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Reflections on generalization as an important

question of mathematical education

This article summarizes the third bi-annual conference in the series Chil-
dren’s Mathematical Education (CME)1, held from the 2nd of July till
the 5th of July 2012, in Rzeszów, Poland. It was organized with scientific and
administrative support by the University of Rzeszów, under the chairmanship
of Ewa Swoboda. The theme of the conference was Generalization in mathe-
matics at all educational levels.

The conference presented here,CME’12, had the status of a satellite event
of the 6th European Congress of Mathematics held in Kraków, July 2-7, 2012.

Participants of the CME’12 conference, educators and teachers, repre-
sented the following 14 countries: Czech Republic, Greece, Germany, Hun-
gary, Italy, Israel, Netherlands, Norway, Poland, Portugal, Slovakia, Slovenia,
United Kingdom and USA.

The scientific programme of the conference contained:

• Plenary lectures;

• Working seminars (4 educational levels);

1Two previous conferences of this series:
CME’08 Supporting Independent Thinking Through Mathematical Education (Iwonicz
Zdrój, Poland, August 17-22, 2008)
CME’10 – Motivation via Natural Differentiation in Mathematics (Iwonicz Zdrój, Poland,
August 24-29, 2010)
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• Research reports;

• Workshops;

• Poster presentations.

Plenary lectures

The participants could attend four lectures. Below are their short outlines.

Anne D. Cockburn (School of Education and Lifelong Learning University
of East Anglia United Kingdom): “To generalise, or not to generalise, that is
the question” (with apologies to Hamlet and William Shakespeare).

Lecture by A.D. Cocburn, a psychologist with particular interest in children
and their earliest years of formal schooling, can be briefly summarized as
follows.

The speaker pointed out the fact that children generalize as they learn to
talk. Generalizing can serve them well but it can also give rise to confusion.
The latter grows when children arrive in the early years’ classroom. They make
some inappropriate generalizations (a few of them were shown as examples).

Next two reasons behind such children’s difficulties were discussed: lan-
guage itself and the fact that some early years’ mathematical teachers do not
have an accurate understanding of some fundamental mathematical concepts.
Also a project designed to develop professional practice of less successful teach-
ers of early schooling was mentioned.

The speaker concluded: ”Return to my original question: ’To generalize or
not to generalize?’.

My answer is ’yes’ but only if you know what you are doing”.

(For details see: Cockburn, 2012.)

Shlomo Vinner (Hebrew University of Jerusalem, Ben Gurion University of
the Negev and Achva College of Education): Thought processes which lead to
generalizations in every day thought processes and in mathematical contexts.

The following are, in our opinion, some of the main ideas in Vinner’s lecture:

1. Human beings have the natural tendency to generalize (in other words
“need” to generalize or “drive” to generalize). It is assumed that this
drive was accidentally formed during the course of evolution.

2. Major outcomes of generalizations are concepts and universal claims.
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3. Processes of generalizing are involved in the formation of any concept.

4. A concept itself can be considered as a kind of generalization.

5. Psychologists differentiate two cognitive systems, called System I and
System II and considered as thinking modes. System I is characterized by
the following adjectives: associative, tacit, implicit, inflexible, relatively
fast, holistic and automatic. In spontaneous thinking the generalizations
are formed by System I. System II is characterized by: analytical, ex-
plicit, rational, controlled and relatively slow.

In mathematical contexts the required thinking mode is that of Sys-
tem II. This induces some serious difficulties to many children and also
adults, because most of the time thought processes are carried out within
System I.

6. When a concept is formed also some beliefs are formed about it. These
beliefs can be formulated as universal statements. Usually, the beliefs
are generalizations formed by the generalization drive, so in many cases
they are products of System I; they are formed very fast, relying only
on a single example. In System II the path from a statement P about a
single example or a few examples to a universal statement ’P is true for
all elements under consideration’ should terminate with a proof.

7. The set of all the concept’s examples in a certain person’s mind together
with all the beliefs about them is called her/his concept image (Vinner,
1983)2.

During his lecture S. Vinner analyzed processes of forming concepts re-
ferring both to everyday and mathematical context as well. He also drew the
audience’s attention to a historical development of some concepts . It was il-
lustrated with the help of two examples: one from the music domain (“valse”),
another – mathematical one (“polygon”).
(For details see: Vinner, 2012.)

Marianna Ciosek (Pedagogical University of Cracow): Generalization in
the process of defining a concept and exploring it by students.

The lecture began with presenting types of generalizations of statements pro-
posed by Krygowska3.

2Vinner, S.: 1983, Concept definition, concept image and the notion of function, The
International Journal of Mathematical Education in Science and Technology, 14, 293-305.
3Krygowska Z.: 1977, Zarys dydaktyki matematyki, cz. 3, WSiP, Warszawa
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Generalization through induction

A formula f(n) for natural n is to be found. One first finds f(1), f(2), f(3)
and notices that the results can be obtained when applying a general rule. This
rule is a conjecture only. Though being naive, it is often an important step
toward the solution.

Generalization through generalizing the reasoning

One notices that the reasoning done in a single case will remain correct in
a different setting or minor modifications will be needed only to get a more
general result. This often happens as the result of “varying constants” or
spontaneously resulting in the analysis of the proof.

Generalization through unifying specific cases

A bunch of statements, each referring to one case of a setting, proves to
be replaced by one general statement, the original ones being its special cases.
E.g., Pythagoras theorem, formulae for acute angled, obtuse angled, and “flat”
triangle can all be generalized to the so called cosine formula.

Generalization through perceiving recurrence

As in the case of generalization through induction, a formula f(n) for
natural n is to be found. But in this case, f(2) is obtained using f(1), f(3)
using f(2), and a regular way is noticed to pass to the next n: the recurrence
rule.
The speaker referred also to the Dörfler’s theory4 of generalization charac-

terizing a part of this model of theoretical generalization called the constructive
abstraction.
The second part of the lecture included an analysis of examples of general-

ization activity, disclosed in a research5 on solving math problems by students
at different levels of mathematical knowledge and experience. These examples
were then analyzed in terms of the previously mentioned theories by Kry-
gowska and by Dörfler. Similarities and differences between ways of coming to
generalization by a lower secondary student and a student at the tertiary level
were also emphasized. Although both students formulated the same general
statement, they had gained it differently: the first student guessed only the
general property of the considered examples, the second proved it.
(For details see: Ciosek, 2012.)

4Dörfler W.: 1991, Forms and means of generalizations in mathematics, in: A. Bishop
(ed.), Mathematical knowledge: its growth through teaching, Kluwer Academic Publishers,
63-95.
5Ciosek M.: 2005, Proces rozwiĄzywania zadania na różnych poziomach wiedzy i doświad-

czenia matematycznego, Wydawnictwo Naukowe Akademii Pedagogicznej, Kraków.
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Nicolina A. Malara (University of Modena and Reggio Emilia): Gener-
alization processes in teaching/learning of algebra: students’ difficulties and
teacher’s role.

The lecture given by A. Malara was extremely rich in content. It was divided
into two parts. The first one was a survey of the literature on generalization.
It covered, among others:

• Different descriptions of what generalization means.

(For example: “By generalization processes we mean, briefly, a sequence
of acts of thinking which lead a subject to recognize, by analyzing indi-
vidual cases, the occurrence of common peculiar elements; to shift atten-
tion from individual cases to the totality of possible cases and extend to
that totality the common features previously identified” – Malara, 2012,
57-58).

• The role the generalizing activity plaid in mathematics cognition.

• Various classifications of generalization.

(For example: Harell and Tall distinguish tree types of generalization:
1) expansive – in which one extends her/his scheme without reconstruct-
ing it; 2) reconstructive - when a subject reconstructs an existing schema
in order to widen its applicability range; 3) disjunctive - when , moving
from a familiar contexts to a new one, the subject constructs a new,
disjoint, schema to deal with the new context and adds it to the array
of schemas available).

• A comparison of “Dörfler’s model of the processes of abstraction and gen-
eralization” (Dörfler, 1991) with “The stages of development and struc-
turing of knowledge” by Hejny6, from the point of view of connection
between generalization and abstraction.

The second part of Malara lecture referred to generalization processes in
the teaching/learning algebra from two perspectives: students’ ways of think-
ing and teacher’s role in guiding students to face algebraic generalizations.

(For the details see: Malara, 2012).

6Hejny M.: 2003, Understanding and structure, in. M. Mariotti (ed.) proc. CERME 3,
WG3, Bellaria, 1-8.
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Working seminars

Each participant was a member of one of the four working groups. Each group
was coordinated by a leader. Leaders disposed with brief materials prepared
for participants. The use of those materials in the classroom was discussed.
Exchange of experience and ideas were the essential aspect of these seminars.

Each working seminar was focused on one of 4 educational levels:

1. Children 3-6 years old, kindergarten – leader Inge Schwank (Institute
for Cognitive Mathematics University of Osnabrück, Germany): Foster
number related logical reasoning in order to reach a better insight in
arithmetic.

2. Children 7-9 years old, primary education – leader Jenni Back (NRICH
Primary Co-ordinator (Website) Centre for Mathematical Sciences, Cam-
bridge): Using rich tasks to support and develop children’s understanding
of and skills in mathematical generalizing.

3. Children 10-12 years old, primary school – leader Wintsche Gergely
(Mathematics Teaching and Education Center of Eötvös Lóránd Univer-
sity): Generalization Through Problem Solving and Creating.

4. Children 13-16 years old, secondary school – leaderMichal Tabach (Tel
Aviv University): Generalization for upper primary school.) A critical
look at tasks for 10-12 year old students: Promoting generalization.

Here are some remarks referring to one of the working groups – Inge Schank’s
seminar.

The leader pointed out that the process of generalization could be analyzed
with taking into consideration 4 elements:

• understanding,

• concepts,

• insight,

• cognitive processes.

The participants of the seminar learned about a very interesting research
on cognitive processes, designed from the perspective of two scientific domains:
mathematics and psychology. One of the results of this research was distinc-
tion of two thinking modes: predicative thinking and functional thinking. Each
of the two notions describes a cognitive pattern which explains the preference
or special capability for either one of the two view points. Predicative thinking
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is directed to the analysis of structure, looking for similarity among the ob-
jects under observation, and functional thinking is associated with a tendency
to look for differences and dynamic change, interpreted as the results of the
ongoing process.

“Predicative thinking requires that in order to meaningfully complete the
pattern the subject has to get involved in with the logic of the static structure of
the pattern, functional thinking requires to get involved in a dynamic reading
of the logic of the pattern”7.

Each participant had the opportunity to undergo a test to determine
her/his mode of thinking (predicative thinking or functional thinking). A test’s
solver was to supplement the missing geometric figure arranged in a matrix
and then analyze the thought process leading to the solution.

Another aspect of the seminar’s work consisted in working with didactical
materials called Calculation Spiral Stairs, very suitable to promote functional
thinking in children at the primary level.

Research reports

Presentations within the activity of this kind related to 4 questions:

• Early generalization

• Developing different aspects of generalization in the first grades

• Creating learning situations that stimulate generalization

• Increasing teachers’ awareness and skills of generalization

Below outlined is an interesting research referring to the questions of
teacher student’s ability to generalize (Kolar, Slapar, Hodnik Čadež, 2012).
Two groups of future teachers (students of the Primary Teacher Education
and Mathematics Teacher Education, University of Ljubljana) were solving
individually the following problem that triggers the inductive reasoning and
making generalization:

On the picture below the shaping of the spiral in the square of 4 × 4 is
presented. Explore the problem of the spiral’s length in squares of different
dimensions.

7Schwank, I.: 2001, Analysis of eye-movements during functional versus predicative prob-
lem solving, In J. Novotna (Ed.): European research in mathematics education II, 489-498.
Prague: Charles University.
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Figure 1.

Students’ solutions were deeply analyzed from three different perspectives:

• the problem solving depth,

• problem solving strategies,

• form of general symbolic pattern.

The researchers distinguished 5 levels of the problem solving depth: from
Level 1 – solution contains only the picture of the spirals to Level 5 – solu-
tion contains also the formula for the general case. Students used 7 strategies
leading to different formulas.

It appeared that:

• not all strategies are equally effective for making generalization;

• much more primary teacher students in comparison to students of math-
ematics did not notice any structure among the collected data.

Workshops and Posters

Participants of the conference had the possibility of taking part in another
activity – in Workshops. They solved problems on generalization, discussed
how to work out chosen problems at different school levels and formulated
new problems connected with situations that were considered.

It was also possible to present Posters.
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