
ANNALS OF THE POLISH MATHEMATICAL SOCIETY
5TH SERIES: DIDACTICA MATHEMATICAE 37 (2015)

Joanna Jureczko
Cardinal Stefan Wyszynski University
Faculty of Mathematics and Natural Sciences
College of Sciences
Poland

Using the graphic display calculator

in solving some problems concerning limits

of sequences and functions

Abstract: Limits are one of the most fundamental and important con-
cepts of calculus, because having a proper understanding of this concept
is a prerequisite for understanding such concepts as continuity, differen-
tiation, and integration. Thus, researchers and teachers seem to outdo
one another in looking for the best methods of introducing limits. One
of the methods is using IT and graphic software to illustrate the idea of
limits. It Seems that such a method, while useful, is overflowing with the
risk of making mistakes and strengthening the improper understanding
of these basic concepts. The aim of this paper is to present how students
who use graphic display calculators understand the limits of sequences
and functions, before introducing the theoretic and algebraic methods
required for solving limits, and what dangers can be caused by using a
GDC in this process.

I. Theoretical background

It is widely acknowledged that calculus concepts are very difficult for students,
as they are abstract and complex issues. Furthermore, teaching calculus is chal-
lenging for both sides: the teachers, who constantly look for the best method of
teaching limits, derivatives, and integrals, and the students, who struggle with
having the best possible understanding of calculus, and not only determine to
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use calculus formulas for derivatives and integrals. Various studies have confir-
med that students have a set of common difficulties in learning the concept of
limits (see (Man, 2014)). Limits are one of the most fundamental and impor-
tant concepts of calculus, and the proper understanding of this concept is key
to understanding such concepts as continuity, differentiation, and integration.
Thus, researchers and teachers seem to outdo one another in looking for the
best methods on introducing limits. There are different ways of introducing
differentiation. Among them is using the so-called first principle method, in
which one has to calculate the limit of a difference quotient. Finding the limit
of a function is not as obvious when an indefinite symbol has to be estima-
ted. In the literature, one can find various papers concerning the introduction
or investigation of particular parts of calculus. For example in (Foster, 2004)
the author showed how to quickly use a graphic display calculator (GDC in
short) to employ copy operations, etc. In (Gordon et.al, 2002), one can find
the proposal of using GDC for finding the patterns for derivatives of different
kinds of functions by using GDC to build a graph of a derivative when only
the coordinates of the derivative are known. It is still problematic to explain
to the students the idea of limits in the case of more complicated functions,
especially if the arguments tend to infinity or to a point which is not in the
domain of the function. One of the ways involves using graphic software to illu-
strate the idea of limits. Probably the most popular tool - the graphic display
calculator - was invented at the end of the last century. The rationale behind
choosing GDC as a useful tool for teaching mathematics was its relatively low
price and portable size. From this point forward, several scientists have been
engaged in research concerning the usage of this device during multiple ma-
thematical activities. There is a significant amount of papers concerning this
issue. Some authors (Foster et al. 2003a) describe using this device not only as
mandatory during examinations but also during lessons, where using such a
device was routine (Foster et al. 2003b, 2004). Some authors observed students
solving problems using GDC (Berry et. al. 2006) and what kinds of difficulties
they were facing while using them (Mitchelmore et. al. 2000). However, as the
authors emphasize in (Mitchelmore et.al, 2000), the graph of a function is a
crucial weapon in mathematics learning.

As early as possible, students learn to recognize the important features of
the graphs of functions. They are taught how to find the intercepts, roots,
and monotonicity of functions such as linear and quadratic. When a GDC is
unfamiliar or unavailable, the numbers of graphs that a student can draw is
limited to very simple and basic examples. As a consequence, the students
are forced to analyze examples where data is limited to integers or, at best,
fractions. Students usually have problems finding or changing the scale in order
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to examine the properties of a function if only paper and pencil are used for
this purpose. If they have to find the properties of graphs, they usually sketch
the graphs of ”nice” functions, e.g. with roots or vertices which are integers,
as mentioned before. In the case where students can use any technology for
such tasks, they become similar to real researchers. They can investigate many
examples with different properties in a very short time in order to generalize
the properties and find regularities.
Since GDC was introduced for teaching mathematics, more and more nu-

merical and graphical approaches to teaching calculus (limits, differentiation,
and integration) were proposed in the literature. Research shows the difficulty
of learning calculus and an easier acquirement of these concepts using GDC.
In a number of papers, there are proposals of techniques for teaching calculus
with the usage of GDC. Let us observe an example of a concept of the average
rate of change, with which the students still struggle, especially if they have
to learn the concept of limits just days prior (Hauger, 2000).
In (Hauger, 2000) the author introduces the average rate of change in a nu-

merical context by inducing a discussion of the meaning of the instantaneous
rate of change and how to use this notion to obtain derivative formulas for ma-
ny of the elementary functions. For this purpose, the author uses spreadsheets
of data regarding function values for a given formula, using arguments very
close to the given arguments (i. e. x = 2 for f(x) = x2) (Hauger, 2000, p. 89,
table 1a, 1b). As the author only uses polynomials in his examples, when the
students were asked about the rate of change of intervals of various sizes, they
did not have difficulties answering properly. An interesting concept presented
by Hauger is that the students did not make use of the intervals presented
in the task, which can suggest that the students did not fully understand the
notion of limit: the limit must hold as h approaches zero from both sides in
the expression

lim
h→0

f(x+ h)− f(x)
h

.

A similar proposition is given in (Lim, 2008). It is worth noting that one can
use GDC instead of a spreadsheet, which will be presented further in this
paper.
In the article (Roh, 2008), the author investigates how the students’ gra-

phical representation of the limit of a sequence influences their understanding
of the definitions of the limits of a sequence. The author also indicates that by
analyzing previous studies regarding the students’ concept images of limits,
one can conclude that it is very important to explore the relationship between
the images of limits and the students’ understanding of the definition of limit.
He carried out his research on 33 students enrolled in the calculus course of a
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university in the United States. Different types of sequences were used for the
study. During the interview, the students were asked to represent the given
sequences numerically and graphically. For each of these representations, they
were asked to determine the convergence or divergence as well as the limit of
the sequences, if one exists.

Roh’s study shows that the students’ understanding of the definition of
limit is closely related to whether or not they previously constructed images
of limits. It should be a helpful concept regardless of whether the students
understand the definition of limit or not.

In the paper (Kissane et. al., 2008), the authors explore the possible ways
in which students can use technology (an even less sophisticated calculator,
such as CAS) to learn calculus. This paper is a counter to the claim that using
GDC results with the students solely pushing buttons rather than learning to
understand mathematics. As the authors in (Kissane et. al., 2008) emphasize,
a formula of a derivative involving the first-principle definition is difficult for
the students, especially in high school, but with GDC, many attempts can be
made for gradually smaller values of h in the expression presented above, and
regularities can be observed.

In the same paper, the authors touch on the concept of discontinuity limits
and asymptotic behaviour. In both cases, the authors hope that using GDC
can help to build both concepts through observing the graph of discontinuous
functions and values of functions approach the discontinuity argument. As an
example, f(x) = sinx

x
is given, as the argument x approaches zero. GDC seems

to be a great opportunity of including decimals instead of x.

The author of the paper (Cetin, 2009) describes the case of university
students in Turkey who had to complete the task of counting the images of
a given point by the given function. The x was not chosen randomly, as it
was very close to the point of discontinuity. For his research, the author used
trigonometric, rational, exponential, and logarithmic functions. When solving
the test, the students were not allowed to use calculators, as the author wanted
to determine whether the students were able to apply the knowledge they were
exposed to during their calculus course.

In the second task outlined in (Cetin, 2009), the students had to calculate
the limits of the given functions at specific points (points of discontinuity or
infinity). The aim of the research was to check whether the students were
able to use the ”limit characteristics” they had learned about throughout the
course.

The results of the research showed that the students had difficulties un-
derstanding and using limit concepts. They were not able to make use of this
knowledge when asked to approximate the values of a given function at a cer-
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tain point. Hence the author suggests that the relationship between the limit
value and function values should be explained by using graphics.

The idea of using IT for providing a better connection between the gra-
phical and algebraic representations was reported by several researchers (see
Leng, 2011 p. 927). It is believed that making use of technology in teaching cal-
culus can improve the students’ understanding of calculus concepts, especially
the limits of functions.

The purpose of the study described in (Leng, 2011) was to investigate how
the use a type of GDC could enhance the process of teaching and learning
calculus. This research was carried out in Singapore and involved 35 seconda-
ry school students. The results of the author’s study supported his hypothesis
that appropriate use of new technology can improve the students’ understan-
ding of calculus and make a connection between the graphical and algebraic
representations.

In the paper (Man et. al., 2014), the authors concentrate solely on the limits
of trigonometric functions. The subjects consisted of undergraduate students
asked to find the limit of sin(x)

x
and tg(x)

x
as x approaches to 0 with the use

of a non-graphing scientific calculator. About 70% of subjects did not learn
calculus beforehand, and the others had learned only the elementary concepts
of calculus (focused more on conceptual skills rather than the understanding
of the mathematical concepts of calculus). The research was preceeded by a 2.5
hour lecture on the limit of sequences. During the actual study, the lecturers
did not intervene. The authors concluded that there was great potential in
using a calculator or a computer as an exploratory tool in learning limit,
continuity in this case. Further in the paper, the authors advise that when
asking the students to plot the graphs of the given functions, it would help to
omit the difficult undefined point x = 0.

It is worth noting that in many European countries, and almost all Eastern
European countries, using such a device as GDC is not popular. Moreover, in
some countries, using any calculators except for the basic ones (which can
do only four operations: addition, subtraction, multiplication, and division)
is forbidden during all public examinations. To establish how useful can the
discussed device be, it is best to conduct research among students who have
prior experience with technology such as GDC.

One of the programs in which the graphic display calculator is a man-
datory device even during the external exams is the so-called International
Baccalaureate programme (IB for short) which is conducted in schools all
over the world. Additional information about the International Baccalaureate
programme and the role of mathematics in this programme can be found in
(Jureczko, 2012a, 2012b). Both papers include information regarding the diffe-
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rences between the Polish and International Baccalaureate Diploma program-
me examinations when finishing high school (with respect to mathematics).
However, in both papers, there are no particular examples of how the graphic
display calculator can be used. This information is to be found in different
articles.

In contradiction to the majority of researchers, I was interested in my
students using GDC when solving different kinds of tasks. Some of my papers
concern functions (Jureczko, 2014b), generalization regarding the observation
of graphs of the derivatives of functions (Jureczko, 2013, 2014a), or even the
process of generalization (Jureczko, 2014d). Moreover, in (Jureczko, 2014c),
one can find the results of a questionnaire carried out among students in
Poland who attended the International Baccalaureate class and who started
learning mathematics with the use of GDC not until the age of 17.

This paper concerns a section of calculus – finding the limits of sequences
and functions. Since a few years ago, mathematics has been an obligatory sub-
ject in final examination sessions in my country, but calculus has been taught
only in the extended program for mathematically gifted students (Jureczko
2012a, 2012b). In my experience at university, where I have taught for many
years, calculus is both one of the most difficult parts of mathematics, and is
still perceived as highly problematic. A question needs to be asked on how to
familiarize the students with these considerably difficult problems of the limit
of a function or of derivatives.

As a starting point for the results, I can present the paper (Mitchelmore
et. al., 2000), in which one can find information regarding the students’ diffi-
culties with reading the information on the screen of the GDC, as well as the
aforementioned article (Gordon et. al., 2002), as the goal of this research was
to check how GDC could be useful in approaching the understanding of the
idea of the limits of functions in order to make them easier to learn.

For the study, the following research methods were used: observation, in-
terview, and analysis of students’ worksheets.

The research questions are:

1) How do students who regularly use GDC during mathematics lessons
understand the concept of limits?

2) How do students use GDC as a tool for solving tasks concerning the
limits of functions and sequences?

3) What kind of difficulties do the students struggle with when solving
tasks concerning the limits of functions and sequences?

4) What type of mistakes were made by the students while solving the
limits with the use GDC?
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II. Data collection and analysis

IIa. Data Collection

Ten students who attended the International Baccalaureate class took part in
the study. Moreover, the students attended Higher Level Mathematics classes
(compare Jureczko, 2012a, 2012b) and were recognized as gifted in mathema-
tics. All students were familiar with using GDC. It is important to note that
the students were taught mathematics with GDC only during the Internatio-
nal Baccalaureate class. This means that they did not use this device before
age 17 and started using it only one year before the study took place.

The students knew the basic functions of the graphing calculator prior to
the study, i.e. how to draw functions and read properties from the graph. In
addition, the students were familiar with the basic functions, such as trigono-
metric, exponential, logarithmic, or polynomial, as well as the properties of
these functions. An important part of the research was that the students knew
the modes of GDC which are crucial in visualizing the properties of functions,
such as Graph, Table, and Recursion.

The study was carried out during normal lessons conducted in accordan-
ce with the curriculum. For research purposes, all lessons were recorded. The
recordings were not used in any other way. The teacher-researcher introduced
students to the task, informing them of the details. More specifically, the stu-
dents learned the intuitive idea of the limit of a function. However, the concept
had not been preceded by any theoretical introduction, i.e. presenting formal
definitions and theorems related to this topic. I simply drew attention to the
graphic sense of the term. After a short introduction, I gave the students GDC
and task sheets (appendices 1-3) with the functions for which the students had
to find the limits.

The research was divided into three non-consecutive 45-minute lessons over
the course of a few days.

Lesson 1 The limits of functions

When the lesson started, I informed the students of the aim of the task, pro-
viding information regarding the idea of the limits of functions and how they
can be found, showing different kinds of examples with GDC. In addition,
I gave the students general information regarding the limits of functions in
points and tending to infinity, but, as mentioned before, with no prior the-
oretical introduction. Furthermore, I informed the students which modes of
GDC they could use for solving the task (Graph, Table, Recursion, or other if
needed) and, after such an introduction, I gave the students GDCs and task
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sheets (appendix 1) and started observing the students’ work. During the les-
son, I only helped the students individually if they had problems with using
the GDC. However, I only gave short instructions regarding the general use of
the device, helping with syntax errors. Each student worked individually and
wrote his/her answers on the provided sheet.

The students were not allowed to communicate with other classmates. As
a result, some of the students completed the task very quickly, whereas others
did not finish the task. They did not comment on the cause of this situation
(whether they did not have enough time, or if the task was too difficult or
too long for them). After the lesson, I gathered all of the students’ work for
analysis. Between this lesson and lesson 2, no methods of finding the limits of
functions were introduced.

Lesson 2 The limits of sequences

This lesson took place a few days after the first one. At the beginning of lesson
2, the students were asked to recall information concerning sequences, stres-
sing the differences between sequences and functions (the students were taught
on the subjects of sequences prior to the research, but the concept of limits
was not introduced beforehand, with the exception of the previous lesson).
Next, I gave the students GDCs and task sheets. Appendix 2 contains the
tasks presented to the students in different order for the purpose of further
analysis. Following that, I started to observe the students, but not help them.
The students worked individually and wrote down their answers on the provi-
ded sheets. After finishing the lesson, I gathered all of the students’ work for
analysis.

Lessons 3 The limits of functions — further examples

This lesson took place several days after lesson 2. During the break between
lesson 2 and lesson 3, the students were taught on the subjects of the alge-
braic methods of finding the limits of functions, which were necessary to solve
Appendix 1 and all examples from Appendix 2 except for exercise 5.

During the third lesson, the students were aware that knowing only the
algebraic methods was not enough to solve the limits of all functions. I infor-
med the students that there were supplementary methods to solve the limits
of functions in situations where the algebraic methods presented undefined
symbols, but at this stage, I did not introduce L’Hôpital’s rule, which was
necessary to solve the limits of functions from Appendix 3. Thus, the students
were forced to find the solution for these examples (Appendix 3) while having
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at their disposal only a graphic display calculator. Later, I explained the aim
of the task and gave the students GDCs and tasks sheets (appendix 3), and
started to observe their work. The students worked individually. When the
time was up, I gathered all of the students’ work for analysis. On the following
lessons, the students were taught all the required algebraic methods of finding
limits, as well as L’Hôpital’s rule, though the students still understood limits
as geometric objects, without any theoretical background (the adequate defi-
nitions and theorems). What is more, the information was not crucial to them,
as GDCs are available during public exams concerning limits in IB classes.

IIb. Analysis

As mentioned above, all lessons had similar structures. Their common aim was
to check how useful GDC can be for tasks concerning the limits of sequences
and functions. However, the character of each lesson was slightly different,
hence each lesson will be analyzed separately.

Lesson 1 – The limits of functions

The answer sheet of the students consisted of two parts: the first one contained
16 limits in points which were real numbers. The students were asked to specify
which GDC mode they had used. According to their answers, they generally
used the Table and Graph modes (with Trace), though three of them only
used the Graph mode.

The tasks were arranged to gradually increase in difficulty. The limits of
rational functions whose domains were sets of real numbers were presented
first. These are examples:

1a) lim
x→0

x2 − 1
2x2 − x− 1 , 1b) limx→3

x2 + 7

x− 4 , 1c) limx→2
x2 − 5x+ 4
x− 1 + 2.

All students found the correct limits of functions by identifying them with the
value of the function at that point. However, it is worth questioning whether
they understood the notion of a limit strictly by observing the graphs of these
functions. As it turns out, not entirely, judging by the solutions in which
the domain of a function does not include a border. This happens in the
remaining examples from exercise 1. Most of the students based their answer
on the results of the first three boundaries, which is why they wrote down their
results for examples 1d) to p) as ”no value”. The following conclusion can be
drawn: the students completely neglected the idea of limits given by me as the
starting point (I told them to observe not only the value of a function in a



14 Joanna Jureczko

given point but also its behaviour in the neighbourhood of this value as well).
Only two or three students in the whole class observed the values of functions
for slightly less or greater arguments than the given point, but even those did
not manage to solve all of the examples properly. It seemed that the students
had had difficulties in solving the following example:

1k) lim
x→0

x−√x
x+
√
x

No one managed to solve this. This was probably due to the fact that the
limit approaches 0 as a point of discontinuity. By observing the behaviour of
the graph of the function, the students did not have the ability to control the
graph for negative numbers. Thus, the students’ conclusion was that the limit
of this function at point 0 does not exist, because in Table mode, the GDC
gave the following answer.

Figure 1: Screen cap of example 1k in different GDC modes.

It is worth noting at this point that from the analysis of the students’ work,
the students who exclusively used Graph mode gave more correct answers than
the students who used Graph and Table modes interchangeably.
It was probably due to the fact that the students who were using Table

mode observed the values of the function only for integers. At these distances,
it is difficult to notice what the limit of function might be for those values of
functions. In conclusion, one can infer that the students who used this mode
did not understand the concept of limits and their geometric meaning.
The next section of the tasks consisted of the limits of functions tending

to infinity. The limits to infinity proved to be easier for the students compared
to the previous group of examples. For instance:

2a) lim
x→∞

x2 − 1
2x2 − x− 1 , 2b) limx→∞

2x2 + x− 5
x2 + 3x+ 1

, 2c) lim
x→−∞

x2 + 2x− 1
x3 − 1

were solved by almost half of the students. Even such examples as:

2k) lim
x→∞
(
√

x2 + 1−
√

x2 − 1), 2l) lim
x→∞

1√
x+ 1−

√
x− 1
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were solved correctly by at least three students. But the worst ones were:

2f) lim
x→−∞

(x3 − x2 − x+ 1), 2g) lim
x→−∞

(x2 + x).

Both examples were not solved by anyone. Which was surprising, as the stu-
dents had been taught about quadratic and cubic functions and their pro-
perties much earlier than the research started. They probably did not pay
attention to the information and treated it as an unknown function to be ob-
served on a GDC screen only when the variable x tends to infinity. Therefore,
it could be concluded that the students did not understand the concept of limit
for functions which they already know. However, the formulas which appeared
in the square root function were not a problem for the students, though only
for arguments aiming to infinity. As it was previously mentioned, the limit of
a function at point 0, e.g.

1k) lim
x→0

x−√x
x+
√
x

seemed to be too difficult.

Lesson 2 – The limits of sequences

The set of tasks prepared for this lesson consisted of various types of the
limits of sequences. In order to facilitate the analysis of the students’ work
from this lesson, I divided the answer sheets according to the type of task
(type of function in the formula). As before, the students usually used Graph
mode, but some of them also used Table mode, especially those who had used
this mode before. Strangely, nobody used Recursion, even though the students
were familiar with this mode. They probably did not use it as they believed
that Graph or Table were sufficient enough. The results were: the students
generally had no problems with sequences containing sine and cosine in the
patterns of their general terms, examples 5a)-g). It should be emphasized that
prior to the study, the students had basic knowledge of trigonometric functions
including the domain, the set of values, and the shape of these functions. Each
student properly solved such examples as:

5a)

{

n sin

(

π

n

)}∞

n=1
5e)

{(

−1)n sin( 1
n

)}∞

n=1
.

The conclusion that the students based their answers on the shape of the
trigonometric functions can be supported by the observation that the students
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had significant problems with these examples:

5f)

{

n

sinn

}∞

n=1
5g)

{

sin(n2)

n+ 1

}∞

n=1

.

because in the first one the sine is in the denominator, and in the second one
it has arguments which are squares of natural numbers. The students were
not familiar with such functions before the study. Not enough analysis of the
information obtained from GDC screens was carried out for this task (the
examples of such screen caps below).

Figure 2: Screen caps of examples 5f (left) and 5g (right).

As for task 6, it seemed that the easiest examples were:

6a)

{

n!

nn

}∞

n=1
6b)

{

n!

en

}∞

n=1
6c)

{

n!

2n

}∞

n=1

as almost all students obtained the proper results. What is strange, the exam-
ple:

6d)

{

n!

2n
2

}∞

n=1

appeared to be too difficult, even though it looked similar to 6c). There is an
assumption that the students might have tried to guess the answers. This can
be supported by the fact that the students received the tasks without such
grouping as outlined in Appendix 2. This was done on purpose, so as to forbid
the students from copying the results of previously solved tasks.

As for task 3, the students solved the following examples without any
problems:

3a)

{

3
√
2n5 − n2 + 4
n2 + 1

}∞

n=1

, 3e)

{

n3

n2 + 10

}∞

n=1

.

because as seen on the GDC screen (examples below), the values of both
functions tend to infinity under x tending to infinity.
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Figure 3: Screen cap of example 3e.

In contrast to these two examples, in other ones the limit is not so obvious.
Hence, the other examples from exercise 3 appeared to be very difficult for the
students, in contrary to examples 2a and 2b from appendix 1. It is worth
emphasizing that in the examples:

3b)

{

3n2 − 5n
5n2 + 2n− 6

}∞

n=1

, 3d)

{

(

2n− 3
3n+ 7

)4
}∞

n=1

the students should have provided the answers as exact values, which they were
to obtain using Table mode or Graph mode. Below, a screen cap of example
3b is provided.

Figure 4: Screen cap of example 3b.

A conclusion can be drawn that the students could neither read nor esti-
mate the approximate values, despite the fact that these examples contained
solely rational numbers.

The same situation, as far as the answers are concerned, happened in
exercise 4. Only the example:

4c)

{

3n

en + 2

}∞

n=1

seemed simple for students as the limit is infinity. Moreover, the example:

4b)

{

log

(

1

n

)}∞

n=1
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could have been solved without the use of any technology, as the students
were familiar with both the shape of a logarithmic function, and the sequence
occurring in the argument of the logarithm. Also, the example:

4d)

{

2 + 3 · 5n
7 + 4 · 5n

}∞

n=1

seemed to be simple for the students, as the limit of this sequence is a ratio-
nal number. The examples from this task might support the thesis that the
students solved them incorrectly because they tried to guess the value of the
borders without a thorough analysis of the properties of sequences.

The worst type of limits were those containing Euler’s number (exercise 7),
in which the students had problems finding the exact value, even though they
were familiar with this special number much earlier before the study. They did
not even give an approximate value of the limits, with the exception of the
example:

7d)

{

(n+ 1)n

nn+1

}∞

n=1

which was easy for students because the limit is 0. Thus, as before, the students
had problems with providing even the approximate values of a sequence, or
with reading it from the screen of the graphic calculator. Here, however, it
may be justified by the irrationality of the number e.

Figure 5: Screen caps of example 7d.

Lesson 3 – The limits of functions – further examples

As mentioned before, by this lesson the students were familiar with some
methods of finding limits, especially by using algebraic transformations and
calculations, as well as the squeeze theorem, but the examples in Appendix 3
were special and required further methods, including L’Hôpital’s rule. At least
seven students solved the following examples correctly:

8d) lim
x→∞

(

x

ex
2

)

, 8e) lim
x→∞

(

lnx

x

)

,
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8f) lim
x→∞

(

2x

x+ lnx

)

, 8h) lim
x→∞

(

x2

ex

)

because all of the presented functions approached 0 (except for example 8f,
which evidently approached 2). What is surprising, only one student properly
solved the example:

8g) lim
x→∞

(

ex

x

)

even though beforehand, the students did not have any problems providing
the correct answer when the limit was infinity. Moreover, the students knew
the graph of the exponential function with the basis e. As was shown before,
the students had no problems with finding the limits of functions tending to
infinity, but as presented in the analysis of exercise 5, the examples:

8a) lim
x→0

(

x+ sin 2x

x− sin 2x

)

, 8b) lim
x→π

(

x− π
sinx

)

, 8c) lim
x→π

2

(

sin 2x

cos x

)

seemed to be difficult for them. One can observe that when the trigonometric
function is in the denominator of the formula, stating the limit of the function
is not as obvious. The same case is when the function is the product of two
functions, the second of which is not a constant function, as shown in the
example:

8i) lim
x→0
(sinx)(ln x).

Below, a screen cap of the example presented above is provided.

Figure 6: Screen caps of example 8i.

In both situations, the tasks were solved by no one. Furthermore, it is far
more difficult for the students to assess how the limit of a function behaves at
a point, which can be seen in the incorrectly solved examples from this task
as well as tasks 1d)-p), which were already discussed.
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III. Conclusion

As indicated in the introduction, the research showed how important the graph
of a function presented on the screen of a graphing calculator is in understan-
ding the concept of the limit of a function and in finding its values. However,
mere observation of the behaviour of the graphs of functions proved to be in-
sufficient. Due to the lack of skills in handling Table mode, the students had
problems with providing the correct limits. As mentioned above, the students
generally had problems with limits in the points of discontinuity of a given
function. Regardless of whether the limit was a rational or irrational number,
the students found it difficult to provide even an approximate value of the
limit. What is important, using Table mode was misleading for the students
as they probably did not distinguish between the limit of a function in a point
which is a real number, and the value of a function in this point.

While the students had problems with the limits of the points which were
a real number, they understood the limits with x tending to infinity well.
Specifically, the students who used Graph mode tended to solve this type of
task especially well. Some of them had problems with matching the scale to
the graph (which was indicated in (Mitchelmore et. al. 2000), which happened
when finding the limits of quadratic and cubic functions with x tending to
infinity, even though they were familiar with the graphs of these functions far
before the study. Regardless, they did not recognize the limit of this function.

The students generally had the same problems with finding the limits of
sequences. The exception are the limits of trigonometric functions, where the
students were familiar with the graphs of sine and cosine and in this case had
no problems matching the scale to the graphs. However, problems arose when
a trigonometric function appeared in the denominator of the function. None of
the examples, both for sequences (in class 2) and functions (in class 3), were
properly solved.

Some of the unexpected problems with finding the proper limits of func-
tions can prove that some, if not almost all students, could guess the results
not only if the limits were irrational numbers. Although they used GDC, this
device was not sufficient to understand the idea of limits, even though they
examined so many examples. Even during class, three students continued to
have trouble recognizing the limits of the functions when the limit approached
a real number which was the point of discontinuity of the given function.

Although the authors in (Gordon et. al., 2002) indicated a positive influ-
ence of using GDC on finding patterns for derivatives by observing the graphs
of functions, or on understanding the concept of limits (Roh, 2008), (Kissane
et. al., 2008), (Man et. al., 2014), or even (Leng, 2011), the students in my
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research group still had problems with finding limits when observing graphs,
and in some cases, with finding the values of functions.
Graph mode seems to be better for examining the limits of functions, but

in some cases, this mode proved to be equally insufficient. Some students
used Table mode. However, for the students who are not familiarized with the
concept of the limit of a function, this mode proved not to be very useful as
well (due to the differences between the arguments of a function being too
large).
The research has shown that GDC should be used very carefully for this

topic, especially in examples in which x tends to infinity, or in which the limit
point is the point of discontinuity of the given function. One can hypothesize
that in the process of outlining the concept of the limit of a function, a graphic
display calculator should not be the only tool used. The algebraic methods for
finding the limits of a function and the relevant theorems are equally impor-
tant, although the students’ understanding of them at this stage of education
is questionable (see also (Hauger, 2000), (Cetin, 2009)).
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Appendix 1

Find limit of the following functions.

1.
a) lim
x→0

x
2−1

2x2−x−1
b) lim
x→3

x
2+7
x−4

c) lim
x→2

x
2−5x+4
x−1 + 2

d) lim
x→1

x2−1
2x2−x−1

e) lim
x→−0.5

4x2−1
2x2−x−1

f) lim
x→0

(1+x)(1+2x)(1+3x)−1
x

g) lim
x→3

x2−5x+6
x2−8x+15

h) lim
x→0

√
x+1−1
x

i) lim
x→1

x4−3x+2
x3−4x+3

j) lim
x→2

x3−2x2−4x+8
x4−8x2+16

k) lim
x→0

x−
√
x

x+
√
x

l) lim
x→0

√
x2+4−2√
x2+9−3

m) lim
x→2

x−2√
x−1−1

n) lim
x→1

x
5−1
x−1

o) lim
x→3

27−x3

x−3

p) lim
x→1

x
3−3x+2
x4−4x+3x

2.
a) lim
x→∞

x2−1
2x2−x−1

b) lim
x→∞

2x2+x−5
x2+3x+1

c) lim
x→−∞

x
2+2x−1
x3−1

d) lim
x→∞
( 51−x − 4

x−1 − 3
x2
− 2)

e) lim
x→∞
( 2x
x+1 − 1) f) lim

x→−∞
(x3 − x2 − x+ 1)

g) lim
x→−∞

(x2 + x) h) lim
x→∞
(
√
x+ 1−√x)

i) lim
x→∞
(x4 − 5x+ 1− 1

x
) j) lim

x→∞
3x2−4x+1√
x4+x2

k) lim
x→∞
(
√
x2 + 1−

√
x2 − 1) l) lim

x→∞
1√

x+1−
√
x−1

Appendix 2

Find limits of the following sequences.

3.
a) { 3

√
2n5−n2+4
n2+1 }∞n=1 b) { 3n2−5n5n2+2n−6}∞n=1 c) {n(n+2)

n+1 − n3

n2+1}∞n=1
d) {(2n−33n+7 )

4}∞n=1 e) { n3
n2+10}∞n=1

4.
a) {ln(1 + n)− lnn}∞n=1 b) {log( 1n)}∞n=1 c) { 3

n

en+2}∞n=1 d) {2+3·5
n

7+4·5n }∞n=1
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5.
a) {n sin(π

n
)}∞n=1 b) {cos(n)}∞n=1 c) {cos(nπ)}∞n=1 d) { cos

2 n

2n }∞n=1

e) {(−1)n sin( 1
n
)}∞n=1 f) { nsinn}∞n=1 g) { sin(n2)

n+1 }∞n=1
6.
a) { n!

nn
}∞n=1 b) { n!en }∞n=1 c) { n!2n }∞n=1 d) { n!2n2 }

∞
n=1

7.

a) {(1 + 3
n
)n}∞n=1 b) {(1− 2n)n}∞n=1 c) {(1 + 3

4n)
−n}∞n=1 d) { (n+1)

n

nn+1
}∞n=1

Appendix 3

Find the following limits

8.
a) lim
x→0
(x+sin 2x
x−sin 2x)

b) lim
x→π
(x−πsinx)

c) lim
x→π

2

( sin 2xcos x )
d) lim
x→∞
( x
ex
2 ) e) limx→∞ (

lnx
x
)

f) lim
x→∞
( 2x
x+lnx)

g) lim
x→∞
(e
x

x
) h) lim

x→∞
(x
2

ex
) i) lim

x→0
(sinx)(ln x)

Wykorzystanie kalkulatora graficznego w procesie

rozwiązywania pewnych zadań

związanych z granicami ciągów i funkcji

S t r e s z c z e n i e

Pojęcie granicy funkcji to jedno z najważniejszych i fundamentalnych pojęć
rachunku różniczkowego. Właściwe zrozumienie tego pojęcia umożliwia zrozu-
mienie takich pojęć jak: ciągłość czy różniczkowanie. Naukowcy i nauczyciele
matematyki prześcigają się w poszukiwaniu najlepszych metod wprowadzania
tego jakże istotnego pojęcia dla rachunku różniczkowego. Wobec wszechobec-
nego dostępu do nowych technologii informacyjnych (oprogramowanie graficz-
ne komputera, kalkulator graficzny) pojawia się idea wprowadzenia pojęcia
granicy poprzez jej graficzne zilustrowanie właśnie z użyciem IT. Taka meto-
da nie jest jednak wolna od wad. Niesie ona za sobą pewne ryzyko popełnienia
błędu, który wynika z błędnego zinterpretowania wykresu funkcji na ekranie
monitora czy kalkulatora graficznego w otoczeniu punktu, w którym należy
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obliczyć jej granicę. W konsekwencji doprowadza to do błędnego zrozumienia
pojęcia granicy jak się okazuje trudnego do „wyplenienia” w dalszym toku edu-
kacji. Celem artykułu jest analiza badań przeprowadzonych wśród 10 uczniów
ostatnich klas liceum ogólnokształcącego biegle posługujących się kalkulato-
rem graficznym. Badani uczniowie poznawali pojęcie granicy ciągu i funkcji
właśnie z użyciem tego narzędzia jeszcze przed wprowadzeniem teoretycznych
podstaw i algebraicznych metod obliczania granic. Badania wykazały jakie za-
grożenie niesie za sobą taka metoda wprowadzania pojęcia granicy, jak mocno
zakorzenione jest wśród uczniów zaufanie do takich urządzeń jak kalkulator
graficzny i jak błędne zrozumienie tego pojęcia jest trudne do skorygowania
mimo później poznanej wiedzy teoretycznej.




