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Abstract: The mathematical concept of secant has an intrinsic double
nature: formal and informal, the second, often, is a result of a visual
approach. We can apply to the secant what Sfard (2008, p. 39) states,
i.e. that “there are some specialized keywords we use without ever being
exposed to their explicit definitions”. We consider the word and the ma-
thematical meaning of secant as an example of what Sfard notices and we
can name ‘underground curriculum’. As to secant, the assumption is that
informal, visual, content should be enough for to appreciate the formal
definition but this assertion clashes with the result of a questionnaire ad-
ministered to pupils of grade 11–13 (16–18 year old) and first enrolled in
university students. A widespread didactic practice strictly connects the
mathematical concept of secant with the derivative through the construc-
tion of the tangent to the curve. Therefore misunderstanding the concept
of ‘secant’ could negatively affect the comprehension of Calculus.
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Introduction

This paper is divided in two parts. In the first one we present the concept of
secant (to a curve) and its features, in geometry and in Calculus. By the light
of the educational research literature and of epistemological considerations,
we aim to persuade the reader of the fact that the ‘standard’ handbook secant
presentations are essentially weak since in them there is not a sharp geometri-
cal definition of secant, but mainly an algebraic or functional consideration in
a Cartesian referenced environment. We retrieve in an 18th century definition
a possible alternative and we justify with examples an argument for accepting
it as a better geometric concept of secant (which applies also in Calculus envi-
ronment) without an implicit and incorrect extension from the conics case to
the requirements of Calculus.

In second part we present a questionnaire which has been administered to
a sample of high school pupils and university students. We give an analysis
of the answers in order to assess whether the previous introduction of secant
in connection with the circumference is an obstacle for the application of the
concept in Calculus. The responses confirm for us that the standard geometric
model of the secant based on a segment of the circumference could be consi-
dered an epistemological and didactical obstacle to understanding the concept
in its general meaning.

1 Research theorethic framework

A wide literature about the classification of mathematical reasoning is groun-
ded, in a direct or indirect way, in the dichotomy of formal/informal (Fischbein,
1994; Raman, 2002; Raman, 2003; Rodd 2000; Weber & Alcock, 2004). This
dichotomy should be apparent since the synergy between these two features
is always present, even if it is sometimes concealed in the work of mathema-
ticians’ work both past and present. This synergy may well be a spur and an
inspiration for Mathematics. Particularly, visualization plays an essential role
in the concept of secant, which is closely connected with the concept of the
tangent.

The notion of tangent, mainly because of its connection with derivatives,
has been discussed in many educational papers, whereas the notion of secant
is largely ignored. We want to investigate the formal and intuitive aspects of
the secant, a topic which has had scant attention in educational research.
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1.1 Tangent line

In many school handbooks of Calculus, we often find the definition of a tangent
line to a curve at a point P as the limit of secants PM , as the point M
approaches P along the curve. In most cases (cf. Figures 1 and 4) the movement
ofM is one-sided along the given curve (Schneider, 1991, p. 70). Cornu (1983)
analysed the students’ troubles as regard as this definition: students hint at a
movement by using word such that ‘rotation’ or ‘translation’, but they made no
references to what happens whenM coincide with P . Sierpinska (1985) shows
that students’ awareness of the numerical dependence of the tangent line on
the starting position of secant is generally very feeble. Research of Vinner
(1991), Viseu & Almeida (2003) brings the previous knowledge of tangent line
to circumference into relief. This knowledge contributes considerably towards
creating an image of the concept of tangent line to a curve as a straight line
which touches the curve in only one point, but does not pass through the curve
in that point1. Papers of Schneider (1991) and Castela (1995) focus on other
aspects:

La conception de la tangente la plus fréquemment rencontrée chez les
élèves est une conception algébrique : une tangente est une droite qui n’a
qu’un seul point d’intersection avec la courbe. [. . . ] Une autre conception,
plus locale [. . . ] est présente [...]: une tangente est une sécante dont les
deux points d’intersections avec la courbe se sont rejoints. [. . . ] Il est
à noter que la plupart des élèves qui partagent ces conceptions locales
de la tangente font bouger les deux points d’intersections plutôt que
d’en laisser un fixe et de rapprocher l’autre de celui-là (Schneider, 1991,
pp. 66-67)2.

Hähkiöniemi (2006) states that students demonstrate procedural thinking
for the limit of the difference quotient, but they lack understanding of the
conceptual underpinnings of the way in which the limit is found. Viholainen
(2006) finds that many students clearly understand the visual presentation
of tangent line in the graphical representation of derivatives, but often they

1This is a rough equivalent of Euclid’s definition III.2 (see paragraph 5). In this way a
tangent line is not a secant, contradicting the given Schneider quotation. However it should
be noted that students are required to consider inflexion points like the one presented in
Figure 1.
2“The conception of tangent line the pupils display most frequently is an algebraic con-

ception: a tangent line is a straight line having only one intersection with the curve [. . . ].
Another more local conception [. . . ] is: a tangent line is a secant such that the two intersec-
tion points with the curve become coincident. Notice that most pupils who share these local
conceptions of the tangent line move both intersection points rather than to fix one of them
and bring the other one nearer to the fixed point.”
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are not able to explain why and how the secant becomes a tangent line. In
other research, Viholainen (2008) investigates in detail the formal and informal
acquisition of the derivative concept; in an experimental setting he proves that
in problem solving environments some students hesitate to use the concept de-
finition (even if they are able to employ it). Juter (2008) notices that many
Calculus concepts involve representations closely linked to previous students’
experiences and to their intuitive pre-conceptions. This is particularly com-
mon in Italian teaching: university students of the first year of ‘soft’ scientific
courses meet newly and in more formal ways the main Calculus concepts they
learned in an ‘intuitive’ way during the last two years of high school.

Lovric & Kajander (2009) notice that students extend suitably the concept
of tangent line to a conic curve, as a generalization of the concept learned of
a tangent line to a circumference. Vivier (2010, p. 178) states that more than
half of the pupils in his sample hold the concept of tangent to a conic even
in case of other curves. This concept is often wrongly applied in the case of
a tangent line to a curve in a ‘global’ way. Lovric & Kajander (ibid.) show
examples drawn from school and university textbooks which make stronger
this ‘global’ conception of tangent line and do not carry students to renounce
the previous naive conception towards a more general understanding of the
notion of the tangent line. Biza, Nardi & Zachariades (2009), focusing on the
concept of tangent line, show that many teachers adopt the idea that visual
arguments are enough for accepting some statements (e.g. that a straight line
is not a tangent line) and that similar visual arguments are inadequate for
demonstrating other statements (e.g. for proving that a straight line is actually
a tangent line, there is a need for an algebraic argument).

1.2 Secant

The concept of secant brings with itself similar didactic obstacles (Brousseau,
1999). Studying graphs of functions, students can have the experience of a cu-
rve which cuts a given straight line many times; but, at least in Italy, teachers
focus the students’ attention on the possible intersection points of the curve
and the straight line, avoiding the term ‘secant’. For this reason Castela (1995,
p. 36) stresses the ambiguousness of this term, since it is used as a qualify-
ing adjective “appartenant plus ou moins au discours mathématique”3, and
possibly “le mot reçoive son sens des situations qu’il est supposé ressembler”4.

Customarily, the secant straight lines are defined in Italian school textbo-
oks at 10th grade (15 year old pupils) in the study of possible positions of a

3“which belongs, more or less, to the mathematical discourse”.
4“the word derives its meaning from the situations in which the word is placed”.
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straight line and a circumference, as prerequisites to the three theorems co-
ming from Propositions III. 35 – 37 of Euclid’s Elements. We can have such
different definitions of the secant as

• (µ-definition) a line having a distance from the circumference centre less
than the radius (metric definition of a µ-secant);

• (σ-definition) a straight line such that the set of points belonging at the
same time to the line and to the circumference has exactly two distinct
elements (standard set-theoretic definition of a σ-secant).

The concept of tangent line has corresponding definitions (avoiding the use of
limit). A tangent line is:

• (µ-definition) a line having a distance from the circumference centre
equal to the radius (metric definition of a µ-tangent line);

• (σ-definition) a straight line such that the set of points belonging at
the same time to the line and to the circumference has one element
(set-theoretic definition of a σ-tangent line)5.

These definitions, when circumference is involved, are equivalent, both ‘global’
and this status of globalism holds also for the study of conics, with some adju-
stments. Notice that these definitions, in each case, suggest a sharp distinction
between the tangent line and the related secants, similar to the Euclid’s Defini-
tion I.20 in which there is a distinction between square and rectangle, inducing
the idea that a tangent is not a secant. Afterwards, when conics are substitu-
ted by curves, they are not equivalent and may cause misunderstanding and
obstacles.
For learners, indeed, the idea of secant (and tangent line to a curve) is di-

sregarded until the end of high school or the beginning of university. It emerges
only for the sake of giving a visual illustration of the derivative, without other
explanations. In this more general setting the µ-definition is very difficult to
apply since for a general curve the concept of curve centre is not present (even
though the concept of distance is). Nevertheless we find some modification of
the concept in the sense that there is implicit or explicit reference to the to-
pology induced by the standard metric, mixing µ and σ definitions of secant.
E.g. Bradley and Smith (1999) state that:

5We can add another definition of the tangent as the straight line passing through a
circumference point which is perpendicular to the circumference radius for that point.
In case of algebraic curves there are other definitions of tangent lines given by Fermat and
by Decartes (Martinez de la Rosa, 2009) and (Vivier, 2010).
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Consider the line joining the given point P to the neighboring point Q on
the graph of f , as shown in Figure. . . This line is called a secant. (p. 128)6

and Thurston (1993) writes:

The tangent is the limit of the secant. Let us formalize this definition
(. . . ). Just as a secant to a curve is a line through two points of the
curve, so a secant to a set of points is a line through two points of the
set. Let A be a set of points, let P belong to A, and let T a line through P .
Then T is a tangent-line to A at P if the following condition is satisfied.
If ε is any positive number, there is a positive δ such that every secant
PX for which the distance of X from P is less than δ makes an angle
smaller than ε with T ”. (p. 228)

Here Thurston sets again the secant following the σ-definition and he adds
to this definition the idea of closeness and the measure of angles, with the
proposal of a characterisation which use the ‘continuity’ between secant and
tangent, by turning to the formal classic (ε − δ)-definition of limit. Moreover
the author refers to a local and metric environment; in this way he does not
avoid the distinction (with Euclidean origin) between tangent line and secant.

We can add that similar textbooks definitions could cause the pupil’s belief
that whenever a curve is continuous and has secants, it must have also tangent
lines. Habitually, the counterexamples to this statement (e.g. fractal curves or
singularity points) are avoided.

Furthermore the σ-definition can become only ‘local’ as in Bradley and
Smith (1999) and in Thurston (1993), hence σ-tangent line definition is in-
sufficient when considering limits. This means that the notion of secant as
identified by the presence of exactly two points of intersection is no longer
suitable, and we need to generalize the notion of secant, with a sort of (σ,µ)-
definition in which two points and their neighbourhoods are involved.

Following Biza (2007) sooner or later the Euclidean point of view and the
peculiarities of Calculus come into conflict, with the effect that Calculus begin-
ners fumble to make sense of the ideas of secant and tangent lines. They tend
to try to make the ideas as tangible as possible and to fit the (holistic) global
properties into a context which requires the employment of local properties.

In order to overcome these difficulties, we borrow the first part of the
(Chambers, 1728) definition:

6Remark that for the function f(x) = x3, of the following Figure 1, every circular neigh-
bourhood centred in the point O in which a secant s passing through O has another point
P in common with the graph, there must be a third point P ′ common to the secant and
the curve. This case enlightens that the definition of a neighbouring σ-secant used also by
Thurston (1993) could be disputable.
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Secant in Geometry: a line that cuts another, or divides it in two parts.

Vivier (2010, p. 182) gives a similar definition of secant, but he subordi-
nates it to the tangent line:

Nous tenons à préciser que dans la suite, une sécante à une courbe est une
droite qui passe par un point de la courbe, point où l’on veut déterminer
la tangente”7.

We suggest a (global and geometrical) definition of the secant to a curve
C, as:

• (υ-definition) a straight line having at least a point in common with C
(a set-theoretic global definition of a υ-secant).

On the tangent side we must leave the global aspect in favour of a local one
in assuming a new definition:

• (λ-definition) a straight line in a point P of a curve C is the tangent line
to C in P if it is the limit8 of υ-secants of C in P (local definition of a
λ-tangent line).

Notice the similarity of the words in the definitions of υ-secant and of σ-
tangent line. The υ-secant is a set-theoretical concept and it is global, since
the characteristic condition is either fulfilled or not. In order to assess that a
straight line r is a λ-tangent line at P to C, it is necessary to introduce some
other (local) considerations, since the relation of belonging is not enough to
distinguish between the tangent line and secant to the curve C in P . In this
way each λ-tangent line is also a υ-secant, but not conversely, and this avoids
the necessity of a distinction between secant and tangent line, which has an
Euclidean origin. It also avoids the necessity of a distinction in the case of a
straight line which could be secant in a point and tangent in another point of
the same curve.
This simple υ-secant is not accepted by learners (as the questionnaire shows

us) and we also found that our colleagues were perplexed about it.

In our opinion this difficulty has deep epistemological roots that lie in the
necessity of changing the point of view. Maschietto (2008) writes

7“We’d like to make it clear that in the following, a secant to a curve is a straight line
which passes through a point belonging to the curve, where we want to identify the tangent
line.”
8We discuss in paragraphs 5 and 6 the term ‘limit’ as it is presented in connection with

the transition between secants and tangent lines.
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Since the beginning, the study of Calculus is characterised by the addition
of a local point of view on functions. Some authors also distinguish an
infinitesimal point of view, present when properties involve infinitesimal
notions (Chorlay 2007). A local (and infinitesimal) point of view draws
attention to what happens at a specific value and in its neighbourhoods.
The point wise and local points of view (and also the infinitesimal one)
are difficult to separate from each other. This makes their interaction
complex.

The need for a similar change of point of view is proposed also by Vande-
brouck (2011, p. 2095):

Indeed, the balance from conceptual embodied world to the formal axio-
matic one is accompanied by the development of local properties about
functions: limit, continuity, derivability [. . . ] which are the basic notions
of Calculus.

However σ-secant and the corresponding σ-tangent line look as if they are
inadequate to explain the local-global conflict, e.g. in the case of the graph of
cubic function f(x) = x3 (Figure 1).

The straight line OP does not fit the (global) σ-definition for the presence
of three points in common with the curve. Moreover a clockwise rotation of
that straight line around O, turns the secant into another thing since two
intersections simultaneously ‘disappear’ in the cases of the tangent line and in
the one of another line which is not tangent even if it has a unique intersection
with the curve. Therefore for identifying the tangent line we must examine
carefully the ‘origin’ O in the local region by abandoning the global point of
view for the tangent line. This and other similar examples suggest to us that
we should adopt the (global) υ-definition for the concept of secant to a curve.
We are aware that our choice of this definition for secant would conflict with
the (geometric or algebraic) idea of a tangent line (to a circumference/conic)
as a straight line having only one point common with the curve. In the Italian
language, owing to the lack of difference between the indefinite article and the
numeral adjective (uno), this difficulty could be greater than in English in
which a and one have different linguistic functions and meanings. Moreover
since the standard definition of tangent line calls for the presence of a common
point with the curve, we must consider the tangent line as a special case of
a υ-secant. Thence we can consider the υ-definition a suitable generalization
and arrangement among various exigencies. In particular, in Figure 1, all the
straight lines through point O are υ-secants.

But a new problem arises: how to convince learners (without using local
arguments) that a tangent line is the limit of secants, whenever both secants
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and tangent line could have only one common point with the curve? First of all

Figure 1. Graph of y = x3 together with graph
points O and P , the secant line OP , the tangent
line to the graph at O and another straight line.

we notice that in many cases the
limit of a sequence of numbers is
a number, and in some cases co-
uld be also one of the elements of
the sequence; why do we need a li-
mit of secants to be something el-
se? It is possible to overcome the
obstacle only by adopting a local
definition of the tangent line to
a curve as a straight line having
locally at least two coinciding in-
tersections with the curve, and in
this way the presence of two (co-
inciding) points becomes a cha-
racteristic feature of the tangent
line!

But also this definition in not completely adequate, as shows examples like
the graph of y2 = (x + 1)x2 with the y-axis. Moreover Schneider (1991, p.
70) and other researchers, notice that graphic representations are inclined to
favour examples which are ‘self-explaining’ and in which the secant is always
‘standard’. E.g. let C be a curve and let P and Q two points of the curve which
are internal into an open circle; when the abscissa of Q is moving towards the
abscissa of P , the secant is approximating locally more closely to the curve.
But, in some cases, it could be different e.g. when the curve is the graph of
y = x sin(1/x) (a non-algebraic function) (Figure 2).

This function is derivable in its domain, but it is impossible that moving
Q (in which the derivative is negative) towards P (in which the derivative is
positive), the point Q will remain in the open circle and until the point Q lies
in this open circle, the secant PQ is very far from approximate to the curve
in the neighbourhood of P . The reason could be that Q, at the same time,
belongs both to the intrafigural space (as to the bi-dimensional neighbourhood
of the Pythagorean metric) and to the interfigural space (produced by the two
branches of the curve)9 in which lies the segment PQ and these two different
notions of space conflict. In order that the secant PQ will approximate to
the tangent, the point Q and the segment PQ must remain in the interfigural
space but not in the intrafigural space. If the bi-dimensional neighbourhood
of P is so ‘big’ to contain all the interfigural space necessary for completing

9Piaget et Garcia (1983, p.133)
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the movement of Q towards P , the same problem remains with other points
of intersection of the secant passing through P and the curve.

Figure 2. Graph of y = x sin(1/x) with two points and the
secant line connecting them.

The case of Figure 2 should be criticized since the open circle in it is not
‘suitable’ and it is possible to reduce the radius of the circle avoiding this hitch,
but this function (and many other examples of the same kind) is such that for
each given radius we can find a point of the graph in which this ‘odd’ situation
is present. Moreover, what is the mathematical concept of ‘unsuitable’? In our
opinion this ‘unsuitability’ hides the confrontation of the intrafigural space, a
remnant of the Aristotelian idea of space, with the interfigural space, which
origin, following Keller (2004), is projective.

Therefore we must analyse thoroughly the secant problem from the point
of view of its geometrical representation. In accordance with Duval (1993)
“il n’y a pas de noétique sans sémiotique”10 and we only can operate with
mathematical object, by the means of their semiotic representations. But the
use of graphic representations, even if they aim only to visually illustrate the
concept of derivative, should be understood in depth as this. As Duval states:

L’important, dans l’analyse du vocabulaire utilisé en géométrie, [. . . ] est
l’étendue du spectre sémantique qu’il recouvre. En effet, pour décrire ce
qu’il faut voir, les mathématiques recourent à deux catégories de ter-
mes qu’on ne retrouve pas dans le vocabulaire commun [. . . ] : les termes
analytico-descriptifs et les termes de relations entre tracés considérées

10“there is not noesis without semiosis”.
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indépendamment de leur appartenance à l’organisation visuelle de la
forme d’un objet. [. . . ] Mais le problème pour l’apprentissage est que
ces catégories de termes spécifiques (côté, diagonale, corde, rayon, som-
met, point d’intersection, angle, parallèle, perpendiculaire, symétrique,
égal,. . . ) entrent en concurrence avec un vocabulaire non mathématique
(trait, ligne, horizontal, vertical, croisement, se couper/ne pas se couper,
se toucher/ne pas se toucher. . . ) qui n’implique aucune déconstruction
dimensionnelle des formes. (Duval, 2005, pp. 31-32)11

This cognitive operation of dimensional deconstruction is important for
gaining access to the so called axiomatic-natural geometric paradigm GII,
following Houdement and Kuzniak (2006):

La Géométrie I ou “géométrie naturelle” [. . . ] a pour source de vali-
dation la réalité, le sensible, [. . . ] la Géométrie I correspond déjà à un
effort d’abstraction du réel, dans la mesure où la pensée sélectionne pour
s’exercer certains aspects des objets s’ils sont matériels ou les traduit
en schémas, comme par exemple des figures simples (cercles, carrés,. . . ).
L’intuition, l’expérience et le raisonnement déductif s’exercent sur des
objets matériels, ou matérialisés, grâce à la perception ou la mise en œu-
vre d’expériences mécaniques réelles comme le pliage, le découpage ou
leur pendant virtuel. En ce sens, la géométrie d‘Euclide n’est pas de la
Géométrie I. (p. 180).

La Géométrie II ou “géométrie axiomatique naturelle”. Dans cet-
te Géométrie, la source de validation se fonde sur les lois hypothético-
déductives dans un système axiomatique aussi précis que possible. Mais
le problème du choix des axiomes se pose. La relation avec la réalité sub-
siste encore dans cette Géométrie, dans la mesure où elle s’est constituée
pour organiser les connaissances géométriques issues de problèmes spa-
tiaux. L’axiomatisation proposée est certes une formalisation, mais elle
n’est pas formelle car ici la syntaxe n’est pas coupée de la sémantique
qui renvoie à la réalité. . D’où la conservation du qualificatif “naturelle”.
(p. 181)12.

11“The main point, in the analysis of the geometric vocabulary, [. . . ] is the extension
of the semantic spectrum it fills. As a matter of fact, in order to give a description of
what we must see, mathematics resorts to two term categories which are not present in the
common vocabulary [. . . ]: the analytical-descriptive terms and terms describing relations
among graphs which are checked apart from their belonging to the visual organization of
an object shape. [. . . ] But the learning problem is that these two categories of specific
terms (side, diagonal, chord, radius, vertex, intersection point, angle, parallel, perpendicular,
symmetric, equal,. . . ) compete with a non-mathematical vocabulary (stroke, line, horizontal,
upright, crossing, to cut across/ to do not cut across, to touch one another / to do not touch
one another) which does not involve any dimensional deconstruction (splitting) of shapes”.
12“Geometry I, i.e. “natural geometry”, [. . . ] has its source of validation inside reality,
inside the tangible world, [. . . ]. Geometry I is already a result of an effort towards the
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Bulf (2008) notices that a sharp distinction between GI and GII is not
possible, since in the tasks and in pupils’ productions there is a coming and
going from one paradigm to the other.
Going back to the practice of geometric representation which could hint at

a theoretical statement, teacher and pupils are working in the GI paradigm;
but when the drawing is transformed into an heuristic device we must consider
the paradigm GII. Many times, when the graphical representation is ‘read’ by
the teachers’ expert eyes, its heuristic role is obvious. The same role could not
be manifest at the näıve eyes of learners who are exploring an unknown land.
In this context the distinction between GI and GII paradigms is evident.
Van Hiele (1986) introduces the “visual level” (p. 41) and the statement

that “the levels are situated not in the subject matter but in the thinking of
man” (p. 41). Following him we suggest that it is important to take account
of the likely interference of the GI and GII paradigms, during the two steps
(experimental/naive) of learning, mainly in the framework of the local-global
dialectic.
Maschietto et Pezzini (2001) stress that Calculus, in identifying the tangent

line, makes a strong use of the local dimension both graphically (thanks to
identifying a ‘suitable’ neighbourhood of the point of a tangent) and making
reference to the problem of the better approximation of a curve at this point;
but in this suitable neighbourhood it is hard to distinguish between tangent
and secant lines.
However are we sure that teachers and their pupils are interpreting this

‘closeness’ in the same way? In case of GI paradigm, ‘close’ is understood in
a sensible way as at a small visual distance. The topological interpretation
of ‘closeness’ could be different and could imply the use of a GII paradigm,
whose relevance is enhanced in the case of presence of an nevironment with a
metric.
Maschietto (2005, p. 38) states that with a computer graphic tool we can:

abstraction of reality, insofar as the thinking screens, as a training, some aspects from objects,
in case they are material object, or the thinking expresses them as schemes, e.g. simple figures
(circles, squares,. . . ). Intuition, experience and deductive reasoning practice with material
or materialized objects, thanks to perception or the realization of mechanical experiences
such that the folding, the cutting and their virtual correspondent concepts. In such a way,
Euclidean geometry is not a Geometry I. Geometry II, i.e. “natural axiomatic geometry”.
In this Geometry, the source of validation is inside the hypothetic-deductive laws within an
axiomatic system as precise as possible. In this case there is the problem of axiom choice.
The connection with the reality is still acting in this Geometry insofar as this geometry is
formed in order to arrange the geometrical knowledge stemmed from spatial problems. The
proposal of an axiomatics is certainly a formalisation, but it is not formal, because in this
case syntax is not divided from semantics which refers back to reality. Therefore we keep the
qualifying adjective “natural”.
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. . . soutenir la localisation nécessaire du regard par les commandes d’agran-
dissement/réduction (commandes de zoom [. . . ]) qu’elles fournissent13

In this way she describes the possibility of moving between GI and GII
definitions in a direct and indirect way, using a mixture of visual images and
some features of geometrical similarity and transformation. In this way the
attention of the student or teacher can be shifted from measure to ratio.

As a matter of fact the transition from a secant to its slope is made by using
a triangle as mediator. The transition from the secant slope, to the tangent
line slope (i.e. the derivative) is realized geometrically by reducing jointly the
measure of the triangles sides. This passage from sides (geometric entities)
and their ratios (numerical entities) “complique la comparaison des pentes qui
sont des rapports”14 (Schneider, 1991, p. 75).

For the tangent line, the triangle as mediator disappears, since that po-
lygon is reduced to a point, which is often understood as the remains of a
segment. This complex situation forces us to question the real metric origin
of the ‘closeness’, mainly for the ways in which this topic is presented in some
textbooks. Nevertheless the concept of secant persists as a part of the folklore
(Chevallard, 2004), ce mot désignant le système des connaisances majorita-
irement tenue pou assurées dans un public donné15, since it develops itself
unknown to the mathematical establishment. Mercier (1995) notices that

des savoirs, institutionnellement invisibles mais utiles, lorsque leur utilité
est manifeste, trouvent des occasions d’être présentés et d’être effective-
ment appris sans jamais être officiellement enseignés (p.105). [. . . ] Des
apprentissages institutionnellement invisibles peuvent donc être fonction-
nels. Car non seulement ils s’avèrent utiles à la réussite des élèves en
mathématiques, mais leur invisibilité est nécessaire au fonctionnement
usuel de l’action enseignante, qui peut en user comme s’ils allaient de soi.
[. . . ] L’enseignement traditionnel ignore officiellement les apprentissages
rendus nécessaires par l’emploi des savoirs dans des conditions différentes
de leur première présentation ; il fonctionne en faisant confiance à la ca-
pacité des élèves à réaliser ces apprentissages (p. 106)16.

13“support the indispensable local way of watching by the available zoom instructions”
14“complicates the comparison of slopes which are ratios”
15this word designates the knowldge system which is mostly established in a given public
16“there are knowledge which are invisible from an institutionalisation point of view, but
which are also helpful ; when should the need arise of these knowledge, they are presented
and learned, but never being officially taught. Therefore some learning which are invisible
form an institutionalisation point of view, can be useful. Because not only these knowledge
show themselves helpful for pupils’ success in mathematics, but also their invisibleness is
necessary for the working of teacher’s action; s/he can make use of these knowledge as
they are clear in themselves. Traditional teaching officially ignore the learning in which is
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We define underground curriculum as the set of notions which have been
presented in an explicit way but they are used later in a more general setting
and these extension are tacitly trusted to pupils’ intuition.

The ‘standard’ presentation of λ-tangent line as the limit of υ-secants sup-
pose a change of thinking: with the aim of presenting a critical state in a way
which is assumed more intuitive, the book’s authors introduce a ‘geometric’
limit without any explicit definition of it. This procedure of limit effects a
new property of the ‘point’ involved which becomes ‘multiple’. Moreover the
understanding of the dynamic way and the solution of its problems as regard
to limit, is committed to the potential intuition of the learner, since, in the
presentation, the author writes in a way that assumes everybody knows what
happens when a point (belonging to the secant and to the curve) becomes
a tangency point (and ‘multiple’). Therefore the term secant often remains
implicit; thence we can state that it belongs to the underground curriculum.

2 Research epistemological framework

2.1 Everyday language meaning of the terms

Language can sometimes help the intuition of a concept but the word ‘secant’,
used in the mathematical lexicon for expressing a relation between mathemati-
cal objects, does not seem to help since this word comes from the Latin verb ‘se-
care’. In the online Latin-English dictionary (http://humanum.arts.cuhk.edu.
hk/Lexis/Latin/) we find: “to cut, hurt, wound, amputate, divide, part, to fly
or cut through and to settle (as to settle an argument)”. None of these entries
in English retains the Latin root, secare. The same happens in Italian and in
French; the Latin ‘secare’ still lives in the English–French word section (in
Italian sezione), with a slightly different meaning. Therefore to today’s lear-
ners are unlikely to have any idea of the erudite meaning of the mathematical
word ‘secant’, and so pupils must learn the word together with the concept.
The status of the word ‘tangent’ is similar and the word’s scope is limited to
mathematics and the sciences.

2.2 Secant as a mediator in the representation for derivative

For this research we restrict ourselves to the relation described by the word
‘secant’ in the case of one curve and one straight line. Duval (2005) asserts:

indispensable the utilization of knowledge in different circumstances from the first scenario
in which that knowledge arose; in such a way teaching relies on the pupils’ cleverness of
realizing by themselves this learning”.
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Un point n’a pas d’existence visuelle propre, c’est-à-dire ne peut pas
constituer une unité figurale identifiable. Un point est toujours un
effet de marquage, c’est-à-dire de codage, soit par une lettre,
soit par un nombre (graduation d’une droite) pour fixer une
extrémité ou une séparation et à ce titre relève du seul disco-
urs. La visualisation s’arrête aux tracés (. . . ) qui sont les unités figurales
les plus petites, ou, si l’on préfère une formulation plus physique, qui sont
les pixels de toute représentation géométrique. Il y a bien sûr les points
“remarquables” qui apparaissent avec deux droites sécantes ou avec les
sommets des polygones ou des polyèdres. Mais visuellement l’unité figu-
rale est une configuration de deux traits, prolongés ou non et, à ce titre,
intrinsèquement liés à l’élément visuel D2 qu’est un angle. (pp. 36-37)17

The σ-definition of secant is based on the “points remarquables” i.e. the in-
tersection of common points to the curve and to the secant. The same happens
for our υ-definition of a secant. But the involved “unité figurale” (a figurative
unit), in this case, is made by rectilinear strokes and curved arcs, therefore it
is made by (two dimensional) curvilinear angles. From this point of view, the
definition of a tangent line, as the limit of secants, strengthens the tangent
line’s role as a visual support of the derivative.

Figure 3. The secant to curve y = f(x)
determined by points (x0, f(x0)) and
(x0 + h, f(x0 + h)).

Figure 4. The tangent line as limit of se-
cants.

17“A point does not have a visual one’s existence, that is to say point cannot constitute
an identifiable visual unity. A point is always result of a marking, i.e. a coding
whether by a letter, or by a number (by scaling of a straight line) in order to fix
an end or a parting and for that it gets prominence in the speech. Visualization
stops at graphs (. . . ) which are the smallest figural unities, or, if you choose a more physical
interpretation, the pixels of every geometric representation. Of course, there are “remarkable”
points which results together with two secant straight lines or as vertex of polygon or of
polyhedron. Nevertheless the figural unity is a configuration involving two strokes, which
could be extended or not and, therefore the figural unity is essentially tied to an angle which
is a D2 visual element.”
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The transition of the tangent line from mental object to the role of an
unambiguous mathematical object is a passage from a geometrical object to
an analytical entity. In it the secant plays the role of a sensible mediator.
Nevertheless, in this standard way, the obstacle is evaded, but not remo-

ved: there are evident problems for pupils since they have to exploit different
semiotic representations simultaneously. The pupil is assumed to understand
how

• to convert the analytic equation (in x and y or in x and f(x)) of a straight
line (analytic register) in the drawing of the secant (graphic register)18;

• in this semiotic register s/he must produce the ‘geometric limit’19;

• afterwards s/he needs to convert this procedure to the analytic expres-
sion of the difference quotient (as a function of the increment, e.g. h,
in which x and y lose their condition of being variables or unknown
quantities);

• thence the ‘geometric limit’ is converted to a number (numerical register)
which is obtained by the limit of difference quotients in which h acts as
variable.

Moreover all these semiotic registers have their peculiarities and their specific
difficulties.
None of these conversions is evident and the graphic ostension could not

be enough for a complete understanding. Such a problem often is overcome
when (global) derivative function of elementary is introduced as a ‘mechanic’
procedure and (local) derivative of a function in a ‘point’ is obtained as a
numerical evaluation of this derivative function in this ‘point’.
The problem originates from the need to perform three different cognitive

activities: to represent (choosing semiotic registers), to transform (remaining
into one register) and to convert (connecting different registers). It is inadequ-
ate (Rouy, 2007) to trace these activities back purely to established practice,
e.g. the statement that the tangent line is enough for showing the derivative.
On the other hand the presence of terms borrowed from Calculus could con-
ceal an epistemological obstacle grounded in the heterogeneity of the involved
quantity: pupils must coordinate geometrical entities (secants) with a domain
“numérique symbolisé” (Schneider, 1991) defined by secant slopes, and there-
after they must ‘touch’ the limit of these numbers in order to identify the slope
of the tangent line. They then return to geometry by drawing the tangent line.

18Figures 3 and 4 are adapted from their originals in http://en.wikipedia.org/wiki/Deri-
vative#Definition via difference quotients
19‘Geometric’ limit is a vague notion which we try to analyse in paragraph 6.
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Experience shows that pupils prefer to consider the tangent line only as
a geometric entity, whose definition is obtained from similar entities, instead
of determining this tangent line by its slope. In this way they rely upon an
undefined geometrical limit in the geometric domain.

Oehrtmann (2003) emphasizes that many pupils who practise a ‘dynamic’
terminology when they are requested to face limits or problems involving li-
mits, often do not refer to real movements. Furthermore these pupils declare
that their use of wordings such as ‘as it approaches’ depends on the fact that
they adapt themselves to a didactic practice (textbooks and teachers make
often use of these wordings). In the light of a statement of Vygotsky (1992)
that words are means for the construction of concepts, and then words become
symbols of these concepts, we maintain that this didactic practice could gene-
rate misunderstanding which can continue to grow. From this point of view the
pupils’ superficial lexical choice could support a development of inconsistent
geometric ideas.

2.3 The terms used in textbooks

Lovric and Kajander (2009), present the following statement of McKnight,
Crosswhite and Dossey (1987):

Textbooks form the backbone as well as the Achilles heel of the school
experience in mathematics.

On the basis of our experience with Italian textbooks, we agree on this
statement. A lot of current textbooks define the tangent line to a curve simply
as the limit of secant lines, without any precise statement about which kind
of limit of secants. The most frequent presentations are marked out by an
everyday language, with the aim of paraphrasing the definitions of derivative
and of tangent line, which are assumed to be previously known, maybe with
the hope that in this way they become clearer and more understandable.

The aim to clarify these concepts, brings us frequently to ‘standard’ cases
in which tangent lines which are parallel to the y-axis or cases in which all
the possible secants coincide with the tangent line are avoided. Other cases we
meet in textbooks present tangent line in the case of (arcs of a) conic. Moreover
very often the ‘evocative’ drawing is similar to the one in Figures 3 and 4, or
with a curve having a different concavity, always in the quadrant in which both
coordinates are positive. These representations are coupled frequently with
claims such as secants are ‘good approximations’ of the tangent line, without
expounding what means the locution ’good approximation’ or with dynamic
metaphors, alluding to a physical movement of something that justifies the
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statements that secants approach the tangent line. In these drawings the case
of ‘strange’ curves (as in Figure 1) are avoided and it is evident that the secants
intersect the arc of curve exactly in two points and the tangent line does not
cross the curve.

Orton (1977) finds in the textbooks three typical visual ways for presenting
differentiation:

• tangent line is a half-line which is the limit position for the chord iden-
tified by a straight line with its intersection with the given curve;

• tangent line is defined as the straight line in limit position of chords/secants
(often authors use the word chord even if the attached drawing presents
secants);

• tangent line is defined as the straight line whose gradient is the limit
of the gradient of the chord individuated by a straight line with its
intersection with the given curve.

Orton strongly criticizes the first presentation and we agree with him, cf.
Figures 1 and 2. The practice of using or speaking of chords is evoking the
Euclidean concept of secant and tangent lines in the case of a circumference.
But is also a way to avoid introducing the term ‘secant’. The ‘silence’ of
textbooks, teachers and pupils about secant is an indicators of the passive
resistance to this concept. Notice that the ‘behaviour’ of the chords under
the procedure of limits is the disappearance with the overlapping of their
extremities. We can consider the ‘confusion’ between segments and straight
lines an inheritance from Euclidean geometry.

2.4 The terms in the history of mathematics

From the historical point of view (Edwards, 1979; Giusti, 2007) concepts of
tangent line and of derivative come before the development of a firm theory
of limits, which is attributed to D’Alembert (1754). Nevertheless in the 17th

century, mathematicians slowly become convinced that the tangent line to a
curve is the limit of the position of possible secants (Martinez de la Rosa,
2009, p. 9). Therefore the didactic presentation of these concepts does not
follow the historical development; we can justify this didactic practice as a
choice motivated by the assumed ‘easiness’ for the reciprocal prop of both
geometric (secant) and analytic (limit) semiotic registers. However the use of
limit in the case of secants and tangent lines is not reducible simply to the
analytical concept of limit that we borrow from Leçons d’Analyse (Cauchy,
1821) and its improvement. Aristotle presents a different concept of limit (in
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some Italian or French translations of Categories) or boundary (as in many
English translations):

Quantity is either discrete or continuous. Moreover, some quantities
are such that each part of the whole has a relative position to the other
parts: others have within them no such relation of part to part.

Instances of discrete quantities are number and speech; of continuous,
lines, surfaces, solids, and, besides these, time and place.

In the case of the parts of a number, there is no common boundary at
which they join. For example: two fives make ten, but the two fives have
no common boundary, but are separate; the parts three and seven also do
not join at any boundary. Nor, to generalize, would it ever be possible in
the case of number that there should be a common boundary among the
parts; they are always separate. Number, therefore, is a discrete quantity.

The same is true of speech. That speech is a quantity is evident: for
it is measured in long and short syllables. I mean here speech which is
vocal. Moreover, it is a discrete quantity for its parts have no common
boundary. There is no common boundary at which the syllables join, but
each is separate and distinct from the rest.

A line, on the other hand, is a continuous quantity, for it is possible
to find a common boundary at which its parts join. In the case of the
line, this common boundary is the point; in the case of the plane, it
is the line: for the parts of the plane have also a common boundary.
Similarly you can find a common boundary in the case of the parts of a
solid, namely either a line or a plane. (Aristotle, Categories pp. 13–14,
http://www.constitution.org/ari/aristotle-organon+physics.pdf)

What concept is concealed under the Aristotle’s word (translated as) ‘bo-
undary’ (in French20 and Italian translations21, limite)? Is it the equivalent
of accumulation point, or limit point or boundary point? Which of them? Is
Aristotle speaking of something analogous to density?

We are reading this quotation from Aristotle’s Categories with our modern
eyes, but we must consider that the first mathematicians who faced these
problems (e.g. Fermat, Barrow) could have an inaccurate and different idea of
what we call today a limit. Therefore the suggestion that the tangent line is
the limit of secants, could be interpreted in a different light.

Euclid in Elements gives us an explicit definition of tangent line, but he
does not offer us a definition of secant. His definition III.2 states:

20E.g. in http://fr.wikisource.org/wiki/Cat%C3%A9gories %28traduction Nau%29
21E.g. in Aristotele (1982). Organon: Categorie, Translation of M.Giganti and G.Colli,
Bari: Laterza (Ed.).
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A straight line is said to touch a circle which, meeting the circle and being
produced, does not cut the circle (http://aleph0.clarku.edu/˜djoyce/java/
elements/elements.html).

In this definition Euclid excludes tangent line from the set of secants, since
it “does not cut”. In contrast we can draw a secant that cuts the circumfe-
rence. The term ‘secant’ is not defined, but a trace of it is present in proof of
Proposition III.1 and in Proposition III.2:

Draw a straight line AB through it at random. . .
If two points are taken at random on the circumference of a circle, then
the straight line joining the points falls within the circle (http://aleph0.
clarku.edu/˜djoyce/java/elements/elements.html).

Coming back to the previous remark about Du-
val’s figurative unit involved in υ-definition, we can
stress that Euclid’s Elements present initially a di-
stinction between rectilinear angles (i.e. “angles in
a segment” of Euclid’s Def. III.8) and curvilinear
ones (i.e. “angles of a segment” of Euclid’s Def.
III.7). With the curvilinear angles as semicircle an-
gle, Euclid states the Prop. III.16 as follows:

Figure 5. Illustration of
the Elements. Prop. III.16.

The straight line drawn at right angles to the diameter of a circle from its
end will fall outside the circle, and into the space between the straight
line and the circumference another straight line cannot be interposed,
further the angle of the semicircle is greater, and the remaining angle
less, than any acute rectilinear angle22.

Apollonius used this relation between secants and tangent line for giving,
by his Propositions II.1 and II.2, the definition and characteristic property
of asymptotes to a hyperbola, i.e. the tangent lines when the tangency point
is . . . at infinity. In Prop. III.16 Euclid reveals the conflict between curvili-
near and rectilinear angles, as regard to the use of magnitudes satisfying the
Eudoxus-Archimedes principle. Since this principle holds for rectilinear angles,
we can say that curvilinear angles ‘disappear’ from now on in Elements. By
the light of this discussion we can suppose that in Euclidean settings the true
role of the definition of tangent line as the limit of secants is to substitute cu-
rvilinear angles, since in the case that the curve is a circumference to consider
the limit of secants (AF in Figure 5) is the same as to accept implicitly the
existence of the curvilinear angles.

22Figure 5 is borrowed from http://farside.ph.utexas.edu/euclid/Elements.pdf.
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Following this interpretation of the role of tangent line, the link between
secant and tangent line is a sort of symbiosis since a visual definition of tangent
line makes reference to secants; on the other hand, secant contrasts with the
tangent line. Thanks to this symbiosis, the two concepts of tangent and secant
have had a sort of co-evolution, in the underground curriculum, starting from
the special ancient case of circumference to the general case of a curve (in
Calculus).
The relation of (geometric) limits linking secants to tangent line could be

analysed by making reference to the Continuity Principle of Poncelet:

N’est-il pas évident que si, en conservant ces mêmes données, on vient
à faire varier la figure primitive par degrés insensibles, ou qu’on imprime
à certaines parties de cette figure un mouvement continu d’ailleurs qu-
elconque, n’est-il pas évident que les propriétés et les relations, trouvées
pour le premier système, demeureront applicable aux états successifs de
ce système, pourvu toutefois qu’on ait regard aux modifications parti-
culières qui auront pu y survenir, comme lorsque certaines grandeurs se
seront évanouies, auront changé de sens ou de signe, etc., modification
qu’il sera toujours aisé de rencontrer à priori, et par des règles sûres?
(Poncelet. 1822, p. Xxij)23

A similar statement is present in Leibniz works. He writes in the Lettre à
Herman Conrig (1678):

If a variable at all stages enjoys a certain property, its limit will enjoy
the same property (Kline, 1982, p. 152).

and later in the Lettre à P.Bayle (1687):

In any supposed transition ending in any terminus, it is permissible to
institute a general reasoning, in which the final terminus may also be
included (Kline, 1982, p. 152).

Therefore secant and tangent are much alike, i.e. could be considered as
the same concept.
We conclude this first theoretical part of the paper by remarking that with

our analysis we pointed out that the concept of secant has in itself and in its
mathematical history some unclear aspects, some ambiguities and the ‘official’

23“Does it not evident that whether the previous figure changes by an imperceptible man-
ner and preserves the same properties, or one sets certain parts of this figure in an arbitrary
continuous motion, does it not evident that the properties and relations which are ascerta-
ined for the previous system, are applicable to the subsequent states of this system, as long
as one pays attention to the possible particular changes, as the fact that some magnitudes
disappear, or there is a change of sign, etc., but it will be always easy to detect a-priori such
changes and by the means of sure rules?”
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presentations of it are not enough to dispel all these ambiguities. We stress
once more, the fact that there is a strict link between the concept of secant and
the habitual use of defining tangent line by the means of a ‘geometric’ limit.
This process hides a collection of subtle historic and epistemological problems.
Even if one is aware that it is possible to question every kind of definition,
given a suitable context, we maintain that our definition of υ-secant coupled
with the definition of λ-tangent line, where ‘limit’ is taken in the meaning of
Leibniz-Poncelet, is a suitable representation of the concepts which meets the
demands of both geometric and analytic exigencies.

3 Research methodology

Our research aims to provide a picture of the meanings Italian learners give to
the term ‘secant’. In order to carry out this task we selected different samples
of students across a range ages, school types, places and cultures. We gave
them a set of questions (in attachment) and on the basis of learners’ answers
we focused on the possible models of secant. The total sample was of 797
Italian learners: 184 Parma university freshmen and 613 from secondary high
schools in Lombardy (3 schools) and in Emilia-Romagna (2 schools). School
pupils were in the last three years of secondary school: 207 of grade 11 (16
year old pupils), 196 of grade 12, and 210 of grade 13.
Owing the object of the research and the Italian school curricula, the con-

cept of limit is customarily presented in grade 12, thence our attention is
focused on the answers from these students. Nevertheless we investigate the
11th-graders protocols in order to ascertain the impact of the underground
curriculum, i.e. whether the concept of secant has been extended in the way
it is used later from grade 12 in connection with derivatives. The results of
13th-graders and those of university freshmen can show whether the learning
of tangent line as limit of secants links with learners’ misconceptions about
secant. There was a variety in the types of schools involved and emphasis that
the school curricula give to Calculus.
The questionnaire was administered in one commercial high school (187

pupils) and one vocational high schools (37 pupils), three scientific high schools
(389 pupils) and in University. In the curriculum of vocational and commer-
cial schools there are few emphases and hours for teaching of mathematics
and Calculus contents is often neglected or illustrated simply. In the scientific
high schools in all grades, mathematics is one of the main courses and the
standard contents of Calculus are presented extensively in grades 12 and 13.
The mathematical contents of grade 13 in these scientific schools is similar to
the mathematics taught in Geology and Pharmacy, in our sample.
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We also note that with school autonomy in Italy the effective contents of
the curricula taught may be different for schools of the same type, therefore
we investigated also the ‘culture’ of each school in this subject.

Learners were given ten minutes for answering all the questions. This short
time for carrying out the task allows us to detect preconceptions and miscon-
ceptions of learners without giving the students time to adjust their answers.

The questionnaire presents four questions; this small number of items avo-
ids the too much mental exertion that might possibly influence the quality of
responses.

In the first three items pupil had to choose from multiple responses to each
of them; the last item was an ‘open’ question in two parts and the response
was anticipated to be a short written argument.

3.1 The choice of items: aims of questionnaire

The first three questions present graphically different kinds of intersections
of curves and straight lines and pupils must identify which of these lines are
secants. With our υ-definition, the exact answers to these questions are 1-a,
1-b; 2-a, 2-b, 2-c; 3-a, 3-b, 3-c. In these items we put in the answer d: “no
straight line” as a distractor. This reply helps us to identify both students
who are making a random choice of the multiple answers and also those who
hold the possible misunderstandings hidden in the text of the item.

In the first question, the curve arc is similar to a conic arc; this drawing
is intended to present the secant from a global point of view. We focus on the
possible rejection of the answer 1-b, (and the same for 3-a) as a ‘disjunctive’
(Euclidean) interpretation of the relation secant – tangent line. The second
item presents the graph of the function y = |x| in a Cartesian reference system;
it represents a case in which the term ‘curve’ does not look like a curve and
there is also a ‘critical’ point (angular point). This graph is present in almost
school and university handbooks and in some research papers e.g. Martinez
de la Rosa (2009) and Dreyfus, Rasslan & Tsamir (2006). The third question
presents a situation that is more general that those with conic arcs. In it the
local point of view is essential only for tangent line, but our issue is about
the secant. The lack of a reference system in questions 1 and 2 is functional
for diverting pupils’ attention from ‘algebraic’ calculation (Schneider, 1991),
(Biza et al., 2009) to geometrical thinking. The answer 3-c can be compared
with 2-c: the straight line 3-c could be read as the ordinates axes, even if is not
‘vertical’ and there is not a reference system. We find in Castela (1995) and in
Martinez de la Rosa (2009) similar questions with similar motivation for their
inclusion. With this item we offer to clever pupil the possibility of coming back
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to the first question as they become aware of the conflict between local and
global points of view, as to straight line 3-a, and with the idea of a tangent
line having only one intersection with a curve and the possible contraposition
secant-tangent line. The fourth question is inspired by similar proposals by
Viseu and Almeyda (2003) and Orton (1983). It is divided into two items. It
aims to look into learners’ competence in producing graphically geometrical
limits (not solely in regard to the critical relationship between secant and
tangent). The focus is on geometric environments involving circumference,
but excluding Calculus. For these test items we expected answers to be in text
form and we have analysed the responses to detect the responders’ personal
lexicon that they use in geometry at the moment in which the ‘limit’ procedure
is required. Similar problems are customary in Italian teaching for grades 10
and 11, in the so called discussion problems in which a geometrical setting is
converted (generally) into quadratic algebraic equations with one parameter.
In these lessons the discussion is about the search for the domain of variation
of the parameter. The ‘singular’ values of the parameter give rise to ‘limit
cases’ which are examples of and Leibniz and Poncelet statements.

4 Outcomes

The following Table 1 summarises the relative frequency (as percentages) of
answers to questions 1, 2, and 3. Notice that since multiple responses are allo-
wed, the sum of relative frequency could be greater than 100%. The maximum
of the relative frequency among the subsamples is shown in bold type. The
grey background with a star shows the statistical significance of the difference
between subsamples in the same row by the means of a χ2-test at a level α
with 0.01 <α ¬ 0.05. The grey background with the sign # in the same row
means that the difference were α ¬ 0.01. E.g. in the case of answer 2-d, we
have difference between Grade 12 – University has α such that 0.01 <α ¬ 0.05,
The differences between Grade 11 – University and Grade 13 – University have
α ¬ 0.01. The presence of more than one star or sharp in different side of the
number gives concise indication about the involved subsample.
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Answers
Grade 11 Grade 12 Grade 13 University Whole
subsample subsample subsample subsample sample

No. 207 196 210 184 797
Answer 1-a 91.30 95.92 94.29 93.48 93.73
Answer 1-b *14.49 10.20 *7.62 *7.07 9.91
Answer 1-c 1.45 1.53 1.90 1.63 1.63
Answer 1-d 0.97 1.52 0 1.63 1
Answer 2-a 39.13 29.59 34.29 32.07 33.88
Answer 2-b 89.37 93.37 90 92.93 91.34
Answer 2-c 21.26 22.96 *25.71 *17.39 21.96

Answer 2-d #6.28 *5.10 6.67# #*1.09# 4.89
Answer 3-a 51.21 59.69 56.67 58.70 56.46
Answer 3-b 86.47 80.61 86.67 79.89 83.56
Answer 3-c *32.85 *23.98 32.38 23.91 28.48
Answer 3- d 6.76 5.10 3.33 4.89 5.02

Table 1. Whole sample percentages of answers to questions 1-2-3.

4.1 Outcomes analysis of protocols

In our opinion the Euclidean contrast secant/tangent line, in a conic-like case,
explains why only the 9.91% of the whole sample contemplates the tangent
line in question 1 among the secants. Moreover it is worth noting that the
percentages reduce as the grade increases: we maintain that this is a conse-
quence of the ‘formal’ introduction of the tangent line as the limit of secants.
Therefore it seems as though the school acts against the υ-secant, even if the
essential continuity which is present in the limit must favour the coincidence of
the two kinds of objects, as postulated in Leibniz’ and Poncelet’s statements.

The relative frequency of the answer 3-a, clashes with this Euclidean con-
trast.

In the case of question 2, the graph of this well known function (as a coun-
terexample of the dialectic between continuity and derivability) is troublesome
for a lot of learners. Most of the responses (91.34%) assess the straight line
2-b as a secant, whereas less than a quarter of the sample affirms that the
straight line 2-c is a secant with a remarkable minimum, 17.39%, of the uni-
versity sample, and this reduction has statistical significance. In our opinion,
learners exclude this straight line as secant since it is already labelled as the
y-axis, disregarding the geometric property in favour of the analytic environ-
ment. Moreover other researchers stress in similar cases that the presence of
a critical point is an obstacle. E.g. Dreyfus et al. (2006) bear witness to the
common idea that in the graph of y = |x| the ‘origin’ is a regression edge.
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Furthermore the fact that the y-axis is also the symmetry axis of the global
drawing, with its special role among straight lines, triggers a possible gestalt
phenomenon suggesting exclusion of 2-c from secants. A minority (33.88%)
of the number of learners accept the straight line 2-a among the secants and
in this case the maximum value is given by the subsample of 11th-graders
(with 53.85% and 63.64% of 11th graders in the two scientific study high scho-
ols). Globally the results of 2-a can be considered similar in every subsample.
of 11th-graders(with 53.85% and 63.64% of 11th graders in the two scientific
study high schools). Globally the results of 2-a can be considered similar in
every subsample. Also in two classes (grade 12 and 13) of the unique voca-
tional school we have a relevant relative frequency, 51.35% of answer 2-a. A
deeper analysis of the protocols suggests that the drawing of item 2 could
have had effect on the frequency of a positive answer, since pupils may have
presumed that there is another point of intersection of line 2-a with the graph
of f(x) = |x| beyond the illustration in the example.
It is possible that the complementary of relative frequency 33.88% of an-

swer 2-a, i.e 66.12% is a consequence of the model of circumference-tangent
line, for which secant means σ-secant. There are (at least) two cases:

• learners who ‘read’ the two half-lines as belonging to the (visible portion
of the) graph of y = |x| as segments and, in this way, with only one
intersection point with the ‘segment’ 2-a;

• learners who interpret the drawn segments as straight (half-) lines; for
them 2-a is a secant if and only if it is not parallel to a branch of graph,
as one pupil explicitly suggested by adding an unrequested specification.

An interviewed university student affirmed that in the case that the line 2-a
is parallel to the branch of curve, 2-a is a tangent line since it intersects the
curve in only one point.
This question and the examples of its answers induce us to wonder whether

learners hold a definition of curve and, if so, which definition (which one?).
What do textbooks write about this subject? Bagni (2009) shows that the
mediator ‘curve’ has many nuances and different degrees of iconic consistency;
which of them are acceptable to learners?
Our choice of considering and writing explicitly the word ‘curve’, in qu-

estion 2, for the graph of the function y = |x| is questionable but we consider
it suitable for exploring the difficulties with the distinction between secant
and tangent line. It is well known that the function under consideration is
continuous everywhere, but that there is a point at which it is not derivable.
Nevertheless the fact that it is derivable at any other point is not stressed in
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the same way since in this case the infinitely many σ-secants in the intrafigural
space of each neighbourhood crossing only one graph branch coincide with the
branch and with the limit of υ-secants. In other words the tangent line can be
seen as the limit of σ-secants and is also the limit of a constant function. This
seems be excluded from consideration by the majority of learners.

The question 2-d differentiates with statistical significance the subsamples
of University students from all the other subsamples, showing in this way an
improvement in their knowledge.

The differences in the answers to question 3-d in comparison with qu-
estion 2-d are more remarkable. We maintain that the high relative frequency,
83.56%, of the answer 3-b is due to an interaction between naive belief and an
extrapolation of classroom practice. We can consider this answer to be moti-
vated by an agreement between the σ-definition and the necessity of managing
the graph of the function resulting from mathematical modelling. For these
reasons the presence of more than two intersection points is accepted and it is
worth noting the fact that 43.54% of respondents did not attribute the ‘sta-
tus’ of secant to the line 3-a having exactly two common points with the given
curve, since they do not have mastery of both the local and global aspects.
The rate 6.76% of the answer 3-d, given by 11th-graders, i.e. no straight line
is a secant, shows that the σ-definition is not stale already at this grade. This
rate of response decreases in other grades, but it is never eliminated There
is even a small increase in the frequency of this response over the transition
from high school to university. We suppose that the introduction of derivative
at this stage has diverted the learners’ attention from the global behaviour of
the tangent line in favour of the contact point (local aspect)24.

In the case of the circumference, of course, these problems are not present
since tangent line and secants have only a global feature, in contrast to their
‘behaviour’ in the case of a generic curve. We were surprised by the relatively
low frequency of the answer 3-c (29.48%); this low figure in grade 13 may
be explained by the learning of Calculus, but this hypothesis conflicts with
the outcomes for the university students (23.91%). Moreover in the item 3
there are not angular points which might interfere as we suggest they do in
question 2. We suggest that, even if there is not a Cartesian reference system,
there could be a gestalt phenomenon connected with the parabola axis i.e. this
straight line, being an axis, cannot be other things, e.g. a secant.

Why do such learners hesitate in considering the straight lines 2-a 3-a and

24According to Euclidean geometry, a tangent line (in the case of a circumference) never
crosses the curve, therefore the straight line 3-a satisfies the σ-definition of secant. This
choice was made by the majority (86%) of 11th-graders of one of the scientific high schools,
but in the same school the presence of this choice lowers and in grade 13 is the least (47%).
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3-c as secants lines? We suggest that there could be a conception of the secant
as a straight line having two quite close points of intersection with the curve.
We ground this statement on the basis of the respondent’s writings which
couple their answers to question 4. We can find also examples in textbooks
such as Lovric & Kajander (2009) and Bradley and Smith (1999) (quoted
above). Thurston suggests that the straight line 2-c and 3-c are not secants,
according to many respondents.

This concept separation appears evident in responses to question 4b. An
11th-grader writes: “the straight line changes from secant passing through
points A and C into a tangent line at point A (C)”. Another 11th-grader
affirms that the straight line “will just be tangent to circumference when A
and C finish by being placed one upon the other.” The latter pupil to the
previous question 4a wrote: “the triangle leaves off existing, it leaves behind
a segment at its place.” Other interesting statements come from three 12th-
graders; they defend the idea that “the straight line turns to the tangent line
at C” (4b), but “the triangle (4a) does not exist, or better, it is non-existent”.
Their intuitive statements are jarring and conflicting with one another and
with Leibniz’ and Poncelet’s ideas. Another 12th-grader unwittingly repeated
the above statement by Bradley and Smith unawares in answering 4b: “When
the point A is getting near point C, a secant line forms”.

4.2 Identification of respondents’ models for secant

In this paragraph we undertake a synthesis of the findings of questions 1, 2,
and 3. We have grouped the responses with the aim of recognizing possible
meanings that learners give to the wording ‘secant’. We discovered that only
1.13% of the whole sample (i.e. 9 respondents) accept that the idea of υ-
secants, i.e. the answers 1-ab, 2-abc and 3-abc; these are the cases in which the
straight lines and the curves have at least one common point. As we said before
this υ-definition is the best possible one, since it is free from any Euclidean
heritage and also free from the possible traps of an analytical approach which
we interpret as näıve. Moreover we maintain that such a definition allows a
Calculus approach which does create other difficulties for learners.

During the return of the questionnaire many respondents reported that
they had never met at school with an explicit and consistent definition of
secant. Tables 2 and 3 summarize the relative frequency of correct answers as
regards different subsamples.
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Correct Grade 11 Grade 12 Grade 13 University Whole
Answers subsample subsample subsample subsample sample
No. 207 196 210 184 797
Answers 1-ab *8.21 8.16* *3.33* *2.72* 5.65
Answers 2-abc 14.01 19.39 20.95 14.67 17.31
Answers 3-abc *19.81 *12.24* 20.48* 13.04 16.65

Table 2. Percentage of correct answers to questions 1, 2 and 3 for grade subsam-
ples.

Notice the statistical similarity of answers among subsamples in case of
question 2.
Now we want to consider the outcomes pointing out the differences among

the school. In our sample we administered the questionnaire to ‘Maggi’, ‘Ulivi’,
‘Aselli’ (three scientific high schools); ‘Sanfelice’ (a commercial high school);
‘Levi’ (a vocational high school), and to Pharmacy and Geologic Sciences
students at University.

Correct Levi sub- Sanfelice Aselli sub- Maggi sub- Ulivi sub- University Whole
Answers sample subsample sample sample sample subsample sample
No. 37 187 50 242 97 184 797
Answers 1-ab 32.43 4.28 2 5.79 5.15 2.72 5.65
Answers 2-abc 10.81 10.16 10 20.25 35.05 14.67 17.31
Answers 3-abc *5.41 *10.16* 18 24.38 19.59* 13.04 16.56

Table 3. Percentages of correct answers to questions 1, 2 and 3 for schools subsample.

Beyond this analysis we obtained a complex system of differences among
the school, by the χ2 test and when the samples do not allow this statistical
analysis, by the Fisher’s exact test for small samples. We collect them in the
Table 3 bis.

Levi sub- Sanfelice Aselli sub- Maggi sub- Ulivi sub- University
sample subsample sample sample sample subsample

Levi subsample 3-abc 1-ab 1-ab
Sanfelice subsample 1-ab 3-abc 2-abc
Aselli subsample 1-ab 2-abc
Maggi subsample 1-ab 2-abc 2-abc 3-abc
Ulivi subsample 2-abc 2-abc
University subsample

Table 3 bis. Statistical significance of difference between samples with α ¬ 0.01.
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From Tables 3 and 3 bis we remark that the pupils’ answers of vocational
high school are ‘different’ from all the other school subsample, but please
remark that Levi school pupils give better answers 1-ab. Moreover the results
of Maggi – Aselli and Aselli University students are statistically similar.
The following Table 4 presents the most frequent ‘models’ of secant adopted

by the students25.

Model of secant % Cardinality of intersection straight line-curve
Model 1 24.09 At least two points (one of them possibly outside of the

drawing), excluding tangency points: Answers 1-a; 2-b; 3-b
or 1-a; 2-ab; 3b

Model 2 27.10 At least two points (one of them possibly outside of the
drawing), including tangency points: Answers 1-a; 2-b; 3-ab
or 1-a; 2-ab; 3-ab

Model 2* 1.00 At least two points (one of them possibly outside of the dra-
wing), including tangency points as double points: Answers
1-ab; 2-b; 3-ab or 1-ab; 2-ab; 3-ab

Model 3 9.79 At least one point, excluding tangency points of the straight
line 1-b or of the straight line 3-a: Answers 1-a; 2-abc; 3-abc
or 1-ab; 2-abc; 3-bc

Model 3* 5.27 Incomplete model 3: Answers 1-a; 2-ab; 3-abc or 1-a; 2-abc;
3-ab or 1-ab; 2-ab; 3-bc

Model 4 5.90 At least one point, excluding tangency points: Answers 1-a;
2-ab; 3-bc or 1-a; 2-abc; 3-bc

Model 4* 0.50 At least one point, excluding tangency points, where the
straight line 2-a is assumed as a tangent line26Answers 1-a;
2-bc; 3-bc

Model 5 8.28 Two points exactly (one of them possibly outside of the dra-
wing or excluding tangency points): Answers 1-a; 2-b; 3-a or
1-a; 2-ab; 3-d or 1-a; 2-b; 3-d or 1-ab; 2-b; 3-a

Model 6 1.13 One point exactly: Answers 1-b; 2-ac; 3-c or 1-b; 2-c; 3-c
ModelE (Exact) 1.13 At least one point: Answers 1-ab; 2-abc; 3-abc

Table 4. Models about secant (whole sample).

25Authors’ remark: in item 2, a group of respondents (4.89%) chooses the answer 2-d
(‘none of the previous straight lines’), because the graph of the function y = |x| ‘is not a
curve’. But the answers to the remaining questions are enough to identify the respondent’s
conception of secant. E.g. we assimilate the answer 1-a; 2-d; 3-b with Model 1, i.e. with the
answer 1-a; 2-b; 3-b. Later on we’ll omit the option 2-d, for the sake of brevity.
26In our teaching experience we met many times learners who mistake secant line for
tangent line as names and as concept.
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If we describe the answers 1-a; 2-b; 3-d as the ’pure and classical model’ of
secant (it is a particular case of Model 5) we notice that few respondents make
this choice (3.14%). In the whole sample outcomes we meet ’models’ of secant
which are difficult (for us) to retrace to a single consistent idea, nevertheless
these models have not negligible relative frequency taken singly. There are
other answers with lesser frequency and we assess them as random answers or
the result of a treatment of each question without linking it up to the other
items. Table 5 summarizes these ’models’.
If we describe the answers 1-a; 2-b; 3-d as the ‘pure and classical model’

of secant (it is a particular case of Model 5) we notice that few respondents
make this choice (3.14%).
In the whole sample outcomes we meet ‘models’ of secant which are difficult

(for us) to retrace to a single consistent idea, nevertheless these models have
not negligible relative frequency taken singly). There are other answers with
lesser frequency and we assess them as random answers or the result of a
treatment of each question without linking it up to the other items. Table 5
summarizes these ‘models’.

Inconsistent models % Answers
Model W 1.13 1-a; 2-b; 3-bc
Model X 1.25 1-a; 2-abc; 3-b
Model Y 1 1-a; 2-b; 3-abc
Model Z27 1 1-b; 2-d; 3-a
Model U28 0.88 1-a¸ 2-bc; 3-ab
Other 10.54 Other

Table 5. Inconsistent models about secant (whole sample).

Tables 6 and 7 summarize the outcomes with the identifictation of models
in grade subsamples and in school subsamples. The white inscription on black
background is relative to the so called Model E, exact in the sense of υ-
definition. In each column (i.e. of each subsample) we use the bold type for
the greatest relative frequency in the subsample, italic digits for the second
most relative frequency, in order to point out the possible gap among them.

27We interpret model Z as a meaning an exchange of secant/tangent.
28Model U could be similar to Model 2, where, in the second question, the common origin
of the two half straight lines of the function graph is considered a double point.
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Model
Grade 11 Grade 12 Grade 13 University Whole
subsample subsample subsample subsample sample

No. 207 196 210 184 797
Model 1 *24.64 *18.88 28.57 23.91 24.09
Model 2 22.71 29.08 25.71 31.52 27.10
Model 2* 1.93 2.04 0 0 1.00
Model 3 8.21 8.67 *15.24 *6.52 9.79
Model 3* 6.76 5.10 4.76 4.35 5.27
Model 4 6.76 6.63 4.76 5.43 5.90
Model 4* 0.97 0 0.95 0 0.50

Model 5 #4.83 #12.76# *5.24# *10.87 8.28
Model 6 0.97 0.51 1.43 1.63 1.13
Model E 3.38 0.51 0 0.54 1.13
Model W 1.93 1.53 0.48 0.54 1.13
Model X 0.48 2.04 1.43 1.09 1.25
Model Y 0.48 0 1.43 2.17 1.25
Model Z 2.42 0 0.95 0.54 1.00
Model U 1.93 1.02 0.48 0 0.88
Other 11.59 11.22 8.57 10.87 10.54

Table 6. Models percentage about secant (grade subsamples).

In order to analyse these outcomes from a statistical point of view we
compare the subsample but we restrict our investigation with χ2 test to the
models having the highest frequency, i.e. Model 1, Model 2 + 2*, Model 3
+ 3*, Model 4 + 4* and Model 5 and Inconsistent Models. For the Model
E, we employed the Fisher’s Exact Test and we obtain that the finding that
the difference between Grade 11 – Grade 13 is the only one with statistical
significance. The frequency of inconsistent models is statistically similar in
each grade subsample.
We compare now the school subsamples.



The underground secant: a tour in search of a definition 37

Model ‘Levi’ ‘Sanfelice’ ‘Aselli’ ‘Maggi’ ‘Ulivi’ University Whole sample
No. 37 187 50 242 97 184 797
Model 1 5.41 32.62 32 21.07 18.56 23.91 24.09
Model 2 8.11 23.52 20 28.93 31.96 31.52 27.10
Model 2* 2.70 0.53 2 0.83 3.09 0 1
Model 3 2.70 4.81 8 14.88 16.49 6.52 9.79
Model 3* 2.70 3.21 10 6.61 6.19 4.35 5.27
Model 4 5.41 2.67 8 6.61 10.31 5.43 5.90
Model 4* 0 1.60 2 0 0 0 0.50
Model 5 16.22 4.81 12 8.68 4.12 10.87 8.28
Model 6 8.11 1.07 0 0.41 0 1.63 1.13
Model E 0 1.60 0 1.65 1.03 0.54 1.13
Model W 2.70 0.53 4 1.65 0 0.54 1.13
Model X 0 1.60 0 0 5.15 1.08 1.25
Model Y 0 0.53 0 0.83 1.03 2.17 1
Model Z 0 3.21 0 0.41 0 0.54 1
Model U 0 3.21 0 0 1.03 0 0.88
Other 45.95 14.44 2 7.44 1.03 10.87 10.54

Table 7. Models percentage about secant (schools subsamples).

The statistical analysis is too complex for being represented with grey
background, stars and sharps. In Table 7 bis with bold font we denote the
case in which α ¬ 0.01 and in Italic the case in which 0.01 <α ¬ 0.05.

Levi Sanfelice Aselli Maggi Ulivi University
subsample subsample subsample subsample subsample subsample

Levi Mod 1,
Mod 1

Mods 2, Mods 3, Mod 1,
subsample Inc Mods 3 Mod 5 Inc
Sanfelice

Mod 5 Mods 3 Mods 3
Mods 3, Mod 5,

subsample Inc Inc
Aselli

Inc Inc
subsample
Maggi Mod 1, Mod 1,
subsample Inc Inc
Ulivi Mods 2, Mod 1, Mod 1,
subsample Inc Mods 4 Mods 3
University

Mods 2 Mods 3 Mods 2
subsample

Table 7 bis. Statistical significance of difference between samples with α ¬ 0.01.
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If we combine the frequency of Models 1, 2, and 2* we obtain (more than)
the half of answers, with a slight prevalence of Model 2 in university students
and 12th-graders29. A detailed analysis by school subsample shows a preference
for Model 2 in scientific high schools and mainly in grade 12 (with a peak value
of 31.96% at ‘Ulivi’ high school). Models 1 and 5 have greater relative frequency
in commercial and vocational high schools (e.g. 32.62% in the ‘Sanfelice’ school
subsample with a peak value of 42.42% in grade 13; 16.22% in ‘Levi’ school
with a peak value of 20% in grade 13). The outcomes of scientific high school
‘Aselli’ is statistically similar to the outcomes of the other two scientific high
schools ‘Maggi’ and ‘Ulivi’, but we remind the reader that the learners of
the ‘Aselli’ subsample are only 11th-graders, who are not aware of Calculus
notions.
Inconsistent models have a remarkable relative frequency in grade 11

(11.59%) and we can assess this outcome as an expected result; more relevant
is the frequency of these inconsistent models in vocational school ‘Levi’, but
the 10.87% of inconsistent models among university students is unexpected.
Nevertheless the distribution of frequency of inconsistent models is statistical-
ly similar among the grade subsamples. This does not remain true with the
school subsample.
The satisfactory outcomes of scientific high schools ‘Maggi’ and ‘Ulivi’, in

term of consistent models, can be considered as a result of good teaching; in
the following Tables 8 and 9 we analyse these two schools in term of grade
subsamples.
The grade subsamples in Maggi school have differences with statistical

significance. The grade 12 results contribute in a large part to the global
‘success’ of that high school. The difference between Grade 11 – Grade 13 for
Model E has statistical significance (with Fisher’s exact test). This differences
may be the result of teachers’ different strategies
In the subsample ‘Maggi’ the relative frequencies of Model 1 and of Model

2 are similar to the Whole Sample ones. We notice the peak values of Model
2 percentage in grade 12 and the cumulative percentage of Models 3 in grade
13.
In comparison with Maggi’s status, the grades of Ulivi high school have

more statistical similarity.

29In these same subsamples the Model 5 obtains 10.87% and 12.76% , a relative frequency
higher than the whole sample one (8.28%).
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Model Grade 11 Grade 12 Grade 13 Maggi Whole Sample
No. 65 65 112 242 797
Model 1 23.08 15.38 23.21 28.57 24.09
Model 2
Model 2*

#13.85
1.54

#36.92#

1.54
33.04#

0
27.69
0.83

27.10
1

Model 3
Model 3*

12.31
10.77

*7.69
3.08

*20.54
6.25

14.46
6.61

9.79
5.27

Model 4
Model 4*

9.23
0

6.15
0

5.36
0

6.61
0

5.90
0.50

Model 5 #1.54 #23.08# 4.46# 8.68 8.28
Model 6 0 0 0.89 0.41 1.13
Model E 6.15 0 0 1.65 1.13

Model W
Model X
Model Y
Model Z
Model U
Other

*3.08#

0
0
1.54
0
16.92

*3.08
0
0
0
0
3.08

0#

0
1.79
0
0
4.46

1.65
0
0.83
0.41
0
9.09

1.13
1.25
1
1
0.88
10.54

Table 8. Percentage of models for secant (Whole Sample and ’Maggi’ subsample
divided into grades).

Model Grade 11 Grade 12 Grade 13 Ulivi Whole Sample
No. 22 58 17 97 797
Model 1 *0 22.41 *29.41 18.56 24.09
Model 2
Model 2*

45.45
4.55

27.59
3.45

29.41
0

31.96
3.09

27.10
1

Model 3
Model 3*

22.73
4.55

17.24
8.62

5.88
0

16.49
6.19

9.79
5.27

Model 4
Model 4*

9.09
0

10.34
0

11.76
0

10.31
0

5.90
0.50

Model 5 4.55 3.45 5.88 4.12 8.28
Model 6 0 0 0 0 1.13
Model E 4.55 0 0 1.03 1.13

Model W
Model X
Model Y
Model Z
Model U
Other

0
0
4.55
0
0
0

0
6.90
0
0
0
0

0
5.88
0
0
5.88
5.88

0
5.15
1.03
0
1.03
1.03

1.13
1.25
1
1
0.88
10.54

Table 9. Percentage of models for secant (Whole Sample and ’Ulivi’ subsample
divided into grades).
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The relative frequency of Model 2 in grade 11 marks the subsample ‘Ulivi’
out. In the same grade, the cumulative presence of Model 3 is relevant. Only
in grades 12 and 13, the Model 1 comes into use with the loss of Models 3
and 3*. In comparison with subsample ‘Maggi’ (and the Whole Sample) the
presence of Model 4 in ‘Ulivi’ is relevant. The fact that only 5.15% of pupils
from ‘Ulivi’ school chooses the answer 1-b for the first item suggests that the
presence of Model 4 in this school is not due to a random choice.
By the use of our questionnaire, teachers have the opportunity to wonder

about the influence of her/his didactic practice about the learners’ conceptions
of secant: the appearance of an unforeseen relatively high or low percentage
of models could be a good indicator. E.g. (in comparison with 8.28% of the
Whole Sample) the 23.08% of Model 5 presence in ‘Maggi’ grade 12 which is
the consequence of the 46% of presence in a specific class of that school, is
worth of noticing. The same for Model X whose frequency is 5.15% at ‘Ulivi’
school and it is adopted by the majority of pupils in a class (in comparison
with the 1.25% of the Whole Sample).
The most disturbing outcome is the relevant frequency of inconsistent mo-

dels in every grade which is coupled with the shortage of presence of protocols
adopting the υ-definition away from grade 13 and university. It looks as though
a more general definition of secant, which is necessary in Calculus, is rarely
present in grade 11 and 12 and this comes into conflict with the ‘reappearance’
of secant as a consequence of the geometrical interpretation of derivatives.

4.3 The fourth question

As we stated before, we presented the fourth question in which both graphical
and written semiotic registers were involved. Therefore a qualitative classifica-
tion of the outcomes is based on the presence/absence of these two registers.

Question 4
Answer
type

Grade
11

Grade
12

Grade
13

University
Whole
Sample

No. 207 196 210 184 797
Correct characterization Written 5.31 13.27 11.90 8.70 9.79
of the triangle
limit position

Graphical
& written

0 1.02 0.96 1.09 0.75

Correct characterization Written 6.76 29.09 26.20 16.30 19.58
of the secant
limit position

Graphical
& written

0.49 3.06 6.19 3.26 3.26

Table 10. Percentages of the semiotic registers in the fourth question issue.
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We notice that in the majorities of respondents’ protocols, i.e. 86.57% of
the Whole Sample, our explicit question (i.e. to give firstly a graphical charac-
terization of the limit positions) is misunderstood. It could be the consequence
of the well-known learners’ custom of avoiding a complete reading of the qu-
estions, even if the text is short. However we attribute these poor results to
difficulty in understanding our questions; this thesis is supported by the fact
that for the 7.78% of the Whole Sample the presence of the same triangle
implies the identity of answers.
These outcomes suggest that for the understanding of the derivative and

tangent line features to rely on the intuition of geometrical limit of secants
could be unfruitful.
From Table 10 it is evident that the superiority of the written register

in comparison with graphics gave better results, but we can interpret the
learners’ choice as a lack of graphic mental images which are pertaining to the
required geometric limits: e.g. some answers to question 4b showed pencilled
straight lines with centre the point C. Other respondents use strange ellipses
in question 4a. We notice generally inadequate justifications in the written
texts. Only in grade 12 did we notice a marginal improvementment, but we
can consider that the outcomes testify to the unsatisfactory coordination of the
two semiotic registers. In consequence, the ‘standard’ practice of presenting
derivative by written and graphic registers cannot be considered to support
understanding.
We present here some outcomes.

• Question 4-a: “The triangle does not exist anymore”, “There is a straight
line in place of triangle”. We find protocols of 12th and 13th-graders
stating that the side AB becomes almost long as the side BC and the
side AC lessens a lot, or more explicitly “Triangle is no more visible”.
These answers corroborate a remark of Viholainen (2006), i.e. learners,
even if they sufficiently practice mathematical formalism, in case of new
situations, at least at the start, prefer to face problem in an informal
way.

• For the Question 4b we got: “AC becomes the point of the tangent line”;
“AC becomes a segment”; “The straight line does not exist anymore”;
“The straight line does not exist anymore, since it becomes a point”
(with a relevant relative frequency in the Whole Sample); “The straight
line decreases till it becomes a point”; “The segment AC disappears and
the straight line AC becomes a point”.
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In the outcomes of Question 4 it is evident that the respondents face the
difference between their cognitive ‘background’ and the requirements of the
problematic situation. Learners gave their answers following personal ‘explora-
tion’ of the hindrance by the means of strong non-standard metaphors in the
meaning of Oerthmann (2003), in this case the dimensional collapse meta-
phor. These metaphors are not correct from a mathematical point of view but
nevertheless they are tools for the organisation of ideas favouring the thinking
and allow the stabilization of new connexions among the different kinds and
representations of limits.

Conclusions

Can we consider as good practice the building of the notion of derivative,
visually, on the concept of secant in a way which depends on the existence of an
archetypal tangent line? We cannot forget that there are curves having secant
straight lines but no tangent line, e.g. Von Koch curve which is a Jordan curve.
Referring to Figure 1 and to straight lines 2-c and 3-c of our questionnaire we
have straight lines cutting the curve only once (i.e. following the υ-definition),
what are they? In many cases we can pivot these υ-secants in order to obtain
a tangent line and also some σ-secants. Readers can object that the important
thing is what we get at the end of the limit process, but a limit process
which is based on the ignorance of the true essence of the concepts involved is
didactically doubtful.

Following Orton (1983), on the basis of the outcomes of the questionna-
ire, the introduction of the derivative in the visual way is problematic. This
approach, indeed, uses the iconic mediation of the secant and for a fruitful
understanding it is important to take into account the previous knowledge of
the learners. The sudden appearance of a limit process shortly before that the
(different) limit concept has been introduced in Calculus may only confuse le-
arners. This confusion happens since learners must coordinate the idea of limit
(in the meaning of Cauchy? Or of Aristotle?) with a vague idea of continuous
variation of some figures feature (Poncelet? Leibniz?).

The actual arrangement of the tangent line in its λ-definition is anyway
anyhow inadequate from an epistemological point of view, as we pointed out,
since there is a circularity between the concept of secant and tangent lines.
Secant, indeed, is known in Euclidean environment as by-product of tangent
line; in Calculus, secant is an ad hoc concept having merely an outward role
in order to give substances to the visually elusive concept of tangent line as a
‘borderline’ which masks the curvilinear angles.
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From the point of view of facilitating learning, in the terminal grades of
high school pupils must improve their previous geometric conception of secant,
changing their point of view, by adapting it to new implicit exigencies and
information which they must draw by themselves from teachers and textbooks.
In this way we can state that the underground curriculum is fulfilled.

Outcomes of our questionnaire show that 192 respondents (24.09% of the
Whole Sample) adopt the same incorrect Model 1, which excludes the tan-
gency points: 51 in grade 11 (i.e. 24.64%), 37 in grade 12 (i.e. 18.88%), 60 in
grade 13 (i.e. 28.57%) and 44 university students (i.e. 23.91%). We observe
the presence of a permanent scheme (Hejný, 2008), which is responsible for
this kind of answer; it appears insensitive to the changes induced by the pre-
sentation of the key ideas of Calculus. We can consider the Euclidean origin
as an epistemological obstacle nourished by the textbook drawings.

Of course, it is possible to overlook this problem, but by the light of the
well-known critical state of learning in the passage from high school to univer-
sity, we think that results of our research should be relevant and they could
favour the search for coherent definitions of terms, like the secant, which are
central in informal processes of learning. Our suggestion of υ-secants may be
introduced in teaching with a small effort; nevertheless we are aware that also
this definition is not completely free from criticism, but it is suitable to adopt
the υ-definition together with other definitions in order to stimulate learner
to master the different points of view: geometrical and analytical, local and
global. This in depth study of the inherent conflicts in developing notions of
secant and tangent to support the process of understanding differentiation
have highlighted some critical ideas which are of crucial importance to te-
achers and learners at this level. Our research enlightens a relevant example
of underground curriculum.
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H e j n ý, M.: 2008, Scheme-oriented educational strategy in Mathematics,
in: Supporting Independent Thinking through Mathematical Education, Maj,
B., Pytlak, M., Swoboda, E. (eds), Rzeszow, Wydawnictwo UR, 40-48.

H o u d e m e n t, C., K u z n i a k, A.: 2006, Paradigmes géométriques et
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Attachement

Questionnaire30

School Name

Class Learner n.

1. What straight lines presented in the
drawing are secants for the given curve?
(several answers are allowed)

1-a) the straight line a

1-b) the straight line b

1-c) the straight line c

1-d) none of the previous straight lines

2. What straight lines presented in the
drawing are secants for the given curve,
represented by heavy stroke? (several
answers are allowed)

2-a) the straight line a

2-b) the straight line b

2-c) the straight line c

2-d) none of the previous straight lines

3. What straight lines presented in
the drawing are secants for the given
curve? (several answers are allowed)

3-a) the straight line a

3-b) the straight line b

3-c) the straight line c

3-d) none of the previous straight lines

30The original questionnaire page make-up is different: it fill two sides of a A4 sheet. At
the front the items 1 et 2, on the back the items 3 and 4 (the questions 4a and 4b are lined
up).
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4. In the case of the figure below individuate graphically:

4a) The limit position of the triangle ABC, when
point A comes nearer to point C, along the
circumference (expound by writing in your
words what happens in case 4a))

4b) The limit position of the straight line AC,
when point A comes nearer to point C. along
the circumference (expound by writing in your
words what happens in case 4b)

Zakonspirowana sieczna: podróż w poszukiwaniu definicji.
Interpretacja uczniów i studentów we Włoszech

S t r e s z c z e n i e

Matematyczne pojęcie siecznej ma podwójną wewnętrzną naturę: formalną
i nieformalną. Ta ostatnia często jest wynikiem wizualnej reprezentacji. Można
przyjąć za Sfard (2008, s.39), że „istnieją pewne specjalistyczne słowa kluczo-
we, których używamy bez odnoszenia się do ich wyraźnych definicji”. Rozwa-
żamy słowo „sieczna” oraz jego matematyczne znaczenie jako przykład tego,
co zauważyła Sfard, a co my nazywamy „niejawnym programem nauczania”.
W odniesieniu do siecznej, założenie, że rozumienie kontekstowe, wizualne,
nieformalne jest wystarczające dla odpowiedniego odbioru formalnego odpo-
wiednika stoi w sprzeczności z wynikami ankiet prowadzonych wśród uczniów
klas 11-13 (16-18 letnich) oraz wśród studentów pierwszych lat studiów. Po-
wszechnie nauczanie w szkołach ściśle kojarzy matematyczne pojęcie siecznej
z pochodną, poprzez jej reprezentowanie za pomocą prostej stycznej. W związ-
ku z tym niewłaściwe rozumienie siecznej może mieć negatywny wpływ na
pojmowanie rachunku różniczkowego.


