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Dynamic reasoning in elementary

geometry – how to achieve it?*

Abstract: Theories of creating mathematical concepts and mathematical
reasoning do not say much about the way in which dynamic reasoning
is associated with the development of geometrical thinking. Historical
review shows that using movement in geometry was differently seen by
its creators. Also, approach by psychology does not indicate a simple
way how to connect visual thinking (present at preparatory stage of rea-
soning) with operational thinking and movement in geometric reasoning.
Therefore identification of the way a pupil, working in a geometrical envi-
ronment, uses physical or imaginary movement has a significant meaning
for didactical designing. In this article results of research led among 4-6
years old children is presented. The aim of the research was to investigate
the role of gestures and manipulation in solving geometrical problems.
Children were subject to a series of observations during an experiment,
aimed at finding a special placement for the figures in the symmetrical
pattern. Results show, that rotation was taken as the first, most intuitive
movement for them. Manipulation with rotation was taken independently
on visual recognition of the relation of axis symmetry. It suggests that
such approach can have a great impact on “tacit knowledge” used in fur-
ther learning about geometrical transformations, and as consequence the
dynamic imagination of rotation could be closer to acquaintance than
other rigid movements on the plane.

Introduction

Thought manipulation of geometrical objects is a basic feature of geometrical
reasoning. In contradiction to other mathematical domains that use mainly

*This article is an extended version of the paper prepared for CERME 8 conference
(Working Group 4: Geometrical Thinking).
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abstract symbolism, classical geometry is able to visualize its concepts and
put its relations into motion. Even at a very formal approach to geometry,
at levels characterized by axioms and deductive thinking, solving geometrical
problems is, to a large extent, connected with dynamic image processing.

Theories of creating notions and mathematical reasoning do not say much
about the way in which dynamic reasoning is associated with the development
of geometrical thinking. Sometimes though, it is stressed how crucial this con-
nection is. According to L. Kvasz, the ability to see motion in a static image,
that was present in ancient geometry, placed this geometry on another step of
mathematical development and expressed its greatness (Kvasz, 2000).

The history of the development of geometry as a scientific discipline shows
that its relation with motion was difficult and often perceived as controversial.
Also the psychology of thinking is not eager to associate dynamic imaginary
thinking with logical reasoning. These facts outline the area of didactical re-
search that should be realized.

Identification of the way a pupil (or a child), working in a geometrical
environment, uses physical or imaginary motion has a significant meaning for
didactical designing. Dynamic thinking is one aspects of the ability of solving
geometrical tasks. While developing the competence in solving geometrical
tasks among students, the teacher should put a stress on an operative ap-
proach, on the ability to compare geometrical objects and their attendants1

and on performing thought manipulations (Turnau, 1990). Furthermore dy-
namic thinking is important for creating specific geometrical concepts, mainly
transformations and not only isometric ones.

1 Movement in geometry as a scientific discipline –

a short historical review

According to D. Henderson, for geometry as a science, one can point out
at least four basic strands (see note 2), of human activity which, through
phenomena and processes happening there, were the sources of concepts and
mathematical procedures. One of these strands is movement, connected with
the need to relocate or making other objects move2.

Movement is a junction point of two other concepts: time and space. Space,
Time and Movement is a “trinity” that is difficult to split in separate parts.

1In the frames described by M. Hejný, 1993.
2Henderson 2005, p. 1: We think that the main aspects of geometry today emerged from

four strands of early human activity that seem to have occurred in most cultures: art/pattern,
building structures, motion/machine and navigation/stargazing.
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The presence of movement in the space forces the space to have a peculiar (in-
dependent and global) nature strictly tied with time. On the contrary, timeless
space can have a local nature (Speranza, 1997).
But it’s good to start considering movement in geometry from the anal-

ysis of one earlier writings in the European culture: the Elements by Euclid.
Many Euclid’s commentators pointed at gaps in the logical structure of the
Elements: informal assumption of line continuity, the lack of definition of lying
in between relation, analyzing only one case in the construction process, the
lack of foundations for performing measurements, unauthorized use of move-
ment (Fudali, 1986, Kostin, 1951). The last accusation refers to a couple of
distinctively pointed out places in Euclid’ books. Still, one can assume a vast
interpretation and recognize movement in many other views on Elements. Be-
low, I will try to present some of them.

1. Postulates from the first Elements book by Euclid are written in a language
that assumes movement. Formulations used there indicate it. Not all transla-
tions of the Greek text reveal this fact so, in order to prove this thesis, I will
refer to transcriptions of the Greek text edited on the basis of I. N. Heiberg’s
study (Fitzpatrick, 2008, p. 7):

1. Let it have been postulated to draw a straight-line from any point to
any point.

2. And to produce a finite straight-line continuously in a straight-line.

3. And to draw a circle with any center and radius.

4. And that all right-angles are equal to one another.

5. And that if a straight-line falling across two (other) straight-lines makes
internal angles on the same side (of itself whose sum is) less than two
right-angles, then the two (other) straight-lines, being produced to in-
finity, meet on that side (of the original straight-line) that the (sum of
the internal angles) is less than two right-angles (and do not meet on
the other side).

These transcripts can be read dynamically. Formulations such as: to draw,
to produce, to get together point at it. In particular, Post. 3 means that
a segment can be rotated. Some commentators are in opinion, that the Greek
present perfect tense indicates a past action with present significance. The
literal translation “let it have been postulated” sounds awkward in English, but
more accurately captures the meaning of the Greek (Fitzpatrick, 2008, p. 7).
For others, it leads to a conclusion that Euclid adopted as basic notions: point,
segment (understood as a straight line) and movement of segment (Siwek,
1987).
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2. In Elements there are passages in which the explicit occurrence of movement
in the sense of placing figures on top of each other is critically evaluated. This
happens when evaluating the correctness of the proof of the Proposition I.4
about congruency for triangles.

 

Figure 1. Propositon I.4 in Greek (Fitzpatrick, 2008, p. 10).

Proposition I.4.

If two triangles have two sides equal to two sides respectively, and have the
angles contained by the equal straight lines equal, then they also have the base
equal to the base, the triangle equals the triangle, and the remaining angles
equal the remaining angles respectively, namely those opposite the equal sides
(http://farside.ph.utexas.edu/euclid/Elements.pdf).

Euclid did not use letters in the statement, but only in the drawing (which
can be added by copyists). Using contemporary symbols is the following the-
orem:

Theorem. I.4 about congruency for triangles

If in △ABC and △DEF respectively AB = DE, AC = DF and ∡A =
∡D, then ∡B = ∡E and ∡C = ∡F and △ABC equals △DEF .

In the beginning of the proof, Euclid writes:

Let ABC andDEF be two triangles having the two sidesAB andAC equal
to the two sides DE and DF , respectively. (That is) AB to DE, and AC to
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DF . And (let) the angle BAC (be) equal to the angle EDF . I say that the base
BC is also equal to the base EF , and triangle ABC will be equal to triangle
DEF , and the remaining angles subtended by the equal sides will be equal
to the corresponding remaining angles. (That is) ABC to DEF , and ACB
to DFE (Fitzpatrick 2008, p. 10). Further justification is carried out in the
same spirit. In an unauthorized manner, the author performs the movement
of the whole triangle using the geometric properties of plane. The formulation
of a superposition of triangles used in the proof makes sense if triangle ABC
can be led to congruency with triangle DEF. The concept of congruency is not
defined and functions as the primary notion. Ipso facto, Euclid introduces the
movement in the geometry. “Superposition” method was used only four times
in Elements, which might indicate that Euclid used this method only where
he could not do without it absolutely. That does not change the fact, that
the attempt to release the geometry of movement was not fully successful, as
commentators point out – seeing here a weak point of Elements. Euclid did not
postulate or even define the possibility of superposition, nowhere he defined
movement. However, another look at the issue of movement in this treatise
may lead to the conclusion that, in fact, he could not notice that in his theory
the possibility of figure superposition is not guaranteed.

3. The question of the “existence” of objects in the Euclidean geometry con-
cept can also be associated with the use of movement. The first theorem being
proven in Elements, is the one about existence of the equilateral triangle.
Wygodski (1956) suggests that this is so because Euclid wanted any proof
would only refer to those objects which one can “build” on the basis of the
postulates introduced by him (p. 52). In this approach, all the geometrical fig-
ures of which the theorems speak are of a constructive nature, result from the
movement of the segment and the angles.

These comments about the Elements indicate that dynamic reasoning is
connected with geometry. Even though there is no explicit agreement on imple-
menting movement into the geometric theory, the complete disregard of motion
becomes embarrassing. The functioning of movement in geometry and, what
is more, describing movement was not clearly allowed. Aristotle insisted that
mathematical objects are not subjected to movement except of those relating
to astronomy. In Methaphysics, Book XI, Part 7 we can find: Physics deals
with the things that have a principle of movement in themselves; mathematics
is theoretical, and is a science that deals with things that are at rest, but its
subjects cannot exist apart. The explicit use of movement was discouraged,
even if it was only a means to achieve certain purposes (to prove certain facts)
or a tool to construct some geometric objects. However, in the following cen-
turies the movement in geometry started to function, and already in another
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shape – owing to the development of interest in scientific descriptions of phys-
ical phenomena. This also led to clarifying the notion of function in other
maths topics. During the XVII century, Kepler’s and Newton‘s work resulted
in a series of groundbreaking findings. Taking up the problem of planetary
movement, Newton concluded (using his law of gravity as a basis of the de-
duction) that the movement of planets happens along an ellipse. Introduced
by Descartes, the analytical notation made it possible to study curve lines
using an analytical approach which allowed completely different capabilities
to the study of curves using “purely” geometrical methods and linking the
concept of the curve with the concept of the function. Functions begun to be
objects considered in geometry and movement was often their physical source
(Hansen, 1998, p. 11-12).

Simultaneously, investigations into the improvement of Euclid‘s Elements
led to other results. On one hand, they led to the publication of Hilbert‘s
Foundations of Geometry (1899) in with Hilbert used axioms to avoid the
logical weakness identified in Elements. In his work, movement was replaced
by the “congruency” axiom group. Instead of theorem 1.4 Hilbert used the
following axiom:

If in two triangles ABC and A′B′C ′ segments AB, BC and AC are con-
gruent accordingly with segments A′B′, B′C ′ and A′C ′, then triangles ABC
and A′B′C ′ are congruent.

On the other hand, the investigations resulted in the discovery of non-
Euclidean geometries. The existence of “various” geometries caused the need
for a study of relationship between them. As it is known, Felix Klein (in 1872)
proposed treating every geometry as the study of the properties of a space that
are invariant under any transformation from a given group of transformations
(Siwek, 1987). In this way, the geometric transformation became an import-
ant research tool within geometry. Transformations were treated as functions
in which movement was not explicitly defined. Studying geometry from the
perspective of the group theory pushed the physical prototypes of transforma-
tions to shadow. From now on it was mainly important what invariants were
associated with them.

The problem of motion in Euclidean geometry still preoccupied mathe-
maticians in the XX century. Hilbert‘s axioms of congruency were replaced by
axioms of motion. W. Kostin did so, and substantiated his action in the fol-
lowing way: one assumes, that the concept of motion precedes psychologically
concept of congruency, and not the other way around – as Poincaré3 already

3Author quotes H. Poincaré “Report on the work of Hilbert”. Supplement to the Russian
translation of the Hilbert’s Grundlagen der Geometrie, Petrograd 1923, p. 112.
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had pointed out – in the place of Hilbert‘s axioms of congruency I introduced
axioms of motion equivalent to them in terms of logic. Taking the movement
but not congruency as a base, I had in mind bringing closer the further build-
ing of geometry to the construction of geometry based on the point of view,
according to which, the geometry shall be considered as the study of groups of
movements. This point of view, dating back – as it is known – to Klein, proved
to be very fruitful (Kostin, 1951, p. 4). In this approach, the concept of move-
ment is basic (indefinable), it is described by ten axioms instead. Proceeding
further, he introduces the concept of figures’ congruency (two figures F1 and
F2 are congruent if the movement of placing one figure on top of another with
full covering exists).

Retrospection above shows that using motion in geometry was differently
seen by its architects. Up to now, mathematicians are not agreeable to what
is the status of movement in geometry implied as the scientific discipline.

2 Approached by psychology

In developmental psychology visual thinking is considered to be one of the
important stages in the development of intelligence. This is the one of the
early development of thinking:

In ontogeny, operations based on the images determine an interme-
diate stage between actions on specific objects and verbal-conceptual
thinking. Therefore, there is a period of development, in which, among
all mental activities the most common and the most characteristic are
the operations performed on the images. It lasts approximately from 18
months old to 11 years old (the period of formation operations on specific
objects according to Piaget). But apparently the features of children’s vi-
sual thinking reveal in the preschool period, which is referred to as the
pre-operational notions period (Piaget) or the iconic representation pe-
riod (J. S. Bruner), or perceptual thinking (Podjakow). The use of the
images is considered to be one of the basic characteristics of the thinking
of children at that age (. . . ). Striking feature of children’s visual think-
ing is attaching particular importance to the appearance of the objects.
Manifestations of this tendency can be observed in many situations in
which children compare, order, group and draw conclusions relating to
the individual or categories of objects.

(Jagodzińska, 1991, p. 91-92)

So, in psychology, visual thinking is classified as a preparatory stage to
higher level reasoning. As cited above the specificity of the child‘s work sug-
gests that, at this stage, the most important features are those seen, static.
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Thus, thinking is associated with the perceived features, the reflection is direc-
ted at what the child sees. Such an approach is insufficient for the reasoning
in geometry. Epistemology of geometrical reasoning requires the transition to
further levels, in which an imagining of dynamic changes is desirable. Given
that the role of the image in school geometry is important on any higher level
of learning, the image may not function in the same way permanently. Being
still in the centre of the considerations, it should be enriched with content
resulting from other sources of cognizance – those that allow for dynamic rea-
soning. According to Piaget, in case of logical – mathematical concepts, we
encounter the interplay of operations, separated not from the perceived ob-
jects, but from the actions taken on them (Piaget, Inhelder, 1999). In Piaget’s
view, transformation of reality is of fundamental significance and action is the
tool of that transformation. In accordance with this idea, perception (vision)
influences the formation of logical – mathematical thinking to a small degree,
including geometrical thinking.

In solving geometric problems it is essential that visual thinking acquired
the attributes of operational thinking. Geometrical reasoning is consistent with
operational thinking: while solving problems, we create a new reality; passage
to the new reality requires the use of images of changes.

The question arises how to connect operational thinking and movement
in geometric reasoning. Whether the action on objects does easily transform
itself into the later dynamic ways of solving geometric tasks (at least in the
tasks area which previous actions have applied for)?

The process of mental predicting results of specific actions can be car-
ried out differently. The mental effort associated with the search for solutions
sometimes requires mental comparing objects and their attendants (which may
bring this type of thinking closer to the static thinking – relative thinking),
and sometimes imagining oneself a certain continuous change.

The problem is complicated, even more when you take into account the
generally known information about the different features of the cerebral hemi-
spheres. Each hemisphere is a separate system, specializes in other functions
and of different quality. The right hemisphere is responsible for movement and
action. In the right hemisphere there are also centers responsible for visual
thinking. So, an image can be dynamic (Pardała, 1995).

The two hemispheres cooperate with each other, but with the dominance of
one of them different approaches to solving problems are being observed. The
right hemisphere causes that the problem is being solved by finding relation-
ships and analogies; of great importance is visual encompassing a whole. The
left hemisphere is responsible for logical thinking. In this case, the problem is
being solved sequentially.
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There seem to be a relationship between the establishments concerning
different functions of the cerebral hemispheres and research carried out by
I. Schwank (CERME-1) dealing with differences in logic approaches to solving
problems. She uses the distinction between predicative and functional trou-
bleshooting (Schwank, CERME-2). She describes the difference between these
two types of thinking in the following way: Predicative thinking is thinking
in terms of relations and judgments; functional thinking is thinking in terms
of available actions and achievable effects. Depending on the way of thinking
the orientation in the world, the type of sources for getting insight are not the
same.

This approach is well illustrated by the diagram (fig 2). It shows that,
among other things, actions as such are possible (they are present, are neces-
sary?) in each type of reasoning, but their nature is different.

 

Figure 2. Predicative versus functional cognitive or-
ganization (cf. Schwank 1999).

Additionally Schwank states that Up to now there is not much clearness
about the relationship of functional/predicative thinking and all kind of visu-
alization and imagery (Schwank, 1999, p. 85).
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These distinction may be of vital importance for the analysis of various
ways of geometric task solutions. Maybe they can also explain the problems
with the execution of geometric reasoning.

3 Place for manipulations in theories about the de-

velopment of geometrical thinking

Early Polish didactic thought concerning the teaching of geometry is undoubt-
edly connected with the creation of the first textbooks written in the national
language. These are the years of the 17th-18th centuries. At that time the
necessity of developing national terminology of geometric concepts appeared.
Many factors affect this formation: the development of national languages in
the 15th-16th century Europe, striving for precision (avoidance of ambiguous
expressions and phrases), and mainly – the change of the recipients, the need
to make contact with practitioners and people not using Latin. That need of
establishing contact with pupils had the features of didactical character.
In this light, there is an interesting comment to a textbook which won

the competition announced by the Society for Elementary Books in 1775. It
was a textbook written in French by Simon Lhuillier, translated to Polish
by Jędrzej Gawroński: Geometry for National Schools (Geometrya dla Szkół
Narodowych, 1780). The concept of teaching geometry was admittedly based
on Euclid‘s Elements, but clearly referred to activities in physical reality. In
the commentary the author stated clearly:

Let not the Teachers fear of any allegations, when they explain and
illustrate many of geometric truths for beginner Pupils using the line
motion. They are yet far to guess the subtleties of Metaphysical character.

(Lhuillier, 1780, p. 9)

Modern teaching concepts generally are not based on inner convictions of
the author, but on the results of didactical research. And these, more often,
are looking for the connection between the activities of the students held in the
physical reality and the development of their mathematical thinking. In recent
years, there have been a number of studies dealing with the role of gestures
and movements in the process of solving mathematical problems (Edwards,
2005; Radford, 2003, 2005; Freitas, Sinclar, 2012). Gradually a theory for this
type of research has been created. Bjuland at al. 2005 quoted Edwards:

More recently, the investigation of gesture in mathematics is situ-
ated within a theoretical framework that sees cognition as an embodied
phenomenon (Edwards, 2005). In this theory, thinking is embodied at
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multiple levels: a) Instantaneously, through gaze, gesture, speech and
imagery; b) Developmentally, through personal experiences for example
with mathematics manipulatives; c) Biologically, capabilities and con-
straints are developed through evolutionary time.

(Edwards, op. cit.)

Theories that describe the development of geometrical concepts indicate
how the process of geometrical reasoning functions. There is not much said
about the very beginnings of the geometrical cognition. A Czech mathemati-
cian and teaching specialist M. Hejný and a philosopher of mathematics –
P. Vopénka are one of the few who I know who examine the beginnings of
the development of geometrical concepts and include it into the whole theory.
According to their views, geometrical concepts “emerge” from the surround-
ing world through a specific “geometrical sensitivity”, a kind of a sixth sense.
“To notice something” is the first condition for the consciousness to focus on
the geometrical phenomena. This first cognition is passive and static. Such an
attitude is a mathematical specification of this, which developmental psychol-
ogy defines as a place of visual thinking in the development of intelligence.
Theoretical reflections on the meaning of geometry usually begin on the level
at which a child already knows something, has some experience as a basis for
an intuitive use of the geometric concept. This is the case of the well-known
van Hiele conception of levels of understanding geometry. The same is ampli-
fied by Houdement and Kuzniak conception of two paradigms (G1 and G2) of
school geometry. Difference between two paradigms G1 and G2 are shown in
the table below:

Geometry I Geometry II

Intuition
Sensible, linked to the per-
ception, enriched by the ex-
periment

Linked to the figures

Experience
Linked to the measurable
space

Linked to the schemas
of the reality

Deduction
Near to the Real and linked
to experiment

Demonstration based
upon axioms

Kind of
Spaces

Intuitive and physical space
Physical and geomet-
rical spaces

Status of
drawing

Object of study and of vali-
dation

Support of reasoning
and “figural concept”

Privileged
aspect

Self-evidence and construc-
tion

Properties at demon-
stration

Table 1. Geometry I and Geometry II (adopted from Houdement, Kuzniak,
2003).
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Natural geometry (Paradigm I) is described as such where reasoning is
naturally closed to experience and intuition. Here is the only place where au-
thors placed motion: Intuition is often assimilated to immediate perception
experiment and deduction act on material objects by means of perception and
the instruments. The backwards and forwards motion between the model and
the reality is permanent and allowed to prove the assertions. For example, dy-
namic proofs are accepted in this Geometry (Houdement, Kuzniak, 2003, p. 3).
A motion is the action of physical movement, it is to serve as the substanti-
ation of features (through the physical moving to and adjoining, putting on
and covering of elements or models of figures – as I understand). Geometry II
is called “Natural Axiomatic Geometry”, where some deductive approach is
present, although the axioms are as close as possible to reality.

The same development problem can be interpreted differently. Creation
of geometrical world is closely connected with solving geometrical problems,
which require specific actions. Therefore the development of geometrical think-
ing is often characterized by a different way of solving the problem. In other
words – the manner and scope of manipulations and actions during problem
solving represents certain level of geometrical understanding. This approach
is stressed by de Lange (1987), who describes van Hiele’s levels in such a way:

1. A pupil reaches the first level of thinking as soon as he can manipulate
the known characteristics of pattern that is familiar to him;

2. A soon as he learns to manipulate the interrelatedness of the character-
istics he will have reached the second level;

3. He will reached the third level of thinking when he starts manipulating
the intrinsic characteristic of relations (Lange, 1987, p. 24).

The two approaches presented here represent two different options when it
comes to the use of motion in geometric thinking. In the first, motion is un-
derstood quite physically and is only a tool used in lower levels of the geometric
reasoning for justifying certain statements.

Both of these approaches, however, do not give me a satisfying answer
to the question: what is the mechanism that allows the transition from the
first to the second level (from visual to analytic one or from G1 to G2). Al-
though Houdement and Kuzniak stress that their conception differ from van
Hiele theory, referring to both van Hiele’s levels and G1 and G2 geometry
paradigms, underline the fact, that student’s development of understanding
geometry changes from a global and perceptive approach to a structural way.
The crucial point of this development is the appearance of deduction, which
allows the transition from “seeing to knowing” (Houdement, Kuzniak, 2003).
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There is no explanation what the structure of the reasoning is at higher levels,
or what mental operations lead to finding a solution. It is stated only that
the conclusions are verified on the basis of the axiom system. In the second
approach, the possibility of making manipulations is treated as the primary
mental skill, staring from operations in physical reality but gradually proceed-
ing into inner operations. This fact I also consider not fully documented. And
surely, it cannot underlie the statement that manipulations are a sufficient
condition for achieving the second level of reasoning in geometry.

Presented above the historical-mathematical and psychological-didactical
review of problems associated with dynamic reasoning in geometry shows that
the problem is not easy, and certainly justifies undertaking educational re-
search. We do not know what causes the brain preferences associated with
logical reasoning type. It’s also hardly to decide upon the “superiority” of
one of these types over another. However, my earlier analysis (Swoboda, 2009)
inclines me to adopt the hypothesis that it is worth to develop any type of rea-
soning within the geometry using the relationship between action and visual
representation and provoking to the reflection over the action done. It seems
that gestures, movements and any other manipulations can play a crucial role
in development of geometrical thinking. They can

• replace a verbal utterance (using language at the lower level of geomet-
rical reasoning is quite difficult),

• represent various geometrical relations among objects,

• create an intuitive base for understanding some geometrical transforma-
tions.

Thus, finding and describing the mechanism of creation of operational geomet-
rical concepts, based on dynamic transformation of imaginations, becomes an
important research issue. For this reason, investigating gestures and manipula-
tions in the course of solving geometric problems can have a high educational
value.

4 The aim of research, substantiation of methodo-

logy

One of the ways to conduct research aimed at shaping the functional thinking
within the geometry is analysing the dynamic behaviour of children working in
geometric environment. It makes sense to examine any externalized activities,
actions, carried out within the range of geometric tasks. In my case it is the
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observation of activities related to a specific location of one object on a plane
in relation to another (isometric) object. This type of action can be treated
as physical prototypes of the rigid movements on the plane, leading to the
concept of isometric transformations.

Undoubtedly, for understanding of these transformations, one should train
students to imagine both location of one object (the figure) in relation to
another (its image), and the movement of placing the figure over the image.
Earlier results of research indicate that noticing of the regularity in the po-
sitioning of one object related to another (symmetric relationship, where the
symmetry is defined in the historical sense4) is already available to four years
old children. Such regularities are being noticed holistically. It is consistent
with the levels of shaping geometric concepts which are recognised in teaching
theories. Children spontaneously arrange the plane, creating such relations be-
tween figures which may be described with the language of geometric isometric
transformations. However, it is an activity which take place on the visual level,
and child is interested only in the final arrangement of objects and the results
of the action is verified visually. A research problem (and therefore also educa-
tional problem) is not as much the functioning of a static image of symmetry or
other geometric relations as the possibility of giving those relations a dynamic
interpretation.

In one of his recent publications Piaget (1987) outlined a way to test the
development of child’s mental competences through observation of solving the
same task by children of different ages. In the Introduction to his book “Pos-
sibility and Necessity”, Piaget states: [. . . ] we decided to approach the problem
of generation of new knowledge [. . . ] focusing on development of possibilities.
Obviously, any idea or action that gets realized must have existed previously
as a possibility, and a possibility, once conceived, will generally breed other
possibilities. (p. 3) [. . . ] the properties always get interpreted in the light of
subject’s acting on them.

The research into the development process of the activities in a specific
area Piaget justifies (1987, p. 7) Is the generation of possibilities and proce-
dures the mechanism necessary for this construction of operational system? We
shall adopt this [...] hypothesis, which poses the problem how early procedures
with all their insufficiencies and faulty regulations can develop into logico-
mathematical operations with their well-regulated compositions, their logical
necessities and closures. Such approach steered also my research in which I
have observed operations of children from different age groups. In the process

4It seems to be in accordance with the original meaning of Greek “symmetros” which
stood for “harmonious”, “well-proportioned” (cf. Weyl, H.: 1960, Symetria, PWN, Warsza-
wa).
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of concept formation, recognizing of how the same problem is being solved on
a higher and higher stages of development is important, as well as what is the
direction and scope of the changes in the so-called “spontaneous” behaviour
when studying particular phenomenon. Better and better recognition of the
phenomenon can be determined by age (older child has a wider range of ex-
perience). Observing procedure changes connected with noticeable progressive
enrichment and qualitative development indicates the natural way of build-
ing the related concept. With this approach, the research conducted among
young children is vital for epistemology of mathematical concepts. The metho-
dology of such multi-level studies thrives on the belief that a child placed in
the new situation acts spontaneously, uses the familiar strategies and counts
upon “possibilities” as well. Therefore, in such research the questions below
are put up:

• what are possible actions for early stage,

• what is mechanism responsible for the generation of ever new possibili-
ties.

Saying it in the other words, we observe the difference in approach to the same
problems through ages, trying to trace the development of actions.

5 Research – aims, research tool

Children aged 4-6, were subject to a series of observations (altogether – 60
children). This experiment was part of a broader study (Swoboda, Synoś,
2007; Swoboda, Synoś, Pluta, 2008; Swoboda, 2009; Swoboda, Tatsis, 2010),
but for the purpose of this paper I will focus on the aims described below
only. Children were tested individually and all session were videotapes and
transcribed afterwards. As a research tool two types of tiles were used (fig. 3).
The tiles were arranged separately on the table.

 

Figure 3. research
tool

 

Figure 4. a segment of the pattern pre-
pared by a teacher

At the beginning a child was asked to continue the pattern prepared by
the teacher (fig. 4). Later on, during the second phase, the teacher replaced
one tile from a pattern by a different one in such a way that the regularity
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was distorted. The child was asked to show where a change was done and “to
repair” the regularity5.

For the third phase (some days later) the child who participated in the first
session took a role of a teacher and tried to lead an experiment with his/her
colleague from kindergarten.

The basic research aim was to investigate movements used by children. The
general research questions was: What is a role of manipulation in task rely on
making regular arrangement? In particular, I was looking for the answers for
following questions:

1. How did the children recognize the symmetry in the tiles while creating
the pattern (visually, or by using any action)?

2. What kind of placement of the two congruent figures provoked the chil-
dren to make any movements?

3. What kind of movement played the most important role in children’s
actions?

For creating a pattern, it was necessary to use two kinds of tiles – the motifs
on the tiles were either “left” or “right”. The left motif presented was a mirror
reflection of the other one, thus, none of the types could have been obtained
by rotating the other tile. Additionally, there was no motif on the back of
the tiles, which made it impossible to correct the distorted pattern by making
movement out of plane. Such task (an tools) was designed in accordance to the
idea of using counterexamples to force mathematical argumentation (Lakatos,
1976; Larsen, Zandieh, 2008; Fujita at al. 2011).

Laying down a pattern requires manipulations. One group of movements
will constitute of actions like: shifting, moving to adjoin with the existed
band, searching for the proper tile among others laying “in mass”, brows-
ing the tiles on the table, pointing the “wrong” place in the distorted pattern.
I treated these activities as organizing and they were not analyzed. I was in-
terested in movements supported visual verification of the relation between
tiles. If the movement consisted only of joining a tile to a tile it has been
interpreted as translation; when manipulation was based on the rotating – it
was rotation, “turning” upside down – line symmetry. Such movements were
observed in both parts of the experiment: during creating the pattern and
during correcting it.

5Here, only one part of the research’ scenario is presented. More detailed description can
be found in Swoboda, E.: 2009, Natural differentiation in a pattern environment (4 year old
children make patterns), Proceedings of CERME-6, Lyon, France.
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6 Movements during constructing pattern

Two different strategies were observed in all children groups: 1. after visual
recognition of the difference between the tiles (placed on two separated piles)
a child created pattern taking consciously two tile types, 2. a child starts by
“blind searching”, to connect tiles in order to obtain symmetrical configura-
tion.

Example 1. Kacper (4-year-old boy).

Teacher: Kacper, look at this pattern and try to continue it.

Kacper: Takes one tile (the correct one) form the left pile, attaches it to
the pattern but after a moment he starts to rotate it and later puts it back.
Now takes a tile from the right pile, looks at this, says – no – and puts it
back to the left pile. Takes another “right” one, visually compares it with
the tiles at the table, put it over piles, but afterwards slides it under the
right pile. After a moment he decides to take the “right” tile again and now
he puts it in the pattern line, however without connecting it (keeping an
empty place for one tile). In the second hand he takes another “right” tile
and rotates it, trying to adjust to the gap between the pattern and non-
connected tile. Next, he exchanges the “right” tile with the “left” one and
constructs the whole symmetrical motif. He connects it with the pattern.

This boy started from “blind searching”. The first movement, important
for him, was rotation. Although the first position he chose (and the tile) was
correct, he felt the need to investigate its different placements. It is clear that
he didn’t know how to use the visual information in a constructive way, he
was only able to state, that some of his choices were not proper. In spite of
this, he was very persevering in his work. Thanks to manipulation he gained
some experiences useful for solving his task.

Older children worked on a visual level. They successfully utilized the in-
formation, that two piles contains different types of tile. But also in such
a situation some of them felt the need to investigate whether it was possible
to obtain a symmetrical position, by using two tiles of the same type. It is
visible in the work described below:

Examples 2. Martynka (6-year-old girl).

She joins one tile from the right pile with the tile from the left pile and
puts them together as the pattern’ continuation. After that, she takes
simultaneously two tiles from two different piles and using them creates
another motif. She works very fast, without any hesitation, sometimes
taking simultaneously tiles, sometimes – taking one tile at time, but even
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in that situation she is aware where the tile should be put (fig. 5) She uses
almost all the tiles form the table. The last two tiles were of the same type.
She takes them into two hands and starts to manipulate – for a long time
(23 sec.). She rotates them, trying to connect (fig. 6). After that she looks
at the teacher, by this informing that it is impossible to use these tiles for
the pattern.

 

Figure 5.

 

Figure 6.

The start of her solution indicates that Martynka easily distinguished be-
tween tiles, knew that for the creation of the theme she needed two different
ones. At the end of her work, however, she is inconsistent with her earlier
strategy. Martynka was looking for ways to arrange the motif with the tiles
of one type. She tried to reach the continuation of the line, rotated the tiles –
that is, not only looked, but worked, and then verified the effect of her actions.
Martynka’s work, described above in the final part, was not typical for older
children. It seems that for the 6-years-old children the visual identification of
one type of tile stopped any further actions on them. It is clearly visible in the
work described below:

Examples 3. Karolek (6-year-old boy).

K: At the beginning of his work he makes some trials and afterwards
he works very fast, taking successively the correct tiles from the
table without any doubt. In this way he builds a very long pattern,
extending it on the right and left side. At the end, there are three
identical tiles on the table left (fig. 7). The boy sits still (18 sec.),
looks at the tiles.

T: Do you still want to work?

K: no

 

Figure 7.
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This boy preferred to make a visual analysis than a manipulation – suppos-
edly, the visual information was more important to him. In addition – he knew
how to use these information. Perception was the foundation for each of his
decisions, manipulations only supported and verified the undertaken actions.
At the end of his work no action was needed – it was clear for him, that tiles
are “the same”. Those tiles were placed “almost” parallel, the child didn’t feel
obligate to make movements to check anything.

7 Movements during the correction of the distorted

pattern

Again, two different strategies emerged here. In the first one – “replacement
strategy”, a child exchanges the tiles, taking the proper one from the table. In
the second one – “manipulative strategy”, a child tries to obtain a correction
by manipulation of tiles lying in the pattern.
Almost all 4-year-old children started their work from manipulation, mak-

ing rotations. This way could be independent from the previous stage (creating
pattern), where they differentiated “right” and “left” tiles.

Example 4. Zuzia (4-year-old girl)

Teacher: You built a very long pattern, it is enough for us. Now,
please close your eyes, I will change something (she distorted the
regularity). Open the eyes and say if there is something wrong.

Zuzia: (7s.) here (she shows by her hand, pointing a place in the
pattern)

T: why?

Z: Because here is in this direction and here in this one (showing).

T: so, please, correct it.

Z: immediately starts to rotate – firstly by one tile, than by both tiles.
Later she moves two tiles close to her, still making rotations. Move-
ments starts to be slower and slower. Finally she takes one tile from
the table and finalizes her work.

T: Perfect! But – did you notice, that the tiles were different in two
piles?

Z: Yes.

At the first part of the experiment (creating the pattern) Zuzia muddled
up all the tiles on the table. Teacher, wanted to help her, decided to tidy up
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and put tiles into the proper piles. After that the girl benefits from this while
making the pattern, taking tiles alternatively. But during the next stage – the
corrections, when two the same type tiles were places next to each other – the
girl started from rotations. We may conclude that this “teaching episode” was
too weak for Zuzia to take advantage of it in the next stage of the experiment.
Therefore, it seems that maybe we should focus on children who on their own
distinguished the two types of tiles. Ola (4-year-old), described below, is one
of these children. But, while correcting the pattern, she started from rotations,
too.

Example 5. Ola (4-year-old).

O: (2s.) she takes one “left” tile from the pile, puts it in some distance
from the patter (to keep a place for the “right” tile). She moves
her hand to the same pile, but immediately recognizes, that this
is not what she needed, than takes the “right” tile and makes the
whole motif. Next motives she builds very fast, creating long pat-
terns (through the whole table).

T: Fantastic! And now I will give you a riddle (she changes the tile).
Tell me where something is wrong?

O: (immediately) here (she removes one of the double tiles, takes it in
the hand – fig. 8).

T: any why?

O: because it should be differently.

 
Figure 8.

She moves one of the “left” tiles to the right place in the pattern, the second
one rotates by 180 ◦. Comes back to the first tile and rotates it many times (fig.
9). After some time she changes the action – she starts to manipulate with the
second tile (fig. 10), and in a moment she turns it on the blank side (fig. 11).
She makes some other rotations, one by one with different tiles. Sometimes
she changes an order of tiles (making shifts). Finally she stops to manipulate,
keeping the tiles in her hands.
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Figure 9.

 

Figure 10.

 

Figure 11.

T: is it possible to correct the pattern using those tiles?

O: no (with determination).

T: Do you know what I did? I replaced one tile by the other, from the
table.

O: she immediately takes the correct tile from the table and finalizes
the work.

Ola showed a great awareness of how to build pattern. In spite of this,
she started the restoring of the distorted pattern with manipulations. She
made lots of movements, which had different meanings. The first movement –
parallel shift – was used for convenience only. Movements used for searching
for solution are rotations. She started from rotations, after that the idea of
the mirror reflection emerged (when she turned a tile to the back side). If the
tile would have been printed on both sides, she would have been successful.
In the present situation Ola came back to the rotation, trying to compose the
rotation with translation. After an investigation she states that it is impossible
to solve this task.
Approach to the ways of repairing patterns vary in subsequent research

groups – older children used replaced strategy more often. It is visible in the
Table 2.

Age Numer of
children

Manipulative
strategy

Replaced
strategy

Helpless

4 18 13 (72%) 4 1
5 25 9 (36%) 14 2
6 17 6 (35%) 10 1

Table 2. Approach to the ways of repairing patterns
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8 Does a lack of success in repairing a distorted

pattern by using rotation forces a reflection on

performing movement?

I answer this question positively: using rotation forces children to reflect on the
movements they use. It is supported by children’s reactions, described in ex-
amples presented in this paper: after some trials with manipulations, children
conclude that such actions are pointless. Although their attention was focused
on the visual recognition of the motif, performing many repetitive rotations
without obtaining expected result caused some awareness about its features.
Children were conscious that it is impossible to achieve some placements of
the figure by using rotations only.

In order to illustrate the opinion, that children can differentiate various
types of movements, I use an example taken from a session that took place
some days later. In this session, a child who participated in the first session
took a role of a teacher and tried to lead an experiment with his/her peer from
kindergarten6.

Example 6. Nikodem (5-year-old boy).

Nikodem’s task is to repair the pattern distorted by his colleague, Paweł.
(fig. 12)

 

Figure 12.

Ni: Here the trnings are upside down (he shows 6th tile). He rotates
the tile over the table by 180 ◦, looks at it, puts into a gap in
a “normal” position. He changes the last tile in the same way. He
stops to – to think. After while he changes the order. Stops again,
than he looks at the pattern.

Teacher: So, Paweł gave you a very difficult riddle.

Ni: Can I take from here? (he shows at the tiles on the table)

T: You can use whatever you want.

Ni: Immediately he takes the proper tiles and corrects pattern.

6In Poland this research method is quite popular. It is taken for observing the resistance
of children’s behaviors.
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Diverse manipulations were aimed at obtaining different aims. The first
rotations were done in the clear situation – tiles were put upside down. Then,
looking for the solving strategy, Nikodem uses translation – not rotation any-
more. When also by this he didn’t get expected results – he stops any further
action.

9 Summary

The research described here, gave me a understanding of certain statements of
Piaget referring to the role of reflection on an accomplished activity. Szemi˝ska
(1991, p. 131) states that perception gives us only static images; through these,
we can only catch some states, whereas by actions we can understand what
causes them. It also guides us to possibilities of creating dynamic images. To
support such a standpoint, Aebli quotes Piaget’s views:

Investigating what activity is itself, we repeatedly verified its great
importance contrary to the importance of an image. Geometrical view is,
indeed, an active one as it mostly consists of potential actions, shortened
schemata of effective actions or anticipatory schemata of future actions:
in case of the lack of effective action, the view is inadequate.

(Aebli, 1982)

Based on my observations, which are partly describes above, I conclude
that:

• Deciphering visual information concerning mutual position of two con-
gruent figures clearly falls into two levels. The first one can be defined as
“I know that” and the second as “I know how”. On the first level, each
possible arrangement is perceived on the level of impression and some ar-
rangements are aesthetically preferred. Line symmetry and parallel shift
belonged to these preferred ones. But it does not give a sufficient basis to
understand what actions can lead to an expected position of one figure in
relation to another. Such understanding, “knowing how” develops with
age, what should be associated with gaining more and more experiences
(both visual and manipulative). Younger children start from “blind”
discoveries, using manipulations and checking their effects visually. For
older children, visual information is frequently sufficient enough.

• Former information (visual and manipulative), that for axis-symmetrical
position two different tiles are needed, does not have to prevent further
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study of this position through movement. It could be observed in chil-
dren’s behaviour while arranging the pattern and it was even more ex-
plicitly marked while repairing the pattern. The fact that children on
their own wouldn’t decide to exchange (replace) the tile can be inter-
preted twofold. One of the possible explanation is “didactical contract”,
evoking the tacit conviction that if the teacher asks to repair the pat-
tern that it is possible to do with the use of such tiles which are already
used. Even if so, children showed what are the sources of their actions
which appear to be effective for such tasks. Other explanation – (quite
obvious) is the lack of knowledge of the properties of isometric transfor-
mations. They could have known, that the tiles are “right” and “left”,
but not, that by using a “right” tile they are not able to form the “left”
one by making the physical manipulation on a plane. In mathematical
terminology children could assume that the composition of rotation and
translation would lead to a mirror symmetry.

• When a child searches for an appropriate arrangement of two congruent
figures relative to each other it starts from rotation. Translation (shifting
on plane) seems to be very quickly interiorised. Children 4-5 years do
not need to move two objects towards each other to join them in order
to check their identity. This happens even with small deviations from
a parallel position. Different situation is with rotation which is used for
searching a suitable arrangement – first by the move on the plane, and
then in the space (creating a symmetric reflection).

• Rotations as treated as the basic way of object transforming. They are
like an elementary tool used in solving problems with placement of figures
on plane.

Children’s behaviour associated with the use of rotations, can be quite eas-
ily explained: In the rotation and mirror reflection pieces looks differently than
the model, unlike in the parallel transformation where pieces looks the same
as model. In translation an identification of figure and its image is immediate
and doesn’t require any conscious action. In rotation and mirror reflection the
identification is easier after manipulation. Therefore such placements forces
making manipulations. The manipulation of flat figures by rotations is more
natural (and therefore more spontaneous) than mirror reflection.
However, that is not the explanation that I consider as the most important

effect of this study. Much more crucial to me is the statement that children need
manipulations even in a situation where the former visual cognition suggests
senselessness of such actions. This indicates child’s need to examine various
solutions through movement, the visual information proves to be insufficient.
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Intuition can be treated as thinking on visual level. The results, presented
here, clearly show that when child look how to compare one figure with an-
other one placed differently, he/she starts from rotation. On the low levels of
geometric competence, the process of acquisition experience through move-
ment may later be transformed into a more economical operations in which
motion (or its image) is not necessary. Economization of actions which result
from the acquisition of experience is one of the conclusions to be drawn from
Piaget‘s research, what sometimes is formulated as follows:

One of the key ideas implicit in Piaget’s work (and perhaps explicit
in something I have not read) is that the learnable environment can be
decomposed into explorable domains of competence that are first inves-
tigated by finding useful, reusable patterns, describing various fragments
[. . . ]. Then eventually a large scale reorganization is triggered (per do-
main) which turns the information about the domain into a more eco-
nomical and more powerful generative system that subsumes most of the
learnt patterns and, through use of compositional semantics in the inter-
nal representation, allows coping with much novelty – going far beyond
what was learnt. (I think this is the original source of human mathemat-
ical competences.)

(Aaron Sloman)

Such situations have also been observed in my research: at higher levels
(older children) the students visually recognized objects of different orienta-
tions, visually estimated the sense of performing manipulation.

Conclusion

Educators and researchers increasingly wondering over the importance of move-
ment in teaching geometry. Their research is not limited to the role of dynamic
computer’s programs. Very often research have an epistemological background.
It is visible in the survey of works presented during conferences. In the Intro-
duction to the papers of Working Group “Geometry teaching and learning”
CERME-7 we read:

For more than two thousand years movement disappeared from ge-
ometry and was hidden in the concept of geometric transformation which
assumed the role of movement in the exploration of a timeless space. In
1872 Felix Klein’s research was focused on the invariance by transforma-
tion and properties of geometric transformations as organizing principle
of all kind of geometries. As a consequence, the concept of space depends
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on possible transformations. If these concepts of invariance and transfor-
mation are relevant from cultural point of view, they are also a structur-
ing elements of geometrical knowledge at school. Various studies show
that isometries are suitable also for young pupils as an appropriate way
for introducing geometrical thinking.

(Kuzniak et al., 2012, p. 545)

In psychology, an archetype is defined as reflection of instinctive reaction to
the particular situation. The results, presented here, clearly show that when
child look how to compare one figure with another one placed differently,
he/she starts from rotation. Is it not wastefulness, that in general, further
provoking students to the usage of rotations in dynamic approach, is given
up? Such actions on the plane seem to be natural for a child, and maybe –
accessible to controlling and encompassing by the conscious reflection.

These results open up a quite new (at least in Poland) space for organizing
teaching of geometric transformations. They can suggests that the didactical
path “isometric transformations on plane” should be created around rotations,
not around mirror symmetry, what is present in many proposals. The results
show that rotation belong to the first and most intuitive movement for children.
Manipulation with rotation was taken independently on visual recognition
of the relation of axis symmetry. Attention of a child in such action is still
directed to the arrangement of two figures in relation to each other and not
the movement as such, but these results can suggests that rotation can be
used as the first tool for turning children’s attention on movements on the
plane. Such approach can have a great impact on “tacit knowledge” used in
further learning about geometrical transformations, and as consequence the
dynamic imagination of rotation could be closer to acquaintance than other
rigid movements on the plane.

Mirror symmetry taken as didactical background is caused by formal, scien-
tific approach, but it is not in accordance with natural way the children built
reflection upon movement as geometrical phenomena. Such a statement should
not be taken as an unambiguous directive. The research around the role of
rotation in the geometric thinking of students must be continued, and above
all conducted in the broad context of the research on the dynamic reasoning
in geometry.
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Dynamiczne rozumowania w geometrii elementarnej –

jak je osiągnąć?

S t r e s z c z e n i e

Myślowe manipulowanie obiektami geometrycznymi jest podstawową cechą
rozumowań geometrycznych, niemożliwą do wyeliminowania. W przeciwień-
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stwie do innych działów matematyki, posługujących się głównie symboliką
abstrakcyjną, geometria elementarna jest w stanie wizualizować swoje pojęcia,
a związki i relacje dynamizować. Rozwiązywanie geometrycznych problemów
jest w dużym stopniu związane z dynamicznym przetwarzaniem obrazów.

Teorie kształtowania pojęć i rozumowań matematycznych niewiele mówią
o tym, w jaki sposób dynamiczne rozumowania są skojarzone z rozwojem geo-
metrycznego myślenia. Niekiedy jednak podkreśla się, że ten wpływ jest bardzo
istotny. Z drugiej strony historia rozwoju geometrii jako dyscypliny naukowej
pokazuje, że jej związek z ruchem był trudny i często postrzegany jako kontro-
wersyjny. Również psychologia myślenia niechętnie wiąże dynamiczne myślenie
obrazowe z logicznym rozumowaniem. Już te fakty zarysowują obszar badań
dydaktycznych, jakie powinny być realizowane.

Rozpoznanie, w jaki sposób uczeń (lub dziecko), działające w środowisku
geometrycznym posługuje się ruchem fizycznym lub wyobrażonym, ma istotne
znaczenie dla projektowania dydaktycznego.

Opisane badania przeprowadzone były wśród dzieci 4-6 letnich. Narzę-
dziem badawczym były „kafelki” – kwadratowe płytki z nadrukowanym jed-
nostronnie niesymetrycznym motywem. Kafelki były dwojakie – z motywem
oraz z jego symetrycznym odbiciem. Celem było obserwowanie manipulacji do-
konywanych przez dzieci w trakcie układania symetrycznego ornamentu. Cel
ten został sformułowany następująco:

Jaką rolę odgrywają manipulacje w trakcie wykonywania zadania polegają-
cego na stworzeniu regularnego układu kafelków? Wśród szczegółowych pytań
były:

1. W jaki sposób dzieci rozpoznają symetryczny układ kafelków (wizualnie,
czy poprzez wykonywanie określonych manipulacji)?

2. Jakie ułożenie dwóch przystających kafelków prowokuje dziecko do wyko-
nywania manipulacji i ruchów?

3. Jaki ruch jest najczęściej stosowany przez dziecko w trakcie rozwiązywa-
nia przez niego tego zadania?

Wyniki badań dają podstawy do stwierdzenia, że odczytanie wizualnej in-
formacji dotyczącej wzajemnego ułożenia dwóch figur przystających wyraźnie
rozpada się na dwa poziomy. Pierwszy można określić jako: „wiem, że”, drugi:
„wiem, jak”. Na pierwszym poziomie każde możliwe ułożenie odbierane jest na
poziomie wrażenia, przy czym niektóre z ułożeń są estetycznie preferowane.
Nie daje to jednak wystarczającego podłoża dla rozumienia jakie działania
mogą doprowadzić do oczekiwanego ułożenia jednej figury w stosunku do dru-
giej. Takie rozumienie, czyli wiedza „wiem jak” rozwija się wraz z wiekiem.


