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Reconstruction of potential and boundary conditions for second

order di×erence equations

Sonja Currie and Anne D. Love

Summary.Assume the eigenvalues and theweights are given for a di×eren-

ce boundary value problem and that the form of the boundary conditions

at the endpoints is known. In particular, it is knownwhether the endpoints

are fixed (i.e.Dirichlet or non-Dirichlet boundary conditions) orwhether

the endpoints are free to move (i.e. boundary conditions with aÚne de-

pendence on the eigenparameter). Fis work illustrates how the potential

as well as the exact boundary conditions can be uniquely reconstructed.

Fe procedure is inductive on the number of unit intervals. Fis paper

follows along the lines of S. Currie and A. Love, Inverse problems for

di×erence equations with quadratic eigenparameter dependent boundary

conditions, Quaestiones Mathematicae, 40 (2017), no. 7, 861–877. Since

the inverse problem considered in this paper contains more unknowns

than the inverse problem considered in the above reference, an additio-

nal spectrum is required more oýen than was the case in the unique

reconstruction of the potential alone.
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1. Introduction

Inverse problems are particularly useful in modern-day mathematics as they occur in

numerous scientific areas of study such as physics, engineering, biology and medicine.

References [4] and [7], amongst others, contain standard introductory material relating

to di×erence equations. Fe focus of this paper is the solution of inverse problems for

a second order di×erence boundary value problem.
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Recently inverse problems for Sturm–Liouville di×erence equations with Dirichlet

boundary conditions have been considered by Bohner andKoyunbakan in [1].Fey show

that given the eigenvalues and weights the potential can be uniquely determined and fur-

thermore, they also prove that if the potential is symmetric, then it is uniquely determined

by the eigenvalues only – this result can also be found in [6] where it is proved using dif-

ferent methods.

Fis paper is an extension of [2]. Fe following second order di×erence equation is

considered

c(n)y(n + 1) − b(n)y(n) + c(n − 1)y(n − 1) = −c(n)λy(n), (1)

where c(n) > 0 represents the weights associated with a potential function, b(n). At the

initial and terminal endpoints boundary conditions of the form below are imposed:

y(−1) = ay(0), a ⩾ 0, (2)

y(m − 1) = (αλ + β)y(m), α ⩽ 0. (3)

1.1. Remark. Fe fact that a can be equal to zero allows the initial boundary condition to

be Dirichlet. It should be noted that we will not allow the terminal boundary condition

to be Dirichlet, i.e. α = β = 0 as this will force the interval to shrink by one unit length.

Fe inverse problem solved here can be stated as: given the weights and the eigenva-

lues for the above boundary value problem the constants a, α and β are uniquely recon-

structed. It is important to note that the form of (3) is known a priori, that is, from an

experimental point of view, it is known whether or not the terminal point is fixed.

Fe structure of the paper is the following. Section 2 dealswith the proof of the above

inverse problemwhich is done inductively beginningwith a brief discussion of the special

cases ofm = 1, 2.Fe inductive process continueswith details corresponding tom = 3 and

concludeswith themain result of this paper,Feorem 2.3.Aswe do not have experimental

data for the examples presented in Section 3, the eigenvalues used were obtained by first

solving the “forward” problem. Consequently, various of the theoretical results for the

inverse problem are then verified using these eigenvalues.

Fe number of eigenvalues associatedwith a particular boundary value problemwas

established in [3,Feorem 4.1]. For the particular form of the boundary conditions under

consideration, i.e. (2) and (3), a simplified version of this theorem will suÚce.

1.2.Feorem.Consider the boundary value problem given by equation (1) for n = 0, . . . ,m−

1 together with boundary conditions (2) and (3). Fis problem has

– m + 1 eigenvalues if α < 0,

– m eigenvalues if α = 0 and β /= 0.

(Note that the number of unit intervals considered is m + 1.)
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It is worth pointing out that eigenvalues of discrete Sturm–Liouville equations with

linear eigenparameter boundary conditions have been investigated very recently in [5].

2. Reconstruction

Fis section provides a reconstruction of the di×erence boundary value problem from

a given number of spectra.Fat is, the given spectra enable us to determine the boundary

conditions and potential, b(n). It should be noted that the weights, c(n), as well as the

form of the boundary conditions are known.

Consider (1) with boundary conditions (2) and (3). In order to solve the inverse pro-

blem mentioned above, we will require at least two spectra and, in certain cases, three

spectra. Fese additional equations will be given respectively by

c̃(n)y(n + 1) − b(n)y(n) + c̃(n − 1)y(n − 1) = −c̃(n)λy(n), (4)

where c̃(n) > 0, or

ĉ(n)y(n + 1) − b(n)y(n) + ĉ(n − 1)y(n − 1) = −ĉ(n)λy(n), (5)

where ĉ(n) > 0. In both cases, the original boundary conditions (2) and (3) are imposed.

Fe case m = 1 is, as expected, a “special” case in that three spectra are required in

order to reconstruct b(0) and the boundary conditions uniquely, irrespective of whether

the terminal condition is non-Dirichlet or aÚne.Fe results form = 1 can be split into two

cases (according to the number of given eigenvalues) and thesemirror the results obtained

in [2, Feorem 2.1(1) and Feorem 2.2(1)] except that we now require three spectra to

reconstruct not only b(0) but also the coeÚcients in the boundary conditions, that is,

a, β or a, α and β, respectively.

Fe cases for m = 2 follow along the lines of those in [2] where in addition to re-

constructing the potentials we also uniquely reconstruct the boundary conditions, the

form of which is known a priori. In particular, if the terminal boundary condition has

non-Dirichlet form, the di×erence boundary value problemwill have two eigenvalues and

in this case we will require three spectra corresponding to (1), (2), (3) and (4), (2), (3) and

(5), (2), (3) to uniquely reconstruct the unknowns. On the other hand, if the terminal

boundary condition has aÚne form, the di×erence boundary value problem has three

eigenvalues and two spectra coming from (1), (2), (3) and (4), (2), (3) are suÚcient to

provide a unique reconstruction of the problem.

Since the cases for m = 1, 2 di×er from one another, we now include the details for

the case m = 3. We will divide the inverse problem for m = 3 into two cases depending

on whether the terminal boundary condition is non-Dirichlet (α = 0) or aÚne. We will
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prove that in both cases two spectra are required to uniquely reconstruct the unknowns

b(0), b(1), b(2), a, α and β.

2.1. Feorem. For m = 3, consider the boundary value problems (1), (2), (3) and (4), (2),

(3), where α = 0 and β ≠ 0. Each of these boundary value problems has three eigenvalues,

say λ0, λ1, λ2 and µ0, µ1, µ2 respectively.Given λ0, λ1, λ2, µ0, µ1, µ2 togetherwith c(−1), c(0),

c(1), c̃(−1), c̃(0), c̃(1) it is possible to uniquely reconstruct b(0), b(1), b(2), a, and β.

Proof. From Feorem 1.2 it is clear that the boundary value problems each have three

eigenvalues.

Assume α = 0. Fen at n = 0, (1) together with (2) give

b(0)

c(0)
− a

c(−1)

c(0)
− λ =

y(1)

y(0)
∶= A1 . (6)

Next, evaluating (1) at n = 1 and using (6) we obtain

b(1)

c(1)
−

1

A1

c(0)

c(1)
− λ =

y(2)

y(1)
∶= A2 .

Also, at n = 2 we have

b(2)

c(2)
−

1

A2

c(1)

c(2)
− λ =

y(3)

y(2)
∶= A3 . (7)

Fen applying (3) gives the equation

b(2)

c(2)
−

1

A2

c(1)

c(2)
− λ =

1

β

which on simplification yields a polynomial in λ of degree three, namely

0 = λ3
(−c(0)c(1)c(2)β)

+ λ2
(−c(0)c(1)c(2) + b(2)c(0)c(1)β + b(1)c(0)c(2)β

+ b(0)c(1)c(2)β − ac(−1)c(1)c(2)β)

+ λ(b(1)c(0)c(2) + b(0)c(1)c(2) − ac(−1)c(1)c(2)

− b(1)b(2)c(0)β − b(0)b(2)c(1)β

+ c(0)c(1)2β − b(0)b(1)c(2)β + c(0)2c(2)β

+ ab(2)c(−1)c(1)β + ab(1)c(−1)c(2)β)

+ (−b(0)b(1)c(2) + c(0)2c(2) + ab(1)c(−1)c(2) + b(0)b(1)b(2)β

− b(2)c(0)2β − b(0)c(1)2β − ab(1)b(2)c(−1)β + ac(−1)c(1)2β).

Fis can be rewritten in the form

λ3
+Aλ2

+Bλ +C = 0. (8)
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Fe eigencondition is given by

λ3
+ (−λ0 − λ1 − λ2)λ

2
+ (λ0λ1 + λ0λ2 + λ1λ2)λ + (−λ0λ1λ2) = 0. (9)

For (4), (2) and (3) we obtain the tilde analogue of (8), i.e

µ3
+ Ãµ2

+ B̃µ + C̃ = 0. (10)

Fe eigencondition in this case is given by

µ3
+ (−µ0 − µ1 − µ2)µ

2
+ (µ0µ1 + µ0µ2 + µ1µ2)µ + (−µ0µ1µ2) = 0. (11)

Equating coeÚcients of λ2
, λ1, λ0 in (8) and (9) results in

A = −λ0 − λ1 − λ2 , B = λ0λ1 + λ0λ2 + λ1λ2 and C = −λ0λ1λ2 ,

and similarly equating the coeÚcients of µ2
, µ1 and µ0 in (10) and (11) yields

Ã = −µ0 − µ1 − µ2 , B̃ = µ0µ1 + µ0µ2 + µ1µ2 and C̃ = −µ0µ1µ2 .

Solving the six simultaneous equations gives b(0), b(1), b(2), a and β uniquely.

2.2.Feorem. For m = 3, consider the boundary value problems (1), (2), (3) and (4), (2), (3)

where α < 0.Each of these boundary value problems has four eigenvalues, say λ i , i = 0, . . . , 3,

and µ j, j = 0, . . . , 3, respectively. Given λ i , i = 0, . . . , 3, and µ j, j = 0, . . . , 3, together with

c(−1), c(0), c(1), c̃(−1), c̃(0), c̃(1) it is possible to uniquely reconstruct b(0), b(1), b(2), a,

α and β.

Proof. Equations (6) through to (7) hold as inFeorem 2.1. On applying (3)we now obtain

b(2)

c(2)
−

1

A2

c(1)

c(2)
− λ =

1

αλ + β

which results in a polynomial in λ of degree four.Fe eigencondition is also a fourth order

polynomial, namely

0 = λ4 + (−λ0 − λ1 − λ2 − λ3)λ
3
+ (λ0λ1 + λ0λ2 + λ0λ3 + λ1λ2 + λ1λ3 + λ2λ3)λ

2

+ (−λ0λ1λ2 − λ0λ1λ3 − λ0λ2λ3 − λ1λ2λ3)λ + (λ0λ1λ2λ3),

and similarly for µ. Equating relevant coeÚcients of the powers of λ and µ and solving the

resulting equations simultaneously yields unique values for b(0), b(1), b(2), a, α and β.
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Using thework above,we inductively obtain results for the general casewherem = r.

Fat is, given a certain number of spectra and their correspondingweights the theorem be-

low provides an algorithmicmethod enabling one to uniquely reconstruct the unknowns

b(n), n = 0, . . . , r − 1, a, α and β.

2.3. Feorem. For m ⩾ 3, consider the boundary value problems (1), (2), (3) and (4), (2),

(3) with corresponding eigenvalues λ i , i = 0, . . . , k − 1, and µ j, j = 0, . . . , k − 1, respectively.

Here for each problem, the number of eigenvalues k is calculated according toFeorem 1.2. In

addition, assume we are given c(−1), . . . , c(m − 2), c̃(−1), . . . , c̃(m − 2). Fen it is possible

to uniquely reconstruct b(0), . . . , b(m − 1), a, α and β.

Proof. Follows as in [2,Feorem 4.1 (ii)]where 2k simultaneous equations are now solved

to find unique values for b(0), . . . , b(m − 1), a, α and β.

Fe results of this section are summarized in tabular form below.

m Final bc # Evals Unknowns # Spectra

1 y(0) = βy(1) 1 a, β, b(0) 3

2 y(1) = βy(2) 2 a, β, b(0), b(1) 3

⩾ 3 y(m − 1) = βy(m) m a, β, b(0), . . . , b(m − 1) 2

1 y(0) = (αλ + β)y(1) 2 a, α, β, b(0) 3

⩾ 2 y(m − 1) = (αλ + β)y(m) m + 1 a, α, β, b(0), . . . , b(m − 1) 2

3. Examples

In this sectionwe provide examples to illustrate the results given in Section 2. Recall that as

we donothave experimentaldata, the eigenvalues used in the examples below are obtained

by first solving the “forward” problem, the details of which are omitted.

3.1. Example. Assume that we are given eigenvalues λ0 = −1.5744, λ1 = 0.7410 (found

from the forward problem) corresponding to the boundary value problem

(n2
+

3

2

) y(n + 1) − (n − 2)y(n) + (n2
− 2n +

5

2

) y(n − 1) = −λ (n2
+

3

2

) y(n),

y(−1) = ay(0), (12)

y(0) = (αλ + β)y(1). (13)
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Using the techniques for solving inverse problems as given in [2],we obtain the quadratic

equation

λ2
−

2b(0)α − 5aα − 3β

3α
λ +

3 − 2b(0)β + 5aβ

3α
= 0.

Equating the coeÚcients of λ and the constant term with the corresponding coeÚcients

in the eigencondition given by

(λ − λ0)(λ − λ1) = 0 (14)

results in two simultaneous equations.

Suppose also that µ0 = 0.8882, µ1 = −0.7882 are the eigenvalues corresponding to

the boundary value problem

(3n + 5)y(n + 1) − (n − 2)y(n) + (3n + 2)y(n − 1) = −λ(3n + 5)y(n),

with boundary conditions (12) and (13). Again, we obtain a quadratic equation

λ2
−
b(0)α − 2aα − 5β

5α
λ +

5 − b(0)β + 2aβ

5α
= 0.

Similarly, equating the coeÚcients with those of the eigencondition given by

(λ − µ0)(λ − µ1) = 0 (15)

results in another two simultaneous equations.

In addition, we are given that ν0 = −4.1085, ν1 = 0.6085 are the eigenvalues corre-

sponding to the boundary value problem

(
1

n + 2

) y(n + 1) − (n − 2)y(n) + (
1

n + 1
) y(n − 1) = −λ (

1

n + 2

) y(n),

with boundary conditions (12) and (13). Oncemore, we obtain a quadratic equation

λ2
−

2b(0)α − 2aα − β

α
λ +

1 − 2b(0)β + 2aβ

α
= 0.

resulting in two more simultaneous equations when equating the coeÚcients with those

of the eigencondition given by

(λ − ν0)(λ − ν1) = 0. (16)

Simultaneously solving the six equations yields b(0) = −2, a = 0, α = −2 and β = 1.

3.2. Example. Let the eigenvalues λ0 = −2.4181, λ1 = 0.5514 be given corresponding to the

boundary value problem

(2n + 3) y(n + 1) − (n2
+ 3)y(n) + (2n + 1) y(n − 1) = −λ (2n + 3) y(n),
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with (12) and

y(1) = βy(2). (17)

Applying inversemethods given in [2], we obtain the quadratic equation

λ2
+
15 − 5b(0)β − 3b(1)β + 5aβ

15β
λ +
−5b(0) + 5a − 9β + b(0)b(1)β − b(1)aβ

15β
= 0. (18)

Equating the coeÚcients of λ and the constant term in (18) with those in (14) gives two

simultaneous equations.

Suppose also that we are given the eigenvalues µ0 = −1.7071, µ1 = −0.2930, corre-

sponding to the boundary value problem

(n2
+ 1) y(n + 1) − (n2

+ 3)y(n) + (n2
− 2n + 2) y(n − 1) = −λ (n2

+ 1) y(n),

with boundary conditions (12) and (17). Once again we obtain the following quadratic

equation

λ2
+

2 − 2b(0)β − b(1)β + 4aβ

2β
λ +
−2b(0) + 4a − β + b(0)b(1)β − 2b(1)aβ

2β
= 0. (19)

Comparing the coeÚcients of λ and the constant term in (19) with those in (15) gives two

more simultaneous equations.

Since a third spectrum is required, assume that the eigenvalues ν0 = −2.6264, ν1 =

−0.3236 corresponding to the boundary value problem

(n + 4) y(n + 1) − (n2
+ 3)y(n) + (n + 3) y(n − 1) = −λ (n + 4) y(n),

with boundary conditions (12) and (17) are given. Fis results in the quadratic equation

λ2
+

20 − 5b(0)β − 4b(1)β + 15aβ

20β
λ

+
−5b(0) + 15a − 16β + b(0)b(1)β − 3b(1)aβ

20β
= 0.

(20)

Similarly, equating the respective coeÚcients of λ and the constant terms in (20) and (16)

gives the two extra simultaneous equations needed for a unique reconstruction, namely

b(0) = 3, b(1) = 4, a = 2 and β = 1

3
.

3.3. Example. Let λ0 = 1.9689, λ1 = −1.0452 and λ2 = 0.2430 be eigenvalues for the

boundary value problem

(n + 2) y(n + 1) − (3 − n2
)y(n) + (n + 1) y(n − 1) = −λ (n + 2) y(n),
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with boundary conditions (12) and

y(1) = (αλ + β)y(2). (21)

Using the inverse techniques given in [2], a cubic equation is obtained in this case and the

corresponding eigencondition is given by

(λ − λ0)(λ − λ1)(λ − λ2) = 0.

Equating the coeÚcients of λ2
, λ and the constant terms results in three simultaneous

equations.

Assume we are given a second spectrum µ0 = 10.2342, µ1 = −3.1293 and µ2 = 0.8951

belonging to the boundary value problem

(
1

2n + 3

) y(n + 1) − (3 − n2
)y(n) + (

1

2n + 1
) y(n − 1) = −λ (

1

2n + 3

) y(n),

with boundary conditions (12) and (21).Againwe obtain a cubic equation and a correspon-

ding eigencondition and comparing the coeÚcients of λ2
, λ and the constant terms re-

sults in three additional simultaneous equations. Hence, solving these six equations yields

b(0) = 3, b(1) = 2,a = 4, α = −1 and β = 1.
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