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On the approximate derivative of superposition

In this paper a theorem on the approximate derivative of super
position is proved. This theorem has an application in the proofs of theo
rems on substitution in the Denjoy integrals. As a corollary, a generaliza
tion of Tolstoff’s well-known theorem (see [5]), concerning also the 
approximate derivative of superposition, is obtained.

T h e o r e m . Let F  be a finite function, approximately derivable almost 
everywhere on an interval <a , by and let F fulfil condition (N )(1) on this in
terval. I f  a function cp is approximately derivable almost everywhere on an 
interval (c, d) and is such that 99 (<c, d)) <= <a, by, then

(i) =
almost everywhere on the set T of all points at which the finite approximate 
derivative of the function О =  F(<p) exists. (We assume that the right side 
of (1 ) is equal to zero if at least one of the factors is equal to zero, whether 
the other is defined or not).

The proof will require the following lemmas.
L e m m a  1. Let Z be any set of the real line. Then the sets of points which 

are respectively points of outer right-hand (left-hand) density and outer 
right-hand (left-hand) dispersion for the set Z are Fad sets.

L e m m a  2. For every finite function, the set of all points of approximate 
derivability is measurable in. the Lebesgue sense.

Lemmas 1 and 2 follow from Lemmas 1 and 4 in [2 ].
L e m m a  3 . I f  a finite function F  has the approximate derivative at 

every point of a set A and if \F(A)\ =  0, then F'&v(x) =  0 almost everywhere 
on A.

P roof. Let В be the set of all points x*A  such that F'&v(x) >  0. 
We shall prove that В is of the Lebesgue measure zero. For this purpose 
let us observe that there exist a sequence of sets {Bn}n== 12> and a se-

OO
quence of positive numbers {en}n=i,2,... such that (a) В =  U  Bn and

n=l

P) A function F  is said to fulfil condition (N) on an interval <a, by if \F(Z)\ =  0 
for every Z a  <a, by of the Lebesgue measure zero.
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(Ъ) F {x 2)—F (x1)'^En{x2 — x1), if xx <  x2 and хг, х 2еВ п (see the proof 
of Theorem (10.8), p. 237 in [3]). Hence, it is sufficient to show that 
\Bn\ =  0 for each positive integer. For this purpose let e be any positive 
number. Since |_F(J3n)| =  0, there exists a sequence of intervals

OO 00
{Лг,ЛИ)8=1.2,... such that F(B n) <= \JIn>8 and £ \ In,s\ <  een for each

S — 1 S= 1
positive integer n. We may assume that In s ^  F{B n) Ф 0 for s, n =  1, 
2 , ... Now let Р п>8, for s ,n  =  1 , 2 , . .. ,  denote smallest closed interval 
containing the set Bn F~l[lns r\ F (B n)). (Some of Pn>8 may reduce 
to single points). In view of (b), we obtain the inequality \In>8\ >  en \Pn,s\

OO
for s ,n  — 1 , 2 , ... Hence, it follows that f?\Pn>s\ <  e for n — 1 , 2 , . . .

S=1
oo

Since Bn a \JPniS for n — 1 , 2 , . . . ,  we have \Bn\ — 0 for n =  1 ,2 , ...
S= 1

In such a way we have proved that В is of the Lebesgue measure zero. 
Since, by symmetry, the same is true for the set of all points xeA  at 
which F'aр(ж) <  0, the proof of the lemma is finished.

A finite function defined on a set E will be termed LG on that set 
if E  is expressible as the sum of a finite or countable sequence of sets 
on each of which this function fulfils the Lipschitz condition. The follow
ing lemma is known (see Theorem (10.14), p. 239 in [3]).

Lemma 4. I f  at every point x of a set E, except perhaps at the points of 
a countable subset, a function F  fulfils at least one of the following conditions

—  OO <  F+p(a?) <  F fp(a?) <  + o o ,  - o o  <  F~v(x) <  F~v{x) <  + o o ,

then F  is LG on the set E.
The proof of the following lemma is simple and may be omitted. 
Lemma 5. I f  a function F  is LG on a set E and <p is a function VBG(2) 

on a set 8 and is such that <p(S) с  E, then the function G =  F(<p) is YBG 
on 8.

We now proceed to the proof of the theorem. In view of Lemma 4, 
there exists a sequence {En}n=, of sets contained in (a, b} such that

OO
I <a, by — {̂ JEn\ — 0 and that F  fulfils the Lipschitz condition on each E.

n=l
Since F  is approximately derivable almost everywhere on (a, by, F  is 
measurable in the Lebesgue sense on (a, by. Hence, in view of the fact 
that every set measurable in the Lebesgue sense differs from a Borel 
set by a set of the Lebesgue measure zero, we may assume that each En 
is the Borel set. There exists a function Fn, for n =  1 , 2 , . . . ,  which 
fulfils the Lipschitz condition on <a, by and is such that Fn coincides

(2) For the definition of function VBG, see p. 221 in [3].
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with F  on En. Eow let A n, for n — 1 ,2 , denote the set of all points 
of ordinary derivability of Fn. For every set Z, let Z(a) denote the set of 
all points of outer density for Z which belong to Z. Since A n is Borel, 
therefore in view of Lemma 1 the set Bn — (An r\ K ) m, for n — 1 , 
2, is also Borel. Further, since Fn is derivable almost everywhere 
and almost every point of a set is a point of its outer density, the set Fn—Bn 
is of the Lebesgue measnre zero. We have also В =  Bn and

(2) F'av(x) =  F'BJx)

for every xeB n, where F'a (x ) denotes the derivative of a function F  at 
a point x with respect to a set A. Since у is measurable in the Lebesgue 
sense on fc, dy, we infer, in view of Lemma 2 , that each set Tn =  T r\ 
r> <p~l{Bn) is measurable in the Lebesgue sense. By Lemma 4, for each 
positive integer -n there exists a sequence {Tnjk}k=1,2,... of sets contained

OO
in Tn such that \Tn—{JTnk\ =  0 and that у fulfils the Lipschitz condi-

fe=i
tion on each Tn>k. In view of the argument used at the beginning of the 
proof, we may assume that Tn>k is Borel, Tf)k — Tn>k and у is derivable 
with respect to T at every point belonging to Tn>k, for n ,k  =  1 ,2 , . . .  
Then
(3) <pav(t) =  <PTnjk(t)

at every point teTn>k. By the ordinary formula on the derivative of super
position, we get
(4) GTn<k{t) =  FBJfp(t))<pTn'k{t),

for teTn>k, n, Tc =  1 ,2 , ... Since T$k =  Tn>k in view of (2), (3), (4) we 
infer that (1) is true at every point teTn>k and therefore almost everywhere

OO
on each Tn. Let us now put В =  fa, bf — lJBn. Since В is of the Lebesgue

n= 1
measure zero, we have |ę?(.A)| = 0 ,  where A =Tr\<p~1{B). Hence, in 
view of Lemma 3, (t) — 0 almost everywhere on A. Since F  fulfils
condition (1ST), we get \0(A)\ =  0, and hence, in view of Lemma 3, it 
follows that Gap(2) =  0 almost everywhere on A. It is easy to see that 
this completes the proof.

Rem ark 1. Let us observe that no inclusion between the sets T 
and T* =  {t: |ę4P(ć)l <  l^apM^))! <  + ° ° }  is l rue in the above
theorem. One can easily give an example of functions F, у which sat
isfy the hypotheses of the theorem and are such that | T — T*I >  0, 
|T*-T| >  0.

Coeollary 1 . Let F  be a finite function, measurable in the Borel sense 
and LG on an interval fa, by. I f  a function у is approximately derivable 
almost everywhere on an interval fc, dy and is such that y(fc ,  dy) a fa, by,
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then the function G =  F(<p) is approximately derivable almost everywhere 
and (1 ) is satisfied almost everywhere on <c, d}.

P roof. In view of Lemma 4, we have <c, d) =  Tx w T2, where 
\ТХ\ = 0  and <p is LG and therefore also YBG on T2. Since G is evidently 
measurable in the Lebesgue sense on T2 by the theorem of Denjoy-Khint- 
chine (see Theorem (4.3), p. 222 in [3]) G is approximately derivable 
almost everywhere on T2 and therefore almost everywhere also on <c, dy. 
By the above mentioned theorem, F  is also approximately derivable 
almost everywhere on <u, by. Since F  fulfils condition (N) on <«,&> 
(see Theorem (6.1), p. 225 in [3]), the corollary follows directly from the 
theorem proved above.

Rem ark 2 . The hypothesis of measurability in the Borel sense of F  
in the above corollary may be weakened. It is sufficient to assume that F  
is absolutely measurable on (a, 6>(3). One can show that this changed 
hypothesis is essential if one requires the statement of Corollary 1 to 
be true for such function cp which is approximately derivable almost 
everywhere on <c, dy. The author does not know whether the remaining 
hypothesis concerning F  is essential in this sense.

The following corollary is a generalisation of Tolstoff’s well-known 
theorem on the approximate derivative of superposition (see p. 325 
in [5]).

C o r o l l a r y  2 . Let a function F  satisfy the hypotheses of Lemma 4, 
where the set E is equal to an interval ■(a, by. Then, for every function <p 
which is approximately derivable almost everywhere on an interval (c, d) 
and is such that 9?(<c, dy) c= <a , by, the statement of Corollary 1 is satisfied.

P roof. In view of Lemma 4 and Corollary 1 it is sufficient to show 
that F  is measurable in the Borel sense on <a, by. For this purpose let 
us observe that there exists at most a countable set K x a {a, by such that 
for xe(a, b)—K x at least one of the following equalities is satisfied:

(5) F(x) =  limapF(if), F(x) =  limapF(tf).
t~yX-\- 0 t->X— 0

Let us now put

К 2 — {x: limapP(^) <  limapF(f)} w {x: limapP(^) <  limapF(t)}.
t->x+  0 t—).x—0 t-^.x—0 t-+x+0

The set K 2 is at most countable (see p. 6 in [1]). Now let a be any finite 
number. By (5) we get

{x: F(x)  <  a,

=  {x: limapF(if) <  a, xeS}  w {x: limapF(/) <  a, xeS},
t—y3J-|-0 t— —0

(3) For the definition of absolutely measurable functions, see [4].
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where S =  {a, b) — (K1 w K 2). We shall now prove that the sets on the 
right side of the above equality are Fad with respect to 8. For this purpose 
it is sufficient to show that the sets

{x: limapF(ć) >  a}, {x: limapF(/) >  a}
t-s-X+O t—>X— 0

are Gda. Let Zn, for n ~  1 ,2 , . . . ,  denote the set of all points x at 
which the outer right-hand upper density of the set {/: F(t) >  a+ l/w } 
is positive. From the definition of the approximate right-hand upper 
limit it follows that

_____  00

{x: limapF(tf) >  a} =  [JZn.
t-+X+0 n=l

Hence, in view of Lemma 1, we infer {x: limapF(tf) >  a} is a Gda-set.
t—*r+0

In the same way we can show that {x: limapF(^) >  a} is also a G^-set.
t—>x— 0

This completes the proof of the corollary.
In the same way one can show that {x:F(x)  <  a, xeS} is also an 

Fad-set with respect to 8. Hence, it follows that F  is of Baire class 2 with 
respect to 8 and therefore also with respect to (a, by. In a different way 
one can prove that there exists at most a countable set P  such that F  
is of Baire class 1 with respect to (a, b )—P.
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