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On students’ difficulties in changing their original

procedure on the example of a task concerning

differential comparison

Abstract: Recognising and understanding the difficulties, which students
show at different levels of teaching mathematics, can result in increased
effectiveness of teaching. In this article, difficulties of students from the
second to the fifth grade of primary school are analysed, revealed while
they were solving tasks regarding differential comparison. Those difficul-
ties, seemingly related to a relatively easy subject, make one realise how
complex the process of learning mathematics is. The problem of diffe-
rential comparison is only an example aimed at illustrating what impact
previous experiences of a student have on the formation of pieces of their
new knowledge.

1 Introduction and background

The effectiveness of the process of teaching and learning mathematics depends
on many factors. In this context, the following problems are considered in the
literature:

• effect of the “old” knowledge possessed by a student on the formation
of their new knowledge, particularly the role played in this process by
a met-before;

• diagnosis and elimination of false convictions of learners;

Key words: comparing the differential, false convictions, individual observations, mathe-
matical thinking, met-before.
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• importance of solving tasks, their selection and methodology in the cre-
ation of new knowledge of a student;

• role of egocentrism in the teaching-learning process;

• importance of self-control of students in the process of solving mathe-
matical problems;

• investigation of the causes of pseudoanalytic reasoning of students.

Each of these problems can be considered within a specific subject from
a given branch of mathematics. However, this is not the purpose of the present
article. The problems mentioned were only presented in broad terms in this
section as their understanding was referred to when interpreting the results of
research presented in the further part of the article.
The importance of knowledge possessed by a student in the process of

teaching and learning is emphasised by Ausubel, Novak and Hanesian (1968)
whose words are cited by McGowen, Tall (2010, p. 170): “the most important
single factor influencing learning is what the learner knows. Ascertain this
and teach accordingly.” A teacher should be aware of what knowledge of a
student can be appealed to when teaching. Building new experiences on the
basis of experiences gained earlier on is conducive to assimilation and memori-
sation of new material. However, old experiences do not always enable one to
master new knowledge and often times they become an obstacle in proper un-
derstanding of new concepts/procedures (Skemp, 1987; Black, William, 1998;
McGowen, Tall, 2010; Pytlak, Swoboda, 2017). The term met-before is used
to define mental structures that are at the disposal of a learner (as a result
of experiences gained previously) in the process of formation of new knowled-
ge (Tall, 2004). It is important that some of those structures can be helpful
in the formation of new knowledge while others cannot. For instance, mental
structures created on the basis of experience with natural numbers give rise to
a conviction that addition causes an increase. This conviction supports ope-
rations within the set of positive integers or positive rational numbers, but it
may give rise to difficulties in a situation when the addition operation gets
extended to the set of integers or rational numbers (McGowen, Tall, 2010).
Other examples of such met-befores were described in the literature where
experiences formed when those learners were gaining previous knowledge can
cause a number of difficulties in a new situation (Sowder, 2000; Tall, McGo-
wen, DeMarois, 2000; McGowen, 2006; Tall, 2013). The authors emphasise two
aspects: that a teacher should be aware of the possibility of occurrence of this
type of difficulties in their students and the fact that met-before structures
can also be rooted in the minds of learners.
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Misconceptions remain closely related to met-before structures. Different
terms are used in the literature to describe this type of views: false beliefs,
misbeliefs, faulty beliefs (Graeber, Tirosh, 1989; Bell, 1988, 1992), misconcep-
tions (Littler, Jirotková, 2008; Marchini, Cockburn, 2008) or false convictions
(Pawlik, 2004, 2005, 2007). Pawlik understands this term as false concepts,
erroneous thought patterns and incorrect inference rules. The author believes
that false convictions “are used by students seemingly automatically. Following
those patterns, students act with good intentions and seem to be convinced
that their reasoning and actions are correct” (Pawlik, 2005, p. 366). The le-
arner is so sure of their actions that they do not seek a solution to a task
or check it. Ciosek and Turnau (2015, p. 128) capture the characteristics of
this concept using the following words: “A false conviction is a relationship or
regularity wrongly taken as generally true. It may be revealed when the so-
lver of a problem refers to it (explicitly or implicitly) when justifying his/her
(wrongful) solution.”
It seems that met-befores can be the source of false convictions. For instan-

ce, observations and justifications of students confirm that such convictions of
students as multiplication causes an increase, whereas division causes a de-
crease, a larger number gets divided by a smaller number (e.g. Bell, 1992),
with the increase of the perimeter of a figure its area is increasing (Żeromska,
2010) or if a given quantity is partitioned into n unequal parts, then none of
them is 1/n of the quantity (Ciosek, Samborska, 2016) are strongly related
to students’ knowledge which has been gained and already formed in some
way. That is why both the knowledge of those who teach on the subject of
diagnosed false convictions and dangers resulting from met-befores as well as
undertaking research to explore those issues are so important in education of
students.
Task solving plays an important role in the formation of new knowledge of

a student. This seemingly obvious activity of students is a source of didactic
considerations. What is noteworthy is not only the matter of selection of tasks
to achieve the intended goals and cover the intended material. As Krygowska
writes, “what is important is not the quality of tasks and the way they are
used by a teacher to introduce a student to the methods and heuristic rules of
solving them” (Krygowska, 1977, p. 119). Four phases of work on a task put for-
ward by Polya occupy an important place here: task understanding, putting to-
gether the plan of a solution, executing the plan and a glance back (Polya, 1993)
as well as general heuristic rules worth using while solving mathematical pro-
blems (Polya, 1975). On the other hand, Schoenfeld (1985) distinguished “four
categories of knowledge and behavior necessary for the understanding of the
mathematical problem solving performance: resources (the individual’s know-
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ledge brought to bear on the problem), heuristics (strategies and techniques for
solving non-standard problems), control (global decisions regarding the selec-
tion and implementation of resources and strategies), and belief systems (one’s
mathematical world view)” (as cited in Ciosek, Samborska, 2016, p. 21).
Introducing students to the process of solving a mathematical task is po-

ssible, inter alia, thanks to the experience of a teacher and observation of
students’ work in the course of task solving. A didactic analysis of such obse-
rvations explores the causes of students’ successes/failures as well as reveals
students’ difficulties and errors in the understanding of concepts and theorems
used by them. Although the literature on the subject touches upon various
aspects of the observed difficulties and errors of students, here attention was
focused on selected reasons behind such situations. Incorrect answers to qu-
estions asked in tasks may result from a child’s lack of understanding of the
question itself. In such a case, rewording the question so that it is more un-
derstandable for a child and refers to things known to it gives a positive effect
(Donaldson 1986, Semadeni, 2012, 2013). Causes of some failures can be tra-
ced back to egocentrism, i.e. paying attention to what is important from the
viewpoint of a person solving a task. Semadeni (2013), for instance, writes
about this type of difficulties in the context of a child’s perception of spatial
relations.
An important phenomenon, which is a frequent cause of failures, is a lack

of self-control in students in the process of solving mathematical problems
(e.g. Ciosek, 2002; Ćwik, 1990; Schoenfeld 1994; Vinner, 1997). Observations
and research into the learning process indicate that “many (if not most) stu-
dents do not possess this ability, and self-control can be observed in school
reality only occasionally” (Ciosek, 2002, p. 237). One of the causes for such
a state of affairs can be that teachers at school do not teach self-control. Ano-
ther explanation of this situation in the case of word problems was captured
by Schoenfeld’s words: “Students’ behaviour while solving a word problem is
that one does the calculation and writes down the answer, not thinking if it
makes sense outside the context” (Schoenfeld, 1994, p. 16; as cited in Ciosek,
2002, p. 242). The operation that students decide to perform is often determi-
ned by some keyword (Mrożek, 2012, 2013), which immediately gives rise to
a corresponding association, e.g. the world departed most often brings to mind
the subtraction operation, but performing this subtraction will not always lead
to the correct solution of the task. Research conducted by Ciosek, Sambor-
ska (2016), related to students’ understanding of the concept of a fraction,
indicates yet another reason for the lack of students’ self-control: so strong an
intuitive belief (Fischbein, 1987) of a student regarding a given answer makes
them fail to feel the need to check the solution.
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It is often the case that pseudoanalytic reasoning described by Vinner un-
derlies the difficulties that accompany students in the process of learning,
which is linked by the author with a lack of self-control: “The most characte-
ristic feature of the pseudo-analytical behavior is the lack of control procedu-
res. The person is responding to his or her spontaneous associations without
a conscious attempt to examine them. The moment a result is obtained there
is no additional procedures which are supposed to check the correctness of the
answer” (Vinner, 1997, p. 114). Such a way of reasoning is, in the author’s
opinion, the result of a common style of teaching and learning as well as hu-
man nature. Usually, after introducing students to a mathematical problem,
a number of tasks typical for that problem follow. Then, students familiari-
se themselves with the procedures for solving a given problem. In this way,
they get used to a situation where they choose and perform an appropriate
procedure when having a task to solve. As the author writes: “The focus is
not on why a certain procedure does what it is supposed to do. The focus is
on which procedure should be chosen in order to solve the problem and then,
how to carry out that procedure” (Vinner, 1997, p. 110). For instance, solving
tasks regarding the surface area of a triangle can limit students to identifica-
tion of two numbers in the instruction followed by obtaining their product. In
the case of less typical tasks (e.g. when the surface area of a triangle is to be
determined knowing its perimeter and the length of one of its sides), this can
lead to errors. Hence, appropriate organisation of teaching is so important, in-
cluding the selection of the right tasks. In order for a student to avoid routine
and procedural approach and improve their conceptual reasoning, it is worth
enriching the set of tasks for them with non-standard tasks.
The factors mentioned above are only some of the factors that can impact

the effectiveness of a student’s activities in the field of mathematics. Those
factors are many a time interconnected so far that, in an actual teaching
situation, it is difficult to judge which is the decisive one when it comes to
success (or lack thereof) when solving mathematical problems. It seems that
it is also the case in the situation observed in the group of students aged 9–
11, solving arithmetic tasks concerning differential comparison. The analysis of
approaches observed here is the main problem described in this article, whereas
the factors listed can be a varied explanation of the observed situations.

2 Situation preceding observations

The inspiration for research was a conversation between the author and two
children (Kuba and Ola) as well as a conversation with Grzegorz. In the dialo-
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gues shown below, the letter R indicates the author’s utterances (researcher’s),
whereas letters O, K and G – utterances formulated by Ola, Kuba and Grze-
gorz respectively. In order to make the analysis of conversations easier, con-
secutive utterances in each of the conversations cited in the article have been
numbered. The conversation with Kuba (8 years old) and Ola (10 years old)
was as follows:

R [01]: Let’s imagine we have the same number of candies. Let’s suppose that
Kuba gave me 2 of his. How many more candies than Kuba do I have
now?

O [02]: 4 more.

K [03]: (upset) It cannot be solved, because I do not know how many candies
we had at the beginning!

R [04]: Well now, an easier riddle (R is giving Ola a sign that the task is for
Kuba, so Ola is silent): We have 5 candies each in our bags. Kuba
gave 2 of his to me. How many more candies than you do I have now?

K [05]: 4 more, because I have 3 and you have 7.

R [06]: (a task for Kuba) And now we have 10 candies each. Kuba gave me
2 of his candies. How many more candies than Kuba do I have now?

K [07]: 4 more!

R [08]: (a task for Kuba) And now we have 20 candies each. Kuba. . . (R is
not finishing, because Kuba interrupts).

K [09]: 4 more!

R [10]: (a task for Kuba) And now a very difficult task: We – each of us –
have a large (R is stressing the word) bag of candies. I do not know
how many in each, but we definitely have the same number of them.
Kuba gave me 2 of his. How many candies do I have. . . (R is not
finishing, because Kuba interrupts).

K [11]: 4 more!

R [12]: How come?

K [13]: Because it will be the same as before!

That conversation revealed two different approaches to the problem pre-
sented to children. Both gave the right answer, but the approach of each of
them to the task was different. Ola reasoned in general terms right away,
as evidenced by providing correct answers to the question addressed to her
(R[01]). Two factors are important in her reasoning:
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• task solving without additional information on the initial number of
candies of each person (“some number” of candies and not a specific
number of candies);

• noticing that the correct answer depends on the number of candies han-
ded over.

In order to solve the task, Kuba needed a specific initial number of candies
of each person (cf. K [03]). Otherwise, he believed that the task could not be
solved. Exact specification of this number caused the boy to:

• correctly solve the task for 5 candies, performing the appropriate opera-
tions and comparing the obtained numbers (cf. K[05]);

• provide the correct solution for 10 and then 20 candies without doing
any calculations (cf. K[07] and K[09]);

• provide the correct answers in situations where 4 and 10 candies were
handed over after returning to the general situation (R [10]).

The problem of various approaches to that task seemed so interesting that
I spontaneously asked a third child about it, one that was selected random-
ly. 11-year-old Grzegorz was the participant in the third conversation. This
conversation was as follows:

R [01]: We have a certain number of candies, we know that the number is
the same for each of us. I am giving two candies to you. How many
more candies than me do you have now?

G [02]: 2 more! After all, it makes sense that as you give me two candies
I have those two candies more than you do!

R [03]: Let’s do this task using some example. Let’s suppose we have ten
candies each. I am giving you two, how many are left?

G [04]: Eight.

R [05]: How many do you have?

G [06]: Well. . . Twelve. . . Ah! 4 more! How is this possible? Ah, because you
then have these two less, so it is me who gets your two and I still
have my two I gave to nobody. Now I can understand. That’s how
it always is (G stresses that word), even if we had 100 candies each!
I will have 102 and you 98, and the difference is always four.

Unlike Ola and Kuba, the first answer by Grzegorz was wrong: “2 mo-
re!” They boy noticed only one operation – increasing number of his candies.
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Performing the task as part of a specific example led Grzegorz to a cogniti-
ve conflict and, what is more important, released the desire to explain that
situation: “Ah! 4 more! How is this possible?”. That one numerical example
made the student reconsider the task and only then did he notice the disappe-
arance of two candies from his interlocutor (“you then have these two less”),
increasing number of his candies (“so it is me who gets your two”) and the
effect of the first operation resulting in an increased difference between the
number of candies possessed by two persons (“and I still have my two I gave
to nobody”). The following utterance: “Now I can understand. That’s how it
always is, even if we had 100 candies each! I will have 102 and you 98, and the
difference is always four” indicates that the student made the constant in the
first numerical example become a variable (for 10 candies) and thus noticed
the general solution to the task.
Each of the three presented ways of reasoning are different. Ola and Kuba

solved the task flawlessly where Ola’s reasoning was general, and Kuba needed
a specific situation in order to understand the structure of the task on it
basis and then extend the solution of the task to the situation given at the
beginning. On the other hand, Grzegorz gave the wrong answer and it was
only the specific example that made him realise the essence of the error made.
Those three different approaches showed by Ola, Kuba and Grzegorz became
an inspiration for research whose methodology has been described in the next
section.

3 Methodology

3.1 Research tool

The following problem was used in the empirical research:

Imagine the following situation: we have the same number of candies —
you and me. I am giving you two of my candies. How many more candies
do you have than me?

3.2 Research organisation

This task was prepared for students aged 9–11. The research was conducted
in several stages:

Stage 1: Analysis of the methods of solving the “differential comparison task”
in the core curriculum for students from the 4th to the 6th grade.

Stage 2: Collection of information on possible methods of solving the selected
differential comparison task in a larger group of students.
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Stage 3: Conducting of an analysis (case study) of methods of solving the task
by students showing specific difficulties in coping with the task, along
with an attempt to make corrective actions.

3.3 Research questions

In the case of each of these stages, research questions were asked.
Regarding stage 1:

1.1 What is the scope of problems related to solving differential comparison
tasks, suggested by the core curriculum?

1.2 What is the suggested methodology of work with such tasks?

Regarding stage 2:

2.1. Which of the described ways of reasoning of the children (with regard
to the included task) occurs most frequently in the investigated gro-
up? In particular, what portion of the investigated students show such
difficulties as those observed in Grzegorz?

2.2. Does a relationship exist between the age of investigated students and
their reasoning in relation to this task?

Regarding stage 3:

3.1. What is, in the case of the wrong answer (“2 more”), the effectiveness of
a correctly chosen example in causing a cognitive conflict in the student
and, as a consequence, the correct task solution? (i.e. does a specific
example allow students to change the answer to the correct one?)

3.2. To what extent can the cause of failures of a student when solving this
type of task be established? In particular, which of the factors listed in
the theoretical part seem to be decisive?

In this article, the first two stages will be described to the extent allowing
understanding of the result of the third stage. The main emphasis will be on
the presentation of some results from the last stage.

4 Findings

4.1 Core curriculum analysis

According to the core curriculum of general education (Core Curriculum, pp.
60–61), applicable to students included in the empirical research, a student
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at the 2nd education level (4th–6th grade) should know what operation to
perform in order to answer two basic types of questions related to differential
comparison:1

(A) By how much is one number greater/smaller than the other one?
(B) What number is bigger/smaller by 5 than the given one?

A student should also be able to use this type of differential comparison in
tasks where the following words are used: longer, heavier, older, higher/taller
and opposite ones (shorter, lighter, etc.). It is worth remembering at this point
that, in light of recommendations included in the core curriculum of general
education, a student’s achievement of the skill of solving typical tasks should
be preceded by appropriate care for initial mathematisation already at the
stage of pre-school and early childhood education (1st–3rd grade): “Children
should solve mathematical tasks by manipulating objects or substitute objects
first and only then by writing down the solution” (Skura, Lisicki, p. 8).
The task used in the research deliberately goes beyond the requirements

set for students at school. The point is not to control the level of mastery of
knowledge acquired in math classes, but to observe the student in a situation
that is new for them, untypical in relation to the school situation. With regard
to the research problem, the following tasks were typical for school education:

(1) I have 5 candies. I give you 2 of my candies. How many candies do I have
now?

(2) You have 5 candies. I give you 2 of my candies. How many candies do
you have now?

(3) You have 7 candies and I have 3 candies. How many more candies than
me do you have?

The typicality of tasks (1)–(3) lies in that one has to perform only one opera-
tion described in the core curriculum in order to solve them:

• find a number smaller than 5 by 2, which directs attention to the number
of elements before and after the subtraction operation – task (1) related
to type (B) question;

• find a number greater than 5 by 2, which directs attention to the number
of elements before and after the addition operation – task (2) related to
type (B) question;

• compare the number of elements possessed by two persons (3), related
to type (A) question.

1The core curriculum and education levels refer to the situation in Poland.
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In order to solve the task employed in the study, a student has to go through
3 stages, and in each of them, they have to perform one of the operations
necessary in work on typical tasks (1)–(3): take the candies away from one
person, give the candies to the other person and compare the quantities of
candies. The first two stages are connected with procedural thinking, and
the last one with relational thinking. An additional difficulty in the research
task is that the relationship describing the quantities of items possessed by
two persons before performing any operations is not stated numerically (as in
task (3)), but is given as a general condition (we have the same number of
candies). Due to the described complexity of the research task, it has been
assumed for the purpose of the article that this task is related to complex
differential comparison.
A similar task to the research problem described in this article can be

found in one of the textbooks for teaching in the fourth grade (Dobrowolska
et al., 2018, p. 36)2:

During a walk in the park, Julek picked up as many chestnuts as his
sister, Nela. When they were coming back, he gave his sister 1 chestnut.
How many more chestnuts than Julek does Nela have now?

In the commentary addressed to the teacher, the authors write:

Students should note that, if Julek gave Nela one chestnut, he now has
1 less, and Nela has 1 more, so the difference is 2. You can also suggest
to children to make a drawing, e.g. like the one below or to analyse the
situation using any numbers.

The purpose of this article was to diagnose how students cope in a situation
leading to complex differential comparison, i.e. whether they can correctly
solve the research task, how they justify their answers, whether a specific
example helps them see the cognitive conflict and what impact this has on the
final solution to the research problem.

2In school textbooks, authors can include tasks that encourage more extensive develop-
ment than the range of skills included in the Core Curriculum. The teacher chooses the tasks,
taking into account the level of mathematical skills of their pupils.
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4.2 Methods of solving a selected differential comparison task

in a larger group of students

In order to find answers to the research questions formulated for this research
stage, observations in a larger group of students aged 9–11 were conducted
in 2013. The nature of the research was that of a non-standardised interview
initiated by the above-described problems.

Imagine the following situation: we have the same number of candies –
you and me. I am giving you two of my candies. How many more candies
do you have than me?

The research method employed at this stage was participant observation.
The work of each student was recorded. The observer paid attention to the or-
der of notes or drawings being created. Further questions addressed to students
were not decided in advance, they depended on the reaction of the investiga-
ted individual. Also, they wrote down information regarding the behaviour of
the student that could give a broader view of their reasoning, e.g. student’s
peeking at certain excerpts of notes drawn up or drawings made by them or
searching for those records in their notes. Each meeting lasted from 10 to 40
minutes. Special attention was paid to those students whose first reaction had
been “2 more”. Those students participated in further, extended research al-
lowing better understanding of the character of their thinking (I treat it as
the third stage). After the observation had been conducted, a transcript of the
conversation was drawn up which, along with the student’s notes, constitu-
ted research documentation and the basis for analysing that student’s work.
25 transcripts from tests were obtained in that way.
In Table 1 I present research group taking part in this stage of research.

Grade 3rd (age 9) 4th (age 10) 5th (age 11)

Number of students 8 6 11

Table 1. Numerical summary of investigated students.

During the reaserch sessions reactions of students to the presented research
problem appeared that had already been identified in research concerning Ola,
Kuba and Grzegorz. Out of 25 subjects:

• 6 provided the correct answer straight away: “4 more”;

• 1 needed the general situation to be narrowed down, i.e. they concluded
that the task could not be solved as it was unknown how many candies
each one had had at the beginning;

• 18 provided the wrong answer straight away: “2 more”.
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The answer to the research question is unambiguous and interesting: three
already identified reactions of students were observed in individual conver-
sations whereby the most frequently occurring reasoning of the subjects was
that which led to giving the wrong answer first (“2 more”). In the next table,
I show how those answers were distributed in age groups.

The first re
action of the
student

Correct answer
4 more

The need for the
concretization of
the general situ-
ation
This cannot be solved,
because I do not know
how many candies we
had at the beginning!

Wrong answer
2 more

Total: 6 students Total: 1 student Total: 18 students

Number of
students at
a given age

9 years – 1
10 years – 1
11 years – 4

9 years – 1 9 years – 6
10 years – 5
11 years – 7

Table 2. The first reactions of students for the task.

4.3 Case study – Zuzia. Analysis of students’ difficulties in

changing their original procedure

The analysis of an incorrect response to the question asked provoked me to
continue my research and analyse the observed situation in greater depth.
Therefore, as a researcher, I decided to examine individually the attitude of
each of those 18 students by having conversations with them. The purpose of
those conversations was to diagnose:

• whether the answer given was accidental (a simple mistake);

• whether it was the result of acting under the influence of a signal, a “key-
word”, or pseudoanalytic reasoning;

• whether it had the hallmarks of a misconception or a false conviction;

• whether still it would be possible to observe other factors explaining the
observed phenomenon, perhaps.

The data collected in such a manner were not intended to be the basis for
generalisation or formation of didactic proposals. They were meant to be used
for better understanding of the observed phenomenon.
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Here I cite significant fragments of one of the conversations with student
having problem with solving the given task. It is a transcript of the observer’s
(R) conversation with Zuzia (Z), a student at the end of the fifth grade (the
study took place at the end of the school year). Due to the length of the
conversation and in order to make navigating through the text easier, impor-
tant stages of the conversation were specified in the right column with a short
didactic comment under each stage.

R [01]: Let’s imagine that we have the same number of candies:
me and you. And now: I give you 2 of my candies. How
many more candies than me do you have (in this new
situation after I’ve given them to you)?

Z [02]: 2 more.

R [03]: Why? Convince me.

Z [04]: Because you’ve given me two of yours and. . . well. . . and
now I have more as you’ve given me these 2, right? Well,
I have 2 more as we had the same number before and
now I have two more because I got them from you.

R [05]: You have two more THAN ME? Or than yourself?

Z [06]: Than you.

R [07]: You have more than me, yeah. . . Well. . . Let’s just say
that I’m still not convinced. Could you convince me of
this in some other way?
.

I. The task for
the first time
(I give you 2
candies)

Comment I: The student provided the wrong answer. She only sees the increasing
number of her candies. The researcher makes sure what question the student an-
swers (whether, after handing over the candies, she has more than what she had
previously or more than what the researcher has now). Since it became clear that
the child had understood the question, the researcher suggested that Zuzia try to
explain her reasoning on her own.

Z [08]: Well, if we had the same number, right? Then you took 2
away from yourself and gave these 2 candies to me. And
let’s suppose that we had 10 candies each. Each of us had
5.

R [09]: Aha. 10 together. Each of us had 5.

Z [10]: Yes. And you gave me 2, so you have 3 and I have 7,
right? Um. . . I don’t know. . .
.

II. Numerical
interpretation
of the sentence
provided by
Zuzia
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R [11]: So I have. . .

Z [12]: 3.

R [13]: 3, you have. . .

Z [14]: 7.

R [15]: 7, yeah.

Z [16]: Aaand. . . I don’t know. I think so.

R [17]: Well then. Just say what you think is true. That’s what
it’s all about. OK, maybe write it down that you have –
how many did you have at the beginning?

Z [18]: 5.

R [19]: Each of us had 5.

Z [20]: Yeah.

R [21]: Let’s suppose that Zuzia is here – Z and me – what
letter are you going to use to designate me? (Z creates
the following notation)

Z [22]: L (L for Lidia, the author of this article and the observer
at the same time).

R [23]: So, Zuzia – you had 5 candies and so did I. And what
happened?

Z [24]: Here we add 2 and here we subtract 2. So, here we ha-
ve 3 candies and here 7 candies. (Z continues the above
notation)

R [25]: So, how many more than me do you have now?

Z [26]: 2 candies more.
.Comment II. The proposal to base it on a specific example was the child’s idea.

Zuzanna sees that the observer takes 2 candies away from her candies and gives
these 2 candies to her (Z [08]). After determining the specific initial number of
candies to be 5, she correctly establishes new quantities of candies of both persons,
but she does not believe this result is correct. The researcher suggests to use the
arithmetic notation as a means of support. It seems that she notices both the
decreasing number of the researcher’s candies as well as the increasing number of
her candies, but she gives the wrong answer again, as if she still did not make use
of the relationships she had written down.
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R [27]: Because? How many do you have?

Z [28]: 7 and you have 3. . . No. . . If you have 3 and I have 7,
than the difference is 4. (Z looks surprised)

R [29]: FOUR MORE then. . . Are you convinced that 4 more?

Z [30]: Yes. . .

R [31]: Are you convinced. . . or not really?

Z [32]: Well. . . probably yes. (Z still looks surprised)

R [33]: Something strange has now happened here, right?

Z [34]: Because you have. . . if you have 3 candies and I have 7,
then 7 minus 3 is 4.

R [35]: Zuzia, what has happened then? Why did you first say
that 2 more and now you say that 4 more? You were
convinced that 2 more is the right answer and now you
say that 4 and you are also convinced that it’s the right
answer. (Laughter of the observer)

Z [36]: Um. . . at least I think so, that 4 more after all, because. . .
Because if you took 2 away from yourself, then you have
now. . . Five became three. And, since I added 2 candies
to two candies from you, then I have 7 now, and the
difference is 4 candies.

R [37]: OK, you see this, right?

Z [38]: Yes.
.

III. The correct
result based on
the arithmetic
notation

Comment III: Provoked to compare the numbers 7 and 3 again, she changes the
answer to the correct one. However, the student’s surprise about the obtained result
is visible.

R [39]: Let’s now suppose that I tell you a new riddle: Let’s
imagine that we have the same number of candies. I don’t
know how many, but for sure the same number. And I
give you 2 of my candies. So, how many more candies
than me do you have now?

Z [40]: 2 candies more.

R [41]: Now you know that 2 candies more, right?

Z [42]: Yes.

R [43]: Because? How are you going to convince me?

Z [44]: Since you’ve given me 2 candies, then I have 2 more now.

R [45]: Um. . .

Z [46]: And you have 2 less.
.

IV. The initial
task for the se-
cond (I give you
2 candies)
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R [47]: OK. . . I’m an unbeliever and still don’t believe you com-
pletely I’m still not convinced. What are you going to do
now?

Z [48]: Um. . . I don’t know.
.Comment IV: After returning to the initial task, the subject gives the wrong answer

once again (“2 more”). She explicitly states for the first time that she has 2 more
and the researcher 2 less (relative to the numbers they had had before the candies
were handed over). However, that does not cause her to change her answer to the
correct one.

R [49]: And a moment ago, when you were convincing me, you
said that you were going to choose 5 candies, right?

Z [50]: Yeah.

R [51]: Let’s suppose that we have. . . I don’t know. . . I’ll let you
choose a certain number, e.g. how many candies?

Z [52]: 12, for instance.

R [53]: OK, 12 each, for instance. Let’s write it down so that we
can remember.

Z [54]: Here we have “minus 2” (Z creates the following nota-
tion) and here we have ”plus 2”.

R [55]: Yeah.

Z [56]: And it is. . . Well, if you gave me these 2 candies, then
you have 10 and I have these. . . these 4 more. . . right?. . .
(hesitantly)

R [57]: You said that I have 12 and give you 2, so write it down
– how many do I have now?

Z [58]: 10 candies.

R [59]: 10 candies. Yeah.

Z [60]: And I have 14.

R [61]: And you have 14. And do you remember what the qu-
estion was?

Z [62]: How. . . How many more candies than you do I have? 4
more then.

R [63]: 4 more then. And just a moment ago you said that how
many more?

Z [64]: 2 more.
.

V. We have 12
candies each –
a return to the
numerical ana-
lysis
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R [65]: (laughter) We did the same again.

Z [66]: Yes.
.Comment V: The task is narrowed down for the second time – determination of the

initial number of candies of both persons (12). In this way, the researcher refers to
the method of work on the task suggested by Zuzia. The student correctly determi-
ned the number of candies of both persons (after the candy handover operation).
She provides the correct answer by comparing the numbers 14 and 10. However,
the student’s surprise about the obtained result is visible again.

R [67]: Well, I’m going to tell you a riddle once more: Again –
we have the same number of candies. I don’t know how
many, but I know for sure that the numbers are the same.
I give you 2 of my candies. And now – after I gave them
to you – how many more candies than me will you have?

Z [68]: Um. . . If you gave me 2 candies, then I’ll have 2 more.
.

VI. The initial
task for the
third time (I gi-
ve you 2 can-
dies)

Comment VI: The third return to the initial task (after giving the correct answer
in two specific situations) ends with another wrong answer in the general situation
(when the initial number of candies of two persons has not been given, although it
is known that both have the same number). At this stage of the conversation with
the student, one could suppose that the previous correct answers were not related
to the understanding of general relationships, but resulted only from a comparison
of the results of operations on the assumed numbers. The aim of further research
was to examine whether the student could focus her attention in some way on the
relationships between numbers, and not the numbers themselves.

R [69]: 2 more. . . OK. . . Let’s do the following: Let’s imagine the
following situation (R draws the following picture). You
are here – Zuzia – Z. And I’m here – L. We have the same
number of candies. I’m going to draw a box with candies,
OK? (R starts by drawing boxes of the same length [9
squares in the drawing], without using any colours).

Z [70]: Yeah.

R [71]: I don’t know. . . (R pretends that she is thinking about
it) These boxes are the same – let’s say one is like this
and we’re going to put here as many candies as possible.
And the second one – in order for me to have the same
number, I’m going to draw an identical box and let’s
assume that I put in it the same number of candies, OK?
(drawing of two uncoloured boxes 9 squares in length)

Z [72]: Yeah.
.

VII. Drawing
boxes with
candies and
“moving” 2
candies
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R [73]: And now I’d like to show you that I’m taking 2 candies
out of my box and give them to you. Could you mark it
somehow?

Z [74]: Well, here we have “minus 2”. (Z writes down “−2” in
the second box)

R [75]: OK, “minus 2”.

Z [76]: Well, here we have “plus 2”. (Z writes down “+2” in the
first box)

R [77]: Yeah. . . So now – how big are these “sort of new” boxes
going to be?

Z [78]: It’s getting smaller. (Z is talking about the second box)

R [79]: Yes – what’s the difference?

Z [80]: 2 more.

R [81]: Yes. Two candies.

Z [82]: And here the number of candies is increasing. (Z is tal-
king about the second box)

R [83]: Yes, correct. And what follows from the above?

Z [84]: That I have 2 candies more than you. And there are more
of these candies, so the box is larger.

R [85]: OK, your box must certainly be larger.

Z [86]: Yeah.

R [87]: You said that the number of my candies decreased by 2.

Z [88]: Yes.

R [89]: And if it decreases by 2, then what can I do? – I can
mark somehow this activity that my box “got smaller”.
You wrote“−2”. If I wanted to mark this smaller box,
how far would it reach?

Z [90]: Um. . . Up to here, right? (Z shows L’s box smaller by
two squares)

R [91]: Can I paint this new box yellow? (R circles L’s new box
in colour)

Z [92]: Yeah.

R [93]: And your new box – how big is it? It was like that.

Z [94]: Here.

R [95]: Here? Where do I draw the line? Here?

Z [96]: Yeah.

R [97]: (R draws the line 2 squares farther in Z’s box) Can you
colour it yellow?

Z [98]: (Z is colouring Z’s new box)
.

VII. Drawing
boxes with
candies and
“moving” 2
candies
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R [99]: Well done. Your new box – you said that it was “bigger
by two candies”.

Z [100]: Bigger by 2 candies. Yes. (R and Z talk at the same time)

R [101]: What is the difference between these 2 boxes in terms of
the number of candies now?

Z [102]: 2.
.Comment VII: Due to going back to the wrong answer and the age of the student

(end of the fifth grade), the researcher decides to give a visual cue decreasing the
quantities of candies in drawings of two identical boxes. The researcher adapts to
the convention of description proposed by Zuzia (notation over the boxes: “+2”
and “−2”) and additionally introduces a colour in order to represent the quantity
of candies after the candy handover operation. Such a convention seemed close to
the understanding of the task by Zuzia, and relationships were represented in a
way that was clear to her. Regardless of all those operations and comparisons, a
return to the basic question makes the student give the wrong answer again.

R [103]: One yellow, the other yellow. Where’s this difference?

Z [104]: It’s here and here. (Z points with her finger to the parts
described as “+2” and “−2”)

R [105]: Correct. So, to what extent are these boxes 11the same”?

Z [106]: Up to here. (Z shows the place where R draws a broken
vertical line after a while)

R [107]: Here, right? I’m going to mark it with a broken line. One
box is longer than the other box – what is the difference
in terms of candies?

Z [108]: 4.
.

VIII. The re-
searcher’s in-
dication of the
difference in
Lthe number
of candies in
the drawing of
boxes

Comment VIII: The researcher’s explicit indication how the two boxes should be
compared leads to the correct answer. Unfortunately, the above does not constitute
grounds to conclude that the girl understands the relationships that take place here.
That is why the researcher makes a further attempt using other numbers.

R [109]: 4 candies. Very good. It’s longer by 4. And if I said now
that we had the same number of candies. . . We have the
same 2 boxes with candies. But now, I’m not giving you
2 candies, but 10 candies. So, how many more than me
do you have now? – given that I’ve already given you 10
candies.

Z [110]: 10 candies.

R [111]: 10 candies. Why do you think so?

Z [112]: Um. . . Because. . . um. . . you gave me these 10, so you
no longer have these ten as you gave them to me, so now
I have 10 more than you.
.

IX. The task for
the fourth time
(I give you 10
candies)
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Comment IX: In order to check whether the visual cue contributed to the under-
standing of the task and, consequently, to the right solution to the initial task, the
researcher gives the student (for the fourth time) the initial task (changing only
the number of candies being handed over from 2 to 10). Zuzanna, however, makes
the same error as in the case of the previous attempts to solve the initial task. She
pays attention to the increasing number of her candies once more. She is aware
where the candies come from that cause the quantity of her candies to increase,
but she does not take into account what consequences this operation has for the
researcher.

R [113]: And if we did something with these boxes, OK?
Zuzia is here and I am here. (R writes down
“Z” and “L”) And now draw the same boxes at
the beginning as we have the same numbers at
the beginning. Draw them the way you want to.

Z [114]: (Z creates a drawing of two uncoloured boxes with
a length of 10 squares)

R [115]: I give you 10 candies. How to mark it?

Z [116]: So this is “minus 10”.

R [117]: Yes. Where do you want these 10 candies to
“reach”?

Z [118]: Up to here. (Z marks the end of L’s new box with 10
candies less)

R [119]: Up to here, for instance. Good. . .

Z [120]: And here we have “plus 10”.

R [121]: So what’s your new box going to look like?

Z [122]: 4 squares longer.

R [123]: 4 squares longer. Excellent. Colour your new box then.

Z [124]: (Z is colouring her new boxes yellow)

R [125]: So, how different are our boxes now in terms of the num-
ber of candies? How many more candies than me do you
have now?

Z [126]: 10 more.
.

X. Drawing
boxes with
candies and
“moving” 10
candies
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Comments X: The situation repeats itself: when the numbers are changed, Zuzia
is not able to focus on the relationships between both boxes despite the visual
representation of those relationships. The fourth return to the initial task, in spite
of the experience gained at stages VII i VIII (during work with the visual cue),
results in the wrong answer once again (10 more instead of 20 more).

R [127]: Show me this difference of ten candies.

Z [128]: It’s here. (Z points with her finger to L’s “−10”)

R [129]: I have 10.

Z [130]: Yes. And I have 10 more.

R [131]: Yeees. . .

Z [132]: So, it’s here and here. (Z points with her finger to the
parts described as “+10” and “−10”

R [133]: So it’s 10 from me and 10 that you got.

Z [134]: Yeah.

R [135]: So, how many more than me do you have?

Z [136]: 10 more.

R [137]: In this new situation, i.e. in these yellow boxes.

Z [138]: Aha. Then. . . a half more. . . Right? A half?

R [139]: Here’s your yellow part and here is my yellow part. How
many more than me do you have?

Z [140]: . . .
.

XI. The resear-
cher’s indica-
tion of the di-
fference in the
number of can-
dies in the dra-
wing of boxes

Comment XI: The student seems to be completely lost in reading information from
the drawing and correct interpretation of data “stored” there. That is why the
researcher gives a hint about the way of looking at the drawing.

R [141]: You said that the difference was one certain number
and another certain number. (R points with her finger
to “+10” and “−10”)

Z [142]: Yeah.

R [143]: So what is the difference? This bit is the difference. And
how long is this bit in terms of candies?

Z [144]: 4 candies long.

R [145]: You measured 4 squares for every ten. So, how many do
you have here?

Z [146]: 10.

R [147]: And here?

Z [148]: Another 10.

R [149]: So, how many candies fit in here?
.

XII. The resear-
cher’s interven-
tion in determi-
ning the correct
answer
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Z [150]: So here. . . 20.
.R [151]: So, how many more than me do you have?

Z [152]: 20 more.

/. . . /
.Comment XII: The correct answer is provided no sooner than after the researchers

intervention.

R [159]: You have 20 more candies than me. Not as it seemed
(10 more). OK. . . And if I said that I give you not 10
candies, but 20 candies. Do you know how many more
candies than me you would have?

Z [160]: 40 more.

R [161]: 40 more. Excellent, very nice.
.

XIII. The task
for the fifth time
(I give you 20
candies)

Comment XIII: The researcher checks if, after two tries with the visual cue, Zu-
zanna can solve the initial task with the changed number of candies being handed
over (20). After getting the correct answer, the researcher decides to end the co-
nversation.

Transcript of a conversation with 11-year-old Zuzanna

In the context of the cited protocol, one cannot be sure that Zuzanna’s diffi-
culty was overcome. However, it was not my intention to make her understand
the relationships, but to investigate the problems with their understanding.
As it can be seen from the protocol, Zuzia based her solutions primarily on
the set, specific number of candies. Anyway, in such a situation, despite esta-
blishing still the new number of candies of both persons, she gave the wrong
answer (“2 more”; cf. Z[26]). Only clear (sometimes several times) directing
of students’ attention to the appropriate numbers (numbers of candies of two
persons) resulted in the correct answer for that specific situation. After re-
aching this stage, the student was either asked to solve the task in the general
situation or led towards another specific initial number of candies. Then the
situation repeated itself – with this new number of candies, the student gave
the wrong answer again. Similarly, even when going back to the initial pro-
blem several times (after the correct solution to the task for the selected initial
number of candies), the procedure ended in a fiasco.
What follows below are the results of a detailed analysis of the above-cited

protocol from the perspective of the probable causes of difficulties observed in
students.
In the version where 2 candies were handed over Zuzanna solved the initial

task as many as three times (see Table 3). Each time, she answered: “2 more”,
solved the task for the set initial number of candies and, when she found that
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number, she provided again the same wrong answer as at the beginning in the
initial task.

I. The task for the first time (I give you 2 candies)

Z [02]: 2 more.

II. Numerical interpretation of the task provided by Zuzia (We have 5
candies each)

Z [26]: 2 candies more (despite that the new quantity of candies for both persons
was determined: 3 and 7).

IV. The initial task for the second time (I give you 2 candies)

Z [40]: 2 candies more.

V. We have 12 candies each – a return to the numerical analysis

Z [56]: /. . . / these. . . these 4 more. . . right? . . . (hesitantly; still with surprise,
comparing new quantities of candies: 10 and 14).

VI. The initial task for the third time (I give you 2 candies)

Z [68]: /. . . / 2 more.
.

Table 3. Zuzanna’s solutions to the initial task.

Solving the task in the specific situation did not affect the solution of
the initial task (general). In order to get to know the way of thinking of
the subjects, they were asked for explanations, to convince their interlocutor
of the correctness of the answers given. Zuzanna’s explanations (regarding
consecutive attempts at the initial task) were compiled below (see Table 4).

I. The task for the first time (I give you 2 candies)
Z [04]: Because you’ve given me two of yours and. . . well. . . and now I have more

as you’ve given me these 2, right? Well, I have 2 more as we had the same
number before and now I have two more because I got them from you.

R [05]: You have two more THAN ME? Or than yourself?

Z [06]: Than you.

IV. The initial task for the second time (I give you 2 candies)
Z [44]: Since you’ve given me 2 candies, then I have 2 more now.

R [45]: Um. . .

Z [46]: And you have 2 less.

VI. The initial task for the third time (I give you 2 candies)
Z [68]: Um... If you gave me 2 candies, then I’ll have 2 more.

.
Table 4. Zuzanna’s explanations regarding the solution (“2 more”) to the initial task.
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Having read the content of the task, the student’s attention was drawn by
the expression: “I give you two candies”. It seems that Zuzanna associated
the problem with type 2 task leading to processual thinking (see Section 1):
You have 5 candies. I give you 2 of my candies. How many candies do you
have now? In such situations, the answer is obtained by adding two candies
to the number of Zuzia’s candies. And that is exactly what the girl did. She
justified her multiple “2 more” answers by the fact that “she had two more
now” (which suggests adding the number two). The one-off justification: “And
you have 2 less” seems to be less important.
Additionally, students were also convinced as to the same wrong answer

when solving the task in the specific situation.
One can believe that two independent approaches to that task were in use

here: one general where the student focused only on the activity of growing her
own set of candies (which she was able to understand herself as addition) and
the second one (numerical) where, led step by step, she was able to carry out
successive addition and subtraction procedures on specific numbers and then
compare the results obtained (cf. Z[54]–Z[66]). Thus, she could not connect
the task situation with the full mathematical code for that situation.
After giving the wrong answer in the initial task (see Table 3), the ob-

server started an unplanned conversation aimed at interpreting the situation
of handing over candies in the drawing of two boxes (see Table 5). In this
approach, the numbers could be represented in a general way which gave the
opportunity to draw attention to the relationships between the values, and not
to the specific values themselves. However, it turned out that that procedure
did not bring the intended effect – the student was not able to make use of
such a representation of the task on her own. It turned out that also in this
situation (stage VII), Zuzanna first gave the wrong answer (“2 more”) and
then the correct answer (“4 more”). This did not contribute to finding the
answer to the initial question, this time in the version for 10 candies handed
over (stage IX). The return to drawing boxes with this new number of can-
dies handed over revealed the impact of the student’s rooted misconception.
The last return to the initial task (stage XIII, in the version with 20 candies
handed over) was a success. The observer ended the study, but was not sure
that Zuzanna would solve this type of task correctly from then on. Of course,
it would be possible to suggest observations related to the specific situation to
the subject, with experience performed for the appropriate number of candies
or other elements. Perhaps such a solution would bring better effects. However,
it is interesting that neither the experience with specific numbers nor the gra-
phical interpretation did eliminate the wrong association of the phrase “I give
you 2 pieces” with adding the number 2 – without analysing the situation.
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VII. Drawing boxes with candies and “moving” 2 candies

R [101]: What is the difference between these 2 boxes in terms of the number of
candies now?

Z [102]: 2 more.

VIII. The researcher’s indication of the difference in the number of can-
dies in the drawing of boxes

R [103]: One yellow, the other yellow. Where’s this difference?

Z [104]: It’s here and here. (Z points with her finger to the parts described as “+2”
and “−2”)

R [105]: Correct. So, to what extent are these boxes “the same”?

Z [106]: Up to here. (Z shows the place where R draws a broken vertical line after
a while)

R [107]: Here, right? I’m going to mark it with a broken line. One box is longer than
the other box – what is the difference in terms of candies?

Z [108]: 4 more.

IX. The task for the fourth time (I give you 10 candies)

Z [110]: 10 more.

R [111]: 10 more. Why do you think so?

Z [112]: Um. . . Because. . . um. . . you gave me these 10, so you no longer have these
ten as you gave them to me, so now I have 10 more than you.

X. Drawing boxes with candies and “moving” 10 candies

R [125]: So, how different are our boxes now in terms of the number of candies? How
many more candies than me do you have now?

Z [126]: 10 more.

XI. The researcher’s indication of the difference in the number of candies
in the drawing of boxes

R [127]: Show me this difference of ten candies.

Z [128]: It’s here. (Z points with her finger to L’s “−10”)

R [129]: I have 10.

Z [130]: Yes. And I have 10 more.

R [131]: Yeees. . .

Z [132]: So, it’s here and here. (Z points with her finger to the parts described as
“+10” and “−10”)

R [133]: So it’s 10 from me and 10 that you got.
.

Table 5. Zuzanna’s solutions to the initial task, including drawing of boxes (part 1).
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Z [134]: Yeah.

R [135]: So, how many more than me do you have?

Z [136]: 10 more.

XII. The researcher’s intervention in determining the correct answer

Z [150]: So here. . . 20

R [151]: So, how many more than me do you have?

Z [152]: 20 more.

XIII. The task for the fifth time (I give you 20 candies)

R [159]: You have 20 candies more. Not as it seemed (10 more). OK. . . And if I said
that I was giving you not 10 candies, but 20 candies. Do you know how
many more candies than me you would have?

Z [160]: 40 more.
.

Table 5. Zuzanna’s solutions to the initial task, including drawing of boxes (part 2).

What is interesting from the research point of view in the presented attitu-
de of the student towards that task is the surprising persistence of the wrong
solution. Regardless of many attempts at analysing the situation and despite
partial successes, the student would constantly go back to the wrong answer.
Causes of Zuzanna’s difficulties in solving that task are not obvious.

• Is it the effect of the “old” knowledge possessed by the student on the
formation of their new knowledge? With regard to differential compari-
son tasks, the programme envisaged solving of one-operation tasks. The
calculations made by the student may suggest that she uses learnt stra-
tegies for the purposes of the task given. However, it was clear from the
conducted conversations that she had understood the task situation as
expected, which should have resulted in correct solutions, at least in the
numerical situations.

• Can one link her difficulties with the methodology of work on that type
of tasks? As seen from the course of the whole meeting, understanding of
relationships in the task was hard to change, despite the use of many me-
thodical procedures. Following the student’s proposals or accepting her
ways of representing the task did not bring any effect. The researcher’s
own interpretation put forward (drawing boxes to mark the generality
of a number) was not useful enough for Zuzanna to make use of it on
her own. Perhaps one should really look for other methods of work on
such tasks.
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• The literature mentions the role of egocentrism in the teaching-learning
process. It can be assumed that the content of the task made the stu-
dent analyse relationships from the viewpoint of her own benefits, but
this interpretation is not very convincing. Over the years of her school
education, Zuzanna has learnt to understand the meaning of a text task
and it is difficult to suppose that she treated handing out of candies
literally.

• The use of a theory concerning pseudoanalytic reasoning of students is
more likely. Spontaneous association without a control procedure could be
at work here. The keyword “more” could have masked further procedures
necessary to carry out full reasoning. However, it is still puzzling that the
student would constantly return to the original idea of the task, despite
many attempts at analyses of specific situations.

It seems that, at this stage of research, it is not possible to provide full dia-
gnosis of the observed phenomenon. It is worth noting, however, that a similar
approach to this task was also observed in other students from the group whose
first answer to the task was “2 more”.

5 Conclusion

The research described focused on the methods of solving a task, which I refer
to as complex differential comparison, by students aged 9–11. In the solved
school tasks regarding differential comparison (most often typical ones), the
student either compares two numbers (e.g. expressing the quantities of items
possessed by two persons) or finds a number that is bigger or smaller by some
value than the given number (i.e. they find a number on the basis of a given
relationship between them). Both these situations are connected with the sub-
traction operation and finding of the difference (minuend or subtrahend). In
the task (described in this research) related to the complex differential compa-
rison the situation is different, non-standard relative to school situations. The
quantities of items possessed by two persons should be compared, but those qu-
antities are to be obtained only after certain operations. It is known that those
quantities are identical at the beginning (additionally, they are not described
numerically: “we have the same number of candies”). The final quantity of
each person depends on their initial quantity and the number that specifies
the relationship between those quantities. Therefore, the student should deter-
mine two numbers in that situation on the basis of the relevant relationships as
well as compare the obtained numbers. Combining those different operations
causing students to have difficulties.
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An initial insight allowed determination of three different methods of so-
lving that task by students from that age group.

1. Solving at the level of general values, noticing that a change in the quan-
tities in two equinumerous sets, made by transferring a certain number
from one set to the other, results in a difference between them equal to
a double quantity.

2. Solving by analysing relationships between specific values and then ge-
neralizing the occurring relationships.

3. Giving the wrong answer, where attention is paid only to the fact that
one set gets larger.

Those attitudes were repeated in a group of 25 students. It turned out that
age differences did not have a major impact on the solving methods. Additio-
nally, in the examined age group, the last situation (giving the wrong answer)
was most frequent. Therefore, special attention was paid to the analysis of
ways of reasoning of students showing such solutions. The author tried to spe-
cify in the article what could be the cause of misunderstanding of the situation
presented in the task (research tool). In the case of the research situation rela-
ted to differential comparison, there can be many such causes and they cannot
be separated from each other. One of them may be the impact of experience
gained when solving typical tasks regarding the discussed problem. The habit
of solving tasks of a certain type when covering a given problem gives rise to
associations of such tasks with a phrase used then most often, which is treated
by a student as a key phrase at a later stage of learning. This phrase throws
the student off guard – they switch then to pseudoanalytic thinking and do
not feel the need to verify their reasoning as they are subconsciously convinced
about the correctness of their behaviour.
But the problem of student errors should be looked at holistically, and

a number of factors need to be taken into account when looking for their
origin. As shown in the described research, referring to a specific example
does not always and not with regard to all students brings the intended effect.
This article does not exhaust the subject, and the problem brought up

here is the subject of further research by the author.
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O trudnościach uczniów w zmianie pierwotnego schematu

działania na przykładzie zadania dotyczącego
porównywania różnicowego

S t r e s z c z e n i e

W artykule poddano analizie trudności uczniów 9-11 letnich, ujawnione w trak-
cie rozwiązywania przez nich zadań dotyczących porównywania różnicowego.
Zagadnienie porównywania różnicowego jest tylko przykładem, który ma na
celu zilustrowanie jaki wpływ na skuteczność działań ucznia w obrębie mate-
matyki mają różne czynniki. Należą do nich między innymi: wpływ wcześniej-
szych doświadczeń na kształtowanie nowej wiedzy uczniów, stosowanie, rola
i efektywność kontrprzykładu w sytuacji błędnych odpowiedzi uczniów. Bada-
nia, które opisano w artykule, miały pomóc w odpowiedzi na pytanie, jakie
czynniki wydają się mieć decydujące znaczenie w sytuacji niepowodzeń ucznia
w pracy nad zadaniem użytym w badaniach. W szczególności starano się od-
powiedzieć na pytanie jaka jest – w przypadku błędnej odpowiedzi ucznia –
skuteczność odpowiednio dobranego przykładu w wywoływaniu konfliktu po-
znawczego ucznia, i w konsekwencji prawidłowego rozwiązania zadania.
Analizy przeprowadzonych z uczniami rozmów indywidualnych wskazują

na to, że nie zawsze i nie w odniesieniu do wszystkich uczniów odwołanie się
do konkretnego przykładu przynosi zamierzony efekt. Świadomość nauczyciela
co do takiego stanu rzeczy jest niezwykle istotna. Podobnie, bardzo cenna jest
wiedza na temat przyczyn utrzymywania się błędnej odpowiedzi ucznia mimo
wywołania u niego konfliktu poznawczego.
Artykuł nie wyczerpuje tematu, a poruszane w nim zagadnienie jest przed-

miotem dalszych badań autorki.
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