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Introduction

This presentation outlines the basic features of Mathematics Teaching-
Research methodology TR/NY City model, which underlines the work of Polish
teams of the concurrently running International Comenius 2.1 Project: Kry-
gowska Project of Professional Development of Teacher-Researchers; Transfor-
ming Mathematics Education with the help of Teaching-Research Methodo-
logy (www. pdtr.eu).

TR/NYCity model has been created in the colleges of the Bronx to re-
spond to the challenges of urban education for black and latino minorities of
New York City. The aim of the paper is to bring forth salient features of the
methodology for the benefit of the participants in the project, and for eve-
ryone else interested in the methodology. We start with the definition of the
Teaching Experiment/NYCity model and explore several of its consequences
in Section 1. We lead the discussion to the example of such a Teaching Expe-
riment based on Achilles and Tortoise paradox of Zeno, which was the part
of the larger study Introducing Indivisible into Calculus Instruction suppor-
ted by the grant from NSF/ROLE (National Science Foundation, Research on
Learning in Education)#0126141 . The discussion of Achilles and Tortoise Te-
aching Experiment in Section 2 allows to introduce the theoretical framework
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" of the Zone of Proximal Development (ZPD) of Vygotsky as way of under-
standing episodes of the investigation. The discussion of the Section 3 turns
to the tool box of a Teacher-Researcher emphasizing its connection to stan-
dard didactic tools of the teacher, and with the coordination of class situation
to general theories of learning. The theory of the schema as an example of
a theory of learning is briefly discussed in Section 4 and the example of its
coordination with classroom practice in Section § ends the presentation.

As a background to our discussion of the Teaching Experiment, we quote
extensively from the (Steffe and Thompson, 2000) who provide more intuitive
view on this methodology:

The methodology of the teaching experiment will unavoidably conti-
nue to evolve among researcher who use it. It certainly did not emerge as
a standardized methodology nor has it been standardized since. Rather,
the teaching experiment is a conceptual tool, which researchers use in the
organization of their activities. It is primarily an exploratory tool derived
from Piaget’s clinical interviews and aimed at exploring students’ mathe-
matics. Because it involves experimentation with the ways and means of
influencing student mathematical knowledge, the teaching experiment is
more than a clinical interview. Whereas clinical interview is aimed at
understanding students’ current knowledge, the teaching experiment is
directed towards understanding the progress students make for an exten-
ded period of time. It is a dynamic way of operating ...

1 Definition of the Teaching Experiment and its
consequences

Definition: Teaching Experiment of the Teaching-Research methodology
NYCity model is the classroom investigation of teaching and/or learning pro-
cess, conducted simultaneously with teaching and aimed at improvement of
learning in the same classroom, and beyond.

The Teaching Experiment is conducted through the cyclical methodology
of the design of instructional intervention, its classroom implementation, col-
lection of the relevant data, their analysis and re-design of the intervention
on that basis. The requirement of improvement of learning imposes certain
constraints on the nature of research questions that could be asked. The clas-
sroom investigation must not only investigate the state of affairs relevant to
some mathematical situation, but also it must investigate possible routes of
the improvement of that state of affairs; consequently Teaching-Research qu-
estions have two corresponding components. The definition of the Teaching
Experiment is sufficiently general to allow both a teacher and researcher to
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conduct a cycle of investigations. In the case of a teacher, the design of the
intervention is grounded in the practice and professional intuitive knowledge
of the teacher, in the case of a researcher it is based on a theory of learning or
previous research results. The aim of the TR NYCity model is to promote the
development of new profile of a professional equally at home in the classroom
with the daily work of the teacher as well as with that of a researcher for
whom the same classroom is understood as her or his experimental field, the
significance of which may be of general educational character.

Some elements of the new profile are already in place. Cobb and Steffe,
show in the paper The Constructivist Researcher as Teacher and Model Bu-
ilder (Cobb and Steffe,1983), how the activities of the researcher performing
the teaching experiment in the classroom turn out to be identical with certain
activities of a classroom teacher. (Czarnocha, 1999) discussing the discovery
technique of classroom teaching experiment in the paper The Constructivist
Teacher as a Researcher, shows why and how the work of a constructivist
teacher unites in the classroom with the activities of the investigator of stu-
dents’ cognitive structures bearing on the particular instructional situation.
The classroom becomes the forum where the methodology of an educational
researcher can integrate, in some special instances, with the classroom instruc-
tional methodology of the teacher. At the same time, it is in the classroom
context where the difference in goals and attitudes between the researcher and
the teacher-researcher are clarified. According to (Cobb and Steffe,1983) the
goal and the interest of the researcher during the teaching experiment in the
classroom is ”in hypothesizing what the child might learn and finding [as a
teacher| ways and means of fostering that learning”. In contrast, the interest
and goal of the teacher-researcher is "to find ways and means to foster what
the student needs to learn to reach a particular moment of discovery or un-
derstanding [dictated by the curriculum of the class]. Since, however, such
moments occur only within students’ autonomous cognitive structures, the
[constructivist] teacher has to investigate these structures during a particular
instructional sequence [in order to be of help to the students]. In this capacity,
he or she acts as a researcher”. (Czarnocha,1999)

The Teaching Experiment NY City model is seen as the careful composition
of ideas centered around Action Research with the ideas centered around the
concept of the Teaching Experiment of Vygotskian school in Russia, where it
"grew out of the need to study changes occurring in mental structures under
the influence of instruction” (Hunting,1983).

Action Research is a methodology formulated by (Levin, 1946), where it
described a systematic utilization of sociological theory for the planning, im-
plementation and assessment of action aimed at eradication of xenophobia,
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that is racism, in the neighborhoods of Chicago of the thirties. It was charac-
terized by the cyclic nature of investigation of the situation, planning of the
action, its implementation followed by assessment. Several cycles of that na-
ture were usually connected to reach the particular goal by a series of Action
Research steps.

Naturally cyclic nature of the teachers’ work measured yearly or seme-
strally, lends itself particularly easily to the utilization of Action Research
methodology for improvement of instruction or resolution of problems arising
in teaching.

Every instructional cycle during which we teach a particular student cohort
can be a part of the cycle of the Teaching Experiment and the analysis of its
results can serve as the springboard to the improvement of the intervention
the next time we teach the same class. While Action Research relies on the
individual investigation of teaching with the purpose to improve it in the
classroom, the Teaching Experiment of Vygotsky views the same classroom
as one of the sites of a large scale investigation of learning processes designed
using a general theory of learning. Its purpose is to investigate ,changes in
mental structure“ of learners, that is changes in their understanding of relevant
issues under the impact of a theory-based design of instruction.

Careful integration of both methoodologies allows for the Teaching Expe-
riment to adopt the cyclical nature of Action Research as well as its aim of
classroom improvement. As a result we have created a flexible tool of clas-
sroom investigations, conducted simultaneously with teaching and aimed at
improvement of learning in the same classroom, and beyond.

Cycles and Ethics of the Teaching Experiment.

The Teaching Experiment (TE)is governed by its cycle of design, instruc-
tion, data collection and analysis, re-design. The length of such cycle, as well
as the question how many TE cycles should there be within one intsructional
cycle of a year or a semester is governed by the following considerations:

(How People Learn, 1999) informs about the degree to which the Teaching
Research methodology can be very useful in speeding up the progress of reform
in mathematics education by shortening the time lag in the flow of information
between research and practice. Consequently, one of the principles impacting
the decision about the length of TE cycle, is

1. minimalization of the time lag between research and practice;

One of the few texts, which appeared recently in Poland concerning TR
methodology emphasized that in any classroom investigative underta-
king, the primary responsibility of the teacher is to the students of the
classroom and to their optimal mathematical development (Pawlowski,
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2001). One of the strong elements of such a commitment is the ethical
principle which asserts that

2. those students who were the subject of the Teaching Experiment leading
to the increase of knowledge about their learning, should be the first
beneficiares of the new understanding.

The ethics of the classroom teaching experiment formulates strong con-
ditions upon the length of the Teaching-Research Experiment, which require
classroom ingenuity of the Teacher-Researcher to satisfy. The Teaching Expe-
riments need to be so situated within the regular cycles of work so that the
students who were the subject of investigation are also its immediate bene-
ficiaries. In simple cases, one can state as a guide a minimum of two cycles
per unit of the classroom instruction, a semester or a year. Two cycles assure
the refinement of instruction based on the qualitative or quantitative analy-
sis, and hence its improvement through incorporation of results of investiga-
tion.However one can bypass this simple condition in special circumstances,
which still allow for the satisfaction of the ethical principle. For example, if a
teacher teaches the same cohort of students the next unit cycle in the school
then he/she has the opprtunity to introduce the results of research after one
unit and still fullfill the requirement. Or as a teacher, TR apprentice in one
of the TR teams of the Socrates Project describes her way of dealng with the
problem of the control group through the parallel class taught by the same
teacher. The ethical problem teachers encounter here is that in reality it is
impossible to have two parallel classes and to implement new instruction one
believes in, in only one of them and not both. In other words she doesn’t
want the control class, whose students are used as object of comparative as-
sessment, not to receive the benefit of the Teaching Experiment conducted in
the parallel experimental class. She had divided the teaching experiment into
parts within the year and having received the confirmation or rejection of her
hypothesis in one class in a given part of the curriuculum, she immediately
was introducing the improving technique to the other class, but only for that
part. This way she was able to assess the effectiveness of the innovative in-
struction in its components, and at the same time satisfy the ethical principle.
Similar principle was used in the example of Achilles and Tortoise of the next
section, where the described sequence of assignments constitutes 3 cycles of
the teaching experiment conducted within a semester.

Background for the Teaching Experiment.

For the Teacher-Researchers, investigators of the NSF/ROLE grant Intro-
ducing Indivisible into Calculus Instruction, the central question was how to
utilize the depth of the famous paradox for the instruction of the limit of
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sequences in Calculus. The limits of sequences were introduced in the early
part of the semester with the help of the geometric definition which asserts
that the point (0,L) is the limit of the converging sequence (n,ay) of points,
if for every pair of parallel equidistant lines from (0, L) there is at most finite
number of terms outside of these lines.

The course was led with the help of the guided inquiry (or discovery)
method, which relies on the formulation of challenging open tasks leaving
students enough cognitive space to make substantial discoveries and insights
by themselves. To large degree the art of facilitation of student discoveries
relies on the teacher’s familiarity with cognitive steps and cognitive distance
needed to reach them.

The question of cognitive distance between different aspects of a problem
are well understood with the help of the theoretical framework of ZPD of Vy-
gotskyi (Vygotskyi, 1987). Zone of Proximal Development is the conceptual
distance between student’s understanding of the concept by himself/herself,
and understanding of the same facilitated by the mentor, or an instructor.
In the context of classroom instruction, its outer levels are determined by the
“spontaneous concepts” of students and “scientific” concepts of the instructor,
and the mastery and understanding of the concepts takes place in the zone
between the two. The art of the teacher-researcher lies in formulating such
questions during the process of classroom facilitation, which allow the student
to traverse that distance on his/her own. The sequence of writing assignments
below shows 3 TR cycles, through which such effect was reached revealing at
the same time the difficulties of the approach as well as the route to victory.
The assignment was given during different parts of the semester and 13 stu-
dents of the class had approximately a week to complete the assignment. The
Teaching-Research questions for the Teaching Experiment were:

1. What is the nature, extent and scope of ZPD amongst students of Fre-
shman Calculus, relatively to Achilles and Tortoise?

2. What could be the optimal path of hints for students to traverse their
full ZPD?

The discussion below is based on the essay trail of one student.

2 Teaching Experiment

Example: Investigations of the Zone of Proximal Development of students in
Freshman Calculus. Achilles and Tortoise (A&T) paradox as a converging

sequence.
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The first assignment, in the Spring of 2004, served as the diagnostic test
for the Fall semester. Assignment 1, Spring 2004
There is a race between Achilles, the fastest of Greek warriors and the Tortoise.
Achilles gives Tortoise a head start and is running after him. However, in order
to pass the Tortoise, Achilles has to arrive at the point where Tortoise was
before, from where however, Tortoise already departed. Hence, having gotten
to that point, to pass the Tortoise, although the distance is shorter, Achilles still
has to get to where Tortoise is at present. However, by the time Achilles will
get there, Tortoise will have departed again. Since this situation can continue
with no end, Achilles can never overtake the Tortoise.

Write a 1 page essay discussing the Achilles and Tortoise paradox. Make sure
you include the following:

1. State where is the contradiction in the story. A contradiction has at least
two statements which imply opposite conclusions.

2. Which of the two statements would you agree with?

The set of student responses we got contained both views with quite a
few who agreed with Zeno, and their arguments show quite a few misconcep-
tions that underline their reasoning. The misconceptions could be quite easily
eliminated, teacher-researchers thought, with better formulated assignment.

S1: One is that you are not able to do an infinite number of tasks in the
finite time. This relates to Achilles because he has an infinite number of
finite steps to catch up, before he can catch up with the Tortoise.

S2: It is obvious that if the distances get shorter each time, its only the matter
of timer, however long , till the Tortoise is overtaken.

S3: I see that the Achilles will never catch up with the Tortoise because even
though the Tortoise is slower, he is not stationed at the same location,
which makes the story continue with no end.

S4: It is almost impossible for Achilles to get to the point where the Tortoise
is and then pass him, because according to Zeno, Tortoise is stationary.
In addition if Achilles is to pass the Tortoise would have to be stationary.

It is interesting to note that the ways of understanding the A&T difficulties
by students are touching upon fundamental issues. S2 talks about the distance
and her intuition tells her that there should be no problem summing up the
decraesing sequences of their lengths. On the other, S3 points to the changing
positions of the tortoise and on the basis of this intuition suggests the impos-
sibility of passing. Most striking is S1 who similarly as (Grunbaum, 2002) sees
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the paradox not in the summation of the infinite number of distances or time
intervals, but in the need to perform the infinite number of actions in the fi-
nite time. This very profound point of view moves the A& T discussion beyond
mathematics, indicating that the mathematical understanding of the situation
using the concept of the limit, as for the first time done by St.Gregory in 17th
century (Cajori, 1915), solves only the mathematical aspect of the paradox,
and not its more intrinsic nature. Here, the teacher-researchers were interested
in finding the best sequence of topics of the essays, which would allow students
to utilize the definition of the limit of a sequence for their understanding of the
situation. In the ZPD terminology, in this teaching experiment, its upper level
was given in terms of the ,scientific concept” of the limit and the investiga-
tions concerned the proper scaffolding to raise the lower level of ,spontaneous,
intuitive concepts” of students. The design of the themes of essays needed to
be such that would allow the integration of both spontaneous and scientific
concepts into proper understanding of the paradox:

Assignment #2

Achilles and Tortoise

Fall ‘04

In the fifth century BC the Greek philosopher Zeno of Elea posed 4 problems,
now known as Zeno paradozes that were intended to challenge some of the ideas
concerning space and time held in his day. Zeno’s second paradox concerns a
race between the Greek hero Achilles and a Tortoise that has been given a
head start. Zeno argued, as follows below, that Achilles could never pass the
Tortoise. Given that Achilles is the fastest Greek hero, Tortoise is one of the
slowest animals, the speed difference between is very big, so that the conclusion
that Achilles can never pass the Tortoise is contradictory with every day’s
experience.

Zeno argues as follows: Suppose that Achilles starts at position ay and the
Tortoise starts with the position t1 having a head start in terms of the distance.
When Achilles reaches the point a o = t1, the Tortoise is already further away
at position to. When Achilles reaches the point az = to9, the Tortoise is at
position t3. This process continues without end, and Tortoise is always ahead
of Achilles. The conclusion is that Achilles can never overtake the Tortoise.

Achilles a1 7 a3 a1 @

t to t3 t4

Tortoise

Write a one page long essay proposing the resolution of the Achilles and Tor-
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toise paradoz.

A paradox is resolved if the contradiction between the conclusion as stated and
the every day’s experience has been eliminated.

In your essay,

1. state the paradox as you understand it. Make sure your interpretation of
the paradoz agrees with all facts in the story,

2. propose the resolution to the paradox based on your careful rethinking of
the process in which the paradox arises.

Note the introduction of algebraic symbols in the assignment attempting
to symbolize the approach to the paradox. We are investigating here levels of
algebraic comprehension of the text and student ability to repond to it.

The description of the paradox is more detailed and procedural, altho-
ugh attached drawing indicates interpretation of the procedure resulting in
the shortening of each successive distance. Below is one of the best students
response:

Achilles aq as as a4 as ag
5 miles 5 miles 5 miles 5 miles 5 miles
Tortoise t1 t2 t3 t4 t5

D.S.: Let us imagine that the race is 25 miles long with a check point at every
5 miles, so that a; — ag = 5 miles., hy — hg = 5 miles, and so on. Let’s also
tmagine Achilles runs 10 mph and the Tortoise runs 5 mph, since Achilles is
faster. Knowing this, we can determine that it will take Achilles 30 minutes
to run between each point ...

Therefore, 30 minutes into the race, Achilles would be at point as and the
Tortoise would be between hy and point ha. An hour into the race, Achilles
would be at point az and the Tortoise would be at point hy. Note a3 = hy. An
hour and a half into the race, Achilles would have passed the Tortoise and be
at point ag, while the Tortoise is between the point hy and the point hs.

Though Zeno’s conclusion that the quicker will never pass the slower (if given
a head start) may have been valid during the fifth century B.C., it does not
Stand true to today’s exrperiences.

This and other essays informed us about the main difficulty students enco-
unter and that is the absence of the converging sequence in their interpretation.
It was not clear whether the issue is of algebraic nature, that is whether ab-
sence of algebraic proficiency is responsible for that absence of understanding,
or is it the question of conceptual understanding. On the other hand , it is clear
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that the student took equally spaced ,check points” as the basis of analysis
rather than points whose distance to the preceeding diminishes. That might
indicate the problem solving issue of not understanding that these distances
indeed should decrease. To distinquish between the possibilites we have assi-
gned next version of the assignment with concrete numbers assigned to the
pertinent concepts. The essays also revealed absence of clear understanding
of the phrase ,head start”, and the assignment is refined with respect to this
issue as well.

Assignment #3

You have read about the story of Achilles and the Tortoise in Essay 1. Consider
the following. Both, Achilles and the Tortoise start the race at the same time,
but Tortoise starts 100m ahead of Achilles. Achilles starts at the point S,
while Tortoise starts 100m ahead of S. Let the speed of Achilles be 10m/sec
and that of the Tortoise be 1 m/sec.

Achilles +5- a5 3 @ a
t to t t
Tortoise : 3 :
S
1. Fill in the dotted lines in the following table:

Position of Position of Distance of Distance of Time in
Achilles Tortoise Achilles from S Tortoise from S seconds
ail tl .........................................
az 2 % :
as 12 SO A

2. Are all of Zeno’s conditions satisfied in your calculations above? Explain.

Same student’s response:
Let’s tmagine that Achilles and the Tortoise start the race at the same time,
but the Tortoise starts 100 m ahead of Achilles. Achilles starts at the point
S (a1), while the Tortoise starts 100 m ahead of S (t1). Let’s also imagine
Achilles runs 10m/sec and the Tortoise runs 1 m/sec. Knowing this, we can
determine the exact position of Achilles and the Tortoise over a period of time.

a
i
S

Achilles as as ag  as ---

1 to i3 t4

Tortoise
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Position of | Position of | Distance of Distance of Time in
Achilles Tortoise Achilles from S Tortoise from S | seconds
a) tl 0Om 100m 0

as ta 100m 110m 10

as t3 200m 120m 20

a4 14 300m 130m 30

At a1, we know Achilles is Om from S because this is his starting point.
We know the Tortoise is 100 m from S af t1, because this is his starting point.
[Note: only 0 seconds have elapsed in the first row because this is the beginning
of the race/. Since we know ay = t1 (refer to first diagram), we can conclude
that Achilles is 100m from S at ao because the Tortoise began at t;, which
was 100m ahead of S. If Achilles is 100m from S at ag, 10 seconds must
have passed because he runs 10m/sec [Solve by: 100m / 10m = 10 sec]. Since
we know the Tortoise Tuns 1m/sec, he must be 110m from S at ta [100m +
(10sec - 1m) = 110m].

To find the distance of Achilles from S at a3, we must find a pattern between
a1 and as. Since he was 0m away from S at a1 and 100m away from S at
a5, we notice that it is going in increments of 100. So at a3 Achilles should be
200m from S [100m + 100 = 200m]. If Achilles is 200 m from S, we know
20 seconds must have passed [200m /10 m = 20 sec]. That means the Tortoise
is 120m from S at t3 [100m + (20sec - 1 m) = 120m]. If you were to conti-
nue the pattern, 30 seconds into the race, Achilles would be 300m from S at
a4 and the Tortoise would be 130m from S at t3. Therefore it is impossible
for the Tortoise to win the race. Achilles would always win because for every
10 seconds, he increases his position by 10 m every 10 seconds.

We see that certain elements of understanding have appeared, for example
an attempt at the coordination of the actions of Achilles with those of the
Tortoise — one of the central mental acts in understanding the nature of the
paradox. At the same time we see that student still can not push the analysis
beyond uniform motion because of the fundamental error in observing the
patterns of the increase of the distance without taking into account sufficient
number of cases. This error reveals a good student whose way of reasoning was
affected by absence of clarity on the meaning of ,patterns”. It maybe reinforced
by the basic conception of a uniform movement of the race’s participants,
whose irregularity is imposed somewhat artificially by Zeno condition. How
many cases are necessary to consider before one is ready to generalize? — is
the question for future investigations, which should be done in the framework
of strategy of hints mentioned by a mathematics teacher from NYC, Mark
Saul in (Saul, 1995). What is the most important is that with all the technical
improvement we still didn’t have a single procedural evidence of the converging
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sequence of decreasing distances present in the thinking of students, our main
object of investigation. Hence, we have not yet found the lower level of the ZPD
of students to enable the proper integration of both levels.The 4th essay was
assigned in the second half of the semester, when more mathematical tools
became available to students. It is re-designed accordingly to the analysis
above:

Assignment #4
November 3, 2004
Due: November 10, 2004

Suppose Achilles Tuns ten times as fast as the tortoise and gives him a
hundred yards head start. In order to win the race Achilles must first make
up for his initial handicap by running o hundred yards; but when he has done
this and has reached the point where the tortoise started, the animal has had
time to advance ten yards. While Achilles runs these ten yards, the tortoise
gets one yard ahead; when Achilles has run this yard, the tortoise is a tenth
of a yard ahead; and so on.

Graph the distance traveled by Achilles as a function of time and on the
same grid, also the distance traveled by Tortoise as a function of time. Project
the sequence of distances onto the vertical azis. Is this an increasing sequence of
numbers, which is bounded above (Hint: is the length of the racecourse finite?)
By Aziom 1, this sequence must have a smallest number greater than every
term of the sequence. How will you prove that this number is the limit of the
sequence?

Same student:

For example, let’s imagine Achilles runs ten times as fast as the tortoise and
gives him a hundred yards start. The projection of the race would look as
Sfollows:

TIME | DISTANCE RAN IN YARDS
ACHILLES | TORTOISE

— 0 100

t 100 110

to 110 111

t3 111 111.1

t4 111.1 111.11

t5 111.11 111.111

From the graph, we can determine that this is an increasing sequence of
numbers because the distance ran at t,4y is always greater than t,. To find out
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if this sequence is bounded above, we must look at Aziom 1. Aziom 1 states,
“If M is a set of numbers that is bounded above, then either there is a largest
number in M or there is a smallest number that is larger than every number in
M.” Since the length of the racecourse is infinite, there isn’t a largest number.
On the other hand, there is a smallest number greater than every term of the
sequence, although it may not be as clear to some people as to what it is. In past
problems it was easy to determine the smallest number greater than every term
of the sequence [its clear that the sequence { 5,%,%,%, 8.} is bounded above
at 1]. However, the sequence in this particular problem is { ..., 111.1, 111.11,
111.111, ... }; which can also be written as { ..., 111.1}. In situations like
this we can implicitly use infinite sums.

111 1/10 + 111 1/100 + 111 1/1000 + 111 1/10000 + ... = 111

Observe that as you add more and more terms, the partial sums become
closer and closer and closer to 111 1/9. Therefore, we can say 111 1/9 is the
smallest number greater than every term of the sequence (and also the limit of
the sequence).

To prove that 111 1/9 is the limit of the sequence, we can apply the geo-
metric definition of convergence of a sequence. This definition states, “The
number L is the limit of the infinite sequence a if and only if for any two
equally spaced horizontal lines with the point (0, L) between them, there are at
most finitely many points outside the two horizontal lines and infinitely many
points between the lines.” For example, if you were to draw 2 horizontal lines
at 111 and 111 2/9 (both lines being 1/9 away from 111 1/9), there will be at
most finitely many terms outside of the horizontal lines and infinitely many
between the lines (*note: the horizontal lines can be drawn anywhere as long
as it contains the limit). Hence, 111 1/9 is the limit of the sequence.

Discussion

It is clear that the last assignment had a strong impact upon the particu-
lar student enabling him to make the full connection between the content of
A&T paradox and the definition of the limit of a sequence. Coordination of
two situations is excellent, showing all necessary connections. Except for the
final interpretation of the definition which misses the universal quantifier. In
terms of the inquiry technique, the teacher-researcher was able to facilitate a
significant moment of understanding in student mental apparatus relative to
the problem, in terms of ZPD, she was able to outline the full scope of ZPD
of the student starting at the hint leading to grasping the decreasing aspect of
the distances to full understanding. A significant step in the construction of
understanding was also the recognition of interaction of distances and time in-
tervals between Achilles and Tortoise. We see in the example above te process
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of coordination of the classroom experience with the theoretical framework of
ZPD of Vygotskyi. The guide of this coordination was the very definition of
ZPD as the conceptual distance between what student can do on his/her own
and what she/he can grasp with the help of the intsructor or a properly chosen
peer group. Having introduced during the course the appropriate definitions
of the limit of a converging sequnce as ,scientific” concept, teacher-researchers
were searching for such a hint of intuitive nature, which would allow the stu-
dent to construct the understanding reaching the level of the definition. We
found out that correct hint, and hence the extent of ZPD in the case of the stu-
dent whose exerpts we discussed, was the indication of the systematic decrease
in the length of Achilles’ steps.

3 Tools of Teaching-Research

Teaching tools as instruments of investigations. The previous example
highlights the particular nature of the Teaching-Research tools. These are,
to large extent, the traditional but highly refined tools of classroom teaching:
a questioning attitude in the classroom can become a clinical interview of a
student, checking their homework can become highly sophisticated analysis
of errors and misconceptions, creating a worksheet can become a diagnostic
tool. Classroom roster can become the source of statistical analysis with 2, 3
classrooms giving a sufficient sample to be able to draw some conclusions. An
interesting homework problem can become the tool through which we assess
student level and nature of understanding, or an exam problem can become
the tool of pattern detection for important student errors leading, as in the
following section, to coordination with a general theory of learning. In the case
of instructional sequence designed to achieve certain mental effect, one of the
central competencies is the capability to design the sequences of problems and
questions, which are at the appriopriate conceptual distance from each other
and from the level of familiarity of the student. If they are too high relatively
to the lower lever of related ZPD, then the student can’t do anything with
it. If they are too low they do not provide an appropriate challenge and their
learning potential is wasted. This difficulty, present daily in a class of a re-
flective teacher, magnifies significantly in the class of the teacher-researcher
because the levels needed to be investigated are very subtly separated from
each other and requires high level of professional imagination and creativity
to get them right. A master of the technique was the Robert. L. Moore, a
mathematician from the Chicago School, the creator of the Texan Discovery
technique designed for gradutae mathematics curses. Each such course has
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been a series of 100-200 problems, definitions and axioms whose careful cogni-
tive organization had allowed students to climb the tree of knowledge to large
degree independently.

It is the process of such task formation that gives a special twist to the
classroom of a Teacher-Researchers — they become very interesting to students
as a necessary byproduct of classroom investigations. The preparation of such
classrooms stimulate intellectual development of teachers and their actual im-
plementation stimulates the intellectual development of students. One of the
most characteristic moments of TR, the moments of ,comradship in thinking”
take place, when a child is thinking on the problem at hand while the teacher
is thinking about the nature of the thoughts of the student about the same
problem. It is possible that the moments of this unity of mental action be-
tween student and teacher are the proper unit of analysis for the concept of
Teachng-Research NYCity model, in a similar fashion in which verbal tho-
ught of Vygotsky is the unit of analysis for the dual aspects of thought and
language.

Theory and a theoretical framework as the tool of a Teacher-Researcher. It’s
proper introduction into the work of a Teacher-Researcher requires careful
thought, because Teaching-Research as a development and particularization of
Action Research approach to the conditions of the mathematics classroom has
also, in general, inherited the methodological problems that Action Research
encounters in relation to the general educational knowledge base. According
to (King and Lonnquist, 1992) ,, action research (teaching research, classroom
research) has been unable till now to make a clear contact between the parti-
cularity of classroom research and the general educational knowledge base of
the profession. For (Noftke, 1994), one of the present challenges ahead of Ac-
tion Research is to clarify precisely, if and how action research can contribute
to the traditional knowledge base of the profession. The absence of clear cut,
unambiguous answers to this fundamental question has seriously limited the
role of teaching-research as a viable research tool.

In Mathematics Education, this limitation can be now eliminated both
conceptually and practically by the introduction into professional discourse of
the notion of constructive or cognitive theory of learning. Since the time such
theories, which apply across wide range of studied phenomena (e.g. process-
object duality theories of (Asiala, 1996) or (Sfard, 1994), Anderson’s cognitive
psychology (Anderson, 1995) or Vygotsky theory (Vygotskyi. 1986)) appeared
in the context of mathematics education, the bridge between the particular
classroom situation and educational base knowledge can be much easier es-
tablished. As soon as a teacher in the classroom can coordinate her or his
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" teaching-research methodology with one of the theories proven useful and ge-
neral in the profession, at that moment he or she leaves the particularity of
the classroom situation and can view the same classroom as one of the many
instances where the particular theory is known to work. At this moment, the
whole conceptual apparatus and methodology of the particular theory can
be applied to bear upon the particular classroom teaching-research situation.
Thus the general character and trustworthiness of the classroom teaching-
research becomes grounded in the generality and trustworthiness of a parti-
cular theory of learning with which the classroom situation was coordinated.
What’s more, the very process of coordination between a theory and practice,
one of the modes of reflective abstraction, becomes the central skill required
from the teacher-researcher. (Czarnocha, 2001). The next two sections describe
one of more useful theories of learning, the theory of the schema, and show
how its application to the context of the classroom can help in the formulation
of Teaching-Research questions.

4 Schema Theory as the tool of Teaching-Research

The presented model of the Teaching Experiment can interact with many
different theories of learning and research results. A theoretical framework fo-
und useful in the work of a Teacher—Researcher is the Schema Theory that is
theory of a structure of the mental network of relationships between different
components of a given concept. Of special importance for the work in the clas-
sroom whose purpose is to find more effective means of learning is the know-
ledge of the developmental process of the schema. Understanding that process
gives a powerful tool in the hands of a Teacher—Researcher, which allows to de-
velop innovative instruction in agreement with the developmental process for
a particular concept. (Shepard, 1993; Clark et al., 1998; Baker and Czarnocha,
2002)).

According to the theories of schema development (Skemp, 1976; Shuell
1993; Piaget & Garcia 1989), the process of discovering and formulating the
relationships between different problem contexts where a particular concept
manifests itself, is a fundamental step for the full and rich development of
the concept in student’s mind. In the language of Schema Theory, this process
helps the learner to construct the relationships between different and separated
individual manifestations of the concept, and by this virtue to enter the higher,
second level of schema development.

The importance of schema for the process of thinking derives from seve-
ral different directions of research, such as the developmental psychology of



TEACHING EXPERIMENT/NYCITY MODEL 267

(Piaget and Garcia, 1983), cognitive psychology of (Rumelhart and Normans,
1978; Shuell, 1992) and theory of mathematics education of Skemp (1975). All
approaches seem to agree on the schema development structure where the first
stage is characterized by the learner paying attention to individual cases of
the concept (i.e., the Intra-operational level for Piaget), and the second stage
where the learner becomes cognizant of the relationship between different ma-
nifestations (i.e., the Inter-operational level). The third stage is characterized
by several slightly different descriptions either by state of automation, i.e., a
smooth execution of all necessary steps, or as the moment of transcendence,
i.e., the instance of grasping the full structure of the emerging concept (or the
Trans-operational in Piagetian terms (Garcia, 1983). This stage is followed by
the process of thematization of concepts by appropriate use. For Shuell (1992)
however, it is the stage where ”the knowledge structures and schemata formed
during the preceding stage become better integrated and function more auto-
matically. In most situations performance will be automatic, unconscious and
effortless” (p. 543). Depending on the particular interest one can use either
model; if our interest is in understanding and facilitation of the full process of
comprehetion we can guide ourselves by the Triad of Piaget and Garcia, if on
the other hand our aim is to facilitate the technical mastery, we should guide
our selves by the Shuell model grounded in the automation effects of Artificial
Intelligence research.

Mathematics teachers start recognizing the structure of the schema in their
every day’s work. Lampert (2001), a teacher-researcher concerned about the
nature and development of children’s thinking within her problem-centered
math curriculum, notes that “in contrast to the familiar topic-by-topic appro-
ach, I worked on constructing lessons for my students to investigate a number
of different but related topics, and to investigate them repeatedly in diffe-
rent problem contexts” (pp. 259-261). Important questions regarding such an
approach to instruction are: what are its implications for the organization of
teacher knowledge for addressing children’s intellectual needs and how can this
approach be made most effective? Lampert’s (2001) objective “to investigate
a number of different but related topics” allows to direct students’ attention
not only to the particular computational skills needed in each instance but
also toward the relatedness of topics to each other, toward the network of
relationships between them. The reflection needed to discover and formulate
these relations allows students to develop a broad conceptual point of view
about the mathematical situations in question. This broader view is the be-
ginning of the formation of a new mathematical schema that would enable
their thinking about the particular concept. A similar reason underlies Lam-
pert’s decision to investigate a particular topic in different problem contexts.
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The central competency of a teacher-researcher here is the capacity to coordi-
nate the structure of a syllabus or a structure of a particular classroom event
with the structure of the relevant schema. Example 2 below shows the utility
of such a coordination for understanding student mastery of negation of simple
quantified statements. The need to study mastery of simple logical functors
arose in the same calculus investigation of understanding the definition of the
limit of sequences. One of the evidence for such understanding is the ability
to explain when a sequence doesn’t have a particular number as its limit; such
explanation requires the negation of the definition what has been a serious
problem amongst students of calculus, and more generally amongst students
of community colleges.

5 Example. Schema-Theory development of a TR
question

Development of a Teaching-Research question. The discussion below illustra-
tes the process of the development of a Teaching-Research question from the
results of a final exam for students in an Introduction to Mathematics course,
one of two first level colleges courses, at the Hostos CC of CUNY. Introduction
to Mathematics has a large chunk of time devoted to the basic introduction to
logic, and the exam questions discussed here are dealing with logical negation
of simple quantified statements.

We are showing here how the recognition of an interesting pattern in stu-
dent errors leads to the coordination with a learning theory, which in turn
provides suggestions for the modification of instruction, in agreement with the
principles of Research into Practice standard of Beyond Crossroads.

Negation data 26 — correct
N = 61 (two sections) 18 — many errors

12 — one error
5 — non standard solutions

Negate the sentences:

e All calculus problems are difficult

Some calculus problems are not difficult.
Most calculus problems are not difficult.
All calculus problems are not difficult.

Some calculus problems are difficult.
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e All students in the class have dark hair.

Some students do not have dark hair.

Most students in the class does not have dark hair.
No students in the class have dark hair.

All students in the class do not have dark hair.

Some students in the class have dark hair.

¢ Some differentiation problems are easy to calculate.

All differentiation problems are not easy to calculate.
All differentiation problems are easy to calculate.

Some differentiations are not easy to calculate.

Not differentiation problems are easy to calculate.
Not all differentiation problems are easy to calculate.

e There is z in the domain of the function where the derivative.
is undefined.

For every z in the domain of the function, the derivative is defined (not
undefined).

There is x in the domain of the function where the derivative is not undefi-
ned.

There is not z in the domain where the derivative is undefined.

Observation: Student errors (in italic) are interesting in that many consist in
completing one out of two operations, which together form the negation of
the quantified statements: the change of the quantifier and the negation of the
property. For example, in the first case, instead of negating the sentence All
problems in Calculus are difficult by the sentence Some problems of calculus
are not difficult, the students in this group would say All problems in Calculus
are not difficult or Some problems in Calculus are difficult.

In other words, students don’t see the change of the quantifier and the
negation of the property as one, conceptual or structural, whole whose com-
ponents are coordinated with each other. Generally, without the support of
the relevant research, an instructor has to treat these difficulties as miscon-
ceptions, hoping that with repetition of instruction or another technique of
explanation, the student will get it. However, if one coordinates these results
with the learning theory, one can see the errors more as a necessary stage in the
development of the concept, and consequently one can prepare the activities,
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which, while taking that stage into account, facilitate student’s development
to the next one. In other words, the didactic action of the instructor using
the TR methodology acquires higher precision in facilitating student’s grasp
of the issue.

In order to coordinate these observations with a learning theory, we need
to find a common element of the structure of a theory with the structure of the
results above. Separateness of student observations might be such an element.
Students who make discussed errors see the two mental actions of negation as
separate, not connected with each other. That understanding of components
as separate and isolated from each other seems to coordinate well with Intra
level, described by the ability to deal with individual problems in isolation
from others. If the Schema Theory is correct here, then after one designs and
implements the instruction, which focuses student intellectual attention on
the relationships between two separate for them mental actions, then students
should be able to construct such a relationship, finding themselves on the stage
Inter in their own understanding of the negation. Consequently, the number
of such type of errors should diminish.

Will it? — is the new Teaching-Research question.

(1) Will the mastery and understanding of the negation of simple quanti-
fied statement increase if instruction is designed on the developmental
Schema Theory?

In view of these considerations, it’s natural to pose the second TR question:

(2) Can other basic logical competencies be understood in a similar manner
by coordinating their development with the Schema- Theory development?

Whereas the first question is concerned with the improvement of learning,
the second question refers to the generality of the approach, in agreement
with the general discussion above concerned with the structure of Teaching-
Research questions.

Warsaw, Poland, December 2006
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