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misconceptions? The case of the tangent line*

Abstract: The study presented in this paper is a part of a substantive
analysis of di�erent didactical phenomena in relation to several mathe-
matical concepts, conducted at the preparatory stage of a project aimed
at investigating substantive and didactical competencies of pre-service
teachers of mathematics. What I report here, relates to the explora-
tion of didactical phenomena in relation to the tangent concept. Since
school textbooks are the most common resource referred to by students
and teachers, they deserve particular attention as one of the potential
sources of concept images and mathematics-related beliefs of learners. In
this article I present results from the analysis of �ve, currently most popu-
lar, series of Polish secondary school mathematics textbooks. I attempt
to answer the question of how the authors of these textbooks address
a misconception known to be held by many students, namely that a line
tangent to a curve has only one common point with that curve.

1 The role of textbooks in the teaching and learning

of mathematics

Mathematics textbooks are written mostly for students (Kang, Kilpatrick,
1992) and they are meant to support their learning. But these resources are
also widely used by teachers at the stage of either planning or conducting
a lesson (e.g. Pepin, Haggarty, 2001; Haggarty, Pepin, 2002; Remillard, 2005;
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Johansson, 2006; Nicol, Crespo, 2006). Textbooks serve as teachers' points of
reference and as guides through the landscape of school mathematics (Ball,
Feiman-Nemser, 1988). They suggest what to teach, when and how. Prospecti-
ve and novice teachers who have not yet developed their own ways of teaching
particular topics, may tend to rely strongly on what the textbooks authors re-
commend. Textbooks are said to be the most pervasive and in�uential among
all the resources available to the teachers and students (Howson, 1995; Usi-
skin, 2018). They are the classroom artefacts of daily use (Valverde et al.,
2002; Rezat, 2006; Mati¢, Gracin, 2016) that mediate between the intended
and implemented curriculum. They also play an important role in developing
the knowledge and intuitions of mathematical concepts in the learners. Howe-
ver, according to Ojose (2015), mathematics textbooks do not treat the issue
of misconceptions directly. It is possible then, that some misconceptions identi-
�ed by educational research remain unaddressed or are paid too little attention
in the textbooks. If teachers follow the textbooks, considering them a reliable
source of knowledge and didactical suggestions, it might be the case that the
way textbook authors address certain didactical issues is transferred directly
into the classroom. It is thus very important to take a closer look into text-
books in order to see how they approach misconceptions, especially those that
are known to be held by many students.

2 �One common point misconception� in the litera-

ture

Winicki and Leikin (2000) observed that oftentimes students who meet the
same concept in di�erent contexts, take as de�ning those of its properties that
are not valid in a general case (Vinner, 1982, 1991; Tall, 1987; Przeniosªo, 2002,
2004). This may happen when individuals abstract a concept as common to
a whole class of their former experiences. Tall (1988) terms such an abstracted
concept of tangent, thought of as a line that only touches the curve at exactly
one point, a generic tangent. The paradigmatic model (Fischbein, 1987) of tan-
gent to a circle makes students believe not only that a tangent to a curve has
one common point with that curve, but also that the entire curve lies on one
side of the tangent. The prevalence of such misconceptions or invalid images
of the tangent were con�rmed in various studies (e.g., Vinner 1982, 1991; Tall,
Vinner, 1981; Biza, Zachariades, 2006; Biza, 2007). The case of a line tangent
to a circle has also been found as a source of epistemological obstacles in the
development of the understanding of the concept of tangent (Brousseau, 1997;
Sierpi«ska, 1994). Potari et al. (2006) researched a group of mathematics te-
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achers and found that whereas to some of them a line tangent to a circle was
an example of tangent to a curve, other cases of tangents were examples of
a di�erent notion of a line tangent to a curve at a point (see also: Potari et
al., 2008). Other recent studies (e.g., Biza et al. 2006, Biza et al., 2008; Biza,
Zachariades, 2010) revealed that among the learners there exist three di�erent
perspectives on tangent lines and their relationship with curves: the Geometri-
cal Global, the Analytical Local and the Intermediate Local perspectives (see
also: Castela, 1995). The �rst one is held by students who apply geometrical
properties of the tangent to the entire curve. For instance, students consider
a line tangent to a curve as having globally exactly one common point with
the curve. Students have the second perspective if they follow the analytical
de�nition of the tangent, i.e. they speak about tangents in terms of the deriva-
tive, limiting position of secants or the slope of the graph, and do not refer to
any geometrical properties of tangents. But there are also students who take
from both of these perspectives and apply geometrical properties locally to
the neighbourhood of the point of tangency. Those students are said to adopt
the Intermediate Local perspective. They believe, for instance, that locally the
tangent has exactly one common point with a curve, but elsewhere it may have
other common points with it. Students' concept images of tangents have been
investigated with the use of cases where the paradigmatic model of tangent fa-
ils to be appropriate, for example, when the tangent coincides with the graph
or a part of it, crosses the curve (e.g., at in�ection points) or does not exist
(Castela 1995; Tall 1987; Vinner 1982, 1991; Tsamir, Ovodenko 2004; Tsamir,
Rasslan, Dreyfus, 2006; Biza et al., 2008).

Unfortunately, the general approach to tangents referring to the limiting
position of secants, may also evoke confusion in the learners. As pointed out
by Sierpi«ska (1985), when the students get closer to the tangency point, and
�nally reach that point, a new problem arises: the learners focus on a single
point, and as they know, it is possible to draw in�nitely many lines passing
through one point. It may thus not be obvious to them how to draw a tangent
appropriately.

Some researchers have scrutinized school or university textbooks to see how
their authors introduce and develop the concept of tangent. For example, Vi-
vier (2010) found that French textbooks promote four conceptions of tangent:
a line that has one common point with a circle, a line that is perpendicular
to the radius at a point on a circumference, a limiting position of secants and
a line passing through a point on a curve whose slope is the derivative of the
function at that point. Biza and Zachariades (2010) analysed the Year 12 Greek
textbook of the introductory Analysis course and found that 23 out of a total
number of 29 graphical representations provided by the authors, show tangents
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as lines having exactly one common point with the curve. Of the remaining six,
four illustrations present tangents that have more common points with a curve,
but exactly one in the neighbourhood of the point of tangency. In three out
of these four cases, the other common points were not shown on the pictures.
Beyond this, the authors found only one illustration pertaining to an in�ection
point and one showing a tangent that has an in�nite number of common points
with the curve. Kajander and Lovric (2009) found in mathematics textbooks
the frequently occurring description of a tangent to a curve as a line �touching�
that curve at the tangency point. The authors suggest that in order to deal
with this misconception, a textbook might �ask students to create illustrations
that show relationships between curves and lines and identify which are (or
are not) tangents� (p. 178). According to the authors, several cases should
receive special attention: a tangent crossing the curve at the tangency point,
a tangent crossing the curve at two or more points (including the tangency
point), a tangent �touching� the curve at more than just a single point and
cases of lines that touch the graph, do not cross it, yet are not tangent to it.
The authors conclude that mathematics textbooks contribute to the creation
and strengthening of students' tangent-related misconceptions.

3 Research description

3.1 The main research question

The main aim of this study was to �nd out how the authors of popular Polish
textbooks series address the most common learners' misconceptions related to
the number of common points a tangent to a curve at some point has with the
curve.

3.2 Methodology

The textbook analysis was preceded by an analysis of the Polish curriculum
content with respect to tangent related issues (Part I).

In the next phase (Part II), �ve currently most popular series of secondary
school mathematics textbooks were chosen for the study. These series, are
denoted by capital letters A, B, C, D and E, and full references are provided at
the end of this paper. A number standing next to a letter denotes the relevant
secondary school grade. Since only the textbooks for 1st grade of secondary
school have been adjusted to the requirements of the new curriculum, my
analysis refers to the complete series of secondary school textbooks intended
for gymnasium graduates. In the preparatory phase, the realizations of tangent
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related contents were gathered in tables prepared for each series separately.
These tables collect data on what particular tangent related issues are planned
for each of the secondary school grades with respect to the three branches of
school mathematics where the students learn about tangents: plane geometry,
analytic geometry and calculus. This gives a broader context for the study
described in this paper, although the tables themselves are not presented here.
Reporting this part of the study, I present only the summary table.

The �nal stage (Part III) of the study was devoted exclusively to the way
the textbook authors address the �one common point� misconception. Two
issues gained my particular attention: the case of a tangent to a circle and
that of a tangent to the graph of a function. In each case I analysed the
written messages conveyed by the textbooks authors. If they were illustrated
with some graphs, I included the graphics in my considerations too. After
analysing the verbal messages conveyed by the textbook authors together with
the accompanying graphics, I conducted a separate analysis of the graphic
illustrations showing tangents to function graphs in relevant chapters. The
purpose of this analysis was to determine the number of graphical contributions
used in the textbooks that might nonverbally address students' one common
point misconception. Investigating nonverbal components of textbooks is of
particular importance, since:

Nonverbal elements make it possible to present learning contents in a way
that is closer to pupils and hence also more understandable and accep-
table.

(Gunzel, Binterova, 2016, p. 128)

Therefore, such elements may complement the messages transmitted verbally
by the authors. Moreover, they may also reach students who do not read the
text of the textbook.

4 Findings

4.1 Part I

The Polish educational system has undergone serious changes lately. Three
stages of mandatory education, i.e. primary school (6 years), gymnasium (3
years) and secondary school (3-4 years depending on the type of the school)
have been replaced by two stages: primary school (8 years) and secondary
school (4-5 years), what restores the state from before the year 1999. These
structural changes have been followed by the necessary changes in the core
curricula which were revisited and adjusted to the new system. Up till now,
regarding the secondary school, new textbooks have been approved only for
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the �rst grade. The rest of the textbooks are expected to be published within
the next few years.

Depending on the pro�le of the class they attend, secondary school students
learn mathematics at the basic or extended level. Table 1 shows which topics
related to the concept of tangent were included in the former curriculum.

Topic
Basic level Extended level

The student:

PG
applies properties of a line tangent
to a circle and properties of tan-
gent circles

applies theorems characterizing
quadrangles described on a circle

AG

calculates the distance from
a point to a straight line

uses the equation of a circle
(x− a)2 + (y − b)2 = r2

�nds common points of a straight
line and a circle

C
uses geometric interpretation of
the derivative

Table 1. Tangent related topics included in the former Polish curriculum (PG � plane
geometry, AG � analytic geometry, C � calculus).

Whereas some of these topics refer to the notion of tangent line directly,
other cases can be easily linked with it. Regarding the tangent related topics,
the new Polish curriculum di�ers at several points, as shown in the next table
(Table 2).

Topics that were previously covered at the extended level, but now have
been moved to the basic level are underlined in Table 2. Topics that were not
mentioned in the former curriculum are marked with the bold font. Whereas
the tangent-chord theorem has been present in students textbooks and work-
books for years, �nding common points of a line and a parabola is a rather new
topic that has not been addressed by the textbooks authors lately. This latter
topic includes, among others, a case where a line is tangent to a parabola.
Although the equation of a line tangent to a parabola has been typically found
with the use of calculus instruments, now it is very likely that this change in
the curriculum will give some space for addressing the concept of a tangent
algebraically. This seems to be a positive change, since many researchers have
claimed that �nding tangents without calculus is not only possible and histo-
rically motivated (e.g., Vivier, 2013), but also enables learners to see tangents
from a di�erent perspective which deepens their conceptual understanding of
this topic.
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Topic
Basic level Extended level

The student:

PG

applies properties of a line tangent
to a circle and properties of tan-
gent circles;
applies tangent-chord theo-

rem

applies properties of quadrangles
described on a circle

AG

uses the equation of a circle

(x− a)2 + (y − b)2 = r2
calculates the distance from
a point to a straight line

�nds common points of: a straight
line and a circle and a straight

line and a parabola which is a

graph of a quadratic function

C
uses geometric interpretation of
the derivative

Table 2. Tangent related topics included in the new Polish curriculum (PG � plane geo-
metry, AG � analytic geometry, C � calculus).

4.2 Part II

It is well known that the core curriculum gives only the basis for the teaching
programs. The textbooks authors are required to cover all the topics outlined
in the curriculum, but they are free to decide in what order these topics will
be implemented and what additional topics will be included in the textbooks
and workbooks. In order to make a list of speci�c tangent related topics that
are o�ered to the secondary school students, I have analysed �ve most popu-
lar Polish series of secondary school mathematics textbooks, paying particular
attention to the topics wherein tangents typically occur, that is chapters devo-
ted to plane geometry, analytic geometry and calculus. The list of the topics
I found is presented in the table 3.

4.3 Part III

The �rst step of the analysis was to �nd out in which secondary grade (1st,
2nd or 3rd) the notions of a tangent to a circle and a tangent to the graph
of a function are introduced. The notion of a line tangent to a circle appears
in all analysed series in the textbooks for 1st grades. Regarding the notion of
a tangent to the graph of a function, while series C address it during the 2nd
year of secondary school, other series leave this topic for the 3rd grade.
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Plane geometry Analytic geometry Calculus

De�nition and the
properties of a tan-
gent to a circle

Mutual location of a straight
line and a circle: in the case of
l � tangent to a circle (O, r):
d(O, l) = r

Derivative of a function
at a point and a line tan-
gent to the graph of a
function as its geometri-
cal interpretation

Construction of a
tangent to a circle
passing through a
point which does or
does not belong to a
circle

Finding common points of a
circle and a line tangent to it{

circle equation
line equation

De�nition and the equ-
ation of a line tangent to
the graph of function f at
point (x0, f(x0)):

y−f(x0) = f ′(x0)(x−x0)

Two tangents theo-
rem
Tangent-secant theo-
rem
Polygon described on
a circle

Finding the equation of a line
passing through a point which
does or does not belong to a
circle

*Tangent circles *Equation of a line not paral-
lel to y-axis passing through
point A = (xA, yA):

y − yA = a(x− xA)

*Equation of a line not paral-
lel to y-axis passing through
points A = (xA, yA) and B =
(xB , yB) :

y − yA =
yB − yA
xB − xA

· (x− xA)

**A line tangent to
two circles

**Equation of a line tangent
to a circle passing through
A = (x0, y0):

(x−a)(x0−a)+(y−b)(y0−b)=r2

Table 3. Speci�c tangent related topics found in Polish secondary school mathematics te-
xtbooks (*topics that either support the learning of a line tangent to a curve or contribute to
the learners' understanding of the concept of tangency, ** topics that were found exclusively
in one textbook series (A)).

Textbook series A

Tangent to a circle: The notion of a line tangent to a circle occurs in the
textbook for the 1st grade in the chapter that addresses issues from both plane
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and analytic geometry (i.e., considerations on the mutual location of lines and
circles on a plane without the coordinate system are immediately translated
into the analytical language). The authors state:

A straight line which has only one common point with a circle is called a
tangent to a circle and that point [auth.: is called] � the tangency point
of a straight line and a circle.

(Textbook A1, p. 295)

Tangent to a function graph: Tangent to the graph of a function is consi-
dered in the 3rd grade as a geometrical interpretation of the derivative. The
authors take f to be a function continuous on an interval (a, b), x0 is a given
point and x is a random point di�erent from x0, both taken from (a, b). Two
situations shown on a picture below are investigated:

Figure 1. Tangent to a graph of a function (Textbook A3, p. 156).

In each case the di�erence quotient is calculated and it is said to be equal
to the tangent of β � the angle between the secant and the x-axis, which is the
slope of the secant AA0. This is followed by the statements:

If x → x0, then point A gets closer to the point A0, and the secant rotates
around point A0. If f

′(x0) exists then the slope of the secant tends to
f ′(x0). Hence the secant gets closer to the line of the equation y−f(x0) =
f ′(x0)(x − x0), passing through A0. This line is called a tangent to the
graph of function f at point (x0, f(x0)) (line s Fig. 4.27). Tangent to the
graph of function f at point (x0, f(x0)) may have many common points
with the graph of a function. We denote by α the angle between the
tangent and the x-axis, and obtain equality2: f ′(x0) = tgα.

(Textbook A3, p. 157)

2Polish authors use the following abbreviation for tangent function: tg.
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Later on, the authors give a de�nition of a line tangent to a graph of
a function:

By a tangent to the graph of function f at point (x0, f(x0)) we call
a straight line which passes through that point and whose slope is the
number f ′(x0). Tangent has the equation:

y − f(x0) = f ′(x0)(x− x0)
(Ibid.)

This is followed by two illustrative examples showing how to �nd the tangent
equation or the angle the tangent line and the x-axis make. The functions used
in these two examples are f(x) = x2 and f(x) = 1

3x
3 respectively.

Textbook series B

Tangent to a circle: This topic is considered in the textbook for the 1st grade
and it occurs within the chapter dealing with issues from plane geometry. The
authors state:

Mutual position of a straight line and a circle is related to the number of
their common points. The straight line can intersect a circle at a maxi-
mum of two points. If it has one point in common with a circle, we call it
a tangent (. . . ) Let us denote with letter d the distance from the center
of a circle o(S, r) to the straight line l. Then a straight line l is tangent
to a circle if and only if d = r.

(Textbook B1, p. 233)

Tangent to a function graph: Tangent to the graph of a function is intro-
duced in the textbook B3 similarly as in A3. It appears in a chapter devoted to
the geometrical interpretation of the derivative. A sequence of secants passing
through point A is considered (see: picture below).

Figure 2. Tangent to a graph of a function (Textbook B3, p. 145).
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The authors discuss the situation shown on the picture and this leads them
to a conclusion that if the points An tend to A, the angles αn tend to the
angle α and if f is di�erentiable at x0, then f ′(x0) = tgα. This is followed by
a de�nition of a line tangent to the graph of a function at some point on it:

If function f is di�erentiable at point x0, then by a tangent to the graph
of a function at point A = (x0, f(x0) we call such a line passing through
point A, whose slope equals f ′(x0).

(Textbook B3, p. 146)

Right after the de�nition an important note, emphasised by being put in a fra-
me is made:

Figure 3. The way textbook B3 authors address �one-common point� misconception (Text-
book B3, p. 146).

Next, an example of function f(x) = x2 is given and it is shown how to
obtain the equation of a line tangent to it at a certain point.

Textbook series C

Tangent to a circle: The notion of a line tangent to a circle occurs in the
chapter addressing issues from analytic geometry in the 1st grade textbook.
A subchapter on mutual position of a circle and a straight line begins with
a consideration of three possible situations. The second one is when a line and
a circle have one common point. The authors say:

We call a straight line which has only one common point with a circle,
a tangent to a circle, and the common point � the point of tangency.

(Textbook C1, p. 312)

The message conveyed by this sentence is basically the same as in Textbo-
ok A1.
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Tangent to a function graph: As in previous textbooks, tangent to
a graph of a function is discussed in the chap-
ter entitled Geometrical interpretation of the

derivative, but contrary to other textbook
series, here this chapter occurs in the book
for 2nd graders. First it is assumed that the-
re exists a derivative of function f at x0. The
authors say that if x tends to x0, the secants
of the graph that pass through P0 �get clo-
ser� to the straight line called a tangent to
the graph of this function at that point (see:

Figure 4. Tangent to a graph of
a function (Textbook C2, p. 286).

picture below).

Then the authors remind the reader what has been shown two pages earlier
in the book, that the di�erence quotient f(x)−f(x0)

(x−x0)
equals the tangent of the

angle made by the secantP0P and the x-axis. Next the textbook states that
the derivative f ′(x0) = tgα (where α is the angle between the tangent and the
x-axis) and that this number is the slope of the tangent to the graph. After
such an introduction, the following statements appear in the text:

Figure 5. The way textbook C2 authors address �one-common point� misconception (Textbook
C2, p. 286.

This is followed by an example where the task is to �nd the angle made by
a tangent to the graph of f(x) = x3 at point (1, 1) and the x-axis. Subsequent
exercise asks the students to �nd the slopes of the tangents to the graphs of
three given functions: f(x) = x2, f(x) = x3 and f(x) = 1

x at given points.
Also, the students are asked about the angle the tangent and the x-axis make.
The next subchapter brings the following de�nition:
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If function f has the derivative at point x0, then a tangent to the graph of
that function at point (x0, f(x0)) is a straight line given by the equation:

y − f(x0) = f ′(x0)(x− x0).
(Textbook C, p. 289)

Textbook series D

Tangent to a circle: This notion appears in the textbook for 1st grade within
the chapter on plane geometry. The authors introduce it in the following way:

A straight line and a circle can be mutually located in three di�erent
ways. (. . . ) They may have one common point. We say then that a line
and a circle are tangent.

(Textbook D1, p. 135)

Tangent to a function graph: The notion of a line tangent to the graph of
a function is introduced in the 3rd grade in a chapter on the concept of deri-
vative. The authors begin with an exercise where three di�erent straight lines
are placed within a coordinate system. The student is asked to say something
about the slopes of these lines and the monotonicity of relevant linear functions
(two increasing and one decreasing) and then compare the speed at which two
of the increasing functions grow. Then a graph of a non-linear function is pre-
sented and the student's task is to �nd points where the monotonicity changes
and the intervals where the function increases or decreases, and then consider
the speed of growth in two given intervals. The same graph is then used for
further discussion and for the introduction of the notion of a tangent to the
graph.

Figure 6. The notion of a tangent to the graph in Textbook D3 (1) (Textbook D3, p. 102).
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This is followed by the introduction of the notion of tangent as the limiting
position of secants:

Figure 7. The notion of a tangent to the graph in Textbook D3 (2) (Ibid.).

Subsequently, the readers are invited to follow the way the equation of a line
tangent to the graph of a function y = x2 at point P0 = (1, 1) is found. The
authors �rst consider the slope of a relevant secant and then say what happens
when an arbitrary point P (from the curve) di�erent from P0 gets closer to
P0. Ultimately they call the limit calculated in this example, the derivative
of a function at a given point. In the two examples that follow, the students
can see how to calculate the derivative of a function at a certain point. This is
illustrated with examples of f(x) = 4

x and point x0 = −3, and f(x) = |x− 1|,
where it turns out that the derivative at x = 1 does not exist.

Textbook series E

Tangent to a circle: In the textbook for 1st graders we can �nd a chap-
ter introducing basic notions of plane geometry. There the authors give the
following de�nition:

We call a straight line which has only one common point with a circle,
a tangent to a circle at that point (called the point of tangency of a line
and a circle).

(Textbook E1, p. 168)
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Tangent to a function graph: A chapter Tangent to a graph of a function

to be found in the textbook for 3rd grade, follows two chapters on derivatives.
A typical discussion establishing the relationship between the tangent of the
angle between a secant of the graph and the x-axis, the tangent of the angle be-
tween the tangent line and x-axis and the slope of the tangent line is supported
by three illustrations presented below (here they are put next to each other,
but originally in the textbook they are separated by the subsequent parts of
the discussion):

Figure 8. Tangent to a graph of a function (Textbook E3, pp. 144-145).

Afterwards, the de�nition of a tangent to the graph of a function is formu-
lated and three examples are given. In the �rst example the students are asked
to �nd the equation of a line tangent to the graph of f(x) = x3−3x2+2x+2 at
point P (1, y0). The graph of the function and the tangent are shown on a pictu-
re which is a part of the solution provided by the authors. The second example
requires �nding the equation of a tangent to the graph of f(x) = 5

(x−4)2
and

the coordinates of P � the tangency point. The graph of this function as well
as the tangent are already drawn on the picture. The last example presents
a graph of some function f(x) = a

x , x ∈ R \ 0. The task is to prove that the
area of a right angle triangle bounded by the axes and a tangent to the graph
does not depend on the choice of the tangency point and equals 2a. All the
pictures given in these three examples are shown below.

Figure 9. Examples of lines tangent to the graphs of di�erent functions (Textbook E3,
pp. 146-148).

What we are looking for, i.e. the way the authors address the �one common
point� misconception, can be found within the solution of the �rst example:
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Figure 10. The nature of a line tangent to a curve as given by (Textbook E3, p. 146).

4.4 Nonverbal tangent related components of textbooks A3,

B3, C2, D3 and E3

We have seen that oftentimes the textbooks authors supplement their verbal
(written) messages with informative illustrations. However, the graphics them-
selves may serve as the source of students' concept images. Particularly, in the
case of learners who do not study the text, the visualisations provided by the
textbooks may be the main source of reference. I analysed the calculus chapters
from each of the considered series of textbooks in order to �nd the numbers of
graphical illustrations showing:

I. Tangents that have exactly one common point with the curve;

II. Tangents that have exactly one common point with the curve in the
neighbourhood of the tangency point, and at least one other common
point with that curve elsewhere which is shown on the picture;

III. Tangents that have exactly one common point with the curve in the
neighbourhood of the tangency point, and at least one other common
point with that curve elsewhere which is not shown on the picture;

IV. Tangents that have in�nitely many common points with the curve;

V. Lines that have one common point with the curve, yet are not tangent
to it at that point.
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The results are shown in the table below:

Category

I II III IV V

T
e
x
t
b
o
o
k

A3 4 0 0 0 0

B3 4 3 0 0 0

C2 17 1 1 0 1

D3 27 4 14 0 0

E3 6 1 0 0 0

Total 58 9 15 0 1

Table 4. Graphical representations of
tangents conveying messages pertaining to
the number of common points the tangent
and the curve have.

In textbook D3 the authors refer to one case where a tangent to the curve
at a given point is vertical. The graph of the function is presented, the vertical
tangent is said to exist, yet no drawing appears. The authors of the textbook
E3 provide a sequence of graphical illustrations when they discuss the existence
of the derivative at some points on the given graphs. There are four cases where
the derivative equals 0, and four other cases where it does not exist. However,
there is no reference to the existence of tangents at these points. I have not
included the abovementioned examples from textbooks D3 and E3 in Table 4.
In the textbook D3 I found seven examples of tangents with respect to which
it is hard to say whether they have some points in common with the curve,
except of the tangency point. The number of common points depends on the
behaviour of the function, but we cannot draw any clear conclusions from the
graph without knowing the equation of the curve. However, I classi�ed these
examples into the �rst category, since relying only on what we see, we may
infer the existence of one common point of the curve and its tangent.

5 Research results analysis

5.1 The de�nition of a line tangent to a circle

The �rst observation that can be made is that none of the textbooks warns the
readers at the stage of discussing the notion of a line tangent to a circle that the
tangent de�nition will ever change in the future, or that the tangent to a circle
is a special case of a more general concept, that is a tangent to a curve. Many
researchers have already noticed that the case of a line tangent to a circle
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serves as a paradigmatic model contributing to the further development of
students' incorrect images of the concept of tangent. However, perhaps this is
so not (only) because a line tangent to a circle has exactly one common point
with that circle, but (also) because it is de�ned in terms of the number of
common points it has with a circle. Moreover, such an approach may suggest
the learners that having one common point with a curve is a constitutive
property of a tangent, whereas in fact it depends on the properties of the
curve.

If we take a closer look at the language used by the textbooks authors when
they de�ne a line tangent to a circle, we may notice some interesting di�erences
in the way they speak about � as we may assume � the same object. Let us
see the phrases they use when referring to the pictures such as the one below:

Series Phrases describing the situation on the left

A Tangent to a circle

B Tangent/Tangent to a circle

C Tangent to a circle

D This line and a circle are tangent

E Tangent to a circle at a point

Table 5. Terms used by the authors of di�erent textbooks in the case of a line tangent to
a circle at a point.

When the authors of the textbook B1 call a line having one common point
with a circle �a tangent�, they give a clear, but incorrect message to the re-
aders. Although they add a few lines later that a line meeting given conditions
is tangent to a circle, the former sentence may have already powerfully a�ec-
ted students' images of the tangent. The authors of textbooks A1, B1 and C1
use the phrase �tangent to a circle�. What could such a phrase mean to a stu-
dent? It resonates with the ancient global perspective on tangents, that can
be found already in the works of Euclid and it may be interpreted as �a tan-
gent to the entire �gure�. Meanwhile, the other phrase, �tangent to a circle at
a point� brings in the local perspective, which is highlighted by the authors
of the textbook E1. In the textbook D1 we �nd a sentence that indicates the
mutual relationship of two objects. It may suggest, however, that the essence
of tangency is to have one common point.

5.2 Addressing the �one common point misconception�

Let us now analyse how the authors refer to the somewhat problematic case
of a tangent having exactly one common point with a curve, when they speak
about tangents to the graphs of di�erent functions. The authors of the textbook
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A3 inform the reader that a tangent to the graph of function f at a point
may have many common points with it, but neither do they underline this
important statement in a paragraph of plain text, nor they illustrate this fact
with examples. This message may remain unnoticed, or might be di�cult to
understand without further explanations. In the textbook B3 we can read
a very strong statement saying that the de�nition of a tangent to the graph of
a function and the de�nition of a line tangent to a circle di�er signi�cantly. This
gives rise to a non-trivial question of how can a student know that these two
concepts do not di�er essentially, if their de�nitions do? However, it should be
acknowledged that the authors address the `one common point' misconception
in a catchy frame. They say it explicitly that a tangent may have more common
points with a curve, and that, on the other hand, a line that has only one
point in common with a curve does not have to be tangent to it at that point.
However, the picture provided together with this information, illustrates only
the former case. Reading the textbook C2 we can see that its authors go further:
they state that the de�nition of a line tangent to a circle would not hold true
in a general case of a tangent to a function graph. They give the learners three
informative pictures showing a tangent to a circle, a line having one common
point with a curve, yet not being tangent to it at that point and a case of
a tangent having three di�erent points in common with the graph (including
the point of tangency). From the textbook D3 we learn that a line tangent
to a curve touches the curve and its slope is a good instrument for describing
the properties of the curve. It is only a brief remark that says it may have
more than just one point in common with the curve. Finally, the authors of
the last series considered here say that a tangent is such a line whose small
segment gives the best approximation of a curve near the point of tangency.
Unfortunately the authors decided to provide such an important information
within an example they consider, and they did not emphasise strongly enough
its importance.

5.3 The nature of tangency

Typically, when the textbooks point out that a straight line having one point
in common with a curve need not to be tangent to it, and that a straight line
that is tangent to a curve at a point may have more common points with the
curve, no reference to the nature of a tangent line (or tangency) is made. The
students are expected to be able to recognize tangents and verify tangency
in the future, relying only on several examples and (eventually) non-examples
they were given. But how can we say which among the di�erent lines having or
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not exactly one common point with a curve is tangent to that curve without
asking ourselves �rst what is the essence of being tangent to a curve? What
kind of behaviour lies in the nature of a tangent line? Knowing this, a student
would have no doubts that, for instance, the straight line from the middle
picture in Fig. 5 is not a tangent to the given graph, because such a behaviour
that it displays is contrary to the nature of a tangent. Hence, what I �nd
missing in the textbooks is an extended elaboration on the nature of tangency
and being a line tangent to a curve. What does the tangent do? What purposes
does it serve? Only in two textbooks there is a reference to the role that the
tangent plays with respect to the description of a curve: textbook D3 suggests
that the tangent may be used to evaluate the monotonicity of the function,
while textbook E3 attempts to show a tangent as the best linear approximation
of a curve at a given point.

5.4 School textbooks support the emergence of disjoint gene-

ralizations of tangents

Harel and Tall (1991) distinguish three di�erent kinds of generalizations in
mathematics:
a. expansive generalization � when the range of applicability of an existing
scheme is being expanded without the need of reconstruction,
b. reconstructive generalization � when the range of applicability of an existing
scheme is widened, which requires reconstructing previously held schemes and
c. disjunctive generalization � when moving between di�erent contexts a person
constructs new, disjoint schemes.
As the authors say, this last kind of generalization �fails to be a cognitive gene-
ralization in the sense that the earlier examples are not seen by the individual
as special cases of the general procedure� (Harel, Tall, 1991, p. 38). We need to
go back to the textbooks B3 and C2, and recall the way they address the �one
common point� misconception. From C2 we may infer that the way tangency
was described in the case of a circle is no longer valid � the former de�nition
would be incorrect in the case of a tangent to the graph of a function. Also
B3 authors highlight a signi�cant di�erence between these two de�nitions. as
discussed here. The di�erences a student should know, may be confusing:

• Each line tangent to a circle had exactly one common point with that
circle � now, tangents can have more common points with a curve.

• Each line that had one common point with a circle was tangent to that
circle (at the tangency point) � and now, a line can have one common
point with a curve and yet fail to be its tangent at that point.



How do mathematics textbooks address students' 25

Moving from the notion of a tangent to a circle to the more general notion of
a tangent to the curve, requires reconstructive generalization (Castela, 1995;
Çekmez, Baki, 2016). Some di�erences are inevitable, but is it useful to speak
about tangency in terms of the number of common points if this approach
does not work for us when we change the context? Perhaps, by emphasizing
the existing di�erences between the de�ned objects and leaving unsaid the
essence that remains unchanged (even if the context changes) the authors of
the textbooks themselves provoke the emergence of disjoint cognitive schemes
for the tangent to a circle and the tangent to a function graph in students.
Addressing the one common point misconception the way they do it, they fail
to show that the earlier example of a tangent to a circle is nothing but a special
case of a more general concept of tangent to a curve. Another thing that makes
this transition from a special case to a general notion more di�cult and may
support the emergence of disjoint schema is that students' attention is drawn
to the cases of a circle and a graph of a function. Since a circle is not a graph
of any function, seeing the former tangent as a special case of a general notion
of tangent, requires seeing these two di�erent objects: a circle and the graph
of an arbitrary function as curves.

5.5 The school concept of tangent as a conglomerate

Semadeni (2007) noticed that oftentimes in mathematics we replace mathema-
tical objects by other objects with the same, or only slightly di�erent name.
The author calls such a replacement with a phrase ontic shift. To bring his
ideas closer, Semadeni elaborates on several examples. One of his observations
refers to the notion of �angle� being applied to di�erent objects. We may think
of an angle as a geometrical �gure, but we can also treat it as a measure of
an angle or of a rotation. We distinguish oriented and non-oriented angles. We
consider angles on a plane, e.g. between two half-lines, two curves, two vectors,
as well as angles in space, e.g. an angle between a straight line and a plane,
a dihedral angle. All these kinds of angles share some common idea of being an
angle, but they di�er one from another. When discussing the notion of �angle�,
Semadeni calls it a conglomerate and explains:

We talk about a conglomerate when we consider a complex concept,
which is characterized by: the closeness of the sense of the constituent
terms, the use of the same (or slightly di�erent) name, and the lack of
a single de�nition that would cover all the constituent concepts.

(Semadeni, 2007, p.11)
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The way the concept of tangent is introduced to the students by the textbo-
ok authors, makes the school concept of tangent a conglomerate. A tangent to
a circle and a tangent to the graph of a function are straight lines meeting some
imposed conditions (e.g., one common point with a circle, being expressed with
an equation with a particular slope), their names do not di�er much (a line
tangent to a circle (at a given point), a line tangent to a graph of a function
(at a given point)). Finally, although the �limit of secants� approach is ack-
nowledged as the most general one, the textbooks focus more on introducing
the notion of a tangent to the graph of a function, than building a general me-
thod for �nding tangents. The students are provided with a de�nition of a line
tangent to the graph of a function at a point (under the condition that the
function is di�erentiable at that point), but they do not learn any de�nition
that would cover (and be applied to) all the di�erent cases discussed in the
classroom. In particular, the case of a line tangent to a circle does not �t the
de�nition of a tangent to the graph of a function. The authors of the analysed
textbooks do not even go back to the case of a circle when they introduce the
notion of a line tangent to a function graph to check whether the `limit of
secants' approach works for it. Also, the textbooks considerations are typically
con�ned to the cases of functions di�erentiable at a given point, but do not
speak much about vertical tangents that may exist at points where a function
is not di�erentiable. If that was not enough, let us think about curves that are
not function graphs, and again the school de�nition of a tangent to the function
graph turns out to be insu�cient to embrace the complexity of the concept
of a tangent. Hence perhaps we should not ask whether or how the textbooks
authors address the misconceptions that we know to be commonly held, but
whether they introduce mathematical concepts in a coherent, non-confusing
way.

5.6 If a picture is worth a thousand words. . . what do the

textbooks pictures say about tangents?

The analysis of graphical representations from selected chapters of the �ve most
popular series of Polish secondary school mathematics textbooks shows clearly
the overwhelming predominance of examples of tangents that have exactly one
common point with the curve. Among the cases where tangents have more
than just a single common point with the curve, most of the illustrations do
not show these points, despite the fact that their existence raises no doubts.
I was surprised that in the analysed textbooks I found only one illustration
showing a straight line that has one point in common with the curve and at
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the same time is not tangent to the curve at their common point. What is
even more alarming is the complete lack of graphics showing tangents that
have in�nitely many common points with the curve. Examples that could �ll
that gap may be of di�erent kind, for instance: the graph of y = cos(x) and
its tangent at x = 0 or a graph of any linear function and its tangent at an
arbitrarily chosen point.

6 Missed opportunities for improvements

In the face of some obvious gaps and insu�cient statements found in the ana-
lysed textbooks, it is worth considering possible improvements that could pre-
vent students from developing tangent related misconceptions. There are some
changes that if implemented in the classroom, could potentially greatly a�ect
students' understanding of tangents.

The �rst possibility is to change the way we introduce the concept of a line
tangent to a circle either by warning the students that the de�nition they learn
refers only to some cases of curves, but does not hold true in a general case, or
by building a limit-of-secants intuition before introducing other tangents and
the concept of the limit itself.

Another possibility is to revisit the concept of a line tangent to a circle
when introducing the more general concept of a tangent as a limiting position
of secants, in order to see that the former �ts to the de�nition of the latter
too. It would also require paying more attention to the general concept besides
dealing with tangents to function graphs.

Yet another option is to propose a completely di�erent introduction to the
tangents. If we describe a line tangent to a curve informally as a line that
almost ideally coincides with a magni�ed piece of a graph near their common
point, we may lay the ground for understanding a tangent as the best linear
approximation of a curve at a given point. This approach has been proposed
in one of the textbooks (Zakrzewski et al., 2003) that are not currently used in
Polish schools. When introducing the general concept of a tangent, the authors
�rst refer to the notion of a tangent to a circle, that the students are already
familiar with. Then they describe a tangent to a curve at a point as a line
passing through that point and having the same direction as the curve has at
that point. Next the authors address the �one common point� misconceptions
explicitly and also give an example of a tangent that crosses the curve at the
tangency point, which dispels the myth of a tangent as a line touching (but
not crossing) the curve.
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Figure 11. Notion of a tangent in Zakrzewski et al.(1) (2003, p. 144).

Finally they take the graph of a quadratic function, and �zoom it in� to see
the neighbourhood of point x0 = 1 and notice that the curve almost coincides
with its tangent at that point.

Figure 12. Notion of a tangent in Zakrzewski et al. (2) (2003, p. 145).

Such an approach addresses the nature of a line tangent to a plane curve,
found missing in the analysed textbooks. This universal method can be suc-
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cessfully applied in the case of any circle, a graph of a function or any other
curve, also at singular points.

Perhaps it is also worth investigating whether a typical introduction of
a general notion of tangent, that is as a limiting position of secants, does not
contribute to the formation of misconceptions too. The examples typically ta-
ken into account in such an introduction are curves, like the parabola, which
locally have one common point with their tangent, which puts this single com-
mon point already in the spotlight of students' attention (see also: Sierpi«ska,
1985). It might be good to conduct a follow-up analogical analysis in a case
where the curve and its tangent locally coincide.

This idea corresponds to the last observation I would like to share here. I ha-
ve noticed that whereas the introduction of the derivative in Polish textbooks
typically begins with a function given by a linear equation, then goes through
polynomial functions of 2nd and 3rd degree further to more complex cases,
the tangent is usually introduced and illustrated with the use of a graph of
a quadratic function. Meanwhile, it is the graph of a linear function that could
serve as a very good example addressing the one-common point misconception.
This would also �ll the gap found in the textbooks, namely the complete lack
of examples illustrating straight lines having in�nitely many common points
with the curves they are tangent to. And again, such an approach can be fo-
und in older textbooks that are no longer used at Polish schools. For instance,
Cegieªka, Przyjemski and Szyma«ski (1996) used secants to �nd tangents to
straight lines:

Already this example is followed by considerations of the equation of a line
tangent to a parabola being the graph of a quadratic function.

Figure 13. A line tangent to a striaght line (Cegieªka, Przyjemski
and Szyma«ski, 1996, p. 37) [Part 1].
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Figure 13. A line tangent to a striaght line (Cegieªka, Przyjemski
and Szyma«ski, 1996, p. 37) [Part 2].

In another textbook, Kaja and Szyma«ski (1998), o�er the following reaso-
ning:

Let us assume that point (x0, y0) belongs to the line y = ax + b (that
is y0 = ax0 + b). We will �nd the equation of a tangent to this line at
point (x0; y0). The slope of the tangent equals y'=a. Thus we have the
equation y − y0 = a(x− x0), which can be written as y = ax+ y0 − ax0,
that is y = ax+b (since y0−ax0 = b). We see that a tangent to a straight
line at any of its points is the same line.

(p. 138)

7 Summary

It seems that the case of a line tangent to a plane curve is an example illustra-
ting a situation where it is the way we teach a concept that contributes greatly
to the development of certain students' misconceptions. There is no doubt that
the �rst examples a learner encounters may explain, at least to some extent,
the rise of certain misconceptions. But �rst examples would not have such po-
wer over students' perceptions if they were not fostered within a longer period
of time. Also it is important to notice that whereas the students deal with
the concept of a line tangent to a circle in di�erent contexts, i.e. within the
plane and analytic geometry, the notion of a tangent to the graph of a function
is being dealt with only during the classes on calculus. Thus far, the Polish
curriculum have favoured a line tangent to a circle over a more general case of
a tangent to the graph of a function. Due to the changes in the core curricu-
lum, a line tangent to a parabola should now be approached algebraically, yet
it is another case of a tangent that has exactly one common point with a curve
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(and of course it cannot be parallel to the main axis of a parabola), hence it
will not be useful in addressing the �one common point� misconception.

Although this paper has been built around the �ndings from a study of
Polish textbooks, I am sure it includes some universal re�ections that could
resonate with the experiences of researchers from other countries.

The purpose of the presented study was to investigate one of the didactical
phenomena related to tangents. The obtained results will now serve as the basis
for the construction of instruments diagnosing the substantive and didactical
competencies of teachers attending post-graduate studies qualifying them for
teaching mathematics as a second subject.
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B1: A n t e k, M., B e l k a, K., G r a b o w s k i, P.: 2016, Prosto do matury

1. Podr¦cznik do matematyki dla szkóªponadgimnazjalnych. Zakres podstawowy

i rozszerzony, Nowa Era, Warszawa.
B3: A n t e k, M., B e l k a, K., G r a b o w s k i, P.: 2018, Prosto
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C1: B a b i a « s k i, W., C h a « k o, L., P o n c z e k, D.: 2016,Matematyka

1. Podr¦cznik dla szkóª ponadgimnazjalnych. Zakres podstawowy i rozszerzony,
Nowa Era, Warszawa.
C2: B a b i a « s k i, W., C h a « k o, L., C z a r n o w s k a, J.,
J a n o c h a, G.: 2016, Matematyka 2. Podr¦cznik dla szkóªponadgimna-

zjalnych. Zakres podstawowy i rozszerzony, Nowa Era, Warszawa.
D1: K a r p i « s k i, M., D o b r o w o l s k a, M., B r a u n, M., L e c h,
J., K a r p i « s k i, M.: 2012, Matematyka 1. Podr¦cznik. Zakres rozszerzony,
Gda«skie Wydawnictwo O±wiatowe, Gda«sk.
D3: D o b r o w o l s k a, M., K a r p i « s k i, M., L e c h, J., P o -
p i o ª e k, A.: 2015, Matematyka 3. Podr¦cznik. Zakres rozszerzony, Gda«skie
Wydawnictwo O±wiatowe, Gda«sk.
E1: K u r c z a b, M., K u r c z a b, E., � w i d a, E.: 2015, Matematy-

ka. Podr¦cznik do liceów i techników. Klasa 1, O�cyna Edukacyjna Krzysztof
Pazdro, Warszawa.
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E3: K u r c z a b, M., K u r c z a b, E., � w i d a, E.: 2015, Matematy-

ka. Podr¦cznik do liceów i techników. Klasa 3, O�cyna Edukacyjna Krzysztof
Pazdro, Warszawa.
Z a k r z e w s k i, M., � a k, T., J a k u b a s, E., N o d z y « s k i,
P., S z u t y, J., Z a k r z e w s k a, D.: 2003, Matematyka przyjemna i po-

»yteczna. Podr¦cznik dla 3 klasy szkoªy ponadgimnazjalnej. Zakres rozszerzony,
Wydawnictwo Naukowe PWN.
C e g i e ªk a, K., P r z y j e m s k i, J., S z y m a « s k i, K.: 1996, Matema-
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Jak podr¦czniki odnosz¡ si¦ do bª¦dnych przekona« uczniów?

Przypadek prostej stycznej

S t r e s z c z e n i e

W niniejszym artykule przedstawiam wyniki analizy porównawczej pi¦ciu serii
podr¦czników do matematyki stosowanych wspóªcze±nie w polskich szkoªach
±rednich. Zakres analizy zostaª ograniczony do konkretnego problemu, mia-
nowicie sposobu w jaki autorzy podr¦czników odnosz¡ si¦ do cz¦sto wyst¦-
puj¡cego u uczniów bª¦dnego przekonania, »e prosta styczna do krzywej ma
z t¡ krzyw¡ jeden i tylko jeden punkt wspólny. W ka»dej z uwzgl¦dnionych
serii podr¦czników analizowany materiaª stanowiªy rozdziaªy dotycz¡ce wpro-
wadzenia poj¦cia stycznej do okr¦gu i stycznej do wykresu funkcji. Analizie
poddano zawarte w tych rozdziaªach komunikaty werbalne (tj. zdania podane
przez autorów np. przy wprowadzeniu poj¦cia stycznej) oraz niewerbalne (tj.
ilustracje towarzysz¡ce analizowanym przekazom sªownym lub pojawiaj¡ce si¦
w przykªadowych rozwi¡zaniach lub w tre±ci zada«).

W literaturze z zakresu dydaktyki matematyki mo»na znale¹¢ rozmaite
przykªady poj¦¢, o których stwierdzono, »e ich obrazy w umysªach ucz¡cych
si¦ uksztaªtowane zostaªy w du»ej mierze przez pierwsze przykªady z jaki-
mi si¦ oni zetkn¦li (np. poj¦cie granicy, w pracach M. Przeniosªo). Podobnie
w przypadku stycznej uwa»a si¦, »e omawiane bª¦dne przekonanie uczniów bie-
rze si¦ st¡d, »e pierwszym poznawanym przez nich przykªadem stycznej jest
styczna do okr¦gu, rzeczywi±cie maj¡ca z okr¦giem jeden punkt wspólny. Tym-
czasem analiza podr¦czników pozwala wysun¡¢ przypuszczenie, »e winny jest
nie fakt, »e styczna ta jest pierwszym poznawanym przykªadem, lecz sposób
jej de�niowania w oparciu o liczb¦ punktów wspólnych z okr¦giem. Na etapie
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wprowadzania tego poj¦cia, »aden z podr¦czników nie sytuuje go w szerszym
kontek±cie i nie uprzedza, »e w przyszªo±ci poj¦cie stycznej b¦dzie miaªo inne
znaczenie.

Uksztaªtowany niepoprawnie obraz poj¦cia stycznej autorzy poddaj¡ korek-
cie przy wprowadzeniu stycznej do krzywej b¦d¡cej wykresem funkcji. Jednak
sposób w jaki dokonuj¡ tej korekty, zdaje si¦ sprzyja¢ tworzeniu dla ka»de-
go z przypadków odr¦bnego schematu poznawczego. Kªad¡c nacisk na ró»nice
pomi¦dzy styczn¡ do okr¦gu a styczn¡ do wykresu funkcji, podr¦czniki nie po-
magaj¡ uczniom zobaczy¢ w nich szczególnych przypadków ogólnego poj¦cia
stycznej do krzywej pªaskiej. Je»eli podr¦cznik podaje, »e de�nicje stycznej do
wykresu funkcji i stycznej do okr¦gu istotnie si¦ ró»ni¡, sk¡d ucze« mo»e wie-
dzie¢, »e istota styczno±ci w ka»dym z tych przypadków pozostaje niezmienna?
A dalej, sk¡d ucze« mo»e wiedzie¢ kiedy prosta maj¡ca jeden punkt wspólny
z krzyw¡ b¦dzie do niej styczna w ich punkcie wspólnym, a kiedy nie, gdy nie
wie co jest istot¡ styczno±ci? Tylko w dwóch seriach podr¦czników znalazªam
próby odwoªania autorów do natury styczno±ci. Autorzy jednej z serii wska-
zuj¡ na zwi¡zek stycznej z monotoniczno±ci¡ funkcji. W drugiej serii autorzy
przedstawiaj¡ styczn¡ jako prost¡, której niewielki fragment najlepiej przybli-
»a wykres funkcji w otoczeniu punktu styczno±ci. Autorzy ci dodaj¡ te», »e
liczba punktów wspólnych stycznej i krzywej nie ma »adnego znaczenia. Nie-
stety te kluczowe zagadnienia pojawiaj¡ si¦ nie w gªównym wprowadzeniu, lecz
w rozwi¡zaniu jednego z przykªadów.

Analiza przekazów niewerbalnych w rozdziaªach dotycz¡cych poj¦¢ rachun-
ku ró»niczkowego ujawniªa zdecydowan¡ przewag¦ ilustracji gra�cznych ukazu-
j¡cych styczn¡ do krzywej jako prost¡ maj¡c¡ z krzyw¡ dokªadnie jeden punkt
wspólny. W grupie przykªadów, w których istnienie wi¦kszej liczby punktów
wspólnych nie budzi w¡tpliwo±ci, w wi¦kszo±ci przypadków punkty ró»ne od
punktu styczno±ci nie s¡ wskazywane na rysunkach. W podr¦cznikach brakuje
te» ilustracji ukazuj¡cych przykªady stycznych, które maj¡ niesko«czenie wiele
punktów wspólnych, co daªoby si¦ ªatwo uzyska¢ rozwa»aj¡c np. wykres funkcji
y = cos x oraz styczn¡ do tego wykresu w punkcie x = 0 albo wykres dowolnej
funkcji liniowej i prost¡ styczn¡ do tego wykresu w którymkolwiek punkcie.

Artykuª ko«czy kilka propozycji zmian, które mog¡ pozytywnie wpªyn¡¢
na ksztaªtowanie u uczniów prawidªowego poj¦cia stycznej. Cz¦±¢ propozycji
dodatkowo zilustrowaªam przykªadami zaczerpni¦tymi z podr¦czników stoso-
wanych w Polsce ok. 15-20 lat temu.
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