, r ( * ( r f -  D),
H’„ y l - i ' l  -  1)),

where Rn and IEn are (jive n by (* ) and (**). ■

Rem ark . Let (e )f  = ) ] k -  mk. It can be proved ( Kao, 1988, Example 
6) that the matrices

I d nk

ih - ' EE d.:'n • I'hVi'ixcn.
II k= 1 i=l

. d nk

ft =
A:=i i = 1

are consistent estimates of D j, T-j.

As in Example 3.1, the assumption that the density p is spherically 
symmetric simplifies the asymptotic distribution of the third statistic.

P r o po s it io n 3.3.4. I f  the error distribution has a spherically symmetric
r | — idensity p then D\ =  A V). where A = (s —

P r oof.

-  J  \u\2 'l ut U jp (u )du

U h ) u  =
it

i

j  | u171 ( I — | u|if2u • )]>{ u) du otherwise,
Rs

(v, ) i j  = I  \ 11\2 2 U jU jp{u)du.

Writing D \, \\ in spherical coordinates (see the proof of Proposition 
3.1.4) and recalling that

_ j - J if i = j .

otherwise.

we obtain

0 V ) i , /  =  J fi{t)fj{t)(j{t)dt j rs 1 p{ f) dr

1 c-  J f  r s vp{ f ) ( j { l )drdt  if i = j ,
T 0

otherwise,
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i.e. V\ = (h)/ and

0
T

J (1 - If (t))y{t) dt J r8 2p{ r) dr if i = j
o

otherwise.

hence

Di - fl-- J r'S 2p{r)fj{t)drdt I
1  • r 00

T o

COROLLARY 1. If Ike probability dislribvtion of U has a spherically sym-

metric density p and X is an estimate of X then we can rewrite the formulae 

(★),_(★*) as follows:

Corollary 2. If the density of U is spherically symmetric and X is a 

consistent estimate X then under (III) ire obtain

as an example of a consistent, estimate of A.

4. Conclusion. We considered the one-way classification model in which 

the probability distributions of observations are unknown. 'Idle hypothesis 

that all the samples come from the same population can he interpreted as the 

hypothesis about, a parameter o * defined as the minimum of a function Q{<\). 

We showed the way of constructing tests, whose size is asymptot ically equal 

to the prescribed significance level, provided that we have some consistent 

estimates of the matrices J)\ and 7̂. So these two matrices played the role 

of ‘“nuisance parameters”. The estimation of D\ and Y\ was not discussed 

in detail; however we pointed out that (in the examples considered in the 

paper) the matrices could be consistently estimated in a natural way.

2AA„ -<< !)|.

where A „ is given by (**★). ■

Remark. Let ej’ — V'A' — m£. We suggest

d nk -i



Asymptotic properties of the A NOVA test under general loss functions 97

Of course, the question of accuracy of our asymptotic results arises. This, 
however, goes beyond the scope of our paper and it will be the subject of 
future research.
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