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Abstract: The aim of this article is to contribute with ndings concern ing
students' ways of experiencing general mathematical struires and, in
particular, relationships in additive structures. When students discern re-
lationships in additive structures, it may lead to positive consequences for
students’ future ability to perform calculations in additi on and subtrac-
tion tasks. In the study, semi-structured interviews were @nducted with
students in grades 3, 8, and 9. An illustration showing a set bdi erent
quantities was the starting point during the interviews, to gether with an
opening question regarding how the diverse quantities codlbe equalised.
After the students' discussions, they were asked if this cold be described
mathematically using written symbols. The students' expressions concer-
ning the phenomenon \relationships between quantities" wee analyzed
using phenomenography as an analytical tool. According to penomeno-
graphy, there are a limited number of ways in which a phenomean can
be experienced. Further, it is not about exploring how many ndividuals
hold a speci c experience that is of interest. In the case of lis artic-
le, it is about capturing qualitatively di erent ways of exp eriencing the
phenomenon relationships between quantities. Despite nopgci ¢ hum-
bers being presented, many students attributed specic nunbers and
values when expressing relationships between quantitiesSThe students
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expressed general mathematical structures only to a limitd extent and,
in those cases, mostly only after encouragement from the imtrviewer.
Following the phenomenographical analysis, the studentsivays of expe-
riencing \relationships between quantities" are: as someting that has to
be calculated, or as something that has to be related. The r$ of these
was most common in all grades. In this study, one critical aspct was
identi ed, namely, that quantities are related to each other, additively.
Instead of introducing mathematics with a focus on answer-dented ta-
sks, it is essential to introduce mathematics based on genal structures
such as additive structures. Even if the students are not fanliar with
such a mathematical \culture", it is worth it. This was conr med in our
study.

1 Introduction

This article concerns students' ways of experiencing genal mathematical
structures and, in particular, relationships in additive structures. Essential
here is a notion of a focus of mathematics as \know why" and notsolely as
\know how."

1.1 Know how or know why

An issue frequently addressed by researchers with di erentheoretical perspec-
tives is that mathematics teaching and learning (often conerning arithmetic)
in the early grades tends to focus on answer-oriented tasksna not on mathe-
matical ideas that go \beyond" the tasks (Kilpatrick, Swa o rd, Findell, 2001,
pp. 271{272). Mason, Graham and Johnston-Wilder (2005, p. 35) stress that
if students focus on particular tasks merely in order to sole them, it may ob-
scure their possibilities to discern general aspects suctsanathematical struc-
tures (see also Ca, Knuth, 2011, p. ix). Further, the consegances and e ects
of mathematics teaching based mainly on speci c numbers inasks, formulas,
procedures, and rules, are that it may lead to \the learned" becoming the
forgotten (Chevallard, 2015, p. 176).

Mellin-Olsen (1981, p. 351) and Skemp (1978, p. 14, 2006, pOY descri-
be mathematics focusing on speci ¢ numbers in tasks (e.g., 8 29 = _ ),
formulas, procedures, and rules, asnstrumental understanding. Chevallard
(2005, pp. 23{24) describes this type of knowing agnow how (praxis). Mathe-
matics teaching mainly focusing on arithmetical operatiors, the instrumental
understanding or know how, can also be termed asrithmetic teaching (van
Oers, 2001, p. 62). What van Oers terms as arithmetic teachig should not be
confused with teaching arithmetic, which is about the four basic operations.
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Although the mathematics is actually about arithmetic, teachers can invite
students to focus on mathematical structures. Mason, Stepans and Watson
(2009, pp. 17{18) emphasize that teaching with a focus on idatifying general
mathematical structures is an important part of mathematic s teaching. This
is in line with what Brousseau (1979) points out: \Knowing mathematics is
not simply learning de nitions and theorems in order to recognize when to use
and apply them" (p. 22). When mathematics teaching is based a relational
understanding the di erence is that there are not a lot of di erent and sepa-
rate rules to remember (Mellin-Olsen, 1981, p. 351; Skemp,ar8, p. 13, 2006,
p. 92). Chevallard (2005, pp. 26{27) stresses that explaimig why techniques
apply, concernsknow why (logos).

Mathematics teaching based on know why can also be understaioas alge-
braic teaching (Davydov, 2008, p. 121; van Oers, 2001, pp. 62{63). In parad
with the above, algebraic teaching should not be confused wh the teaching
of algebra. A paradox may arise since focusing on thé&ow in order to nd
a correct answer instead of thewhy will probably lead to a correct answer
more quickly in a short-term perspective, but in the long run, it may lead to
a restricted understanding (Skemp, 1978, pp. 12{13, 2006, .p93). However,
relational understanding, which means focusing on why, mayprepare students
to meet and grasp new, unknown, \problems" in the future (cf. Skemp, 20086,
p. 92). Students who participate in mathematics teaching fausing on rela-
tionships based on general mathematical structures show gal results already
in early grades in compulsory school, regarding solving métematical tasks
(Kinard, Kozulin, 2012/2008, pp. 76{77; Schmittau, 2005, pp. 19{21; Slovin,
Dougherty, 2004, pp. 212{215; Zuckerman, 2004, pp. 15{16).

The literature above has identi ed that there are several problems repor-
ted concerning mathematics teaching based merely oknow how In order to
qualify teaching based onknow why the aim of the study presented in this
article was to explore students' ways of experiencing mathmatical structures.
The research question is:

What di erent ways of experiencing the phenomenon relatiorships be-
tween quantities can be discerned in student interviews?

The article is structured as follows: First, we brie y add to the argumenta-
tion for the mathematical and theoretical aspects used in tke study reported
here. Second, some methodological considerations are giveThird, the stu-
dents' ways of experiencing relationships between guanties are presented.
Fourth, we ultimately discuss the ndings and provide some monclusions.
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1.2 Additive structures

Vergnaud (1982) emphasizes that, \[a]dditive structures ae a di cult con-
ceptual eld, more di cult than most mathematics teachers e xpect” (p. 58).
When students encounter inverse relationships, for examgl 31 29=_ and
its inverse 29 + __ = 31, they may experience \a basic component in the archi-
tecture of mathematical structures” (Greer, 2011, p. 431).Further, Polotskaia
(2014, pp. 39{41, 2017, pp. 166{170) claims that when teaclig enables stu-
dents to focus on relationships, there is no need for calculens initially . Inste-
ad, this approach enables students to discern and describedditive structures,
for example, and how numbers are related to each other, anthereafter to cho-
ose an appropriate operation. One way of introducing additve structures is to
explore relationships between quantities such as length, raa, or volume, for
example, instead of relationships between numbers (Davydq 1975b, p. 131).
Further, Davydov (2008, p. 128) advocates an early introdudion of relation-
ships between quantities where concepts and signs such asjwal to," \greater
than," and \less than," have a mediating function, enabling students to re ect
on and grasp the concept of number. Teaching concerning retimnships be-
tween quantities is thus advocated to precede the concept afiumber. Before
handling speci c numbers, Davydov (2008, p. 128) argues thathe students
need to explore and identify quantities with general symbos, such asa, b, and
c. The relationship betweena, b, and ¢ can be described with a \part-whole
structure" (Carpenter, Moser, 1982, pp. 17{20; Ng, Lee, 200, pp. 283{286;
Schmittau, 2005, pp. 19{20). In order to visualize a structure, thus enabling
students to discern relationships as a \part-whole structue,” graphical re-
presentations can function as mediating tools: as learningnodels (Davydov,
2008, p. 95, p. 151). A learning model, which should not be cdounded with
mathematical models, is a visual (and sometimes tactile) mdel that captures
structural, but abstract properties that students need to discern. Further, a
learning model functions as a communicative tool for colletive exploration of
the phenomenon and its abstract properties (cf. Eriksson, 17, p. 77; Davy-
dov, 2008, pp. 94{95; Gorbov, Chudinova, 2000, pp. 1{4).

b/a\c

Figure 1: An example of a learning model depicting a part-whole struct ure.
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For example, in the above depicted learning model (Davydov,2008, pp.
126{127; Schmittau, Morris, 2004, p. 68),a can be described as the \whole",
which can be built up by the \parts" ( b and c). The same relationship can
then be described asa b= ¢, b+ c=a;c+ b=a anda c= b These
four di erent ways of describing the same relationship, Scimittau (2004, pp.
27{28) termed as the four members of thefact family. In the fact family, the
additive structure and the inverses of addition and subtradion appear clearly.
b+ c= a, and c+ b= a, describe the situation where the two parts build up
the whole. Thus,a b= canda c= b, instead, describe that, in taking away
one part from the whole, the other part is what remains. In order to formulate
all four members of the fact family, the students need to abstact and to go
beyond the original situation, instead focusing on the reldionship between
the quantities. Also Davydov (1975b, p. 131, 2008, p. 128) ath Schmittau and
Morris (2004, pp. 67{70) discuss the four possible ways, desbing the same
relationship, although without using the concept fact family.

This article adopts additive structures as described aboveand we will re-
turn to the learning model (Figure 1) in the conclusion. In the analysis and
the ndings presented below, the focus is both on know why in he sense of
relationships between quantities in additive structures, as presented in rela-
tion to Figure 1 above, and on the extent to which the students carry out
abstractions, mainly in the sense of going beyond the origial situation.

2 Methodological considerations

In this section the phenomenographical approach, the sampgl, the interviews,
the analysis, and ethical considerations are described.

2.1 A phenomenographical approach with regards to student
interviews

In order to nd qualitatively di erent ways of experiencing relationships be-
tween guantities, phenomenography was chosen as a methodgical approach
(Marton, 2015, p. 99), where the chosen method for data prodction was stu-
dent interviews. A basic assumption in phenomenography is rst, that people

experience a phenomenon in qualitatively di erent ways, wtich depends on
their individual backgrounds, and second, that there are a imited number of
ways in which a phenomenon can be experienced. Thus, when pae relate to
a phenomenon, as in an interview situation for example, thei previous expe-
riences will be the basis for what they express. When analysg interview data,

the aim is to describe qualitatively di erent categories of ways of experiencing
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a phenomenon (Eriksson, 1999, pp. 35{36; Marton, 2015, p. B). Further,
according to phenomenography, it is not how many individuak express a spe-
ci c way of experiencing a phenomenon that is of interest. M@eover, in an
interview, a single person can express one or several ways @tperiencing a
phenomenon. Therefore, the ndings are presented as, for exnple, \some stu-
dents' ways of experiencing the phenomenon are as..." or \seral students'
ways of experiencing the phenomenon are as..." A phenomen@phical ana-
lysis requires a comparative reading of the transcribed ing¢rviews, while at
the same time trying to capture what experiences may lie bemd the spoken
words.

In order to explore students' ways of experiencing relatioships between
guantities, semi-structured interviews were conducted wih pairs of students,
totalling thirty, in Sweden. One researcher (Tuominen) interviewed eight pairs
in grade 3 (9 year olds) and one researcher (Andersson) intelewed seven pairs
of students in grades 8 and 9. The students in grade 3 attendethe same scho-
ol, and the students in grade 8 and 9 attended three di erent £hools. Further,
despite their di erent ages, the students had, according totheir teachers, simi-
larly limited experiences of teaching based on general mattmatical structures
(know why).

The sample of students was obtained by direct and goal-orieied (purposi-
ve sampling) methods, and thus, not randomly (Bryman, 20112002, p. 393).
The intention was to interview students who, according to their teachers, had
not previously met general mathematical structures as addessed in this ar-
ticle. The teachers chose and identi ed students based on tair demonstrated
abilities to solve mathematical tasks. The students were dected from di erent
performance levels: those who solved regular tasks in a rdlaely straightfor-
ward manner, those who struggled with the mathematical tasls, and those
who were somewhere between these two groups. The intentiorf these three
groups was to nd as varied ways of experiencing the phenomeam as possible.

The students in each pair knew each other well. Each intervier was 30{
60 minutes long and was conducted in a detached room, sepaed from the
ordinary classroom. The interview guide was designed by thévo main authors
of this article (Tuominen, Andersson), and was piloted with two students of the
same age as the students who participated in the study, befar the interviews
were conducted. During this process, the interview guide wa slightly revised.
One revision was to use a slightly di erent illustration for the older students,
since the illustration in Figure 2 did not seem to challenge o to enable these
students to communicate theoretically about relationships. Thus, the nal
interview guide consisted of di erent illustrations for th e di erent age groups.
Further, directed, although still open, questions were askd, with the same
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guestions for both age groups. White unlined paper and pents were available
for the students to use, in case they wanted to draw and/or wrie something in
order to clarify their reasoning about the relationship between the quantities.
The interviews were audio- and video recorded and transcribd.

As mentioned above, the phenomenon of interest was relatiaghips betwe-
en quantities. In order to enable the students to talk about relationships such
that it would be possible to analyse their ways of experienaig (cf. Marton,
2015, pp. 90{91) the phenomenon, an illustration (see Figues 2 & 3, below),
inspired by a textbook, was presented initially during the interviews. The te-
xtbook is based on Davydov's research and general mathematal structures
(Davydov, Gorbov, Mikulina, Saveleva, 2012, p. 22, p. 25). he intention be-
hind using illustrations, and not concrete objects or tasks was to enable the
students to focus on possible mathematical structures and ot on manipula-
ting the objects, or merely to focus on calculating tasks as rantioned in the
Introduction, in line with what Kilpatrick et al. (2001, pp. 271{272) and Ma-
son et al. (2005, p. 135) stress. Further, the context used shuld be familiar to
the students. Moreover, the assignment should enable the atlents to discuss
the mathematical structures theoretically (Davydov, 2008, pp. 93{94).

Figure 2: The illustration shown to the students in grade 3.

As an interview started, the students in grade 3 were shown tle illustration
(Figure 2), displaying two jugs with di erent quantities. A nother illustration
(Figure 3), displaying three cylinders with di erent quant ities, was shown to
the students in grades 8 and 9.
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Figure 3: The illustration shown to the students in grades 8 and 9.

The illustration in Figure 3 displays three cylinders, with di erent quan-
tities. The quantities are identi ed by the same letters as in the mentioned
textbook by Davydov and his colleagues.

Although the illustrations used during the interviews were di erent for the
di erent grades, the interview guides were identical and the assignments and
guestions were similar. Initially, during the interviews, the students were told
to change the quantities in the jugs or the cylinders. The interviewer said: As
much as is here [pointing to one of the quantities], should behere [pointing
to the other jug in Figure 2; one other of the quantities in Figure 3]. How can
that be solved? After the students in each pair reasoned abdihow the volume
could assume equal quantities, they were asked whether it edd be described
mathematically and, if so, in what way. Later, the students also were encoura-
ged to write their suggestions on paper. Since the students ere interviewed in
pairs, they discussed a lot with each other and the interviewr's role was, to a
large extent, to listen and to ask supplementary questions Wen necessary. If
the students merely used speci c numbers, the interviewer aked: Do we know
how much the amounts are? During this discussion, the interiewer asked a
qguestion like: Can we label the amount (for example, the amout in the left
jug) as A? After that question, the interviewer did not ask further qu estions
regarding general symbols, thus, the students had further gcussions on their
own. Using quantities and mathematical symbols, Davydov (D08) stresses as
following:

[...]1itis only the use of the letter formulas that produces an abstrac-
tion of the mathematical relation. But the letter formulas r ecord only the
results of real or mental actions with objects, while a graplical represen-
tation [...], being a visible quantity (a length), enables the children to
perform real transformations whose results can be not merglimagined
but also observed (p. 151).
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Zuckerman (2003, pp. 184{185, 2004, pp. 10{11) complement®avydov's
guote above when claiming that teaching based on general maematical struc-
tures enables students to abstract and to develop sustaindb re ective abili-
ties. In the study for this article, we did not actually teach, but similar reaso-
ning was the basis for conducting the interviews through sitiations where the
students were invited to display what Zuckerman would labelas abstract and
re ective abilities.

2.2 The phenomenographical analysis

According to phenomenography (Eriksson, 1999, pp. 32{36; Mrton, 2015,

pp. 106{107), and in order to capture the students' ways of eperiencing the

phenomenon relationships between quantities, the analysiwas conducted as
follows:

the audio- and video recordings were studied several timesybTuominen
and Andersson,

the interviews were transcribed and the transcripts were rad several
times,

the students' expressions, both oral and written, concermg the pheno-
menon were highlighted,

the expressions were analysed and interpreted as ways of eaiencing
the phenomenon.

Below, the analysis is described in more detail.

In the phenomenographical analysis, it was not what the stuents said (or
did) concerning the phenomenon that was the focus of the angkis, rather it
was the possible ways of experiencing underlying their exgssions (Eriksson,
1999, p. 33). In the analysis, the students' oral and writtensigns and actions
were taken into consideration. In the students' use of signsfor example ma-
thematical symbols, graphs, written and spoken words, and ther di erent ar-
tefacts, such as rulers, helped to identify ways of experiesing the phenomenon
(Radford, 2000, pp. 259{262, 2010b, pp. XXXV{XXXVI; Radfor d, Schubring,
Seeger, 2011, p. 150). The process of the analysis focused what the stu-
dents expressed concerning the relationships between gquigies and on what
experiences their expressions maybe based.

During the comparative reading of the transcribed interviews, the students'
expressions, relevant for the analysis and the interpretabn, were highlighted.
An example of an expression which was highlighted is \And the [...] we need
to add to C to get the total of nine centimetres, which we callA." The reason
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for highlighting this expression was that it was an expressn re ecting how the
students experience the relationship between the quantigés calledC and A.

In the analysis, when interpreting the students' di erent e xpressions we
were in uenced by what, for example, Mason et al. (2005, p. 18) emphasize
concerning that if students are focused on solving tasks byaiculating some-
thing, it may obscure their possibilities for discerning gaeral mathematical
structures. In the analysis we could also draw on previous r&arch, for exam-
ple, Chevallard (2005, pp. 23{24, pp. 26{27) concerning kn&w how and know
why, and Skemp (1978, pp. 13{14, 2006, pp. 90{92) concerningstrumental
and relational understanding. Further, the analysis was inuenced by Ver-
gnaud (1982, p. 58), concerning additive structures, as wehs Davydov (2008,
p. 95) concerning relationships between quantities. Thusprevious research
supported the analytical work.

In the analysis, students' ways of experiencing the phenonm®n were ca-
tegorised into qualitatively di erent categories (Marton , Pang, 2006, pp. 203{
204). In the Findings section below, students' expressionsvill be used as il-
lustrations of the categories as excerpts or as descriptian Thereafter, the
analysis and interpretations of the expressions will be preented as students'
ways of experiencing the phenomenon.

The ndings depicting the qualitatively di erent ways of ex periencing the
phenomenon consist of two main categories that together fan what in pheno-
menography is called anoutcome space(Marton, 1995, p. 164). In the outco-
me space (Figure 4) identi ed in this study, the categories ould be arranged
hierarchically, where one category indicates a more nuanceunderstanding.
Further, the analysis led to two sub categories specifying &h of the two main
categories.

According to phenomenography, what it means to experience gheno-
menon, and what distinguishes between two di erent ways of &periencing a
phenomenon, is called acritical aspect of the phenomenon (Pang, 2003, pp.
151{152). In this article, we identi ed one critical aspect related to the phe-
nomenon relationships between quantities.

2.3 Ethical considerations

All parents or guardians of students involved in the interviews received a let-
ter of formal notice where they were asked to agree (or disage) with their
children participating. It was stated clearly in the letter that audio- and video
recordings would take place. The participating students wee informed about
these intentions. The students were also informed about howhe data wo-
uld be used and handled, for example to include what they wou calculate,
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draw, or write during the interviews. The students were informed several ti-
mes that they had the right to interrupt the interview withou t any negative
consequences (see Codex; The Swedish Research Council, 2qdp. 26{27).

3 Findings

In the ndings, examples of what the students were saying conerning relation-
ships between quantities are presented, and can be seen asaxles of data for
the phenomenographical analysis. As mentioned in Methodalgical Considera-
tions, the students' expressions were analysed and intergted as their ways of
experiencing the phenomenon relationships between quarigs. As mentioned
above, the interview guides were identical, and the assignents and questions
were similar for both age groups. According to phenomenogahy, the analysis
is about capturing qualitatively di erent ways of experien cing a phenomenon.
The ndings from this study are presented from all three grades. In those cases
where there are a di erence between the di erent grades, it wll be noted.

3.1 Students' ways of experiencing relationships between g u-
antities

The students, regardless of grade, talked about the relatinships between qu-
antities in more or less general terms. Mostly, the studentgtalked about the
speci ¢ quantities in the illustration using speci ¢ numbe rs, even though no
speci ¢ values were given in the assignment. The students' gneral and speci ¢
expressions were di erent; for example, whether they usedgeci ¢c numbers or
general symbols, or whether their reasoning was based on thgiven illustration
or not. One example of when students \went beyond" the shownliustration is
when they presented another, similar, example. Furthermoe, students someti-
mes described the speci ¢ situation depicted in the illustration, and sometimes
not. Some students expressed relationships between quatitis, in several ways
(see fact family in the Introduction section).

In this section, we present the result of the phenomenograpisal analysis.
Although phenomenography does not focus on how many of the terviewees
are represented in a speci ¢ category, it may be of interest® know if there were
merely one or two, or several students. In order to give that ype of information
we use words such as some or several in relation to the studentAccording to
the analysis, an outcome space with two main categories wasisterned (see
Figure 4). In relation to each respective main category, twospecifying sub
categories were identi ed and the categories were arrangetlierarchically.
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Figure 4: The outcome space concerning the main categories, the sub ctegories, and the
critical aspect are depicted.

As depicted in Figure 4 above, the main category 1:something that has
to be calculated with its two sub categories, cracking a code and attributing
a value represents less quali ed ways of experiencing relationshs between
guantities. Further, this way of experiencing the phenomeron represents most
of the students' responses. The main category 2something that has to be
related, with the two sub categories,identifying parts and wholesand exploring
possible relationships involves experiences that are more quali ed and shows
a deeper understanding of the phenomenon. What distinguisks between the
two di erent ways of experiencing relationships between qantities, is labelled
acritical aspect (Pang, 2003, pp. 151{152). The critical aspect identi ed in this
study was formulated astwo quantities together (two parts) build up a third
guantity (the whole) with the same \value" as the two parts tgether. In order
to experience relationships between quantities in a more cali ed way than
\something that has to be calculated," the students need to dscern that the
guantities are related to each other (see Figure 4 above). Té critical aspect
will be described in more detail in the last section of Findirngs.
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3.2 Main category 1. Something that has to be calculated

In the main category 1, the students attributed speci ¢ humbers to the quan-
tities, sometimes mixed with general symbols, in order to beable to perform
a calculation. Some of the students expressed that \if you donot have any
values, you cannot solve the task.” This nding is in line with what Skemp
(1978, p. 14, 2006, p. 90) describes as an instrumental undganding of mathe-
matics. In this category, the students draw on teaching theyhave previously
met, and therefore they express that some kind of numerical mswer should be
produced.

The students tried to handle the assignment by transforming either the
symbols or the quantities into numbers or percentages in thdasks, to which
they were then able to calculate an answer. According to the pocess in the
phenomenographical analysis of this study, presented in tb Methodological
Considerations section, two sub categories were identi edThe two sub cate-
gories are elaborated below, and then follows a descriptiviext, based on the
students' expressions. Thereafter, the analysis and intgretation of students'
ways of experiencing the phenomenon, is presented.

3.2.1 Sub category 1A: Cracking a code

In sub category 1A, some students in grade 3 converted the legrs into num-
bers, as if the letters were a \code."

Example: A is worth one, since it is the rst letter of the alphabet

During the interviews, the interviewer and the students discussed whether
guantities could be denoted by general symbols as letters. @ne students in
grade 3 converted the lettersA, B, and C into specic
numbers, referring to the letters' respective positions in
the alphabet, such asA = 1; B = 2; C = 3, and so p**z, z
on. Converting letter symbols into speci ¢ numbers ap- Z\" S
peared to be problematic when the students and the in- :.B 0
terviewer discussed how the quantitiesA, B, and C were :
related to each other, since the largest quantity was de- '9ure 5 Astudent

. converted letters into
noted by A. One student disagreed thatB plus C could  gpecic numbers ba-
be equal toA since, according to the student's statement sed on the letters' po-
that A =1; B =2; C =3 and therefore 2 plus 3 is not Sitions in the alpha-
equal to 1. bet.

One student in grade 3 tried to convince the interviewer thatonly A+ B =C
or B+ A = C describes a possible relationship, noB+ C= AorC+ B = A.
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In the analysis, it became clear that the student rst focused on the ne-
ed to calculate something. Because only general symbols wewgiven, it was
not possible to calculate anything. Since the student clained that the given
general symbols have a speci ¢ value, based on the letters' gsitions in the
alphabet, the student's response was interpreted as a way afxperiencing the
phenomenon as something that has to be calculated. More spietally, it was
interpreted as a code to be cracked (in order to manage to caldate and to
solve the assignment). Possibly, the students have previaly mostly met ma-
thematics teaching where each calculation requires numbsr and therefore the
letters must be converted into numbers.

In sub category 1A, only students from grade 3 were represert.

3.2.2 Sub category 1B: Attributing a value

In sub category 1B, students expressed the speci ¢ relatioghip between the
guantities by attributing values to speci ¢ numbers, sometimes based on esti-
mated sizes of the quantities visualized in the illustration.

Example: \That's approximately eleven litres"

One example from a student in grade 3 is shown in Excerpt 1, wire the
student described the sizes of the quantities in the jugs.

Excerpt 1, grade 3

Ami: | am thinking about... here it was... maybe this [the jug with

larger quantity] is fourteen litres [the student draws two jugs with dif-
ferent quantities] and this one [the jug with a smaller quantity] will be

as much [as in the jug with larger quantity]. [...] And then, t hen that's
approximately eleven litres [the jug with a smaller quantity]... and then
they need a bit more... then we shall... then we will have this eleven
and fourteen [the student writes \11" above the jug drawn by the student
herself with the smaller quantity, and \14" above the jug wit h the larger
quantity.] [...] Then we have to add three [writes \+3" on the side of the
jug with a smaller quantity]. And now there is fourteen there [rewrites
\11" as \14"].

The student expressed the actual situation as 11 + 3 = 14, and ot one of
the other ways to describe the same relationship between thguantities (e.g.,
14 3=11or14 11=3).

Another example is a student in grade 9 discussing the quanty H and
comparing the quantity with the quantity P (see Figure 3). In Figure 3, there
are three quantities, but rst the students discussed the rdationship betwe-
en the quantities H and P. This student decided a value by estimating the
guantity H, rst as two centimetres, and then as one and a half centimetes.
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In order to obtain a value, students sometimes measured withheir ngers,
with their pencils or merely attributed a value, estimated by their \naked
eyes." There are also examples of when students in grade 3 csiructed their
own measuring tools, drawing a ruler next to the jugs on the ilustration, thus
attributing a value to the quantities inside the jugs.

In the analysis of data such as Excerpt 1, as well as the abovexample
from grade 9, it was identi ed that the students estimated th e quantities, and
thereafter attributed speci c numbers or values to the quartities on the given
illustration. This is shown when the student in grade 3 attributed the quantity
of fourteen litres to the jug with larger quantity, and, from that, decided that
the value for the other quantity was eleven litres. This is aso shown when the
student in grade 9 nally estimated the quantity H as one and a half centime-
tres. According to the students' expressions, it was conclded in the analysis
that relationships between quantities are experienced asanething that has to
be calculated. Accordingly, the students attributed a value, based on an esti-
mate. Possibly, the students have previously met mathematis teaching where
tools are required when measurements are to be performed fadentifying and
attributing correct values of quantities in order to solve an assignment. When
there is no tool, you need to nd an approximate value.

Example: \Add one to B"

Students also expressed the actual mathematical situationand the specic
relationship between the quantities shown in the illustration using specic
numbers mixed with general symbols. In an example from grade, the inte-
rviewer and a student discussed how the quantities in the twojugs could be
made equal:

Excerpt 2, grade 3

Interviewer: Could this [the larger quantity] be called \ A?" Could we call
that quantity \ A"?

Ben: And this [the smaller quantity] is \ B." [The student points with his
pencil to the smaller quantity, and writes \ B".] [...]

Interviewer: If we are talking with \math language” then, wh at was it
we needed to do, what did we say? [To assume an equal quantityiB,
asinA]

Ben: We might have to add one toB. [Ben writesB +1 = A]

When the interviewer encouraged the student to express howhe quantities
related to each other with \math language", the student expressed the dif-
ference between the two quantities (identied by A and B) with a specic
number (one).

Another example related to \Add one to B" is when two students in grade
9 discussed and compared the quantityA with the quantity P (see Figure 3),
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and nally wrote: " A +3X = P". These students in grades 3 and 9 talked
about the actual mathematical situation given in the illust ration. This is shown
when the student in grade 3 said, \We might have to add one toB", and wrote
\B +1= A", and not one of the other ways to describe the same relatiortsip
between the quantities (e.g.,A 1=B orA B =1).

It appeared that the student in grade 3 accepted the interviever's proposal
to identify the larger quantity as \ A", and thereafter, by himself, immediately
proposed "B" for the smaller quantity. However, when discussing how to make
the quantities equal, the student expressed: \We might haveto add one to
B." The students in grade 9 also tried to solve their assignmenhby mixing
general symbols with speci c numbers. In the analysis, the sudents' ways of
solving the assignments were interpreted as students' way®f experiencing
relationships between quantities are as something that haso be calculated.
Further, when there is an unknown, it has to be represented bya speci ¢ value,
and therefore you have to insert a speci ¢ number. Possiblythe students have
previously met mathematics teaching which suggests that aalculation always
requires numbers to nd an answer.

Example: \P { 25% = H"

In another example, two students in grade 8 discussed what mat be done with
the quantity in the full cylinder (quantity P, in Figure 3) to assume a lesser
guantity, as illustrated in the right cylinder (quantity H) (see Figure 3). The
students explained that the cylinder containing quantity P is absolutely full,
\containing 100%" (in the words of the students), and estimated the quantity
H to be three quarters of the quantity P, three quarters of the whole, \75%."
The students expressed the actual situation as: \one hundré per cent minus
twenty- ve per cent is seventy- ve per cent." The students w rote: 100% { 25%
= 75%. The students also expressed that one hundred per cent imus seventy-
ve per cent is equal to twenty- ve per cent. When encouraged to describe
what to do when the quantity P has to assume a quantity equal toH, the
students wrote: P H = 25%, and then they corrected the expression to:
P 25% = H. The students attributed the quantity P with the speci ¢ value
100%, the quantity H with 75%, and the di erence between the two quantities
as 25%. This shows that the students expressed the relatiohgp with speci c
values and not with general symbols. The students did not go kyond the actu-
al situation, since the letter symbols and the chosen perceaages correlated to
the given illustration. These students converted the quantties to percentages
based on their estimates from the illustration. The students' expressions were
interpreted in the analysis as students' ways of experiencig the phenomenon
are as something that has to be calculated and, in this examg@, using percen-
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tages. Possibly, the students have previously met mathemats teaching where
they normally should produce a numerical answer.

In sub category 1B, students from all three grades were repsented, al-
though it was only the older students who were talking about percentages.

3.3 Main category 2: Something that has to be related

In main category 2, the students' ways of experiencing reldabnships between
guantities are: as something that has to be related. This is gpressed by the
students with speci c numbers as well as with general symbd. Regardless of
how the students expressed the relationship, they focusednomathematical

structures, in line with what Mason et al. (2009, pp. 17{18) enphasize as
important. The students apparently draw on the mathematics teaching they

met earlier, saying that the quantities are related in some vay, for example,

as parts building up a whole. The students in the study tried to handle the

assignment by describing the relationship using the inveres of addition and

subtraction, which Greer (2011, pp. 431{433) describes as &asic part of

mathematical structures.

3.3.1 Sub category 2A: Identifying parts and wholes

In sub category 2A, students expressed that parts build a whte.
Example: B and C build up A

An example is from grade 3, where a pair of stu-
dents and the interviewer identi ed the quantities in
the given illustration with A (the larger quantity),
B (the smaller quantity), and C (the di erence be-
tween A and B). During the interview, one of the
students drew his own illustration (Figure 6).

Figure 6: A relationship
expressed by a student's
own general graphics.

At the same time as the student was drawing, he explained the reaning
of his illustration (see Excerpt 3, below).

Excerpt 3, grade 3

Elif: If this maybe, if this... thing [draws a rectangle] maybe is ve.
Yes, and then you... have this one [draws another rectanglesmaller
than the rst], maybe is three then. Then that is A [the larger rectangle]
then... [the student writes \ A" above the larger rectangle]. And then
here [referring to the smaller rectangle] you have &8... [writes\ B" and
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3 above the smaller rectangle]. And then aC there [writes \C" and 2
above the smaller rectangle and the symbol €" indicating the di erence
between \A" and \ B"].

In Excerpt 3, the student gave an alternative example (usingrectangles) of a
relationship between quantities, di erent from the given illustration with the
jugs (see Figure 2). The student's example described a sitdi@n corresponding
to the actual situation based on the jugs. The student chose lhe same letter
symbols for the rectangle quantities as on the given illustation; A, B, and C.
Subsequently, the student attributed a speci c number to each of the respective
rectangles: 5, 3, and 2. In the illustration (Figure 6) the value 5 is not written.

Another example is from grade 9, where a student is discussinthe rela-
tionships between two of the three quantities; in this exampe, A and P (see
Figure 3).

Excerpt 4, grade 9

Inez: Maybe you have to subtractA from P? [...] then [...] if you have
a whole, this is a whole [points to the quantity P]. [...]

And then you should take away this [points to the empty space (n the
cylinder) above the quantity].

In Excerpt 4, the student discussed the relationship betwer the three quanti-

ties A, P, and the empty space (the unknown), and mentioned quantityP as
\a whole". The student's example was based on the speci c ilustration. In the

analysis, the student's expressions were interpreted as #students' ways of
experiencing the phenomenon are as something that has to belated, additio-

nally, as identifying parts and wholes. According to Excergs 3 and 4, students
may have previously met mathematics teaching suggesting that relationships
can be described with geometric shapes and implicitly desdring the parts

that build up a whole. Describing relationships as a \part-whole structure"

is mentioned in the Introduction (see Carpenter, Moser, 198, pp. 17{20; Ng,
Lee, 2009, pp. 283{286; Schmittau, 2005, pp. 19{20).

In sub category 2A, students from all three grades were repigented.

3.3.2 Sub category 2B: Exploring possible relationships

In sub category 2B, students described relationships betwen quantities and/or
between numbers. They talked about the speci c relationshp in more than one
way: describing both the actual situation, as well as going leyond the actual
situation with speci ¢ numbers, or a mix of specic numbers and general
symboals.
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Example: \4 + 1=5 aswellasb 1=4"

In one example, a student in grade 3 attributed speci ¢ numbes to the quan-
tities in the illustration when stating that the same relati onship between the
guantities could be described by 4+1=5as wellas by 5 1=4.

Excerpt 5, grade 3

Connie: Eh, that one [pointed at the jug with larger quantity ] has ve...
decilitres and that one [the jug with a smaller quantity] has four and then
you can pour another decilitre [the student wrote 4+ 1 =5]. [...].
Interviewer: Can you write that in another way? [The student wrote
5 1=4].

Here, the student expressed the same relationship in two dierent ways. This
is shown when the student wrote \4 + 1 = 5" which corresponds to the ac-
tual situation, when adding a quantity to the smaller quanti ty, to obtain the
larger quantity. The student also wrote \5 1 = 4," which describes a situ-
ation beyond the actual situation, although describing the same relationship.
Thus, the student expressed the same relationship with addion and its inver-
se subtraction. According to the analysis, the students’ wgs of experiencing
the phenomenon were interpreted as something that has to beetated, and,
further, that the same relationship can be formulated in sewral ways, as the
inverses of addition and subtraction. Possibly, the studets have previously
met mathematics teaching demonstrating addition and subtraction as related
to each other.

Example: \B + C = A and therefore A B = C

In another example, the quantities were identied as A, B, and C by some
students in grade 3 in discussions during the interviews. Wkn the students in
one pair were asked to describe how the quantities (see Figar2) were related
to each other, one of the students wroteB + C = A and, further, A B = C.
The other student in the pair then wrote: A C = B. Another example is from
grade 9 when students discussed the relationships betweehé three quantities
A, P, and the empty space, the unknown (see Figure 3). The studestdenoted
the empty space asC and wrote: A + C = P and further, P C = A. Later
the students in grade 9 now discussing the relationship beteen the quantities
P, H, and the empty space aboveH, which they denoted asE and also wrote
P E=HandP H=E.

In these cases, the students described the relationship witgeneral sym-
bols. The students in these examples expressed the same ataship with
addition and its inverse subtraction. According to the analysis, the students'
ways of experiencing the phenomenon are as something that bao be related
and, further, when B + C = A is valid, the same relationship can be formu-
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lated by a subtraction. Additionally, it does not matter whi ch part is taken
away from a whole, the relationship is still the same. Possily, the students'
responses indicate that they have previously met mathematis teaching that
no matter what part is taken away from the whole, the same reldgionship is
described, as well as that addition and subtraction are invese mathematical
relationships.

Example: Four possible ways

In this example, two students in grade 9 talked about a relatbnship between
the symbols within expressions. The students expressed thgame relationship
in four possible ways and further, one of the four was express! with the sum
to the left of the equals sign.

Figure 7: The same relationship, formulated in several ways (the pict ure is
reconstructed due to the poor quality of the original image) .

In the analysis, the students' expressions were interprete as the students'
ways of experiencing the phenomenon are as something that kao be rela-
ted, and that the same relationship can be formulated in fourdi erent ways.
Possibly, the students have previously met mathematics teehing where the
same relationship has been expressed in several ways.

Example: \No matter how much it was from the beginning"

Excerpt 6 illuminates how students expressed that general yanbols are al-
ways valid, and that relationships between quantities in a general way can be
expressed with general symbols.

Excerpt 6, grade 9

Gry: No, but, like... it's not, not [one] hundred per cent, but, but...
that you show [it] like this, that X, this is X, because it K] maybe not is
[one] hundred per cent, but insteadX being like it... | do not know how
to explain this, but that... [...]. Yes, but | think that like ... yes, for
example, if you look at these [the quantities] if you would nd know. ..
the size and such things... then you us& and Y ... and letters... [...]
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. Sso you can know... keep an eye on them. .. approximatelyjke that,
yes... itis... it. And if you add it together with Y, then you get... yes,
KI[..]

Helin: | thought approximately like Gry. But it may be fty pe r cent
instead of one hundred. But when you removeY from X, it is always as
much asK. No matter how much it was from the beginning.

One of the students in the excerpt above formulated a genera¢xpression wi-
thout any support from the given illustration, although she referred to the

illustration when giving a general example, while not knowng the value of
the quantities. She also said that the quantities could haveany value from

the beginning, though the relationship is still the same andthe letter symbols

are always valid. According to the analysis, the students' vays of experiencing
the phenomenon are as something that has to be related, regdiess of general
symbols or specic numbers. Further, the students related b this example,
experiencing the phenomenon as: It does not matter how much ahole assu-
mes from the beginning, it is still the same relationship. P@sibly, the students
have previously met mathematics teaching where general sybols have been
used when describing relationships. This nding may be in lne with what

Skemp (2006, p. 92) points out when stressing that relationaunderstanding

may prepare students to grasp unknown tasks.

In sub category 2B, there were students from all three gradesepresented.
It was, however, only the older students who represented \Far possible ways"
and \No matter how much it was from the beginning. \Four possible ways"
represents the four di erent ways of describing the same reltionship, and are
in line with \the fact family," mentioned in the Introductio n (see Davydov,
1975b, p. 131, 2008, p. 128; Schmittau, 2004, pp. 27{28; Sclittau, Morris,
pp. 67{70).

Those students who paid attention to the relationship were nitially ana-
lysing the relationship between the quantities, and thus na merely focusing
on nding an answer. When they talked about relationships, they used either
speci ¢ or general expressions.

3.4 The critical aspect

In this study, two qualitatively di erent categories were i denti ed, based on the
students' expressions concerning relationships betweerugntities. The expres-
sions were analysed, and interpreted as students’ ways of periencing the
phenomenon. According to phenomenography, mentioned abevin Methodo-
logical Considerations section, what it means to experiene a phenomenon,
and what distinguishes between two di erent ways of experiencing a pheno-
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menon, is called acritical aspect (Pang, 2003, pp. 151{152). The students'
ways of experiencing the phenomenon relationships betweeaguantities are, as
something that has to be calculated and as something that haso be related.
What distinguished these two main categories is the critich aspect identi ed
in this study. In Figure 4, the critical aspect is placed between the two main
categories. In order to experience the phenomenon relaticahips between qu-
antities in a more quali ed way than \something that has to be calculated,"
the students need to discern that the quantities are relatedto each other.
Therefore, teachers need to enable students to discern theitical aspect: two
guantities together (two parts) build up a third quantity (the whole) with the
same \value" as the two parts togetherlIn this way, the critical aspect captu-
res that it is about an additive structure. The same relationship can also be
expressed asif one of the parts is taken away from the whole, the other part
is what remains This critical aspect and consequences that this may imply
for teaching will be discussed below.

4 Summary of ndings and concluding discussion

In the analysis, two qualitatively di erent categories wit h two sub catego-
ries respectively, depicting students' ways of experiencig the phenomenon
relationships between quantities, were identi ed. Categay 2 (something that
has to be related) represents a more quali ed understandinghan category 1
(something that has to be calculated). The main categories ad a short de-
scription of each, including the two sub categories speciing each category,
are summarized in Table 1 below. The critical aspect identied in the study
is mentioned below Table 1.

In order to experience relationships between quantities ira more quali ed
way, teachers need to enable students to discern the critidaaspect: two quan-
tities together (two parts) build up a third quantity (the whole) with the same
\value" as the two parts together This critical aspect can also be formulated
as: if one of the parts is taken away from the whole, the other partemains.
The critical aspect in this study was identi ed by comparing the two main
categories in the outcome space (Figure 4).

The examples depicted in Table 1 are representative of the tagories.
Despite the fact that the study involves students from di er ent grades, the
analysis shows that the students, regardless of grade, canold the same or
similar ways of experiencing relationships between quanties. Further, from
the students' utterances presented above in the Findings s#ion, it was clear
that some students hold both ways of experiencing relationsips between qu-



Relate before calculate: Students' ways of experiencing

27

antities during an interview, for example, when giving another example. This
is consistent with phenomenography, as mentioned previodg in the article:
the same person can hold di erent experiences of a phenomeno(Larsson,

1986, p. 36).

Main category and
their descriptions

The students experience
relationships between qu-

antities as...

Sub categories and

their descriptions

Examples

1. something that has to
be calculated
Students indicate that a
numerical answer should
be produced.

1A. Cracking a code
...something to be calcu-
lated based on converting
letters to numbers

\ A is worth one, since
it is the rst letter of
the alphabet"

1B. Attributing a value
...something to be calcu-
lated with attributed va-
lues, sometimes estimated
from the illustration

\That's approximately
eleven litres"

\Add one to B"
\P 25%=H"

2. something that has to
be related

Students describe a rela;
tionship between quanti-
ties and between numbers

2A. Identifying parts and
wholes

...something that is built
up by parts

B and C build up A

2B. Exploring possible re-
lationships
...something that can be
formulated in several dif-
ferent ways

\4+1 =5 as well as
5 1=4"

\B + C = A and there-
foreA B =C"

Four possible ways

\No matter how much
it was from the begin-
ning"

Table 1:

The Categories and Their Descriptions.

As mentioned, it was not how many students who represent a specic
experience which was of interest in the study. Instead, it wa about identifying
possible qualitatively di erent ways of experiencing(Marton, 1981, pp. 177{
178) relationships between quantities. Still, it can be interesting to notice that
most of the students' ways of experiencing relationships bieveen quantities
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are as something that has to be calculated, according to cagory 1. Students'
ways of experiencing the phenomenon as something that has tbe related
(category 2) were represented by few students.

Considering what we have found so far, there is no previous search spe-
ci cally exploring students' ways of experiencing relationships between quan-
tities. Thus, the ndings in this study can be described as a ontribution in
relation to previous research. For example, Kilpatrick et d. (2001, pp. 271{
272) stress that mathematics teaching tends to focus on anssv-oriented tasks.
In the assignment that the participating students received in our study, there
were no speci ¢ values. Despite this, most of the students,&gardless of grade,
focused on calculating something in order to nd an answer. Baching based
on speci ¢c numbers may also be mentioned as focusing on instmental under-
standing (Skemp, 1978, p. 14, 2006, p. 90). In this study, mdsof the students
were looking for instrumental ways in order to know how (Cheallard, 2005,
pp. 23{24) to handle the assignment.

Considering what Mason et al. (2005, p. 23) emphasize conagng ma-
thematics teaching which mainly focuses on speci ¢ tasks, aubsequent issue
arises as to whether the mathematics teaching the studentsni this study ha-
ve previously met may obstruct them from discerning generalmathematical
structures, in the sense of experiencing relationships beteen quantities as so-
mething that has to be related. This is an assumption, since o the older
students in the study mostly focused on calculations, spea values, and the
speci ¢ situation, based on the speci c illustration. This in turn indicates an
implication, that mathematics teaching needs to change foas from merely
arithmetic teaching (van Oers, 2001, p. 62), mentioned aboeg, to algebraic
teaching (Davydov, 2008, p. 121), mentioned in the Introdudion section.

The main contribution is, we argue, that it is promising to in troduce mathe-
matics (arithmetic) with teaching based on general mathemaical structures
and, in the case of this article, relationships within additive structures. The
argument is based on both previous research, presented in iarticle, and the
ndings in this study.

We argue that it is worthwhile to introduce mathematics teaching for young
students based on general structures, general concepts arsymbols. Some of
the students, also in grade 3, talked about relationships bsveen quantities,
when they were encouraged. Another argument for introducilg mathematics
teaching based on general structures, concepts and symbaksthat it may ena-
ble students to in a larger extent, analyse tasks before soimg them. Assuming
that it is important to work with general structures, alread y in early grades,
there is need of knowledge concerning what di erent ways stdents experien-
ce general structures. Thus, we argue that the teaching inially should focus
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on exploring relationships between quantities and descrilmg the relationships
with both general concepts and general symbols (cf. Davydqv2008, p. 128).

The contribution concerning students' ways of experienciiy relationships
between quantities can be considered useful for teacherssgecially those who
are teaching students aged seven to fteen years old, when ahning and con-
ducting lessons in order to enable students to discern relanships between
guantities. It is essential for teachers not to take for graried that the students
discern relationships in the sense of the critical aspedwo quantities together
(two parts) build up a third quantity (the whole) with the sare \value" as
the two parts together This critical aspect may be valuable to take into acco-
unt when planning lessons in order to enable students to expke relationships
between quantities in a more quali ed way.

One way of enabling students to experience relationships lieeen quan-
tities according to main category 2, may be to explore quantiies with the
support of a learning model (see Figure 1, in Introduction), which may func-
tion as a mediating tool (Davydov, 2008, pp. 94{95). A learning model may
support students to discern the part-whole structure, and thus the additive
structure (Vergnaud, 1982, p. 58). If the students discern he additive struc-
ture, it will be possible for them to formulate one and the sane relationship
as the fact family (e.g., Davydov, 2008, p. 128; Schmittau, Mrris, 2004, pp.
67{70). This in turn may enable students to reconstruct a seeningly di cult
equation (e.g., 15= 7 x) to an operation, for them, more easy to solve.
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Najpierw zwijzki, potem obliczenia: sposoby doxwiadczani
przez uczniow relacji miedzy iloxciami

Streszczenie

Artyku? ten jest przyczynkiem do bada« dotyczjcych sposobdv dotwiadczania
przez uczniéw ogolnych struktur matematycznych, a w szczefjnozxci zwijzkéw
zachodzjcych w strukturach addytywnych. Jex»eli uczniowieb|dj prawid®owo

dostrzega¢ zwijzki zachodzjce w strukturach addytywnych, mo»e to mie¢ po-
zytywne konsekwencje dla ich przysz®ych umiejjtno£ci wykaywania oblicze«
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w zadaniach na dodawanie i odejmowanie. W ramach bada« przepwadzo-
no czjxciowo strukturyzowane wywiady z uczniami z klas 3, 8 9. Punktem
wyjtcia wywiadoéw by?a ilustracja przedstawiajjca zestaw B»nych ilotci, wraz
z pytaniem wstjpnym: w jaki sposob mo»na doprowadzi¢ do zrowania tych
iloxci. Uczniowie najpierw dyskutowali mo»liwe rozwijzana, a nast;pnie by-
li pytani, czy potra i te zwijzki zapisa¢ u»ywajjc symboli m atematycznych.
Wypowiedzi uczniow dotyczijce zjawiska yzwijzkow miidzy il oxciami" by2y
analizowane z wykorzystaniem fenomenograi jako narzjdza analitycznego.
Zgodnie z fenomenogra j, istnieje ograniczona liczba spashéw doxwiadcza-
nia okrexlonego zjawiska. Co wijcej, nie chodzi o zbadanide oséb dotxwiadcza
badane zjawisko w okrexlony sposéb. W naszych badaniach eresowa?o nas
wychwycenie jakoxciowo ro»nych sposobéw dotwiadczaniawjska zale»nozci
mijdzy wielkoxciami. Pomimo tego, »e w zadaniu nie podawane®adnych kon-
kretnych liczb, wyra»ajjc relacje miedzy iloxciami wielu wczniéw przypisywa?o
im okrezlone liczby i wartotci. Tylko niekiedy uczniowie wya»ali w sposéb
ogolny struktury matematyczne, a i to tylko w tych przypadka ch, gdy byli do
tego zach|cani przez ankietera. Analiza fenomenografcznaposobéw dotwiad-
czania przez uczniéw yrelacji mijdzy iloxciami" wykaza®a,»e taka relacja jest
rozumiana jako coz, co nale»y obliczy¢, lub jako cox, co musi¢ w okrexlonym
zwijzku. Pierwsze z tych podejt¢ by?o najbardziej powszecte we wszystkich
klasach. W tym badaniu zidenty kowano jeden aspekt krytyczny, mianowicie,
»e iloxci sj powijzane ze sobj w sposob addytywny. Wynika z tgo, »e zamiast
wprowadza¢ ucznidbw w matematyk] koncentrujjc si} na zadaniach zoriento-
wanych na odpowied?, konieczne jest wprowadzenie matemaky w oparciu
0 ogolne struktury, takie jak struktury addytywne. Nawet je li uczniowie nie
Sij zaznajomieni z takj matematycznj ykulturi", warto to rob i¢. Takie podej-
*cie znalaz?o potwierdzenie w naszych badaniach.

Jane Tuominen, Charlotta Andersson, Lisa Bprklund Boistrup
Stockholm University

Department of Mathematics and Science Education

e-mail: jane.tuominen@mnd.su.se

e-mail: charlotta.andersson@mnd.su.se

e-mail: lisa.bjorklund@mnd.su.se

Inger Eriksson

Stockholm University

Department of Humanities and Social Sciences Education
e-mail: inger.eriksson@hsd.su.se



