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Construction of the fundamental solution 
for the equation A2u(X)-\-Tcu(X) = 0

1. The purpose of this paper is an effective construction of the fun­
damental solution for the equation

к Ф 0 being a constant, X  =  (осг, ccn), in the two, three and w-dimen- 
sional case.

In the literature, construction of fundamental solution for the Helm­
holtz equation Au-\-Tcu =  0 is known ([1]). It seems, however, that the 
case of the equation (1) was not dealt with till now. The equation (1) is 
very important in the elasticity theory.

In the second Section we deal with the solutions of the equation (1) 
depending only on the distance r of two points, and we solve the (ordinary) 
differential equation to be satisfied by those solutions. Then in Section 3 
we determine effectively the fundamental solution for Tc <  0, say Tc — — O4, 
and n =  2. In the Section 4 we do the same for Tc =  O4, Tc =  — (74, n — 3. 
In the Section 5 we effectively construct the fundamental solution for 
n >  3 and Tc — — C4, in the Section 6 a construction is given for Те =  C4, 
n =  2, and in the Section 7 we deal with the case n >  3, Тс =  C4. 
In the last Section 8, we apply the obtained fundamental solutions 
to solve the boundary problems of Lauricelli and of Kiquier for 
the equation (1).

2. Now we shall give the ordinary differential equation to be satisfied 
by each solution of (1), dependent only on the distance of two points.

Let

and let X  (хг, . .. ,  a?n), Y (ylt . . . ,  yn) be two different points in the w-di-

(1) A2u{X)-{-ku(X)  =  0

г, ? = 1

n
mensional space, and let r =  X Y  =  [^(аг*—y<)211/2-
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We shall need the
L e m m a  1. Let the function u(X) =  U(r) be a solution of the equation

(1) , let TJ{r)eC4 for r >  0, then the function
(2) V ( r ) — rU(r), r >  0 
is the solution of the equation
(3) r4VW(r) +  ( 2 n -6 ) r 3V{3)(r) +  (n2- 1 0 n + 2 1 ) r 2V{2)(r) +

-j- 3 ( —n2 -j- 8n —15) r V' (r) -f- 3 (n2 — 8n - 1 5 )  7  (r) -f~ hr4 7 (г) =  0. 
Proof.  Since

AU (r) =  TJ"{r)Ą- (n — l)r~l U(r),

A2U(r) =  Uw(r) +  2 ( n - l ) r - 1Ui3)(r) +  ( n - l ) { n - 3 ) r - 2U''(r) +
+  (n — l)(3 — n)r-sU'(r),

each solution of the equation (1) is also a solution of

(4) U(4)(r) +  2 ( n - l ) r - 1U{3)(r) +  ( n - l ) ( n - 3 ) r ~ 2U"{r) +
-\-{n — l){3 — n)r~3U'{r) +  TcU(r) =  0.

In virtue of (2)

U'(r) =  r - lV ' ( ; r ) - r -2V{r),

U” (r) =  г - хУ " { г ) - г - * 2 У {г )  +  г - ъ2У{г),
(5)

f7<3>(r) =  r - 17 (3)( r ) - r - 23 7 /'(r) +  r - s6 7 '( r ) - -r -467(r),
U{ 4) (r) =  r~2 7 (4) (r) -  r~4  7 (3) (r) +  r~312 V" (r) -  r~424 7 ' (r) +  r~s24 7  (r),

whence by substitution of V",  £7(3), Z7(4) from (5) into (4) we obtain (3).
In the Sections 3-6 we shall give fundamental solutions in each of 

the cases n — 2 ,3  and n >  3 and ]c — C4, Tc =  — G4, separately.
D e f in it io n  1. A  function U(r) is called a fundamental solution of (1'): 

A2u(x, y )—C4u(x, y) =  0, if 1° U{r) — U(XT)  is defined and of class C4 
in the set {(X,  Z): X  Ф Y}, 2° U(r), considered as function of 1  or of I  
only, satisfies the equation (1'), 3° for each function v{X) of class 0(4) 
in bounded region D  and C(3) in D, satisfying the equation (!')

(6) v(x ,y ) —  f (  
iC2 J  \ЛП N

— ddv dTJ Arrdv dATJ .
8C2 J \^~dn Лп U ~d ^ ~~d H ~^d8y

dD

for each XeD,  if n =  2, and
dAv dU

(6a) v(X) - f j i
an U  \

TJ- dn dn
dv dATJ .

Av +  ATJ—----------— v d$Fdn dn

if n >  2, an being a normalizing constant, depending of n.
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3. Let us first consider the case n =  2, h . == — C4. Each solution 
dependent only on r satisfies in our case the equation

(1') A2u(x, y )~ C 4’u(x, y) =  0.

The equation (1') is of form (A— C2)(A-\-C2)u — 0.
We shall prove
Lemma 2. Every solution u(x,  y)eO(4) of the equation 

(7) A u -C 2u =  0
or
(8) =  0

respectively, is aZso a solution of (1').
Proof.  It follows from (7) that zl%(&, y) =  C2Au(x, y) — C4u(x, y), 

and from (8) it follows that A2u(x, y) =  — C2Au(x, y) =  —C2 (—C2u{x , y) 
=  G4u{x,y)).

We shall find (fundamental) solutions of (7) and (8) by means of 
which we shall construct the fundamental solution of (1'). The function 
U(r) depending on the distance r =  X Y ,  satisfying the equation (8) 
satisfies also the equation

(9) TJ"{r) +  r - 'V ' { r )+C2U{r) =  0.

By the change of the independent variable

(10) R =  Cr, 

we obtain the equation

(11) R2U "{R )+ R U '(R )+R 2U(R) =  0,

which is obviously the Bessel equation with the parameter s =  0 ([3]). 
The function

(12) U,(R) =  Г 0(Д)

where

i_ у  ( - i
71 ś=i (p !)2

21n® - 2 / ( p  +  l ) 5

f(k+1) =  - y + l + i + - . . +  p  / ( l )  =  - y , у the Euler const.

is a solution of the equation (11) ([3]).
We conclude from (9), (10), (11), (12) and from Lemma 2 that the 

function Y0(Cr) is the solution of the equation (1').
The function U{r) satisfying the equation (7) satisfies also the equa­

tion
(13) U" {r) +  r -1Uf { r ) - C 2U(r) =  0.
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Replacing in the equation (9) Ci by 0 we obtain the equation (13). Con­
sequently the function R e Y 0(Cir) is a solution of the equation (1').

In all the formulas to follow the symbols 0(1), 0(r), 0[cp(r)), <p(r) 
being a function of r, will refer to the case r 0.

Now we are able to prove
T h e o r e m  1. In case n — 2, Tt =  — C4 the function

(14) U(r) =  U1(r) — U2{r)
where

Ux{r) =  Y0(Cr), Ut(r) =  EeY0((7ir)

is the fundamental solution of the equation (1'). 
Proof.  From (12) it follows that

. 2 Cir
Y0(Cir) =  — J0(Cir) In— -

7Г 2 ■ s0

- i f  (Cir 12)
(ЫУ

2 к
7 (^ + 1 ) ,

where

(15) J„(Cir) =  £
к — 0

( - l ) k(Cir/2)2k
oo

1

\Crl2fk 
~ (fc!)2

From (15) we get

(16) Y0(Cir)

_  2 / y i  (Cr/2 f k
A + i i  m *

and

(17) ReY0(Oir) = 

where

2 Cr
— In —  + Ь х(г),
7Г 2

(Or/2)2&
(Jc!)2 / ( *  + 1)

Li(r) 2 , Cr V i (Or/2)2fc— In—  > -----------
тс 2 (hi)2k=1 v '

2
TC 2 :(Or/2)2fc

(Tel)2
/(fc +  l )  =  0 ( l ) .

From (12) we obtain 

(18) Y0(Cr)

where

—l)k(Cr/2)2k

2 Cr
— In + i 2(r),
7T 2-

2 Or
— In —  
7Г 2 2*=i (fc!t\2

- l f (Crj2)
m 1

2 fc

7 ( f c 4 - l )= 0 ( l ) .
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In virtue of (14), (17) and (18) ,

(19) U(r) =  L ^ - L A r )  =  0(1) 
and
(20) U'{r) =  L'2{r) —L[{r) =  0(1).

By (7), (8), (14), (17) and (18)

(21) AU =  A U i - A U 2 =  ~G2U1—C2U2 — - C 2 (— In— + L 3(r)|,
\ 7Г 2

where Lb{r) =  0(1).
From (21) it follows that

d
(22)

dr
AU(r) = 402

7Г Г
A-L îr),

where X4(r) =  -L3(r) =  0(r).
Let v{cc,y) by a function of class 0(4) in D satisfying the equation 

(1') and let K R be a circle with the centre X  and with radius E. Applying 
the fundamental formula ([3])

Я Г I dAv dv( UA2v ~ v A 2U)dxdy =  -  П7—----- h A U --------
d{, \ dn dn

to the functions U(r) and v(x,y)  in the set D —K R, we get

(23) J J  (U(r)A2v { Y ) - v { Y ) A 2U(r))d^dy

dAU dU ,
v —-------- A v ~ — ids у

dn

D - K r

/ H id ( D - K R)

A v { Y ) - v ( Y ) —  AU(r))dsy 
dn

-  f  \AU(r ) -^ -v (Y) -Av (Y) -^U(r ) )dsy .
dn dn I

Since TJ{r) and v(Y)  satisfy the equation (1'), the left-hand side 
of the formula (23) is equal to zero. Therefore it follows from (23) that

(24) /(
dD '

dAv dAU Arrdv A d U ,
U—-------v — -------\-AXJ—----- Av —— +dn dn dn dn

Г dAv
I U —■— d/S у '

dKR
dn

Г dU Г— -----Avdsy-\- AU
Ti- dn Jd&R dKR

dv
dn

ds i /dKR

dAU
dn

vds^ 0.

By application of the mean value theorem to the curvilinear integrals 
in the formula (24) we get in view of (19), (20), (21) and (22)
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•Л =  /  U(r)
dAv(Y) , dAv(Q)

dsY — 2tzBU{B)
dKR

dr

=  {L2( B ) - L 1(B))2tvB
dAv(Q)

dr

Jo f  Av(Y)
dKR

dU(r)
dr

dsy =  2nBAv{Qx)

dr

O when В -»  O, Q€dKR, 

dU (В)
dr

(25)
2t:BAv(Q1)(L2(B)—L'1( B ) ) ^ 0  when B^-O,  QxadKR.

J3 -  \ АЩГ)
dKR

dv(Y)
dr

, 4O2 GB \ dv(Q
dsY =  ---------l n - ^ - + i 3(E)ł ->0

J* =  f v ( ? )
dKR 

=  2тгй

dzl U (r) 
dr

dsy =  2tcB v{Q3)

2 ' 7 dr
when IS -> O, Q2edKR, 

dAU{B)  _  
dr

( —^ - + - L 4(-B))^(Q3)-> - 8^(^>2/) when IS-^O, Q3edKR.

By (24) and (25) we obtain the formula (6). The function U(r) defined 
by (14) being obviously sufficiently regular, it follows that U(r) is a fun­
damental solution.

4. Now we shall construct the fundamental solution for the equation (1) 
in the three dimensional case. In this case the integrals depending only on 
the distance r satisfy the equation

(26) F(4)(r) +  ^F(r) =  0, r >  0.

We shall consider two cases: (a) к =  — O4, (b) к =  О4, C constant. 
Case (a). The equation (26) is of the form

(27) F<4)( r ) - 0 4F(r) =  0.

The functions Vx{r) =  eCr, V2(r) =  cosO , are linearly independent 
solutions of the equation (27) and the functions

U1(r) =  — Vx{r) = —eCr, U2{r) — — cos Or, 
r r r

are analogously related with the equation (1).
Theorem 2. I f  n — 3, к =  — О4, then the function

(28) U(r) =  TJx{r) — TJ2{r) =  r -1(e0r— cos Or)

is the fundamental solution of the equation (1).
P roof. We shall prove that function U{r), defined by formula (28), 

satisfies the identity (6a) with a3 =  8O2. Let v (x , y , z )  be a function of
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class 0 (4) in I) satisfying the equation (1) and let K R be a sphere with the 
centre X ( x , y , z )  and radins R. Applying the fundamental formula ([2])

j j j  (TJ(r) A2v ~{Y)  —v(Y) A2TJ {r))dxdy dz J- J J  |TJ (r) Av(Y) —

~-Av(Y) - — U(r) +  AU(r) —  v ( Y ) - v ( Y )  —  AU(r)\d8T =  0 dn dn dn J
to the function TJ(r) and v (x , y , z )  in the domain I) — K R we obtain

(29) J J J  (U{r)A2v { Y ) - v ( Y ) A 2U{r))d£drjd:

f f  l u ( r ) ~ ^ - - A v ( Y ) - A v ( Y ) 4 - U ( r ) ) d 8 Y-
у {I \ d/fiy dfi J

D ~ K i

d ( D - K R )

j J  l AU( r ) - ^~v {Y ) - v (Y ) 4 - AU{ r ) \d i Sr .
d ( D - K R) ' dfii dn

Since the functions U(r) and v(Y)  satisfy the equation (1) it follows 
that the left-hand side of (27) is equal to zero. Hence by (29) •

(30)
dD

d dU dv
TJ—— Av — Av—-----\-AU-—dn dn dn

■v—  ATJ)dSr +  
dn

Я d
TJ —  AvdSy 

dr
dKR dKR

Я Av-
dU
dr dS,

dv
A U —  dSY 

drЯ
)KR

-  f  f v -~AUd8y =  0.JJ d,rdKR
Applying the mean value theorem for the surface integrals in for­

mula (30) we obtain in view of (7), (8) and (28)

J, =  f  f  TJ{r) —  Av{Y)dSY =  Ат:В(еСг— cosOr) —  (Av(Q)\ -> 0,
J-J dr dr '

when R 0, Q?dKR,
dKR

J,

J ,

dU(r)
dr dSy =  ±nR?Av{Q1) ( - R - 2eaR+ R -1Ce'Jtc +■1 nJORЯ

dKR J-R c,osCR-\-CR m iC R f^ O , when -R-> 0, Q1edKR,

( \ A U (r) dV Ŷ ) dSy =  -AitBC2{eCBY ^ G B ) ^ ^  ^ 0 ,
JJ dr dr
dKR

when -R ^O , Q2edKR,

J 4 -  f  f v(Y) —  AU(r)dSy =  4nR2v(Q3)(C2R - 2eCR- C zR -1eOR +
JJ drdKR

J-C2R 2 cos<7jR+(73.R ‘ sinC-R) 8 C 2tvv( x , у , z) , when E 0, Qb€dKR,
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By the above formulas and (30) we get (6a). The function U (r) is 
obviously of class C(4), whence by Definition 1, it is a fundamental solution 
in our case.

Case (b). The equation (26) takes the form

(31) V(4){r)+C4V{r) == 0.

The functions Vx(r) =  eArsinAr, V2(r) =  e~ArsinAr, where A =  
=  0^2)2, are two linearly independent solutions of (31) as well as the 
functions Ux(r) — r~4eArm\Ar, U2(r) = r  xe Ar An Ar are linearly in­
dependent solutions of (1).

Now we shall prove
Theorem 3. If n =  3, к =  (A, then the function

(32) U (r) — U1(r)—U2( r ) = r " '1m\Ar(eAr—e"Ar)

й  a fundamental solution of the equation (1).
Proof. We shall prove that the function V {r) given by formula

(32) satisfies (6a) with a3 =  —8тгC2. Using analogous arguments as 
in the proof of the Theorem 2 we may obtain the formula (30). Applying 
the mean value theorem to the surface integral in the formula (30), using 
(7), (8) and (32), we obtain formulas analogous to (25)

Jx =  ±r:R2 j—  Av(Qu R \sin AR(eAR — e AR) —> 0, QedKR, R -»  0,
\dr I

J2 =  4irR2(/lv(Q1)){{eAR- e - AR)R ' { A c o e A R - R  'sinAR) +
+  AR 1 sinAR{eAR- e AR)) -> 0, QxedKR, R -> 0,

J3 =  ^ R ~ { ^ - v(Q2̂ 2R l{A2̂ A R ) ( e AR+ e ~ AR) -> 0, Q2edKR,

2 a 2
./4 =  4ttrS(Q3) —~ {(eAR+ e  ar) ( - R  ' cmAR- AAnAR) - ]

R
+A  {eAR- e  AR)cosAR) -> - S tiC2v {x , y, z), R -> 0, Q3edKR

Prom these formulas and from formula (30) follows (6a). The function 
U (r) is evidently sufficiently regular, whence it is a fundamental solution 
of (1).

5. Now let us consider the case n  >  3, к  —  — C 4 . Our equation is 
of form
(33) A2u( X ) - C 4u(X) =  0, X =  (a?,,

By Lemma 2 the solutions U(r) of the equation (33) satisfying respectively 
(7) and (8) are solutions of the differential equation

(34) U" {r) +  {п-1 )г~ЧГ {r) +  C*ZJ {r) =  0
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and

(35) U" (r)-\-(n—l)r~1U'(r) — C2U {r) =  0,

respectively. Conversely, solutions of (34) and (35) are solutions of (33). 
Upon setting В =  Cr in equation (33) we obtain the equation

2 — n
1 - 2

(34a) U"(R)  + В U’ (R) +  U(R) -  0,

which is a special case of the equation ([4])

(36)

where

U” (z)-
1 — 2a

P '{z)+(Hyz-'-If +  ----- U(z) =  0,

2 — n
z =. й , у =  /? =  1, s =  —a n — 2

2 ■ 7 2 

The solutions of (36) are ([4])

(37) U(z) = z aZs(№),

where in the case when s is a positive integer

1 \ i { s —k—l)\ (z\2k~s2 g
(38) Zs(z) =  Ys(z) =  — Je(«)ln —

7Г 2 TZ Ifc —0
1 V ,  ( - l ) * ( * /2 )

i E

fc —0 
A: / _  ;o \ S —2fc

f e !
+

7Г ft! (.<? -|r ft)!k - 0 ' '
'/(L +  l ) - / ( f c  +  « +  l)>,

where

Vi(-lf(*/2)
6 /  *'•(« +  *>)!

and, in the case of non-integer s,
OO

(39) (г) =  </_»(*) =  £
к / ict\2k—s■1Г(*/2)

fr=o r(ft +  l )U ( f t -s  + 1)

Consequently, the function

U(r) =  (Cr) (n~2) 12Zs(Cr)

is a solution of the equation (34).
We shall single out three cases:
1° s =  ( n - 2)12 
2° s =  (n — 2)l2 =  2p 
3° s =  (n — 2)12 for n even.

=  2p + 1 ]
= 2 p )

p a positive integer,
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Ad 1°. In this case in view of (38)

(40)

where

T 2 Or 1 (s — lc—1)! (Cr\2k~s

k= 1 ' '

VI (-If (Or/2)s+2fc . , , ,
Z  h f l + f r  (/<*+1>+л*+*+1» = ° ( г' >■к — 0

In virtue of (37), (38), (40) and Lemma 2 the function

(22>)!/Crw ~ 1(41) O fr) =  (Or) -2P-1 F,(r)

is a solution of the equation (34). Replacing 0 by Ci in (34) we obtain (35), 
whence Im (Oir)-2p_1 Ys(Cir) as well as U2(r) =  (Cr)~2p~llm Ys(Cir) are 
solutions of (35). From (40) it follows that

1 I Cir \ 2P 1
Ys(Cir) =  -  ~(2p)\ I V2 (Cir),

where
2p2 / Cir \ 1

V2{Cir) =  —- h n - ^ j ' J 8(Cir)— — ^
fc=i
k,

(2p —k)\ [Cir\lk~2v~l 
/rT

i V M - 1>*(CiV/2>2,,+“ +1
*  2 j ... A-! rJ/. +  2fc +  l ) T  ( / < *  + 1 ) + / ( ^ +  s +  1 » ■

Thus
(Jr \-2P~1 ,2p)l

Im Ya(Cir) =  ( —!)*» (— I i L F + im F 2(0#),

and therefore 

(42)

where

p 2(r) =  (c łT ® “ 4 ( - i ) s ( F j  № ' i M i + r . M ) ,

F3(r) =  Im F 2(Otr) =  0(r p+ ).

Theorem 4. I f  n >  3, s =  (r — 2)/2 =  2p +  l> p is a positive integer, 
Йеп function

U(r) =  0 хОг(г )+ 0 2О2(г),
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where =  1, C2 — ( — l )p; С/\(г) and U2{r) are defined by the formulas 
(41) and (42), or
(43) U(r) =  ( C r r ^ C ^ M + C . V  s(r))

is a fundamental solution of the equation (33).
Proof. In view of (43),

(44) U{r) =  0(г*~п),

(45) V'(r) =  C ( - 2 p - l ) ( C r r * < ‘ -*(C1V1+ C2Vz{r)) +
+  (Cr)-№~'{Cir'1(r) +  CsV',(r)) =  0(r3- ‘),

because V[{r) =  0(r~2p) =  V (̂r). Using (7) and (8) we get

(46) dU(r) =  -C ^ E M r J -C .U .M )

=  2C2 (Cr)~4’p~222p+1 i—РЦ- - 0 2(Cr)-2p- 1(01F1( r ) - 0 jsF3(r))
TV

=  0(r2- n),

(47) —  AU(r) =  C3{ -Y p - 2 ) {C r ) ~4p- 322p+2̂ ^ ~  +
dr  7T

+C3(2J> +  l)(O r)-2,’- ! (ClF1(»-)-C 2F3( r ) ) -0 2(Cr)-2,,- I(<71F ;(r ) -C aF;(r)) 
= /5„r1- ’, +  0(r3- ’,),

where

/3. =  - i - C 1- “ 2<"+s>'! ( - ^ A )  !.

Noting that the function (43) satisfies the conditions 1° and 2° of 
the Definition 1, it is sufficient to show the condition 3°. Applying sim­
ilar arguments as in the proof of Theorem 2 we obtain the formula (30). 
The surface integrals are (n — l)-fold integrals. Applying the mean value 
theorem to the surface integrals, by (44), (45), (46), and (47), we get

J1 =  f  f  U(r)—  Av{Y)dSr  =  QnBn~10(Bi~n) =  0(B3)->  0, 
JJ drdKR

J2 =  J J  A v(Y )— i— diSY =  QnBn~10(B3~n) =  0(B2) 0,
(48)

/ /  ^ (r)
dKR

dr 
dv(Y)

dr dSY =  QnBn~lO{B2- n) =  0{B)  -> 0,

•Л =  / / г ( Г ) А  j {7 ( r)dSr =  йя7г““ ‘ (АЛ 1“ “ +  0(Л4- “ ))»(е) -►

einV {Y) j QedKftj
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where an =  Qn$n and Qn denotes the area of the unit sphere in the w-di- 
mensional space.

In virtue of (48) and (38) we obtain (6a). Our assertion follows, since 
U (r) is obviously of class (7(4).

Ad 2°. Let s =  (n— 2)/2 =  2p. In view of (38)

(49)

where

Y,(6Y) (2p — 1)! / Cr
2

2 p

+  Тг(г),

2 Cr
Ti (r) =  — Ja(Cr) In— -------

7Г 2 7Г 2
=  1

1 v-S (-l)* (C r/2 )e

1 vv (s-Jfc —1)! /Cr\2*-e

+  — У
TC k = 0

k= 1
к / о  \ s + 2 f c

f c ! 2 /

A;! (s+  fc)! - / ( f c + l ) - / ( *  +  * + l) )  =  0(ra- 2p).

(50)

By Lemma 2 and by (38), (37) and (49) the function

(2p — l)l I Crx~2p
U1 (r) =  (Cr) —  2 p — f +  1\ (r)

is a solution of the equation (34). 
Since by (38) and (40)

1 / Cir \~2p
Ys(Cir) =  -  ---- (2 jp -l ) ! l  — I + T 2(Cir),

where

• л 2 Cir 1
T2(Cir) — ~—J8(Cir) In-------- ----

7Г 2 7T

2p—1

k = l

(2p — Jc—l)\ lCir\2k~2p
Tel

S
A' =  0

-l)fc((7ir/2)2i,+2fc
fc!(2p +  &)!

(f(* +  l ) + / ( *  +  » +  l)) =  0 (r2 -  2)J v

we have
1 1 Cr\ 2V

Rer.(Otr) = — — (2p — 1)! ( — . 1 (-If + BeTa(Ctr)

and it follows that the function 

(61) ■ и г(г) =  (Cr)-4*( — ( —!)*> ( 2 j ) - l ) !  ICr\~w-VMt)
where l\(r) — B,eT2(Cir) — О(r p+ ) is a solution of the equation (34).
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Theorem 5. I f  n > 3 ,  s =  (n— 2)/2 =  2p, and p is a positive in­
teger, then the function

m  U(r) = o. uao+c. u m  =  (ег)-2'% тЛг)+сгтЛг)),
Cx — —1, C 2 =  ( — l)v, U i (r) and U2(r) are defined by formulas (50) and 
(51), is a fundamental solution of the equation (33),

Proof. In virtue of (52)

U (r) =  0(rl
and

U'(r) =  -2 j)C (C »r »  , (CI3Tt(r)+C t5P,(r)) +  (Or)' +С,Г,) «  0(г»

In view of (7), (8), (50) and (51)

dU(r) =  C.AUAO+C.AUAO  =  ~ c 2(c1u 1(r)-e..U AO )

2c>2pC 2
{2p — l)\

( C r r ^ ^ - i - i r j - t f i C r r V f a T A O - C J ' A r ) )

and consequently AU(r) =  0 (r2 n) and

~ A U { r )  =  - C 3p22p+2 (2?>- 1)1 (Or)-4p- 1(C1- ( - l f )  +
dr  7t

+  C32p(Cr)-2p- 4C1T1( r ) - C2T3( r ) ) -C2(Cr)-2p{ClT[ ( r ) -C2T,3(r)) 

i (21»- 1 V

where

(53)

=  - C 5p22p+2(Cr)~ip 

=  p y - + 0(r3- n)

1

( C i - i - l f C j + O i r ^ )  .

ft С*-п2(п- 2)12(п - 2 ) ( п -4 : ) '

Applying similar arguments as in the proof of Theorem 4 we 
get formulas analogous to (48) with an =  Qn (in, where fin is given by 
formula (53). We may obtain our conclusion similarly as in the proof of 
Theorem 5.

Ad 3°. In the case 3° we single out two subcases

3°A) n — 2 1 
s — 0 ~  (2  ̂+ 1 ) —

1
=  2 p +  — r  2 for q =  s* v ,

3°B)
n — 2 1 

* =  2 =  (29 +  1) 2
3

=  2p +  - for q =  2p +  l

Prace Matematyczne IX. 2 15
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In view of Lemma 2 and formulas (37) and (39) the functions 
(54) Ux{r) =  ux(Gr)

1 n4(n „ „ 1
Г (1 )Г (1 -в )

2(n- 2)/2((Jr)2
where

and

Wx(Gr) =  (c r f ~n)l2 j ?

ux(Gir) =
2(n-2 )l2(Cr)

k= 2 

2 — П *2 — 71

Г(2)Г(2 —e

{ - l ) k(Grj2)2k~s 
I\l-\-1c ) r ( k - s  +  l)

2 (n-Vi2(Cr)4- n +  Wr(Cr),

2(П-Ь)12̂ г)* -П14

0(rb~n),

+  Wx(Gir),
Г (1 )Г (1 -а )  Г(2)Г(2 —s)

where Wx(Cir) =  0(r6~n), are solutions of (34) as well as the functions 
Eeux(Gir) and Im ux(Cir).

Ad 3°A). In this case i~n — i whence
I 2(»-2)/2 2(w~6)/2 (Cr)*~n \ 

ux{Cir) =  —i ( 4 +  - '.V 1 + W x(Cir).Г(1)Г(1 — 8) Г(2)Г(2 — 8)

Let U2(r) — Imux(Gir) and let

(55) U(r) =  - ( V x{ r ) + V2( r ) ) - [ Wx{Cr) +  lmWx{Gir)).

Ad 3°B). In this case i n — —i whence like in case 3°A) the function 
defined by (34), the function u3(Cir) and

U$(r) =  lmu3(Gir)
2 (n- 2)/2((7r)2- ri
~Г(1)Г(1-8)

are solutions of (55). Let

2(«-6)/2^r 4̂-ri.

Г(2)Г(2-8)
+  Im Wx(Gir)

2(71-4)12 ,Q r)* -n
(56) U(r) =  U3{r) — Ux(r) =, - +  l mWx(Gir ) -Wx(Gr).

1 ( Z ) l  (Л —  S)

Theorem 6. Let n >  3, s =  (n — 2)/2 =  2p-\-~ or s =  2p+|, p being 
a positive integer. Then the functions defined by (55) and (56) are respecti­
vely solutions of (33).

P roof. We shall only consider the case 3°A) since in the case 3°B) 
the proof is analogous. We have

Щг) =  А , г ' -п+ 0 ( г ь- п), A  V(r) =  A,r3- n+ 0 { r s- n),
dr

A U(r) =  A3r2- n +  0(r*~n), 4~AU(r)  =  А У ~ п +  0(г*~п),

where A x, A 2, A 3, A4 are constants and A4 — 2{n 4)/2(74 п[Г(2)Г(2 — s)]-1. 
We conclude the proof similarly as this of Theorem 4, setting an =  QnA K.
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6. Now we shall construct fundamental solutions for the equation 
(1") A2u{%, у)-\-С*и(х, у) =  О,
C a positive constant. Since (1") may be obtained from (1') when replacing 
C by CVi, the function U(r) - Im Y0(CrVi) is a solution of (1"). By (12)

Y 

where 

Л И

о (CrVi) =  — |ln
CrVi

\
71 k = 2

■1 )k(CrVi/2)
(kl)2

2 к

2 CrVi
n ’ 2

Cr Vi
2 In-------

2 In CrVi
* + Л И ,

2 / ( M  l )  =  О (r

e being an arbitrary positive constant, and к =  f { 2). Hence 
Cr 
~2

r  2 I Cr tz (CrV
Y,(CrVi) =  — (in—  + y +  — (— )

+
2 Cr 1 Cr V\ .
In—  — ) И И Л И

2 Cr I Cr \2\
In—— (- к 1^—1 1 4-Im P1(r).

2 ' \ 2
and it follows that

(57) U{r) = I m Y 0{CrVi) =  g ^

T h e o r e m  7. Let n =  2, then the fundamental solution of (1") is given 
by formula (57).

Proof. The function U(r) defined by (57) satisfies obviously 
U(r) =  0(1),

U'(r) 

U" (r) 

U'"(r)

-C2 In

Cr 
~2

Cr C2r

C2r C2kr- C2r In--------------
2 2 2 /

\ Cr+  (lm P1(r))/ =  B1ln—-+0( r ) ,

C2) + (Im P1( r f ,

2 C2
7Г Г

(Im Л И ) '" ,

AU{r) =  TT'W +  r-'U 'ir) 
2 I — 2C2ln ~  -  202+ 0 2fcj +(lm Pj(r))" +  r~l (1тР х(r))'

=  PJn
Cr

+  0(r),

dr
A U(r) =  Vn,(r) +  r -1TJ"{r) — r - i U, {r)

AC2 1=  — -------h(lmP1(r))"/ Ą—  (im P J r ))" -  r“ 2(lmP1(r))'
7иГ ' Г

=  .В3г~ Ч -0 И ,
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where B1} B2 are constants and B3 =  —Атс~хС2. The remaining part 
of the proof is similar to this of Theorem 1.

7. In this Section the construction of the fundamental solution of

( l '" )  A2u(X)-\-C4'u{X) =  0, X{x±, . .. ,  xn), C const

will be given for n >  3.
Equation (1'") is obtained from (33) when replacing G by CVi. 
We shall distinguish eight cases 
1 °A) я =  2p +  l  =  83+ 1  for p =  iq,
1°B) s =  2p +  l  =  83+  3 for p — 43+ 1 ,
1°C) s =  2p -(-1 =  8 3 + 5  for p =  43+ 2 ,
1 °D) s =  2p +  l  = 8(2+ 7  for p =  4<2+ 3 ,
2°A) s =  2p =  4<2 for p =  2q,
2°B) s =  2p =  4(2 +  2 for p =  2 g + l ?
3°A) s =  3 +  | =  2̂ ? +|  for q =  2p,
3°B) s =  q +  \ — 2p +  | for q =  2p + 1.

1 °A). By (38)

(58) y,(C»Vi)>= -  — (8?)! — —  ------
TC \ 2 / TC

(89- ! ) ! c v O ' 81/

1 yi  (83-fc)! / CrVi\2k- m~l
~n fc! \ 2 /k~ 2 ' '

2 r  Cr^i
— J8{Cr]/i)\vi — -
TC 2

1
7Г

00

2 :fc=0

( - l f ( CrVi l2 ) 8+2k
fcT(s+fcjl (/(fc+ i)+ /(ifc+ * + 1 )) .

In virtue of (37) and (58) the function 

JPx(r) == (CrVir^-'YsiCrVi)

=  — — (8з)!28а+1(О Ь г)~16®~2— — (8 3 -  l ) !2 8,/- 1( (7 r ^ )-16,i+ W + r)
TC TC

=  — (83)! 2m+1 (Cr)~16ą~2i ----— (83 — 1)! 2m~l (Сг)~ш Ą-Wi (r),
TC TC

where

W-г (r) = (CrYiym~l (8 q~7c)l 
fc!

CrVi\2k m l\ 
— ) ) +

2 /- CrVi
H-----Js((7rl/^)ln--------

тс 2

=  f>(r6~w)

00

( - 1)к(Сг\/Ц2)8+2к
A*!(*+fe)! (/(Л +  ! ) + / ( *  +  e +1))
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and the function

(59) Cfj(r) =  - E  el\{r) =  — (8 g f-l) !2 8flr- 1(Or)-16ff+EeW i(r)
TC

are solutions of (1'").
Ad 1°B). The function

F 2{r) =  (C rV ir ^ Y siC r V i)

=  -  i (80 +  2)!28e+3(Cr)-16e~6i +  i ( 8 $ +  l) !2 W41(Or)-16,- 4 ^ 2(r),
TC TC

where

Wt(r)
m+2

(8q+2— k)\ (Gr^i  \2* - 8« -3 2 /T. . .Or Vi

k=о fc! Js(Cr ]/г)1п

2
гч 1 ( - l ) k(CrVil‘2)8+i2k

k=0
and the function

7Г Jcl(8+k)l (/(* +  l ) + / ( *  +  S + 1)) =  0(r6' ”]

(«0) Ua(r) =  Re.F2(r) =  — (8 g + l)!2 M,1(Or)-lw-', +  BeW! (r)
TC

are solutions of (1"').
Ad 1°C). The function

F3(r) =  (CrVi)~m- sYs(CrVi)

=  — (8g ■+ 4)! 28<?+s{Cry lbq~ui -  — (8q +  3 )!2ШЛ 3(Сг)-ш~8 +  Ж3(г), тс —
where 

Ж 3 ( г )

=  (Cr|/i)-w- 5

TC

, 8«+4
■> V (8gr+4-*)! /O r /i

fc! \ 2A =2
oo

1 V
(—1)Л(СУ y/i/2)s+2k

тс k=0 Tc\(s-\-1c)\

Js(Cr Vi )In Cr ]/i

(/(fc +  l ) + / ( A  +  * +  l)) =  0 ( ^ - w),

and the function

(61) l r3(r) =  -E e ^ 73(r) =  — (8(г +  3)!2ад+3(СУ)-16,/- 8+Е еЖ 3(г;

are solutions of (I '").
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Ad 1°D). The function 

F4 (r) =  (CrVi)-m~nYs(CrVi)

=  -  — (89 +  6)! 283+7(Or)~163~14 i +  — (8g +  5)! 283+5 (Or)-163“ 12 +  W4 (r),
7Г TC

where
W4(r)

(8«+6 
V -

fc=2

(8g+ 6 — &)! I Cr\/i \2к- в« -7\ 2 r  GrVi
T "  + - ^ « W * ) l n  —

fc!

1 ( - l ) fc(Or^72 )e+2fc , , , л
y ^ - - ź !(-,+ ł r — ^ (* + 1 )+ ^ * + ł + 1 » =  0<r >fc=0

and the function

(62) U4(r) =  E e^4(r) =  — (8g +  5)!28з+5((7г)~1бз~12-ЬВеЖ4(г)
7C

are solutions of (1"').
Theorem 8. Let n >  3. I f  s =  (n—2)/2 =  8 g + l, 8q + 3, 8^+5, 8#+7 

then the functions (59), (60), (61) and (62) are respectively fundamental 
solutions of {!"').

P roof. We shall only consider the case s =  8g-fl, the remaining 
ones are worked out similarly. By (59)

Ux(r) =  (71r4- ft +  0(r6- n), U[(r) =  C2r3- n+ 0 ( r 5~n),

AUx{r) =  0sr8- n +  0(r4- n), ^ - A U x(r) =  (74rx- n +  0 (r3“ n),dr

where Cx, C2, C3 are constants and C4 =  2(п+2)!2С*~п{(п — 2)/2)1 
The proof runs down like this of Theorem 4.
The next theorem will deal with the case 2°A) and 2°B).
If s =  2p — 4g then the function

p5(r) =  {Cr]/i)~*qYs(CrVi)

=  -  —  ( 4 g - l ) ! 2 4a(Or)~8a-  —  (4 ^ -2 ) !2 43- 2(O r)'83+2i-HW5(r),
TC 7C

and the function

(63) U5{r) =  - I m  F s{r) =  — (4 ę -2 ) !2 43- 2(0r)-83+2-I m W 5(r),
71
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where
W5(r)

k=2

(8—k — 1)! I Cr V i \2k~s 2 r- Cr Vi
' V -  + — J,{CrVi) In— —n j iz A

( —l)k(Cr Vi/2)s+2k2 lei (s+  k) !fc= 0
are solutions of (1'").

Ifs  =  2p =  4g+2 the function

( /( fc+ l)+ /(fc  +  « +  l))J =  0(r6- n)

F6(r) =  (C rl/i)-4*-2Ye(CV^’ )

1 
7Г

wliere
W6(r)

(4q-\ 1)\24,Q+2(Cr)~SQ~4-\---- - (4:q)l24,q(Cr)~sq~2i-\-W6(r) ,

TV
k=2

Cr Vi

1
TV

>5 ( - l ) fc(O r^/2)s+2fc
(/(fc +  l)+ /( fc  +  * +  l)) =  0(r6~n)

and the function

(64) U6(r) =  Im ^ (r ) =  — (4^)!24a((7r)-8a- 2 +  ImTY6(r)
TV

are solutions of (1'").
T h e o r e m  9. Letn >  3. I f  s =  {n— 2)/2 =  4# ors =  (n — 2)/2 =  4g+2 

Йем- Йе functions (63) and (64) are respectively fundamental solutions
of (1"').

P roof. We shall only consider the case 2°A), the second one being 
analogous. By (63) '

U5(r) =  Dxr* nf -0(r6 n), U'5(r) =  D 2r3~n +  0(r5~n),

A U5(r) =  D3r2- n +  0(r4~n), A U5(r) =  Dir1~n-\-0(rs~n) ,

where Dx, Z)2, _D3 are constants,

Z>4 =  ((r — 6)/2) !2(w_4)/2 С*~п (4 — n) (2 — n) 

and the proof is analogous to this of Theorem 4.
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Let Dow s =  q-\-\ =  2  ̂+  2* The function

У.М +  T5Г (1 )Г (1 -» )  Г (2 )Г ( 2 - „ )  1 Г (Л г+ 1 )Л * -*+ 1 )

is a solution of (36), whence the function 

F6(r) =  (CrVi)-*Ya(CrVi)
2 s

Г (1 )Г (1 -* )
(Or 1/{)' 2<l—\

2 S-2

Г(2)Г(2~8)
(CV l/г)1 2ff +  W6(r).

where

W6(r) =  ( O r l/ г )   ̂ 3/2
i  ( - i f  (Or Гг/2)2*-9- 1/2

( f c + l ) / 1̂ — S + l) 0 (r6_M)

and the function
L/6(r) =  ( - l f R e . F 6(r)

2,s' 1/2(Or)~4?>_1 2s-5/2 (6V)1 ^
~  /T(iy.m-,v) +  'T\2)T(2-8)

satisfy (l '" ) . Also the function 

/А(r) =  (Cri Vi)~sYfl(Cri Гг)

+  { - l ) » B e W 6(r)

2SiOr'r_4f>_1 OS-2/̂ f Ч-4Р+1_____ iWX 'iv-i)л_ t __ ^ r> р т - щ + W i^ ?,1} 2s- 2 (Or)
Г (1 )Г (1 -в ) ' +  Г(2)Г(2 — 8

where

VT7(r) =  (Cri Vi)~s ^  

and the function 

0 7(r) =

k ~ 2

i ( — 1 f  (Cri Vг /2 )2fc~я 
77(jfc + 1 )/'(& —s +  1)

=  0(r6 f

2s-  i/г (cy) ■-4?>-1 2s' 5/2 (Or Г ~4p
I f  Im F7(r) =  ----- r  +  + ( - l f  I m f 7 (r)Г (1 )Г (1 -в ) Г(2)Г(2 — s

are solutions of (1"'). If follows that the function
2 s - 3/2 ( O r ) 1 - 4»

(65) U(r) =  U6(r)+U7(r) = +  ( - l f  ( B e F 6(f) +  T m F : (r)|

is a solution of (1'").
Let 8 =  q-\-j =  2p~y|, the function

K ( r ) ' =  (CrVi)-aY8(CrVi)

2s(Cr)-ip- 1(Vi)-*p-1 2s- 2(Cr)1~ip(\/i)1- ip
Г(1)Г (1 - 8) Г(2)Г(2 — s)

W8(r),
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where

W&(r) — ((Jr Vi V 1)Г(к +  1)Г(Тс +  8 ()(r1

and the function

lh(r) =  ( - 1 ) рЕе^8(г)
2s~ll2(Gr)~ip -3 ( 2s 512(Cry lp 1 

=  / ’( l ) / ’( l - .v )  +  f ( 2)F(2^s)
- 1 ) рЕеЖ8(г)

are solution,s of (1'"). Solutions of (1'") are also the function 

E9(r) — (CriViys Ys(Cri]/i)

ncr)--**-*' ;.(3/2)f..4p-3) 2* -'(C rr*-1
Г(1)Г(1-я) . Г(2) Г(2 — 8)

i(3/2)(-43J-i)+Vtrq(r),

where
r , VI  ( - l ) fc(0nV/i/2 )2 * * **'-e 6 №

Wg(r) =  (О п У г) A 1------ - - ----------------------=  0 (r 6- w)
9 ' } f i  Г (й + 1 )Г (Л -в + 1 )

and the function

U9(r) =  ( - 1  fE e Ą (r )

2s -1/2 (О )- 427-3 
=  / ’(1 )/ ’( ! - , )

Hence the function

2s-5/2(Cr) 427-1 
F(2)F~(2~-s)~

+  (-1 )* ’ВеЖ9(г).

2s 3/2((7г)-4Г7 1
(66) Щг) =  U9( r ) - U 9(r) =  -  -f- ( -1)»(ВеТГ,(г)-Ве1Г9(г))

is a solution of ( l " 7).
Now

U(r) =  .Eir*-n +  0(r6- n), U'(r) =  ®2r3- 74 0 ( r 5-w),

A U(r) =  Д,г2 - 7ЧО(г4-7'), ~ zł V(r) =  E y - nĄ-0(rb~n),
dr

2n'2C2- n( 2 - n )
Ег, Е 2, E3 being constants, and F, =  г 1 у ~ п )Щ '

By the already familiar procedure we may prove the
Theorem 10. Let n >  3. I f  s =  2"1(n — 2) =  2p +  l  or s =  (n—2)j2

=  2p -f-£, Йен Йе functions (65) and (66) are respectively fundamental
solutions of (1"').
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8. In this Section we shall apply the fundamental solutions U(r) 
of (1) to the boundary problems of Lauricelli ([2]) and of Biquier ([2]) 
for the equation (1).

Let H(X,  Y) be a function of X , Y* defined in D x В and satisfying 
the conditions

1. H(X,  Y)eC(4> for (X,  Y ) e B x B ,
2. H{X,  Y)eO(3) for { X , Y ) e B x B ,
3. H ( X , Y) =  U(r) for YedD,  

dH dU4. - —  = ------  for YedB,
dfly dfbY

5. As a function of Y, H (X , Y) satisfies the equation
A2H{X,  Х) +  Ш ( Х ,  Y) =  0, YeB.

Definition 2. The function
(67) G(X,  Y) =  U { r ) - H ( X ,  Y)
is called the Green function of type (L) for the equation (1) in the (bounded) 
domain B.

We shall now give a formula solving the Lauricelli problem for the 
equation (1). .Taking in the fundamental formula

(uA2v — vA2u)dxx. . .dxn-\-

I fd.n

A dv dAu dAv du\
Au--------v ---------1- u ---------- Av —  \dSY =  6dn dn dn dnj

a solution of class C of (1) in В  as u ( Y), and as d ( Y) the function 
1
— H ( X , Y) we obtain from (68) and by identity uA2H —HA2u — 0

(69) 0 = Au
dD

dH
dn

H
dAU
dn

U
dAu
dn

dU\
■ A u ----- dSy.

dn I

Upon setting v(Y)  as u(Y)  into (6a) we get

70) u(X) =  —  f f l A U
dD '

du
dn

dAU
U

dAu
dn ' dn

If we add formulas (69) and (70) then we have

_̂  | dAU
dn

dU\
■ A u ----  d$F,

dn /

W  =  —  f  f  ( (AU — AH)
°n dD

du IdAH 
+  (; dn dn

dH dV 
dn dn J

dAu
---- ) Auf- { TJ—H) dSY,

dn
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By conditions 3 and 4 and by Definition 2 we obtain

(71) и 1 Г Г I « du dAG \ ’
( I )  =  7 J J r f c “ l i r T r -n dD ' '

Theorem 11. Suppose that there exists Green function of type (L). Let 
the functions f {Y)  and h(Y) be continuous on dD, the boundary of D, then 
the function

u(X) =  ~ f f  lMY) AG(X, Y ) - f ( Y )  dA&f f ’ Г)Ы г
11 dD ' Y  '

solves the boundary problem of Lauricelli:

u(X) — f (Y) ,
du(Y)
dnY

~  h{Y) for YedD.

The Green function for the Biquier (R) problem is defined as follows. 
Let H1(X,  Y) be a function of X, Y  defined in D x D  and satisfying 
conditions:

6. H x{X,  Y)e<7(4) for (X,  Y ) eD x D,
7. Hx{X,  Y) eO(3) for {X,  Y ) eD x D,
8. AHX =  A U(r) for YedD,

9.
dAH1 dAU for YedD,
dnY dnY

10. As a function of Y, H x satisfies the equation (1).
D efinition 3. The function Gx(X,  Y) — U(r)— Hx(X,  Y) is called 

the Green function of type (B) for the equation (1) in the (bounded) do­
main D.

Analogously as above

(X) =  -  —  / f ( < ? . ( X ,  Y)
a n JdIy  \

dAu
dn

dGx(X,  Y) A \
dn

AujdSjr

which implies
Theorem 12. Suppose that there exists Green function of type (B). 

I f  f x ( Y) and hx (Y) are continuous functions on dD then the formula

и ( X ) = - ~ [  f lhAY)  
a n J J \ 

n dD '

dGx{X,  Y) dAGx(X,  Y)
di%) dn]

solves the equation (1) with the Riquier boundary values

u{Y) =  f x(Y),  Au(Y)  =  hx(Y) for Y tdD .
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