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A b stra c t  We consider the initial value problem for systems of ordinary differential 
equations such that the solution vector can be split into subvectors and each subvector 
represented as a product of a scalar amplitude and a shape vector which changes slowly 
with time. The equations for the shape vectors can be solved with much larger time 
steps than those required for the original equations. The numerical results show that a 
substantial reduction in the computing time may be achieved.

In trodu ction  The separation of variables is a powerful method of solv-
ing initial or boundary value problems for linear partial differential equa-
tions. In the case of ordinary differential equations, however, it would hardly 
be of any practical relevance. To see this, consider the initial value problem 
for the system of ODEs 

dx
( 1.1) —  = f k ( x i , x 2, - • - , x n;t), x k(0) = qk; k =  1, 2, . .  .,ra.

The separation of variables means that the functions x * are to be represented 
in the form

( 1.2) x k(t) =  (p(t)vk; k — 1, 2, . . . ,  m;

where are constant. Such a representation would be exactly true only for 
very exceptional systems of ODEs and, as an approximation, would be in 
most cases very inaccurate.

Now assume that

(1.3) vk(t) =  (p(t)vk(t)] k =  1,2,.  . . ,m;

where the functions can be chosen in such a way that they change with
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time much less rapidly than <p. For such systems of ODEs ip may be con-
sidered as an amplitude function of the solution x =  (:ri, X2 , . . . ,  x m) and 
v =  (tq, u2, . . . ,  vm) as a shape function slowly varying with time.

If the incomplete separation of variables (1.3) is successful then the old 
system of ODEs (1.1) for x k is replaced by the new one for and vk which 
may be solved with a reduced numerical effort by applying the multigrid 
approach which amounts to using different step sizes when solving equations 
for <p and vk.

In this paper we will consider a more general case in which the vector x 
has to be separated into several sub vectors so that the representation (1.3) 
involves several amplitude functions <p. We will discuss the conditions which 
have to be placed on the shape functions v and propose an algorithm for 
solving the resulting systems of ODEs. The numerical example shows that 
the considerable reduction in the computing time may be achieved.

The idea of the approach presented in this paper can be traced back to 
the so-called quasistatic method developed for nuclear reactor calculations 
in the sixties [3]. The mathematical foundations of the method were given by 
Mika much later [1]. Recently Mika and Scribani [2] applied the method to 
the solution of the ODEs resulting form the application of the line method 
to parabolic equations.

In com p lete  separation o f  variables We will consider the systems of 
ODEs for which the solution vector can be naturally broken into a number of 
sub vectors. For example, in case of stiff systems one would group separately 
the fast and slow variables. Assuming that such a breaking has been done 
we will write the initial value problem for a system of ODEs in the following 
form

dx =  /O M ); *(<>) =  «;(2 .1)

Here

( 2.2)

dt

X —  ( ^ 1  > %2 ? • • • » *Em) >

x k = ( x l , x l , . . . , x i ky,

t £ [ 0,to]; to > 0.

k = 1, 2, . . . ,  m;

so that x is a function from [0,to] into R n where n =  ^  nk. Similarly /  is
fc=l

a function from D x [ 0 ,  to] into R n where

(2.3) D  =  {a 6 R n : ||a -  ?|| < d] ; d > 0;

and || • || is any of the equivalent norms in R n. Finally, q is the initial vector 
with the same structure as that of x as given in (2.2)
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With the usual assumptions:
(i) /  is continuous with respect to all arguments and Lipschitz continuous 

with respect to x on D x [(Mo];
(ii) sup{||/(s,*)||; x e  D; t e  [0,to]} -  M  < oo;
the initial value problem (2.1) has a unique solution on [0, / i] where t\ =  
min [t0y j f ] .

Following (1.3) we will represent each of the sub vectors x k in the form

(2.4) x k(t) =

where <pk are the amplitudes and vk =  (v£, v\,. . . ,  v%k) are the shape vectors.
Our aim is to make the shape vectors vk depend on time as little as 

possible. We will attempt to achieve it by requiring that the projections of 
vk onto a one-dimensional subspace of Rnfc are independent of time.

Let Pk be a projection operator from Rn* onto R defined by the scalar 
product as follows

(2.5) Pka = { p k,a); a,pk e  Rnfe.

The choice of pk depends on the properties of the original system (2.1). In 
many cases simple averaging operator is sufficient.

We now require

(2.6) (Pkvk)(t) =  1; / G [0,ti].

so that

(2.7) tpk(t) =  {Pkx k)(t)\ i € [ 0 , / i ] .

The representation (2.4) is unique on an interval [0,^] where 0 < t2 < t\ 
if

(2.8) cpk(t) > fik > 0; t e  [0,t2], k =  l , 2, . . . , w fc.

To show the uniqueness assume that for all or some k

(2.9) x k(t) -  (pk{t)vk(t) = <fk(t)vk(t); t € [ 0 , t 2];

and apply the projection operator to this equation. From (2.6) we have

(2.10) (pk{t) =  ̂ ^ [0,t2]-

Hence from (2.9)

(2.11) vk(t) =  vk(t); t e  [0, #2]-

Now (2.10) and (2.11) prove the uniqueness of (2.4).
Write the system (2.1) in the extended form

dx k
(2.12) ~ ~  /'a:(̂'1? *̂2 9 i 77n 0» ®Jfc(0) tfki k — 1,2,...,771,
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and write x k in the form given by (2.4). The resulting equations are

(2.13) d<pk dvk
~ d f Vk +  <pk~df =

Taking the projections Pk on both sides of (2.13) we obtain the system 
of scalar equations for the amplitudes

(2-14) =  7fc(^i,V?2,. vu v2, . . . , v m\t); k =  1, 2, . . . ,  m;

where

Tfc(v?l i <f?2 ) • • • i tpm i ^ 1 ) ^2i • • • i V m ‘i 0  =  (^fc/Ar)(V? 1 ^ 1 1 ^ 2 ^ 2  •> • • • ? P m ^ rn 't  ^)*

In deriving (2.14) we made use of (2.6) and of the fact that

^  = ^  = ^ 1) = °-
As a natural initial condition for (2.14) we take

(2.15) <pk(0) = a k-, k =  1,2,

where a k = Pkqk. To satisfy the requirement (2.8) for some t<i > 0 we have 
to assume that

(2.16) a k ^  0; f c = l , 2, . . . , ra.

If the condition (2.8) is valid we can eliminate from the equations
(2.13). As a result we have the system of equations for the shape functions

(2-17) =  —  (fk ~ 7kVk); k =  1, 2, . . . ,  m;at tpk
with the initial conditions

(2.18) i>jt(0) = — qk; f c = l , 2, . . . ,ra.
otk

Using the notation

*  =  Op i , ^ , *  * *,¥>m, v i , v 2 , . . . , n m )

and
, 1 1  1 V

T  ,  0 .2 , . . . , OLm , 9 l )  9 2 ) * * * )  Qm )
«1 2̂ ®?71

we can write the systems of equations (2.14) and (2.17) with the correspon-
ding initial conditions (2.15) and (2.18) in the vector form

dz
(2.19). —  = h(z,t);  *(0) = r;

where /i has an obvious definition implied by the RHS of (2.14) and (2.17).
The projection operators Pk do not change the smoothness properties 

of the functions contained in the original system of equations (2.1). On the 
other hand, dividing by <pk in (2.17) may modify the constant M  defined
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in the condition (ii) even if none of <pk vanishes. Thus, on the strength of 
the conditions (i) and (ii), the system of ODEs (2.19) will have a unique 
solution on a certain interval [0,^ ] where 0 < ^  with <2 defined by
(2.8).

The final question to be answered is whether the solutions of (2.1) and
(2.19) are equivalent to each other. For this we have to show that if the am-
plitudes <pk are defined as the solutions of (2.14-15) and the shape functions 
vk as the solutions of (2.17-18) then (2.6) and (2.4) are satisfied.

To prove (2.6) let us denote by \j)k the functions defined as projections 
of V k

^fc(f) =  (P k V k )(t)

and apply the operators Pk to (2.17) and (2.18).
As the result we obtain the following system of equations for V’fc

^  = — ( i -^ j f eW) ;  M  o) =  i;at ipk
which has a solution tp^t) =  1. It follows from the previous considerations 
that this solution is unique on [0,^]. This shows that (2.6) is satisfied if t\ 
is replaced by t%.

Define the functions wk by

v>k(t) = <Pk(t)vk(t)
where <pk and vk are the amplitude and shape functions, respectively. Retra-
cing the steps taken in deriving (2.14-15) and (2.17-18) from (2.12) we can 
easily see that wk and xk satisfy the same equations. Again by uniqueness 
we see that wk(t) ee xk{t) on [0,^ ].

In the next section we will describe the numerical procedure that we 
propose for solving the amplitude and shape equations.

Multigrid numerical procedure In the previous section we have 
shown that over a certain time interval the original system of ODEs (2.12) 
is equivalent to the system for the amplitudes

(3.1) = <pk{ 0) =  a*; fc =  l , 2 , . . . , ra  

and the system for the shape vectors

(3.2) ^  =  —  (A -  l kvk)\ Vfc(0) =  —  qk- fc =  l , 2, . . . , ra.
at <pk ak

The vectors xk in (2.12) are related to the scalars <pk in (3.1) and the vectors 
vk in (3.2) by (2.4).

The present approach is applicable only if the system (3.2) is much easier 
to solve than the original system (2.12). Otherwise it would make very little
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sense to solve m additional equations (3.1). With this restriction we see 
that although (3.1) has still to be treated by a sophisticated solver capable 
of dealing with stiff systems of ODEs, (3.2) may be solved by making use of 
a simple explicit method with a relatively large step size.

For solving amplitude equations (3.1) we use a Gear solver (GS) with an 
automatic control of step size and order of the method. The shape equations 
are treated with the explicit Runge-Kutta solver (RKS) with no step size 
control available in the second and fourth order versions. Both GS and 
RKS are combined into a single multigrid solver (MGS) solving the original 
system of ODEs (2.12) in the form given by (3.1) and (3.2).

As an input the vector q and the vector function /  as defined in (2.1) 
are to be given together with the way in which the system (2.1) is to be 
represented in the form (2.12). The subsequent calculations of the right-hand 
sides and initial values for (3.1) and (3.2) are done automatically by the 
MGS.

In a typical cycle of calculations we start with the values of <plk and 
vkn known from previous computations. Then (3.1) are solved over a fixed 
number L of steps hi. L is prescribed by the user. The functions 7*. are 
calculated with Vk fixed at their initial values vkn. Next (3.2) are solved over

L
a single time step H  =  ]T] fi*. The right-hand sides in (3.2) are calculated

2—1
with the final values (pktn of <pk, although other options, like a (weighted) 
average of <plk and (fktn, are conceivable and will be considered in next 
versions of the MGS. At the end of the cycle we have (pktn and vktn which 
serve as initial values for the next cycle. When starting the first cycle we 
take p>lk and vkn as supplied by initial conditions. Whenever the results are 
to be printed the vectors Xk are calculated as products of <pk and Vk-

Numerical example To check the proposed numerical procedure we 
consider the system of ODEs for which the extended form (2.12) is

dx{

(4.1)
dt

dxJ2
dt

=  (A +  j ) x {  +  0.1 J +1n 2
i ari(0) = 1;

d x 2 _  7+1 + 0.1 J +1 ; x 32(0 )  =  1;

j  = 1, 2, . . .,71.

We use the convention that = x\ and x 2Jrl = x\.
This becomes a stiff system of equations in which the subvector x\ re-

presents the fast variable and the sub vector X2 the slow variable if A >> 1. 
In our calculations we choose A =  1000 and n — 30. We may expect that 
the shape of each of the sub vectors should not change too rapidly with time.
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As projections operators Pk we take

1 n
Pk %k — ^ % k i  ̂ — 1 ? 2,n t—' 

j = i

which means that the amplitudes (pk are the average values of the compo-
nents of Xk.

It is to be expected that the proposed multigrid method should be more 
efficient than the standard methods for systems of ODEs such as (4.1). To 
check the actual efficiency of our algorithm we compared the computing 
time for various cases. The following procedures have been used:
1. The Gear solver (GS) in both explicit and implicit versions was directly 

applied to the system (4.1). The-truncation error e set at 10-5 , 10-6 and 
10~7.

2. The second-order Runge-Kutta method (RK2) and the fourth-order 
Runge-Kutta method (RI<4) were also used directly for (4.1) with fi-
xed time steps A t  = 10~5 or At  = 10-6 .

3. The multigrid solver (MGS) was used to solve (4.1) by turning it into 
the system of the form (3.1) and (3.2). For the amplitude equations 
which are solved with the GS the truncation error e was set again at 
10~5,10~6 and 10-7 . The shape equations were treated with the second- 
and fourth-order Runge-Kutta method. The number of steps in ampli-
tude equations for one step in shape equations was taken as L =  10.
In the Table we show the results of calculations with various methods. 

The values of the component of the fast vector x\ and of the x™ com-
ponent of the slow vector x<i for t — 0.015 are given. It is seen that the 
explicit version of the Gear solver GS is much faster than the implicit one 
and gives adequate accuracy. There is no need to go for e greater than 10-5 . 
As for the Runge-Kutta method it is either not very accurate or exceedingly 
slow.

The proposed multigrid solver MGS gives satisfactory results in conjunc-
tion with the second-order Runge-Kutta metho’d and with e =  10-5 . The 
MGS is more than 10 times faster than the implicit GS and more than 3 
times faster than the explicit GS. Such a difference in computing time mi-
ght be crucial if relatively large stiff systems of ODEs are to be solved on a 
PC.

We have also attempted to check the performance of the MGS for a very 
stiff system of equations. For that purpose we took again the system (4.1) 
in which the terms (A +  j)x\ are replaced by the terms (A -f j )  cos(At)x{ 
and we chose A =  106.

We solved the resulting system of equations with three different methods 
each allowed to run for 10 minutes. In all cases the truncation error was set 
at e =  10-7 .
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The implicit GS turned out to be extremely slow. In 10 minutes the 
programme reached t =  2.10-5 . The explicit GS was a little faster and in the 
same time produced the solution for t = 9.10~5. As for the MGS which was 
again used with L =  10 in 10 minutes it reached t =  2.6T0-4 . For t =  2.10-5 
the implicit GS and the MGS gave the identical values = 2.491673 and 
x\° =  1.000023. For the explicit GS we obtained a slightly less accurate 
result for re40 =  2.491696 and the same result for x ™.

The last example shows that for very stiff systems of ODEs which satisfy 
the conditions necessary for the application of the multigrid method, the 
latter is capable of producing results as accurate as the implicit GS and is 
faster. As for the explicit GS it is not only slower than the MGS but also 
slightly less accurate.

Table

METHOD STEPSIZE
OR

TRUNCATION
ERROR

COMPUTING

TIME x\° X 10~3 x\° x 10

GS € =  10~5 73 3857 3883
EXPLICIT 10~6 81 3856 3882

10"7 97 3856 3882
GS

1C1orHII 427 3857 3883
IMPLICIT 10~6 506 3856 ■ 3882

10"7 594 3856 3882
RK2 A t  =  10~5 86 3894 3920

10"6 829 3860 3886
RK4 A t  = 10"5 204 3895 3921

= 10~6 2010 3860 3886
MGS 6 =  10“ 5 19 3855 3882
RK2 = 10"6 28 3855 3881

= 10"7 45 3856 3881
MGS e =  u r 5 21 3855 3881
RI<4 = 10~6 34 3855 3881

= 10"7 55 3860 3881
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